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Notations and conventions

R : the real numbers
C : the complex numbers

Ω : usually denotes an open set in a topological space
D(A) : the domain of A
R(A) : the image of A

ρ(A) : the resolvent set of A
A−1 : the inverse of A

C([0, T ] : X) : the space of continuous functions de�ned on 0 ≤ t ≤ T
with value in X

Lp : the usual space of measurable whose p th power is Lebesgue
integrable

I : Identity operator
∆ : the Laplace operator
∇ : gradient operator

R(λ,A) : the resolvent operator of A
∂u
∂η

: the outward normal derivative

‖u‖p: the norm of u in Lp

‖u‖∞: the norm of u in L∞

v



Introduction

The stability of functional equation was originally raised by Ulam in 1940
in a talk given at Wisconsin University.The problem posed by Ulam was
the following :Under what conditions does there exist an additive mapping
near an approximately additive mapping[13] .The �rst answer to Ulam's
question was given by Hyers in 1941 in the case of Banach spaces in

[4].thereafter ,this type of stability is called the Ulam-Hyers stability in
1978,Rassias[10]provieded a remarkable generalization of Ulam-Hyers

stability of mappings by considering variables .The concept of stability for a
functional equation arises when we replace the functional equation by an
inquality which acts as a perturbation of the equation.Thus,the stability
question of functional equations is how do the solutions of the inequality

di�er from those of functional equations ?,or equivalently for every solution
of the perturbed equation there exists a solution of the equation that is
close to it.Consiserable attention has been given to the study of the

Ulam-Hyers and Ulam-Hyers-Rrassias stability of all kinds of functional
equations; one can see the mongraphs of[[3] ,[6]] . Bota-Boriceanu and

Petrusel[1], Petru et al [8] ,[9] . and Rus[11] ,[12] , discussed the
Ulam-Hyers stability for operatorial equations and inclusions. Castro and
ramos [2], and Jung [5] , considered the Ulam-Hyers-Rrassias stability for a
class of Volterra integral equations. Motivated by recent works in stability,

we will study the Ulam-Hyers stability and the generalized
Ulam-Hyers-Rassias stability of the following impulsive evolution equations:

u′(t) = Au(t) + f(t, u(t)), ift ∈ Jk, k = 0, . . .m
u(t+k )− u(t−k ) = Ik(u(t−k )), ift ∈ [0, b], k, k = 0, . . .m

u(0) = u0

(1)
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This memory will be organized as follows. In Chapter 1, we will recall some
basic de�nitions and preliminaries facts which will be used throughout this
work. In Chapter 2, we give some su�cient conditions for the Ulam-Hyers
stability of the mild solution of the considered problem and we illustrate
our theory with example. The last Chapter is devoted the generalized

Ulam-Hyers-Rassias stability, an example is given illustrating the abstract
theory.
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Chapter 1
Preliminaries

In this chapter, we introduce notations, de�nitions, lemmas and �xed point
theorems which are used throughout this thesis. Let J := [0, b] be an

interval of R. Let (X, |.|) be a real Banach space.
C(J,X) is the Banach space of all continuous functions from [0, b] into X

with the norm

‖y‖∞ = sup{|y(t)| : 0 ≤ t ≤ b}.

B(X) denotes the Banach space of bounded linear operators from X into
X, with norm

‖N‖B(X) = sup{|N(y)| : |y| = 1}.

A measurable function y : J −→ X is Bochner integrable if and only if |y| is
Lebesgue integrable.

L1(J,X) denotes the Banach space of functions y : J −→ X which are
Bochner integrable normed by

‖y‖L1 =

∫ b

0

|y(t)|dt.

Let L1
loc([0,+∞);R+) be the Banach space of measurable functions which

are locally Bochner integrable. we shall consider the following space

PC =
{
y : [0, b]→ X : yk ∈ C[Jk, X], k = 0, ...,m such that

y(t−k ), y(t+k ) exist with y(tk) = y(t−k ), k = 1, ...,m
}
,
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which is a Banach space with the norm

‖y‖PC := max{‖yk‖∞ : k = 0, ., ., .,m},

where yk is the restriction of y to Jk = (tk, tk+1], k = 0, ...,m
The following de�nitions are used in the sequel.

De�nition 1.1 A map f : [a, b]× E −→ E is said to be Carathéodory if

(i) t 7−→ f(t, y) is measurable for all y ∈ E,

(ii) y 7−→ f(t, y) is continuous for almost each t ∈ [a, b],

De�nition 1.2 A map f : [a, b]× E −→ E is said to be L1-Carathéodory if

(i) f is Carathéodory

(ii) y 7−→ f(t, y) is continuous for almost each t ∈ [0, b],

(iii) For each q > 0, there exists hq ∈ L1([0, b],R+) such that

|f(t, y)| ≤ hq(t) for all |y| ≤ q and almost each t ∈ [0, b].

We remark here as well that conditions (i) and (ii) imply for t ∈ [0, b]
f(t, u(t) is measurable for any measurable and almost every where �nite
function u(.). this is a result of Carathédory. Also, (iii) implies that

f(t, u(t)) is L1-Carathédory.

De�nition 1.3 A map f is said compact if its image is relatively compact.
f is said completely continuous if it's continuous and the image of every
bounded set is relatively compact.

Lemma 1.4 (Gronwall's)
for all t0 ≤ t, Let φ(t) ≥ 0 and ψ(t) ≥ 0 be locally integrable functions. If
there are constants K > 0 and L > 0 such that

φ(t) ≤ K + L

∫ t

t0

ψ(s)φ(s) ds,

then

φ(t) ≤ K exp

(
L

∫ t

t0

ψ(s) ds

)
pour t0 ≤ t
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1.1 Semigroups

Let E be a Banach space and B(E) be the Banach space of linear bounded
operators.

De�nition 1.5 A semigroup of class C0 is a one parameter family {T (t) |
t ≥ 0} ⊂ B(E) satisfying the conditions:

(i) T (t) ◦ T (s) = T (t+ s), for t, s ≥ 0,

(ii) T (0) = I,

(iii) the map t→ T (t)(x) is strongly continuous, for each x ∈ E, i.e
,

lim
t→0

T (t)x = x, ∀x ∈ E.

A semigroup of bounded linear operators T (t), is uniformly continuous if

lim
t→0
‖T (t)− I‖ = 0.

Where I denotes the identity operator in E.

We note that if a semigroup T (t) is of class (C0) then the following growth
condition is sati�ed

‖T (t)‖B(E) ≤ M · exp(βt), for 0 ≤ t <∞, with some constants M > 0
and β.

In particular, if M = 1 and β = 0, i.e
, ‖T (t)‖B(E) ≤ 1, for t ≥ 0, then the
semigroup T (t) is called a contraction C0-semigroup .

De�nition 1.6 Let T (t) be a (C0)-semigroup de�ned on E. The in�nitesi-
mal generator A of T (t) is the linear operator de�ned by

A(x) = lim
h→0

T (h)x− x
h

, for x ∈ D(A),

where D(A) = {x ∈ E | limh→0
T (h)(x)−x

h
exists in E}.

Let us recall the following property:
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Proposition 1.7 The in�nitesimal generator A is closed linear and densely
de�ned operator in E. If x ∈ D(A), then T (t)(x) is a C1-map and

d

dt
T (t)(x) = A(T (t)(x)) = T (t)(A(x)) on [0,∞).

Theorem 1.8 (Hille and Yosida). Let A be a densely de�ned linear operator
with domain and range in a Banach space E. Then A is the in�nitesimal
generator of uniquely determined semigroup T (t) of class (C0) satisfying

‖T (t)‖B(E) ≤M exp(ωt), t ≥ 0,

where M > 0 and ω ∈ R if (λI − A)−1 ∈ B(E) and ‖(λI − A)−n‖ ≤
M/(λ− ω)n, n = 1, 2, . . ., for all λ ∈ R.

1.2 Fixed point theorem

1.3 Stability

Now, we consider the problem of impulsive functional di�erential equations
of the form :{

u′(t) = Au(t) + f(t, u(t)), if t ∈ Jk, k = 0, . . .m
u(t+k )− u(t−k ) = Ik(u(t−k )), if y ∈ [0, b], k, k = 0, . . .m

(1.1)

Let ε be a positive real number and Φ : J → [0,∞) be a continuous
function.We consider the following inequalities{

||u′(t)− Au(t)− f(t, u(t))||B ≤ ε, if t ∈ Jk, k = 0, . . .m
||u(t+k )− u(t−k )− Ik(u(t−k ))||B ≤ ε, if t = tk, k = 0, . . .m

(1.2)

{
||u′(t)− Au(t)− f(t, u(t))||B ≤ Φ(t), if t ∈ Jk, k = 0, . . .m
||u(t+k )− u(t−k )− Ik(u(t−k ))||B ≤ Φ(t), if t = tk, k = 0, . . .m

(1.3){
||u′(t)− Au(t)− f(t, u(t))||B ≤ εΦ(t), if t ∈ Jk, k = 0, . . .m
||u(t+k )− u(t−k )− Ik(u(t−k ))||B ≤ εΦ(t), if t = tk, k = 0, . . .m

(1.4)

let us give the meaning of di�erent stabilities.
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De�nition 1.9 the equation(1.1) is Ulam-Hyers stable if there exists a real
number c > 0 such that for each ε > 0 and for each solution u ∈ PC of( 1.2)
there exists a mild solution v ∈ PC of problem with

|v(t)− u(t)|PC ≤ cε, ∀t ∈ J

De�nition 1.10 The equation(1.1) is generalized Ulam-Hyers stable exists
theta ∈ C(R+,R+), θ(0) = 0, such that for each solution v ∈ Pc of (1.2)
there exists a mild solution u ∈ Pc of (1.1) with

||v(t)− u(t)||Pc ≤ θ(ε), if y ∈ Pc, t ∈ J

De�nition 1.11 The equation (1.1) is Ulam-Hyers-Rassias stable, with re-
spect to ϕ, if there exists cϕ > 0 such that for each ε > 0 and for each solution
v ∈ C1(J,R) of (1.4) there exists a mild solution u ∈ C(J,R) of (1.1) with

|v(t)− u(t)| 6 εcϕϕ(t), ∀t ∈ J.

De�nition 1.12 The equation (1.1) is generalized Ulam-Hyers-Rassias sta-
ble, with respect to ϕ, if there exists cϕ > 0 such that for each solution v ∈ Pc
of (1.3) with

|v(t)− u(t)| 6 cϕϕ(t), ∀t ∈ Pc.

Remark 1.13 It is clear that :

(1) De�nition 1.9 ⇒ De�nition 1.10.

(2) De�nition 1.11 ⇒ De�nition1.12

Remark 1.14 A function v ∈ PC is mild solution of inequality 1.2: and
only if ther exists a function g ∈ PC and a sequence gk; k = 1, . . . ,m(which
depend on v) such that

1) ||g(t)|| ≤ ε and ||gk|| ≤ ε, k = 1, . . . ,m

2) v′(t) = A(v(t)) + f(t, v(t)) + g(t), t ∈ (tk, tk+1, k = 1, . . . ,m

3) v(t+k ) = v(t−k ) + Ik(v(t+k )) + gk, k = 1, . . . ,m
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Remark 1.15 A function v ∈ Pc is solution of inequality 1.3: and only of
there exists a function g ∈ PC and a sequence gk; k = 1, . . . ,m(which depend
on v) such that

1) ||g(t)|| ≤ ϕ(t) and ||gk|| ≤ ϕ, k = 1, . . . ,m

2) v′(t) = A(v(t)) + f(t, v(t)) + g(t), t ∈ (tk, tk+1, k = 1, . . . ,m

3) v(t+k ) = v(t−k ) + Ik(v(t+k )) + gk, k = 1, . . . ,m

1.4 Existence Results

Ouahab in [7] has studied the existence if mild solutions of the problem the
form 1.1 where f : J → X is a given function, A is the in�nitesimal

generator of a family of C0-semigroup T (t : t > 0, A is a bounded linear
operator from X into X, u0 ∈ X, Ik ∈ C(X,X)(k = 1, ......,m),and

∆u|t=tk = u(t+k )− u(t−k ), u(t+k ) = lim
h→0+

u(tk + h)

and u(t−k ) = limh→0+ u(tk − h) represent the right and left of u(t) at t = tk,
respectively,k = 1, .....,m

De�nition 1.16 A function u ∈ PC(J,X) is said to be a mild solution
of (1.1)if u is the solutions of the impulsive integral equation

u(t) = T (t)u0 +

∫ t

0

T (t− s)f(s, u(s))ds) +
∑

0<tk<t

T (t− tk)Ik(u(tk)). (1.5)

The existence result was upon Schaefer's theorem

Theorem 1.17 [7] Let f : J × X → X be an L1-Carathéodory function.
Assume that:
There exist constants ck, such that |Ik(u)| 6 ck, k = 1, ....,m for each
u ∈ PC
There exist constants M , such that ||T (t)||B(X) 6M, for each t ≥ 0
and A : D(A) ⊂ E → E is the in�nitesimal generator of compact semigroup
T (t) : t > 0 There exist continuous nondecreasing function ϕ : [0,∞) →
(0,∞) and p ∈ L1(J,R+) such that
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|f(t, u)| 6 p(t)ϕ(|u|)

for a.e t ∈ Jand each u ∈ PC
with ∫ t

0

m(s)ds <

∫ ∞
0

du

u+ ϕ(u)

where

m(s) = maxM ||B||B(X),Mp(s) and c = M

[
|u0|+

m∑
k=1

ck

]
For each bounded B ⊆ C(Jk, X) and t ∈ J the set

{
T (t)u0 +

∫ t

0

T (t− s)f(s, u(s))ds) +
∑

0<tk<t

T (t− tk)Ik(u(t−k )) : u ∈ B

}

is relatively compact inE
Then the impulsive initial value problem (IVP for short )(1.1)has at least one
mild solution

proof Ttransform the problem (1.5) into a �xed point problem . Consider
the operator N : PC(J,X)→ PC(J,X) de�ned by :

N(u)(t) = T (t)u0 +

∫ t

0

T (t− s)f(s, u(s))ds) +
∑

0<tk<t

T (t− tk)Ik(u(t−k ))

Clearly the �xed points of N are mild solutions to(1.5)
We shall show N is completely continous. That proof will be in several

steps.
step 1:N is continuous

Let un be a sequence in PC(J,X) such that un → u. We shall prove that
N(un)→ N(u). For each t ∈ J we have

N(un)(t) = T (t)u0 +

∫ t

0

T (t− s)f(s, un(s))ds) +
∑

0<tk<t

|T (t− tk)Ik(un(t−k ))|

9



Then

|N(un)(t)−N(u)(t)| 6
∫ t

0

|T (t− s)||f(s, un(s))− f(s, u(s))ds|

+
∑

0<tk<t

|T (t− tk)||Ik(un(t−k ))− Ik(u(t−k ))|

6 bM ||B||B(E)||un − u||PC

+M

∫ t

0

|f(s, un(s))− f(s, u(s))ds|

+M
∑

0<tk<t

|Ik(un(t−k ))− Ik(u(t−k ))|

. Since Ik, k = 1....,m are continous ,B is bounded and f is an
L1Carathéodory function we have by the Lebesgue dominated convergence

theorem

||N(un)−N(u)||PC 6 bM ||B||B(E)||un − u||PC

+M

∫ t

0

|f(s, un(s))− f(s, u(s))ds|

+M
∑

0<tk<t

|Ik(un(t−k ))− Ik(u(t−k ))| → 0 as n→∞

Thus N is continuous.
Step 2: N map bounded sets into bounded sets in PC(J,X)

Indeed, it is enough to show that for any q > 0, there exists a positive
canstant l such that for each u ∈ Bq = u ∈ PC(J,X) : ||u||PC 6 q One has
||N(u)||PC 6 l let u ∈ Bq By the fact that f is anL1Carathéodory function

we have for each t ∈ J

|N(u)(t)| 6M |u0|+M

∫ t

0

ϕq(s)ds+M
m∑
k=1

ck

6M |y0|+M ||ϕq||L1 +M

m∑
(k=1)

ck := l

10



Step 3: N map bounded sets into equicontinuous of PC(J,X) Let
τ1, τ2 ∈ J, τ1 < τ2 and βq be a bounded sat of PC(J,X) as in Step 2 . Let

u ∈ Bq, then for each t ∈ J we have

|(Nu)(τ2)− (Nu)(τ1)| 6 |T (τ2)u0 − T (τ1)u0|

+

∫ τ1−ε

0

‖T (τ2 − s)− T (τ1 − s)‖B(X)|Bu(s)|ds

+

∫ τ1−ε

τ1

‖T (τ2 − s)− T (τ1 − s)‖B(X)|Bu(s)|ds

+

∫ τ1−ε

τ1

‖T (τ2 − s)‖B(X)|Bu(s)|ds

+

∫ τ1−ε

0

‖T (τ2 − s)− T (τ1 − s)‖B(X)|f(s, u(s))|ds

+

∫ τ1−ε

τ1

‖T (τ2 − s)− T (τ1 − s)‖B(X)|f(s, u(s))|ds

+

∫ τ1−ε

τ1

‖T (τ2 − s)‖B(X)|f(s, u(s))|ds+M
m∑
k=1

ck(τ2 − τ1)

+M
∑

0<tk<τ1

ck‖T (τ2 − tk)− T (τ2 − tk)‖

The right-hand side tends to zero as andε su�ciently mall, since T (t) is a
strongly continous operator and the compactness of T (t)for t > 0 implies

the continuity in the uniform operator topology. This proves the
equicontinuity for the case where t 6= ti i = 1, ....,m. It remains to

examine the equicontinuityt = ti

h1(t) = T (t)Φ(0) +
∑

0<tk<t

T (t− tk)Ik(u(tk))

and

h2(t) =

∫ t

0

T (t− s)f(s, u(s))ds

11



First we prove equicontinuity at t = t−i Fix δ1 > 0 such that
tk : k 6= i ∩ [ti − δ1, ti − δ1] = ∅

h1(t) = T (ti)u0 +
∑

0<tk<t

T (t− tk)Ik(u(tk))

= T (ti)u0 +
i∑
−1k = 1T (t− tk)Ik(u(tk))

For 0 < h < δ1 we have that

|h1(ti − h)− h1(ti)| 6 |(T (ti − h)− T (ti))Φ|

+
i−1∑
k=1

|[T (ti − h− tk)− T (ti − tk)]Ik(u(t−k ))|

. The right-hand side tends to zero as h→ 0
Moreover

|h2(ti − h)− h2(ti)| 6 Φq(s)

∫ ti+h

0

|[(T (ti − h− s)− T (ti − s)]p(s)|

+MΦq(s)

∫ ti

ti−h
p(s)ds

+q

∫ ti−h

0

|[(T (ti − h− s)− T (ti − s)]|||B|||B(X)ds

q

∫ ti

ti−h
M ||B||B(X)ds

wich tends to zero as h→ De�ne

h0(t) = h(t) t ∈ [0, t1]

and hi(t) ={
(Nu)(t), t ∈ (ti, ti + 1]

(Nu)(t+i ), t = ti

Next we prove equicontinuity att = t+i .Fix δ2 > 0 such that
tk : k 6= i ∩ [ti − δ2, ti + δ2] = ∅. Then

h(ti) = T (ti)u0 +

∫ ti

0

T (ti − s)f(s, u(s))ds) +
i∑

k=1

|T (ti − tk)Ik(u(tk))|

12



For 0 < h < δ we have that

|h(ti + h)− h(ti)| 6 |(T (ti + h)− T (ti))u0|

+

∫ ti

0

|[(T (ti − h− s)− T (ti − s)]f(s, u(s))|ds

+

∫ ti+h

ti

MΦq(s)ds

+
i∑

k=1

|[T (ti + h− tk)− T (ti − tk)]Ik(u(t−k ))|.

The right-hand side tends to zero as h→ 0 . As a consequence of Steps 1
to 3, together with the Arzela-Ascoli theorem we can conclude that
N : PC(J,X)→ PC(J,X) is a completely continuous operator.

Step 4:
Now it remains to show that the set

ε(N) := u ∈ PC(J,X) : u = λN(u, forsome 0 < λ < 1)

is bounded.Let u ∈ ε(N).Then u = λN(u)forsome 0 < λ < 1. Thus for each
t ∈ J

u(t) = λ[T (t)u0 +

∫ t

0

(T (t−s)f(s, u(s))ds

+
∑

0<tk<t

|[T (t− tk)− Ik(u(t−k ))].

then for each t ∈ J we have

|u(t)| 6M |u0|+
∫ t

0

m(s)Φ(|u(s)|)ds+M
m∑
k=1

ck

Let us denote the right- hand side of the above inequaliti as v(t). Then we
have

|u(t)| 6 v(t) ∀t ∈ J

13



, andv(0) = M [|u0|+
∑m

k=1 ck], v
′(t) = m(t)Φ(|u(t)|)for a.e t ∈ J Using the

increasing character of Φ we get

v′(t) 6 m(t)Φ|v(t))

for a.e t ∈ J Then for eacht ∈ J we have∫ v(t)

v(0)

du

u+ Φ(u)

6
∫ t

0

m(s)ds <

∫ ∞
v(0)

du

u+ Φ(u)

Consequently, there exists a canstant d̄ such that v(t) 6 d̄, t ∈ J , and hence
||u||PC 6 d̄ where d̄ there only on the functions p and Φ .This show ε(N) is

bounded.
Set E := PC(J,X). As a consequence of Schefer's �xed point theorem we

deduce that N has a �xed point which is a mild solution of1.1
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Chapter 2
Ulam-Hyers stability of �rst order

semilinear di�erential equations

2.1 Introduction

In this chapter, we study the Ulam-Hyers stability of the mild solution of
the problem{

u′(t) = Au(t) + f(t, u(t)), if t ∈ Jk, k = 0, . . .m
u(t+k )− u(t−k ) = Ik(u(t−k )), if t ∈ [0, b], k, k = 0, . . .m

(2.1)

where f : J → X is a given function, A is the in�nitesimal generator of a
family of C0-semigroup T (t : t 6 0, A is a bounded linear operator from X

into X, u0 ∈ X, Ik ∈ C(X,X)(k = 1, ......,m),and

∆u|t=tk = u(t+k )− u(t−k ), u(t+k ) = lim
h→0+

u(tk + h)

and u(t−k ) = limh→0+ u(tk − h) represent the right and left of u(t) at t = tk,
respectively,k = 1, .....,m

2.2 existence

In order to establish the existence result, we shall give the meaning of the
mild solution of the problem 1.1

15



De�nition 2.1 a function u in PC is a mild solution of the problem 1.1 if
and only if u satis�es{

u(t) = T (t)u0 +
∫ t

0
T (t− s)f(s, u(s))ds, t ∈ [0, t1],

u(t) = T (t)u0 +
∫ t

0
T (t− s)f(s, u(s))ds+

∑
0<tk<t

T (t− tk)Ik, t ∈ (tk, tk+1]

(2.2)

Theorem 2.2 Assume the following hypotheses:

(H1) there exists a constant lf > 0 such that

||f(t, u)− f(t, v)||X ≤ lf ||u− v||X

, for each t ∈ [0, b],and u, v ∈ PC

(H2) there exists a canstant l∗ > 0 such that

||Ik(u(t−k ))− Ik(v(t−k ))||X ≤ l∗||u− v||X

,for each u, v ∈ X, k = 1....m

with 
Mlf |

∫ t
0
eω(t−s)ds < 1, t ∈ [0, t1],

Mlf |
∫ t

0
eω(t−s)ds+ML∗

m∑
k=1

eω(b−tk) < 1, t ∈ (tk, tk+1]
(2.3)

hold then the problem (1.1) has a unique mild solution.

proof First we proove the unique existence.
Let u the mild solution of 1.1, then u has the following integral form:{

u(t) = T (t)u0 +
∫ t

0
T (t− s)f(s, u(s))ds, t ∈ [0, t1],

u(t) = T (t)u0 +
∫ t

0
T (t− s)f(s, u(s))ds+

∑
0<tk<t

T (t− tk)Ik, t ∈ (tk, tk+1]

transform this problem in a �xed point problem by de�ning the operator N
N : PC → PC such that{

N(u)(t) = T (t)u0 +
∫ t

0
T (t− s)f(s, u(s))ds, t ∈ [0, t1],

N(u)(t) = T (t)u0 +
∫ t

0
T (t− s)f(s, u(s))ds+

∑
0<tk<t

T (t− tk)Ik, t ∈ (tk, tk+1]

(2.4)
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It is clear that u is a �xed point of the operator N.
Let u ∈ PC and v ∈ PC, We have

|N(u)(t)−N(v)(t)| = |
∫ t

0
T (t− s) ((s, u(s))− f(s, v(s))) ds|, t ∈ [0, t1],

|N(u)(t)−N(v)(t)| = |
∫ t

0
T (t− s) ((s, u(s))− f(s, v(s))) ds

+
∑

0<tk<t
T (t− tk)

(
Ik(u(t−k )− Ik(v(t−k )

)
, t ∈ (tk, tk+1]

(2.5)
using hypotheses (H1)and (H2), we obtain
||N(u)−N(v)|| ≤Mlf |

∫ t
0
eω(t−s)ds||u− v||, t ∈ [0, t1],

||N(u)−N(v)|| ≤

(
Mlf |

∫ t
0
eω(t−s)ds+ML∗

m∑
k=1

eω(b−tk)

)
||u− v||, t ∈ (tk, tk+1]

(2.6)
from 2.3, the operator N is a contraction, hence as a consequence of

Banach theorem, N has a unique mild solution. proof

2.3 Ulam-Hyers Stability

In this section, we present some conditions for Ulam-Hyers stability of the
mild solution of problem(1.1) In order to establish our results, we need the

following auxiliary lemmas

Lemma 2.3 A function u ∈ PC is a solution of the function integral equa-
tions

u(t) = T (t)u0 +

∫ t

0

T (t− s)f(s, u(s))ds+
∑

0<tk<t

T (t− tk)Ik, k = 1, . . . ,m

if and only if uis a mild solution of the problem

|u′(t)− Au(t)− f(t, u(t))| ≤ ε

||u(t+k )− u(t−k )− Ik(u(t−k )|| ≤ ε

Lemma 2.4 if u is a mild solutions of inequality 1.2 then u is a solution the
following

|u(t)− T (t)u0 −
∫ t

0

T (t− s)f(s, u(s))ds| ≤ ε

∫ t

0

||T (t− s)||ds, t ∈ [0, t1]

|u(t)−T (t)u0−
∫ t

0

T (t−s)f(s, u(s))ds|−
∑

0<tk<t

T (t−tk)Ik ≤ 2ε

∫ t

0

||T (t−s)||ds, t ∈ (tk, tk+1]

17



proof Let u ∈ PC mild solution of inequality 1.2 from remark 1.14 u is a
mild solution solution of{
u′(t) = Au(t) + f(t, u) + g(t)
y(t+k )− y(t−k ) = Ik(y(t−k ) + gk

(2.7)

wich means that{
u(t) = T (t)u0 +

∫ t
0
T (t− s)[f(s, u(s)) + g(s)]ds, t ∈ [0, t1],

u(t) = T (t)u0 +
∫ t

0
T (t− s)[f(s, u(s)) + g(s)]ds+

∑
0<tk<t

T (t− tk)(Ik + gk) t ∈ (tk, tk+1]

using lemme 2.3
|u(t)− T (t)u0 −

∫ t
0
T (t− s)[f(s, u(s))| = |

∫ t
0
T (t− s)g(s)]ds|, t ∈ [0, t1],

|u(t)− T (t)u0 −
∫ t

0
T (t− s)f(s, u(s))ds−

∑
0<tk<t

T (t− tk)Ik| =
|
∫ t

0
T (t− s)g(s)ds+

∑
0<tk<t

T (t− tk)gk| t ∈ (tk, tk+1]

By remark1.14 we obtain


|u(t)− T (t)u0 −

∫ t
0
T (t− s)f(s, u(s))ds| ≤ ε

∫ t
0
||T (t− s)||ds, t ∈ [0, t1],

|u(t)− T (t)u0 −
∫ t

0
T (t− s)f(s, u(s))ds−

∑
0<tk<t

T (t− tk)Ik| ≤
ε
∫ t

0
||T (t− s)||ds+ ε

∑
0<tk<t

||T (t− tk)||
≤ 2ε

∫ t
0
||T (t− s)||ds, t ∈ (tk, tk+1]

Remark 2.5 We have similar result for the solutions of the inequalities
(1.3)and (1.4)

Now we are able to start our result

Theorem 2.6 Under the Hypotheses of theorem2.2, the mild solution of
problem 1.1 is stable in Ulam-Hyers sense.

proof First we proove the stability in [0, t1]
Let t ∈ [0, t1] Let v ∈ PC be a mild solution of inequation (1.2). Let us

donote by u ∈ PC the mild solution of the cauchy problem{
u′(t) = A(u(t)) + f(t, u(t)), t ∈ [0, t1]

u(0) = u0
(2.8)
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we have

u(t) = T (t)u0 +

∫ t

0

T (t− s)f(s, u(s))ds

since A is the in�nitesimal generator of a C0-semigroup,hence tere exist
M > 1 ,ω ∈ R with ||T (t)|| ≤Meωt combining with lemma 2.4 we get

u(t)− T (t)u0 −
∫ t

0

T (t− s)f(s, u(s))ds ≤ ε

∫ t

0

||T (t− s)||ds

≤ εM

∫ t

0

eω(t−s)ds

≤ M

ω
eω(t1)ε

then

|v(t)− u(t)| 6 |v(t)− T (t)u0 −
∫ t

0

T (t− s)f(s, v(s))ds|

+

∫ t

0

[|T (t− s)|.|f(s, v(s))− f(s, u(s)|]ds

6
M

ω
eω(t1)ε+MLfe

ω(t)

∫ t

0

|v(s)− u(s)|ds

but from 1.14 v veri�es

v(t) = T (t)u0 +

∫ t

0

T (t− s)[f(s, u(s) + g(s))]ds

using the hypothese (H1) it follows

|v(t)− u(t)| 6 M

ω
eω(t1)ε+MLfe

ω(t)

∫ t

0

|v(s)− u(s)|ds (2.9)

from a Gronwall lemma we have the conclusion of our theorem for t ∈ [0, t1].
Now it remains to proove the stability in (tk, tk+1]
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Let t ∈ [(k, tk + 1]

|v(t)− T (t)u0 −
∫ t

0

T (t− s)f(s, u(s))ds

−
∑

0<tk<t

Tk(t− tk)Ik(u(t−k ))|

= |
∫ t

0

T (t− s)g(s)ds+
∑

0<tk<t

Tk(t− tk)gk|

6 εM

∫ t

0

eω(t−s)ds+ εM
∑

0<tk<t

eω(t−tk)

6 εMkeωT + εM

∫ t

0

eω(t−s)ds

|v(t)− u(t)| = |v(t)− T (t)u0 −
∫ t

0

T (t− s)f(s, u(s))ds

−
∑

0<tk<t

Tk(t− tk)(Ik(u(t−k ))|

≤
∫ t

0

[|T (t− s)|.|f(s, v(s))− f(s, u(s)|]ds

−
∑

0<tk<t

Tk(t− tk)(Ik(v(t−k ))− Ik(u(t−k ))

≤ εMkeωT + εM

∫ t

0

eω(t−s)ds

+

∫ t

0

Meω(t−s)lf |v(s)− u(s)|ds+M
∑

0<tk<t

eω(t−tk)||Ik(v(t−k )− Ik(u(t−k )||

6 εMkeωT + εM

∫ t

0

eω(t−s)ds+

∫ t

0

Meω(t−s)lf |u(s)− v(s)|ds

+ Ml∗
∑

0<tk<t

eω(t−tk)||u− v||E

6 εMkeωT + ε
M

ω
eωtds+Ml∗k||u− v||E +M

∫ t

0

eω(t−s)lf |u(s)− v(s)|ds

From a Gronwall lemma thera existsδ > 0 such that
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|v(t)− u(t)| 6 C + δM

∫ t

0

eω(t−s)lf |u(s)− v(s)|ds

where

C = ε
M

ω
eωtds+ εMkeωT +Ml∗k||u− v||E

this complete the proof

2.4 Example

Consider the following impulsive partial di�erential equation:
∂
∂t
x(t, y) = − ∂2

∂y2
x(t, y), y ∈ (0, 1), t ∈ [0, 1

3
) ∪ (1

3
, 1],

∂
∂y
x(t, 0) = ∂

∂y
x(t, 1) = 0, t ∈ [0, 1

3
) ∪ (1

3
, 1],

∆x(1
3
, y) = λx(1

3
, y), λ ∈ R, y ∈ (0, 1).

(2.10)

Let J = [0, 1], m = 1 and t− 1 = 1
3
. Consider the space X = L2(0, 1)..

De�ne the operator A such that

Ax = − ∂2

∂y2
x, forx ∈ D(A)

where

D(A) =

{
x ∈ X :

∂x

∂y
,
∂2x

∂y2
∈ X, x(0) = x(1) = 0

}
The de�ned operator A generates a C0−groupe {T (t), t ≥ 0}in X wich

satis�es ||T (t)||B(X) ≤ 1∀t ≥ 0.

Denote u(.)(y) = x(t, y), f(., u)(y) = 0 and I1(u(1
3

−
))(y) = λu(1

3

−
), then

the problem 3.3 is equivalent to the abstract problem{
u′(t) = Au(t), t ∈ [0, 1

3
) ∪ (1

3
, 1],

∆u(1
3
) = I1(1

3

−
) = λu(1

3

−
), λ ∈ R. (2.11)

We can show that the functions f = 0 and I1 satisfy all hypotheses of
theorem 2.6, that is;

||f(t, u)− f(t, v)|| ≤ lf ||u− v||X , lf > 0,∀u, v ∈ X

||I1(u(t−k ))−I1(v(t−k ))||X = ||λu(
1

3

−
)−λv(

1

3

−
)|| = |λ|||u(

1

3

−
)−v(

1

3

−
)|| ≤ l∗||u−v||X

where l∗ = |λ| Hence the problem 3.3 is Ulam-Hyers stable.
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Chapter 3
Generalized Ulam-Hyers-Rassias

Stability

3.1 Introduction

In this chapter, we are concerned by study the Generalized
Ulam-Hyers-Rassias Stability of the problem 1.1.We establish su�cient

conditions for the stability of the mild solution of the impulsive semilinear
functional di�erential problem of the form:{

u′(t) = Au(t) + f(t, u(t)), ift ∈ Jk, k = 0, . . .m
u(t+k )− u(t−k ) = Ik(u(t−k )), ify ∈ [0, b], k, k = 0, . . . ,m

(3.1)

3.2 Generalized Ulam-Hyers-Rassias Stability

Let us consider the equation (1.1)and the inequation (1.2). we have

Theorem 3.1 Assume that assumptions of theorem ?? and the following
hypotheses hold

H3 the function Φ ∈ L1(J, [0,∞)) is nondecreasing and there exists λΦ > 0
such that ∫ t

0

||T (t− s)||Φ(s)ds 6 λΦΦ(t),∀t ∈ J.

H4

|||Ik(u)||X ≤ Φ(t)∀ ∈ PC, k = 1, . . . ,m.
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Then the equation (2.1)is generalized Ulam-Hyers-Rassias stable with respect
to Φ

proof Let v ∈ PC be a solution of the inequation (1.3).By theorem 2.2 the
problem 2.1 has a unique solution u. Then we have

For t ∈ [0, t1] by Remark (1.15) we have

|v(t)− T (t)u0 −
∫ t

0

T (t− s)f(s, v(s))ds 6
∫ t

0

||T (t− s)||Φ(s)ds

≤ λΦΦ(t),∀t ∈ [0, t1]

in [0, t1] the mild solution satis�es

u(t) = T (t)u0 +

∫ t

0

T (t− s)f(s, u(s))ds, t ∈ [0, t1]

From the above relations if follows

|v(t)− u(t)| 6 |v(t)− T (t)u0 −
∫ t

0

T (t− s)f(s, v(s))ds|

+

∫ t

0

[|T (t− s)|.|f(s, v(s))− f(s, u(s)|]ds

6 λΦ(t) +

∫ t

0

||T (t− s)||Lf |v(s)− u(s)|ds

6 λΦ(t)Φ(t) +Mlf

∫ t

0

eω(t−s)||v(s)− u(s)||ds

From a gronwall lemma we have

||v(t)− u(t)|| 6 λΦ(t)Φ(t) + eMlf
∫ t
0 e

ω(t−s)|v(s)−u(s)|ds ∀t ∈ [0, t1]

So, the equation (1.1)is generalized Ulam-Hyers-Rassias stable in [0, t1]
It remains to proove the generalized stability in (tk, tk+1] Let v ∈ PC be a
solution of the inequation (1.2).by Remark (1.15) for t ∈ [tk, tk + 1] we have
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that

|v(t)− T (t)u0

−
∫ t

0

T (t− s)f(s, v(s))ds

−
∑

0<tk<t

Tk(t− tk)Ik(v(t−k ))|

= |
∫ t

0

T (t− s)g(s)ds+
∑

0<tk<t

Tk(t− tk)gk|

≤
∫ t

0

T (t− s)Φ(s)ds+M
∑

0<tk<t

Φ(t)eω(t−tk)

≤ λΦ(t)Φ(t) +MΦ(t)
m∑
k=0

eω(b−tk)

≤

(
λΦ(t) +M

m∑
k=0

eω(b−tk)

)
Φ(t)

using this above inequality, we get

|v(t)− u(t)| 6 |v(t)− T (t)(u0)−
∫ t

0

T (t− s)f(s, v(s))

−
∑

0<tk<t

Tk(t− tk)(Ik(v(t−k ))|

+

∫ t

0

[|T (t− s)|.|f(s, v(s))− f(s, u(s)|]ds

+
∑

0<tk<t

||T (t− tk)|||
(
Ik(u(t−k ))− Ik(v(t−k ))

)
|

6

(
λΦ(t) +M

m∑
k=0

eω(b−tk)

)
Φ(t)M

∫ t

0

eω(t−s)lf |u(s)− v(s)|ds

+ M
∑

0<tk<t

eω(t−tk)l∗|u(t−k )− (v(t−k )|

6

(
λΦ(t) +M

m∑
k=0

eω(b−tk)

)
Φ(t) + 2kΦ(t) + lf

∫ t

0

T (t− s)eω(t−s)|u(s)− v(s)|ds
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From Gronwall lemma

|v(t)− u(t)| 6

(
λΦ(t) +M

m∑
k=0

eω(b−tk) + 2m

)
Φ(t) +Mlf

∫ t

0

eω(t−s)|u(s)− v(s)|ds ∀t ∈ (tk, tk+1

Then there exists cf,m,Φ =

(
λΦ(t) +M

m∑
k=0

eω(b−tk) + 2m

)
such that:

|v(t)− u(t)| 6 ceMlf
∫ t
0 e

ω(t−s)ds

Φ(t) ∀t ∈ (tk, tk+1

So ,the equation (2.1)is generalized Ulam-Hyers-Rassias stable

3.3 Example

Consider
∂
∂t
x(t, y) = (∆y − 2I)x(t, y) + sin(x(t, y)), y ∈ Ω, quad, t > 0, t 6∈ N

∂
∂y
x(t, y) = 0, y

partialΩ, t > 0, t 6∈ N
∆x(i, y) = 1

i2
x(i−, y), y ∈ Ω, i ∈ N.

(3.2)
where Ω ⊂ R2 is a bounded domain, ∆y is the Laplace operator in R2 and

∂Ω ∈ C2 is the boundary of Ω.
Note J = R+, ti = i, i ∈ N

Let X = L2(Ω), D(A) = H2(Ω) ∩H1
0 (Ω). De�ne

A(x) = (∆y − 2I)x, x ∈ D(A), hence the operator A is the in�nitesimal
generator of a contraction C0-semigroup in L2(Ω), that is

||T (t)||B(X) ≤ e−2t,∀t ≥ 0
transform our problem3.2 in the abstract form{

u′(t) = Au(t) + f(t, u), t ∈ [0,∞), t 6∈ N,
∆u(i) = Ii(u(i−)) = 1

i2
u(i−), i ∈ N. (3.3)

where u(.)(y) = x(., y), f(t, u) = sin(u) and Ii(u(i−)) = 1
i2
x(i−, y),

we shall show that f(., .) and Ii satisfy all conditions of 2.6. We have

||f(t, u)−f(t, v)|| = || sinu−sin v|| = 2|| cos
u+ v

2
sin

u− v
2
|| ≤ ||u−v||X ,∀u, v ∈ X
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then there exists lf > 0, lf = 1 such that

||f(t, u)− f(t, v)|| =≤ lf ||u− v||X ,∀u, v ∈ X

For the functions Ik we have

||Ik(u(t−k )−Ik(v(t−k )|| = || 1

k2
u(k−)− 1

k2
v(k−)|| ≤ 1

k2
sup |u(k−)−v(k−)| ≤ ||u−v||X ,∀u, v ∈ X

then there exists l∗ > 0, l∗ = 1 such that

||Ik(u(t−k )− Ik(v(t−k )|| =≤ l∗||u− v||X , ∀u, v ∈ X

set Φ(t) = et we have ||Ik(u)|| ≤ Φ(t), ∀k = 1, . . . ,m Hence all hypotheses
of theorem2.6 are satis�ed then the mild solution of problem 3.2 is

generalized Ulam-Hyers-Rassias stable.
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Conclusion and Perspective

In this memory, we have considered the problem of �rst order impulsive
semilinear di�erential functional equations with local conditions, where the

operator A is densely de�ned.
Under su�cient conditions, we have proved the existence of mild solutions
using �xed point théory, and we have studied the Ulam-Hyers and the
generalized Ulam-Hyers-Rassias stability of mild solution of the mild

solution of the considered problem.
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