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Notations and Conventions

Latin indices take their values in the set {1, 2, 3} and Greek indices take their values

in the set {1, 2}; the repeated index convention for summation is systematically used in

conjunction with the above rules.

• Ω̂ε :Is a domain in R3 .

• ∂εΩ̂ε : Boundary of Ω̂ε .

• ∂̂εi : = ∂̂ε

∂̂εx̂εi
derived part of x̂εi .

• ∂εi := ∂ε

∂εxεi
derived part of xεi .

• ∂i: = ∂
∂xi

derived part of xi.

• θε: A mapping for defining the middle surface ω̂ε of the shallow shell.

• αε :Continuously varying unit vector normal to the middle.

• Θε :A mapping for defining the reference configuration of the shallow shell.

• (., .): The inner product in L2(Ω) .

•ûε : Ω̂ε−→R3:] displacement vector.

• Γ̂ε+: Upper face of the set Ω̂ε .

• Γ̂ε−: Lower face of the set Ω̂ε .

• dΓ : Area element along ∂Ω .

• π : Ω −→ Ωε: Bijection from Ω onto Ωε .

• H1(Ω) : {u/u ∈ L2(Ω),
∂u

∂xi
∈ L2(Ω)} .

• ‖u‖H1(Ω) = (|u|2 +
n∑
i=1

| ∂u
∂xi
|2)1/2 .

• ûεt : Tangential components.
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• ûεn : Normal components.

• ω̂ε: Middle surface of the shallow shell.

• −→: Strong convergence .

• ⇀: Weak convergence.
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Introduction

Piezoelectrics are materials that can create electricity when subjected to a mechanical

stress. They will also work in reverse, generating a strain by the application of an electric

field.

The phenomenon was first discovered in 1880 when Pierre and Jacques Curie 1demonstrated

that when specially prepared crystals (such as quartz, topaz and Rochelle salt) were sub-

jected to a mechanical stress they could measure a surface charge. A year later, Gabriel

Lippmann deduced from thermodynamics that they would also exhibit a strain in an ap-

plied electric field. The Curies later experimentally confirmed this effect and provided proof

of the linear and reversible nature of piezoelectricity. The continued development of piezo-

electric materials has led to a huge market of products ranging from those for everyday use

to more specialised devices. Some typical applications can be seen below,

1. Automotive : Air bag sensor, air flow sensor, audible alarms, fuel atomiser, keyless

door entry, seat belt buzzers, knock senso rs.

2. Computer : Disc drives, inkjet printers.

3. Medical : Disposable patient monitors, foetal heart monitors, ultrasonic imaging.

Influence of piezoelectric is ditided into two part:

Direct influence : there are some matrials that are influenced ley applying a mechnical

force: force =⇒ deform =⇒ electric volume charge

1 Pierre and Jacques Curie :(1859,1906) paris France Almamater UN of Pariss-(1856,1941), Paris France, fields phsiccs
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Indirect influence : there are some other materials that are deformed ley applying a

electric volume charge: electric volume =⇒ deformation.

Léger and Miara [2] justified the obstacle problem for shallow shells. Next, Figueiredo

and stadler [1] studied the asymptotic analysie of frictional contact for anisotropic piezo-

electric plates. Recently, in 2016, yan and Miara [3] studied the asymptotic analysis of the

obstacle problem for piezoelectric plates.

The objective of this thesis is to study the asymptotic modeling of three-dimensional

problems of linearly elastic shallow shells, in unilateral contact with friction .

The first chapter presents an overview of the three-dimensional piezoelectric preblem

for shallow shells.

The second chapter concerns asymptotic analysis.We change the domain Ωε having

thickness 2ε into a fixed domain Ω independent of ε via the simple geometrical transforma-

tion.

In chapter 3, we prove the convergence of the solution when the thickness of the

Shallow Shells tends to zero and establish the limit problem of a piezoelectric preblem for

shallow shells in unilateral contact and friction.
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Chapter 1

The three-dimensional piezoelectric
preblem for shallow shells.

1.1 Geometry of shallow shells.

Let ω ⊂ R2 be a bounded domain with a Lipschitz continuous boundary γ̂ε. Let γ̂ε0 ⊂ ∂̂ω̂ε

with meas γ̂ε0 > 0. For each ε > 0,we define the sets

Ω̂ε = ω̂ε×]− ε, ε[

Γ̂ε− = ω̂ε × {−ε} ; Γ̂ε+ = ω̂ε × {ε} ; Γ̂ε0 = γ̂0×]− ε, ε]

(γ̂ε0 ⊂ ∂ω̂ε)

for each ε > 0, we are given a function θε ∈ C3(ωε);

ω̂ε = {(x1, x2, θ
ε(x1, x2)) ∈ R3; (x1, x2) ∈ ω̂ε}.

At each point of the surface {ω̂ε}− ,we define the normal vector,

âε3 = {αε}
−1
2 (−∂1θ

ε,−∂2θ
ε, 1).

Where,

αε = | − ∂1θ
ε|2 + |∂2θ

ε|2 + 1, (
âε3 =

(−∂1θ
ε,−∂2θ

ε, 1)

‖−∂1θε,−∂2θε, 1‖

)
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Figure 1.1:

For each ε > 0, we define the mapping Θε : Ω
ε −→ (Ω̂ε) is a C1-diffeomorfhismine,

Θε(x̂ε) = (x1, x2, θ
ε(x1, x2)) + xε3â

ε
3(x1, x2),

the set Θε(Ωε) = Ω̂ε is the shell.

Θε(Γε0) = Γ̂ε0,

Vector field ûε the displacement(ûε = 0 on Γ̂ε0).

1.2 Classical problem

A piezoelectric material is described by three tensors: the fourth order symmetric positive

definite stiffness tensor Ĉε
ijkl, the third order piezoelectric tensor P̂ ε

kij and the second order
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symmetric positive definite dielectric tensor d̂εij.

There exists positive c such that, for every second order 3× 3 symmetric tensor M = (Mij)

and for every vector of dimension 3, ε = (εk) we have,
Ĉε
ijkl = Ĉε

ijlk = Ĉε
klij, Ĉε

ijkl MklMij > cΣ3
i,j=1M

2
ij,

P̂ ε
kij = P̂ ε

kji,

d̂εij = d̂εji, d̂εkl εkεl > cΣ3
k=1ε

2
k.

Mechanical equilibrium equations and boundary conditions

We suppose that f̂ εi ∈ L2(Ω̂ε) is the density of the applied body forces acting on Ω̂ε.and

ĝεi ∈ L2(Γ̂ε+) is the density of applied surface force on Γ̂ε+.
−d̂iv

ε
σ̂ = f̂ ε(i.e..− ∂̂εj σ̂εij = f̂ εi ), on Ω̂ε, (1, a)

σ̂εn̂ε = ĝε(i.e..σ̂εijn̂
ε
j = ĝεi ), on Γ̂ε+, (1, b)

ûε = 0, on Γ̂ε0, (1, c)

(1.1)

Maxwell-Gauss equations and electric boundary conditions

We assume Ω̂ε is subject to an electric volume charge of density (r̂ε) ∈ L2(Ω̂ε), and suppose

given an electric surface charge of density φ̂ε ∈ L2(Γ̂ε+ ∪ Γ̂ε−).
divD̂ε = r̂ε(i.e..− ∂jD̂ε

ij = r̂εi ), on Ω̂ε,

D̂εn̂ε = φ̂ε(i.e..D̂ε
ijn̂

ε
j = φ̂εi ), on Γ̂ε+ ∪ Γ̂ε−,

ϕ̂ε = 0, on Γ̂ε0.

(1.2)

Constitutive equations

the linear strain tensor êεij(v̂
ε) = 1

2
(∂̂εi v̂

ε
j + ∂̂εj v̂

ε
i ),

the electric field vector Êε(ϕ̂ε) = −Oϕ̂ε), Êε
l (ϕ̂

ε) = −∂̂εl ϕ̂ε,{
σ̂εij = Ĉε

ijklê
ε
kl(û

ε)− P̂ ε
kijÊ

ε
k(ϕ̂

ε), in Ω̂ε,

D̂ε
k = P̂ ε

kij ê
ε
ij(û

ε) + d̂εklÊ
ε
l (ϕ̂

ε), in Ω̂ε.
(1.3)

Signorini’s contact conditions

We denote by v̂n = v̂ · n̂ is the normal components, and v̂t = v̂ − v̂nn the tangential

components of v.
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and

σ̂εijn̂
ε = σ̂εt + σ̂εn.

If (ûεn < ŝε) , Ω̂ε is not in contact with the rigid foundatinon (σ̂ε = 0).In order ûεn = ŝε,

Ω̂ε is in contact with a rigid foundatino.

ûεn ≤ ŝε , σ̂εn ≤ 0 , σ̂εn(ûεn − ŝε) = 0 on Γ̂ε−. (1.4)

Tresca’s law of friction

q̂ε represents a friction function (q̂ε ≥ 0).
|σ̂εt | ≤ q̂ε, on Γ̂ε−,

|σ̂εt | < q̂ε =⇒ ût = 0, on Γ̂ε−,

|σ̂εt | = q̂ε =⇒ ∃c ≥ 0 : ût = −cσ̂t, on Γ̂ε−.

(1.5)

1.3 Variationl formulation

We define the spaces of admissible mechannical displacementes :

V̂ ε(Ω̂ε) = {v̂ε ∈ H1(Ω̂ε), v̂ε = 0 on Γ̂ε0},

The closed and convex,

K̂ε(Ω̂ε) = {v̂ε ∈ V̂ ε(Ω̂ε), v̂εn ≤ ŝε onΓ̂ε−},

and the space of adnissible electric potentials :

Ψ̂ε(Ω̂ε) = {ψ̂ε ∈ H1(Ω̂ε), ψ̂ε = 0 on Γ̂ε0},

using the Green formula in (1, a) of the equation(1.1),∫
Ω̂ε
σ̂εij ê

ε
ij(v̂

ε−ûε)dx̂ε−
∫
∂̂εΩ̂ε

σ̂εijn̂
ε(v̂ε−ûε)dΓ̂ε =

∫
Ω̂ε
f̂ εi (v̂ε−ûε)dx̂ε, ∀(v̂ε−ûε) ∈ V̂ ε(Ω̂ε),

from the equation (1.1) and ∂Ω̂ε = Γ̂ε0 ∪ Γ̂ε+ ∪ Γ̂− :∫
Γ̂ε+

σ̂εijn̂
ε
j(v̂

ε − ûε)dΓ̂ε =

∫
Γ̂ε+

ĝεi (v̂
ε − ûε)dΓ̂ε on Γ̂ε+,
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∫
Γ̂ε0

σ̂εijn̂
ε
j(v̂

ε − ûε)dΓ̂ε = 0 on Γ̂ε0,

v̂εn ≤ ŝε,

σ̂εijn̂
ε
i (v̂

ε
i − ûεi ) = σ̂εt (v̂

ε
t − ûεt) + σ̂εn(v̂εn − ûεn)

= σ̂εt (v̂
ε
t − ûεt) + σ̂εn(v̂εn − ŝε)−

0︷ ︸︸ ︷
σ̂εn(ûεn − ŝε),

σ̂εn(v̂εn − ŝε) ≥ 0,

∫
Ω̂ε
σ̂εij ê

ε
ij(v̂

ε−ûε)dx̂ε−
∫

Ω̂ε
f̂ εi (v̂εi−ûεi )dx̂ε−

∫
Γ̂ε+

ĝεi (v̂
ε
i−ûεi )dΓ̂ε−

∫
Γ̂ε−

(σ̂εt (v̂
ε
t−ûεt)−σ̂εn(v̂εn−ŝε))dΓ̂ε = 0,

∫
Ω̂ε
σ̂εij ê

ε
ij(v̂

ε − ûε)dx̂ε −
∫

Ω̂ε
f̂ εi (v̂εi − ûεi )dx̂ε −

∫
Γ̂ε+

ĝεi (v̂
ε
i − ûεi )dΓ̂ε ≥

∫
Γ̂ε−

σ̂εt (v̂
ε
t − ûεt), (1.6)

an contact conditions and friction that,

−
∫

Γ̂ε−

σ̂tv̂
ε
tdΓ 6

∫
Γ̂ε−

|σ̂εt ||v̂εt |dΓ̂ε

6
∫

Γ̂ε−

q̂ε|v̂εt |dΓ̂ε,

∫
Γ̂ε−

(σ̂tv̂
ε
t + q̂ε|v̂εt |)dΓ̂ε > 0,

∫
Ω̂ε
σ̂εt û

ε
tdΓ̂ε = −

∫
Ω̂ε
cσ̂ε2t dΓ̂ε = −

∫
Ω̂ε
|σ̂εt ||ûεt |dΓ̂ε = −

∫
Ω̂ε
q̂ε|ûεt |Γ̂ε,∫

Ω̂ε
σ̂εt û

ε
tdΓ̂ε +

∫
Ω̂ε
q̂ε|ûεt |dΓ̂ε = 0⇒

∫
Ω̂ε

(σ̂εt û
ε
t + q̂ε|ûεt |)dΓ̂ε = 0,

we find, ∫
Ω̂ε

(σ̂εt (v̂
ε
t − ûεt) + q̂ε|v̂εt | − q̂ε|ûεt |) ≥ 0.

Adding ĵε(v̂ε)− ĵε(ûε) to both sides of the equation (1.6) :

8



∫
Ω̂ε
σ̂εij ê

ε
ij(v̂

ε− ûε)dx̂ε+ ĵε(v̂ε)− ĵε(ûε)−
∫

Ω̂ε
f̂ εi (v̂εi − ûεi )dx̂ε−

∫
Γ̂ε+

ĝεi (v̂
ε
i − ûεi )dΓ̂ε ≥ 0. (1.7)

where,

ĵε(v̂ε) =

∫
Γ̂ε−

q̂ε|v̂εt |dΓ̂ε,

in forme the equation(1.2), we find,∫
Ω̂ε
d̂iv

ε
D̂εψ̂εdx̂ε =

∫
Ω̂ε
r̂εψ̂εdx̂ε, (1.8)

using the Green formula in (1.8),∫
Γ̂ε−∪Γ̂ε+

φ̂εψ̂εdΓ̂ε −
∫

Ω̂ε
D̂ε∂̂εi ψ̂

εdx̂ε =

∫
Ω̂ε
r̂εψ̂εdx̂ε. (1.9)

We collect equations (1.7)(1.9) to obtain the following form variational inequality:
Find (ûε, ϕ̂ε) ∈ K̂ε × Ψ̂ε such that :

b̂ε((ûε, ϕ̂ε), (v̂ε − ûε, ψ̂ε)) + ĵε(v̂ε)− ĵε(ûε) ≥ l̂ε((v̂ε − ûε), ψ̂ε),
∀ (v̂ε, ψ̂ε) ∈ K̂ε × Ψ̂ε.

(1.10)

Where,

b̂ε((ûε, ϕ̂ε), (v̂ε, ψ̂ε)) =

∫
Ω̂ε
σ̂εij ê

ε
ij(v̂

ε)dx̂ε −
∫

Ω̂ε
D̂ε∂̂εi ψ̂

εdx̂ε

=

∫
Ω̂ε

[Ĉε
ijklê

ε
kl(û

ε)− P̂ ε
kijÊ

ε
k(ϕ̂

ε)]êεij(v̂
ε)dx̂ε

−
∫

Ω̂ε
[P̂ ε
kij ê

ε
ij(û

ε) + d̂εklÊ
ε
l (ϕ̂

ε)]∂̂εi ψ̂
εdx̂ε

=

∫
Ω̂ε
Ĉε
ijklê

ε
ij(v̂

ε)êεkl(û
ε)dx̂ε −

∫
Ω̂ε
d̂εklÊ

ε
l (ϕ̂

ε)∂̂εi ψ̂
εdx̂ε

−
∫

Ω̂ε
P̂ ε
ijk[Ê

ε
k(ϕ̂

ε)êεij(v̂
ε) + êεij(û

ε)∂̂εi ψ̂
ε]dx̂ε

=

∫
Ω̂ε
Ĉε
ijklê

ε
ij(v̂

ε)êεkl(û
ε)dx̂ε +

∫
Ω̂ε
d̂εkl∂̂

ε
l (ϕ̂

ε)∂̂εi ψ̂
εdx̂ε

+

∫
Ω̂ε
P̂ ε
ijk∂̂

ε
k(ϕ̂

ε)êεij(v̂
ε)dx̂ε −

∫
Ω̂ε
P̂ ε
ijkê

ε
ij(û

ε)∂̂εi ψ̂
εdx̂ε
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and

l̂ε((v̂ε), ψ̂ε) =

∫
Ω̂ε
r̂ψ̂εdx̂ε −

∫
Γ̂ε−∪Γ̂ε+

φ̂εψ̂εdΓ̂ε +

∫
Ω̂ε
f̂ εi (v̂εi )dx̂

ε

+

∫
Γ̂ε+

ĝεi (v̂
ε
i )dΓ̂ε.

Theorem There exists a unique solution (ûε, v̂ε) of (1.10).

Proof. The bilinear form b̂ε((., .), (., .)) is V̂ ε × Ψ̂ε-coercive and linear form l̂ε(., .) are

continuous V̂ ε × Ψ̂ε .The set K̂ε(Ω̂ε) is a nonempty, closed and convex subset of V̂ ε(Ω̂ε)

and the functional ĵε(.) is proper, convex and continuous on V̂ ε(Ω̂ε),There exists a unique

solution (ûε, v̂ε) of (1.10). for more details[1].
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Chapter 2

Asymptotic analysis

2.1 Transformation into a problem posede over a do-

main Ωε

Since the mappings Θε : Ω
ε −→ Θε(Ω̂ε) is a C1-diffeomorfhismine then the field,

ûε(x̂ε) = uε(xε) , ∀x̂ε = Θε(xε) ∈ {Ω̂ε}.

induces a bijection between the spaces H1(Ω̂ε) and H1(Ωε), consequence a bijection between

the spaces V̂ ε(Ω̂ε) and V ε(Ωε) ∀xε ∈ Ωε.

Let OεΘε(xε) denote the Jacobian matrix (∂εjΘ
ε
j(x

ε)), see [4].

bεij(x
ε) = ({OεΘε(xε)}−1)ij, ∀ xε ∈ Ωε,

δε(xε) = det{OεΘε(xε)}, ∀ xε ∈ Ωε,

∀ε > 0, θε = εθ.

then using the formulas,

∂̂εj v̂
ε
i (x̂

ε) = bεkj(x
ε)∂εkv

ε
k(x

ε).

We obtain the expression for the linearized strain tensor,

êεij(v̂
ε) = eεij(v

ε) = 1
2
(bεki∂

ε
k(v

ε
j ) + bεlj∂

ε
l (v

ε
i )),

dΓ̂ε = δε{bε3ibε3i}1/2dΓε,

dx̂ε = δεdxε,

11



Figure 2.1:

The functions b̂εij and δ̂ε :

b̂εij : Ω̂ε −→ R , δ̂ε : Ω̂ε −→ R.

bεαβ = δεαβ + ε2b]αβ,

bεα3 = ε{∂εαθε + ε2b]α3},

bε3β = −ε{∂εβθε + ε2b]3β},

bε33 = 1 + ε2b]33,

δε = 1 + ε2δ].

And there exists a constant C0 shuch that :

sup
0<ε6ε0

max
ij

max
x∈Ω
|b#
ij(ε, θ)(x)| 6 C0(θ),

12



sup
0<ε6ε0

max
x∈Ω
|δ#
ij (ε, θ)(x)| 6 C0(θ).

Proof. See [4, p 336].

Here, the applied volume and surface forces f ε and gε are defined by gε = ĝεoΘε and

f ε = f̂ εoΘε, the electric volume charge and surface charge are defined by rε = r̂εoΘε and

φε = φ̂εoΘε.

Replacing (ûε, ϕ̂ε) by (uε, ϕε) end compensation, the variationl equation a domain Ωε

the following form variational inequality:
Find (uε, ϕε) ∈ Kε ×Ψε such that :
bε((uε, ϕε), (vε − uε, ψε)) + jε(vε)− jε(uε) ≥ lε((vε − uε), ψε),
∀ (vε, ψε) ∈ Kε ×Ψε.

(2.1)

jε(vε) =

∫
Γε−

qε|vεt |(1 + ε2δ]){bε3ibε3i}1/2dΓε

=

∫
Γε−

qε|vεt |(1 + ε2δ]){ε{∂εβθε + ε2b]3β}ε{∂
ε
βθ

ε + ε2b]3β}}
1/2dΓε

=

∫
Γε−

εqε|vεt |(1 + ε2δ]){∂εβθε + ε2b]3β}dΓε

bε((uε, ϕε), (vε, ψε)) =

∫
Ωε
Cε
ijkle

ε
ij(v

ε)eεkl(u
ε)(1 + ε2δ])dxε +

∫
Ωε
dεkl∂

ε
l (ϕ

ε)∂εiψ
ε(1 + ε2δ])dxε

+

∫
Ωε
P ε
ijk∂

ε
k(ϕ

ε)eεij(v
ε)(1 + ε2δ])dxε −

∫
Ωε
P ε
ijke

ε
ij(u

ε)∂εiψ
ε(1 + ε2δ])dxε

lε(vε, ψε) =

∫
Ωε
rεψε(1 + ε2δ])dxε −

∫
Γε−∪Γε+

φεψε(1 + ε2δ]){∂εβθε + ε2b]3β}dΓε

+

∫
Ωε
f εi v

ε
i (1 + ε2δ])dxε +

∫
Γε+

gεi v
ε
i (1 + ε2δ]){∂εβθε + ε2b]3β}dΓε

Keep space experimental functions,

V ε(Ωε) = {vε ∈ H1(Ωε), vε = 0 on Γε0},

Ψε(Ωε) = {ψε ∈ H1(Ωε), ψε = 0 on Γε0},

and convex,

Kε(Ωε) = {vε ∈ V ε(Ωε), vεn ≤ sε on Γε0} .
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Remark 2.1 For any given ε we then have a pair which consists of a shell of thickness 2ε
and a plane horizontal obstacle at the level −ε, see[2, p 245].

We know so

Kε(Ωε) = {vε ∈ V ε(Ωε), vεn ≤ −θε − ε+ ε√
α

on Γε0} .

2.2 Scaling and equilibrium equations in the fixed do-

main

Figure 2.2:

For convenience, we consider a reference domain independent of the small parameter ε.

Hence, let us define the three-dimensional domain Γ = ω × (−1, 1), and its boundary

Γ = ∂Ω.

We also define the following parts of the boundary,

Ω = ω×]− 1, 1[ , Γ+ = ω × {1} , Γ− = ω × {−1} , Γ0 = γ0 × [−1, 1].

14



Let x = (x1, x2, x3) be a generic point in and we consider the notation ∂i for the partial

derivative with respect to xi.

We define the bijektion map π : Ωε 7−→ Ω , such that:{
π : (x1, x2, x3) ∈ Ωε −→ (x1, x2, x

ε
3) ∈ Ω,

xε3 = εx3.

This induces ∂εα = ∂
∂xεα

= ∂
∂xα

and ∂ε3 = ∂
∂xε3

= 1
ε
∂
∂x3

.

Scalings of the unknowns and test functions

We introduce the scaled displacement u(ε) and scaled test functions v defined as
uεα(xε) = ε2uα(ε)(x), vεα(xε) = ε2vα(x).
uε3(xε) = εu3(ε)(x), vε3(xε) = εv3(x).
ϕε = ε2ϕ(ε), ψε = ε2ψ.

We add the following notations,{
bεij(x

ε) = bij(ε)(x),
δε(xε) = δ(ε)(x) = 1 + ε2δ].

Along with this scaling procedure, we take e(ε) = (eij(ε)) to denote the scaled linearized

strain tensor, the components,
eεαβ(vε) = eαβ(ε)(v) = ε2{eθαβ(v) + ε2e]αβ(v)},
eεα3(vε) = eα3(ε)(v) = ε{eθα3(v) + ε2e]α3(v)},
eε33(vε) = e33(ε)(v) + ε2(∂α∂αv3 + b]33(ε)∂3v3) + ε4e]33(ε)(v),

(2.2)

where

eij(v) = 1
2
(∂jvi + ∂ivj).

And there existe constant C1 such that :

sup
0<ε6ε0

max
ij
‖e]ij(ε)(u)‖L2 6 C1‖v‖H1(Ω), for all v ∈ H1(Ω),

sup
0<ε6ε0

‖e]ij(ε)(u)‖L2 6 C1‖v‖H1(Ω), for all v ∈ H1(Ω).
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Proof. See [5, p340]

Assumptions about the Data

More precisely we assume that there exist functions f ∈ L2(Ω) , g ∈ L2(Γ+), r ∈ L2(ω), φ ∈
L2(Γ+ ∪ Γ−) not depending on ε such that,

f εα(xε) = fα(ε)(x) = ε2fα(x), f ε3 (xε) = f3(ε)(x) = ε3f3(x), ∀ x ∈ Ω,
gεα(xε) = gα(ε)(x) = ε3gα(x), gε3(xε) = g3(ε)(x) = ε4g3(x), ∀ x ∈ Γ+,
rε(xε) = r(ε)(x) = ε2r(x), ∀ x ∈ Ω,
φε(xε) = φ(ε)(x) = ε2φ(x), ∀ x ∈ Γ+ ∪ Γ−,

Replacing (uε, ϕε) by (u, ϕ) end Compensation, the variationl equation a domain Ωε the

following form variational inequality:
Find(u(ε), ϕ(ε)) ∈ K ×Ψ such that :
b((u, ϕ), (v − u, ψ)) + j(v)− j(u) ≥ l((v − u), ψ),
∀ (v, ψ) ∈ K ×Ψ.

(2.3)

j(v) =

∫
Γ−

q|vt(ε)|(1 + ε2δ]){b3i(ε)b3i(ε)}1/2dΓ.

Moreover we have the symmetries,
Cijkl = Cklij = Cjikl,
dkl = dlk,
Pmkl = Pmlk.
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b((u(ε), ϕ(ε)), (v, ψ)) = 2ε

∫
Ω

Cαβστeαβ(v)eσγ(u(ε))(1 + ε2δ])dx+ ε

∫
Ω

C3333e33(v)

e33(u(ε))(1 + ε2δ])dx+ 2ε

∫
Ω

Cαβσ3(eαβ(v)eσ3(u(ε)) + eσ3(v)eαβ(u(ε)))

(1 + ε2δ])dx+ 2ε

∫
Ω

Cα333(eα3ve33(u(ε)) + e33(v)eα3(u(ε)))(1 + ε2δ])dx

+2ε

∫
Ω

Cαβ33(eαβ(v)e33(u(ε)) + e33(v)eαβ(u(ε)))(1 + ε2δ])dx

+4ε

∫
Ω

Cα3σ3eα3(v)eσ3(u(ε))(1 + ε2δ])dx+ ε5

∫
Ω

dαβ∂β(ϕ(ε))∂αψ(1 + ε2δ])dx

+ε4

∫
Ω

dα3(∂3(ϕ(ε))∂αψ + ∂α(ϕ(ε))∂3ψ)(1 + ε2δ])dx+ ε3

∫
Ω

d33∂3(ϕ(ε))∂3ψ(1 + ε2δ])dx

+ε3

∫
Ω

Pγαβ∂γ(ϕ(ε))eαβ(ε)(v)(1 + ε2δ])dx− ε3

∫
Ω

Pγαβ∂γ(ψ)eαβ(ε)(u(ε))(1 + ε2δ])dx

+2ε3

∫
Ω

Pγα3∂γ(ϕ(ε))eα3(ε)(v)(1 + ε2δ])dx− 2ε3

∫
Ω

Pγα3∂γψeα3(ε)(u(ε))(1 + ε2δ])dx

+ε2

∫
Ω

P3αβ∂3(ϕ(ε))eαβ(ε)(v)(1 + ε2δ])dx− ε2

∫
Ω

P3αβ∂3(ψ)eαβ(ε)(u(ε))(1 + ε2δ])dx

+2ε2

∫
Ω

P3α3∂3(ϕ(ε))eα3(ε)(v)(1 + ε2δ])dx− 2ε2

∫
Ω

P3α3∂3(ψ)eα3(ε)(u(ε))(1 + ε2δ])dx

+ε2

∫
Ω

Pγ33∂γ(ϕ(ε))e33(ε)(v)(1 + ε2δ])dx− ε2

∫
Ω

Pγ33∂3(ψ)e33(ε)(u(ε))(1 + ε2δ])dx

+ε2

∫
Ω

P333∂3(ϕ(ε))e33(ε)(v)(1 + ε2δ])dx− ε2

∫
Ω

P333∂3(ψ)e33(u(ε))(1 + ε2δ])dx

l(v, ψ) = ε

∫
Ω

r(ε)ψ(1 + ε2δ])dx−
∫

Γ−∪Γ+

φ(ε)ψ{∂βθ + ε2b]3β}(1 + ε2δ])dΓ

+ ε

∫
Ω

f(ε)vα(1 + ε2δ])dx+

∫
Γ+

g(ε)vα(1 + ε2δ]){∂βθ + ε2b]3β}dΓ

The equilibrium problem now consists in looking for a solution to a problem set over Ω

which reads
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Find(u(ε), ϕ(ε)) ∈ K(Ω)×Ψ(Ω) such that :

ε
∫

Ω
Cαβστeαβ(ε)(v − u(ε))eσγ(ε)(u(ε))(1 + ε2δ])dx+ ε

∫
Ω
C3333e33(ε)(v − u(ε))e33(ε)(u(ε))(1

+ε2δ])dx+ 2ε
∫

Ω
Cαβσ3(eαβ(ε)(v − u(ε))eσ3(ε)(u(ε)) + eσ3(ε)(v)eαβ(ε)(u(ε)))(1 + ε2δ])dx

+2ε
∫

Ω
Cα333(eα3(ε)(v − u(ε))e33(ε)(u(ε)) + e33(ε)(v − u(ε))eα3(ε)(u(ε)))(1 + ε2δ])dx

+2ε
∫

Ω
Cαβ33(eαβ(ε)(v − u(ε))e33(ε)(u(ε)) + e33(v − u(ε))eαβ(ε)(u(ε)))(1 + ε2δ])dx

+4ε
∫

Ω
Cα3σ3eα3(ε)(v − u(ε))eσ3(u(ε))(1 + ε2δ])dx+ ε

∫
Ω
C3333e33(ε)(v − u(ε))e33(u(ε))(1 + ε2δ])dx

+ε5
∫

Ω
dαβ∂β(ϕ(ε))∂αψ(1 + ε2δ])dx+ ε4

∫
Ω
dα3(∂3(ϕ(ε))∂αψ

+∂α(ϕ(ε))∂3ψ)(1 + ε2δ])dx+ ε3
∫

Ω
d33∂3(ϕ(ε))∂3ψ(1 + ε2δ])dx

+ε3
∫

Ω
Pγαβ∂γ(ϕ(ε))eαβ(ε)(v − u(ε))(1 + ε2δ])dx− ε3

∫
Ω
Pγαβ∂γ(ψ)eαβ(ε)(u(ε))(1 + ε2δ])dx

+2ε3
∫

Ω
Pγα3∂γ(ϕ(ε))eα3(ε)(v − u(ε))(1 + ε2δ])dx− 2ε3

∫
Ω
Pγα3∂γψeα3(ε)(u(ε))(1 + ε2δ])dx

+ε2
∫

Ω
P3αβ∂3(ϕ(ε))eαβ(ε)(v − u(ε))(1 + ε2δ])dx− ε2

∫
Ω
P3αβ∂3(ψ)eαβ(ε)(u(ε))(1 + ε2δ])dx

+2ε2
∫

Ω
P3α3∂3(ϕ(ε))eα3(ε)(v − u(ε))(1 + ε2δ])dx− 2ε2

∫
Ω
P3α3∂3(ψ)eα3(ε)(u(ε))(1 + ε2δ])dx

+ε2
∫

Ω
Pγ33∂γ(ϕ(ε))e33(ε)(v − u(ε))(1 + ε2δ])dx− ε2

∫
Ω
Pγ33∂3(ψ)e33(ε)(u(ε))(1 + ε2δ])dx

+ε2
∫

Ω
P333∂3(ϕ(ε))e33(ε)(v − u(ε))(1 + ε2δ])dx− ε2

∫
Ω
P333∂3(ψ)e33(u(ε))(1 + ε2δ])dx

+
∫

Γ−
q|vt(ε)|(1 + ε2δ]){∂βθ + ε2b]3β}dΓ−

∫
Γ−
q|ut(ε)|(1 + ε2δ]){∂βθ + ε2b]3β}dΓ

> ε
∫

Ω
r(ε)ψ(1 + ε2δ])dx−

∫
Γ−∪Γ+

φ(ε)ψ(1 + ε2δ]){∂βθ + ε2b]3β}dΓ

+ε
∫

Ω
f(ε)(vα − uα(ε))(1 + ε2δ])dx+

∫
Γ+
g(ε)(vα − uα(ε))(1 + ε2δ]){∂βθ + ε2b]3β}dΓ

∀(v, ψ) ∈ V (Ω)×Ψ(Ω),
(2.4)

where,

V (Ω) = {v ∈ H1(Ω), v = 0 on Γ0},

18



Ψ(Ω) = {ψ ∈ H1(Ω), ψ = 0 on Γ0},

and the convex,

K(Ω) = {v ∈ V (Ω), vn ≤ −θ − 1 + 1√
α
, on Γ0}.
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Chapter 3

Two-dimensional limit scaled solution
in the shallow shells

In this section, the principal idea is letting the shallow shells thickness ε tend to zero,

after rescaling the 3D variational inequality (2.4)to a fixed reference domain that does not

depend on ε. We investigate the convergence of the unknowns as ε −→ 0 and analyze the

resulting system of equations.

Lemma 3.1 Let θ ∈ C3(ω) be a given function, and let the functions eθij(v) be defined as,
for all v ∈ H1(Ω),

eθαβ(v) = eαβ(v)− 1
2
(∂βθ∂3vα + ∂αθ∂3vβ),

eθα3(v) = eθ3α(v) = eα3(v)− 1
2
∂αθ∂3v3,

eθ33(v) = e33(v),

for all v ∈ H1(Ω),the mapping ,

v −→ {Σij|eij(v)|20,Ω}
1
2 ,

is a norm over the set K(Ω), which is equivalent to the norm ‖.‖H1(Ω).

Theorem 3.2 Assume,

f ∈ L2(Ω), g ∈ L2(Γ+), r ∈ L2(Ω), φ ∈ L2(Γ+ ∪ Γ−).

1. As ε tends to 0, the family {(u(ε), ϕ(ε))}ε>0 converges strongly{(u, ϕ)}, in the set

K(Ω)×Ψ(Ω), where,

K(Ω) = {v ∈ H1(Ω), v = 0 on Γ0, v3 > −θ on Γ−},
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Ψ(Ω) = {ψ ∈ H2(Ω), ψ = 0 on γ0}.

2. Then the limit of u(ε) as ε tends to 0 is Kirchhoff-Love displacement field, namely

uα = ζα − x3∂αζ3, u3 = ζ3.

3. The strong limit solution (u, ϕ) solves the following coupled problem:


Find (u, ϕ) ∈ VKL ∩K ×Ψl such that:
b∗((u, ϕ), (v − u, ψ)) + j(v)− j(u) > l((v − u), ψ),
∀(v, ψ) ∈ VK ∩K ×Ψ.

(3.1)

where,

b∗((u, ϕ), (v, ψ)) =

∫
Ω

CijklR
θ
ij(v)Rθ

kl(u)dx+

∫
Ω

dijτl(ϕ)τi(ψ)dx

+

∫
Ω

Pijkτk(ϕ)Rθ
ij(v)dx−

∫
Ω

PijkR
θ
ij(u)τi(ψ)dx,

VKL(Ω) = {v ∈ H1(Ω), ei3(v) = 0}.

Ψl = {ψ ∈ L2(Ω), ∂3ψ ∈ L2(Ω)}.

Step 1. We define the tensor Rθ(ε) = (Rθ
i (ε)) ∈ L2(Ω), and the scaled vector τ = (τij(ε)).

eθαβ = Rθ
αβ(ε)(v),

eθα3 = εRθ
α3(ε)(v),

eθ33 = ε2(Rθ
33(ε)(v)− ∂αθ∂αu3(ε)),

(3.2)

and, {
∂αψ = τα(ε)(ψ),
∂3ψ = ετ3(ε)(ψ),

(3.3)
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In (2.4), we use (2.2), we obtain,

Find (u(ε), ϕ(ε)) ∈ K(Ω)×Ψ(Ω) such that :

ε5
∫

Ω
Cαβστ{eθαβ(v − u(ε)) + ε2e]αβ(v − u(ε))}{eθστ (u(ε)) + ε2e]στ (u(ε))}(1 + ε2δ])dx

+ε
∫

Ω
C3333{eθ33(ε)(v − u(ε)) + ε2(∂αθ∂α(v3 − u3(ε)) + b]33(ε)∂3(v3 − u3(ε)) + εe#

33(ε)(u(ε)))}
{eθ33(ε)(u(ε)) + ε2(∂αθ∂αu3(ε) + b]33(ε)∂3u3(ε)) + ε4e]33(ε)(u(ε))}(1 + ε2δ])dx

+2ε4
∫

Ω
Cαβσ3[{eθαβ(v − u(ε)) + ε2e]αβ(v − u(ε))}{eθσ3(u(ε)) + ε2e]σ3(u(ε))}

+{eθαβ(u(ε)) + ε2e]αβ(u(ε))}{eθσ3(v − u(ε)) + ε2e]σ3(v)}](1 + ε2δ])dx

+2ε2
∫

Ω
Cα333[{eθα3(v − u(ε)) + ε2e]α3(v)}{eθ33(ε)(u(ε)) + ε2(∂αθ∂αu3(ε)

+b]33(ε)∂3u3(ε)) + ε4e]33(ε)(u(ε))}+ {eθ33(ε)(v − u(ε)) + ε2(∂αθ∂α(v − u(ε))

+b]33(ε)∂3(v3 − u3(ε)) + ε4e]33(ε)(v − u(ε))}{eθα3(u(ε)) + ε2e]α3(u(ε))}](1 + ε2δ])dx

+2ε3
∫

Ω
Cαβ33[{eθαβ(v − u(ε)) + ε2e]αβ(v − u(ε))}{eθ33(ε)(u(ε)) + ε2(∂αθ∂αu3(ε)

+b]33(ε)∂3u3(ε)) + ε4e]33(ε)(u(ε))}+ {eθ33(ε)(v − u(ε)) + ε2(∂αθ∂α(v3 − u3(ε))

+b]33(ε)∂3(v3 − u3(ε)) + ε4e]33(ε)(v − u(ε))}{eθα3(u(ε)) + ε2e]α3(u(ε))}](1 + ε2δ])dx

+4ε3
∫

Ω
Cα3σ3[{eθαβ(v − u(ε)) + ε2e]αβ(v − u(ε))}{eθσ3(u(ε)) + ε2e]σ3(u(ε))}](1 + ε2δ])dx

+ε5
∫

Ω
dαβ∂β(ϕ)∂αψ(1 + ε2δ])dx

+ε4
∫

Ω
dα3(∂3(ϕ(ε))∂αψ + ∂α(ϕ(ε))∂3ψ)(1 + ε2δ])dx+ ε3

∫
Ω
d33∂3(ϕ(ε))∂3ψ(1 + ε2δ])dx

+ε5
∫

Ω
Pγαβ∂γ(ϕ(ε)){eθαβ(v) + ε2e]αβ(v − u(ε))}(1 + ε2δ])dx

−ε5
∫

Ω
Pγαβ∂γ(ψ){eθαβ(u(ε)) + ε2e]αβ(u(ε))}(u(ε))(1 + ε2δ])dx

+2ε4
∫

Ω
Pγα3∂γ(ϕ(ε)){eθαβ(v − u(ε)) + ε2e]α3(v − u(ε))}(1 + ε2δ])dx

−2ε4
∫

Ω
Pγα3∂γψ{eθαβu(ε) + ε2e]α3u(ε)}(1 + ε2δ])dx

+ε4
∫

Ω
P3αβ∂3(ϕ(ε)){eθαβ(v) + ε2e]αβ(v − u(ε))}(1 + ε2δ])dx

−ε4
∫

Ω
P3αβ∂3(ψ){eθαβu(ε) + ε2e]αβu(ε)}(1 + ε2δ])dx

+2ε4
∫

Ω
P3α3∂3(ϕ(ε)){eθα3(v − u(ε)) + ε2e]α3(v − u(ε))}(1 + ε2δ])dx

−2ε4
∫

Ω
P3α3∂3(ψ){eθα3u(ε) + ε2e]α3u(ε)}(1 + ε2δ])dx

+ε3
∫

Ω
Pγ33∂γ(ϕ(ε)){eθ33(ε)(v − u(ε)) + ε2(∂αθ∂α(v3 − u3(ε)) + b]33(ε)∂3(v − u(ε))

+ε4e]33(ε)(v − u(ε))}(1 + ε2δ])dx− ε3
∫

Ω
Pγ33∂3(ψ){eθ33(ε)u(ε) + ε2(∂αθ∂αu3(ε)

+b]33(ε)∂3u3(ε) + ε4e]33(ε)u(ε)}(1 + ε2δ])dx+ ε2
∫

Ω
P333∂3(ϕ(ε)){eθ33(ε)(v − u(ε))

+ε2(∂αθ∂α(v3 − u3(ε)) + b]33(ε)∂3(v − u(ε))

+ε4e]33(ε)(v − u(ε))}(1 + ε2δ])dx− ε2
∫

Ω
P333∂3(ψ){eθ33(ε)u(ε) + ε2(∂αθ∂αu3(ε)

+b]33(ε)∂3u3(ε) + ε4e]33(ε)u(ε)}(1 + ε2δ])dx +
∫

Γ−
q|vt(ε)|(1 + ε2δ]){∂βθ + ε2b]3β}dΓ

−
∫

Γ−
q|ut(ε)|(1 + ε2δ]){∂βθ + ε2b]3β}(1 + ε2δ])dΓ > ε

∫
Ω
r(ε)ψ(1 + ε2δ])dx

−
∫

Γ−∪Γ+
φ(ε)ψ(1 + ε2δ])dΓ + ε

∫
Ω
f(ε)(v − u(ε))(1 + ε2δ])dx

+
∫

Γ+
g(ε)(v − u(ε))(1 + ε2δ]){∂βθ + ε2b]3β}dΓ

∀(v, ψ) ∈ V (Ω)×Ψ(Ω),
(3.4)
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In (3.4), we use (3.2) and (3.3), we obtain,

Find (u(ε), ϕ(ε)) ∈ K(Ω)×Ψ(Ω) such that :

ε5
∫

Ω
Cαβστ{Rθ

αβ(v − u(ε)) + ε2e]αβ(v − u(ε))}{Rθ
στ (u(ε)) + ε2e]στ (u(ε))}(1 + ε2δ])dx

+ε
∫

Ω
C3333{ε2Rθ

33(ε)(v − u(ε)) + b]33(ε)∂3(v3v − u3(ε))) + ε4e]33(ε)(u(ε))}
{ε2Rθ

33(ε)(u(ε)) + b]33(ε)∂3u3(ε)) + ε4e]33(ε)(u(ε))}(1 + ε2δ])dx

+2ε4
∫

Ω
Cαβσ3{Rθ

αβ(vv − u(ε)) + ε2e]αβ(v − u(ε))}{εRθ
σ3(u(ε)) + ε2e]σ3(u(ε))}

+{Rθ
αβ(u(ε)) + ε2e]αβ(u(ε))}{εRθ

σ3(v − u(ε)) + ε2e]σ3(v − u(ε))}(1 + ε2δ])dx

+2ε2
∫

Ω
Cα333[{εRθ

α3(v − u(ε)) + ε2e]α3(v − u(ε))}{ε2Rθ
33(ε)(u(ε))

+b]33(ε)∂3(u3(ε)) + ε4e]33(ε)(u(ε))}+ {ε2Rθ
33(ε)(v − u(ε))

+b]33(ε)∂3(v) + ε4e]33(ε)(v − u(ε))}{εRθ
α3(u(ε)) + ε2e]α3(u(ε))}](1 + ε2δ])dx

+2ε3
∫

Ω
Cαβ33[{Rθ

αβ(v − u(ε)) + ε2e]αβ(v − u(ε))}{ε2Rθ
33(ε)(u(ε))

+b]33(ε)∂3u3(ε)) + ε4e]33(ε)(u(ε))}+ {ε2Rθ
33(ε)(v − u(ε))

+b]33(ε)∂3(v − u(ε)) + ε4e]33(ε)(v − u(ε))}{Rθ
αβ(u(ε)) + ε2e]αβ(u(ε))}](1 + ε2δ])dx

+4ε3
∫

Ω
Cα3σ3[{εRθ

α3(v − u(ε)) + ε2e]α3(v − u(ε))}{εRθ
σ3(u(ε)) + ε2e]σ3(u(ε))}](1 + ε2δ])dx

+ε5
∫

Ω
dαβ∂β(ϕ)∂ατα(ε)(ψ)(1 + ε2δ])dx

+ε4
∫

Ω
dα3(∂3(ϕ(ε))∂ατα(ε)(ψ) + ε∂α(ϕ(ε))∂3τ3(psi)(1 + ε2δ])dx

+ε4
∫

Ω
d33∂3(ϕ(ε))∂3τ3(ε)(ψ)(1 + ε2δ])dx

+ε5
∫

Ω
Pγαβ∂γ(ϕ(ε)){Rθ

αβ(ε)(v − u(ε)) + ε2e#
αβ(v − u(ε))}(1 + ε2δ])dx

−ε5
∫

Ω
Pγαβ∂γτγ(ε)(ψ){Rθ

αβ(ε)(v − u(ε)) + ε2e#
αβ(v − u(ε))}(1 + ε2δ])dx

+2ε5
∫

Ω
Pγα3∂γ(ϕ(ε)){Rθ

αβ(v − u(ε)) + ε2e]αβ(v − u(ε))}(1 + ε2δ])dx

−2ε5
∫

Ω
Pγα3∂γτγ(ε)(ψ){Rθ

αβu(ε) + ε2e]αβu(ε)}(1 + ε2δ])dx

+ε4
∫

Ω
P3αβ∂3(ϕ(ε)){Rθ

αβ(v − u(ε)) + ε2e]αβ(v − u(ε))}(1 + ε2δ])dx

−ε4
∫

Ω
P3αβ∂3τ3(ε)(ψ){Rθ

αβu(ε) + ε2e]αβu(ε)}(1 + ε2δ])dx

+2ε4
∫

Ω
P3α3∂3(ϕ(ε)){εRθ

α3(v − u(ε)) + ε2e]α3(v − u(ε))}(1 + ε2δ])dx

−2ε4
∫

Ω
P3α3∂3τ3(ε)(ψ){εRθ

α3u(ε) + ε2e]α3u(ε)}(1 + ε2δ])dx

+ε3
∫

Ω
Pγ33∂γ(ϕ(ε)){ε2Rθ

33(ε)(v − u(ε)) + b]33(ε)∂3(v − u(ε)) + ε4e]33(ε)(v − u(ε))}(1 + ε2δ])dx

−ε3
∫

Ω
Pγ33∂3τ3(ε)(ψ){ε2Rθ

33(ε)u(ε) + b]33(ε)∂3u3(ε) + ε4e]33(ε)u(ε)}(1 + ε2δ])dx

+ε2
∫

Ω
P333∂3(ϕ(ε)){ε2Rθ

33(ε)(v − u(ε)) + b]33(ε)∂3(v − u(ε)) + ε4e]33(ε)(v − u(ε))}(1 + ε2δ])dx

−ε2
∫

Ω
P333∂3τ3(ε)(ψ){ε2Rθ

33(ε)u(ε) + b]33(ε)∂3u3(ε) + ε4e]33(ε)u(ε)}(1 + ε2δ])dx

+
∫

Γ−
q|vt(ε)|(1 + ε2δ]){∂βθ + ε2b]3β}dΓ−

∫
Γ−
q|ut(ε)|(1 + ε2δ]){∂βθ + ε2b]3β}(1 + ε2δ])dΓ

> ε
∫

Ω
r(ε)ψ(1 + ε2δ])dx−

∫
Γ−∪Γ+

φ(ε)ψ(1 + ε2δ])dΓ + ε
∫

Ω
f(ε)(v − u(ε))(1 + ε2δ])dx

+
∫

Γ+
g(ε)(v − u(ε))(1 + ε2δ]){∂βθ + ε2b]3β}dΓ

∀(v, ψ) ∈ V (Ω)×Ψ(Ω),
(3.5)

Step 2. Since αε, is such that lim
ε→0

αε = 1,

and αε > 0 we can introduce the following subset of K(Ω) defined by
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K(Ω) = {v ∈ H1(Ω), v = 0 on Γ0, v3(x1, x2,−1) > −θ},

Let us insert the scaled strain tensor Rθ(ε) into problem (3.5).

After tedious but straight for ward computations.

Find (u(ε), ϕ(ε)) ∈ K(Ω)×Ψ(Ω) such that :
ε5
∫

Ω
Cαβστ{Rθ

αβ(v − u(ε))}{Rθ
στ (u(ε))}dx

+ε3
∫

Ω
C3333{Rθ

33(ε)(v − u(ε))}{Rθ
33(ε)(u(ε))}dx

+2ε5
∫

Ω
Cαβσ3{Rθ

αβ(v − u(ε))}{Rθ
σ3(u(ε))}+ {Rθ

αβ(u(ε))}{Rθ
σ3(v − u(ε))}dx

+2ε5
∫

Ω
Cα333[{Rθ

α3(v − u(ε))}{Rθ
33(ε)(u(ε))}+ {Rθ

33(ε)(v − u(ε))}{Rθ
α3(u(ε))}]dx

+2ε5
∫

Ω
Cαβ33[{Rθ

αβ(v − u(ε))}{Rθ
33(ε)(u(ε))}+ {Rθ

33(ε)(v − u(ε))}{Rθ
α3(u(ε))}]dx

+4ε5
∫

Ω
Cα3σ3[{Rθ

α3(v − u(ε))}{Rθ
σ3(u(ε))}]dx

+ε5
∫

Ω
dαβ∂β(ϕ)∂ατα(ε)(ψ)dx

+ε4
∫

Ω
dα3(∂3(ϕ(ε))∂ατα(ε)(ψ) + ε∂α(ϕ(ε))∂3τ3(ψ)dx

+ε4
∫

Ω
d33∂3(ϕ(ε))∂3τ3(ε)(ψ)dx

+ε5
∫

Ω
Pγαβ∂γ(ϕ(ε)){Rθ

αβ(ε)(v − u(ε))}dx
−ε5

∫
Ω
Pγαβ∂γτγ(ε)(ψ){Rθ

αβ(ε)(v − u(ε))}dx
+2ε4

∫
Ω
Pγα3∂γ(ϕ(ε)){Rθ

αβ(v − u(ε))}dx
−2ε5

∫
Ω
Pγα3∂γτγ(ε)(ψ){Rθ

αβu(ε}dx
+ε4

∫
Ω
P3αβ∂3(ϕ(ε)){Rθ

αβ(v − u(ε))}dx
−ε5

∫
Ω
P3αβ∂3τ3(ε)(ψ){Rθ

αβu(ε)}dx
+2ε5

∫
Ω
P3α3∂3(ϕ(ε)){Rθ

α3(v − u(ε))}dx
−2ε5

∫
Ω
P3α3∂3τ3(ε)(ψ){Rθ

α3u(ε)}dx
+ε5

∫
Ω
Pγ33∂γ(ϕ(ε)){Rθ

33(ε)(v − u(ε))}dx
−ε5

∫
Ω
Pγ33∂3τ3(ε)(ψ){Rθ

33(ε)u(ε)}dx
+ε5

∫
Ω
P333∂3(ϕ(ε)){Rθ

33(ε)(v − u(ε))}dx
−ε5

∫
Ω
P333∂3τ3(ε)(ψ){Rθ

33(ε)u(ε)}dx
+
∫

Γ−
q|vt(ε)|{∂βθ}dΓ−

∫
Γ−
q|ut(ε)|{∂βθ}dΓ +B](ε, θ, u(ε), R], v, ψ)

> ε5
∫

Ω
rψdx− ε5

∫
Γ−∪Γ+

φ(ε)ψdΓ + ε5
∫

Ω
f(v − u(ε))dx+ L](ε, θ, v, ψ)

+ε5
∫

Γ+
g(v − u(ε)){∂βθ}dΓ

∀(v, ψ) ∈ V (Ω)×Ψ(Ω),
(3.6)
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then,

Find (u(ε), ϕ(ε)) ∈ K(Ω)×Ψ(Ω) such that :∫
Ω
CijklR

θ
ij(ε)(v − u(ε))Rθ

kl(u(ε))dx+
∫

Ω
dijτl(ε)(ϕ(ε))τi(ε)(ψ)dx

+
∫

Ω
Pijkτk(ε)(ϕ(ε))Rθ

ij(ε)(v − u(ε))dx−
∫

Ω
PijkR

θ
ij(ε)(u(ε))τi(ε)(ψ)dx

+
∫

Γ−
q|vt|∂βθdΓ−

∫
Γ−
q|ut(ε)|∂βθdΓ

B](ε, θ, u(ε), R], v, ψ) >
∫

Ω
rψdx−

∫
Γ−∪Γ+

φψδdΓ +
∫

Ω
f(v − u(ε))dx

+
∫

Γ+
g(v − u(ε)){∂β}dΓ + L](ε, θ, u, v, ψ),

∀(v, ψ) ∈ V (Ω)×Ψ(Ω),

(3.7)

B](ε, θ, u(ε), R], v)is uniformly bounded, i.e., there exists a positive constant C(θ)

independent of ε such that, for all u ∈ K(Ω). v ∈ K(Ω). Rθ ∈ L2(Ω) we have,

sup
x<ε<ε0

B](ε, θ, u(ε), R], v, ψ) 6 C(θ)(|Rθ|L2(Ω) + |u|H2(Ω))|v|H2(Ω)

We are now in a position to examine quantity B#.
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B](ε, θ, u(ε), R], v, ψ) = ε5

∫
Ω

Cαβστ{Rθ
αβ(v − u(ε))ε2e]στ (u(ε)) +Rθ

στ (u(ε))ε2e]αβ(v

−u(ε))(1 + ε2δ])dx+ ε

∫
Ω

C3333{ε2Rθ
33(ε)(v − u(ε))(b]33(ε)∂3(v3 − u3(ε)) + ε4e#(u(ε)))

+ε2Rθ
33(ε)(v − u(ε))(b#

33(ε)∂3(u3(ε)) + ε4e]33(ε)(u(ε))}(1 + ε2δ])dx

+2ε4

∫
Ω

Cαβσ3{Rθ
αβ(v − u(ε))ε2e]σ3(u(ε)) + εRθ

σ3(u(ε))ε2e]αβ(v)

+Rθ
αβ(u(ε))ε2e]σ3(v) + εRθ

σ3(v − u(ε))ε2e]αβ(u(ε))}(1 + ε2δ])dx

+2ε2

∫
Ω

Cα333[εRθ
α3(v − u(ε))(b]33(ε)∂3u3(ε)) + ε4e]33(ε)(u(ε)(ε2Rθ

33(ε)(u(ε))(ε2e]α3(v − u(ε))

+b]33(ε)∂3v3 + ε4e]33(ε)(v − u(ε))) + ε2Rθ
33(ε)(v − u(ε))ε2e]α3(u(ε))

+(b]33(ε)∂3(v − u(ε)) + ε4e]33(ε)(v − u(ε)))(εRθ
α3(u(ε)) + ε2e]α3(u(ε)))](1 + ε2δ])dx

+2ε3

∫
Ω

Cαβ33[Rθ
αβ(v − u(ε))(b#

33(ε)∂(u3(ε)) + ε2e]αβ(v − u(ε))) + ε2e#
αβ(ε)(v

−u(ε))(ε2Rθ
33(ε)(u(ε)) + (b#

33(ε)∂3(u3(ε)) + ε4e#
33u(ε) + ε2Rθ

33(v − u(ε))ε2e#
σ3(u(ε)))

+ε4e#
33(u(ε))(ε2Rθ

33(ε)(u(ε)) + b#
33(ε)∂3(u3(ε)) + ε4e#

33u(ε))](1 + ε2δ])dx

+4ε3

∫
Ω

Cα3σ3[εRθ
α3(v − u(ε)) + ε2e]σ3(u(ε)) + εRθ

σ3(u(ε))ε2e]α3(v − u(ε))](1 + ε2δ])dx

+ε5

∫
Ω

dαβ∂β(ϕ)∂ατα(ε)(ψ)ε2δ]dx+ ε4

∫
Ω

dα3(∂3(ϕ(ε))∂ατα(ε)(ψ) + ε∂α(ϕ(ε))∂3τ3(ψ))ε2δ]dx

+ε4

∫
Ω

d33∂3(ϕ(ε))∂3τ3(ε)(ψ)ε2δ]dx+ ε5

∫
Ω

Pγαβ∂γ(ϕ(ε))[{Rθ
αβ(ε)(v − u(ε))

+ε2e#
αβ(v − u(ε))}ε2δ] + ε2e#

αβ(v − u(ε))]dx− ε5

∫
Ω

Pγαβ∂γτγ(ε)(ψ)[{Rθ
αβ(ε)(v − u(ε))

+ε2e#
αβ(v − u(ε))}(ε2δ]) + ε2e#

αβ(v − u(ε))]dx+ 2ε4

∫
Ω

Pγα3∂γ(ϕ(ε))[{Rθ
αβ(v − u(ε))

+ε2e]αβ(v − u(ε))}(ε2δ]) + ε2e]αβ(v − u(ε))]dx− 2ε4

∫
Ω

Pγα3∂γτγ(ε)(ψ)[{Rθ
αβu(ε)

+ε2e]αβu(ε)}(ε2δ]) + ε2e]αβu(ε)]dx− ε4

∫
Ω

P3αβ∂3(ϕ(ε))[{Rθ
αβ(v − u(ε))

+ε2e]αβ(v − u(ε))}(ε2δ]) + ε2e]αβ(v − u(ε))]dx− ε4

∫
Ω

P3αβ∂3τ3(ε)(ψ)[{Rθ
αβu(ε)

+ε2e]αβu(ε)}(ε2δ]) + ε2e]αβu(ε)]dx+ 2ε4

∫
Ω

P3α3∂3(ϕ(ε))[{εRθ
α3(v − u(ε))

+ε2e]α3(v − u(ε))}(ε2δ]) + ε2e]α3(v − u(ε))]dx
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− 2ε4

∫
Ω

P3α3∂3τ3(ε)(ψ)[{εRθ
α3u(ε) + ε2e]α3u(ε)}(ε2δ]) + ε2e]α3u(ε)]dx

+ ε3

∫
Ω

Pγ33∂γ(ϕ(ε))[{ε2Rθ
33(ε)(v − u(ε)) + b]33(ε)∂3(v − u(ε)) + ε4e]33(ε)(v

− u(ε))}(ε2δ])b]33(ε)∂3(v − u(ε)) + ε4e]33(ε)(v)]dx− ε3

∫
Ω

Pγ33∂3τ3(ε)(ψ)[{ε2Rθ
33(ε)u(ε)

+ b]33(ε)∂3u3(ε) + ε4e]33(ε)u(ε)}(ε2δ]) + b]33(ε)∂3u3(ε) + ε4e]33(ε)u(ε)]dx

+ ε2

∫
Ω

P333∂3(ϕ(ε))[{ε2Rθ
33(ε)(v − u(ε)) + b]33(ε)∂3(v − u(ε)) + ε4e]33(ε)(v − u(ε))}(ε2δ])

+ b]33(ε)∂3(v − u(ε)) + ε4e]33(ε)(v − u(ε))]dx− ε2

∫
Ω

P333∂3τ3(ε)(ψ)[{ε2Rθ
33(ε)u(ε)

+ b]33(ε)∂3u3(ε) + ε4e]33(ε)u(ε)}(ε2δ]) + b]33(ε)∂3u3(ε) + ε4e]33(ε)u(ε)]dx

+

∫
Γ−

q|vt(ε)|ε2δ]{∂βθ + ε2b]3β}dΓ−
∫

Γ−

q|ut(ε)|(1 + ε2δ]){∂βθ + ε2b]3β}ε
2δ]dΓ ,

Finally, it can easily be shown that,

L#(ε, θ, u(ε), v, ψ) = ε5

∫
Ω

rψε2δ]dx− ε5

∫
Γ−∪Γ+

φψε2δ]dΓ

+ ε5

∫
Ω

f(v − u(ε))ε2δ]dx+ ε5

∫
Γ+

g(v − u(ε))ε2δ]{∂βθε2b]3β}dΓ

Lemma 3.3 The norms |u(ε)|L2(Ω) and |ϕ(ε)|L2(Ω) are bounded uniformly in ε.

Step 3. Next we let v = 2u(ε) and ψ = 0 in inequality (3.7),

−
∫

Ω

CijklRiju(ε)Rkl(u(ε))δdx −
∫

Ω

Pijkτk(ε)(ϕ)Riju(ε)δdx

+

∫
Γ−

q|ut|dΓ > −
∫

Ω

f(u)δdx−
∫

Γ+

g(u)δ{∂βθ + ε2b]3β}dΓ,

Next we let v = 0 and ψ = −ϕ(ε) in inequality (3.7),∫
Ω

dijτl(ε)(ϕ)τi(ε)(ϕ(ε))δdx+

∫
Ω

PijkRij(u(ε))τi(ε)(ϕ(ε))δdx
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−
∫

Γ−

q|ut|dΓ >
∫

Ω

rϕ(ε)δdx−
∫

Γ−∪Γ+

φϕ(ε)δdΓ,

then,

∫
Ω

CijklRiju(ε)Rkl(u(ε))δdx +

∫
Ω

Pijkτk(ε)(ϕ)Riju(ε)δdx

−
∫

Ω

dijτl(ε)(ϕ)τi(ε)(ϕ(ε))δdx−
∫

Ω

PijkRij(u(ε))τi(ε)(ϕ(ε))δdx

6
∫

Ω

f(u)δdx+

∫
Γ+

g(u)δ{∂βθ}dΓ−
∫

Ω

rϕ(ε)δdx+

∫
Γ−∪Γ+

φϕ(ε)δdΓ

we find,

∫
Ω
CijklR

θ
ij(ε)u(ε)Rθ

kl(ε)(u(ε))δdx−
∫

Ω
dijτl(ε)(ϕ)τi(ε)(ϕ(ε))dx

6
∫

Ω

[f(u)− rϕ(ε)]dx+

∫
Γ+

[g(u)∂βθ + φϕ(ε)]δdΓ,

From this inequality, using the coerciveness properties of tensors C and d, we get,

|R(ε)(u(ε))|+ |τ(ε)(ϕ(ε))| 6 c(‖u(ε)‖L2(Ω) − ‖ϕ(ε)‖L2(Ω))

6 c(‖u(ε)‖H1(Ω) − ‖ϕ(ε)‖H1(Ω)),

We recall korn ineqality and poincare inequality :

there exists c > 0 such that,

‖u(ε)‖2
H1(Ω) 6 c|eθ(u(ε))|2L2(Ω), ‖φ(ε)‖2

H2(Ω) 6 c|τ(ε)(ϕ(ε))|2L2(Ω),

Therefore for ε 6 1, there exist c > 0:

‖u(ε)‖2
H1(Ω) + ‖φ(ε)‖2

H2(Ω) 6 c(|eθ(u(ε))|2L2(Ω) + ‖τ(ε)(ϕ(ε))‖2
L2(Ω))

6 c(|Rθ(u(ε))|2L2(Ω) + ‖τ(ε)(ϕ(ε))‖2
L2(Ω))

6 c(‖u(ε))‖H1(Ω) + ‖ϕ(ε)‖H1(Ω))

Lemma 3.4 The tensor Rθ(ε) = (Rθ
ij(ε)) ∈ L2(Ω) is bounded uniformly in ε in the

space L2(Ω).
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these inequalities imply that the norms ‖u(ε)‖H1(Ω), ‖ϕ(ε)‖H1(Ω), |R(ε)(u(ε))|L1(Ω),

|τ(ε)(ϕ(ε))|L1(ε) are uniformly bounded.

Consequently, there are weakly convergent subseqences of u ∈ H1(Ω),ϕ ∈ H1(Ω)

and R ∈ H2(Ω), τ ∈ H2(Ω) with,

u(ε) ⇀ u, in H1(Ω),

ϕ(ε) ⇀ φ, in H1(Ω),

Rθ(ε)(u(ε)) ⇀ Rθ(u), in L2(Ω),

τ(ε)(ϕ(ε)) ⇀ τ(ϕ), in L2(Ω).

Moreoer, form the definition of R(ε) and τ(ε), we have the bounds:

|eθαβ(u(ε))|L2(Ω) = |eαβ(u(ε))− 1

2
(∂βθ∂3u(ε)))|L2(Ω) 6 cε,

|eθα3(u(ε))|L2(Ω) = |eα3(u(ε))− 1

2
∂αθ∂3u(ε))|L2(Ω) 6 cε,

|eθ33(u(ε))|L2(Ω) 6 cε2,

|∂3ϕ(ε)|L2(Ω) 6 cε.

Hence (ε∂1ϕ(ε), ε∂2ϕ(ε), ∂3φ(ε)) ⇀ (0, 0, ∂3ϕ),

Hence eθi3(u(ε)) ⇀ 0 in L2(Ω), ∂3ϕ(ε) ⇀ 0 in L2(Ω), we have the bounds :

|eα3(u)| 6 lim inf
ε→0

|ei3(u(ε))| = 0,

and,

|∂3ϕ| 6 lim inf
ε→0

|∂ϕ(ε)| = 0,

From (u, ϕ), since we deduce that ei3(u) = 0, we deduce that there exist a bi-

dimensional field ζ = (ζi) such that ζα ∈ H1(ω) and ζ3 ∈ H2(ω) and u is a Kirchhoff-

Love displacement field.

From the other hand, since ∂3ϕ = 0, the limit ϕ is independent of x3.
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Lemma 3.5 Let the operatorA(ε) : u(ε) −→ H1(Ω) which satisfies the weak conver-
gence,

A(ε) : u(ε) ⇀ A(u) ∈ L2(Ω).

If u(ε) ∈ K(Ω) solves the variational inequality,∫
Ω

A(ε)(u(ε)).∂3(v − u(ε)) > ε

∫
Ω

f.(v − u(ε)) ∀v ∈ K(Ω),

then A(u) = 0.

Proof. See [3, p 294]

Step 4. We now show that the whole family {u(ε), ϕ(ε)} converges strongly:

Let us introduce the notation
∫

Ω
CA : Adx =

∫
Ω
CijklAklAij for all second order

symmetric tensor A and let
∫

Ω
dv : vdx =

∫
Ω
dijklvklvij for all vector v ∈ R3,

c|Rθ(ε)(u(ε))−Rθ(u)|2L2(Ω)

6
∫

Ω
C(Rθ(ε)(u(ε))−Rθ(u) : (Rθ(ε)(u(ε))−Rθ(u)))dx

6
∫

Ω
CRθ(u) : (Rθ(u)− 2Rθ(ε)(u(ε))dx+

∫
Ω
CRθ(u) : Rθ(u) : Rθ(ε)(u(ε))dx,

Since we have already established the weak convergences Rθ(ε) ⇀ Rθ in L2(Ω) as

ε −→ 0, then,

lim
ε→0
|R(ε)(u(ε))−R(u)|2L2(Ω) 6 −

∫
Ω
CR(u) : R(u)dx+lim

ε→0

∫
Ω
CR(ε)(u(ε)) : R(ε)(u(ε))dx.

We let v = u ,ψ = 0 in (3.7), and pass to the limit, we get :

Then we have lim
ε→0
|R(ε)(u(ε)) − R(u)|2L2(Ω) 6 0. which implies that the sequence

{eθ(u(ε))} converges strongly in L2(Ω) to eθ(u). Therefore by Korn’s inequality the

sequence u(ε) converges strongly in H1(Ω) to u.

Similarly,

c|τ(ε)(ϕ(ε))− τ(ϕ)|2L2(Ω)

6
∫

Ω
d(τ(ε)− τ(ε)) : (τ(ε)(ϕ(ε))− τ(ϕ))dx,

6
∫

Ω
dτ(ϕ) : (τ(ϕ)− 2τ(ε)(ϕ(ε)))dx+

∫
Ω
dτ(ε)(ϕ(ε))) : τ(ε)(ϕ(ε))dx
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Since we have already established the weak convergence τ(ε)(ϕ(ε)) ⇀ τ(ϕ) in L2(Ω)

as ε −→ 0, we get,

lim
ε→0

c|τ(ε)(ϕ(ε))−τ(ϕ)|2L2(Ω) 6 −
∫

Ω

dτ(ϕ) : τ(ϕ)dx+lim
ε→0

∫
Ω

dτ(ε)(ϕ(ε))) : τ(ε)(ϕ(ε))dx,

lim
ε→0

c|τ(ε)(ϕ(ε))− τ(ϕ)|2L2(Ω) 6 0,

We already know that the limit u is a Kirchhoff-Love field. Choosing v = u(ε), and

ψ = ϕ(ε) as a test function, in(3.7),

∫
Ω

dijτl(ε)(ϕ(ε))τi(ε)(ψ)dx+

∫
Ω

PijkRij(u(ε))τi(ε)(ϕ(ε))δdx

B](ε, θ, u(ε), R], v, ψ) >
∫

Ω

rψdx−
∫

Γ−∪Γ+

φψδdΓ + L](ε, θ, u, v, ψ),

∫
Ω

dτ(ϕ) : τ(ϕ)dx− lim
ε→0

∫
Ω

dτ(ε)(ϕ(ε))) : τ(ε)(ϕ(ε))dx.

So |τ(ε)(ϕ(ε))−τ(ϕ)|2L2(Ω) 6 0 we get the strong convergence, the sequence {τ(ϕ(ε))}
converges strongly in L2(Ω) to τ(ϕ), then the sequence of ϕ(ε) converges strongly to

ϕ in H1(Ω).

In addition, using the definition of quantities Rθ
ij(ε) we have:

|eθ(u(ε))− eθ(u)|2L1(Ω) 6 Σα,β|Rθ
αβ(ε)(u(ε))

−Rθ
αβ(u)|2L2(Ω)

+2ε2Σα|Rθ
α3(ε)(u(ε))−Rθ

α3(u)|2L2(Ω)

+ε4|Rθ
33(ε)(u(ε))−Rθ

33(u)|2L2(Ω).

Step 5. Using the same arguments in [1] and [3], an the strong convergences obtain the limit

variational inequality:


Find (u, ϕ) ∈ VK ∩K ×Ψ such that:
b∗((u, ϕ), (v − u, ψ)) + j(v)− j(u) > l((v − u), ψ),
∀(v, ψ) ∈ VK ∩K ×Ψ.

(3.8)
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where,

b∗((u, ϕ), (v, ψ)) =

∫
Ω

CijklR
θ
ij(v)Rθ

kl(u)dx+

∫
Ω

dijτl(ϕ)τi(ψ)dx

+

∫
Ω

Pijkτk(ϕ)Rθ
ij(v)dx−

∫
Ω

PijkR
θ
ij(u)τi(ψ)dx,

VK(Ω) = {v ∈ H1(Ω), ei3(v) = 0}.

Ψl = {ψ ∈ L2(Ω), ∂3ψ ∈ L2(Ω)}.

32



Conclusion

The present study on the case of a piezoelectric shallow shells of Signorini’s contact with

Tresca’s friction on rigid foundation, gives a new two-dimensional limit models problem

from three-dimensional elasticity.

This justification of this model obtained by asymptotic analysis with convergence

result.
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Title: Frictional contact of piezoelectric Shallow Shell 
Abstract 
     The objective of this thesis is to study the asymptotic modeling of three 
dimensional problems of linearly elastic shallow shells, with and unilateral contact 
and friction. 
In the first Part, we are placing a three dimensional models for a linearly elastic 

Shallow Shells. With and unilateral contact and friction. Called equations of 

piezoelectric Shallow Shells.                                                                                                                                  
    In the second Part, Using technics from asymptotic analysis, we justify two 

dimensional models. Transformation into a problem posed over an ash domain 2.                        

In the third Part, we prove the convergence of the solution when the thickness of the 

Shallow Shells tends to zero and establish the limit problem of a piezoelectric 

problem for Shallow Shells in unilateral contact and friction                                        

Key words:                                                                                                                           

Linear shallow shell theory, asymptotic analysis, Signori problem. 

Titre: Contact par frottement de pour les coques peu 
Profondes piézoélectrique 

Résume 
    L'objectif de cette thèse est d'étudier la modélisation asymptotique de problèmes 
tridimensionnels de coques peu-profondes linéairement  élastiques, avec friction  et 
contact unilatéraux. 
    Dans la première partie, nous mettons un modèle tridimensionnel pour des 
coquilles peu profondes linéairement élastiques, avec contact et friction unilatéraux. 
Equations appelées des coquilles piézoélectriques peu profondes  
    Dans la deuxième partie, en utilisant des techniques issues de l'analyse 
asymptotique, nous justifions les modèles bidimensionnels. La transformation en un 
problème posé sur un domaine sh 2. 
  Dans la troisième partie, nous prouvons la convergence de la solution lorsque 
l'épaisseur des coquilles peu profondes tend à zéro et établit le problème limite d'un 
problème piézoélectrique pour les coquilles peu profondes en contact et en friction 
unilatéraux 
Mots clés:  

théorie de coque peu-profonde linéaire, analyse asymptotique, problème de Signorini, 

frottement de Coulomb. 

 

 الانحناء الكهرواضغطية ضعيفة لهياكل  حتكاكالا التماس و  :العنوان
 الملخص

.ان  واحد بجمع اتصال والاحتكاك  , ه  الاطروحة هو دراسة النمذجة المقاربة لهياكل ضعيفة الانحناء ذات مرونة خطية ذالهدف من ه      

 الاحتكاك والاتصال من جان  واحد مع جامدمع  ,يةابعاد لهياكل ضعيفة الانحناء ذات مرونة خط  3ذات  نماذج ,في الجزء الاول     

    .تدعى المعادلات لهياكل ضعيفة الانحناء .  بشروط حدية

ات التحليل المقارب بررنا تقني باس تخدام ,2تحويل من هياكل ضعيفة الانحناء الى هياكل منعدمة الانحناء ذات سمك  , في الجزاء الثاني    

.الابعاد ثلاثي نموذج  

           .البعد ثنائي النضع نموذج الصفر, ول سمكها الىؤ الحل عندما ي اثبات تقارب  الثالثفي الجزء 

: ةالمفتاحي الكلمات  
                      .  احتكاك تيريسكا ,  تحليل مقارب , هياكل ضعيفة الانحناء الخطي  
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