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 تفاضلية -والتكاملالمعادلات التكاملية  بعض طرق حل 

 لفولتيرا خطيةالغير 



 

                                             أبتغي ق اٌيطر  لي سهل أحمد الله عز وجل الذي أنعم علي بنعمة العلم و                                      

                                                                .المتواضع العمل هذا إنهاء فيووفقني   ايه علمف

 ي  ثمرة جهد  أهدي

  إلي نبراس الحياة ونبع الحنان إلى أغلي ما وهبني الرحمان إلى دفي                                            

                             حقها أفي لن كتبت مهما التي   و الثقة منبع لمشاعر ،إلىا                                                 ا

 رعاها و الله العزيزةٌ حفظها إلى أمي

 من إلى يدراست سنينٌ  طوال ودعمني علمني   من إلى                                                         

    سر بهجتي والنور الذي أضاء ظلمتي إلى أبي  كان                                                             

 الله ورعاه  فضهحلغالي  ا                                ا

 والى أخواتي كل واحدة باسمها                                                  

                                                                                                     ائل  و    الصغير  وأخي                                                                 

 سلمى   وابنة أختي الكتكوتة

 إلى كل أخوالي وخالاتي وأعمامي وعماتي  وأبنائهم كل واحد باسمه     

 .  الدراسي مشواري طوال زملٌئي   إلى كل رفق اء الدرب و                                            

 

 



 شكر وعرفان
والصدددوا وال دددوخ تم دددب اددد   ا و  ددد        ،الدددجع  عدددا ععددد  الع ددد    ددد ا     ،رب العددد  نالحمددد         

 .تم  ه أفضا الصوا والت   م وعع محم  وا  س ن 

للأسدت     التقد     و الشدر   ع د ل   أيقد خ  وأن ا تىاضدع     دجر ي   ال م د    أاد   أضد   أن لي  ط د       

 ،الإشد ا   مد ا  هومت ععد   هد   مده  عجلده  ومد   ،ا دجر ا  مىضدى   اقتراحده  تم دب  " قد    هتممد ر " الف ضدا 

 .الع خ هجا ط     تم   أش   مه هى ر ن أن لي الش   تمظ م  ه إوهو

أن الىا دد   ، فضددو تم ددب   قشدد ا  يدد  لج ة دد    تم ددب ق ىلدده  "تم دد    مصددطفب"  دد رتىرل رمدد  أقدد خ شددر ع     

 أيقدد خ لدد لر شددر ع وتمظدد م امت دد و  ل م عدد  الف ضددا      أن  ،ترافدد  وتم ف ودد  ع لفضددا  هددا الفضددا     قتضدد  مدد  اتم 

أن  القدد      وأسدد ا ا   ،تم ددب مدد  أحدد ط  عدده مدده تم مدده       "ال ددع   محمدد  ال ددع    " وم دد قا ال ة دد  الدد رتىر  

  .ال ة   م  قا  "تم   الق در أتمم ره"  رتىر رم  أق خ شر ع ل ،  يمه  ا ا لط    الع م

الدددج ه فددد و  أدددده دور ا هدددا وا  ددد ق    ومددده عددد ب مددده ن  شدددر  ال ددد لج ن  شدددر  ا ، ،ولددد خ أاددد اوأاددد ا      

 ع ع شرا ر ن ومهم  ر ن ع  ط .س تم ووددددد  وع ستم ار 
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�
XA �ªÖÏ @ ÈA

�
¾ ��

�
@ Q» 	Y 	K 	¬ñ� ú
ÎK
A

�Ó ú

	̄ ð ¡��.

�
@ ��Q¢�. ð Q��»

�
@ �èZA �	®ºK.

A �	��

�
@ 	¬A �	��
 Y�̄ ð ÉÓA

�
¾�JË @ �éÓC

�
« �Im��' Èñêj. ÖÏ @ A�îD
	̄ 	àñºK
 ú


�æË @ �éËXA �ªÖÏ @ ù
 ë
�éJ
ÊÓA

�
¾�JË @ �éËXA �ªÖÏ @ : 	K
Qª�K

: ÈA
��JÖÏ @ ÉJ
�.� ú

�
Î« 	àñº�K ð �éËXA �ªÖÏ @ ú


	̄ Q£ Yg
�
@ ú


	̄ 	àñºK
 ð ÉÓA
�
¾�JË @ h. PA

�	g

φ(x) = f(x) +

∫ x

a

K(x, t)φ(t)dt

0 = f(x) +

∫ x

a

K(x, t)φ(t)dt

ú
æê
	̄ Èñêm.× 	àA

�
¿ @ �	X @� A �Ó

�
@ ð ÕËñë YK
Q 	̄ �éËXA �ªÓ ú
æê

	̄ �IK. A
��K Y�Y« ( ÉÓA

�
¾�JË ø
 ñÊªË@ Z 	Qm.Ì'@ ) x 	àA

�
¿ @ �	XA�	̄

. @ �Q�
�JËñ 	®Ë
: �éË @ �YË@ �IJ
k �éJ
ÊÓA

�
Æ�K �HB

�
XA �ªÓ 	á« �èPA�J.« ù
 ë ð

. Èñêj. ÖÏ @ �éË @ �X ù
 ë φ(x) -

. t ð x Õæ

�̄ 	áÓ ½Ë 	X ð �éJ
�®J
�®k ð

�
@ �éJ.»QÓ 	àñº�K Y�̄ ð �éÓñÊªÓ È@ �ðX K(x, t) ð f(x) -

. �éJ
¢ 	k Q�
 	« ð �éJ
¢ 	k �éJ
ÊÓA
�
¾�K �HB

�
XA �ªÓ �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ 	áÓ 	àA �«ñ	K ¼A�	Jë ð -

2



�éJ
¢	mÌ'@ Q�
 	« ð �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ ÈA

�
¾ ��@ Èð

�
B@ É� 	®Ë@

�éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ 1.1

È@ �ðYË@ ú
�
Î« �é�®��®j�JÓ ð �é�®J.¢ 	JÓ �éJ
¢	mÌ'@ �HA�J
ÊÒªË@ �I	KA

�
¿ @ �	X @�

�éJ
¢ 	k A�î 	E
�
@ �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ 	á« ÈA ��®K


: É¾ ��Ë@ 	áÓ �éÓA �« �é 	®��. �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ 	àñº�K ð �éËñêj. ÖÏ @

φ(x) = f(x) +

∫ b

a

K(x, t)φ(t)dt (1.1)

: �IJ
k
. �èXA �ÜÏ @ �@ �ñ 	k 	á« �éJ
K� A�K
 	Q�


	̄ ú

	GA �ªÓ ÉÒm�'
 �IK. A

��K λ -
�éÊ��JÓ 	àñº�K Y�̄ ð �éÓY 	j�J�ÖÏ @ �èXA �ÜÏ @ �@ �ñ 	k ð �HA �	®� ÉÒm��' ð �éËXA �ªÖÏ @ �è @ �ñ 	K ù �Ò��� ð �éÓñÊªÓ K(x, t) -

. �éÊ��JÓ Q�
 	« ð
�
@

. éJ
Ê« ÉÓA
�
¾�JË @ H. A ��k X@ �QÖÏ @ i¢�Ë@ �éË @ �X É�JÖ �ß ú


G� A
�K
 	Q�
 	®Ë @ Ðñê 	®ÖÏ A�K. A �Ó

�
@ A �	��


�
@ �éÓñÊªÓ f(x) �éË @ �YË@ -

. YÒêË @ �éË @ �X A�J
K� A�K
 	Q�

	̄ É�JÖ �ß ð A�î 	DJ
ª�K H. ñÊ¢ÖÏ @

�éËñêj. ÖÏ @ �éË @ �YË@ ù
 ë φ(x) A �Ó@�
. ú
�
Íð

�
B@ �ék. PYË@ 	áÓ ù
 ë

�éËñêj. ÖÏ @ �éË @ �YË@ 	à
�
B �éJ
¢ 	k (1.1)

�éËXA �ªÖÏ @ ð

: ù
 ë ð �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ ÈA

�
¾ ��

�
@ 	áÓ YK
YªË@ ¼A

�	Jë ð
. �éJ
ÊÓA

�
¾�JË @ ÕËñë YK
Q 	̄ �éËXA �ªÓ*

. �éJ
ÊÓA
�
¾�JË @ 	K
ñë 	QK
ð �éËXA �ªÓ*

. �éJ
ÊÓA
�
¾�JË @ ÉK.

�
@ �éËXA �ªÓ*

. �éJ
ÊÓA
�
¾�JË @ È@ �ñ 	JK
P �éËXA �ªÓ*

. �é¢Ê�J 	jÖÏ @ �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÓ*

. �éJ
ÊÓA
�
¾�JË @ @ �Q�
�JËñ 	̄ �éËXA �ªÓ*

3



�éJ
¢	mÌ'@ Q�
 	« ð �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ ÈA

�
¾ ��@ Èð

�
B@ É� 	®Ë@

: �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ ÈA

�
¾ ��

�
@ 	�ªK. Q»

	Y 	K 	¬ñ� ú
ÎK
 A �Ó ú

	̄ ð

�éJ
ÊÓA
�
¾�JË @ ÕËñë YK
Q 	̄ �éËXA �ªÓ (1

ø

�
@ ÐñÊªÓ . X Ym× �IK. A

��K 	á« �èPA�J.« ø
 ñÊªË@ Z 	Qm.Ì'@ �éK
A�î 	E 	àñº�K �éJ
ÊÓA
�
¾�JË @ ÕËñë YK
Q 	̄ �HB

�
XA �ªÓ ©J
Ôg. ú


	̄

: ú
ÍA
��JË @ É¾ ��Ë@ ú

�
Î« 	àñº�K ð x ∈ [a, b]

µφ(x) = f(x) +

∫ b

a

K(x, t)φ(t)dt (2.1)

É¾ ��Ë@ 	áÓ �éËXA �ªÖÏ @ ø

�
@ µ = 0 @ �	X @� (2.1)

�éËXA �ªÖÏ @ ú

	̄ *

f(x) + λ

∫ b

a

K(x, t)φ(t)dt = 0

. Èð
�
B@ ( ¨ñ	JË @ ) ¡Ò	JË @ 	áÓ ÕËñë YK
Q 	̄ �éËXA �ªÓ ú
æê

	̄

É¾ ��Ë@ 	áÓ �éËXA �ªË @ ø

�
@ µ = C int ̸= 0 	àA

�
¿ @ �	X @� A

�	��

�
@ (2.1) �éËXA �ªÖÏ @ ú


	̄ *

µφ(x) = f(x) + λ

∫ b

a

K(x, t)φ(t)dt

. ú

	G A
��JË @ ¡Ò	JË @ 	áÓ ÕËñë YK
Q 	̄ �éËXA �ªÓ 	à

�
@ Èñ�®�K �éËA�mÌ'@ è 	Yë ú


	̄ ð

É¾ ��Ë@ 	áÓ (2.1)
�éËXA �ªÖÏ @ iJ.��� ø


�
@ f(x) = 0 ð µ = 1

	Y 	g
�
A�K A �ÜÏ �é�A �	g �éËA �g ú


	̄ ð *
. �é�	�A �j. �JÖÏ @ �éJ
ÊÓA

�
¾�JË @ ÕËñë YK
Q 	̄ �éËXA �ªÓ ù
 ë ð φ(x) = λ

∫ b
a
K(x, t)φ(t)dt

µ = µ(x)
�éËA �g ú


	̄ �IËA
��JË @ ¡Ò	JË @ 	áÓ (2.1)

�éËXA �ªÖÏ @ 	àñº�K *

�éJ
ÊÓA
�
¾�JË @ @ �Q�
�JËñ 	̄ �éËXA �ªÓ (2

É¾ ��Ë@ 	áÓ �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ @ �Q�
�JËñ 	̄ �éËXA �ªÓ 	àñº�K

µφ(x) = f(x) + λ

∫ x

a

K(x, t)φ(t)dt (3.1)

A �ÜÏ �IËA
��JË @ ¡Ò	JË @ ð µ = Cint ̸= 0 A �ÜÏ ú


	GA
��JË @ ¡Ò	JË @ 	áÓ ð , µ = 0 	àA

�
¿ @ �	X @� Èð

�
B@ ¡Ò	JË @ 	áÓ 	àñº�K ð

. µ = µ(x) 	àñºK
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�éJ
¢	mÌ'@ Q�
 	« ð �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ ÈA

�
¾ ��@ Èð

�
B@ É� 	®Ë@

�H@ �	X �éJ
Ê 	�A �	®�K �éË
�
A�Ó 	áÓ �H

�
A ��	� ÕËñë YK
Q 	̄ �éËXA �ªÔ 	̄ A�ê«ñ	K ú

�
Î« ÉJ
ËYË@ ñë �éËXA �ªÖÏ @ É¾ �� ��
Ë : �é 	¢kC

�
Ó

. �éJ
K� @
�Y�JK. @�  ðQå

�� �H@ �	X �éJ
Ê 	�A �	®�K �éË
�
A�Ó 	áÓ �H

�
A ��	� Y�® 	̄ @ �Q�
�JËñ 	̄ �éËXA �ªÓ A �Ò 	J�
K. �éK
Yg  ðQå��

�éJ
ÊÓA
�
¾�JË @ 	K
ñë Q	�K
ð �éËXA �ªÓ (3

�éJ
ÊÓA
�
¾�JË @ �éËXA �ªÓ ù �Ò���

φ(x) = f(x) + λ

∫ ∞

a

K(x− t)φ(t)dt (4.1)

�éJ
ÊÓA
�
¾�JË @ 	K
ñë Q	�K
ð �éËXA �ªÓ

�éJ
ÊÓA
�
¾�JË @ È@ �ñ 	JK
P �éËXA �ªÓ (4

É¾ ��Ë@ 	áÓ �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÓ ù �Ò���

φ(x) = f(x) + λ

∫ x

a

K(x− t)φ(t)dt (5.1)

�éJ
ÊÓA
�
¾�JË @ È@ �ñ 	JK
P �éËXA �ªÓ

�éJ
ÊÓA
�
¾�JË @ ÉK.

�
@ �éËXA �ªÓ (5

É¾ ��Ë@ 	áÓ �éJ
ÊÓA
�
¾�JË @ ÉK.

�
@ �éËXA �ªÓ 	àñº�K

µφ(x) = f(x) + λ

∫ b

a

φ(t)

(x− t)α
dt (6.1)

. 0 ≤ α < 1 �IJ
k

. A�îD
Ë @� É�ñ�K ø

	YË@ ÉK.

�
@ ÕË A �ªË @ ú

�
Í@�

�éJ.�	� Õæ�
�
B@ @

�	YîE. �IJ
ÖÞ� Y�̄ ð
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�éJ
¢	mÌ'@ Q�
 	« ð �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ ÈA

�
¾ ��@ Èð

�
B@ É� 	®Ë@

�è 	XA ���Ë@ ú
æ
��ñ» �éËXA �ªÓ (6

É¾ ��Ë@ 	áÓ �éËXA �ªÖÏ @ 	àñº�K ð

a(x)φ(x) + b(x)

∫
Γ

φ(t)

(x− t)
dt+

∫
Γ

K(x, t, φ(t))dt = f(x) (7.1)

. hñ�J 	®Ó ð
�
@ ��Ê 	ªÓ �ñ�̄ ú


	æªK
 Γ �IJ
k

�é¢Ê�J 	jÖÏ @ �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÓ (7

�éJ
ËA
��JË @ �HB

�
XA �ªÖÏ @ Q�. �Jª 	K

φ(x, t) = f(x, t) + λ

∫ t

0

F (t, T )φ(x, t)dT + λ

∫ b

a

K(x, r)φ(r, t)dr (8.1)

φ(x, t) = f(x, t) + λ

∫ t

0

∫ b

a

F (t, T )K(x, r)φ(r, T )drdT (9.1)

. T <∞, t ∈ [0, T ], x ∈ [a, b] �IJ
k
. ÕËñë YK
Q 	̄ - @ �Q�
�JËñ 	̄ �éËXA �ªÖß. (9.1) �éËXA �ªÖÏ @ A �Ó@� , @ �Q�
�JËñ 	̄ - ÕËñë YK
Q 	®Ë �éËXA �ªÖß. (8.1) �éËXA �ªÖÏ @ ù �Ò�	� -

A ��A ��®Ó Q�. �JªK
 @ �Q�
�JËñ 	®K. �A�	mÌ'@ ú
ÎÓA
�
¾�JË @ Z 	Qm.Ì'@ A �Ò 	J�
K. © 	�ñÒÊ�Ë �éJ.� 	�ËA�K. A ��A ��®Ó ÕËñë YK
Q 	®Ë ú
ÎÓA

�
¾�JË @ Z 	Qm.Ì'@ -

. 	áÓ 	QË �éJ.� 	�ËA�K.
. 	áÓ 	QË �éJ.� 	�ËA�K. �é�A ��®Ó F (t, T ) �éË @ �YË@ , ¨ñ 	�ñÒÊ�Ë �éJ.� 	�ËA�K. �é�A ��®Ó K(x, t)

�éË @ �YË@ -
. �éJ
K� A�K
 	Q�


	̄ ú

	GA �ªÓ ÉÒm�'
 ñë ð I. »QÓ 	àñºK
 Y�̄ �IK. A

��K λ ð , �éÓñÊªÓ �éË @ �X f(x, t) �éË @ �YË@ -
ZA �	� 	®Ë @ ú


	̄ ����®m× ÉmÌ'@ 	àñºK
 ð , A�î 	DJ
�J
ª�K X@ �QÖÏ @ �éËñêj. ÖÏ @ �éË @ �YË@ ù
 ë φ(x, t) -

L2([a, b])× C[0, T ], 0 ≤ t ≤ T ≤ ∞

.
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�éJ
¢	mÌ'@ Q�
 	« ð �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ ÈA

�
¾ ��@ Èð

�
B@ É� 	®Ë@

�éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ 2.1

	àñº�K �IJ
k ÉÓA
�
¾�JË @ �éÓC

�
« �Im��' A�îD
	̄ Èñêj. ÖÏ @ 	àñºK
 �éËXA �ªÓ ù
 ë

�éJ
¢ 	k Q�
 	« �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÖÏ @ : 	K
Qª�K

ÈA
��JÖÏ @ ÉJ
�.� ú

�
Î« F (φ(x)) 	àñº�K ø


�
@ , �éJ.»QÓ �éË @ �X 	á« �èPA�J.« �éËñêm.× �éË @ �YË@

. φ2(x), φ3(x), cosφ(x), sinφ(x), eφ(x)...........

. ÉÓA
�
¾�JË @ �éÓC

�
« h. PA

�	g Èñêj. ÖÏ @
	¬A �	��
 Y�̄

: A�î 	DÓ 	�ªK. Q»
	Y 	K �éJ
¢	mÌ'@ Q�
 	« ÈA

�
¾ ��

�
@ 	áÓ YK
YªË@ ¼A

�	Jë ð

@ �Q�
�JËñ 	̄ - 	àñ ��PñK
 �éËXA �ªÓ (1

µφ(x) = f(x) + λ

∫ x

0

K(x, t, φ(t))dt, x ∈ [0, T ], T <∞ (10.1)

φ(x) ð �éJ
K� A�K
 	Q�

	̄ ú


	GA �ªÓ ÉÒm�'
 �IK. A
��K λ ð f(x) ∈ C[0, T ] ø


�
@ 	àA��JÓñÊªÓ 	àA��JË @ �X f(x), K(x, t, φ(t)) �IJ
k

. �éJ
¢ 	k Q�
 	ªË @ @ �Q�
�JËñ 	̄ �éËXA �ªÖß. (10.1) �éËXA �ªÖÏ @ ù
 Ò�
	� . �éËñêj. ÖÏ @ �éË @ �YË@

. µ = 0 	àA
�
¿ @ �	X @� Èð

�
B@ ( ¨ñ	JË @ ) ¡Ò	JË @ 	áÓ 	àñº�K ð

. µ = C int ̸= 0 	àA
�
¿ @ �	X @� ú


	G A
��JË @ ( ¨ñ	JË @ ) ¡Ò	JË @ 	áÓ 	àñº�K

. µ = µ(x) 	àA
�
¿ @ �	X @�

�IËA
��JË @ ( ¨ñ	JË @ ) ¡Ò	JË @ 	áÓ 	àñº�K

iJ
j�Ë@ Yg@ �ñË@ 	á« �éËñêj. ÖÏ @ �éË @ �YË@ �ék. PX �I 	®Ê�J 	k@� @ �	X @�
�éJ
¢	mÌ'@ Q�
 	ªK. �éJ
ÊÓA

�
¾�JË @ �éËXA �ªÓ ù
 Ò�

	� �éÓA �« �é 	®��. ð
.

�éJ
ÊÓA
�
¾�JË @ 	á�
�J ���
QÓA �ë �éËXA �ªÓ (2

: É¾ ��Ë@ 	áÓ 	àñº�K �éJ
ÊÓA
�
¾�JË @ 	á�
�J ���
QÓA �ë �éËXA �ªÓ

µφ(x) = f(x) + λ

∫
D

K(x, t)F (t, φ(t))dt,D ∈ ℜn, 1 ≤ n (11.1)

: É¾ ��Ë@ 	áÓ �éËXA �ªÖÏ @ iJ.��JË µ = 1 �I	KA
�
¿ @ �	XA�	̄ µ Õæ


�̄ ú
�
Î« YÒ�Jª 	K ð

φ(x) = f(x) + λ

∫ x

a

K(x, t)F (t, φ(t))dt (12.1)

. ú

	G A
��JË @ ¡Ò	JË @ 	áÓ �éJ
ÊÓA

�
¾�JË @ @ �Q�
�JËñ 	̄ - 	á�
�J ���
QÓA �ë �éËXA �ªÖß. (12.1) �éËXA �ªÖÏ @ ù
 Ò�

	� A�	J� 	K A�	̄
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�éJ
¢	mÌ'@ Q�
 	« ð �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ ÈA

�
¾ ��@ Èð

�
B@ É� 	®Ë@

: É¾ ��Ë@ 	áÓ �éËXA �ªÖÏ @ iJ.��� µ = 0
�éËA �g ú


	̄ A �Ó
�
@

f(x) + λ

∫ x

a

K(x, t)F (t, φ(t))dt = 0 (13.1)

. Èð
�
B@ ¡Ò	JË @ 	áÓ �éJ
ÊÓA

�
¾�JË @ @ �Q�
�JËñ 	̄ - 	á�
�J ���
QÓA �ë �éËXA �ªÖß. (13.1) �éËXA �ªÖÏ @ ù
 Ò�

	� A�	J� 	K A�	̄

�è 	XA ���Ë@ ú
æ
��ñ» �éËXA �ªÓ (3

: É¾ ��Ë@ 	áÓ �éËXA �ªÖÏ @ è 	Yë 	àñº�K

a (x)φ (x) + b (x)

∫
Γ

φ (t)

(t− x)
dt+

∫
Γ

F (x, t, φ (t)) dt = f (x) (14.1)

.

�éJ
ÊÓA
�
¾�JË @ @ �Q�
�JËñ 	̄ - ÕËñë YK
Q 	̄ �éËXA �ªÓ (4

: É¾ ��Ë@ 	áÓ �éJ
¢ 	k Q�
 	« @ �Q�
�JËñ 	̄ - ÕËñë YK
Q 	̄ �éËXA �ªÓ 	àñº�K

µφ (x, t) + λ

∫
Ω

K
(
x− ξ, y − s

)
F
(
t, φ

(
ξ, s
))
dξds+ λ

∫ t

0

G (t, T )φ (x, y, T ) dT = f (x, y, t)

(15.1)

. x = (x1, x2, x3.........xn), t = t(t1, t2, t3.........tn)
�IJ
k

. ÉÓA
�
¾�JË @ ú �	æj	JÓ ú

�
Î« YÒ�Jª�K Ω �IJ
k , �éJ
¢ 	k Q�
 	ªË @ @ �Q�
�JËñ 	̄ - ÕËñë YK
Q 	̄ �éËXA �ªÖß. (15.1) �éËXA �ªÖÏ @ ù
 Ò�

	�

�éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA
�
¾�JË @ @ �Q�
�JËñ 	̄ �éËXA �ªÖÏ �éJ
 	K @

�YgñË@ ð Xñk. ñË@ �éË
�
A�Ó 3.1

�éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA
�
¾�JË @ @ �Q�
�JËñ 	̄ �éËXA �ªÖÏ ÉmÌ'@ �éJ
 	K @

�Ygð ð Xñk. ð  ðQå�� Q» 	X ú
�
Î« Z 	Qm.Ì'@ @

�	Yë ú

	̄ ù


	®�Jº	K 	¬ñ�
: É¾ ��Ë@ 	áÓ ú


�æË@ ð

φ(x) = f(x) +

∫ x

a

G(x, t, φ(t))dt (16.1)
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�éJ
¢	mÌ'@ Q�
 	« ð �éJ
¢	mÌ'@ �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ ÈA

�
¾ ��@ Èð

�
B@ É� 	®Ë@

: �éJ
ËA
��JË @  ðQå��Ë @ ��J
�®m�

�' ñë ú
æ
��ñ» �éË

�
A�Ó Ég ù


	®ºK
 (16.1) �éËXA �ªÒÊ�Ë ÉmÌ'@ �éJ
 	K @
�Ygð ð Xñk. ð �HA�J. �KB

�

. x ∈ [a, b] ÈA �j. ÖÏ @ ú
�
Î« XðYm× f(x) �éË @ �YË@ ÉÓA

�
¾�K (1

. a ≤ x, r ≤ b �IJ
k |G(x, t, φ(t))| < K ø

�
@ XðYm× G(x, t, φ(t)) �éË @ �YË@ ÉÓA

�
¾�K (2

. |f(x)− f(t)| < K|x− t| ø

�
@ x ∈ [a, b] ÈA �j. ÖÏ @ ú

�
Î« 	Q��J
 ���. J
Ë  Qå�� ����®m��' f(x) �éË @ �YË@ (3

ø

�
@ 	Q��J
 ���. J
Ë  Qå�� ����®m��' G(x, t, φ(t)) �éË @ �YË@ (4

|G(x, t, z)−G(x, t, z
′
)| < K|z − z

′|

9



2
�
É��	®Ë

�
@

�HB
�
XA �ªÖÏ @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK.

@ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @

��Q¢�J 	K 	¬ñ� 	̄ 	á�
¢Ò	JË @ 	áÓ �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ �HY�Yª�K Y�®Ë

. ¡Ö 	ß É¾Ë 	á�
�J�®K
Q£ Q» 	YË

@ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. 1.2

ú

	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ 1.1.2

: É¾ ��Ë@ 	áÓ ú

	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	ªË @ �éJ
ÊÓA

�
¾�JË @ �éËXA �ªÖÏ @ 	¬Qª�K

φ(x) = f(x) +

∫ x

0

K(x, t)F (φ(t))dt (1.2)

. 	àA��JÓñÊªÓ K(x, t)
�è @ �ñ 	JË @ ð f(x)

�éË @ �YË@ A �Ó@�
�éËñêj. ÖÏ @ �éË @ �YË@ ù
 ë φ(x)

�éË @ �YË@ �IJ
k
: A �Òë 	á�
�J�®K
Q£ ú

�
Í@�

��Q¢�J 	K 	¬ñ� �éËA�mÌ'@ è 	Yë ú

	̄ ð *

. ( ú
ÍA
��J��JÖÏ @ ) ©K. A

��J��JÖÏ @ I. K
Q
�®�JË @ ��é�®K
Q£ −

. �éÊ�Ê�Ë@ Ég �é�®K
Q£ −

( ú
ÍA
��J��JÖÏ @ ) ©K. A

��J��JÖÏ @ I. K
Q�®�JË @ �é�®K
Q£ 1.1.1.2

. ø
 Q
	®� I. K
Q

�®�K 	�Q 	̄ ð
�
@ Z A �¢«@� ú

�
Í@� ( ú
ÍA

��J��JÖÏ @ ) ©K. A
��J��JÖÏ @ I. K
Q

�®�JË @ �é�®K
Q£ YÒ�Jª�K
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

É¾ ��Ë@ 	áÓ �éÓA �ªË @ �éËA�mÌ'@ ú

	̄ 	àñº�K ð . φ1, φ2, φ3.........φn

�éJ
�̄ A�J. Ë @ Õæ

�®Ê�Ë I.

�̄ A �ª�JÖÏ @ P@ �Qº�JËA�K. ð φ0 ø

�
@

: ú
ÍA
��JË @

φ(x) = f(x) +

∫ x

0

K(x, t)F (φ(t))dt (2.2)

: Yj. 	JË φ0
�éJ
K� @

�Y�JK. B
�
@ �éÒJ
�®Ë@ 	�Q 	̄ ð

�
@ Z A �¢«A�K. ð

φ1 (x) = f (x)+
∫ x
0
K (x, t)F (φ0) dt

φ2 (x) = f (x)+
∫ x
0
K (x, t)F (φ1) dt

· · ·

· · ·

φn (x) = f (x)+
∫ x
0
K (x, t)F (φn−1) dt

(3.2)

. (2.2) �éËXA �ªÒÊ�Ë Ég ñë ð φ(x) Ym.�
	' (3.2) �éËXA �ªÒÊ�Ë �éK
A�î 	DË @ ÈA

�	gXA�K. ð
: �éJ. �̄ A �ª�JÖÏ @ �éJ
�. K
Q�®�JË @ �é�®K
Q¢Ë@ Ð@

�Y 	j�J�A�K. @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÖÏ @ Ég : ÈA

��JÓ

φ(x) = 4x− 16

3
x3 − 4

3
x4 +

∫ x

0

(x− t+ 1)φ2(t)dt (4.2)

P@ �Qº�JË @ Ð@ �Y 	j�J�@� ú
�
Î« YÒ�Jª�K �é�®K
Q¢Ë@ è 	Yë 	à

�
@ A ��®K. A �� A�	KQ» 	X A �Ò» ð , φ0(x) = 0 ø
 Q

	®�Ë@ I. K
Q
�®�JË @ 	à

�
@ A �ÒÊ«

: Yj. 	JË (4.2) I.
�̄ A �ª�JÖÏ @

φ1 (x) = 4x− 16

3
x3 − 4

3
x4 +

∫ x

0

(x− t+ 1)φ2
0 (t) dt = 4x− 16

3
x3 − 4

3
x4 (5.2)

φ2 (x) = 4x−16
3
x3−4

3
x4+

∫ x
0
(x− t+ 1)φ2

1 (t) dt = 4x−16
3
x3−4

3
x4+

∫ x
0
(x− t+ 1)

(
4t− 16

3
t3 − 4

3
t4
)2
dt

= 4x+

(
16

3
− 16

3

)
x3 +

(
4

3
− 4

3

)
x4 − 128

15
x5 − 16

5
x6 + ..... (6.2)

φ3 (x) = 4x−16
3
x3−4

3
x4+

∫ x
0
(x− t+ 1)φ2

2 (t) dt = 4x−16
3
x3−4

3
x4+

∫ x
0
(x− t+ 1)

(
−128

15
t5 − 16

5
t6 + .....

)
dt

= 4x+

(
128

15
− 128

15

)
x5 +

(
16

5
− 16

5

)
x6 (7.2)
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

: �éJ
ËA
��JË @ �éj. J
�� 	JË @ ú

�
Î« É�m� 	' �éJ. �̄ A �ª�JÖÏ @ �H@ �P@ �Qº�JË @ 	áÓ ð

φ(x) = lim
n−→+∞

φn(x) = 4x (8.2)

. φ(x) = 4x ø

�
@ (8.2) ñë (4.2) @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �éËXA �ªÖÏ @ Ég é 	JÓ ð

. ( ú
ÍA
��J��JÖÏ @ ) ©K. A

��J��JÖÏ @ I. K
Q
�®�JË @ ð

�
@ �H@ �P@ �Qº�JË @ �é�®K
Q£ ÈA �Òª�J�A�K. ½Ë 	X ð

�éÊ�Ê��. ÉmÌ'@ �é�®K
Q£ 2.1.1.2

	��
ñª�JK. ½Ë 	X ð PñÊK
A
��K Qå�� 	� ú

�
Í@�

�éÊ�Ê��. ÉmÌ'@ �é�®K
Q£ YÒ�Jª�K

φ(x) =
∞∑
n=0

anx
n (9.2)

: �éJ
ËA
��JË @ �é�®K
Q¢ËA�K. �éÓA �ªË @ �éËA�mÌ'@ ú


	̄ 	àñº�K ð an
�HC

�
ÓA �ªÖÏ @ ú

�
Î« É�j�J 	JË 	á�
 	̄Q¢Ë@ 	á�
K. �é�®K. A �¢ÖÏ @ Õç�'

φ(x) = f(x) +

∫ x

0

K(x, t)F (φ(t))dt (10.2)

: Ym.�
	' (10.2) �éËXA �ªÖÏ @ ú


	̄ A�îD	��
ñª�K ð (9.2)
�é�̄C

�
ªË@ ÈA �Òª�J�A�K. ð

∞∑
n=0

anx
n = f(x) +

∫ x

0

K(x, t)F (
∞∑
n=0

ant
n)dt (11.2)

a0+a1x+a2x
2+ ..........+anx

n = f(x)+

∫ x

0

K(x, t)F (a0+a1t+a2t
2+ ..........+ant

n)dt (12.2)

ÐA �ªË @ É¾ ��Ë@ ú

	̄ A�îD	��
ñª�K Õç�' a0, a1, a3......an �HC

�
ÓA �ªÖÏ @ H. A ��k ©J
¢���	� (12.2)

�éËXA �ªÖÏ @ ÈC
� 	g 	áÓ ð

. (9.2) �éËXA �ªÖÏ @ ú

	̄ ø


�
@ ÉjÊ�Ë

: �éÊ�Ê��. ÉmÌ'@ �é�®K
Q¢�. @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÖÏ @ Ég : ÈA

��JÓ

φ(x) = 1 + x− 1

2
x2 − 1

3
x3 − 1

12
x4 +

∫ x

0

(x− t)φ(t)2dt (13.2)

	áÓ �éËXA �ªÖÏ @ iJ.��JË (13.2) �é�̄C
�
ªË@ ú


	̄ A�îD	��
ñª�K ð (9.2)
�é�̄C

�
ªË@ ÈA �Òª�J�@� I. m.�'


�é�®K
Q¢Ë@ è 	Yë Ð@ �Y 	j�J�B
�

: É¾ ��Ë@

a0+a1x+ ...+anx
n = 1+x− 1

2
x2− 1

3
x3− 1

12
x4+

∫ x

0

(x−t)(a0+a1t+a2t2+ ...+antn)2dt (14.2)
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

Ym.�
	' H. A ��mÌ'A�K.

a0+a1x+a2x
2+..........+anx

n = 1+x+
1

2
(a20−1)x2+

1

3
(a0a1−1)x3+

1

12
(a21+2a0a1−1)x4 (15.2)

Ym.�
	' (15.2) �éËXA �ªÒÊ�Ë 	á�
 	̄Q¢Ë@ �é�®K. A �¢Öß.

a0 = 1, a1 = 1, a2 = 0, a3 = 0, ............................an = 0 (16.2)

: ú
�
Î« É�j�J 	K (14.2) �é�̄C

�
ªË@ ú


	̄
a0, a1, .......an

�HC
�
ÓA �ªÖÏ @ 	��
ñª�JK. ð

φ(x) = a0 + a1x = 1 + x (17.2)

. (13.2) �éËXA �ªÖÏ @ Ég 	á« �èPA�J.« ð

Èð
�
B@ ¡Ò	JË @ 	áÓ �éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ 2.1.2

: �é�̄C
�
ªËA�K. ÐA �ªË@ É¾ ��Ë@ ú


	̄ Èð
�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ 	¬Qª	K

f(x) =

∫ x

0

K(x, t)F (φ(t))dt (18.2)

. �éËñêm.× �éË @ �X ù
 ë φ(x)
�éË @ �YË@ �IJ
k

. �èA �¢ªÓ K(x, t)
�è @ �ñ 	JË @ ð f(x)

�éË @ �YË@ ð
: A �Òë ÉjÊ�Ë 	á�
�J�®K
Q£ �é�@ �PYK. Ðñ�® 	K 	¬ñ� �éËA�mÌ'@ è 	Yë ú


	̄ ð *
. �C

�
K. B
�
ÉK
ñm�

�' ÈA �Òª�J�A�K. -
. ú


	G A
��JË @ ¡Ò	JË @ 	áÓ �éJ
ÊÓA

�
¾�K �éËXA �ªÓ ú

�
Í@� ÉK
ñj�JË @ �é�®K
Q¢�. ð -

�C
�
K. B
�
ÉK
ñm�

�' Èñk Q�
»
	Y�K

ú
�
Í@�

�éJ
 	JÓ 	QË @ �éË @ �YË@ ÉK
ñm�
�' éJ
 	̄ Õ �æK
 ù
 ¢

	k ú
æ
	�A�K
P ÉK
ñm�

�' 	á« �èPA�J.« ñë �C
�
K. B
�
ÉK
ñm�

�' 	à
�
AK. Èñ�®Ë@ 	áºÖß


�HB
�
XA �ªÓ ú

�
Í@�

�éJ
ÊÓA
�
¾�JË @ - �éJ
Ê 	�A �	®�JË @ , �éJ
ÊÓA

�
¾�JË @ ð

�
@ �éJ
Ê 	�A �	®�JË @ �HB

�
XA �ªÖÏ @ ÉK
ñm�

�' éK. 	áºÖß
 A �Ò» , �éJ.»QÓ �éË @ �X
: ú
ÎK
 A �Ò» �C

�
K. B
�
ÉK
ñm�

�' 	¬Qª	K ð , �éËñîD��. A�êªÓ ÉÓA �ª�JË @ ð A �ëPA ���J 	k@� ð A�ê¢J
��. �K 	áºÖß
 �éJ
 	�A�K
P

F (p) = L(f(t)) =

∫ ∞

0

f(t)e−ptdt (19.2)
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

	QÓP ð 	áÓ 	QË @ �éËB
�
YK. �éJ
Ê�

�
B@ �éË @ �YË@ f(t) , p = α+ iβ

�éJ.»QÖÏ @ �éJ
ÒºË@ �éËB
�
YK. �éËñêj. ÖÏ @ �éË @ �YË@ F (p) �IJ
k

: �é�̄C
�
ªËA�K. ù �¢ªÖÏ @ ú
æ�ºªË@ �C

�
K. B
�
ÉK
ñm�

�' 	à
�
@ Ñ 	«P ð . �C

�
K. B
�
ÉK
ñm�

�'

L−1(F (p)) = L−1(L(f(t))) =
1

2πi

∫ c+iβ

c−iβ
F (p)eptdt (20.2)

. L(x) = 1
p2

ñë f(x) = x �C
�
K. B
�
ÉK
ñm�

�' A�	JK
YË : ÈA
��JÓ

�C
�
K. B
�
ÉK
ñm�

�' ��� A �� 	k 	�ªK. *
: �éJ
¢	mÌ'@ (1

L(αf(t) + βg(t)) = αf(t) + βg(t) (21.2)

: I. �A
�	J�JË @ (2

L(Af(t)) = AL(f(t)) (22.2)

: �éJ
Ê 	�A �	®�JË @ (3

L

(
dnf(t)

dtn

)
= pnF (p)−

n∑
k=1

pn−kfk−1(0) (23.2)

: p ÈA �j. ÖÏ @ ú

	̄ �ék@ �	PB

�
@ (4

L(eatf(t)) = F (p− a) (24.2)

: ø
 Pñ�
	��JË @ Z @ �Ym.Ì'@ (5

f ∗ g = L(

∫ t

0

f(t− s)g(s)ds) = F (p).G(p) (25.2)

.
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

�C
�
K. B
�
ÉK
ñm�

�' �é�®K
Q£ 1.2.1.2

. Èð
�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �éËXA �ªÖÏ @ ú

�
Î« éËA �	gX@� ú

�
Î« �C

�
K. B
�
ÉK
ñm�

�' �é�®K
Q£ YÒ�Jª�K
: �éJ
ËA

��JË @ �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÖÏ @ 	áº�JË

f(x) =

∫ x

0

K(x− t)F (φ(t))dt (26.2)

: Ym.�
	' (26.2) �éËXA �ªÖÏ @ ú

�
Î« �C

�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K. ð

L(f(t)) = L

(∫ x

0

K(x, t)F (φ(t))dt

)
(27.2)

: iJ.��� (27.2) �éËXA �ªÖÏ @ 	áÓ ú

	GA
��JË @ 	¬Q¢Ë@ ú


	̄
(25.2)

�é�̄C
�
ªË@ ÈA �Òª�J�A�K. ð

F (p) = L(K(x− t)).L(F (φ(t))) (28.2)

: É�j�J 	K L(K(x− t)) = K(p) ð L(F (φ(t))) = V (p) © 	�ñK. ð

V (p) =
F (p)

K(p)
(29.2)

�éËXA �ªÖÏ @ Ég ú
�
Î« É�j�J 	K (29.2)

�éËXA �ªÖÏ @ ú
�
Î« ú
æ�ºªË@ �C

�
K. B
�
ÉK
ñm�

�' ÈA �	gX@� ð (20.2)
�é�̄C

�
ªË@ 	áÓ

. φ(x) ñë (26.2)
�éJ
ÊÓA

�
¾�JË @

: �C
�
K. B
� �é�®K
Q£ ÈA �Òª�J�A�K. Èð

�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �éËXA �ªÖÏ @ Ég : ÈA

��JÓ

e2x − ex =

∫ x

0

ex−tφ2(t)dt (30.2)

: É¾ ��Ë@ 	áÓ 30.2
�éËXA �ªÖÏ @ iJ.��JË , φ2(t) = V (t) © 	�	�

e2x − ex =

∫ x

0

ex−tV (t)dt (31.2)

�C
�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K.

L
(
e2x − ex

)
= L

(∫ x

0

ex−tV (t)dt

)
(32.2)
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

(32.2)
�éËXA �ªÒÊ�Ë ú


	GA
��JË @ 	¬Q¢Ë �éJ.� 	�ËA�K. (25.2) �é�̄C

�
ªË@ ð Èð

�
B@ 	¬Q¢Ë �éJ.� 	�ËA�K. (21.2) �é�̄C

�
ªË@ 	áÓ ð

: Ym.�
	'

1

p− 2
− 1

p− 1
=

1

p− 1
V (p)

V (p) =
p− 1− p+ 2

(p− 2)(p− 1)
=

1

p− 2
(33.2)

: Ym.�
	' (33.2) �éËXA �ªÒÊ�Ë ú
æ�ºªË@ �C

�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K.

V (p) = e2x (34.2)

: É�m� 	' (34.2) �é�̄C
�
ªË@ 	áÓ ð �éJ
�®J
�®mÌ'@ �H@ �Q�
 	ª�JÖÏ @ ú

�
Í@� ¨ñk. QK. ð

φ(x) = +
√
e2x = +ex (35.2)

. (30.2) �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÒÊ�Ë Ég ñë ð

ú

	GA
��JË @ ¡Ò	JË @ 	áÓ �éËXA �ªÓ ú

�
Í@� ÉK
ñj

�JË @ �é�®K
Q£ 2.2.1.2

: É¾ ��Ë@ 	áÓ ú

	GA
��JË @ ¡Ò	JË @ 	áÓ �éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	̄ �éËXA �ªÖÏ ÐA �ªË @ É¾ ��Ë@ 	à

�
@ A ��®K. A �� A�	KQ» 	X A �Ò»

f(x) =

∫ x

0

K(x, t)F (φ(t))dt (36.2)

Ym.�
	' 	¬Q¢Ë 	¬Q£ (36.2)

�éËXA �ªÖÏ @ ��A ��®�J ��A�K. ð

f
′
(x) = K(x, x)F (φ(x)) +

∫ x

0

K
′
(x, t)F (φ(t))dt (37.2)

© 	�ñK. ð K(x, x) ú
�
Î« �éÒ��®ËA�K. ð

f
′
(x)

K(x, x)
= h(x),−−K ′

(x, t)

K(x, x)
= T (x, t)

É¾ ��Ë@ 	áÓ (37.2)
�éËXA �ªÖÏ @ iJ.��JË

F (φ(x)) = h(x) +

∫ x

0

T (x, t)F (φ(t))dt (38.2)
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

. �èYK
Ym.Ì'@ �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÒÊ�Ë �è @ �ñ 	K ù
 ë T (x, t) �IJ
k ú


	GA
��JË @ ¡Ò	JË @ 	áÓ �éJ
ÊÓA

�
¾�K �éËXA �ªÓ (38.2)

�éËXA �ªÖÏ @ Q�. �Jª�K

©K. A
��J��JÖÏ @ I. K
Q

�®�JË @ �é�®K
Q¢�. ø

�
@ A ��®K. A �� �èPñ» 	YÖÏ @ 	¬Q¢Ë@ Yg

�
@ ÉÒª�J��� (38.2) �éËXA �ªÖÏ @ è 	Yë ÉmÌ ð

.�C
�
K. B
�
ÉK
ñm�

�' �é�®K
Q£ ÉÒª�J��� ð
�
@ �éÊ�Ê��. ÉmÌ'@ �é�®K
Q£ ( ú
ÍA

��J��JÖÏ @ )
�HB

�
A�mÌ'@ 	�ªK. ú


	̄ ð , �IËA
��JË @ ¡Ò	JË @ 	áÓ iJ.��� �éJ
ÊÓA

�
¾�JË @ �éËXA �ªÖÏ @ 	àA�	̄ K(x, x) = 0

�éËA �g ú

	̄ : �é 	¢kC

�
Ó

. ú

	G A
��JË @ ¡Ò 	JË @ 	áÓ �éJ
ÊÓA

�
¾�JË @ �éËXA �ªÖÏ @ É¾ �� Yj. 	JË ø �Q 	k

�
@ �èQÓ ���J ����

: ú

	GA
��JË @ ¡Ò	JË @ 	áÓ �éËXA �ªÖÏ @ ÉK
ñm�

�' �é�®K
Q¢�. ��K. A ��Ë@ ÈA
��JÖÏ @ � 	® 	K Éj	JË : ÈA

��JÓ

e2x − ex =

∫ x

0

ex−tφ2(t)dt (39.2)

Ym.�
	' 	¬Q¢Ë 	¬Q£ (39.2)

�éËXA �ªÖÏ @ ��A ��®�J ��A�K. ð

2e2x − ex = φ2(t) +

∫ x

0

ex−tφ2(t)dt

φ2(x) = 2e2x − ex −
∫ x

0

ex−tφ2(t)dt (40.2)

. ú

	GA
��JË @ ¡Ò 	JË @ 	áÓ �éJ
ÊÓA

�
¾�K �éËXA �ªÓ ù
 ë ð

ú
�
Î« É�j�J 	K (40.2) �éËXA �ªÖÏ @ ú


	̄ A�îD	��
ñª�K ð φ2(t) = h(t) © 	�ñK. ð

h(x) = 2e2x − ex −
∫ x

0

ex−th(t)dt (41.2)

. ��Q£ �èYªK. (41.2) �éËXA �ªÖÏ @ Ég 	áºÖß
 ÐñÊªÓ ñë A �Ò» ð
ð (25.2)

�é�̄C
�
ªË@ ÈA �Òª�J�A�K. ð (41.2)

�éËXA �ªÖÏ @ ú
�
Î« �C

�
K. B
�
ÉK
ñm�

�' �é�®K
Q£ PA��J	m� 	' 	¬ñ� �éËA�mÌ'@ è 	Yë ú

	̄ ð

: ú
�
Î« É�j�J 	K ú


	GA
��JË @ 	¬Q¢Ë (21.2)

H(p) =
2

p− 2
− 1

p− 1
− 1

p− 1
H(p) ⇔

(
1 +

1

p− 1

)
H(p) =

2p− 2− p+ 2

(p− 2)(p− 1)

H(p) =
p

(p− 2)(p− 1)
.
p− 1

p
=

1

p− 2
(42.2)

: ú
�
Î« É�j�J 	K (42.2) �éËXA �ªÒÊ�Ë ú
æ�ºªË@ �C

�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K. ð

h(x) = e2x (43.2)
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

Ym.�
	' (43.2) �é�̄C

�
ªË@ ð �éJ
�®J
�®mÌ'@ �H@ �Q�
 	ª�JÖÏ @ ú

�
Í@� ¨ñk. QK. ð

φ(x) = +
√
e2x = +ex (44.2)

. (39.2) �éJ
ÊÓA
�
¾�JË @ �éËXA �ªÒÊ�Ë Ég ñë ð

@ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 2.2

: ÐA �ªË @ É¾ ��Ë@ 	áÓ 	àñº�K ð É 	�A �	®�JË @ ð ÉÓA
�
¾�JË @ 	á�
K. l .�'
 	QÓ

�éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ Q�. �Jª�K

φ(i)(x) = f(x) +

∫ x

0

K(x, t)F (φ(t))dt (45.2)

É¾ ��Ë@ 	áÓ ð
�
@

∫ x

0

K1(x, t)F (φ(t))dt+

∫ x

0

K2(x, t)φ
i(t)dt = f(x) (46.2)

. A�î 	D« �IjJ. Ë @ X @ �QÖÏ @ �éËñêj. ÖÏ @ �éË @ �YË@ ù
 ë φ(t)
�éË @ �YË@ ð , 	àA��JÓñÊªÓ K(x, t)

�è @ �ñ 	JË @ ð f(x)
�éË @ �YË@ �IJ
k

	á�
¢Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ �HB

�
XA �ªÒÊ�Ë ÈñÊg 	�ªK. ��Q¢�J 	K 	¬ñ� ú
ÎK
 A �Ó ú


	̄ ð

. ú

	G A
��JË @ ð Èð

�
B@

ú

	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ 1.2.2

É¾ ��Ë@ 	áÓ �éÓA �ªË@ �éËA�mÌ'@ ú

	̄ ú


	GA
��JË @ ¡Ò	JË @ 	áÓ �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ 	àñº�K

φ(i)(x) = f(x) +

∫ x

0

K(x, t)F (φ(t))dt (47.2)

: A �Òë ð ÉmÌ'@ 	áÓ 	á�
�®K
Q£ Q» 	Y 	K 	¬ñ� �HB
�
XA �ªÖÏ @ 	áÓ É¾ ��Ë@ @

�	YêË ð
. É�Êj�JË @ ð �C

�
K. B
� 	á�
K. �é»Q�� ��ÖÏ @ �é�®K
Q¢Ë@ -
. 	áK
A�J. �JË @ ð P@ �Qº�JË @ ��é�®K
Q£ -

É�Êj�JË @ ð �C
�
K. B
� 	á�
K. �é»Q�� ��ÖÏ @ �é�®K
Q¢Ë@ 1.1.2.2

. K(x− t) É¾ ��Ë@ 	áÓ K(x, t)
�è @ �ñ 	JË @ 	àñº�K ð φ(0)

�éJ
K� @
�Y�JK. B

�
@ �éÒJ
�̄ ZA �¢«A�K. �é�®K
Q¢Ë@ è 	Yë YÒ�Jª�K

18



�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

É¾ ��Ë@ 	áÓ (47.2)
�éËXA �ªÖÏ @ iJ.��JË

φ(i)(x) = f(x) +

∫ x

0

K(x− t)F (φ(t))dt (48.2)

Ym.�
	' ú


	GA
��JË @ 	¬Q¢Ë (26.2) ð Èð

�
B@ 	¬Q¢Ë (24.2) �é�̄C

�
ªË@ ð (48.2)

�éËXA �ªÖÏ @ ú
�
Î« �C

�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K.

P (i)L (φ (x))− P (i−1)φ (0)− P (i−2)φ
′
(0) .....φ(i−1) = L (f (x)) + L (K (x− t)) .L (F (φ (x)))

(49.2)

Ym.�
	' P i ú

�
Î« (49.2)

�éËXA �ªÖÏ @ �éÒ��®K. ð

L (φ (x)) =
1

P
φ (0)+

1

P 2
φ

′
(0)+......+

1

P i
φ(i−1) (0)+

1

P i
L (f (x))+

1

P i
L (K (x− t))L (F (φ (x)))

(50.2)

É�Êj�JË @ �é�®K
Q£ ÈA �	gXA�K. Ðñ�® 	K L(F (φ(t))) ¡J. 	�Ë@ ð (50.2)
�éËXA �ªÖÏ @ �éK. ñª� �ék@ �	PB

�
ð

φ (x) =
∞∑
n=0

φn (x) , n ≥ 0/F (φ (x)) =
∞∑
n=0

An (x) (51.2)

. An = 1
n!

dn

dλn
[F (

∑n
i=0 λ

iφi)]λ=0
: �IJ
 	k

Ym.�
	' (50.2) �éËXA �ªÖÏ @ ú


	̄ A�îD	��
ñª�K ð (51.2)
�é�̄C

�
ªË@ �H@ �Q�
 	ª�K ÈA �Òª�J�A�K. ð

L

(
∞∑
n=0

φn (x)

)
=

1

P
φ (0) + ..+

1

P i
φ(i−1) (0) +

1

P i
L (f (x)) +

1

P i
L (K (x− t))L

(
n∑
i=0

An (x)

)
(52.2)

: É�j�J 	K (52.2) �éËYªÖÏ @ 	àñº�K n = 0 Ég.
�
@ 	áÓ

 L (φ0 (x)) =
1
P
φ (0) + 1

P 2φ
′
(0) + ......+ 1

P iφ
(i−1) (0) + 1

P iL (f (x))

L (φk+1 (x)) =
1
P iL (K (x− t))L (Ak (x)) , k ≥ 0

(53.2)

�C
�
K. B
� 	á�
K. �é»Q�� ��ÖÏ @ �é�®K
Q¢�. ú


	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �éËXA �ªÖÏ @ Ég : ÈA

��JÓ
É�Êj�JË @ ð

φ
′
(x) =

−2

3
(2 sin x+ sin(2x)) +

∫ x

0

cos(x− t)φ2(t)dt (54.2)
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

: Ym.�
	' A ��®K. A �� �èPñ» 	YÖÏ @ �HA��̄C

�
ªË@ ÈA �Òª�J�A�K. ð �C

�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K. ð

L
(
φ

′
(x)
)
= L

(
−2

3
(2 sin x+ sin 2x)

)
+ L (cos (x− t))L

(
φ2 (t)

)
.

pφ (p)− φ (0) =
−4

3p (p2 + 1)
− 2

3p (p2 + 4)
+

p

p2 + 1
L
(
φ2 (t)

)
.

φ (p) =
1

p2
− 4

3p (p2 + 1)
− 2

3p (p2 + 4)
+

1

p2 + 1
L
(
φ2 (t)

)
(55.2)

: iJ.��� (51.2) ð ú
æ�ºªË@ �C
�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K. ð (55.2)
�éËXA �ªÖÏ @ 	áÓ ð

φ0 (x) = 1− x2 +
1

6
x4 − 1

60
x6 + ..... (56.2)

φ1 (x) =
1

2
x2 − 5

24
x4 +

37

720
x6 + ..... (57.2)

φ2 (x) =
1

22
x4 − 1

20
x6 + ..... (58.2)

φ3 (x) =
1

72
x6 + ..... (59.2)

: é 	JÓ ð φn(x) =
(−1)2i

2i!
x2i ÐA �ªË @ É¾ ��Ë@ ú

�
Î« É�j�J 	K @

�	Yºë ð

φ(x) =
∞∑
i=0

(−1)2i

2i!
x2i ≃ cos x (60.2)

. (54.2) �éËXA �ªÖÏ @ Ég ñë φ(x) = cosx 	à 	X@�

	áK
A�J. �JË @ ð P@ �Qº�JË @ �é�®K
Q£ 2.1.2.2

¡Ò	JË @ 	áÓ �éJ
¢ 	k Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
ÊÓA
�
¾�K �éËXA �ªÓ ÉmÌ 	¬Q¢Ë@ ��X

�
@ ð ÉîD�

�
@ 	áÓ 	áK
A�J. �JË @ ð P@ �Qº�JË @ �é�®K
Q£ Q�. �Jª�K

. ú

	GA
��JË @

É¾ ��Ë@ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ �éËXA �ªÖÏ @ 	àñº�K ð

φ(i)(x) = f(x) +

∫ x

0

K(x, t)F (φ(t))dt (61.2)
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�éJ
¢	mÌ'@ Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ Ég ��Q£ 	�ªK. ú


	GA
��JË @ É� 	®Ë@

© 	�	� �é�®K
Q¢Ë@ è 	Yë ú

	̄ ð

φn+1 (x) = φn (x) +

∫ x

0

λ (ξ)

(
φ(i)
n (ξ)− f (ξ)−

∫ ξ

0

K (ξ, r)F (φ̃n (r)) dr

)
dξ (62.2)

	á�
�Kñ¢ 	k ��J
J.¢�� ð ¨A�J. �KA�K. A�êÓ@ �Y 	j�J�@� Õ �æ��K ð ø
 Q�
�J

	ª�JË @ H. ñÊ�

�
@ Ð@ �Y 	j�J�A�K. A �	��


�
@ �é�®K
Q¢Ë@ è 	Yë ù�Ò��� ð

: A �Òë 	á�
�J�
�A ��
�
@

. �IK. A
��K 	àñºK
 Y�̄ ð l .�

	' @ �Q 	«B
�
λ

	«A �	�Ó YK
Ym�
�' -

. φn+1
�éJ. �̄ A �ª�JÖÏ @ YK
Yj�JË @ �é�®K
Q£ -

φ
′
+ f(φ(ξ), φ

′
(ξ)) = 0, λ = −1, φ0(x) = φ(0) (63.2)

φ
′′
+ f(φ(ξ), φ

′
(ξ), φ

′′
(ξ)) = 0, λ = ξ − x, φ0(x) = φ(0) + φ

′
(0)x (64.2)

φ
′′′
+f(φ(ξ), φ

′
(ξ), φ

′′
(ξ), φ

′′′
(ξ)) = 0, λ =

−1

2!
(ξ−x)2, φ0(x) = φ(0)+φ

′
(0)x+φ

′′
(0)x2 (65.2)

ú
�
Î« É�j�J 	K ú ��æk �é�®K
Q¢Ë@ � 	® 	JK. ð

φ(x) = lim
n−→∞

φn(x) (66.2)

	áK
A�J. �JË @ ð P@ �Qº�JË @ �é�®K
Q¢�. ú

	GA
��JË @ ¡Ò	JË @ 	áÓ �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �éËXA �ªÖÏ @ Ég : ÈA

��JÓ

φ
′
(x) = 1 + ex − 2xex − e2x +

∫ x

0

ex−tφ2(t)dt, φ(0) = 2 (67.2)

φn+1(x) = φn(x)−
∫ x

0

[
−φ′

n(t) + 1 + et − 2tet − e2t +

∫ x

0

et−rφ2
n(r)dr

]
dt (68.2)

. φ0(x) = φ(0) = 2 ð λ = −1 A�	JK
YË
Ym.�

	' ex È PñÊK
A
��K Qå�� 	� ÈA �Òª�J�A�K. ð H. A ��mÌ'@ YªK.

φ1 (x) = 2 + x +1
2
x2 − 1

2
x3 −3

8
x4 − 19

120
x5 + ...

φ2 (x) = 2 + x + 1
2!
x2 + 1

3!
x3 + 1

4!
x4 − 1

8
x5 + ...

φ3 (x) = 2 + x + 1
2!
x2 + 1

3!
x3 + 1

5!
x5 + ......

(69.2)

. φ(x) = limn−→∞ φn(x) : Ym.�
	' (66.2) �é�̄C

�
ªË@ ÈA �Òª�J�A�K. ð �é�®K
Q¢Ë@ � 	® 	JK. ð
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	GA
��JË @ É� 	®Ë@

É¾ ��Ë@ ú
�
Î« ÉmÌ'@ ð

φ(x) = 1 + (1 +
1

2!
x+

1

3!
x2)......... = 1 + ex (70.2)

. (67.2) �éËXA �ªÖÏ @ Ég φ(x) = 1 + ex é 	JÓ ð

Èð
�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ 2.2.2

É¾ ��Ë@ 	áÓ Èð
�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ 	àñº�K

f(x) =

∫ x

0

K1(x, t)F (φ(t))dt+

∫ x

0

K2(x, t)φ
(i)(t)dt (71.2)

. �éÓñÊªÓ �éË @ �X A �	��

�
@ f(x) ð , 	á�
�JÓñÊªÓ 	á�
�K @ �ñ 	K K2(x, t) ð K1(x, t)

�IJ
k
. (i) �éJ. �KQË @ 	áÓ Èñêj. ÖÏ @ �éË @ �YË@ �é�®�J ��Ó ù
 ë φ(i)(t) ð �éËñêj. ÖÏ @ �éJ
¢	mÌ'@ Q�
 	« �éË @ �YË@ ù
 ë F (φ(t))

Èð
�
B@ ¡Ò	JË @ 	áÓ �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ ÉmÌ 	á�
�J�®K
Q£ ú

�
Í@�

��Q¢�J 	K 	¬ñ� �HB
�
XA �ªÖÏ @ 	áÓ É¾ ��Ë@ @

�	YêË
: A �Òë ð

. ÉJ
Êj�JË @ ð �C
�
K. B
� 	á�
K. �é»Q�� ��ÖÏ @ �é�®K
Q¢Ë@ -

. ú

	G A
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �éËXA �ªÓ ú

�
Í@� ÉK
ñj

�JË @ �é�®K
Q£ -

É�Êj�JË @ ð �C
�
K. B
� 	á�
K. �é»Q�� ��ÖÏ @ �é�®K
Q¢Ë@ 1.2.2.2

@
�	Yë ð K1(x− t), K2(x− t) É¾ ��Ë@ 	áÓ K2(x, t) ð K1(x, t) É¿ 	àñº�K 	à

�
@  Q�� ���
 �é�®K
Q¢Ë@ è 	Yë ú


	̄

É¾ ��Ë@ 	áÓ �éËXA �ªÖÏ @ 	àñº�K ð ø
 Pñ�
	��JË @ Z @ �Ym.Ì'@ �é�̄C

�
« ÈA �Òª�J�A�K. ½Ë 	X ð �C

�
K. B
�
ÉK
ñm�

�' �éJ
ÊÔ« ÉîD��JË

f(x) =

∫ 1

0

K1(x− t)F (φ(t))dt+

∫ x

0

K2(x− t)F (φ(i)(t))dt (72.2)

Ym.�
	' (25.2) ø
 Pñ�

	��JË @ Z @ �Ym.Ì'@ �é�̄C
�
« ð (23.2)

��A ��®�J ��B
�
@ �é�̄C

�
« ð �C

�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K.

L (f (x)) = L (K1 (x− t)F (φ (t))) +
(
K2 (x− t)φi (t)

)
ψ (p) = K̃1(p)L (F (φ (t))) + K̃2(p)L

(
F
(
φ(i) (t)

))
ψ (p) = K̃1(p)L (F (φ (t))) + K̃2(p)L

(
piL (φ (t))− pi−1φ (0)− pi−2 (0) ...φi−1 (0)

)
ψ (p)− K̃1(p)L (F (φ (t))) + K̃2(p)L (pi−1φ (0) + pi−2 (0) ...φi−1 (0)) = K̃2(p)L (piL (φ (t)))
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	GA
��JË @ É� 	®Ë@

φ(p) =
ψ (p)− K̃1(p)L (F (φ (t))) + K̃2(p) (p

i−1φ (0) + pi−2 (0) ...φi−1 (0))

piK̃2(p)
(73.2)

: �éJ
ËA
��JË @ �HA��̄C

�
ªË@ I. �k ½Ë 	X ð É�Êj�JË @ �é�®K
Q£ ÈA �	gXA�K. Ðñ�® 	K F (φ(t)) ½J
º 	®�K ð ÉmÌ'@ ÉJ
îD��JË ð

φ(x) =
∞∑
n=0

φn(x), F (φ(x)) =
∞∑
n=0

An(x), /An =
1

n!

dn

dλn

[
F

(
n∑
i=0

λiφi

)]
λ=0

(74.2)

: Ym.�
	' (73.2) �éËXA �ªÖÏ @ ú


	̄ A�îD	��
ñª�K ð (74.2)
�é�̄C

�
ªË@ ÈA �Òª�J�A�K. ð

L

(
∞∑
n=0

φn (x)

)
=

1

p
φ (0) +

1

p2
φ

′
(0) + ....+

1

pi
φ(i−1) (0) +

ψ (p)

piK̃2 (p)
− K̃1 (p)

piK̃2 (p)
L

(
∞∑
n=0

An (x)

)
(75.2)

: Ym.�
	' (74.2) �éËXA �ªÖÏ @ ú


	̄ É�Êj�JË @ �é�®K
Q£ ÈA �Òª�J�A�K. ð
 φ0 (p) =

1
p
φ0 (0) +

1
p2
φ2 (0) + ..+ 1

pi
φ(i−1) (0) + ψ(p)

piK2(p)

L (φk+1 (x)) =
−K̃1(p)

piK̃2(p)
L (Ak (x)) , k ≥ 0

(76.2)

:  Qå���.

lim
p→∞

K̃1 (p)

piK̃2 (p)
= 0 (77.2)

�éËA�mÌ'@ è 	Yë ú

	̄ ð Q 	®�Ë@ ú

�
Í@� Èð �ñ�KB

�
(77.2)

�é�̄C
�
ªË@ A�îD
	̄ Ym.�

	' �éÊ�JÓ
�
@ A�	J 	̄ XA ���� 	àA�J
kB

�
@ 	�ªK. ú


	̄ : �é 	¢kC
�
Ó

©Ó ÉÓA �ª�JË ø �Q 	k
�
@ �é�®K
Q£ Ð@ �Y 	j�J�@� I. m.�'
 ð É�Êj�JË @ ð �C

�
K. B
� 	á�
K. �é»Q�� ��ÖÏ @ �é�®K
Q¢Ë@ ÈA �Òª�J�@� 	áºÖß
 B

�

: φ′
(x) Ég.

�
@ 	áÓ Yj. 	J 	̄ K1(x, t) = x− t,K2(x, t) = cosh(x− t) A�	Jª 	�ð @ �	X @� C

��JÔ 	̄ , �éJ
 	��®Ë@ è 	Yë

lim
p→∞

K̃1 (p)

piK̃2 (p)
=
p2

p2
= 1

�C
�
K. B
� 	á�
K. �é»Q�� ��ÖÏ @ �é�®K
Q¢�. Èð

�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �éËXA �ªÖÏ @ Ég : ÈA

��JÓ
É�Êj�JË @ ð

∫ x

0

(x− t)φ2(t)dt

∫ x

0

(x− t)φ
′
(t)dt =

7

8
+

1

4
x2 − cos x+

1

8
cos(2x), φ(0) = 0. (78.2)
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�
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	GA
��JË @ É� 	®Ë@

: Ym.�
	' �C

�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K.

1

p2
L(φ2(t)) +

1

p2
(pφ(p)− φ(0)) =

7

8p
+

1

2p3
− p

p2 + 1

p

8(p2 + 4)
(79.2)

φ(p) =
7

8
+

1

2p2
− p2

p2 + 1
+

p2

8(p2 + 4)
− 1

p
L(φ2(p)) (80.2)

: Ym.�
	' (74.2) �é�̄C

�
ªË@ ð (80.2)

�éËXA �ªÖÏ @ ú
�
Î« É�Êj�JË @ �é�®K
Q£ Ð@ �Y 	j�J�A�K. ð φ0 (p) =

7
8
+ 1

2p2
− p2

p2+1
+ p2

8(p2+4)

L (φk+1 (x)) = −1
p
L (Ak (x)) , k ≥ 0

(81.2)

: ú
�
Î« É�j�J 	K (81.2) �éK
P@ �Qº�JË @ �é�̄C

�
ªË@ ú

�
Î« ú
æ�ºªË@ �C

�
K. B
�
ÉK
ñm�

�' ÈA �	gXA�K. ð

φ0 (x) = x + 1
3!
x3 − 7

120
x5 + ..

φ1 (x) = −1
3
x3 − 1

15
x5 +.......

φ2 (x) =
2
15

x5 + ..... .............

(82.2)

é 	JÓ ð

lim
n→∞

φn (x) = φ(x) = x− 1

3!
x3 +

1

5!
+ ...... ≃ sinx (83.2)

: ñë Èð
�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �éËXA �ªÖÏ @ Ég é 	JÓ ð

φ(x) = sinx (84.2)

.

¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ �éËXA �ªÓ ú

�
Í@� ÉK
ñj�JË @ �é�®K
Q£ 2.2.2.2

ú

	GA
��JË @

: ÐA �ªË@ É¾ ��Ë@ ú

	̄ Èð

�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - �éJ
ÊÓA

�
¾�K �éËXA �ªÓ 	àñº�K

∫ x

0

K1 (x, t)F (φ (t)) dt+

∫ x

0

K2 (x, t)φ
(n) (t) dt = f (x) , K2 (x, x) ̸= 0 (85.2)

�ék. PYË@ ð ú
�
Íð

�
B@ �ék. PYË@ 	áÓ �éJ
Ê 	�A �	®�K �éËXA �ªÖÏ @ ú

�
Í@�

��Q¢�J 	K ð �PY	K 	¬ñ� �é�@ �PYË@ è 	Yë ú

	̄ 	áºË ð
: �éJ
 	K A

��JË @
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	GA
��JË @ É� 	®Ë@

∫ x

0

K1 (x, t)F (φ (t)) dt+

∫ x

0

K2 (x, t)φ
(′) (t) dt = f (x) , K2 (x, x) ̸= 0 (86.2)

ð
�
@

∫ x

0

K1 (x, t)F (φ (t)) dt+

∫ x

0

K2 (x, t)φ
(′′) (t) dt = f (x) , K2 (x, x) ̸= 0 (87.2)

. �éËXA �ªÖÏ @ 	áÓ ú

	GA
��JË @ 	¬Q¢Ë �éJ.� 	�ËA�K. ð ��A ��®�J ��B

�
@ ú

�
Î« �é�®K
Q¢Ë@ è 	Yë YÒ�Jª�K ð

: Ym.�
	' (86.2) �éËXA �ªÖÏ ú


	G A
��JË @ 	¬Q¢Ë@ ��A ��®�J ��A�K. 	à 	X@�

∫ x

0

K1 (x, t)F (φ (t)) dt+K2 (x, x)φ (x)−K2 (x, 0)φ (0)−
∫ x

0

∂K2 (x, t)

∂t
φ (t) dt = f (x) (88.2)

 φ (x) = f(x)
K2(x,x)

+ K2(x,0)
K2(x,x)

φ (0) + 1
K2(x,x)

∫ x
0
∂(K2(x,t))

∂t
φ (t) dt

− 1
K2(x,x)

∫ x
0
K1 (x, t)F (φ (t)) dt, /K2 (x, x) ̸= 0

(89.2)

. ú

	GA
��JË @ ¡Ò	JË @ 	áÓ �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�K �éËXA �ªÓ (89.2)

�éËXA �ªÖÏ @ Q�. �Jª�K

: Ym.�
	' A �	��


�
@ ú


	GA
��JË @ 	¬Q¢Ë@ ��A ��®�J ��A�K. ð (87.2)

�éËXA �ªÖÏ @ �é�®K
Q¢Ë@ � 	® 	JK. ð -

∫ x
0
K1 (x, t)F (φ (t)) dt+K2 (x, x)φ

′
(x)−K2 (x, 0)φ

′
(0)

−
∫ x
0
∂K2(x,t)

∂t
φ

′
(t) dt = f (x) , /K2 (x, x) ̸= 0

(90.2)

 φ
′
(x) = f(x)

K2(x,x)
+ K2(x,0)

K2(x,x)
φ

′
(0) + 1

K2(x,x)

∫ x
0
∂(K2(x,t))

∂t
φ

′
(t) dt

− 1
K2(x,x)

∫ x
0
K1 (x, t)F (φ (t)) dt, /K2 (x, x) ̸= 0

(91.2)

. ú

	G A
��JË @ ¡Ò	JË @ 	áÓ �éËXA �ªÓ (91.2)

�éËXA �ªÖÏ @ 	à
�
@ ú

�
Í@� A

�	JÊ�ñ�K �é�®K
Q¢Ë@ è 	YîE. ð
ú
�
Í@�

�éËXA �ªÖÏ @ Èñj�J��K ��A ��®�J ��B
�
@ �é¢�@ �ñJ. 	̄ , �éJ
 	Kñ 	JË @ �ék. PYË@ 	áÓ �éËXA �ªÖÏ @ �I	KA

�
¿ @ �	X @�

�é�®K
Q¢Ë@ � 	® 	JK. ð *
. ú

	GA
��JË @ ¡Ò	JË @ 	áÓ �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA

�
¾�JË @ �éËXA �ªÓ

: ÈA
��JÓ


∫ x
0
φ2 (t) dt+

∫ x
0
(x− t+ 1)φ

′′
(t) dt = sinx− cosx− 1

4
sin (2x) + 1 + 1

2
x

φ (0) = φ
′
(0) = 1

(92.2)
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��JË @ É� 	®Ë@

: Ym.�
	' (91.2) �éËXA �ªÖÏ @ 	áÓ Qå��A�J. ÖÏ @ ÈA �Òª�J�B

�
@ ð

�
@ ú


	G A
��JË @ 	¬Q¢Ë ��A ��®�J ��B

�
A�K.

φ
′
(x) = 1 +

1

2
x+ sinx− cosx− 1

4
sin (2x) + 1 + x−

∫ x

0

φ
′
(t) dt−

∫ x

0

φ2 (t) dt (93.2)

. (93.2) �éËXA �ªÖÏ @ ú

	GA
��JË @ ¡Ò	JË @ 	áÓ �éËXA �ªÓ ú

�
Í@� (92.2)

�éËXA �ªÖÏ @ A�	JËñk �é�®K
Q¢Ë@ è 	YîE. ð

A�êÊm�'. Ðñ�® 	K 	¬ñ� �éËXA �ªÖÏ @ è 	Yë ú

	̄ ð A ��®K. A �� �é�ðPYÖÏ @ ��Q¢Ë@ Yg

�
AK. �éËXA �ªÖÏ @ è 	Yë Ém�'. Ðñ�® 	K 	¬ñ� ð

.ø
 Q�
�J

	ª�JË @ P@ �Qº�JË @ �é�®K
Q¢�.

φn+1 (x) = φn (x)−

∫ x

0

 φ
′
n (t)− 2− 3

2
t− sin t+ cos t+ 1

4
sin (2t)

+
∫ t
0

(
φ

′
n (r) + φ2

n (r)
)
dr

 dt

 (94.2)

: Ym.�
	' I.

�̄ A �ª�JÖÏ @ ð ú
ÍA
��J��JÖÏ @ P@ �Qº�JË @ 	áÓ ð

φ1 (x) = 1 + x − 1
3!
x3 − 1

4!
x4 − 1

5!
x5 + ..

φ2 (x) = 1 + x − 1
3!
x3 − 1

5!
x5 +.......

φ3 (x) = 1 + x − 1
3!
x3 + 1

5!
x5 +........

(95.2)

: É¾ ��Ë@ 	áÓ 	àñºK
 ��J
�̄YË@ ÉmÌ'@ é 	JÓ ð

φ(x) = 1 + sin x (96.2)

. (92.2) �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ �éËXA �ªÖÏ @ Ég ñë ð
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3
�
É��	®Ë

�
@

ð �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ Ég ��Q£ 	�ªK.

@ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K − ÉÓA
�
¾�JË @

@ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ 1.3

ú

	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ 1.1.3

: É¾ ��Ë@ 	áÓ ú

	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÒÊ�Ë �éÒ 	¢	�

�
B@ 	àñº�K

U (x) = f1 (x) +
∫ x
0

(
K1 (x, t)F1 (U (t)) + K̃1 (x, t) F̃1 (V (t))

)
V (x) = f2 (x) +

∫ x
0

(
K2 (x, t)F2 (U (t)) + K̃2 (x, t) F̃2 (V (t))

) (1.3)

. 	àA��JËñêm.× 	àA��JË @ �X V (x) ð U(x) - �IJ
k
. �éÓñÊªÓ È@ �ðX ù
 ë K(i)(x, t), K̃(i)(x, t) -

. �éJ
�®J
�®k �H@ �Q�
 	ª�JÓ �H@ �	X �éÓñÊªÓ È@ �ðX f(i)(x) -

. i = 1, 2 Õæ

�̄ É¿ Ég.

�
@ 	áÓ V (x) , U(x) �K. �é�®Êª�JÓ �éJ
¢ 	k Q�
 	« È@ �ðX Fi, F̃i -
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@ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ Ég 	�ªK. �IËA

��JË @ É� 	®Ë@

É�Êj�JË @ ð P@ �Qº�JË @ 	á�
K. �é»Q�� ��ÖÏ @ �é�®K
Q£ 1.1.1.3

: ú
ÎK
 A �Ò» �éÓA �ªË@ �éËA�mÌ'@ ú

	̄ 	àñº�K �IJ
k I.

�̄ A �ª�JÖÏ @ P@ �Qº�JË @ ð É�Êj�JË @ �é�®K
Q£ ú
�
Î« �é�®K
Q£ è 	Yë YÒ�Jª�K

A0 = F (U0) , A1 = U1F
′
(U0)

A2 = U2F
′
(U0) +

1
2!
U2
1F

′′
(U0)

A3 = U3F
′
(U0) + U1U2F

′′
(U0) +

1
3!
U3
1F

′′′
(U0)

A4 = U4F
′
(U0) +

((
1
2!
U2
2 + U1U3

)
F

′′
(U0) +

1
2!
U2
1U2F

′′′
(U0) +

1
4!
U4
1F (U0)

)
(2.3)

Un+1 (x) = f1 (x) +
∫ x
0

(
K1 (x, t)F1 (Un (t)) + K̃1 (x, t) F̃1 (Vn (t))

)
Vn+1 (x) = f2 (x) +

∫ x
0

(
K2 (x, t)F2 (Un (t)) + K̃2 (x, t) F̃2 (Vn (t))

) (3.3)

: É�Êj�JË @ �é�®K
Q£ ÈA �Òª�J�A�K. ú

	G A
��JË @ ¡Ò	JË @ 	áÓ �éJ
¢ 	k Q�
 	« @ �Q�
�JËñ 	®Ë �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÒÊ�Ë ÐA �	¢ 	� Ég : ÈA

��JÓ

U (x) = cos x+ sin x+ (1 + x) cos2 x− (1 + x2) +
∫ x
0
(xU2 (t)− V 2 (t)) dt

V (x) = cosx− sinx+ (1− x) cos2 x− (1 + x2) +
∫ x
0
(U2 (t) + xV 2 (t)) dt

(4.3)

.
 U0(x) = 1

V0(x) = 1
: 	�Q�� 	® 	K ð ú
æ. K
Q

�®�JË @ H. ñÊ�
�
B@ Ð@ �Y 	j�J�A�K. ð

: Ym.�
	' I.

�̄ A �ª�JÖÏ @ P@ �Qº�JË @ ð

Un+1 (x) = cosx+ sin x+ (1 + x) cos2 x− (1 + x2) +
∫ x
0
(xU2

n (t)− V 2
n (t)) dt

Vn+1 (x) = cosx− sinx+ (1− x) cos2 x− (1 + x2) +
∫ x
0
(U2

n (t) + xV 2
n (t)) dt

(5.3)

: �éJ
î �D 	JÓB
�
@ �éÊ�Ê�Ë@ ÈA �Òª�J�A�K. A�î 	D« Q�
J.ª�JË @ 	áºÖß
 ð

U (x) =
∞∑
n=0

Un (x) , V (x) =
∞∑
n=0

Vn (x) (6.3)

É�j�J 	JË

A0 = U2
0 , A1 = 2U0U1, A2 = 2U0U1 + U2

0

ð

B0 = V0(t), B1 = V0(t)U1(t) + U0(t)V1(t)

B2 = V0(t)U2(t) + U0(t)V2(t) + U1(t)V1(t)
(7.3)
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@ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ Ég 	�ªK. �IËA

��JË @ É� 	®Ë@

: Ym.�
	' sinx ð cos x �Ë PñÊK
A

��K Qå�� 	� ÈA �Òª�J�A�K.

U0 (x) = 1, U1 (x) = 1 + x− 3

2
x2 − 7

6
x3 +

3

8
x4 +

41

120
x5 + .....

U2 (x) = 1 + x− 1

2
x2 − 1

2
x3 − 13

8
x4 − 9

8
x5 + .......

U3 (x) = 1 + x− 1

2
x2 − 1

6
x3 +

3

8
x4 +

89

120
x5 + .......

U3 (x) = 1 + x− 1

2
x2 − 1

6
x3 +

1

24
x4 − 1

8
x5 + .......

U5 (x) = 1 + x− 1

2!
x2 − 1

3!
x3 +

1

4!
x4 +

1

5!
x5 + ......

.

V0 (x) = 1, V1 (x) = 1− x− 3

2
x2 +

7

6
x3 +

3

8
x4 − 41

120
x5 + .....

V2 (x) = 1− x− 1

2
x2 − 1

2
x3 − 13

8
x4 +

9

8
x5 + .......

V3 (x) = 1− x− 1

2
x2 +

1

6
x3 +

13

8
x4 − 89

120
x5 + .......

V4 (x) = 1− x− 1

2
x2 +

1

6
x3 +

1

24
x4 +

1

8
x5 + .......

V5 (x) = 1− x− 1

2!
x2 +

1

3!
x3 +

1

4!
x4 − 1

5!
x5 + ....... (8.3)

: Ym.�
	' 5.3 �é�̄C

�
ªË@ 	áÓ ð �é�®K
Q¢Ë@ � 	® 	JK. ð

V (x) =

(
1− 1

2!
x2 +

1

4!
x4 + ....

)
−
(
x− 1

3!
x3 +

1

5!
x5 + ....

)
U (x) =

(
1− 1

2!
x2 +

1

4!
x4 + ....

)
+

(
x− 1

3!
x3 +

1

5!
x5 + ....

)
(9.3)

ú
ÍA
��JË A�K. ð

(U (x) , V (x)) = (cos x+ sin x, cosx− sinx) (10.3)

. (4.3) Ég 	á« �èPA�J.« ñë Ég ð
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@ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ Ég 	�ªK. �IËA

��JË @ É� 	®Ë@

Èð
�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ 2.1.3

ú

	GA
��JË @ ¡Ò	JË @ 	áÓ �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�K �HB

�
XA �ªÓ �éÒ 	¢	�

�
@ ú

�
Í@� ÉK
ñj

�JË @ �é�®K
Q£ 1.2.1.3

: É¾ ��Ë@ 	áÓ Èð
�
B@ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ 	àñº�K

f1(x) =

∫ x

0

(K1(x, t)U(t) + K̃1(x, t)F̃1(V (t)))dt

f2 (x) =

∫ x

0

(
K2 (x, t)F2 (U (t)) + K̃2 (x, t)V (t)

)
dt (11.3)

	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
ÊÓA
�
¾�K �HB

�
XA �ªÓ �éÒ 	¢	�

�
@ ú

�
Í@�

�éÒ 	¢	�
�
B@ 	áÓ É¾ ��Ë@ @

�	Yë ÉK
ñm�
�' I. m.�'


�éËA�mÌ'@ è 	Yë ú

	̄

: ú
ÍA
��JË @ É¾ ��Ë@ ú

�
Î« É�j�J 	JË x �Ë �éJ.� 	�ËA�K.

	¬Q¢Ë 	¬Q£ ÐA �	¢ 	JË @ ��A ��®�J ��A�K. Ðñ�® 	K ð A�êÊK
ñj�JË ð ú

	GA
��JË @ ¡Ò	JË @

f
′

1 (x) = K1 (x, x)U (x) + K̃1 (x, x) F̃1 (V (x)) +

∫ x

0

(
K

′

1 (x, t)U (t) + K̃
′

1 (x, t) F̃1 (V (t))
)
dt

f
′

2 (x) = K2 (x, x)F2(U (x)) + K̃2 (x, x)V (x) +

∫ x

0

(
K

′

2 (x, t)F2 (U (t)) + K̃
′

2 (x, t)V (t)
)
dt

U (x) =
f

′
1 (x)− K̃1 (x, x) F̃1 (V (x))

K1 (x, x)
− 1

K1 (x, x)

∫ x

0

(
K

′

1 (x, t)U (t) +K
′

2 (x, t) F̃1 (V (t))
)
dt

V (x) =
f

′
2 (x)−K2 (x, x)F2 (V (x))

K̃2 (x, x)
− 1

K̃2 (x, x)

∫ x

0

(
K

′

2 (x, t)F2 (U (t)) + K̃
′

2 (x, t)V (t)
)
dt

(12.3)

. ú

	G A
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
ÊÓA

�
¾�K �HB

�
XA �ªÓ �éÒ 	¢	�

�
@ ñë 12.3 ÐA �	¢ 	JË @ 	à

�
@ 	¡kC

� 	K
�HA�J. K
Q�®�JË @ ð É�Êj�JË @ �é�®K
Q£ I. �k ½Ë 	X ð �éÒ 	¢	�

�
B@ 	áÓ É¾ ��Ë@ @

�	Yë Ég �éJ
 	®J
ºË ��J.� A �ÒJ
 	̄ A�	J�̄Q¢�� Y�®Ë
. �éJ. �̄ A �ª�JÖÏ @
: �é 	¢kC

�
Ó

¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ 	àA�	̄ K̃2 (x, x) ̸= 0 ð K1(x, x) ̸= 0 	àA

�
¿ @ �	X @� *
. ú


	GA
��JË @

A �ÓðX x �Ë �éJ.� 	�ËA�K. ø �Q 	k
�
@ �èQÓ ��A ��®�J ��A�K. Ðñ�® 	K �éËA�mÌ'@ è 	Yë ú


	̄
K̃2 (x, x) = 0 ð K1(x, x) = 0 	àA

�
¿ @ �	X @� *

. ú

	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ ÐA �	¢ 	� iJ.�J
Ë
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@ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ Ég 	�ªK. �IËA

��JË @ É� 	®Ë@

: ú

	G A
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ Ég : ÈA

��JÓ

1

3
x3 +

1

12
x4 +

1

56
x5 =

∫ x

0

(
(x− t+ 1)U (t) + (x− t)V 2 (t)

)
dt

1

4
x4 +

1

20
x5 +

1

30
x6 =

∫ x

0

(
(x− t)U2 (t) + (x− t+ 1)V (t)

)
dt (13.3)

Ym.�
	' ��A ��®�J ��

�
BA�K.

x2 +
1

3
x3 +

1

7
x7 = U (x) +

∫ x

0

(
U (t) + V 2 (t)

)
dt

x3 +
1

4
x4 +

1

5
x5 = V (x) +

∫ x

0

(
U2 (t) + V (t)

)
dt (14.3)

: ø

�
@ É 	� 	̄ �@ É¾ ���. I. �JºK
 ð ú


	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ ÐA �	¢ 	� i�J
Ë

U (x) = x2 +
1

3
x3 +

1

7
x7 −

∫ x

0

(
U (t) + V 2 (t)

)
dt

V (x) = x3 +
1

4
x4 +

1

5
x5 −

∫ x

0

(
U2 (t) + V (t)

)
dt (15.3)

U0 (x) = x2 +
1

3
x3 +

1

7
x7, V0 (x) = x3 +

1

4
x3 +

1

5
x5

U1 (x) = −
∫ x

0

(
U0 (t) + V 2

0 (t)
)
dt = −1

3
x3 − 1

7
x7 + ......

V1 (x) = −
∫ x

0

(
U2
0 (t) + V0 (t)

)
dt = −1

4
x4 − 1

5
x5 + ...... (16.3)

. U(x) = x2, V (x) = x3 : Ym.�
	' V0(x) ð U0(x) �Ë ø
 Q

	®�Ë@ I. K
Q
�®�JË @ 	Y 	g

�
AK. �éËA�mÌ'@ è 	Yë ú


	̄ 	¡kC
� 	K

ø

�
@

(U(x), V (x)) = (x2, x3) (17.3)

. (13.3) ú

	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ ÐA �	¢ 	� Ég ñë ð
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@ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K - ÉÓA
�
¾�JË @ ð �éJ
ÊÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ Ég 	�ªK. �IËA

��JË @ É� 	®Ë@

¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K − ÉÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ 2.3

ú

	GA
��JË @

ú
�
Î« ú


	GA
��JË @ ¡Ò	JË @ 	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢ 	k Q�
 	« �éJ
Ê 	�A �	®�K − ÉÓA

�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
@ Z 	Qm.Ì'@ @

�	Yë ú

	̄ �PY	K 	¬ñ�

:É¾ ��Ë@

U (i) (x) = f1 (x) +
∫ x
0

(
K1 (x, t)F1 (U (t)) + K̃1 (x, t) F̃1 (V (t))

)
V (i) (x) = f2 (x) +

∫ x

0

(
K2 (x, t)F2 (U (t)) + K̃2 (x, t) F̃2 (V (t))

)
(18.3)

	áÓ @ �Q�
�JËñ 	®Ë �éJ
¢	mÌ'@ Q�
 	« �éJ
Ê 	�A �	®�K − ÉÓA
�
¾�JË @ �HB

�
XA �ªÖÏ @ �éÒ 	¢	�

�
B@ ÉmÌ �é«ñ	J�JÖÏ @ ��Q¢Ë@ 	áÓ YK
YªË@ ¼A�	Jë ð

. ú

	GA
��JË @ ¡Ò 	JË @

	áK
A�J. �JË @ ð P@ �Qº�JË @ �é�®K
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Un+1 (x) = Un (x) +

∫ x

0

λ (t)

(
U (i)
n (t)− f1 (t)−

∫ t

0

y1 (t, r) dr

)
dt

Vn+1 (x) = Vn (x) +

∫ x

0

λ (t)

(
V (i)
n (t)− f2 (t)−

∫ t

0

y2 (t, r) dr

)
dt (19.3)
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y1 (t, r) = K1 (t, r)F1

(
U (r) + K̃1 (t, r) F̃1 (V (r))

)
y2 (t, r) = K2 (t, r)F2

(
U (r) + K̃2 (t, r) F̃2 (V (r))

)
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U (x) = lim
n→∞

Un (x) , V (x) = lim
n→∞

Vn (x) (20.3)
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U
′
(x) = 1− x+

1

2
x2 − 1

12
x4 +

∫ x

0

(
(x− t)U2 (t) + V 2 (t)

)
dt

V
′
(x) = −1− x− 3

2
x2 − 1

12
x4 +

∫ x

0

(
(x− t)V 2 (t) + U2 (t)

)
dt (21.3)
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Un+1 (x) = Un (x)−
∫ x

0

(
U

′

n (t)− 1 + t− 1

2
t2 +

1

12
t4 −

∫ t

0

y1 (t, r) dr

)
dt

Vn+1 (x) = Vn (x)−
∫ x

0

(
V

′

n (t) + 1 + t+
3

2
t2 +

1

12
t4 −

∫ t

0

y2 (t, r) dr

)
dt (22.3)
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y1 (t, r) = (t− r)U2 (r) + V 2 (r)

y2 (t, r) = (t− r)V 2 (r) + U2 (r)
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U1 (x) = 1 + x+
1

3
x3 − 1

6
x4 − 1

60
x5, V1 (x) = 1− x− 1

3
x3 − 1

60
x5

U2 (x) = 1 + x+

(
1

3
x3 − 1

3
x3
)
+

(
1

6
x4 − 1

6
x4
)
− 1

30
x5 + .....

V2 (x) = 1− x+

(
1

3
x3 − 1

3
x3
)
+

(
1

6
x4 − 1

6
x4
)
+

1

30
x5 + .....

U3 (x) = 1 + x+

(
1

30
x5 − 1

30
x5
)
+ ....., V3 (x) = 1− x+

(
1

30
x5 − 1

30
x5
)
+ ..... (23.3)
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(U(x), V (x)) = (1 + x, 1− x) (24.3)
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Abctracl:
The aim of this study is to show some methods of solving the integral equations and the non−
linear volterra integro−differentiol in two ways, the first and second.
Also, we study the methods of solving the systems of the integnal equations and non− linear
volterra integro− differentiol in two ways.
The keys words:
*non− linear volterra integral equations.
*non− linear volterra integro differentiol equations
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