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Notations and conventions

R:  the real numbers
C: the complex numbers
2. usually denotes an open set in a topological space
D(A) : the domain of A
R(A): the image of A
p(A) :  the resolvent set of A
A=Y the inverse of A
C([0,7]: X): the space of continuous functions defined on 0 < ¢ < T
with value in X
L? :  the usual space of measurable whose p th power is Lebesgue
integrable
I : Identity operator
A :  the Laplace operator
V : gradient operator
R(A, A) :  the resolvent operator of A
g—;‘ : the outward normal derivative
|ul[,:  the norm of w in LP
|t]lo:  the norm of w in L™



Introduction

The stability of functional equation was originally raised by Ulam in 1940
in a talk given at Wisconsin University.The problem posed by Ulam was
the following :Under what conditions does there exist an additive mapping
near an approximately additive mapping[13] .The first answer to Ulam’s
question was given by Hyers in 1941 in the case of Banach spaces in
[1].thereafter ,this type of stability is called the Ulam-Hyers stability in
1978,Rassias| | 0]provieded a remarkable generalization of Ulam-Hyers
stability of mappings by considering variables .The concept of stability for a
functional equation arises when we replace the functional equation by an
inquality which acts as a perturbation of the equation.Thus,the stability
question of functional equations is how do the solutions of the inequality
differ from those of functional equations 7,or equivalently for every solution
of the perturbed equation there exists a solution of the equation that is
close to it.Consiserable attention has been given to the study of the
Ulam-Hyers and Ulam-Hyers-Rrassias stability of all kinds of functional
equations; one can see the mongraphs of|[3] ,[6]| . Bota-Boriceanu and
Petrusel[l], Petru et al [8] ,|9] . and Rus|[11] ,[12] , discussed the
Ulam-Hyers stability for operatorial equations and inclusions. Castro and
ramos [2], and Jung [] , considered the Ulam-Hyers-Rrassias stability for a
class of Volterra integral equations. Motivated by recent works in stability,
we will study the Ulam-Hyers stability and the generalized
Ulam-Hyers-Rassias stability of the following impulsive evolution equations:

W) = Au(t) + f(t,ut)), ifte Jyk=0,...m
u() ulty) = (ut(ko)))ﬁte[()b]k,kzo,...m (1)



This memory will be organized as follows. In Chapter 1, we will recall some
basic definitions and preliminaries facts which will be used throughout this
work. In Chapter 2, we give some sufficient conditions for the Ulam-Hyers
stability of the mild solution of the considered problem and we illustrate
our theory with example. The last Chapter is devoted the generalized
Ulam-Hyers-Rassias stability, an example is given illustrating the abstract
theory.



Chapter 1

Preliminaries

In this chapter, we introduce notations, definitions, lemmas and fixed point
theorems which are used throughout this thesis. Let J :=[0,b] be an
interval of R. Let (X, |.|) be a real Banach space.

C(J,X) is the Banach space of all continuous functions from [0, b] into X
with the norm

[Ylloc = sup{ly(t)] - 0 < ¢ < b}

B(X) denotes the Banach space of bounded linear operators from X into
X, with norm

[NlBx) = sup{|N(y)| : |y| = 1}.

A measurable function y : J — X is Bochner integrable if and only if |y| is
Lebesgue integrable.
L*(J, X) denotes the Banach space of functions y : J — X which are
Bochner integrable normed by

b
Il = / ly(0)]dt.

Let L} (][0, +00); Ry ) be the Banach space of measurable functions which
are locally Bochner integrable. we shall consider the following space

PC = {y:[O,b]—>X: e € C[Jp, X],k = 0,...,m such that

y(t7), y(tF) exist with y(t) = y(t7), k = 1, m}

3




which is a Banach space with the norm

Iyllpe = max{|[yrllcc - k= 0,.,., .. m},

where yy is the restriction of y to Jy, = (tg, tgy1],k =0,...,m
The following definitions are used in the sequel.

Definition 1.1 A map f : [a,b] x E — E is said to be Carathéodory if
(i) t — f(t,y) is measurable for all y € E,
(i) y— f(t,y) is continuous for almost each t € [a,b],

Definition 1.2 A map [ : [a,b] X E —> E is said to be L'-Carathéodory if
(i) f is Carathéodory
(i) y —> f(t,y) is continuous for almost each t € [0,b],

(iii) For each q > 0, there exists h, € L*([0,b],Ry) such that

|f(t,y)| < hg(t) forall |yl <q and almost each t € |0,0].

We remark here as well that conditions (i) and (ii) imply for ¢ € [0, 0]
f(t,u(t) is measurable for any measurable and almost every where finite
function u(.). this is a result of Carathédory. Also, (iii) implies that
f(t,u(t)) is L'-Carathédory.

Definition 1.3 A map f is said compact if its image is relatively compact.
fis said completely continuous if it’s continuous and the image of every
bounded set is relatively compact.

Lemma 1.4 (Gronwall’s)

for all ty < t, Let ¢(t) > 0 and 1(t) > 0 be locally integrable functions. If
there are constants K >0  and L > 0 such that

o) < K+ L [ vs)ols) ds,
then .
o(t) < Kexp (L/ (s) ds) pour to <t

4



1.1 Semigroups

Let E be a Banach space and B(E) be the Banach space of linear bounded
operators.

Definition 1.5 A semigroup of class Cy is a one parameter family {T'(t) |
t > 0} C B(F) satisfying the conditions:

(i) T(t)oT(s)=T(t+s), fort,s >0,
(ii) T(0) = I,
(111) the map t — T(t)(x) is strongly continuous, for each x € E, i.¢;

lIm T (t)x =z, Vo € E.

t—0

A semigroup of bounded linear operators T (t), is uniformly continuous if
lim ||T'(t) — I|| = 0.
t—0

Where I denotes the identily operator in E.

We note that if a semigroup 7'(¢) is of class (Cy) then the following growth
condition is satified

|T(t)||Be) < M - exp(Bt), for 0 < t < oo, with some constants M > 0
and f.

In particular, if M =1 and 3 =0, i.e; ||T(t)| g < 1, for t > 0, then the
semigroup 7'(t) is called a contraction Cy-semigroup .

Definition 1.6 Let T'(t) be a (Cy)-semigroup defined on E. The infinitesi-
mal generator A of T(t) is the linear operator defined by

T(h)x —
Aw) = Tim LT = e DAY,
h—0 h
where D(A) = {z € E | lim,_o % exists in E}.

Let us recall the following property:



Proposition 1.7 The infinitesimal generator A is closed linear and densely
defined operator in E. If x € D(A), then T(t)(z) is a C'-map and

d
ST(0)(@) = AT (1))

T(t)(A(x)) on [0,00).

Theorem 1.8 (Hille and Yosida). Let A be a densely defined linear operator
with domain and range in a Banach space E. Then A is the infinitesimal
generator of uniquely determined semigroup T(t) of class (Cy) satisfying

1T |pry < Mexp(wt), t>0,

where M > 0 and w € R if (Al — A)™! € B(E) and ||[(M — A)™"| <
M/AN—w)", n=1,2,..., for all X\ € R.

1.2 Fixed point theorem

1.3  Stability

Now, we consider the problem of impulsive functional differential equations
of the form :

ulty) —

..m

u'(t) = Au(t) + f(t,u(t), if te k=0, o
ulty) = Lu(ulty)),if y €[00,k k=0,.. (1.1)

Let € be a positive real number and ® : J — [0,00) be a continuous
function. We consider the following inequalities

ol (t) — Au(t) — f(tu(@)lls < e, i 1€ Tk )
u(th) —u(ty) — L(u(t)|ls <€ if t=t,k=0,...m '

{||u/(t)—Au() Fltu®)|le < @), if t€ J k=0,
[lu(ti) = ulty) = Te(ulty

=0,...m

N < (), if t=t, k= 0,.. Zﬁ (13)
{Hu’(t) — Au(t) — f(t,u(t))||s < e(t), if t€ Jp,k=0,...m (1.4)
u(t?) —uty) — L(u(ty))||s < ed(t), if t=tyk=0,...m

let us give the meaning of different stabilities



Definition 1.9 the equation(1.1) is Ulam-Hyers stable if there exists a real
number ¢ > 0 such that for each ¢ > 0 and for each solution uw € PC of( 1.2)
there exists a mild solution v € PC' of problem with

[u(t) —u(t)|pc < ce, VteJ

Definition 1.10 The equation(1.1) is generalized Ulam-Hyers stable ezists
theta € C(R4,R;),0(0) = 0, such that for each solution v € Pc of (1.2)
there exists a mild solution w € Pc of (1.1) with

() = u(®)l[pe < 0(c),if y € Petel

Definition 1.11 The equation (1.1) is Ulam-Hyers-Rassias stable, with re-
spect to @, if there exists c, > 0 such that for each e > 0 and for each solution
v e CHJ,R) of (1.4) there exists a mild solution v € C(J,R) of (1.1) with

[o(t) —u(t)] < ecpp(t), Vte

Definition 1.12 The equation (1.1) is generalized Ulam-Hyers-Rassias sta-
ble, with respect to @, if there exists c, > 0 such that for each solution v € Pc
of (1.3) with

[o(t) —u(t)] < cpp(t), Vte Pe.
Remark 1.13 It is clear that :

(1) Definition 1.9 = Definition 1.10.

(2) Definition 1.11 = Definition1.12

Remark 1.14 A function v € PC is mild solution of inequality 1.2: and
only if ther exists a function g € PC and a sequence gi; k = 1,... m(which
depend on v) such that

1) llg®ll <eandllgl| e, k=1,....m
2) V'(t)=A(v(t) + f(t,v(t) +g(t),t € (tr,thrr, k=1,...,m

8) v(th) =vty) + L(vtd) + g, k=1,....m



Remark 1.15 A function v € Pc is solution of inequality 1.3: and only of
there ezists a function g € PC and a sequence gg; k =1, ..., m(which depend
on v) such that

1) gl < @(t) and ||gi|l <0, k=1,...,m
2) V(t)=AWw(t)) + f(t,v(t)) +g(t),t € (tg,thr1, k=1,....m

3) v(th) =vlty) + L(v(t) + g, k=1,....m

1.4 Existence Results

Ouahab in [7] has studied the existence if mild solutions of the problem the
form 1.1 where f: J — X is a given function, A is the infinitesimal
generator of a family of Cy-semigroup T'(t: ¢ > 0, A is a bounded linear
operator from X into X,uy € X, L, eCX, X)k=1,.... ,m),and

Aulimsy, = u(t]) —ulty), u(tf)= hli)fﬂﬁ u(ty + h)

and u(t, ) = limy_,o+ u(tx, — h) represent the right and left of u(t) at t = ¢y,
respectively,k =1,.....m

Definition 1.16 A function u €  PC(J,X) is said to be a mild solution
of (1.1)if u is the solutions of the impulsive integral equation

u(t) = T(t)ug +/0 T(t—s)f(s,u(s))ds) + Z T(t —tg)lp(u(ty)). (1.5)

0<trp<t
The existence result was upon Schaefer’s theorem

Theorem 1.17 [7] Let f : J x X — X be an L'-Carathéodory function.
Assume that:

There exist constants cy, such that |Ix(u)| < ¢k, k = 1,....,m for each
u e PC

There exist constants M, such that ||T(t)||px) < M,  for eacht >0

and A: D(A) C E — E is the infinitesimal generator of compact semigroup
T(t):t >0 There exist continuous nondecreasing function ¢ : [0,00) —
(0,00) and p € L'(J,R+) such that



|f(t,u)] < p(t)e(|ul)
for a.e t € Jand each u € PC

with . .
/ m(s)ds < / _du
0 o u+p(u)

where

m(s) = maxrM||B||px), Mp(s) and c=M

|| + Z ck]
k=1

For each bounded B C C(Jy, X) and t € J the set

0<trp<t

{T(t)uo —|—/0 T(t—s)f(s,u(s))ds) + Z Tt —te)p(u(ty)) ue B}

15 relatively compact inE

Then the impulsive initial value problem (IVP for short )(1.1)has at least one
mild solution

proof Ttransform the problem (1.5) into a fixed point problem . Consider
the operator N : PC(J, X) — PC(J, X) defined by :

N(u)(t) = T(t)u + / T(t - 8)f(s,u(s))ds) + 5 T(t — ) Ie(u(ty))

0<tp<t

Clearly the fixed points of N are mild solutions to(1.5)
We shall show N is completely continous. That proof will be in several
steps.
step 1:N is continuous
Let u, be a sequence in PC(J, X) such that u,, — u. We shall prove that
N(u,) = N(u). For each t € J we have

N(un)(t) = T(t)ug + /0 T(t —s)f(s,u,(s))ds) + Z |T(t — ti) Ix(un(ty))]

O<tp<t



Then
[N (un)(t) = N(u)(®)] < /0 T(t = s)|[f(s,un(s)) — f(s,u(s))ds|

+ Y T = )l () = Leu(ty)]

0<tp<t

<OM||Bll5)llwn = ullpC
_|_]\/[/O |f(s,un(s)) — f(s,u(s))ds|
Y L) — L)

O<trp<t

. Since I,k = 1....,m are continous ,B is bounded and fis an
L'Carathéodory function we have by the Lebesgue dominated convergence
theorem

[IN (un) = N(u)|[pC < OM||B|| 5 ||um — ul[pC

+Mllﬂa%wn—ﬂ&M@Mﬂ

+M Z e (un(t,)) — Ie(u(ty))] — 0 as n— oo

0<tp<t

Thus N is continuous.

Step 2: N map bounded sets into bounded sets in PC(J, X)
Indeed, it is enough to show that for any ¢ > 0, there exists a positive
canstant [ such that for each uw € B, = u € PC(J, X) : ||u|]|pc < g One has
||N(u)||pc < 1let u € B, By the fact that f is anL'Carathéodory function
we have for each t € J

N1 < Mol + M [ g (s)ds+ Y

k=1

< Mlyol + Mllpgllos + M Y e =1
(k=1)

10



Step 3: N map bounded sets into equicontinuous of PC(J, X) Let
T, T2 € J,71 < T2 and 3, be a bounded sat of PC(J, X) as in Step 2 . Let
u € By, then for each ¢t € J we have

[(Nu)(72) — (Nu)(1)| < [T(72)uo — T'(71)uo
+/OM IT(72 — 8) — T(m — 8) |l 50| Bu(s)|ds

[T 8) = T = 8) o | Bu(s)lds

T1

T / 1T (7 — 8) )| Bus)|ds

T1

+ /Oﬁe IT(72 = 5) = T(11 = )l )| f (5, uls)) |ds

+ /7—1_6 ”T(7'2 — 3) — T(Tl — S)HB(X)|f(57 u(S))‘dS

T1

- U T = ) lmool F(s,uls))lds + MY exlm - m)

71 k=1
+M Yl T(r—t) — T(m2 — )|
0<trp<m1

The right-hand side tends to zero as ande sufficiently mall, since T'(t) is a
strongly continous operator and the compactness of T'(t)for ¢ > 0 implies
the continuity in the uniform operator topology. This proves the
equicontinuity for the case where t #t; ¢ =1,....,m. It remains to
examine the equicontinuityt = t;

hi(t) = T(t)2(0) + Z Tt — ty) Ie(u(ts))

0<tp<t

and

ho(t) = /0 T(t — 5)f(s, uls))ds

11



First we prove equicontinuity at ¢ = t; Fiz 0, > 0 such that
tkik#iﬂ[ti—dl,ti—(sl] :®

h(t) =T(tuo+ > T(t—tu)I(ulty))

=T(ti)uo+ Yy —1p = 1T(t — ty) In(u(tr))
For 0 < h < §; we have that
|ha(ti = h) — ha(t:)| < [(T'(ti — h) = T(t:))®|

X i [T(t; — h —t,) — T(t: — ti) [ I (u(ty))]

. The right-hand side tends to zero as h — 0
Moreover

|hati = h) = ha(ti)] < @(s) /0 (= h = ) = T(t: - $)lp(s)
+Mo,(s) /tt_h p(s)ds

. / T~ b 5) = Tt — $)I|BII|s(X)ds

q [ M||B[|p(X)ds

ti—h
wich tends to zero as h — Define

ho(t) = h(t) t€[0,t]
and h;(t) =

{(Nu)(t), t € (ti,t; + 1]
(Nu)(t}), t=t

Next we prove equicontinuity att = ¢;.Fix d, > 0 such that
tk ok #Zﬂ [tz —(52,ti—|—(52] = @ Then
t; i
h(t;) = T(t;)uo + / T(ti — ) f(s,u(s))ds) + » |T(t: — tx) Ie(ulty))]
0 k=1

12



For 0 < h < § we have that

|A(ti + h) = h(t:)| < [(T(t: + h) = T(L:))uo|

+/0 ’ [(T(t; —h—s)=T(t; — s)]f(s,u(s))|ds

t;+h
—i—/ M®,(s)ds
t.

7

+ D T+ h— ) = T(t; — ta) i (ult)]-

The right-hand side tends to zero as h — 0 . As a consequence of Steps 1
to 3, together with the Arzela-Ascoli theorem we can conclude that
N:PC(J,X)— PC(J,X) isa completely continuous operator.
Step 4:

Now it remains to show that the set

e(N):=ue PC(J,X):u=AN(u, forsome 0<\<1)

is bounded.Let u € (N).Then u = AN (u)forsome 0 < A < 1. Thus for each
teJ

u(t) = AT (t)ug + /Ot(T(ts)f(s,u(s))ds

+ I = t) = Te(u(t)].

O<trp<t

then for each ¢ € J we have
lu(t)] M|u0|+/m ds—i—Mch

Let us denote the right- hand side of the above inequaliti as v(¢). Then we
have

lu(t)] <o(t) Vted

13



, andv(0) = MJue| + -7, cx), v'(t) = m(t)®(Ju(t)])for a.e t € J Using the
increasing character of ®  we get

V' (t) < m(t)lu(t))

for a.e t € J Then for eacht € J we have
/v(t) du
w0 U+ P(u)

t (o)
< / m(s)ds < / _du
0 o(0) U+ P(u)

Consequently, there exists a canstant d such that v(t) < d,t € J, and hence
||u||pc < d where d there only on the functions p and ® .This show £(N) is
bounded.

Set £/ := PC(J, X). As a consequence of Schefer’s fixed point theorem we
deduce that N has a fixed point which is a mild solution of1.1

14



Chapter 2

Ulam-Hyers stability of first order
semilinear differential equations

2.1 Introduction

In this chapter, we study the Ulam-Hyers stability of the mild solution of
the problem

(1) = Aut) + S ul), A €S k=0 m
{ ulty) = Lu(tp), i e 0.8 kk=0 . .m D

where f : J — X is a given function, A is the infinitesimal generator of a
family of Cy-semigroup T'(t : t < 0, A is a bounded linear operator from X
into X,ug €X, LL,eCX, X)k=1,.... ,m),and

Aylimy, = u(tl) —u(ty), w(t) = lim u(ty + h)

h—0t+

and u(t, ) = limy_,o+ u(ty, — h) represent the right and left of u(t) at t = ¢,
respectively,k =1,.....m

2.2 existence

In order to establish the existence result, we shall give the meaning of the
mild solution of the problem 1.1

15



Definition 2.1 a function u in PC is a mild solution of the problem 1.1 if
and only if u satisfies

u(t) = T(tyuo + [, T(t — s) f(s,u(s))ds, t € [0,t],
u(t) = T(t)ug + f(f Tt —s)f(s,u(s))ds + 3 gy oo Tt —ti) Iy, t € (tg, trra]
(2.2)

Theorem 2.2 Assume the following hypotheses:

(Hy) there exists a constant Iy > 0 such that

£, w) = (& 0)l[x < pllu = ollx

, for each t € (0,b],and u,v € PC

(Hy) there exists a canstant I* > 0 such that
[ (u(ty)) = Iu(o(t)]1x < UfJu = vl]x

Jor each u,v € X k=1...m

with
Mlg| [ et=9)ds < 1, t€[0,t],
Mly| [ e*=9ds + M L* i Ot <1t e (ty, typ] (2:3)

k=1

hold then the problem (1.1) has a unique mild solution.

proof First we proove the unique existence.
Let u the mild solution of 1.1, then u has the following integral form:

u(t) = T(tyuo + [, T(t — 8)f(s,u(s))ds, t€[0,t],
u(t) =T (t)up + fot T(t—s)f(s,u(s))ds+ 20<tk<t T(t—ti)ly, t€ (tg,tpr1]

transform this problem in a fixed point problem by defining the operator N
N : PC — PC such that

N(u)(t) = T(t)ug + [y T(t — 8)f(s,u(s))ds, te€[0,t],
N(u)(t) =T(t)uo + [y T(t — 5)f(s5,u(s))ds + Yoy o Tt = ti) Ik, t € (b tis]
(2.4)

16



It is clear that w is a fixed point of the operator N.
Let w € PC and v € PC', We have

[N (u)(t) — | = Ifo (t—s)((s U(S)) f(s,v(s)))ds|, ¢ €[0,4],
[N (u )() |—|fo t—S u(s)) — f(s,v(s))) ds
+Zo<tk<t (t te) (Tu(u(ty) — fk( ( )5 tE (trti]

(2.5)
using hypotheses (Hy)and (Hj), we obtain

[IN(u) = N()|| < Miy| [y e¢dslju—ol|, te0,t1],

[N (u) = N@)|| < | Mig| fy e20-9ds + MLy et

llu—=wvl|, te€ (tr,thm]
k=1

(2.6)
from 2.3, the operator N is a contraction, hence as a consequence of

Banach theorem, N has a unique mild solution. proof

2.3 Ulam-Hyers Stability

In this section, we present some conditions for Ulam-Hyers stability of the
mild solution of problem(1.1) In order to establish our results, we need the
following auxiliary lemmas

Lemma 2.3 A function u € PC is a solution of the function integral equa-
tions

u(t) = T(t)up + /OtT(t —3)f(s,u(s))ds + Z T(t—tp)l, k=1,.

0<trp<t
iof and only iof wis a mild solution of the problem

[ (£) — Au(t) — F(t,ult))] < ¢
ultf) = ulty) — (ulty)]] < e

Lemma 2.4 if u is a mild solutions of inequality 1.2 then u is a solution the
following

\u(t)—:r(t)uo—/o T(t—s)f(s,u(s))ds]§5/0 Tt —s)||ds, te[0,4]

|u(t)—T(t)u0—/0tT(t—s)f(s,u(s))ds|— Z T(t—tp) I, < 2e /Ot | T(t—s)||ds, t € (tg,tx+1]

O<trp<t

co,m

17



proof Let u € PC mild solution of inequality 1.2 from remark 1.14 u is a
mild solution solution of

w(t) = Au(t) + f(t,u) + g(t)
{y(tb —y(t) = Lu(y(ty) + g (2.7)

wich means that

u(t) =T (t)ug + f(f T(t—s)[f(s,u(s)) + g(s)]ds, te€|0,t],
u(t) = T()uo + [y T(t — $)[f(s,uls)) + g(s)lds + Sgcp oo Tt —te) (I + g) ¢ € (b tra]

using lemme 2.3

lu(t) — uo—fo (t—s)] |_|f0 (t —s)g(s)]ds|, t€[0,t4],
lu(t) — fo t—s ,u(s))ds Zo<tk<t (t —ti) | =

!fo t—S )d8+20<tk<t (t —tr)grl t € (trtrrd]

By remark1.14 we obtain

lu(t) — fo (t —s)f(s,u(s))ds| < e [J|T(t—s)||ds, t€[0,t],
Ju(t ) fo s)f(s,u(s))ds — ZO<tk<t T(t—tg)ly| <
6]3H71t—-@Hds+-6§3m@m¢HTKt—tkﬂl
<2 [Tt — s)||ds, t€ (t,tpr1]

Remark 2.5 We have similar result for the solutions of the inequalities

(1.3)and (1.})

Now we are able to start our result

Theorem 2.6 Under the Hypotheses of theorem?2.2, the mild solution of
problem 1.1 s stable in Ulam-Hyers sense.

proof First we proove the stability in [0, ¢1]
Let t € [0,%1] Let v € PC be a mild solution of inequation (1.2). Let us
donote by u € PC' the mild solution of the cauchy problem

{11 = AGO) & 10t 0 2.8)
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we have

u(t) = T(t)uo —{—/0 T(t—s)f(s,u(s))ds

since A is the infinitesimal generator of a Cy-semigroup,hence tere exist
M>1 weR with |[|T(t)]| < Me** combining with lemma 2.4 we get

u(t) —T(t)ug — /0 T(t—s)f(s,u(s))ds < 5/0 || T(t —s)||ds

t
< €M/ e“t=5) s
0
« M e
W

then
o(t) — u(t)] < Jolt) — T(tuo — / T(t - 5)f (s, 0(s))ds]
n / Tt — $)].1f(s,0(s)) — F(s, uls)lds

0

N

M t
— e 4 MLe® / lv(s) —u(s)|ds
w 0
but from 1.14 v verifies
¢
o) =Tt + [ Tt = ) (s,u(s) + g(s))lds
0
using the hypothese (H;) it follows
M t
lw(t) —u(t)] < —e*®e + MLfe”(t)/ [v(s) —u(s)|ds (2.9)
w 0

from a Gronwall lemma we have the conclusion of our theorem for ¢ € [0, ¢4].
Now it remains to proove the stability in (tx, t5i1]
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Let t € (&t + 1]

() = T(H)uo — /0 T(t — 5)f(s,u(s))ds
— ) Tt — to)Ik(u(ty))|

0<tp<t
t
= | [ 799+ 3 Tt -
0 0<tp<t
t
< EM/ =) ds + e M Z @ (t=tk)
0 0<t<t
t
< 5Mke“T+5M/ e“(t=5) ds
0

v(t) —u®)] = [v(t) = T(t)uo — /0 T(t—s)f(s,u(s))ds
— ) Tt — t) (Tn(u(ty)))|

0<tp<t

< / 1T (¢ = )|.L (s, 0(s)) — £ (5. u(s) }ds
— Y T - ) (L)) - Llulty)
<

t
eMk:e“’T+5M/ e“t=9) s
0

t
- / M Iglo(s) — uls)lds + M WL (o(ty) — Lululty)]

O<tp<t

N

t t
eMEe*" + 5M/ e ds + / Me“ 9 u(s) — v(s)|ds
0 0

+ MY ey — ||

0<tp<t

M t

< eMke*T + e—e¥tds + MI*k||u — v|| g + M/ e fu(s) — v(s)|ds
w 0
From a Gronwall lemma thera existsd > 0 such that
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t
() — u(t)] < C + 5M/0 9] Ju(s) — o(s)|ds
where

M
C =e—e“'ds + eMke*T + MI*k||u — v||g
w

this complete the proof

2.4 Example

Consider the following impulsive partial differential equation:

Gelty) = —fza(ty), ye(0,1),te(0,5) U1,
20(t,0)= 2a(t,1) =0, te[0,)u (1], (2.10)
Ax(z,y) = Az(3,y), A€R,y€(0,1).
Let J=[0,1], m=1and t—1= % Consider the space X = L*(0,1)..
Define the operator A such that
2

oy
where
Oy’ y?
The defined operator A generates a Co—groupe {7'(¢),t > 0}in X wich
satisfies ||T(t)||p(x) < 1Vt > 0.
Denote u(.)(y) = 2(t,y),  f(u)(y) = 0 and [ (u(2))(y) = Au(}7), then
the problem 3.3 is equivalent to the abstract problem
W() = Au(t), te[0,H)u(d, 1,
1 1- 1 (2.11)
We can show that the functions f = 0 and I; satisfy all hypotheses of
theorem 2.6, that is;

1f(t,u) — fE0)]] < Ullu—vllx, I >0,VuveX
() ~R ) lx = e )2 Ol = Wllu(g )=v(3

where [x = |A\| Hence the problem 3.3 is Ulam-Hyers stable.

Az = x, forx € D(A)

D(A):{xeX: eX,x(O):x(l):O}

)—=Av( ) < Ellu—vl|x
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Chapter 3

Generalized Ulam-Hyers-Rassias
Stability

3.1 Introduction

In this chapter, we are concerned by study the Generalized
Ulam-Hyers-Rassias Stability of the problem 1.1.We establish suficient
conditions for the stability of the mild solution of the impulsive semilinear
functional differential problem of the form:

{ u'(t) = Au(t) + f(t,u(t)), ift€ Jy,k=0,...m
u(

Y —u(ts) = L(u(t)),ify € [0,0), k. k= 0,...,m D)

3.2 Generalized Ulam-Hyers-Rassias Stability

Let us consider the equation (1.1)and the inequation (1.2). we have

Theorem 3.1 Assume that assumptions of theorem 7?7 and the following
hypotheses hold

H; the function ® € L'(J,[0,00)) is nondecreasing and there exists Ay > 0
such that

[ 17— 9)lia)as < v, vi e s

Ik(w)||x < ®()V € PCk=1,...,m.
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Then the equation (2.1)is generalized Ulam-Hyers-Rassias stable with respect
to ®

proof Let v € PC be a solution of the inequation (1.3).By theorem 2.2 the

problem 2.1 has a unique solution u. Then we have
For ¢t € [0,t1] by Remark (1.15) we have

o(t) — T(t)uo — / T(t - 5)f(s, () / IT(t - 5)[|®(s)ds
< Ae®(t),Vt € [0, 1]

in [0,¢;] the mild solution satisfies

u(t) = T(t)ug + /tT(t —5)f(s,u(s))ds, tel0,t]
0
From the above relations if follows
() —u(®)] < |u(t) = T(t)uo —/0 T(t —s)f(s,v(s))ds|
[T = LIS, o5) = f(svu(s) s
0
< eyt [ TG S)ILelol) - uls)lds
0
< Da(0) + MYy [ I fu(s)  u(s)ds
0
From a gronwall lemma we have

o(t) = u(t)]]| < Ao ®(t) + M Jo T —ullds gy e [0, )]

So, the equation (1.1)is generalized Ulam-Hyers-Rassias stable in [0, ¢,]
It remains to proove the generalized stability in (¢, tx. 1] Let v € PC be a
solution of the inequation (1.2).by Remark (1.15) for t € [tx, tx + 1] we have
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<

that

/0 T(t — 5)f(s,0(s))ds
> Tilt — ti) L(v(ty))]

0<tp<t

|/ (t

—S dS—f- ZTkt_tk9k|

O<tp<t

/T(t—s s)ds+M > B(t)e1)
0

Aoy P

(Aq)

O<tr<t
m

t) + MO(t) > et

k=0

MZe w(b= t’“)) (1)

using this above inequality, we get

W@—NMM—ATWﬁV@Mw
D Tt — te) (Le(v(ty))]

0<tp<t

Amw—wv@wm—mwwws
ST — i)l (TeCut) — Tew(t) |

O<tp<t

(x\q)(t) + MZ w(b=ti > CID(t)M/O eI u(s) — v(s)|ds
Mzett’“mu = (v(ty)]

(

0<tp<t

m t
Aoy + M Z ew(b_t’“)> O(t) + 2kP(t) + lf/ T(t — 5)e“"|u(s) — v(s)|ds
0

k=0
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From Gronwall lemma

m t
lu(t) —u(t)] < ()\q)(t) + MZew(b_t’“) + 2m> O(t) + le/ e u(s) —v(s)|ds Yt € (ty, trs
k=0 0

Then there exists cf 0 = <A¢(t) + M Z e btk) 4 2m> such that:

k=0

w(t—s)ds

o(t) — u(t)| < ceMbloe d(t) VYt e (tr tpm

So ,the equation (2.1)is generalized Ulam-Hyers-Rassias stable

3.3 Example

Consider

%x(t, y) = (A, —2D)z(t,y) +sin(z(t,y)), y € Q,quad,t >0,t €N
(%:C(t, y) =0, y
partialQ), t>0,t¢ N
Ax(i,y) = 2:zc(z Y), ye, ieN
(3.2)
where Q C R? is a bounded domain, A, is the Laplace operator in R? and
0 € C? is the boundary of Q.
Note J =R*, t;=14¢,1€N
Let X = L?(Q), D(A) = H*(Q) N H}(9). Define
A(x) = (Ay —2I)z,z € D(A), hence the operator A is the infinitesimal
generator of a contraction Cy-semigroup in L?*(€2), that is
170l < e, Ve > 0
transform our problem3.2 in the abstract form

u’(t):A() f(t,u), te]0,00),t¢N,
{ Aui) = Lu(i™)) = Su(i™), i€N. (3:3)

where u(.)(y) = 2(.,y), [f(t,u) =sin(u) and L(u(i7)) = 52(i",y),
we shall show that f(.,.) and I; satisfy all conditions of 2.6. We have
u+v . u—v

|| f(t,u)—f(t,v)|| = || sinu—sinv|| = 2|| cos 5 S — || < |lu—vl||x, YVu,v e X
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then there exists [y >0, [ =1 such that
LF(tu) = (& 0)l| =< lgllu = v]|x,Vu,v € X

For the functions I, we have

[ (ulty )= Ik (u(ty)]| = H@Wﬂ’)——v( =3 Sup\U( T)—o(kT)] < flu—vllx, Vu,v € X
then there exists [* > 0, [* =1 such that
[k (u(ty) — Le(o(p)[| =< U|[u — v[|x,YVu,v € X

set ®(t) = e' we have ||I(u)|| < ®(t), Vk=1,...,m Hence all hypotheses
of theorem2.6 are satisfied then the mild solution of problem 3.2 is
generalized Ulam-Hyers-Rassias stable.
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Conclusion and Perspective

In this memory, we have considered the problem of first order impulsive
semilinear differential functional equations with local conditions, where the
operator A is densely defined.

Under sufficient conditions, we have proved the existence of mild solutions
using fixed point théory, and we have studied the Ulam-Hyers and the
generalized Ulam-Hyers-Rassias stability of mild solution of the mild
solution of the considered problem.
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