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Introduction

Singular perturbation theory concerns the study of problems featuring a parameter
for which the solutions of the problem at a limiting value of the parameter are different
in character from the limit of the solutions of the general problem; namely, the limit
is singular. In contrast, for regular perturbation problems, the solutions of the general
problem converge to the solutions of the limit-problem as the parameter approaches the
limit-value. Though classically having their origins in the study of differential equations,
singular perturbation problems occur in a broad array of contexts.

A great deal of the early motivation in this area arose from studies of physical problems
(O’Malley 1991, Cronin and O’Malley 1999). Notable examples are Poincare’s work on
time-scales for periodic phenomena in celestial mechanics and Prandtl’s work on fluid
flow (Van Dyke 1975 ), Van Der Pol’s work on electric circuits and oscillatory dynamics
studies of biological systems and chemical reaction kinetics by Segel and others and Each
of these areas yield problems whose solutions have features that vary on disparate length-
or time-scales.

Particularly, in the theory of anisotropic singular perturbation boundary value prob-
lems, the solution u. does not converge, in the H' -norm on the whole domain, towards
some g, since the perturbation is only taken in some directions. Thus we construct
correctors which are simple functions that ensure the affinity of w. towards wuy in H*
-space.

In this work, we will consider the same problem as in [5] but with Dirichlet boundary
conditions, then we construct a composite asymptotic approximations to get the conver-
gence results on the whole domain.

The dissertation is organized as follow



In the first chapter, We provide the necessary basic tools for our study.

In the second chapter, we deduce the outer asymptotic expansion and some conver-
gence results far away from the boundary layers from [2] for our problem.

Then, in the last chapter, we give the definition of the formal correctors and a justifi-

cation of the proposed composite asymptotic expansion.



Chapter 1

Basic Tools

We recall in this chapter some basic notions and properties as an introduction to linear

elliptic problems (see [1, &, 9]).

1.1 L9—spaces and Distributions

Definition 1 Let ¢ > 1 be a real number, Q) an open subset of R*, n > 1
L1(Q2) = {v : Q — R, v is measurable and /Q|v ()| dz < oo} :

and

L () ={v:Q — R, v is measurable | Ix such that|v(z)| < Kk, a.e. x €N}

o ={ [ oG dx}é,

V|00 = Inf {K such that |v(z)| <K, ae z€Q}

Equipped with the norm

and

respectively, where L1 (Q) and L*™ (2)) are Banach spaces.

In the following we recall some elementary properties of L%—spaces (in particular, the

case where ¢ = 2).

Theorem 2 (Tonelli) Let u(X;, X3) : Q1 X Qs — R be a measurable function satisfying



1. / U(Xl,Xg) dXQ < 00 a.e. X1 € Ql,
Qo

2. / Xm/ u(Xl,Xg) dX2 < 00.
Q1 Qo

Then w € L' (£ x ).

Theorem 3 (Fubini) Assume thatu € L' (1 x Q). Then for a.e. x € Qy, u(X;, Xs) €
L) and
/ u(X1, X9)dX, € L' ().
Q2

Similarly, for a.e. Xy € Qg,
U(Xl, XQ) € Ll(Ql) and / U(Xl,XQ) dX; € Lt (Qg) .
Q1

Moreover, one has

/ Xm/ U(Xl,X2> dXQ :/ dXQ/ 'LL(Xl,XQ) dX1 :// U(Xl,Xz) dXQXm
Ql Q2 Q2 Ql legg

We denote by D () the space of infinitely differentiable functions with compact sup-

port in €2 where the support of a function p is defined as
suppp = the closure of the set {z € Q| p(x) # 0}.

Definition 4 Let 2 C R" be open and let 1 < g < oo. We say that a real value function

q
loc

u belongs to L] (Q) if ux € LUQ) for every compact set K contained in 2 where x is

the characteristic function of K.

Note that if u € LY

loc

(92) then u € L} (). Then we have

loc

Lemme 1 Let u € L}, () such that

loc

/ugpdx:O, Vo e D(Q).
Q

Then v =0 a.e. on (.



If X is a normed linear space, then the collection of bounded linear functional on X
is called its dual space and is denoted by X’. In particular, for any 1 < g < oo the dual
of L7(§2) can be identified with L9 (Q2) where ¢’ is the conjugate number of ¢ which is
defined by

1 1
S+ =1,
q g

L with the convention that ¢ = +00 when ¢ = 1 (in particular if ¢ = 2 we

. ;
l1.e., ¢ = (F_l

also have ¢’ = 2).

Theorem 5 (Holder’s inequality) Assume that v € L1 () and v € LY (Q) with 1 <
q < oo. Then uv € L' (Q) and

[ fuel de < g ol o

For ¢ = 2, ¢ = 2, we have the Cauchy—Schwarz inequality in L? (2). We also recall

the classical form of Young inequality

1 1
Kiky < —K{ + —//ig VK1, ko > 0
q q

with 1 < ¢ < oco. More general Young inequality can be written as

< Suo ¢ v >0
Ri1Rg = ql‘fl Ro R1,Rg =2

1
e
where ¢ is positive constant. Note that the last inequality can be derived from the previous
one by replacing x; and ko by ek, and kq//e respectively.

In the following we would like to introduce the notion of distributions.

Definition 6 A distribution T' on Q is a continuous linear functional on D (2). We will
denote by

(T,p) =T(p) YoecD(),
and by D' (Q) the space of all distributions on §).

In what follows, we use the abbreviation D%, for o = (g, g, . .., o) € N*| the partial

derivative given by
olel
B 8311 e aar?

T

DOA
where |a] = ay + -+ 4+ a,. In the next we will clarify the preceding definition.
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Definition 7 Let T € D' () for some open set Q C R".
1. If a is any multi-indezx, then we define D*T', the a—weak partial derivative, by
(DT, ) = (=1)*(T, D).
2. Given 1p € C* (), we define YT by
(YT, ) = (T vp) -

Remark 8 One of the key feature of distributions is the fact that we can differentiate
them - in some sense - as much as we wish. Indeed, if u is a function that is k—times
differentiable in Q, k > |a|, then the distribution D*u coincides with the function D®u,

the partial derivative of u in the usual sense.
We define now the convergence in D’ (£2).

Definition 9 Let (T},), oy be a sequence of distributions on Q. We say that when n — oo,

T, =T inD (Q)

(Tny0) = (T,0), VYoeD(Q).

Now we recall the notion of weak convergence. A sequence (u,), n € N, in a normed

space, X is called weakly convergent to an element v € X, if
f(uy) = f(u) asn— +4oo, VfeX
In this case u is called a weak limit of the sequence and we write
U, — U as n — +oQ.

Note that

U, v inX=u,—v inkX, asn— +oo.

The converse is not true in general. However, a weakly convergent sequence is bounded.

Then we have



Proposition 10 Let u,,u € L7(Q). If we suppose that when n — +o0,
Up, —u in LT(Q), (respectively u, — uw in LT(Q2)) 1< q < oo,
then we have
u, = u in D' (Q).
Proposition 11 The operator D*, o« € N* is continuous on D' (Q), i.e.

T, =T inD (Q)= DT, — DT in D' (Q) asn— .

We conclude this section by the following results often used to prove the weak conver-

gence of a whole sequence.

Theorem 12 (Weak compactness of balls) If (u,) is a bounded sequence in a Hilbert

space H, there exists a subsequence (uy, ) of (u,) and w € H such that

Up, — U aS Ny — 0.

k

Proposition 13 Let X' be a reflexive Banach space and (u,) a bounded sequence in X .
We assume that there exists u € X such that every weakly convergent subsequence of (uy,)

has a limit equal to u; then the whole sequence (u,) weakly converges to u.
We also have

Theorem 14 Let u,,v, be two sequences in H such that v, — u and v, — v when n

tends to +00. Then we have

(Up, Up) = (u,v) inR, asn— +o0.

1.2 Lax—Milgram Theorem

Lax—Milgram theorem is a key tool for solving elliptic partial differential equations. In-
stead of a scalar product one can consider more generally a continuous bilinear form.
Suppose that (H, (.,.),) is a Hilbert space, V C H is a linear subspace of H, and (., .),,

is an inner product on V that turns V into a Hilbert space.

10



Moreover, we suppose that the embedding V < H is continuous, i.e. there is a positive

constant s such that

vl < klvly, Yoe. (1.1)
Definition 15 A bilinear form a :V x V — R is said to be
1. continuous if there is a positive constant A such that

la (u,v)] < Aluly, [v|, Yu,v eV,

2. coercive if there is a positive constant A such that

a(v,v) > A |v|i Yve.

Then we have the following theorem.

Theorem 16 (Lax—Milgram) Assume that a(.,.) is a continuous coercive bilinear form

on V. Then, given any f € V', there exists a unique element u € V such that

a(u,v) = (f,v), Yve.

1.3 Essential Features of the Sobolev Spaces

The Sobolev spaces are very convenient tools to study the partial differential equations.
In this section we concentrate ourselves to the most simple ones. Then, we firstly define

Wha(Q) as follows
Wh(Q)={ve L1(Q)]dy,ve L (Q), i=1,.,n},

where 9;,v denotes the derivative of v in the weak sense. Equipped with the norm ||
is a Banach space and it is reflexive for 1 < ¢ < oc.

In the next, we focus on the properties of Hilbert spaces. For ¢ = 2, 2 be an open
subset of R", n > 1. We denote by H'(Q) the subset of L?(Q) defined by H' (Q) :=
Wha () which is a Hilbert space equipped with the scalar product

(u,0), o = / (Vu - Vo + uv) dz,
Q

11



where “Vu” denotes the Gradient vector (9,,u,,,u, . ..,0, u)’. However, here we can

also state

Theorem 17 Assume that Q) is a bounded Lipschitz domain of R™, then the canonical

embedding from H' (Q) into L? (Q) is compact.

We use of the above theorem in partial differential equations as follows. From any
bounded sequence in H' () we can extract a subsequence converges weakly in H! (Q),
strongly in L? (2), and almost everywhere in Q.

Now, let us denote by I'y a subset of I' = 02 the boundary of €2, such that
|F0| > 0,

where |T'g| denotes the measure of T'y. Define C} (Q, FO) as the set of continuously differ-
entiable functions on Q (T is a Lipschitz boundary). An important subspace of H* () is
V the space defined as

V = the closure of Cj (Q,T) in H' ().

lul,, = {/|Vu da:} — |Vul,g (1.2)

defines a norm on V which is equivalent the H'-norm when 2 is bounded. This is an

The mapping

immediate consequence of the following lemma.

Lemme 2 (Poincaré’s inequality on V) Let Q) be a bounded open subset of R*. There

exists a positive constant k such that
Vo S Kl =k |Vulq VoeV.

In particular when Ty = T' = 9Q we set H{ (Q) := HJ (Q,T) which is the closure of
D(Q) in H' (). We denote by H™! (Q2) the dual space of H} ().

An other most important properties of the trace are the following

12



Theorem 18 (Green formula) For all u,v € H'(Q), we have

/Qv(x) Do () da — —/Q(()xiv(x)u(x) dx+/m% () 70 () v do

where v = (vy, ..., vy) the outward unit normal to I' = 0Q and vy (respectively do ) denotes

the operator trace (respectively the superficial measure on I' = 0%2).

13



Chapter 2

Outer Asymptotic Expansion

In this chapter we construct an outer asymptotic development to the weak solution of
anisotropic singular perturbation problems of elliptic type. Since the perturbation is only
taken in one direction, the convergence of this expansion is ensured in the Sobolev Space

far away from the boundary layer.

2.1 Position of the Problem

In order to describe the class of problems that we would like to address, we first introduce

some basic notations and hypotheses. Let {2 be a bounded open cylinder in R" i.e.
Q:wl X Wy = (—1,1) X W2,

where w, is bounded lipschitz domain of R*™! (n > 1), we denote by = (z1,...,2,) =

(X1, X3) the points of R* where
X1 = (.flfl), X2 = <$2,...,l’n),

i.e., we split the coordinates into two parts. Throughout this manuscript 0,, denotes the

partial derivative in the x;—direction. With these notation we set

Vu = (Opu, ..., 0,u)" = ( O ) ,

VX2u

where

Vit = (Ogytts ..., Oy )" .

14



For a function
f e L*Q), (2.1)

we ensure the existence and the uniqueness, (from Lax-Milgram theorem), of a weak
solution u. to

(2.2)

—e?0%,u: — Vi, - (Vxous) = f in Q,
u: =0 on 0f),

in the following sense

Ue S H3<Q)7

52/8X1u58X1vdx +/VX2u€~VX2vdx:/fvdx, Vo € HY(Q). (2:3)
Q Q Q

2.2 Formal Asymptotic Expansion

As it is shown in (see [1]) the limit ug of u. is the unique solution, for a.e. X; € wy, to

the following lower dimension problem

_VX2 : (VX2U’0<X1> )) = f<X17 ) n wy, (2 4)
up(X1,-) =0 on duwy, '
in the following sense, for a.e. X; € w,
ug(X1,-) € Hy(ws),
(2.5)

VX2U0(X1,X2) : VXQU dXQ = / f(Xl,X2>’U dXQ, Yv € H&(WQ)

w2
The existence and the uniqueness of wug is followed from the Lax-Milgram theorem, since
for a.e. X7 € wy = (—1,1), f(X1,) € L*(wq) . The convergence holds out on the whole
domain €2, but with respect to topologies weaker than that of the space of existence of

ue; H' (Q). We mean the following functional space
V(Q) ={uel*Q)|VxuelL’(Q)},
equipped with the norm

02 = / (lu @) + [Vayu (@)) de.

15



The improvements related to the convergence u. — wg investigated on one hand the
topology type by considering the standard Sobolev space on domains located far away
from the boundary layer {—1,1} X ws and on the other hand the rate of convergence.
Unfortunately, these improvements are limited by the nature of the problem. It can go
until an exponential rate of convergence if ug be independent of z;, however, a rate of
convergence as

u. —ug = o0 () in L* (W] X wy), W) CC wy

where w] = (—a,a) CC (—1,1), 0 < a < 1, can not take place in general case.
Now, in order to reduce the approximation error we can propose an asymptotic devel-

opment of u., i.e. it should be expressed as a power series of € in the form
Ue = Up + EUL + - - . (2.6)
Consequently, this allows to chose U, as a polynomial in ¢, i.e.
UN =g +euy + -+ eNuy.

Formally, if we substitute the asymptotic expansion of (2.6) into (2.2) and expand the
left-hand side in powers of ¢, we then deduce, after equating coefficients of equal powers of
g, that the coeflicient uy are solutions of the following system of boundary value problems,

defined on the section wy for a.e. X7 € wy = (—1,1),

{_VXQ (Vxuo(X1, ) = f(X1,)  in ws, @7)
uo(X1,-) € Hy(ws),
{—VX2 (Vxur(X1,-) =0, in w,, 2.9
u1 (X1, ) € H (wo).
and for N > 2,
—Vx,  (Vxun(X1,)) =0x, - Ox,uny—2(X1,7)) in wo,
{UN(Xl, ) € Hy(wa). (2.9)

Our perturbed problem is now reduced to a sequence of the elliptic boundary value prob-
lems (2.7), (2.8) and (2.9) which can be easily solved iteratively once the solution of (2.7)

has been constructed and has the necessary smoothness.

16



Remark 19 It is clear by using the problem (2.7)-(2.9) defined each coefficients uy,
N € N, that we have only the pairs coefficients of the asymptotic representation (2.6), i.e.
u; =0 foralli=2k+1, k€ N,

As it is mentioned above, the problem (2.9) will be solved iteratively. That is to say,
in order to define uy, for N > 2, as a solution of (2.9) in the following weak sense, for

a.e. X; € wy,
UN(X17 ) - H&(u@)

/ VXQUN<X1, ) . VXQU dXQ = / 8)(1 (8X1uN_2(X1, )) UdXQ Yo € H&(WQ)
: 2 (2.10)

we need to ensure the smoothness of uy_o, in the following sense
%, un—2 € L*(Q). (2.11)

Again we have to ensure the existence and the uniqueness of uy_s, of course as solutions
of the same problem (2.10) replacing N by N — 2 respectively, as well as their smoothness
in (2.11). So, to simplify the study, in the following we suppose that we have all the
necessary smoothness regularity for the existence of the coefficients uy € H' (2), where

N be an even integer, i.e. N =2k, k € N.

2.3 Asymptotic Convergence Results
Now we pass to the main outer asymptotic expansion result.

Theorem 20 (Outer Asymptotic Expansion of Higher Order) Under the sufficient
assumptions to get uy € H' (Q), N € N, and for any w; CC (—1,1), it holds that, when

e —0,
Ry(e) =0 ("), Vx,Rn(e) =0 (eN1Y), 0x,Rn(5e) =0 (gY) (2.12)

N
in L? (w] X wo) where Ry(+;€) = u. — > e'u;.
i=0

17



Proof. First, we notice that for N = 0, the same results of this theorem are shown in [/,
Theorem 3]. For N > 0, we proceed by induction on N and suppose that the estimates
(2.12) take place for any N’ < N, and we will prove this result for N. Strating from
(2.10) written for k = 2,4,..., N and multiplying each k—identity by €* then summing
up over k =2,4,..., N, we obtain, for v € Hj ()

N-2

N
52/8X1 (Z€ZU1) 0X1vdx+/vx2< 5’@-) -VXQde:/fvdx
Q Q i=0 @

i=0
Of course the identity (2.5) is added and we integrated over w;. Then subtracting the
above identity from (2.3), we get

82/ Ox,Rn_2(x;€)0x,vdx + / Vx,Rn(z;€) - Vx,vde = 0. (2.13)
Q 0

Next, we consider a smooth function p = p(X;) supported in w{ CC wy, p = 1 on
W) = (—a,a),0 <a<1and 0 < p<1. This allowed to take v = Ry(-;€)p*(X1) € H}(Q)
as a test function in (2.13) that leads to

52/pg(?XlRN_g(:v;s)ﬁleN(x;a) dx+/p2VX2RN(.J:;€)-VXQRN(;E;e) dz
Q Q

= —252/8X1RN_2(x;5) (Ox,p) pRN(x;€) dx.
Q

Thus
/Q p°V-Ry(w;€) - VoRy(z;¢) da
= —252/Q@X1RN_2(:E;5) (Ox,p) pRy(x;¢) dr — 5N+2/Qp28X1uN8X1RN(x;5) dx.
where V., = < 832 > . Next applying the Poincaré and the Cauchy-Schwarz inequalities,
we get

VRN (560 < 262/ Cy 105, Pl gy 0% B2 €) |y vy [PV 0 BN (5€) a0

+eN M 0x, unly g € 1pOx, R (5 €)laq » (2.14)

where C,, is the Poincaré constant. Then, using Young’s inequality and the convergences

(2.12) on wy = (—=b,b) ,0 <a < b < 1 forall N < N, we end up with
e |pOx, R (5650 + [PV x, B (5 8) 50 < C*VH2

18



This completes the proof. m

The authors M.CHIPOT and S.GUESMIA improves in [1] the results (2.13) by

|U,5 — U0|2,w/1><w2 = 0(52), |VX2 (Ua - UQ)’27W/1><W2 = O(52>’

and
|8X1 (UE - u0>|2,wi Xwy 0(8),

under more smoothness assumptions on the data, i.e. the function f.

Then we end up with

Theorem 21 Let N =2k, k € N\ {0}, we have

|RN (a €)|2,wi><w2 = O(€N+2)a |VX2RN (a 6) = O(€N+2)v

|2,w’1><w2

and
‘aXlRN (';€>’2,wi Xwy O(€N+1>7
N2
where Ry (+;€) = ue — Y e%uy.
i=0

Proof. Using (2.14), we have

/p2V5RN(.;€) -V.Ry (;¢) dor = —252/8X1RN_2(.;5) (Ox,p) pRx (.;¢) da
Q Q

—€N+2/p28X1uN8X1RN(.;€) dz.
)

We suppose that

p28X1uN S H&(wl).

Thus, by using Green’s formula it follows that
/p2V€RN (;€) VR (;e) dox = —252/8X1RN2 (;€) (Ox,p) pRy () dz
Q Q

+€N+2/8X1 (p28X1uN) RN (.;E) Xm dXQ,
Q

19
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(2.17)

(2.18)
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(2.20)

(2.21)



SO
p°V.Ry (z;€)- V.Ry(x;¢) do

SR

= —252/8X1RN2 (x;€) (Ox,p) pRN (x;¢€) dx
0

+25N+2/8X1uN (Ox,p) pRy (x;¢€) dz
9}

+€N+2/(8§(1UN) p’Ry (z;¢) du,

Q
Using the Cauchy-Schwarz and Poincaré inequalities, we get

(2.22)

pVRy (5€)l5q < +2¢2/Co, |0x, By s (58|t s 1951 Ploo o [PV 3 B (5 €) 5.0

+2eN+2, /C,, |VX1UN‘2,Q ‘Vle‘oo,w/l’ 1PV x, R (5 5)‘2,9
+5N+2\/C_u)2 ‘63(111“1\7‘2,9 PV x,Rn (';€)|279

Using Young’s inequality and (2.18) reads for N — 2, we get
VR (€)|pq < CN2
This completes the proof of the theorem. m
Corollary 22 We can also get
By (+ 5)|H1(w;xw2) = 0(M).
Proof. Using the Triangular inequality, we have
0x, By (5 6)‘2,0.)/1)(0.)2 < |0x, Rn2 ( 5)|2,ngw +eM*? |0x; N 42 2w Xwy *
Using (2.18) in the above inequality, we obtain
103, BN (5589 1wy < CENT2,
since uny1 = 0. Then, from (2.17), we get
RN (58) gy < C™F2

This completes the proof of the corollary. m

20
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Chapter 3

Composite Asymptotic Expansion

In this chapter, we will construct a composite asymptotic expansion on the whole domain.

3.1 Formal Correctors and Properties

For the construction of the correctors to each coefficient of the outer asymptotic expansion

uy, N € N, given in Chapter 2, we denote by S;", S;” the half-cylinders

Sl+ = (l,+OO) X Wy,

Sl_ = (—OO,Z) X Wa,

where [ € R. Then, we define the following functions

(@) :{ (1)—33 o E?’,ﬂoo) : (3.1)
e ={ 0, e (52)

0 on (—o0,0)
ppj(z) =4 =  on [0,1] : (3.3)
1 on(1,400)

1 on (—oo,—1)
pr-y(x) =¢ —x  on [—1,0] . (3.4)
0 on (0, 400)
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For the first boundary layer, i.e. near x;y = 1, we introduce u%] as the solution, for

e>0, NeN,to
uy € Hy(S5),
/Vug\l,] -Vvd:E:/V{pm(Xl)uN(l—Xl,Xg)} -Vodr Vv e H}SY). (3.5)
S& Cha

The existence and the uniqueness of ug\l,}, N € N; follow from the Lax-Milgram theorem.

Then we set
W (X1, Xo) = b (X1, Xo) — ppy(X)un(1 — X1, X5),  ae.xzeS;,  (3.6)

and denote by Hgf,’l] the function defined as

1-X;

O (X0 Xo) =l (T Xe) e e Q) (3.7

Then, for e > 0 and N € N, we can consider wg\l,} as the weak solution to

Aw][\l,] =0 in Sy,
wll = —uy(1,X)  on {0} X ws, (3.8)
wE\l,] =0 on (0, +00) X Jws.

In other part, for the second boundary layer, i.e. near x; = —1, we introduce also

ug\?” as the solution, for e > 0, N € N, to
uy ! € Hy(Sy),

/VUE\?H -Vodz = /V {p[fl](Xl)uN<_1 — Xl,XQ)} -Voudz Yv € Hé(SO_),
So So
(3.9)

The existence and the uniqueness of ug\?l]7 N € N, follow from the Lax-Milgram theorem.

Then we set

wi (X, Xo) = uy (X, X)) — pg (X un (=1 — X1, Xy)  aezeS;,  (3.10)

and denote by 9%’71] the function defined as

-1-X;

ol (X1, Xo) = wi c

, Xo) a.e.x € (. (3.11)
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Then, for e > 0 and N € N, w%u is the weak solution to

Awg\?” =0 in Sy,
wi = —un(=1,X2)  on {0} X w,, (3.12)
wg\?” =0 on (—00,0) x Jws.

Notation 23 We denote
e ForveV,={ve H Q") |v=00n 00"\ {0} xws}, QF=(0,1) x wy
(X1, Xs), X12>0,X5 € w,,
(X1, Xo) = (3.13)
U(—Xl,XQ) X1 < O,XQ € wo.

o ForveV_.={ve H Q) |v=00n 00"\ {0} xw}, O =(-1,0) % wy

v(—X1,Xs), X1>0,X5 € ws,
U(Xl,X2> X < 07X2 € Wo.

In the following, we mention some properties of the above formal boundary layer

functions (or correctors).

Lemme 3 For N € N, the following identities hold

i) For everyv € V.

/ VA Vovde = — (3.15)
Ot

/ (gzaxlegaﬂam + Vi, 0 -VXQ@) dx

G-
i1) For everyv € V_

/ Ve Voode = — / (528X19£3"118X1@ + Vi, 057 VXZT)) dz.  (3.16)
o

O+

Proof.

i) For [ > 0, we set Q) =

(0,1) X wy. Then first note that for v € V, we have
0 (1 —eXy, Xo) € HYQF). Then, if we replace the test function in the weak formu-

lation of (3.8) by 0(1 — X7, X5), we have

/vw[” (X1, X5) - V(1 — Xy, Xy) dz = 0, (3.17)
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whence
/Vw][\l,] Vil —eXy, Xy)do = — / vl Vol —eXy, Xp)da. (3.18)

+ \oF
ot Qz\Ql
€ &

€

Using (3.7) in (3.18) and we set that X| = 1 — X, we obtain respectively

/ng\l,] VH(1 — Xy, Xs) da

of
[ w05 (X1, Xa) 0,0 (X1 ) o [ Dl (1, Vo (4], Xo)
of of
s 5 (3.19)
and
/ Vol Vi(1—eXy, X;) do = — / VO (X, X,)-Vi(X], X,) da. (3.20)
o\ Q3\Q]

Making the change of variable X; 1 — €X; in the integrals above (3.19) and

(3.20), we obtain respectively

/Vw V(1 — Xy, Xo) da /V 9. Vovde (3.21)

and

]‘ € A 13
/ Vol Vo(l — eXy, Xo) do = - /528)(10%1]3)(1@ + Vi, 05" Vi de

25\ @
(3.22)

We compensate (3.21) and (3.22) in (3.18) this completes the proof of assertion i)

) For the second identity in the lemma, we set €2, = ({,0) X wy with { < 0. Then first
»). Then if we replace the

note that for v € V_ we have 0(—1 — eXy, X») € Hi(Q2,
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test function in the weak formulation of (3.12) by 0(—1 — X, X5), we get

/ ng\?” (X1, X2) - VO(—1 — Xy, Xo)dz = 0, (3.23)
=
whence
/ Vol V- Va(—1—eXy, Xp) do = — / Vw1 Vo(—1—eXy, Xo) da. (3.24)
2, Q,\0,

Using (3.11) in (3.24) and setting that X| = —1 — X}, we get respectively

/vwﬁg” Vi(—1— Xy, Xp) da

Q-

- / O, 65 (X1, Xy) 0,0 (X], Xy) o

Q_l

(3.25)

- / Vafo (X, Xy) - Vv (X, X,) du,

Q-

€

and

/ Vw1 V(X Xy) do = / VO (X, Xo)-VH(X], X,) de. (3.26)

Q°,\07, 07,\07,
£ € € €

Making the change of variable X; — —1 — X in (3.25) and (3.26), we have

respectively

_ 1 _
/ Vi V(=1 - eXy, X,) dz = g/vaeﬁ 1. v,.0dz, (3.27)

o, Q-

€

and

— ]- £,— ~ e,— ~
/ VU)EV ! ’ v{}(X{?XQ) dzr = E /528X10E\[7 118}(1’0 + szej[\f U : VXQU dz.
Q:J\Q; Q+

€ €

(3.28)

25



We compensate (3.27) and (3.28) in (3.24).This completes the proof of the lemma. =

Lemme 4 There exist positive constants C,a > 0 independent of ¢ such that for every

N € N, we have
ﬂ 2
/’Vw[l] dz SCes/’Vw][\l,] dz (3.29)
So
and
vl = 11|
wy | dx <Ce™ Vwy ™| de. (3.30)
ST, Sy

€

Proof. Without loss of generality, we assume that ¢ < 1.

i) Let v+ : [0,4+00) — [0, 1] be a continuous function such that

0 on (0,1 —1),
W@ =q e+1-2  on [[-12],
1 on (,400).

Since v (X)wl € HY(S]), we have

/vw“ V(X)W [”> da = 0. (3.31)

Thus
/Vw VwayE (Xq)dz = — / aXle\lj]aX17:(X1>wE\lf} dz

ST ,\S1
€

€

Then, we have
1/e

/WﬁJm<//Ww
Si
Young’s inequality

2 1 2 1 2
/‘ng\lf}‘ dx§§ / ‘8)(11,0][\1,]) dx+§ / )wg\l,] dz.

+ + + + +
57 S1_,\S1 ST \51
£ € € £

v (X) dx—l—/‘Vw ]

1

de < / ‘8)(1 wg\lf]

€ € €
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Applying the Poincaré inequality in Xs-direction, we get
Cy, 2
Zen / ‘VXQ S

1
/’W’] de < 3 / ol de 5
SI_I\Sg s;_l\sg
1+C, 2
< UFG) +2 :) / ‘Vw% da

+ +
,I\S%

2

(1+ng) g
— 5 /‘VwN

S1

€

so that
vl |
wy | de <r Vwy | dz,
S+

(14Cuy) < 1. Tterating [] times this formula, we then obtain

where r = 2+ (14Cur)

/‘Vw[ dx < rle / ‘Vw dz.
ST ST
B -3
Since £+ —1 < [1] < 1 we deduce
1 2
/‘ng\l,]‘ dz < pel / ’ng\l,] de < = llm/’VwJ[\l,] dz
r
o1 ST S
—a |
< (Ce= Vwy | dz.
Sq

where a = —Inr.
[0, 1] be a continuous function such that

ii) Let 7 : (—00,0] —
1 on (—oo,_?l),
(@) =q —r+l-2 on [T +1],
0 on (=F+1,0).

Since fy;(Xl)w%” € Hy(Sy ), we have
/ij[vl} -V (o (Xl) ) dz =0.
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Thus

/ij[\?” : nggl]%_(Xl) de = — / 8X1wg\7”6X17€_(X1)w][\71] dz.

S S;l+1\S_T1

€

So, we have

2
/ ‘ng\?”‘ dz < / ‘axlw][;”( ‘w%”‘ dz.

€

ST, S%lJrl\S%l

Young’s inequality

—1]? 1 —1|? 1 172
/‘Vw][\,”‘ dx§§ / ‘aXleV”‘ dx+§ / ‘wg\,l}‘ dz.

57, STy, ,\S1 S1
£

€ € €

1\5*—1

€

+

Applying the Poincaré inequality in Xs-direction, we obtain

2 1 2 y 2
/‘ij[\,”‘ dr < 5 / ‘axlw[ 1}‘ dx—i—% / ‘Vx2w[ 1]) dx

s,

€ € € € €

2
< w / ‘vwkl] da

S~ S~
2410

£

1 —1|? 1 w -
_ 1+ G / ’ij[vl]‘ o ¢ +202) / ]VwEV”

2

S
—1
—+1

2
/‘ij[\?”‘ dz <r / )ng\?”

ST, ST,
< = t1

and thus
2

dz,

(14+Cuy)
2+(1+Cu, €

2 2
/ ‘Vwﬁg”‘ de < rl#l / ‘vwgv‘”‘ dz.
ASV71 871 1

= = tlg

where r =

28

S;JFI\S; S;jq\S;

SZ

7 Iterating [%] times this formula, we then obtain

2

dz,



Since 1 —1 < [1] <1 andr <1, we deduce

2 2
/ ‘Vw%” < pe! / ‘Vw][\?l} dw
e )
—a [—1] 2
< (Ce™= Vwy dz.
So.

This completes the proof of the lemma. =

Lemme 5 There exist positive constants C, o > 0 independent of € such that for every

N € N, we have

2
/|v Oy (o) de < Ce™ /(vw ! da:+/)vu;£;”) dz (3.33)

ST Sy

where ®y (z;¢) = pry(X)0S (X1, Xo) + oy (X005 (X1, X,) in Q.

Proof. From the definition of ®y(-;¢), we have

/!WDN (z;2)? dx:/‘VE {nx0ed @)} da:+/‘V (e @) | dr
Q Q-

(3.34)
For the first term of the right-hand side of (3.34), we obtain

T, = /)v Py (X1)0 }(Xl,XQ)}f dz

_ /(82 [axl {ﬁ[—u(X1>91[3’1]<X1’XQ)HQ+

A (X)) V057 (X1, Xa)

2
>dx

o
2 . 1] | ~ 112 |- 1] ]2
= € |:8X110[—1](X1)9N +p[—1](X1)8X10N ] +‘p[—1}(X1)vX20N dx.
o
So
T < 22 | |owpa (X0 [65Y] dz+2¢ [ 15X x5
I }le[—u( 1)‘ N T+ 2 ‘/7[—1]( 1) N x
o o

2

V0 dr.

+/ }ﬁ[—l}(Xl)‘Q
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Using the Poincaré inequality in the above inequality, we obtain

T < 20, |[Vits (X, %) o T2 9[“<X1,X2> +\Vx29[“<X1,Xz>m_
< 222|008 420, +1)‘vx g’
- 2.0- 2 2 2.0

2 &2
< 2Cu+1) [ (e ‘axleN

n (v&eﬁl

1|2
)dx.

2
Ty <2(C,, + 1)8/ ‘ng\l,]‘ dz.

1

€

Making the change of variable X; —

Using (3.29), we obtain

/‘V 1(Xq) 8”(Xl,Xg)H dz < Ce= /‘Vw]\l,]‘ dz. (3.35)
S+

Now, for the second term of the right-hand side of (3.34), we get

T, / ‘Va {ﬁm(Xl)@Ef/—”(Xl,Xg)}‘z dz

_ /( [8x1{ H(X)0E (X, Xy) }]2+ ‘ﬁ[l](xl)v&e}a*”(xl,X2)

2
) dx
O+

9 2
_ / <52 [aXlﬁ[l}(Xl)QE\?_l} + ﬁ[l] (Xl)axleg\é}’_l]} + ’ﬁ[l} (X1>VX20AE\€/7_1}‘ ) dx’

O+

So

T, < 282/}axlﬁ[l](Xl)H@z[ff_” dz

2 o (- 5 1|2
dz + 2¢ ‘p[l](Xl)‘ ’aXIQN’
+

2
+/}ﬁ[1](X1)|2‘VX29E3’_1] dl’
+
Using the Poincaré inequality,
2
7, < 20, [V 65 (X, X[ 22 o O 1](Xl,XQ) ‘VXQ 05Xy, X)

) 2
< 2¢

01 (X1, Xo) i
N 1,22 2.0+

< 2(CwQ+1)/ (52

(20, +1) ‘v)@e}@"”(xh X)

2
) dzx.

2,0+

+ |V
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—-1-X3

Making the change of variable X; — , we obtain

dzx.

2
Ty < 2(C., + 1)e / )vwgg”
S,

Using (3.30), we get

/‘v (X605~ 1(X1,X2)H de < Ce = /’Vw ”‘ da. (3.36)
k.

We compensate (3.35) and (3.36) in (3.34). This completes the proof of the lemma. m

Remark 24 There exists, for every N € N, a positive constant C > 0 independent of €

such that
/ ‘vxgww de < C, (3.37)
Sy
/ )VXQwE;” "< (3.38)
S

Indeed, it is clear by (3.8) (resp. (3.12)).
Remark 25 From what we done above, we can easily show that
(un+ 65" +05 " —oy) e B (@), NeN

Now, we can show the theorem below

Theorem 26 Let u. and uy, N > 0, be the solutions to (2.3) and (2.10). Then, there

exist two constants C, o > 0 independent of €, such that

2 2
] dx+/‘VwZ[_1]

S¢ Sq

— N+2/8X1UN8X1RWN($;€) dl’,

dz p  (3.39)

N
3 —
SR (), < CeFY) /]vw,ﬂ

N2
where RWy(+e) = Ry(+6) — > &% [051] + 95’71] — ®yi(-6)| € HLHQ).
i=0
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Proof. Taking v = RWyx(-;¢) € H}(Q) in (2.13), we get

62/aleN_Q(ZL‘;€)6X1RWN(CC;E) dz + /VXQRN(Z‘;€) . VX2RWN(ZE;€) dx = 0.
Q Q

Then
/ V.RWy(z;€) - V.RWy(z;6)dr = —eV T2 / Ox, unOx, RWnx(z;€) dz
Q Q
N
- Zei/vsﬁz[e’l] -V.RWpy(z;e)dx
=0 Q
N
=Y e / V.0V RWy (2 €) da
i=0 P
N
+251/V6®i(3§;6) - V-RWy(z;¢) du,
=0 Q
whence
‘VERWN(';{:‘)’;’Q = —€N+2/8XIUN8X1RWN(.;6)C1$

Q
N
- & / V.0EY V. RW () da + / V0P V.RWy(e) da
=0 _

O+
N

-y e {W/ V.0 Y RWy (. e) da + / V.0 Y RWy (. e) dx}
i=0 g Ot
N

+Z€i/ve®i(.;a) -V.RWyx(.;e)dx.
=0 Q

Using (3.15) and (3.16) -since RWy(+;¢) € Vi, RWn(-;¢) € V_, we get
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IV RWy () = —eV / Ox, unOx, RWn(.;¢)dx

—_—
N\ €

Q
N N
-y / V0P VRWy (o) de 4 Y& / VbV RW () da
=0 O =0 O-
N N
+) ¢ / V07 VRWy (o) do =Y & / V07 V.RWy(;¢) do
=0 Gy =0 Gy

N
+Z€i/VECI>i(:c;5) - V.RWy(;¢)dz,
=0 )
Using the Cauchy-Schwarz inequality for the three last lines, we obtain

|VERWN(';€)|;Q S —€N+2/8X1UN(9X1RWN(ZE;6)C1I‘
Q

+ 306 V| IV RWA (59l

—_—
N{€

3 V.4t . )VERW ( )]

-+ Z et Vsﬁz[s’*”

‘VERWN(-;a)‘
2.0+

2,0+

+y et vt

o [VERWN (2

N
"‘Zéi [Ve®;i(; 5)|2,Q [VeRWn (4 8)|2,Q '
i=0
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Using Young’s inequality, we have

|V.RWi (-5 e )|2Q < —6N+2/3X1uN8X1RWN(x;5)dx

o VR )

N
le,1]
+Z(ﬂ 2

=0

[51
+Z 1| V.6! o

(

0 (u V.o’
> (v
(

=z

1 _—
s ERW )
1 ]v N(e)

_I_
M- 1

gL,

2,0+

.
|

.
NE

1 2
+@wmmwmm0

2,0+
0

.
|

WE

S (v, + M%mmmw%)

I
=)

7

Choosing p = 3(N + 1), we get

3
Z|VERWN(';E)|§7Q S —€N+2/6X1UN6X1RWN(£L‘;€)dCE
Q

N

+3 BN+ 1) [Ve®i(5 )| q

=0
N
+3 6(N +1) ‘v gl ”

1=0

+Z6N+1 )vea -1f?

20+

Using (3.33) and making the change of variable X; — =X (resp. X; — ==%1) in the

last line, we obtain
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EIVERWN(-;e)\;Q < —5N+2/8X1uN8X1RWN(x;5)dx
0

2

N . 9
+) 3N +1)Ce ™ /‘vwE] dx+/‘vu;£‘” dx
i=0 5t 5o,
2
+Z6(N+1)/‘vfw£” do
1= ST
2
+Z6(N+1)/‘vw£ 97 da.
=0
57,

Using (3.29) and (3.30), we get
% \VERWN(-;a)];Q < —€N+2/6X1UN8X1RWN(£L“;€) dzx
0

2 (1] 2
dx—l—/‘Vwi ’ dz

S0

N
+) 3N+ 1)Ce /‘sz[”
=0

So

2
dx

N
+Z6(N+1))ce‘f/‘vw£”

=0 SSL

N _ 2
+Z6<N+1)Ce?/‘vw£‘”‘ dz,

=0

So

so that

This completes the proof of the theorem. m
Now we turn to our composite asymptotic expansion where we start by the first

composite asymptotic approximation on the whole domain €2 in the following section.
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3.2 First Composite Asymptotic Approximation

As the first convergence results, we have

Theorem 27 Under the sufficient assumptions on the data, we have the following error

estimate:

Ue — Uy — 9([)5’” — 9([)5’71}

= O(e), ‘VXQ (uE — oy — 6 — 9([)5’71]) ‘29 = O(e),
| (3.40)

2,0

and

‘aXl<ua-u0-9§4}-9§f”)] —0(1). (3.41)

2,0

Proof. Using (3.39) reads for N = 0, we get

3 —a 2 2
SV RWy (3 2) g < O /Wﬁﬂm+/h%ﬂ(M—§/mm@ﬂm@@m.
S Sy @

Using (3.37) and (3.38), we obtain

Z ]VERWO(-;8)|§,Q < Ce= — 82/8X1u08X1RW0(:c;5) dz,
0

since RWy(+;¢) € H}(R2). Using the Cauchy-Schwarz and Poincaré inequalities, we get
3 —a
4 V. RW(6)l50 < Ce = + €7 |0x,olyq |0x, RWo(+5€) g -
Young’s inequality
1 —a
5 [VeRWo(6)l50 < Ce™ 4 &% Ox,uol50.

so that
IV-RWo(+5€)l5q < Ces + Ce™.

Using the Triangular inequality, (3.33), (3.37) and (3.38), we obtain
e — g — 9([)5,1] _ 9([)87—1]‘ iy ‘VXQ <u€ ~ g — 9([)5,1] B 9([)5,_1}>‘ < Ce.
27

and

<C.

2,0

’axl (u5 — Uy — 9([)6’1] — «9([)8’_1}>

This completes the proof. m

We can improve the rate of convergence as follow
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Theorem 28 The solution ug to (2.5) is a strong limit of the sequence u.— [9([)5’1] + 9([)5’71]]

in HY(Q) and the following error estimate is valid:

U — Uy — 9([]3’1] + 0([38’_1]‘2 0= o(e), ‘VXQ (ua — Ug — 6’([)6’1] + 9([)5’_1]> ‘2 =o(e),

and

’8)(1 (us — Uy — 9([)6’1] + 9([]8’_1]> )2 G =0 (1), (3.43)

Proof. Firstly, the estimates (3.40) and (3.41) are valuable. Then, we can extract a

weakly convergent subsequence of Jx, (u: — up — 0([)5’1] + 9([)6’_1] + ®g(+;¢)) in L*(Q), since

the boundedness of )axl (ue —ug — 9([)5’1} + 9([)8’_1] + Qo (- 5))) o and according to (3.40),
27

it follows that the whole sequence converges weakly to zero, i.e.
O, (e —ug — O + 657V 4 @y(6)) =0, in L3(Q). (3.44)

Going back to (3.39),

3 2 = | -2
CIV.RWo(se)f30 < Ce™ V| de+ [ |Vl | da
St Sy (3.45)
—82/8X1u08X1RW0(3:;€) dz.

Q

Applying the weak convergence (3.44), we get
|0x, BWo (5 €)= 0(1), [V, BRWo(55€)lp0 = 0(e) . (3.46)

Using the Poincaré inequality in the Xs-direction, with the help of the estimates (3.46)
we complete the proof of the theorem. m
We can also improve the rate of convergence again if we assume more smoothness

assumption on the data as in the following theorem.

Theorem 29 We have, as e — 0

U — Ug — 9([)6’1] + 9([]8’_1]

=0(2), [V (we—w— a5+ =0,

2,0 2,0
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and

‘axl (u ~ g — 0 egfv—”) ‘2 =00, (3.48)

Proof. Integrating by part the last integral of (3.45), we get

Z IV-RWo(+56)[50 < Ces + 52/8)(1 (Ox,uo) RWo(z;€) de,
Q

since RWy(+;€) € H}(S2). Then

2 \VERWO(-;a)];Q <Ce= + 52/8§(IUORWQ(.T;€) dz.

Q

Using the Cauchy-Schawrz, Poincaré and Young’s inequalities, we obtain
LV RW ()2, < Ce™ + 227 |02 o
9 € o\" 2,0 = X, 40 20"

This completes the proof. m
In the following we will show the convergence results for the higher order composite

asymptotic expansion.

3.3 Composite Asymptotic Expansion of Higher
Order

We have the following convergence results

Theorem 30 Under the sufficient assumption on the data, the solution ug to (2.5) is a
N N

strong limit of the sequence u. — Y e'u; — > &' [«91[5’1] + 91[5’_1]} in HY(Q) and the following
i=1 i=0

error estimate s valid:

N N
U, — & |:Uz + 0@[5»1] + 92[57*1]:| ’ VXQ (ua o ZEi |:ul + 91[5 1] + 91[5 1}]) O <€N+1) ’
1=0 2,0 1=0 2,0
(3.49)
and
N
Ox, (us - Z&ti [ul + 02[5’1] + (91[5’1]]> =0 ("), (3.50)
i=0 2,0

where ug;, 1 = 1,2,...,N/2, is the solution to (2.10).

38



Proof. We have

2
dx

N
3 N 2 B
CIVRWA(e)f, € CeFY /’vwﬂ dx+/‘VwZ[ 1
=0 | 2 g
s S

—5N+2 8X1uN8X1RWN(x;5) dl’,

2

since RWy(-;¢) € Hg(Q2). Using (3.37), (3.38), Cauchy-Schwarz and Poincaré inequalities,
we get

3 —a
4 Ve RWy(56)|50 < Ce= + N ax unlyg € [0x, RWn (5€)|q -
Young’s inequality
1 o
5 |VERWN(-;€)|§,Q < Ce= +e2N*? |3X1UN|§,Qa

so that
]VERWN(-;g)@,Q < Ce= + Ce?N*2,

Using the Triangular inequality, (3.33), (3.37) and (3.38), we obtain

N
> ‘VXQ (ua — Zgi [Uz + el[a,l] + 92[5,—1]}>
2,0

=0

ue = Y&t fui+ 00 4 o] < CeNt!

N
=0

i
and

< CeN.

N
Ox, (u8 — et [uz + «91[6’1] + 91[5’_1]}>
i=0

since e= = O(e2NV*2). This completes the proof. m

2,0
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Conclusion

From this study, we see that;
we can improve the convergence results by the higher order composite asymptotic

expansion in some particular case, for instance where we have more smoothness data.
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Abstract. In the theory of anisotropic singular perturbation boundary
value problems, the solution . does not converge, in the H' -norm on
the whole domain, towards some ug. In this work, we construct a
composite asymptotic approximations for the weak solution of a linear
elliptic problem with Dirichlet bouandary conditions to get the
asymptotic convergence on the whole domain.

KeyWords. Anisotropic, singular perturbations, elliptic, linear
problems, regular and composite asymptotic expansions, rate of
convergence, correctors.



