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Notations and Conventions

Latin indices take their values in the set {1,2,3} and Greek indices take their values
in the set {1,2}; the repeated index convention for summation is systematically used in
conjunction with the above rules.

e ¢ :Is a domain in R? .
o 90 Boundary of Qs .

° 0:: :5‘3; derived part of 775.

° 0= 8‘3% derived part of ;.
® 0;: :8%1- derived part of z;.
e 6. A mapping for defining the middle surface @® of the shallow shell.
e ¢ :Continuously varying unit vector normal to the middle.
e O° :A mapping for defining the reference configuration of the shallow shell.
e (.,.): The inner product in Ly(£2) .
i : (¥ R3] displacement vector.
° fi Upper face of the set Qs .
e I : Lower face of the set OF .
e dI' : Area element along 0f2 .
o 71 : () — ()°: Bijection fgom Q onto ° .
U

o H'(9): {ufu€ 12(9), 5~ € 1(Q)}

n o Ju
_ 2 U 2y12
o ||ull i) = (|ul +;|axi| )

e U : Tangential components.

v



e u: : Normal components.
e 0¢: Middle surface of the shallow shell.
e —: Strong convergence .

e —: Weak convergence.



Introduction

Piezoelectrics are materials that can create electricity when subjected to a mechanical
stress. They will also work in reverse, generating a strain by the application of an electric
field.

The phenomenon was first discovered in 1880 when Pierre and Jacques Curie 'demonstrated
that when specially prepared crystals (such as quartz, topaz and Rochelle salt) were sub-
jected to a mechanical stress they could measure a surface charge. A year later, Gabriel
Lippmann deduced from thermodynamics that they would also exhibit a strain in an ap-
plied electric field. The Curies later experimentally confirmed this effect and provided proof
of the linear and reversible nature of piezoelectricity. The continued development of piezo-
electric materials has led to a huge market of products ranging from those for everyday use

to more specialised devices. Some typical applications can be seen below,

1. Automotive : Air bag sensor, air flow sensor, audible alarms, fuel atomiser, keyless

door entry, seat belt buzzers, knock senso rs.
2. Computer : Disc drives, inkjet printers.
3. Medical : Disposable patient monitors, foetal heart monitors, ultrasonic imaging.

Influence of piezoelectric is ditided into two part:
Direct influence : there are some matrials that are influenced ley applying a mechnical

force: force = deform = electric volume charge

! Pierre and Jacques Curie :(1859,1906) paris France Almamater UN of Pariss-(1856,1941), Paris France, fields phsiccs



Indirect influence : there are some other materials that are deformed ley applying a
electric volume charge: electric volume = deformation.

Léger and Miara [2] justified the obstacle problem for shallow shells. Next, Figueiredo
and stadler [1] studied the asymptotic analysie of frictional contact for anisotropic piezo-
electric plates. Recently, in 2016, yan and Miara [3] studied the asymptotic analysis of the

obstacle problem for piezoelectric plates.

The objective of this thesis is to study the asymptotic modeling of three-dimensional
problems of linearly elastic shallow shells, in unilateral contact with friction .

The first chapter presents an overview of the three-dimensional piezoelectric preblem
for shallow shells.

The second chapter concerns asymptotic analysis.We change the domain (2° having
thickness 2¢ into a fixed domain €2 independent of ¢ via the simple geometrical transforma-
tion.

In chapter 3, we prove the convergence of the solution when the thickness of the
Shallow Shells tends to zero and establish the limit problem of a piezoelectric preblem for

shallow shells in unilateral contact and friction.



Chapter 1

The three-dimensional piezoelectric
preblem for shallow shells.

1.1 Geometry of shallow shells.

Let w C R? be a bounded domain with a Lipschitz continuous boundary 7°. Let 75 C Jo*

with meas 75 > 0. For each € > 0,we define the sets

0F = %] — ¢, €]
5 =0 x{—e} ; T =0°x{e} ; T5=F0x]—e¢
(75 € 9w°)
for each ¢ > 0, we are given a function 6° € C3(@w°);
0° = {(x1, T2, 0°(x1, 72)) € R?; (21, 25) € &°}.
At each point of the surface {0}~ ,we define the normal vector,
a5 = {a°} 2 (0,65, —Ds6°,1).

Where,
af = | _ 6196’2 + ‘8296‘2 + 17

P Y
2T a6, — 0,65 1
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Figure 1.1:

For each e > 0, we define the mapping ©°: Q° — (ﬁf) is a C'-diffeomorfhismine,
@6(&/‘\6) = (xla T, 08(1:1’ ‘/'UQ)) + xgaé(‘%‘l) .TQ),

the set ©°()F) = ()¢ is the shell.
©°(I'5) = I,

Vector field @ the displacement(7® = 0 on T%).

1.2 Classical problem

A piezoelectric material is described by three tensors: the fourth order symmetric positive

definite stiffness tensor 6fjkl, the third order piezoelectric tensor J/D\,iij and the second order
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symmetric positive definite dielectric tensor c?fj
There exists positive ¢ such that, for every second order 3 x 3 symmetric tensor M = (M;;)

and for every vector of dimension 3, € = (¢) we have,

e _ e _ e e . 3 2
Cijkl = Cijlk = Ukigs Cijkl My M;; > szg IMZJ’
e __ pe
szg Pk]z’
s — e

Mechanical equilibrium equations and boundary conditions

We suppose that ff € L2(§AZ5) is the density of the applied body forces acting on Q°.and
g; € LQ(fi) is the density of applied surface force on fi
—div e = f(ie. — 855 = f7), on O, (1,a)
o°n® = gt (i.e.ouns = g5), on I'Y, (1,b) (1.1)
us =0, on I%, (1,¢

Maxwell-Gauss equations and electric boundary conditions

We assume €)F is subject to an electric volume charge of density (75) € L2(Q)¢), and suppose

given an electric surface charge of density ¢° € L*(I'S UT<).

divDe = r(i.e.. — 0, DE =73), on Qe
Dene = gbs(z e. ijn] = gbf), on I'L U, (1.2)
8/0\6 = 07 on F%

Constitutive equations

~ ~

the linear strain tensor €5 % (0°) = 3(0505 + 0577,

the electric field vector E*(3°) = —V§F), Ef(§F) = —0F &,
/0-:\;:.7 = Cl]klekl( ) Plgz Ee(&)? n 957 (13)
leripkm (AE)+d EZ<A )7 in ©°.

Signorini’s contact conditions

We denote by v, = v -7 is the normal components, and v; = ¥ — v,,n the tangential

components of v.



and
o,n° =0, +0,.
If (@ < ), € is not in contact with the rigid foundatinon (5° = 0).In order @ = &,
OF is in contact with a rigid foundatino.

L 55<0 , o5(u5—%)=0 on I°. (1.4)

~E <€
u, <s "

Tresca’s law of friction

¢° represents a friction function (& > 0).
07| < &, on fi,
55| < & = 1U; =0, on I%, (1.5)
05| = = 3¢>0:0 = —co, on I<,

1.3 Variationl formulation
We define the spaces of admissible mechannical displacementes :
VEQS) = {v° € HY(QF),5° =0 on T3},

The closed and convex,

and the space of adnissible electric potentials :
Q) = {¢° € HY(Q),¢° =0 on T%},
using the Green formula in (1, a) of the equation(1.1),

i7€ij N ij
[

[ s (?—ﬂs)dﬁ—/ Ea@-a)dc = [ e -adE,  vE-) e @),
9eQe Qe

from the equation (1.1) and 99F = fg U fi ul_:

[ 5575 (6° — @)l = /A G —a)d on T,
e I

15
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/A GERS(F — @)t =0 on T,

A
FE

i
IA
K

~ _ ¢

| e [ Fe-ai- |
QE

o8 P

[ Gi@-ade— [ @E-m-o

+ —

| e —war - [ Fa - aie - [ g - a5 -
QE QE €

an contact conditions and friction that,

_ / 55T < / AL
Ire

re

< / &[0 dT,
T

/A Goudl = — | 5l = —/A 5% |||l = —/A Tl e,
Qe Qe Qe

Geasdre +
Qe

| @@ -+ - e > o

Adding j%(7°) — 5(@*) to both sides of the equation (1.6) :

:m”\::m»\¢

FlEld = 0= / (670 + F|az|)d= = o,
QE

we find,



[ 0y;65; (U7 —ur)dar +] (%) — 3@@5)_ A fe(v —u5)dz® /A g: (0; —u; )dl“6 >0. (1.7)
Qe .

where,

in forme the equation(1.2), we find,

/A div D*gFda = /A i, (1.8)

using the Green formula in (1.8),
[ i | Do~ | (19)
e ure Qs Q=
We collect equations (1.7)(1.9) to obtain the following form variational inequality:

Find (@, 7°) € K* >i(1\15 such that : R
V(@ @), (05 =, 09)) + J5(F°) — J°(8°) > (7 — @), ), (1.10)

~

V (07, ¢%) € K¢ x Ue.
Where,

O (@, &), (7°,4°)) =



and

B(@), &) = /?&dﬁf— / Frdte 4+ | )
QO fiufi Qe

Q

+ /A G (55T
T

£
+

Theorem There exists a unique solution (u®,v°) of (1.10).
Proof. The bilinear form ?)\5((., Dy () ds Ve x We-coercive and linear form Z\E(, .) are
continuous V¢ x ¢ The set K E(QE) is a nonempty, closed and convex subset of 175(?25)
and the functional 3‘5() is proper, convex and continuous on Va(ﬁs),There exists a unique
solution (u®,v%) of (1.10). for more details|[1].
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Chapter 2

Asymptotic analysis

2.1 Transformation into a problem posede over a do-
main §)°

Since the mappings ©° : Q° —s ©(Q¢) is a C'-diffeomorfhismine then the field,

(7)) = uf(z%) , VE" = O°(a°) € {Q¢).

induces a bijection between the spaces H(QF) and H' (), consequence a bijection between
the spaces VE(QF) and VE(QF) Va© € Q.
Let VeO°(z°) denote the Jacobian matrix (0;05(x)), see [1].

bi(a%) = ({v°O (2)} 1)y, Vaf e,

0% (2°) = det{v O (z°)}, V a° €

Ve >0, 6°=¢b.
then using the formulas,
050 (0) = b )05 ).
We obtain the expression for the linearized strain tensor,
&5(0%) = e;(v°) = 3(05,05(v5) + b, 0F (v5)),

dre = 6€{b§ib§i}1/2dF€7

d7° = 6°dz*,

11



e

0

The functions ij and 0° :

Figure 2.1:
gfj:ﬁs—HR L 0 0° — R

e __ g€ 218

bop = 00 + 70,4,
b, = {0567 + %05},
b3 = —e{050° + 52()25},

bgi’) = 1 + 626?’;37

6 =1+ 26",

And there exists a constant C shuch that :

sup max max|tf (<, 0)(x)| < Co(6).
0<e<eg Y zefd

12



sup max|5 (g,0)(z)| < Cy(0).

0<e<eg TEQ

Proof. See [/, p 336]. =

Here, the applied volume and surface forces f¢ and ¢° are defined by ¢° = §°00° and

ff= fao@e, the electric volume charge and surface charge are defined by r° = 700° and
¢€ — &5\50@5‘
Replacing (u®, p°) by (u®, ¢°) end compensation, the variationl equation a domain ¢

the following form variational inequality:
Find (u®,¢®) € K¢ x ¥ such that :
b=((uf, %), (V7 = us, %)) + j=(v°) = J(u®) = I5((v° — w?), 97), (2.1)
V (v, 9%) € K& x Ue,
P = [ il e )
= [ oI+ ) (038 + 2 e 050 + 0, )

= [ el ) 050 + <2

() 05 0) = [ Couel (i) + 0o’ + [ df ()0 (1 + )

>

+ /E P05 (¢%)es; (v) (1 + £26%)da® — / Prei;(uf)ois (1 + £26%)da*

F(v5,0°) = / rep (1 + e26%)da® — / ¢V (1 + 26%){950° + ?bly; bl
e e urs
+ / “vf (1 + 268 da® + / givi(1 + e26%) {0567 + e2bi }dT*
Keep space experimental functions,
VEQS) = {v° € H'(),v* =0 on Tg},
UE(QF) = {y° € HY(Q),9° =0 on I},

and convex,

Ke(QF) ={v° e VE(Q),0v5 < s on IF}.

13



Remark 2.1 For any given ¢ we then have a pair which consists of a shell of thickness 2¢
and a plane horizontal obstacle at the level —e, see[”, p 245].

We know so

Ke(Q°) = {v° € VE(Q),05 < —0° — e+ = on L5},

«

2.2 Scaling and equilibrium equations in the fixed do-
main
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Figure 2.2:

For convenience, we consider a reference domain independent of the small parameter ¢.

Hence, let us define the three-dimensional domain I' = w x (—1,1), and its boundary
= 090.
We also define the following parts of the boundary,

Q=wx|-1,1] , T, =wx{l} , T_=wx{-1} , Toy= x[-1,1].
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Let z = (x1,x2,23) be a generic point in and we consider the notation 9; for the partial

derivative with respect to x;.
We define the bijektion map 7 : Q¢ — | such that:

{ ([ (.1'1,33'2,1'3) € — (x17$27$§) S Q’

g
x5 = EX3.

_ 9 s 9 _ 10
T Oza and a3_8x§ ~ e0z3°

This induces 0, = axa

Scalings of the unknowns and test functions

We introduce the scaled displacement u(e) and scaled test functions v defined as
c(2°) = %va ().

ug () = *ua(e) (), Va
u§(2°) = eus(e)(x), v5(2°) = evs(x).
p° = e%p(e), Y = e,

We add the following notations,
{ by (2%) = (8()(96)

5 (2°) = 8(e)(z) = 1 + 20%.

Along with this scaling procedure, we take e(¢) = (e;;(¢)) to denote the scaled linearized

strain tensor, the components,

€5,5(v°) = eap(e)(v) = e{el 5 (v) + %€l 5(v)},
€53(v°) = eas(e)(v) = e{els(v) + € eig(v)} (2.2)
+ £2(0, 0003 + by (£)D5v3) + etels(e) (v),

e53(v°) = es3(e)(v) +

where
ei(v) = 5(Oyi + D).

And there existe constant C; such that
Cillvllmi), forall ve HY(Q),

sup max|e () (w12 <
O<e<eg W

sup e (e) (u)| 2 <

0<e<eg

Cillollmiq), for all ve H'(Q).

15



Proof. See [5,p340] =

Assumptions about the Data

More precisely we assume that there exist functions f € L*(Q) , g € L*(T}),r € L*(w), ¢ €
L*(T, UT_) not depending on € such that,

fa(@®) = fa(e)(z) = falz),  f5(2°) = fs(e)(zx) = fa(x), Vzeq,

95(2%) = gale)(2) = %ga(2),  g5(2°) = gs(e)(z) = e'gs(x),  V v el
ré(2%) = r(e)(z) = er(x), V oz eq,
¢°(2°) = ¢(e)(x) = £%¢(), V zel,Ul_,

Replacing (u®, %) by (u, ¢) end Compensation, the variationl equation a domain Q° the
following form variational inequality:
Find(u(e), ¢(e)) € K x ¥ such that :

b((u, ), (v —u, ) + j(v) = j(u) = I((v — u), ), (2.3)
V (v,9) € K x V.

j(w) :/ qlve(e)|(1 + £26%){bs; (e)bsi(e) }/2dT.

Moreover we have the symmetries,
Cijki = Criij = Cjii,
dy = d,
Pkl = P

16



(), 9(E))s (0,9)) =22 | Caportan (Ve (u(e)) (1 + 28 + = [ Cramean(o)
Q 0

ess3(u(e))(1 + €26 dx + 2¢ /Q Capos(€ap(V)ess(u(e)) + exs(v)eas(u(e)))

(1 +&26%)dx + 25/ Clsss(asvess(u(e)) + ess(v)eas(u(€))) (1 + 26%)dx

2 /Q Capas(eap(v)eas(u(€)) + ezz(v)eas(u(e))) (1 + £76%)da

+4e /Q Cusozlas(V)eqs(u(e)) (1 + £26%)dx + £° /Q dos03(0(€)) 00t (1 4 %6%)da

+€4/ da3(0((€))0at) + 0a(p(€))O590) (1 + £26%)dar + &° / ds305(p (<)) D) (1 + 26 )dar
0 Q

+53/ Poap0y(9(€))eap(e) () (1 + £26%)da — 53/ Poap0y($)eap() (u(€)) (1 + €26 )dw
0 0

#22° [ P, (0l eaa@)0)(1 + 5o =260 [ Proadens(e) )1+ 6 ds

—1—52/ P3a503(0(€))eap(e) (v)(1 + %6%)dz — 62/ P3,503(¥)eas(e) (u(e)) (1 + £26%)da
0 0

#22° [ Pradi(o(@))eas(e) )1+ 8)dn =22 | Prosdeas(e) )1+ 26 da

+22 [ Pt (p(€Deas @)1+ ) — 2 | Prasdh(wlesa(©)(u(e)) (1 + 26)da

Q

—|—52/ Py3305(0(€))ess(e)(v) (1 4 £26%)da — 52/ Py3305(1)ess(u(e)) (1 + e20%)dx
0 0

(v, 9) = er(5)¢(1+525ﬁ)dx—/F " () {950 + £2b5 5} (1 + £26%)dT

+ ¢ /Q f(E)va(l+ 26" dx + /F 9(e)va(1 + £26%) {950 + b5 }dD

+

The equilibrium problem now consists in looking for a solution to a problem set over (2

which reads

17



( Find(u(e), o(c)) € K(Q) x ¥(Q) such that :
e Jo Caporeas(e)(v — u(e))eqr (e) (u(e)) (1 + 20F)dx + & [, Cazasess(e) (v — ule))ess(e) (u(e)) (1
+e20%)dr + 2¢ [, Cagos(eap(€) (v — u(e))eqs(€) (u(e)) + eq3(e) (v)eas(e) (u(e))) (1 + £20F)dx
+2¢ [, Caszs(eas(e) (v — u(e))ess(e)(u(e)) + ess(e) (v — u(e))eas(e) (u(e))) (1 + £26%)dx
+2¢ [ Capss(eas(e) (v — u(e))ess(€) (u(e)) + es3(v — u(e))eas(e) (u(e))) (1 + £26F)dx
+e [, Cazoseas(e)(v — u(e))eqs(u(e)) (1 + £26%)dx + € [, Caassess(e) (v — u(e))ess(u(e))(1 + £26%)dx
465 [, dagOs(p(£))Bath (1 + £26%)da + & [ dus(Ds(p(€))uth
+0a((€))039) (1 + e26%)dz + €% [, d3305((<)) st (1 + €26 )d
+€° fo Prap0s(p(€))eas(e) (v — u(e)) (1 +e26)dx — 2 [, Prap0s(¥)eas(e) (u(e))(L + £%6%)dx
4263 [ Pagdy (9())eas(€) (0 — u(e)) (1 + £20%)dx — 2% [, Pyasdyibens(€) (u(e)) (1 + £26%)do
+e2 fo Paap0s((€))eap () (v — u(e)) (1 + e20F)dx — & [, PsapOs(¥)ean(e)(u(e)) (1 + £20%)dx
1222 [ Paasds(p(2))eas(e) (v — u(e)) (1 + €20%)dw — 222 [, Paasds(1h)eas(€) (u(e)) (1 + £26%)da
+e2 [, Poagds (0(€))ess(e) (v — u(e)) (1 + £26%) da — €2 [, Pya3ds()ess(e) (u(e)) (1 + £26%)da
+e2 [1, Paga0s(i0(2))ess(€) (v — u(e)) (1 + £26%)da — €2 [, PasOa(th)ess(u(e))(1 + £26%)da

+ [ralv(@)](1+e20%){050 + 2V 1T — [1. qlue(e)| (1 + £26%){9p0 + b5 }dT

> for(@w(l+e26)de — [i ., D) (1+ 268 {030 + 2V }dl

+e Jo F(8)(Va — ual@))(1 + &%) dx + [1. 9(e)(va — ta(e))(1 + 269 {50 + b} 5 }dT

L V(v,9) € V(Q) x ¥(Q), 0

where,

V(Q)={ve H(Q),v=0 on Iy},

18



U(Q) ={Y e H'(Q),9» =0 on Ty},

and the convex,
KQ)={veV(Q),v, <—-0— 14—\%a , on Iy}

19



Chapter 3

Two-dimensional limit scaled solution
in the shallow shells

In this section, the principal idea is letting the shallow shells thickness € tend to zero,
after rescaling the 3D variational inequality (2.4)to a fixed reference domain that does not
depend on . We investigate the convergence of the unknowns as ¢ — 0 and analyze the

resulting system of equations.

Lemma 3.1 Let 0 € C*(w) be a given function, and let the functions €};(v) be defined as,
for all v e HY(Q),

el 5(v) = eap(v) — 3(9500504 + 0a00505),
e

62(3(U) = ega(v) = a3(U) - %8a083v3;

for all v € H*(QY),the mapping ,
1
v — {Syley ()02,
is a norm over the set K(Q), which is equivalent to the norm ||.|| g1 (q).

Theorem 3.2 Assume,
feIX(Q),ge LA(Ty),r e L*(Q), 6 € IX(T, UT.).

1. As ¢ tends to 0, the family {(u(e), ¢(€))}e=0 converges strongly{(u, ¢)}, in the set
K () x ¥(9), where,

KQ)={ve H(Q),v=0 on Ty,v3>—0onl_},

20



W(Q) = (v € H(S), ¥ = 0 on 7},
2. Then the limit of u(e) as € tends to 0 is Kirchhoff-Love displacement field, namely
Uy = Co — T30aC3, Uz = C3.
3. The strong limit solution (u, ) solves the following coupled problem:

b*((u, @), (v = u, ¥)) + j(v) = j(u) = (v = u), ), (3.1)

Find (u, ) € Vkr N K x ¥; such that:
(v, ) € Ve N K X .

where,

b (s 0), (0, 9) = / Cogna B (0) Ry () + / doyi(9) () de
" / PRy (0)dr — / PR ()i () d,

VKL(Q) = {U € Hl(Q), 62'3(’0) = O}

U, = {y € L*(Q),050 € L*(Q)}.

Step 1. We define the tensor R(g) = (RY(g)) € L*(2), and the scaled vector T = (7;;(¢)).
eos = eRos(e) (v), (32)

and,

(3.3)

21



In (2.4), we use (2.2

(

, we obtain,

)
Find (u(e),p(€)) € K(2) x U(Q) such that :
e® Jo Capor{ebs(v — u(e)) + 626%(“ —u(e))Hed (ule)) + ek (u(e)) M1 + 20%)dx
+e [, Caaaa{els(e) (v — ule)) + (a 00 (vs — us(e)) + by () Ds(v3 — u(e)) + ey (e)(ule)))}
{efs(e)(u(e)) + *(0abDaus(e )+533( )0sus(e)) + e'els () (u(e)) }(1 + £26%)da
+2¢* [, Caposl{ehs(v — u(e)) + e2¢ 5 (v — u(e)) Hebs(ule)) + 2ehs(ule))}
+{ehs(ule)) + el (u(e)) Helds (v — u(e)) + e2¢5(0)}](1 + £26%) dr
+222 [, Cazsal{ehs(v — u(e)) + eehs(0) Hels () (ule)) + €2(abaus(e)
+b33(2)dsus () + ez (e) (u(e))} + {efa(e) (v — ule)) + 62(8 000 (v — u(e))
+b55(2)D3(vs — us(2)) + ety () (v — u(e)) Hebs (ule)) + e2ehy (u(e)}](1 + £26%)da
+26° [, Capasl{el (v — ule)) + €%l 5(v — u(e)) Hels () (ule )+6 (0a00qus(<)
+b33(2)Dsuz(2)) + e'es () (u(e))} + {efs(e) (v — u(e)) + £2(aba(vs — us(e))
+b33(2) s (vs — uz(e)) + e*els(e) (v — u(e)) Hebs(u(e)) + % ( ( N+ e%0%)da
+45° [, Casosl{ef5(v — u(e)) + g%l 5(v — u(e)) Heds(ule)) + e2ebs(u(e) (1 + £26%) da
+e° fQ dag85<g0)aa1/)(1 + 625ﬁ)d$
+et [, das(05(0(2))0ath + Oa(p(€))031) (1 4 €26%)dx + € [, d3305(p(€))D3h (1 + £26%)da
+€° [o Prasdy (9(e)){eh () + €26 5(v — u(e))}(1 + £26%)dr
—% Jo Pras0y (W) {els(u(e)) + %€k 5 (u(e))} (u(e)) (1 + 26%)da
+2e [, Prasd, (0(2){eh5(v — u(e)) + i (v — u(e)) (1 + £26%)da
—2e [, PyasOyt{€d su(e) + e2ebgu(e) (1 + e20%)d
+et [ Paag03(p(e)){eds(v) + 526&5(@ —u(e)) (1 + e%0%)dx
—e* Jo Pras®s(){ebgule) + %€ sule) }(1 + e%0%)dx
+26* [, Paas®s(i0(e) ) {ebs (v — u(e)) + el (v — u(e)) (1 + £26%)dr
—2e [, Psass(¥){elsul(e) + e2ehgu(e) }(1 + €26%)dx
+2% [ Pyas0s (p(){ef(e) (v — ule)) + £2(0a00a (vs — us(e)) + bis(£)Ds(v — u(e))
+€4€§3(€)(v —u(e)) (1 +e0F)dx — &7 [, Py3303(¥){efs(e)ule) + £*(0abOaus(e)
+b33(2)Dsuz(e) + ey (e)u(e) (1 + 26%)da + & [, Pagads(p(e)) {efs(e) (v — u(e))
+62(0,00, (v3 — us(e)) + by (2)D5(v — u(e))
tetels(e) (v —u(@)}(L+ 26 da — € [, PoanOs(){efs(e)ule) + £*(0abOnus(c)
+bhs(2)5us(e) + etely(e)ule) (1 +e20%)da + [1 qlu(e)|(1 + e20%){0s0 + b 1T
— Jo qlue(e)](1 + £26%){0s6 + 52bgﬁ}(1 +e269)dl > e [, r(e)(1 + 26%)dx
— Jr_ur, SE)U(L+ e26%)dl + € [, f(e)(v — u(e))(1 + £%6%)dx
+ Jr, 9(E)(© = u(e))(1 + 26){050 + 28, T

~—

—l-@ﬁQ?

V(v, ) € V(Q) x ¥(9),

(3.4)
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In (3.4), we use (3.2) and (3.3), we obtain,

([ Find (u(e), ¢(c)) € K(Q) x ¥(Q) such that :
3 Joy Cagor LROp(0 — ul(2)) + €265 50— w(e) HR (u(e)) + €265, (u(e) } (1 + 68

{€2Rf, () (u(e)) + by () sus(2)) + el () (ule)) (1 + €26 da
+2* [, Capos{ ROp(v0 — u(e)) + %€k 5 (v — ule)) He Rl (u(e)) + e2eby(u(2))}
+H{ RO (ule)) + €k 5 (ule)) He Ry (v — ule)) + e2eby(v — ule)) }(1 + £26%)dx
+2¢2 [, Cagss[{e RO3 (v — u(2)) + €%¢f5 (v — u(e)) HeRls () (ule))
+bi(2)Ds(u(2)) + etefy(€) (u(e))} + {2 Riz(e) (v — U( )
+biy (£)0s(v) + 4k (e) (v — u(e)) He R0 (u(e)) + e2ebs (u(e) H(1 + £26%)dur
+2% [, Capas[{R05 (v — u(e)) + e2€f5(v — u(e)) He? Rl () (u(e))
+biy (2)Osus(e)) + el (e )(u(8))} +{e?R33() (v — u(e))
+biy(€)0s(v — u(2)) + etely(e) (v — u(e)) H R (ule)) + %€k 5(u(2)) } (1 + 26 d
+4% [, Cagos[{e R0 (v — u(e)) + e2eby(v — u(e)) HeROs (ule)) + e2eks(u(e)) (1 + £26%)da
+€° [ dap0s(0)0aTa(e) (¥) (1 + £20F)da
+et [ da3(03((€))0aTal(€) (1)) + €04 (p(€))DaT3(psi) (1 + £°6%) da
+et [, ds305((€))073(e) (V) (1 4 €26%)dx
+27 Jo Prap0s(9(e)){ RO 5() (v — ule)) + 2y (v — u(e)) }(1 + 26 d
—€” [ Prag0y7(e)(¥ ){R () (v —u(e)) + ey (v — u(e)) }(1 + £26%)d

+26° [, Pra30y(o(e )){Raﬁ(v —u(e)) + 826(’15(@ —u(e))}(1 + e¢*)dx
—2e% [ P30y () (W) { RO gu(e) + € eaﬁu( e)}(1 + &26%)dx
+et [o Prap0s(0(e) { Ros(v — u(e)) + 526%(@ — u(e))}(1 + e26*)dx
—&* [, Psap0s73(e) (W){ RE gu(e) + &2 eaﬁu( e)}(1 + &26%)dx
+2¢* [, P3a333(<ﬁ(€)){832 (v = u(e)) + kg (v — u(e)) }(1 + £26*)dx
—2e* [ PoasOs7s(e) (W) {e Rozule) + €2€i3U( )} + 20" da
+63 [ Pyas0y (0(€){e? Ris(e) (v — u(e)) + by () Ds(v — U( ) + elel(e) (v — u(e)) }(1 + 26 d
—e fQ P733837'3(5)<¢){52Rg3(5)u(5) + bg3(5>a3u3( ) +e 633(5>U( )}<1 + 525u)dfﬁ
+¢2 [, Paga03(i0(€)){e? Rb3 () (v — u(2)) + by(€)ds(v — ule)) + el () (v — u(2)) }(1 + £26%)dr
—e? [, Paas0a7s() () {2 Rl (€)u(e) + by () Dsus(e) + el (e)ule) }(1 + £26%)du

T I alo()I(1+ <269 {00 + €2, )T — [r. qlus(e)| (1 + £26°) {058 + 205} (1 + £20%)dT
> ¢ fur(e0b(1 + 250 dr — [ G(eNe(1 + )T + < [ F(E) (v — u(e)) (1 + £26)da
+ Jr, 9(€) (0 = u(@)(1 + 25){050 + 2B }dT
V(v, ) € V(Q) x ¥(9),

(3.5)

Step 2. Since of, is such that lima® =1,

e—0

and o© > 0 we can introduce the following subset of K (2) defined by
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K(Q)={ve Hl(Q), v=0 on [y, v3(xy,z9,—1) > —0},

Let us insert the scaled strain tensor R?(¢) into problem (3.5).

After tedious but straight for ward computations.

.

Find (u(e), ¢(e)) € K(Q) x
5f9 aﬂdT{RaB( u(e))
+e° fQ Cs333{ Ris(e) (v —
+2¢° [, aﬁo—3{RQBE/U—

U(Q2) such that :

HRS, (ule))
u(e)) H R () (u(e)) yda
w(e)) HRos(u(e)} + {REs(ule)) HRGs(v — ule)) dw
+26° [ Casss[{ Roa(v — u(e)) H{REs(e) (u ())}+{R 5() (v —u(e)) HR%s (ule)) Yda
+26° [, Capssl{ Ros(v — u(e)) HR5(2) (u(e)) } + {RE3(e) (v — u(e)) H{RA; (ule)) Hda
+4e° [, Cazos[{ Roz(v — u(e)) HRo5(ule)) Y da
+e° o dap0s(9)0uTa(e) (¢)dx
+et [0 da3(05((€))0aTa(e) (1) + £0a(p(€)) 0s73(¢)) d
+€4 fQ d3383 ( ))837'3( )( )dl‘
+e° o PyagOy (p(e)){ Ros(e) (v — u(e)) }dx
—€ fQ Pyag0yT,(€)(¥ ){R 5(e)(v —ul(e))dx
+2e* [, Pra30y(o(e )){Rag(v—u( £))}dx
—255f9 Pya30,7,(€) (¢ ){Reﬁu@}dl’
+et [ PrasOs(p(e){ Ros(v — ule)) }dx
—&% [o, PaapOs73(e) (W) { Ropule) }da
+2€° [, P3a333(<ﬂ(€)){3§3(v —u(e)) tdx
—26% [, Paa30s73(e) (V) { Rosu(e) pda
+e° fQ P339, (0(e)){ Rs(e) (v — u(e)) yda
—&” [, Py330sm3(e) (W) { REs(e)ule) }d
+e” [, Ps3303(p(e) { R33(e) (v — ule)) dw
—&% [ Pazz0s3(€) (V) { R ()ule) b
+ Jo alv(e)|{0s03dT — [ qlui(e)| {90} dl + Bf(e,0,u(e), R*, v,7)
2 85 fQ T¢d$ - 85 fF,UFJr QS(E)?/)dF + 55 fQ f(’U - U(S))dl‘ + Lﬁ(g’ 6)’ Uﬂvb)
+¢5 fm g(v —u(e)){0s0}dl

V(v,1) € V(Q) x U(Q),

(3.6)
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then,
( Find (u(e),p(c)) € K() x ¥(Q) such that :
Jo Cism Rl () (v — u(e)) Ry (u(e))dz + [, dijmi(e)(p(e))7i(e) () dx

+ Jo Pirmi(e) (0(e)) R (e) (v — u(e))dx — [ PyrRl;(e)(u(e))mi(e) () dx

+ Jr qlvil0s0dT — [ qlus(e)|0s0dT (3.7)

Bi(e,0,u(e), R*,v,¢) > [,ride — fF_uF+ oYddl + [, f(v — u(e))da

+ fF+ g(’U - u(g)){aﬁ}dr + Lﬁ(g’ 0,u,wv, ¢>a

| V(0 ¢) € V(Q) x W(Q),

B(e,0,u(e), R*, v)is uniformly bounded, i.e., there exists a positive constant C/(6)
independent of ¢ such that, for all u € K(Q). v € K(Q). R® € L*(Q2) we have,

sup B(e,0,u(e), R, v,¢) < C(O)(|R|L2() + |ulm2(e)|v] m2(0)
rx<e<ep

We are now in a position to examine quantity B7.
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BH(z,0,u(e), R, v,0) = £ / Cogrr{ R (0 — ()26, (u(e)) + RY, (u(e))e2€k (v

—u(s))(l+525ﬁ)d93+5/903333{€2Rg3(5)(v—u(s))(bg3(€)83(vg —U3(€))+€46#(u(€)))
2 RA() (0 — u(=)) (B2 (us(2)) + ek () () H(1 + 20%)da

#26" [ Cunna B0 = (@) (u(6)) + Bl () 0)

FRY (u(2))22ek o (0) + 2Rl (0 — u(e))2eh y(ul=) }(1 + £0)d

#22° [ CunmleRl(o — u(2) by (€10 (2)) + &6k (£) D) Ry ) el — )
by (£)0yvs + ey (2) (0 — u(e)) + £ Rl () (0 — u(e))eeb (u(2))

()80 — u(e) + 'y (2) (0 — () (R (u(e)) + ek (u())](1 + £26%)d
42 [ Copmlip(0 — u(e)5E)0us(e)) + 6k 0 = u(2) + e ()0
(=) R (0 (w(e)) + (5 (2)0s(us(2)) + 2 efhu(e) + 22 Rl (v — u(e)) e (u(e))
et (u(e)) (€2 Rl () () + W (2)0s(us(2)) + teffu(e))](1 + 26)da

e /Q Cams[e R0 (0 — u(e)) + 265, (u(e)) + e R%, (u(e))e2eb o (v — u(e))](1 + £26%)da

+¢5 /Q 03 (0) Dt () ()26 i + & /Q A3 (93(2(€))DaTa(2) () + 20a(()) D73 (1) )25 de
+e /Q d3305(1p()) 0573 (€) (v)e* 6 d + €° /Q Pyas0s (0(e)) [{ Rap(e) (v — ule))

+elels (v —u(e))}e?d + %els (v — ule))da — &° /Q Py (£) () { Ros(e) (v — u(e))
+elels(v —u(e))}e0F) + €5 (v — u(e))lda + 2 /Q Pyas0y (0(e)) { Ro (v — ule))
el (v — u(€) }(€%0%) + e 5 (v — u(e))]d — 2¢* /Q P a30,7, () (V) { Ry gu(e)

+e?ef ju(e) }(e20) + %€l ju(e)|dw — /Q Psap03(0(e)) [{RE 4(v — u(e))

+elel (v — u(e)) (eP0F) + e 5 (v — u(e))]da — & / P3ap0s7s() () [{ Rapule)

+e?ef gu(e) ) + %€l yu(e)|dw + 2¢* / Pa305(p(€)) {eR%5 (v — u(e))

+e2ef (v — u(e)) M) + e2ef 5 (v — u(e))]da

26



Step 3.

g / Paas0s7s(2) () {e R yu(e) + 226 1u(2) }(e26%) + 26k yu(e)da
Q
b & [ Pt (DU R —u(e) + (o — u0) + e}

— u(e)) H(e20M)by () D5(v — u(e)) + ey (e) (v)]da — £° /Q Py330573() (1) [{e Riz(e)ule)
+ bg3(€)83U3(8) + 64eg3(5)u(6)}(525ﬁ) + bg3(5)63U3(6) + 64eg3(5)u(6)]d:v
+ & /Q Pys305(¢p(e))[{* Rl (€) (v — u(e)) + byg(£)Ds(v — u(e)) + ey (2) (v — u(e)) }(£26%)

+ bis(e)0s(v — u(e)) + el (e) (v — u(e)))dx — 2 /Q Pys30573(2) (1) [{” R (2)ule)
+ bha(e)dsus(e) 4 elely(e)u(e) M(e26%) + iy (e)Dsus(e) + elely(e)ule)|dx
+ / qlve(e)|e26* {90 + b}l — / qlus ()| (1 + €26%) {00 + €7V z }e20%dT

Finally, it can easily be shown that,
L#(e,0,u(e),v,0) = ¢&° / rpe?0tde — &° / Ppe26*dr
Q I_ur'y

+ &° /Q f(v—u(e))e®d*dr + 55/ 9(v — u(e))e?6*{ 90”0} s }dT

Ty

Lemma 3.3 The norms |u(e)|r2(q) and |¢(c)|r2) are bounded uniformly in €.
Next we let v = 2u(e) and ¥ = 0 in inequality (3.7),
—/ kalRwu(&?)Rkl(u(a))édx — / R;jka<€)(g0>Riju(€)(5dl’
Q Q

4 / glu|dl > — / Fu)oda — / 9(u)3{050 + <22, T
Q r,

Next we let v = 0 and ¢ = —p(e) in inequality (3.7),

/Q dijmi(e)(p)Tile) (p(e))odx + /Q BijiBRij (u(€))7i(e)(p(e))ddx
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_ / gludldr > / ro(e)dd — / dp(e)ddr,
_ 0 F_UF+

then,
/ Coon Rigu(e) Rig(u(e))oda + / Pyyre(e) () Royu(e)dda
Q Q
—/dz‘ﬂz(ﬁ)(90)71'(6)(90(8))5%—/Piijij(U(s))Ti(é)(<ﬂ(€))5dl’
Q Q
g/ﬂf(u)édxjt/r g(u)é{(’?gﬁ}df—/sfgp(e)éd:ﬁjLA " pp(e)odl
we find,

Jo Ciju Rl (e)u(e) Ry (2) (ule))ddw — [, digmi(e)()Ti(e)(p(e))da

< [ 1) = re@lde+ [ lo(w)0,0 + oplegoar.

ry

From this inequality, using the coerciveness properties of tensors C' and d, we get,

|RB(e)(u(@)] + |7(e) ()] < clllule)l 2@ — lle(E)ll 2 ()
< @) = leE)la @),

We recall korn ineqality and poincare inequality :

there exists ¢ > 0 such that,
()i (@) < cle’(we) |22, lo(e) 720y < cl(e) (@)1,
Therefore for e < 1, there exist ¢ > 0:
lu(e) i) + 16 Frz) < clle”(u(e)fai@) + I7(E) (01 Z2(0)

< IR () Eaggy + I17() () a)

< c(lu@)lar@) + lleE)a@)

Lemma 3.4 The tensor R’(e) = (RY(e)) € L*() is bounded uniformly in e in the
space L*(Q).
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these inequalities imply that the norms |[u(e)| a1 (@), [|@(e) || a1 (@), [R(€)(u(€))| 1)
17(e)((€))|1(e) are uniformly bounded.

Consequently, there are weakly convergent subseqences of v € HY(Q),p € HY(Q)
and R € H*(Q), 7 € H?*(Q) with,

u(e) — in H'(Q),

ple) = in H'(9),

R'(e)(u(e)) = Ra( ), in L*(Q),

T(e)(p(e)) = T(p),  in L*(9).
Moreoer, form the definition of R(¢) and 7(¢), we have the bounds:

68, 0(0)) 12009 = leas(u(€)) — 3 (B005())) 2@y < e,

1
et (u(€))r2) = leas(ule)) — —3a033u(8))|L2(Q) < cg,
|€§3(U( ))|L2(Q ce?
1050(€)|12(0) < ce.

Hence (e01p(¢), e02¢(¢), 056(e)) — (0,0, 03¢),
Hence e%(u(e)) — 0 in L%(Q), d5¢(c) — 0 in L?(Q2), we have the bounds :

eaalw)] < limintles(u(e))] =0

and,
|95p] < lim inf|dp(e)| = 0,

From (u,¢), since we deduce that e;3(u) = 0, we deduce that there exist a bi-
dimensional field ¢ = ({;) such that ¢, € H'(w) and (3 € H*(w) and u is a Kirchhoff-

Love displacement field.

From the other hand, since d3¢ = 0, the limit ¢ is independent of x3.
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Step 4.

Lemma 3.5 Let the operatorA(e) : u(e) — H'(Q)) which satisfies the weak conver-
gence,

A(e) s u(e) — A(u) € L*(Q).
If u(e) € K(Q) solves the variational inequality,

/A )).03(v —u(e /f v—u(e)) Yve K(Q),
then A(u) =

Proof. See [3, p 294] =

We now show that the whole family {u(e), p(g)} converges strongly:

Let us introduce the notation fQ CA : Adx = fQ CijrArA;j for all second order

symmetric tensor A and let [, dv : vdx = [, d;jvivi; for all vector v € R?,

c| R (e)(u(e)) — R’(u)[72(q)
< Jo C(RY(e)(u(e)) = R*(u) : (R%(e)(u(e)) — R'(u)))dx
< [ CR(u) : (R%(u) — 2R (¢)(u(e))dx + [, CR(u) : R®(u) : R?(¢)(u(e))du,

Since we have already established the weak convergences R(s) — R’ in L?(Q) as
e — 0, then,

li_r)r(1)|R(6)(u(5))—R( w) %2 @ S — Jo CR(u) : R(u)dw—l—li_r}no Jo CR(e)(u(e)) : R(e)(ule))d.
We let v = u ;3 =0 in (3.7), and pass to the limit, we get :

Then we have li_r)x(1)|R(€)(u(5)) — R(u)\%g(m < 0. which implies that the sequence
{e’(u(e))} converges strongly in L%(Q) to e’(u). Therefore by Korn’s inequality the
sequence u(g) converges strongly in H'(2) to u.

Similarly,

clm()(e(e)) = 7(9)12(q)

< Jod(r(e) = 7(9)) - ( (€)(p(e)) — 7(w))d,

< Jodr(9) = (7(@) = 27(e)(0(e)))da + [, dr()((€))) : 7(e)(p(e))dar
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Since we have already established the weak convergence 7(g)(¢(g)) — 7(p) in L?(€2)
as ¢ — 0, we get,

lime|(e) (p(2)) =7 ()12 < —/er(w) :7(p)datlim [ dr(e)(p(e))) : 7(e)(pl(e))de,

e—0 0 Q

~ 2
lime|r()((6)) — () 2aey < 0.
We already know that the limit u is a Kirchhoff-Love field. Choosing v = u(e), and
1 = @(e) as a test function, in(3.7),

/Q dijm () (p(€))7i(e) (¥)dw + / Bijr i (u(e))mi(e)(p(e))od

Q

BHe0,u(e) o) > [ rode— [ ovsdl + e, 0,u,0,0),
Q T

_ur'y

/Q dr() : 7(@)dz —lim | dr(e)(ple))) : 7(e)(ple))de

e—0 Q

So |T(e)(¢(e)) —7() %Q(Q) < 0 we get the strong convergence, the sequence {7(p(¢))}
converges strongly in L?(Q2) to 7(¢), then the sequence of ¢(g) converges strongly to
@ in H'(Q).

In addition, using the definition of quantities R{;(c) we have:

e (u(e)) — " (W)irg) < SaslRaple)(ule))
_Riﬁ<u>|%2(9)
+26%Sa| Ros(e) (u(e)) — Rag(w)l720)
+e*| Rz (e) (u(e)) — Rez(w)[720)-

Step 5. Using the same arguments in [I] and [3], an the strong convergences obtain the limit

variational inequality:

Find (u,¢) € Vk N K x ¥ such that:

0" ((u, ), (v =, 9)) +j(v) = G(u) = (v =), ), (3.8)
V(’U,@Z)) eVgkNK xW.
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where,

z]k:lR v)RY, (u d$+/dz‘j7'l(§0)7'i(¢)dx
Q

\\

Pijemi( d-f—/Piij?j(U)TiW)d%
Q

VK( = {U € H! (Q), 623( ) = O}

U, = {y € L*(Q), 050 € L*(Q)}.
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Conclusion

The present study on the case of a piezoelectric shallow shells of Signorini’s contact with
Tresca’s friction on rigid foundation, gives a new two-dimensional limit models problem

from three-dimensional elasticity.

This justification of this model obtained by asymptotic analysis with convergence

result.
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Title: Frictional contact of piezoelectric Shallow Shell
Abstract
The objective of this thesis is to study the asymptotic modeling of three
dimensional problems of linearly elastic shallow shells, with and unilateral contact
and friction.
In the first Part, we are placing a three dimensional models for a linearly elastic

Shallow Shells. With and unilateral contact and friction. Called equations of
piezoelectric Shallow Shells.

In the second Part, Using technics from asymptotic analysis, we justify two
dimensional models. Transformation into a problem posed over an ash domain 2.
In the third Part, we prove the convergence of the solution when the thickness of the
Shallow Shells tends to zero and establish the limit problem of a piezoelectric
problem for Shallow Shells in unilateral contact and friction
Key words:
Linear shallow shell theory, asymptotic analysis, Signori problem.

Titre: Contact par frottement de pour les coques peu
Profondes piézoélectrique

Résume

L'objectif de cette thése est d'étudier la modélisation asymptotique de problemes
tridimensionnels de coques peu-profondes linéairement élastiques, avec friction et
contact unilatéraux.

Dans la premiére partie, nous mettons un modele tridimensionnel pour des
coquilles peu profondes linéairement élastiques, avec contact et friction unilatéraux.
Equations appelées des coquilles piézoélectriques peu profondes

Dans la deuxiéme partie, en utilisant des techniques issues de I'analyse
asymptotique, nous justifions les modeles bidimensionnels. La transformation en un
probléme posé sur un domaine sh 2.

Dans la troisieme partie, nous prouvons la convergence de la solution lorsque
I'épaisseur des coquilles peu profondes tend a zéro et établit le probleme limite d'un
probléme piézoélectrique pour les coquilles peu profondes en contact et en friction
unilatéraux
Mots clés:
théorie de coque peu-profonde linéaire, analyse asymptotique, probléeme de Signorini,
frottement de Coulomb.
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