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1 اا
ا ا وال ا

ت ا
2 . . . . . . . . . . . . . . . . . . . . . . . . . (BPF's) ا ا وال ا 1 .1
2 . . . . . . . . . . . . . . . . . . وا ذات ا ا دوال 1 .1 .1
5 . . . . . . . . . . . . . . . . . . . ذات ا ا وال ا 2 .1 .1
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20 . . . . . . . . . . . . ذات ا ا وال ا ا 1 .3 .1
23 . . . . . . . . . . . ذات ا ا وال ا ا 2 .3 .1
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ول ا اا ا وال ا
(BPF's) ا ا وال ا 1 .1

:
[2] [1] ا ا دوال إن

ة م دة و ، ئ ل ذات ة دوال
ء ـ ا ة ول ت د ا ه ، ى ا ا وا ا و ، ا

و ا ا دوال را ا م ،1969 م
. وا دوال ا ا رات ا زا ا

. و وا ق ا ا دوال ،أ ا ذا

وا ذات ا ا دوال 1 .1 .1
φ ا ا ل ف و و ت ل ا 1 .1 .1

: [0, T )

φi(x) =

{
1, iT

m
≤ x ≤ (i+1)T

m
,

0, sinon,
(1 .1)

. د m و i = 0, 1, 2, ...,m− 1

. T = 1 ن أن ة ا
. m = 4 أ ا ا وال ا ء ا
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ول ا اا ا وال ا

x1h 2h 3h 4h

φ0(x)

1

x1h 2h 3h 4h

φ1(x)

1

x1h 2h 3h 4h

φ2(x)

1

x1h 2h 3h 4h

φ3(x)

1

(m = 4) ا ا دوال :1 .1
[3][2] 1 .1 .1

ةو وال ا ه ن و ـ و ة دوال ا ا دوال إن
: ا ا

φ̃i(x) =

{√
m, i

m
≤ x ≤ (i+1)

m
,

0, nonsi,
(2 .1)

. د m و i = 0, 1, 2, ...,m− 1

[4][3] : ا اص ا وا ذات ا ا دوال
: ا .1

φi(x)φj(x) =

{
φi(x), i = j,

0, i ̸= j,
(3 .1)

i, j = 0, 1, 2, ....,m− 1

: ا .2
< φi, φj >=

∫ 1

0

φi(x)φj(x)d(x) = hδij, (4 .1)
. و دا δij و h = 1

m

3



ول ا اا ا وال ا
f = 0 م ∫ 1

0
φi(x)f(x)d(x) = 0 ن اذا f ∈ L2([0, 1)) ا أي : .3

:ن. ا ∞ ا ول m∫ 1

0

f 2
i (t)d(t) =

∞∑
i=0

f 2
i ∥φi(t)∥2, (5 .1)

ا
∥φi(t)∥2 =

∫ 1

0

φi(t)
2dt, (6 .1)

fi =
1

h

∫ 1

0

f(t)φi(t)dt, (7 .1)
، [0,1) ل ا ا ة ا وال س أ ا ا وال ا إن

[1]: ع ا ا وال ا س أ

Φ(x) = [φ0(x), φ1(x), ........, φm−1(x)]
T , (8 .1)

. x ∈ [0, 1)

[5]: (1) ا ا ه

Φ(x)ΦT (x) =


φ0(x) 0 · · · 0
0 φ1(x) · · · 0... ... ... ...
0 0 · · · φm−1(x)

 .

∫ 1

0

Φ(x)ΦT (x)dt =


h 0 · · · 0
0 h · · · 0... ... ... ...
0 0 · · · h

 = h ∗ I = D.

ΦT (x)Φ(x) = 1.
[5]. m ذات ع X

Φ(x)ΦT (x)V = Ṽ Φ(x), (9 .1)
Ṽ = diga(V T

i φi(x)),

ا ا وال ا س أ اء ا (m×m) ا ذات Ṽ

[1] : V ع

Ṽ =


V T
0 φ1(x) 0 · · · 0

0 V T
1 φ2(x) · · · 0... ... ... ...

0 0 · · · V T
m−1φm−1(x)

 .
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ول ا اا ا وال ا
: [5] ا ن (m×m) ا ذات G و V ن إذا أ

ϕT (x)GΦ(x) = ĜTΦ(x), (10 .1)
[1]. m ذات ع رة Ĝ

أي
Ĝ =

 φ1a11 + φ2a12 + · · ·+ φma1m...
φ1am1 + φ2am2 + · · ·+ φmamm

 .

ذات ا ا وال ا 2 .1 .1
[1][2] 2 .1 .1

: s ∈ [0, T2) ,x ∈ [0, T1) ذات ا ا دوال ف

φi,j(x, s) =

{
1, iT1

m1
≤ x ≤ (i+1)T1

m1
, iT2

m2
≤ s ≤ (i+1)T2

m2
,

0, sinon,
(11 .1)

. ن ن دان m2, m1و j = 0, 1, 2, ...,m2 − 1 , , i = 0, 1, 2, ...,m1 − و1
.h2 = 1

m2
, h1 =

1
m1

و T2 = 1, T1 = 1

[3]: ا اص ا ذات ا ا دوال
: ا .1

φi,j(x, s)φk,l(x, s) =

{
φi,j(x, s), i = j, k = l,

0, i ̸= j, k ̸= l,
(12 .1)

k, l = 1, 2, ...,m2 − 1 و i, j = 1, 2, ...,m1 − 1

: ا .2
∫ 1

0

∫ 1

0

φi,j(x, s)φk,l(x, s)dxds =

{
h1h2, i = j, k = l,

0, i ̸= j, k ̸= l,
(13 .1)

م ∫ 1

0
φi,jf(x, s)dxds = 0 ن إذا f ∈ L2([0, 1)× [0, 1)) أ أي : .3

. ا ∞ إ ول m2 و m1 و . ن f = 0

∫ 1

0

∫ 1

0

f 2
ij(x, s)dsdx =

∞∑
i=1

∞∑
j=1

f 2
i ∥φi,j(x, s)∥2, (14 .1)

fi,j(x, s) =
1

h1h2

∫ 1

0

∫ 1

0

f(x, s)φi,j(x, s)dsdx, (15 .1)
5



ول ا اا ا وال ا
[1] 2 .1 .1

ا ا دوال دا اء ا ذات ا ا دوال دا
: وا ذات

φi,j(x, s) = φi(x)⊗ φj(s), (16 .1)
. و اء ل ⊗

Φ(x) = [φ0(x), φ1(x), ........, φm−1(x)]
T , (17 .1)

. ا ا m2 و m1 ا ذات وا ذات ا ا دوال φj(x)و φi(x)

(m×m) ا ذات ع ذات ا ا وال ا إن ∗
[1].
(18 .1)

φi,j(x, s) = [φ0,0(x, s), ......, φ0,m2(x, s), ........, φm1,0(x, s), ......, φm1−1,m2−1(x, s)]
T ,

(x, s) ∈ ([0, 1)× [0, 1))

[1]: (1) ا ا ه

Φ(x, s)ΦT (x, s) =


φ0,0(x, s) 0 · · · 0

0 φ1,1(x, s) · · · 0... ... ... ...
0 0 · · · φm1−1,m2−1(x)

 .

. m2m1 ذات ع X

Φ(x, s)ΦT (x, s)X = X̃Φ(x, s), (19 .1)
ا ا وال ا س أ اء ا (m1m2)× (m1m2) ا ذات X̃

: X ع
.A (m1m2)× (m1m2) أ أ ح ج ا ذا ا إ

φT (x, s)Aφ(x, s) = ÂTφ(x, s), (20 .1)
. m1m2 ذات ع رة Â
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ول ا اا ا وال ا
ا ا 2 .1

ذو 1 .2 .1
ذو ا ا وال ل

ا وال ا س أ ل وا ذات L2([0, 1)) ء س أ Φ ن
[3][1] ذات ا

f(x) ∈ L2([0, 1)) ن ا
: ا ا ا وال ا س أ ل

f(x) ≈
m−1∑
i=0

fiφi(x) = F TΦ(x) = ΦT (x)F, (1 .1)

F T = [f0, f1, ..........., fm−1], (2 .1)
و

ΦT (x) = [φ0(x), φ1(x), ........., φm−1(x)], (3 .1)
و

fi =
1

h

∫ 1

0

f(t)φi(t)dt, (4 .1)

ا ا وال ا س أ ل اص
: ا ا ا .1

[3] : ا ا وال ا ل ,f(x) = k أ

k = k
m−1∑
i=0

φi(x), (5 .1)

: ن ع k ن إذا أ
k = [k, k, k, ...., k]Φ(x) = kETΦ(x), (6 .1)

E = [1, 1, 1, 1, ....., 1]T

: دا اء .2
ا ا وال ا س أ ل ذات دا اء
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ول ا اا ا وال ا
[3]:

kf(x) =
m−1∑
i=0

(kfi)φi(x)

=k

m−1∑
i=0

fiφi(x),

(7 .1)

: ن ع f(x) ن إذا أ
kf(x) = k(f0, f1, ........., fm−1)ϕ(x)

= kF TΦ(x),
(8 .1)

دا ح و .3
[3]: ا ا وال ا أو g و f ا ا

f(x)± g(x) = (
m−1∑
i=0

fiφi(x))± (
m−1∑
i=0

giφi(x))

=
m−1∑
i=0

(fi ± gi)φi(x),

(9 .1)

: ن g و f ن إذا أ
f(x)± g(x) = (f0 ± g0, f1 ± g1, ........., fm−1 ± gm−1)

= (F T ±GT )Φ(x),
(10 .1)

دا و اء .4
ا وال ا ا ا أ أو اؤ g و f ا ا

[1][3] : ا

f(x)g(x) = (
m−1∑
i=0

fiφi(x))(
m−1∑
i=0

giφi(x))

=
m−1∑
i=0

(figi)φi(x),

(11 .1)

: (f/g) أ g ̸= 0 ن إذا

f(x)/g(x) = (
m−1∑
i=0

fiφi(x))/(
m−1∑
i=0

giφi(x))

=
m−1∑
i=0

(fi/gi)φi(x),

(12 .1)
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ول ا اا ا وال ا
: ن أ g و f ن إذا أ

f(x)g(x) = (f0g0, f1g1, ........., fm−1gm−1)Φ(x)

= F TDGΦ(x)

= GTDFΦ(x)

= ETDFDGΦ(x),

(13 .1)

و
f(x)/g(x) = (f0/g0, f1/g1, ........., fm−1/gm−1)Φ(x)

= F TD−1
G Φ(x),

(14 .1)

G و F ا ا وال ا ت ت DG و DF

: ا ا
[1] 1 .2 .1

X و Xn ا ا ا وي أو أ ا ذات ا ا ر ن إذا
: ا ا x(s) و [x(s)]n وال ا ا وال ا ت

: X و Xn ف ن ا
XT = [x0, x1, ............, xm−1], (15 .1)

ا
XT

n = [xn
0 , x

n
1 , ............, x

n
m−1], (16 .1)

. د n ≥ 1

n = 1 أ ن
[x(s)]n = x(s)

n+ 1 أ ن ا
[x(s)]n+1 = x(s)[x(s)]n

= XXn ≈ (XTΦ(s))(XT
nΦ(s))

≈ XTΦ(s)Φ(s)TXn

= XT X̃nΦ(s),

(16 .1) د ا ام ن ا
XT X̃n = [xn+1

0 , xn+1
1 , ............, xn+1

m−1],

. ا ا ا ذات ا ا ا ه n+1 أ و(1. 16) د ا ءا إذن
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ول ا اا ا وال ا
ا ا وال ا س أ ل وا ذات f(x) 1 .2 .1 ل

m = 4 أ ا ا م ن ا f(x) = 2x2

f(x) ≈
3∑

i=0

fiφi(x) = F TΦ(x),

F T = [f0, f1, f2, f3],

φi(x) =

{
1 i

4
≤ x ≤ (i+1)

4
,

0 nonsi

fi ا ا ب و φi(x) ب م ن ا
φ0(x) =

{
1, 0 ≤ x ≤ 1

4
,

0, nonsi,

φ1(x) =

{
1, 1

4
≤ x ≤ 1

2
,

0, nonsi,

φ2(x) =

{
1, 1

2
≤ x ≤ 3

4
,

0, nonsi,

φ3(x) =

{
1, 3

4
≤ x ≤ 1,

0, nonsi,

fi ا ا ب
fi =

1

h

∫ 1

0

f(x)φi(x)dt

f0 = 4

∫ 1
4

0

2x2dx =
1

24

f1 = 4

∫ 1
2

1
4

2x2dx =
7

24

f2 = 4

∫ 3
4

1
2

2x2dx =
19

24

f3 = 4

∫ 1

3
4

2x2dx =
37

24

و
f(x) =

1

24
φ0(x) +

7

24
φ1(x) +

19

24
φ2(x) +

37

24
φ3(x)

دا ح و 2 .2 .1 ل
f(x)و = x2 ا ا وال ا س أ ل ذات g(x) و f(x)

. ا ا g(x) = x

. m = 4 أ ا ا م ن ا
10



ول ا اا ا وال ا

f(x)± g(x) = (
3∑

i=0

fiφi(x))± (
3∑

i=0

giφi(x))

=
3∑

i=0

(fi ± gi)φi(x)

φ0 =

{
1, 0 ≤ x ≤ 1

4
,

0, sinon,

φ1 =

{
1, 1

4
≤ x ≤ 1

2
,

0, sinon,

φ2 =

{
1, 1

2
≤ x ≤ 3

4
,

0, sinon,

φ1 =

{
1, 3

4
≤ x ≤ 1,

0, sinon,

gi و fi ا ا ب م ن ا
fi ا ا ب

fi =
1

h

∫ 1

0

f(x)φ(x)dt

f0 = 4

∫ 1
4

0

x2dx =
1

48

f1 = 4

∫ 1
2

1
4

x2dx =
7

48

f2 = 4

∫ 3
4

1
2

x2dx =
19

48

f3 = 4

∫ 1

3
4

x2dx =
37

48

gi ا ا ب
gi =

1

h

∫ 1

0

g(x)φ(x)dt

g0 = 4

∫ 1
4

0

xdx =
1

8

g1 = 4

∫ 1
2

1
4

xdx =
3

8

g2 = 4

∫ 3
4

1
2

xdx =
5

8

g3 = 4

∫ 1

3
4

xdx =
7

8

11



ول ا اا ا وال ا
و

f(x)± g(x) = (
1

48
± 1

8
)φ0(x) + (

7

48
± 3

8
)φ1(x) + (

19

48
± 5

8
)φ2(x) + (

37

48
± 7

8
)φ3(x)

f(x)± g(x) ر (f ± g)(x) ب
f(x) + g(x) = x2 + x

= h(x)

h(x) ≈
3∑

i=0

hiφi(x) = HTΦ(x)

HT = [h0, h1, h2, h3]

hi =
1

h

∫ 1

0

h(x)φ(x)dt

h0 = 4

∫ 1
4

0

(x2 + x)dx =
7

48

h1 = 4

∫ 1
2

1
4

(x2 + x)dx =
25

48

h2 = 4

∫ 3
4

1
2

(x2 + x)dx =
49

48

h3 = 4

∫ 1

3
4

(x2 + x)dx =
79

48

و
h(x) =

7

48
φ0(x) +

25

48
φ1(x) +

49

48
φ2(x) +

79

48
φ3(x)

إذن
f(x)± g(x) = (f ± g)(x)

دا و اء 3 .2 .1 ل
f(x) = x2 ا ا وال ا س أ ل ذات g(x) و f(x)

. ا ا g(x) = xو
. m = 4 أ ا ا م ن ا

دا اء
f(x)g(x) = (

m−1∑
i=0

fiφi(x))(
m−1∑
i=0

giφi(x))

=
m−1∑
i=0

(figi)φi(x)

φ0 =

{
1, 0 ≤ x ≤ 1

4
,

0, sinon,

12



ول ا اا ا وال ا
φ1 =

{
1, 1

4
≤ x ≤ 1

2
,

0, sinon,

φ2 =

{
1, 1

2
≤ x ≤ 3

4
,

0, sinon,

φ1 =

{
1, 3

4
≤ x ≤ 1,

0, sinon,

(2 .2 .1 ل (ا
F T =

[
1

48
,
7

48
,
19

48
,
37

48

]

GT =

[
1

8
,
3

8
,
5

8
,
7

8

]
و

f(x)g(x) = (
1

48
× 1

8
)φ0(x) + (

7

48
× 3

8
)φ1(x) + (

19

48
× 5

8
)φ2(x) + (

37

48
× 7

8
)φ3(x)

= (
1

384
)φ0(x) + (

21

384
)φ1(x) + (

95

384
)φ2(x) + (

259

384
)φ3(x)

دا
f(x)/g(x) = (

m−1∑
i=0

fiφi(x))/(
m−1∑
i=0

giφi(x))

=
m−1∑
i=0

(fi/gi)φi(x)

و
f(x)/g(x) = (

1

48
÷ 1

8
)φ0(x) + (

7

48
÷ 3

8
)φ1(x) + (

19

48
÷ 5

8
)φ2(x) + (

37

48
÷ 7

8
)φ3(x)

=
1

6
φ0(x) +

7

18
φ1(x) +

19

30
φ2(x) +

37

42
φ3(x)

. ا ا f(x)/g(x) و f(x)g(x) ر (f/g)(x) و (fg)(x) ب
(fg)(x) = x3

= h(x)

. m = 4 أ h(x) ا م ن ا

h(x) ≈
3∑

i=0

hiφi(x) = HTΦ(x)

HT = [h0, h1, h2, h3]

hi =
1

h

∫ 1

0

h(x)φ(x)dt

13



ول ا اا ا وال ا
h0 = 4

∫ 1
4

0

x3dx =
1

256

h1 = 4

∫ 1
2

1
4

x3dx =
15

256

h2 = 4

∫ 3
4

1
2

x3dx =
65

256

h3 = 4

∫ 1

3
4

x3dx =
175

256

و
h(x) =

1

256
φ0(x) +

15

256
φ1(x) +

65

256
φ2(x) +

175

256
φ3(x)

إذن
f(x)g(x) ̸= (fg)(x)

(f/g)(x) ب
(f/g)(x) = x

= t(x)

m = 4 أ t(x) ا م ن ا

t(x) ≈
3∑

i=0

tiφi(x) = T TΦ(x)

T T = [t0, t1, t2, t3]

ti =
1

h

∫ 1

0

t(x)φ(x)dt

t0 = 4

∫ 1
4

0

xdx =
1

8

t1 = 4

∫ 1
2

1
4

xdx =
3

8

t2 = 4

∫ 3
4

1
2

xdx =
5

8

t3 = 4

∫ 1

3
4

xdx =
7

8

و
t(x) =

1

8
φ0(x) +

3

8
φ1(x) +

5

8
φ2(x) +

7

8
φ3(x)

إذن
f(x)/g(x) ̸= (f/g)(x)

14



ول ا اا ا وال ا

ب. ا وا ذات ا F ع ا ب :3 .1
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ول ا اا ا وال ا
ذو 2 .2 .1

ذات ا ا دوال س أ ل
ذات ا ا وال ا س أ f(x, s) ∈ L2([0, 1] × [0, 1]) ا

[3][1] :

f(x, s) ≈
m1−1∑
i=1

m2−1∑
j=1

fi,jφi,j(x, s) = F TΦ(x, s) = Φ(x, s)TF (17 .1)

F T = [f0,0, f0,1, ...., f0,m2−1, ....., fm1−1,0, ....., fm1−1,m2−1] (18 .1)
(19 .1)

Φ(x, s) = [φ0,0(x, s), φ0,1(x, s), ......., φ0,m2−1(x, s), ......., φm1−1,0(x, s), ........, φm1−1,m2−1(x, s)]

fi,j =
1

h1

1

h2

∫ ih1

(i−1)h1

∫ jh2

(j−1)h2

f(x, s)dxds (20 .1)
ذات ا ا وال ا دا اء ا ذات ا ا وال ا

: وا
φi,j(x, s) = φi(x)ϕj(s) (21 .1)

ا ه م . وا ذات دوال ϕj(s) و φi(x)

: ا رة f(x, s) ا ا
f(x, s) ≃ Φ(x)FΨ(s) (22 .1)

ا ا ا m2 و m1 ا ذات ا ا وال ا س أ و Ψ(s) و Φ(x)

(m×m) ا ذات F و h1 = h2 =
1
m

أن ا m1 = m2 = m ق ا
: ا رة

F =

 f0,0 · · · f0,m−1... ... ...
fm−1,1 · · · fm−1,m−1

 (23 .1)

[1] 2 .2 .1
Mp و U ا م ا ا وي أو أ ا ذات ا ا ر إذا

ا ا (x, s)Up و U(x, s) وال ا ا وال ا
: Up و U ف ن ا

UT = [u0,0, u0,1, ......, u0,m−1, ......, um−1,0, ......, um−1,m−1] (24 .1)
UT
p = [up

0,0, u
p
0,1, ......, u

p
0,m−1, ......, u

p
m−1,0, ......, u

p
m−1,m−1] (25 .1)

16



ول ا اا ا وال ا
. د p ⩾ 1

.n = 1 أ ن:
[u(s)]n = u(s)

. n+ 1 أ ن ا
[u(x, y)]n+1 = u(x, y)[u(x, y)]n

= UUn ≈ (UTΦ(x, y))(UT
n Φ(x, y))

≈ UTΦ(x, y)Φ(x, y)TUn

= UT ŨnΦ(x, y)

(25 .1) د ا ام ن ا
UT Ũn = [up+1

0,0 , up+1
0,1 , ......, up+1

0,m−1, ......, u
p+1
m−1,0, ......, u

p+1
m−1,m−1]

. ا ذات ا ا ا ه p+ 1 أ (1. 25)و د ا ءا إذن
أي m = 4 أ ا ا ه م ن ا f(x, y) = x− 2y ا ا 4 .2 .1 ل

f(x, y) =
3∑

i=0

3∑
j=0

fi,jφi,j(x, y) = F TΦ(x, y)

F T = [f0,0, f0,1, f0,2, f0,3, f1,0, f1,1, f1,2, f1,3, f2,0, f2,1, f2,2, f2,3, f3,0, f3,1, f3,2, f3,3]

. fi,j ا ا ه ب م ن ا
fi,j =

1

h1

1

h2

∫ 3

0

∫ 3

0

f(x, y)dxdy

f0,0 = 16

∫ 1
4

0

∫ 1
4

0

(x+ 2y)dxdy =
3

5

f0,1 = 16

∫ 1
4

0

∫ 1
2

1
4

(x+ 2y)dxdy =
7

8

f0,2 = 16

∫ 1
4

1
0

∫ 3
4

1
2

(x+ 2y)dxdy =
11

8

f0,3 = 16

∫ 1
4

0

∫ 1

3
4

(x+ 2y)dxdy =
15

8

f1,0 = 16

∫ 1
2

1
4

∫ 1
4

0

(x+ 2y)dxdy =
5

8

f1,1 = 16

∫ 1
2

1
4

∫ 1
2

1
4

(x+ 2y)dxdy =
9

8

17



ول ا اا ا وال ا
f1,2 = 16

∫ 1
2

1
4

∫ 3
4

1
2

(x+ 2y)dxdy =
13

8

f1,3 = 16

∫ 1
2

1
4

∫ 1

3
4

(x+ 2y)dxdy =
17

8

f2,0 = 16

∫ 3
4

1
2

∫ 1
4

0

(x+ 2y)dxdy =
7

8

f2,1 = 16

∫ 3
4

1
2

∫ 1
2

1
4

(x+ 2y)dxdy =
11

8

f2,2 = 16

∫ 3
4

1
2

∫ 3
4

1
2

(x+ 2y)dxdy =
15

8

f2,3 = 16

∫ 3
4

1
2

∫ 1

3
4

(x+ 2y)dxdy =
19

8

f3,0 = 16

∫ 1

3
4

∫ 1
4

0

(x+ 2y)dxdy =
9

8

f3,1 = 16

∫ 1

3
4

∫ 1
2

1
4

(x+ 2y)dxdy =
13

8

f3,2 = 16

∫ 1

3
4

∫ 3
4

1
2

(x+ 2y)dxdy =
17

8

f3,3 = 16

∫ 1

3
4

∫ 1

3
4

(x+ 2y)dxdy =
21

8
,

أي
F =

1

8


3 7 11 15
5 9 12 17
7 11 15 19
9 13 17 21

 ,

إذن
f(x, y) =

1

8


φ0(x)
φ1(x)
φ2(x)
φ3(x)


T 

3 7 11 15
5 9 12 17
7 11 15 19
9 13 17 21



φ0(y)
φ1(y)
φ2(y)
φ3(y)

 ,
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ول ا اا ا وال ا

ب ذات ا F ع ب :3 .1
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ول ا اا ا وال ا
ت ا 3 .1

ذات ا ا وال ا ا 1 .3 .1
دا ∫ x

0
Φ(t)dt ا دة ا ت د ا ق

[5][3] : ا ا وا ذات ا ا وال ا ل ∫إ x

0

Φ(t)dt ≃ PΦ(t), (1 .1)
. [5] ت ث ا ا ا

t ∈ [0, ih) •∫ x

0

φi(t)dt = 0, (2 .1)
t ∈ [ih, (i+ 1)h) •∫ x

0

φi(t)dt =

∫ ih

0

φi(t)dt+

∫ x

ih

φi(t)dt

=x− ih,

(3 .1)

t ∈ [(i+ 1)h, 1) •∫ x

0

φi(t)dt =

∫ ih

0

φi(t)dt+

∫ (i+1)h

ih

φi(t)dt+

∫ x

(i+1)h

φi(t)dt

=h,

(4 .1)

: ل و (m×m) ا و ا P ا
∫ x

0

φi(t)dt =


0, si x < ih,

(x− ih), si ih ≤ x < (i+ 1)h,

h, si (i+ 1)h ≤ x < 1,

∫ x

0

φi(t)dt = (x− ih)φi(x) + h
m−1∑
j=i+1

φj(x), (5 .1)

أ x− ih [ih, (i+ 1)h) h
2

وي (x− ih) أن
[3] h

2
ا ih ≤ x < (i+ 1)h∫ x

0

φi(t)dt ⋍ [0, 0, 0, 0, ..., 0,
h

2
, h, h, h, h, h, h, h, h, h, h, ....., h]Φi(x), (6 .1)

20



ول ا اا ا وال ا
أي

∫ x

0

Φ(t)dt =



∫ x

0
φ0(x)∫ x

0
φ1(x)∫ x

0
φ2(x)...∫ x

0
φm−1(x)

 ≃ h

2


1 2 2 · · · 2
0 1 2 · · · 2... ... ... ... ...
0 0 0 · · · 1




φ0(x)
φ1(x)
φ2(x)...

φm−1(x)

 ,

ذات ا ا وال ا ا إذن

p =
h

2


1 2 2 · · · 2
0 1 2 · · · 2... ... ... ... ...
0 0 0 · · · 1

 ,

: f(t) ا أ ا ه ∫ام x

0

f(t)dt =

∫ x

0

F TΦ(x)dt = F T

∫ x

0

Φ(x)dt = F TPΦ(x), (7 .1)
[3]: ا ا ب *

ن P ا ا
: ا

p =
2

h


1 2 2 · · · (−1)m−12
0 1 2 · · · (−1)m−22... ... ... ... ...
0 0 0 · · · 1

 ,

[3] دا *
وال ا ا دا أي ق إ و ا ا ق ا
ل ا ق g(t) ا ا إذا ا و ا ا

و [0, 1]

f(t) =
dg(t)

dt
, (8 .1)
t ا 0 (8 .1) د ا

g(t)− g
(0)
0 =

∫ t

0

f(t)dt, (9 .1)
. ا g(t)ل ا ا إ رة ا

g
(0)
0 = g(0), (10 .1)

: (9 .1) د ا (8 .1) و (8 .1) د ا ال
(GT − g

(0)
0 ET )Φ(t) = F TPΦ(t), (11 .1)
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ول ا اا ا وال ا
: د ا ه Φ(t) ا ا وال ا ت ال م

(GT − g
(0)
0 ET ) = F TP, (12 .1)

و دة P−1 أن و ا ا P ا أن ا
F T = (GT − g

(0)
0 ET )P−1, (13 .1)

ا ا وال ا ن
dg(t)

dt
Φ(t) = (GT − g

(0)
0 ET )P−1Φ(t), (14 .1)

ء . ت إ ت ا ل أن دا أي أن (14 .1) د ا
. ا ا ب س أ

ى ,و دا أي ت اء ا ا وال ا أن ض ن ا
ق ل

. دا ي ت ا اء و (8 .1) د ا ام إ ∫أي s

0

· · ·
∫ s

0︸ ︷︷ ︸
k

f(t)dt · · · dt, (15 .1)

=

∫ s

0

· · ·
(∫ s

0

(∫ s

0

f(t)dt

)
dt

)
dt

=

∫ s

0

· · ·
(∫ s

0

F TPΦ(t)dt

)
dt

...
=

∫ s

0

F TP k−1Φ(t)dt

=F TP kΦ(t),

(16 .1)

: و t ∈ [0, 1] ة k ق g(t) ا ا إذا
f(t) =

dkg(t)

dtk
, (17 .1)
t ا 0 ة k د ا ∫ه s

0

· · ·
∫ s

0︸ ︷︷ ︸
k

f(t)dt · · · dt, (18 .1)

= g(t)− g
(0)
0 − g

(1)
0

∫ t

0

dt− · · · − g
(k−1)
0

∫ t

0

· · ·
∫ t

0︸ ︷︷ ︸
k−1

dt · · · dt, (19 .1)
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ول ا اا ا وال ا
ا gi0 = (i = 0, 1, ....., k − 1) و 0 g(t) ا ا ا ا ا g

(0)
0

: ا ا g(t) ل ا ت و ا
g
(i)
0 =

dig(t)

dti
|t=0, (20 .1)

ا ه
g
(i)
0

∫ t

0

· · ·
∫ t

0

dt · · · dt = g
(i)
0 ETP iΦ(t), (21 .1)

: ة ل ا (16 .1) ا و i = 0, 1, ...., k − 1 أ
F T = GTP−k − g

(0)
0 ETp−k − g

(1)
0 ETp−(k−1) − · · · − g

(k−1)
0 ETp−1, (22 .1)

ن , دة Pi(i = 1, 2, ...., k) ت ا أن (19 .1) و (21 .1)
: ة k g(t) ا ا ا ا وال ا

dkg(t)

dtk
= (GTP−k −

k−1∑
i=0

g
(i)
0 ETP−(k−i))Φ(t), (23 .1)

ذات ا ا وال ا ا 2 .3 .1
دا ∫ x

0

∫ y

0
Φ(t, s)dtds ا دة ا ت د ا ق

[1]: ا ا ذات ا ا وال ا ل ∫إ x

0

∫ y

0

φi,j(t, s)dtds ⋍ EΦ(x, y) = [P (m1,m1)⊗ P(m2,m2)]Φ(x, y), (24 .1)
: ا وا ذات ا ا P ا

p =
h

2


1 2 2 · · · 2
0 1 2 · · · 2... ... ... ... ...
0 0 0 · · · 1

 ,

وا (m1m2)× (m1m2) ا و ا ا ا E وا
ل و

∫ x

0

∫ y

0

φi,j(t, s)dtds =

∫ x

0

∫ y

0

Φ(t)⊗ Φ(s)dtds

=

∫ x

0

Φ(t)dt⊗ inty0Φ(s)ds,

(25 .1)
∫ x

0
Φ(t)dt ≃ PΦ(t), د ا ام

E = [P (m1,m1)⊗ P(m2,m2)],
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ول ا اا ا وال ا
أي

E =
h

2


1 2 2 · · · 2
0 1 2 · · · 2... ... ... ... ...
0 0 0 · · · 1

⊗ h

2


1 2 2 · · · 2
0 1 2 · · · 2... ... ... ... ...
0 0 0 · · · 1

 ,

: ف ا و اء ل ⊗

A⊗ B = (aijB),

: ا رة f(t, s) ذات ا ا ن ∫و t

0

∫ x

0

f(y1, y2)dy1dy2 ⋍
∫ t

0

∫ x

0

F TΦ(y1, y2)dy1dy2 ⋍ F TEΦ(x, t), (26 .1)
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2 اا
ا وا h ا ا ا ا وال ا

εب
ت ا

26 . . . . . . . . . . . . . . . . . (IBPFs)h ا ا ا ا وال ا 1 .2
26 . . . . . . . . . . . . ذات h ا ا ا ا دوال 1 .1 .2
27 . . . . . . . . . . . . ذات h ا ا ا ا دوال 2 .1 .2
28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ا ا 3 .1 .2
31 . . . . . . . . . . . . . . . . . . . . . . . . . ت ا ت 4 .1 .2
35 . . . . . . . . . . . . . . . . . (εMBPFs) ε ب ا ا ا ا وال ا 2 .2
35 . . . . . . . . . . . . . . . . . . . εب ا ا ا ا وال ا 1 .2 .2
36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ا ا 2 .2 .2
38 . . . . . . . . . . . . . . . . . . . . . . . . . ت ا ت 3 .2 .2
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ا εا ب ا وا h ا ا ا ا وال ا
: أو

(IBPFs)h ا ا ا ا وال ا 1 .2
:، وال ا ه ا ام ا ءا ا ا وال ا ت

ا أ أول أن ذا و د ر ك أ و ، ا
ا وال ا ا ا ذا ، ا ن ا ت وا ت ا ن

. أ وأ و ا
ذات h ا ا ا ا دوال 1 .1 .2

[7][6] 1 .1 .2
([0, 1)) ل ا دة ا وال ا (m + 1) ا ا دوال (m + 1) ن

: ا ا

φ0(x) =

{
1, x ∈ [0, h

2
),

0, sinon,
(1 .2)

φi(x) =

{
1, x ∈ [(i− 1)h+ h

2
, ih+ h

2
),

0, sinon,
(2 .2)

φm(x) =

{
1, x ∈ [1− h

2
, 1),

0, sinon,
(3 .2)

h = 1
m

و د m

. ا ز ا ا ا ات ا د : m
اص[6][7] ا

: ا .1

φi(x)φj(x) =

{
φi(x), i = j,

0, i ̸= j,
(4 .2)

ا ة و i, j = 1, ......,m

: ا .2
∫ 1

0

φi(x)φj(x)d(x) =


1
2m

, i = j ∈ {0,m},
1
m
, i = j ∈ {1, 2, ....,m− 1},

0, sinon,

(5 .2)
x ∈ ([0, 1))
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ا εا ب ا وا h ا ا ا ا وال ا
: ع h ا ا ا ا وال ا س أ

Φm(x) = [φ0(x), φ1(x), ........, φm(x)]
T (6 .2)

x ∈ [0, 1): ا ا (1) ا ا ه

Φm(x)Φm(x)
T =


φ0(x) 0 · · · 0
0 φ1(x) · · · 0... ... ... ...
0 0 · · · φm(x)

 = diag(φm(x))

∫ x

0

φ0(y)dy =

{
x, x ∈ [0, h

2
),

h
2
, sinon,

(7 .2)

∫ x

0

φi(y)dy =


0, x ∈ [0, (i− 1)h+ h

2
),

x− ((i− 1)h+ h
2
), x ∈ [(i− 1)h+ h

2
, ih+ h

2
),

h, sinon,

(8 .2)

∫ x

m

φm(y)dy =

{
x− (1− h

2
), x ∈ [1− h

2
, 1),

0, sinon,
(9 .2)

رة ا م (m+ 1) ذات ع X

Φm(x)Φ
T
m(x)X = X̃Φ(x),

X̃ = diga(XT
i φi(x)),

((m+ 1)× (m+ 1)) ا ذات X̃

ذات h ا ا ا ا دوال 2 .1 .2
[7][6] 2 .1 .2

s ∈ ([0, 1)) و x ∈ ([0, 1)) ذات h ا ا ا ا دوال ف

φ0(x, s) =

{
1, x ∈ [0, h

2
), s ∈ [0, h

2
),

0, sinon,
(10 .2)

φi(x, s) =

{
1, x ∈ [(i− 1)h+ h

2
, ih+ h

2
), s ∈ [(i− 1)h+ h

2
, ih+ h

2
),

0, sinon,
(11 .2)

φm(x, s) =

{
1, x ∈ [1− h

2
, 1), s ∈ [1− h

2
, 1),

0, sinon,
(12 .2)
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ا εا ب ا وا h ا ا ا ا وال ا
اص[6][7] ا

: ا .1

φi,j(x)φk,l(x) =

{
φi,j(x), i = j, k = l,

0, i ̸= j, k ̸= l,
(13 .2)

ا ة و k, l = 1, ......,m و i, j = 1, ......,m

: ا .2
(14 .2)∫ 1

0

φi,j(x, s)φk,l(x, s)d(x) =


1
2m

, i = j ∈ {0,m}, k = l ∈ {0,m},
1
m
, i = j ∈ {1, 2, ....,m− 1}, k = l ∈ {1, 2, ....,m− 1},

0, sinon,

x ∈ ([0, 1))

: ع h ا ا ا ا وال ا س أ
Φm(x, s) = [φ0,0(x), φ1,1(x), ........, φm,m(x)]

T (15 .2)
s ∈ [0, 1) و x ∈ [0, 1)

ا ا 3 .1 .2
ذو h ا ا ا ا دوال ل

ا ا ا ا دوال ل f(x) ∈ L2([0, 1]) ذات ة دا
[7][6] : ا ا h

f(x) ≃ fm(x) =
m∑
i=0

fiφi(x) = F T
mΦm(x) = Φm(x)

TFm, (16 .2)

F T
m = [f0, f1, ......, fm], (17 .2)

Φm(x) = [φ0(x), φ1(x), ........, φm(x)]
T , (18 .2)

fi =


2m
∫ h

2

0
f(x)dx, i = 0,

m
∫ ih+h

2

(i−1)h+h
2

f(x)dx, i = 1, 2, ...,m− 1,

2m
∫ 1

1−h
2
f(x)dx, i = m,

(19 .2)
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ا εا ب ا وا h ا ا ا ا وال ا
f(x) = h ا ا ا ا دوال س أ ل f(x) 1 .1 .2 ل

x2

m = 4 أ ا ا م ن ا

f(x) ≃ fm(x) =
4∑

i=0

fiφi(x) = F T
mΦm(x) = Φm(x)

TFm,

F T = [f0, f1, ......, f4],

Φm(x) = [φ0(x), φ1(x), ........, φ4(x)]
T ,

fi =


8
∫ 1

8

0
f(x)dx, i = 0,

4
∫ ih+h

2

(i−1)h+h
2

f(x)dx, i = 1, 2, 3,

8
∫ 1

1−h
2
f(x)dx, i = 4,

fi ا ا ب و φi(x) ب م

φ0(x) =

{
1, 0 ≤ x ≤ 1

8
,

0, sinon,

φ1(x) =

{
1, 1

8
≤ x ≤ 3

8
,

0, sinon,

φ2(x) =

{
1, 3

8
≤ x ≤ 5

8
,

0, sinon,

φ3(x) =

{
1, 5

8
≤ x ≤ 7

8
,

0, sinon,

φ4(x) =

{
1, 7

8
≤ x ≤ 1,

0, sinon,

f0 = 8

∫ 1
8

0

x2dx =
1

192

f1 = 4

∫ 3
8

1
8

x2dx =
13

192

f2 = 4

∫ 5
8

3
8

x2dx =
49

192

f3 = 4

∫ 7
8

5
8

x2dx =
109

192

f4 = 8

∫ 1

7
8

x2dx =
169

192

إذن
f(x) =

1

192
φ0(x) +

13

192
φ1(x) +

49

192
φ2(x) +

109

192
φ3(x) +

169

192
φ4(x).
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ا εا ب ا وا h ا ا ا ا وال ا
ذو h ا ا ا ا دوال ل

ا دوال ل f(x, t) ∈ L2([0, 1]) × ([0, 1]) ذات ة دا
[7][6]: ا ا h ا ا ا

f(x, t) ≃ fm(x, t) = ΦT
m(x)FmΦm(t), (20 .2)

ق ا ا ا ا m2 و m1 ا ذات ا ا وال ا س أ و Φ(t) و Φ(x)

m1 = m2

ب ذات ا f ع ب : 3 .1
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ا εا ب ا وا h ا ا ا ا وال ا
ت ا ت 4 .1 .2

[7][6] ا ا
∫ x

0

φ0(y)dy =

{
x, x ∈ [0, h

2
),

h
2
, sinon,

h
4

x ∈ [0, h
2
) ل x إذن [0, h

2
) ا x = h

4
ا أن

∫ x

0

φi(y)dy =


0, x ∈ [0, (i− 1)h+ h

2
),

x− ((i− 1)h+ h
2
), x ∈ [(i− 1)h+ h

2
, ih+ h

2
),

h, sinon,

i = 1, 2, ...,m− 1
h
2

ا x ∈ [(i− 1)h+ h
2
, ih+ h

2
) أ x− ((i− 1)h+ h

2
) ∫أ x

0

φm(y)dy =

{
x− (1− h

2
), x ∈ [1− h

2
, 1),

0, sinon,

h
4

ا x ∈ [1− h
2
, 1) أ x− (1− h

2
)

ا Φm(x) ع ا ∫إذن x

0

Φm(y)dy ≃ P1Φm(x), (21 .2)
ل ((m+ 1)× (m+ 1)) ا و ا P ا

:∫ x

0

Φm(y)dy = PΦm(x), (22 .2)
ع ا ا ا P أن

Φm(x) = [φ0(x), φ1(x), ........, φm(x)]
T , (23 .2)

∫ x

0

Φm(y)dy =



∫ x

0
φ0(y)dy∫ x

0
φ1(y)dy∫ x

0
φ2(y)dy...∫ x

0
φi(y)dy

 (24 .2)

∫ x

0
φ0(y)dy ب أ ا ب

φ0(x) =

{
1, x ∈ [0, h

2
),

0, sinon,

∫و x

0

φ0(y)dy =

{
x, x < h

2
,

h, x > h
2
,
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ا εا ب ا وا h ا ا ا ا وال ا
x < h

2
أن x ∈ [0, h

2
) ن •

f0 =
1

h

∫ 1

0

(∫ x

0

φ0(y)dy

)
φ0(x)dx =

1

h

∫ x

0

xφ0(x)dx =
2

h

∫ h
2

0

xdx =
2

h

[
x2

2

]h
2

0

=
2

h
(
h2

4

2
) =

h

4

ن x ≥ T
m
− ε ن •

f0 =
1

h

∫ 1

0

(∫ x

0

φ0(y)dy

)
φi(x)dx =

2

h

∫ x

0

(∫ h
2

0

dy

)
φi(x)dxf0 =

∫ h
2

0

dx =
h

2

i = 1, 2, 3, .....,m ∫و x

0
φ0(y)dy =

[
h
4
, h
2
, h
2
, ....., h

2

]
Φ(x) ∫ x

m
φ0(y)dy

φm(x) =

{
1, x ∈ [T − h

2
, 1),

0, sinon,

و
φm(x) =

{
0, x < T − h

2
,

x− T + h
2
, T − h

2
< x < 1,

ن x < T − h
2

ن •
fi =

1

h

∫ 1

0

(∫ x

0

φn(y)dy

)
φi(x)dx = 0 , i < n.

ن x > T − h
2

ن •
fi =

1

h

∫ 1

0

(∫ x

0

φn(y)dy

)
φn(x)dx =

2

h

∫ 1

0

(∫ x

1−h
2

dy

)
φi(x)dx =

2

h

∫ 1

0

(∫ x

1−h
2

dy

)
φn(x)dx

=
2

h

∫ 1

0

(x− T +
h

2
)φn(x)dx =

2

h

∫ T

T−h
2

(x− T +
h

2
)dx

=
2

h

[
x2

2
− (T − h

2
)x

]T
T−h

2

=
2

h

[
T 2

2
− (T − h

2
)T −

(T − h
2
)2

2
+ (T − h

2
)2

]

=
1
2
h

(
T 2

2
− (T − h

2
)T +

(T − h
2
)2

2

)

=
2

h

(
T 2

2
− T 2 +

h

2
T +

T 2 − Th+ h
4

2

2

)
=
h

2 ∫و x

0
φn(y)dy =

[
0, 0, 0, ..., h

2

]
Φ(x)
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ا εا ب ا وا h ا ا ا ا وال ∫ا x

0
φi(y)dy 0 < i < m ا و

φi(x) =

{
1, x ∈ [ iT

m
− h

2
, (i+1)T

m
− h

2
),

0, sinon,

∫ x

0

φi(y)dy =


0, x < iT

m
− h

2
,

x− ih+ h
2
, iT

m
− h

2
< x < (i+1)T

m
− h

2
,

h x > (i+1)T
m

− h
2
,

ن x < iT
m

− h
2

ن •
fi =

1

h

∫ 1

0

(∫ x

0

φi(y)dy

)
φj(x)dx = 0, 0 ≤ x ≤ m

ن x ∈ [ iT
m

− h
2
, (i+1)T

m
− h

2
) ن •

fi =
1

h

∫ 1

0

(∫ x

0

φi(y)dy

)
φi(x)dx =

1
T
m

∫ 1

0

(∫ x

iT
m

−h
2

dt

)
φi(x)dx =

1
T
m

∫ 1

0

(
x− iT

m
+

h

2

)
φi(x)dx

=
1
T
m

∫ (i+1)T
m

−h
2

iT
m

−h
2

(
x− iT

m
+

h

2

)
dx =

1
T
m

[
x2

2
−
(
iT

m
− h

2

)
x

] (i+1)T
m

−h
2

iT
m

−h
2

=
1
T
m


(

(i+1)Th
2m

)2
2

−
(
iT

m
− h

2

)(
(i+ 1)T

m
− h

2

)
−
(
iT
m

− h
2

)2
2

+

(
iT

m
− h

2

)2


=

1
T
m

[
(i+1)2T 2

m2 − (i+ 1)h T
m
+ (h

2
)2

2
−
(
iT

m
(i+ 1)

T

m
− ihT

2m
− (i+ 1)

Th

2m
+ (

h

2
)2
)
+

(
iT
m

− h
2

)2
2

]

=
1
T
m

[
(i+1)2T 2

m2 − (i+ 1)Th
m

+ (h
2
)2

2
− iT

m
(i+ 1)

T

m
− i

Th

2m
− (i+ 1)

Th

2m
+ (

h

2
)2 +

(
iT
m

− h
2

)2
2

]

=
1
T
m

[
(i2 + 2i+ 1)

T 2

2m2
− h

2
(i+ 1)

T

m
+

(h
2
)2

2
− i2

T 2

m2
− i

T 2

m2
+

h

2
(i+ 1)

T

m
− (

h

2
)2 + i2

T 2

m2
+

(ε2)

2

]

=
1
T
m

[
(2i+ 1)

T 2

2m2
− i

T 2

m2

]
=

1
T
m

[
T 2

2m2

]

ن h = T
m

أن
fi =

1

h

∫ 1

0

(∫ x

0

φi(y)dy

)
φi(x)dx =

h

2
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ا εا ب ا وا h ا ا ا ا وال ا
x > (i+1)T

m
− h

2
ن •

fi =
1

h

∫ 1

0

(∫ x

0

φi(y)dy

)
φi(x)dx =

1
T
m

∫ 1

0

(∫ (i+1) T
m
−h

2

iT
m

−h
2

φi(y)dy

)
φi(x)dx

=
1
T
m

∫ 1

0

(∫ (i+1) T
m
−h

2

iT
m

−h
2

dy

)
φi(x)dx

=
1
T
m

∫ 1

0

[x]
(i+1) T

m
−h

2
iT
m

−h
2

φi(x)dx

=
1
T
m

∫ 1

0

[(
(i+ 1)

T

m
− h

2

)
−
(
i
T

m
− h

2

)]
φi(x)dx

=

∫ (i+1) T
m
−h

2

iT
m

−h
2

φi(x)dx

=

∫ (i+1)T
m

−h
2

iT
m

−h
2

dx = [x]
(i+1)T

m
−h

2
iT
m

−h
2

=

[(
(i+ 1)

T

m
− h

2

)
−
(
i
T

m
− h

2

)]
=

T

m
= h

∫و x

0

φi(y)dy = [0, 0, 0, ...,
h

2
, h, h, ..., h]Φ(x)

∫ x

0
φi(y)dy = [0, 0, 0, ..., h

2
, h, h, ..., h]Φ(x)

: ا ا ا و

p =
h

4


1 2 2 · · · 2
0 2 4 · · · 4
0 2 4 · · · 4... ... ... ... ...
0 0 0 · · · 2

 ,
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ا εا ب ا وا h ا ا ا ا وال ا
:

(εMBPFs) ε ب ا ا ا ا وال ا 2 .2
εب ا ا ا ا وال ا 1 .2 .2

(m+ 1) دوال ε ب ا ا ا ا دوال (m+ 1) ن 1 .2 .2
[9][8]: ا ا [0, 1)

φ0(x) =

{
1, x ∈ [0, T

m
− ε) = I0,

0, sinon,
(1 .2)

φi(x) =

{
1, x ∈ [ iT

m
− ε, (i+1)T

m
− ε) = Ii, 0 < i < m

0, sinon,
(2 .2)

φm(x) =

{
1, x ∈ [T − ε, T ) = Im,

0, sinon,
(3 .2)

h = 1
m

T = 1

اص[8][9] ا
: ا .1

φi(x)φj(x) =

{
φi(x), i = j,

0, i ̸= j,
(4 .2)

i, j = 1, ......,m

: ا .2
∫ 1

0

φi(x)φj(x)d(x) = hδij (5 .2)
x ∈ ([0, 1))

: .3∫ 1

0

f 2
i (x)d(x) =

∞∑
i=1

f 2
i ∥φi(x)∥2, (6 .2)

fi =
1

∆(Ii)

∫ 1

0

f(x)φi(x)d(x) (7 .2)
ا دة ا I ا ة ا ل ∆(Ii)
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ا εا ب ا وا h ا ا ا ا وال ا
: ع εب ا ا ا ا وال ا س أ

Φm+1(x) = [φ0(x), φ1(x), ........, φm(x)]
T (8 .2)

: ا ا (1) ا ا ه

Φm+1(x)Φm+1(x)
T =


φ0(x) 0 · · · 0
0 φ1(x) · · · 0... ... ... ...
0 0 · · · φm(x)

 = diag(φm(x))

Φm+1(x)
TΦm+1(x) = 1

m ذات ع X

Φm+1(x)Φm+1(x)
TV = Ṽ Φm+1(x), (9 .2)

Ṽ = diga(V T
i φi(x)),

ا ا وال ا س أ اء ا (m×m) ا ذات Ṽ

: V ع

Ṽ =


XT

0 φ1(x) 0 · · · 0
0 XT

1 φ2(x) · · · 0... ... ... ...
0 0 · · · XT

mφm(x)

 ,

: ا ن m×m ا ذات A و X ن إذا أ
Φm+1(x)

TAΦm+1(x) = ÂΦm+1(x), (10 .2)
. m ذات ع رة Â

أي
Â =

φ1a11 + φ(2)a12 + · · ·+ φma1m...
φ1am1 + φ2am2 + · · ·+ φmamm

 ,

ا ا 2 .2 .2
ب ا ا ا ا دوال ل f(x) ∈ L2([0, 1)) ذات ة دا

[9][8]: ا ا ε

f(x) ≃ fm+1(x) =
m∑
i=0

fiφi(x), (11 .2)

fi =
1

∆(Ii)

∫ 1

0

f(x)φi(x)d(x) (12 .2)
ا دة ا I ا ة ا ل ∆(Ii)
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ا εا ب ا وا h ا ا ا ا وال ا
f(x) = x2 ε ب ا ا ا ا دوال س أ ل f(x) 1 .2 .2 ل

m = 4 أ ا ا م ن ا
f(x) ≃ fm+1(x) =

m∑
i=0

fiφi(x),

fi =
1

∆(Ii)

∫ 1

0

f(x)φi(x)d(x)

φ0(x) =

{
1, x ∈ [0, 1

4
− ε) = I0,

0, sinon,

φi(x) =

{
1, x ∈ [ iT

m
− ε, (i+1)T

m
− ε) = Ii,

0, sinon,

φ1(x) =

{
1, x ∈ [1

4
− ε, 2

4
− ε) = I1,

0, sinon,

φ2(x) =

{
1, x ∈ [2

4
− ε, 3

4
− ε) = I2,

0, sinon,

φ3(x) =

{
1, x ∈ [3

4
− ε, 1− ε) = I3,

0, sinon,

φ4(x) =

{
1, x ∈ [1− ε, 1) = I4,

0, sinon,

fi ا ب
ε = 120

f0 =
1

∆(I0)

∫ 1
4
−ε

0

x2φ0(x)d(x) =
1

1
4
− ε

[
x3

3

] 1
4
−ε

0

=
841

43200

f1 =
1

∆(I1)

∫ 2
4
−ε

1
4
−ε

x2φ1(x)d(x) = 4

[
x3

3

] 2
4
−ε

1
4
−ε

=
2011

14400

f2 =
1

∆(I2)

∫ 3
4
−ε

2
4
−ε

x2φ2(x)d(x) = 4

[
x3

3

] 3
4
−ε

2
4
−ε

=
5551

14400

f3 =
1

∆(I3)

∫ 1−ε

3
4
−ε

x2φ3(x)d(x) = 4

[
x3

3

]1−ε

3
4
−ε

=
10891

14400

f4 =
1

∆(I4)

∫ 1

1−ε

x2φ4(x)d(x) =
1

ε

[
x3

3

]1
1−ε

=
42841

43200

f(x) =
841

43200
φ0(x) +

2011

14400
φ1(x) +

5551

14400
φ2(x) +

10891

14400
φ3(x) +

42841

43200
φ4(x).
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ا εا ب ا وا h ا ا ا ا وال ا

ب ذات ا F ع ب :1 .2
ت ا ت 3 .2 .2

[9][8] ا ا
: ا ∫ا x

0

Φm+1(y)dy = PΦm+1(x), (13 .2)
ع ا ا ا P أن

Φm+1(x) = [φ0(x), φ1(x), ........, φm(x)]
T , (14 .2)

∫ x

0

Φm+1(y)dy =



∫ x

0
φ0(y)dy∫ x

0
φ1(y)dy∫ x

0
φ2(y)dy...∫ x

0
φi(y)dy

 (15 .2)

∫ x

0
φ0(y)dy ب أ ا ب

φ0(x) =

{
1, x ∈ [0, T

m
− ε) = I0,

0, sinon,

∫و x

0

φ0(y)dy =

{
x, x < h− ε,

h− ε, x > h− ε,

x < T
m
− ε أن x ∈ [0, T

m
− ε) ن •

f0 =
1

h

∫ 1

0

(∫ x

0

φ0(y)dy

)
φ0(x)dx =

1

h

∫ x

0

xφ0(x)dx =
1

h

∫ h−ε

0

xdx =
1

h

[
x2

2

]h−ε

0

=
(h− ε)2

2(h− ε)
=

h− ε

2
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ا εا ب ا وا h ا ا ا ا وال ا
ن x ≥ T

m
− ε ن •

f0 =
1

h

∫ 1

0

(∫ x

0

φ0(y)dy

)
φi(x)dx = f0 =

1

h− ε

∫ x

0

(∫ h−ε

0

dy

)
φi(x)dxf0 =

∫ h−ε

0

dx = h−ε

i = 1, 2, 3, .....,m ∫و x

0

φ0(y)dy =

[
h− ε

2
, h− ε, h− ε, ....., h− ε

]
Φ(x)

∫ x

0
φ0(y)dy =

[
h−ε
2
, h− ε, h− ε, ....., h− ε

]
Φ(x)

∫ x

m
φ0(y)dy

φm(x) =

{
1, x ∈ [T − ε, 1) = Im,

0, sinon,

و
φm(x) =

{
0, x < T − ε,

x− T + ε, T − ε < x < 1,

ن x < T − ε ن •
fi =

1

h

∫ 1

0

(∫ x

0

φn(y)dy

)
φi(x)dx = 0i < n. (16 .2)

ن x > T − ε ن •
fi =

1

h

∫ 1

0

(∫ x

0

φn(y)dy

)
φn(x)dx =

1

ε

∫ 1

0

(∫ x

1−ε

dy

)
φi(x)dx =

1

ε

∫ 1

0

(∫ x

1−ε

dy

)
φn(x)dx

=
1

ε

∫ 1

0

(x− T + ε)φn(x)dx =
1

ε

∫ T

T−ε

(x− T + ε)dx

=
1

ε

[
x2

2
(T − ε)x

]T
T−ε

=
1

ε

[
T 2

2
− (T − ε)T − (T − ε)2

2
+ (T − ε)2

]
=
1

ε

(
T 2

2
− (T − ε)T +

(T − ε)2

2

)
=
1

ε

(
T 2

2
− T 2 + εT +

T 2 − 2Tε+ ε2

2

)
=
ε

2

∫و x

0

φ0(y)dy =
[
0, 0, 0, ...,

ε

2

]
Φ(x)

∫ x

0
φ0(y)dy =

[
0, 0, 0, ..., ε

2

]
Φ(x)
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ا εا ب ا وا h ا ا ا ا وال ∫ا x

0
φi(y)dy 0 < i < m ا و

φi(x) =

{
1, x ∈ [ iT

m
− ε, (i+1)T

m
− ε) = Ii,

0, sinon,

∫ x

0

φi(y)dy =


0, x < iT

m
− ε,

x− ih+ ε, iT
m

− ε < x < (i+1)T
m

− ε,

h x > (i+1)T
m

− ε,

ن x < iT
m

− ε ن •
fi =

1

h

∫ 1

0

(∫ x

0

φi(y)dy

)
φj(x)dx = 0 0 ≤ x ≤ m

ن x ∈ [ iT
m

− ε, (i+1)T
m

− ε) ن •
fi =

1

h

∫ 1

0

(∫ x

0

φi(y)dy

)
φi(x)dx =

1
T
m

∫ 1

0

(∫ x

iT
m

−ε

dt

)
φi(x)dx =

1
T
m

∫ 1

0

(
x− iT

m
+ ε

)
φi(x)dx

=
1
T
m

∫ (i+1)T
m

−ε

iT
m

−ε

(
x− iT

m
+ ε

)
dx =

1
T
m

[
x2

2
−
(
iT

m
− ε

)
x

] (i+1)T
m

−ε

iT
m

−ε

=
1
T
m


(

(i+1)T
m

ε
)2

2
−
(
iT

m
− ε

)(
(i+ 1)T

m
− ε

)
−
(
iT
m

− ε
)2

2
+

(
iT

m
− ε

)2


=

1
T
m

[
(i+1)2T 2

m2 − 2(i+ 1)ε T
m
+ ε2

2
−
(
iT

m
(i+ 1)

T

m
− εi

T

m
− ε(i+ 1)

T

m
+ ε2

)
+

(
iT
m

− ε
)2

2

]

=
1
T
m

[
(i+1)2T 2

m2 − 2(i+ 1)ε T
m
+ ε2

2
− iT

m
(i+ 1)

T

m
− εi

T

m
− ε(i+ 1)

T

m
+ ε2 +

(
iT
m

− ε
)2

2

]

=
1
T
m

[
(i2 + 2i+ 1)

T 2

2m2
− ε(i+ 1)

T

m
+

ε2

2
− i2

T 2

m2
− i

T 2

m2
+ εi

T

m
+ ε(i+ 1)

T

m
− ε2 + i2

T 2

m2
− εi

T

m
+

(ε2)

2

]
=

1
T
m

[
(2i+ 1)

T 2

2m2
− i

T 2

m2

]
=

1
T
m

[
T 2

2m2

]

ن h = T
m

أن
fi =

1

h

∫ 1

0

(∫ x

0

φi(y)dy

)
φi(x)dx =

h

2
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ا εا ب ا وا h ا ا ا ا وال ا
x > (i+1)T

m
− ε ن •

fi =
1

h

∫ 1

0

(∫ x

0

φi(y)dy

)
φi(x)dx =

1
T
m

∫ 1

0

(∫ (i+1) T
m
−ε

iT
m

−ε

φi(y)dy

)
φi(x)dx

=
1
T
m

∫ 1

0

(∫ (i+1) T
m
−ε

iT
m

−ε

dy

)
φi(x)dx

=
1
T
m

∫ 1

0

[x]
(i+1) T

m
−ε

iT
m

−ε
φi(x)dx

=
1
T
m

∫ 1

0

[(
(i+ 1)

T

m
− ε

)
−
(
i
T

m
− ε

)]
φi(x)dx

=

∫ (i+1) T
m
−ε

iT
m

−ε

φi(x)dx

=

∫ (i+1)T
m

−ε

iT
m

−ε

dx = [x]
(i+1) T

m
−ε

iT
m

−ε

=

[(
(i+ 1)

T

m
− ε

)
−
(
i
T

m
− ε

)]
=

T

m
= h

∫و x

0

φi(y)dy = [0, 0, 0, ...,
h

2
, h, h, ..., h]Φ(x)

∫ x

0
φi(y)dy = [0, 0, 0, ..., h

2
, h, h, ..., h]Φ(x)

: ا ا ا ا ∫و x

0

Φ(y)dy = PΦ(x)

: P

p =


h−ε
2

h− ε h− ε · · · h− ε
0 h

2
h · · · h

0 0 h
2

· · · h... ... ... ... ...
0 0 0 · · · h

2

 ,
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3 اا
و ا ا وال ا ل ت

ت ا
43 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 .3
43 . . . . . . . . . . . . . . ا ا وال ا س أ ل 1 .1 .3
43 . . . . . . h ا ا ا ا وال ا س أ ل 2 .1 .3
44 . . . . . . . . ε ب ا ا ا ا وال ا س أ ل 3 .1 .3
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ا ثا ا ت ا

ا دوال ا ات ا ز ا ت ا ا ا م
. م ا أ ا

1 .3
g(x) = e−xو f(x) = xex , ث ا ت g(x) و f(x) ا م 1 .1 .3 ل

m = 30 أ , ا ا

ا ا وال ا س أ ل 1 .1 .3

f(x) ≈
29∑
i=0

fiφi(x) = F TΦ(x) = ΦT (x)F,

إذا
f(x) = 0.017041φ0(x) + 0.052663φ1(x) + 0.090680φ2(x) + 0.131213φ3(x) + 0.174390φ4(x)

+ 0.220344φ5(x) + 0.269212φ6(x) + 0.321140φ7(x) + 0.376278φ8(x) + 0.434786φ9(x)

+ 0.496828φ10(x) + 0.562575φ11(x) + 0.632210φ12(x) + 0.705918φ13(x) + 0.783897φ14(x)

+ 0.866350φ15(x) + 0.953493φ16(x) + 1.045548φ17(x) + 1.142748φ18(x) + 1.245336φ19(x)

+ 1.353566φ20(x) + 1.467701φ21(x) + 1.588019φ22(x) + 1.714807φ23(x) + 1.848366φ24(x)

+ 1.989008φ25(x) + 2.137061φ26(x) + 2.292866φ27(x) + 2.456777φ28 + 2.629165φ29(x).

g(x) = 0.98351698554φ0(x) + 0.95127346351φ1(x) + 0.92008700987φ2(x) + 0.88992296979φ3(x)

+ 0.86074782457φ4(x) + 0.83252915437φ5(x) + 0.80523560223φ6(x) + 0.77883683916φ7(x)

+ 0.75330353048φ8(x) + 0.72860730323φ9(x) + 0.70472071462φ10(x) + 0.68161722152φ11(x)

+ 0.65927115102φ12(x) + 0.63765767185φ13(x) + 0.61675276681φ14(x) + 0.59653320607φ15(x)

+ 0.57697652139φ16(x) + 0.55806098108φ17(x) + 0.53976556596φ18(x) + 0.52206994588φ19(x)

+ 0.50495445723φ20(x) + 0.48840008104φ21(x) + 0.47238842186φ22(x) + 0.45690168731φ23(x)

+ 0.4419226683φ24(x) + 0.42743471995φ25(x) + 0.41342174304φ26(x) + 0.39986816616φ27(x)

+ 0.38675892838φ28(x) + 0.37407946253φ29(x)

h ا ا ا ا وال ا س أ ل 2 .1 .3

f(x) ≃ fm(x) =
30∑
i=0

fiφi(x) = F T
mΦm(x) = Φm(x)

TFm,
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ا ثا ا ت ا
إذا

f(x) = 0.00842650721φ0(x) + 0.03456049967φ1(x) + 0.07136488488φ2(x) + 0.11062454189φ3(x)

+ 0.15246363036φ4(x) + 0.19701190596φ5(x) + 0.24440495706φ6(x) + 0.29478445106φ7(x)

+ 0.34829839074φ8(x) + 0.40510138097φ9(x) + 0.46535490618φ10(x) + 0.52922761919φ11(x)

+ 0.59689564157φ12(x) + 0.6685428762φ13(x) + 0.74436133243φ14(x) + 0.82455146434φ15(x)

+ 0.9093225226φ16(x) + 0.99889292051φ17(x) + 1.09349061474φ18(x) + 1.19335350131φ19(x)

+ 1.29872982754φ20(x) + 1.4098786204φ21(x) + 1.52707013211φ22(x) + 1.65058630345φ23(x)

+ 1.78072124571φ24(x) + 1.91778174177φ25(x) + 2.06208776723φ26(x) + 2.21397303228φ27(x)

+ 2.37378554518φ28 + 2.54188819811φ29(x) + 2.67335258173φ30(x).

g(x) = 0.9917127707φ0(x) + 0.96726087962φ1(x) + 0.93555029614φ2(x) + 0.90487930923φ3(x)

+ 0.87521383688φ4(x) + 0.8465209144φ5(x) + 0.8187686578φ6(x) + 0.7919262284φ7(x)

+ 0.7659637985φ8(x) + 0.74085251829φ9(x) + 0.71656448378φ10(x) + 0.69307270574φ11(x)

+ 0.6703510798φ12(x) + 0.64837435736φ13(x) + 0.62711811757φ14(x)0.60655874022φ15(x)

+ 0.58667337943φ16(x) + 0.56743993831φ17(x) + 0.54883704439φ18(x) + 0.53084402587φ19(x)

+ 0.51344088867φ20(x) + 0.49660829417φ21(x) + 0.48032753775φ22(x) + 0.46458052802φ23(x)

+ 0.44934976667φ24(x) + 0.43461832907φ25(x) + 0.42036984544φ26(x) + 0.40658848267φ27(x)

+ 0.39325892671φ28(x) + 0.38036636557φ29(x) + 0.37096220583φ30(x)

ε ب ا ا ا ا وال ا س أ ل 3 .1 .3

f(x) ≃ fm+1(x) =
30∑
i=0

fiφi(x),

ε = 4m ا ε
إذا

f(x) = 0.01271029954φ0(x) + 0.04353800029φ1(x) + 0.08094486088φ2(x) + 0.12083752115φ3(x)

+ 0.16334151809φ4(x) + 0.20858804298φ5(x) + 0.25671418046φ6(x) + 0.30786315737φ7(x)

+ 0.36218460158φ8(x) + 0.41983481139φ9(x) + 0.48097703583φ10(x) + 0.54578176627φ11(x)

+ 0.61442703981φ12(x) + 0.68709875497φ13(x) + 0.76399100006φ14(x) + 0.84530639475φ15(x)

+ 0.93125644551φ16(x) + 1.0220619152φ17(x) + 1.11795320758φ18(x) + 1.21917076725φ19(x)

+ 1.32596549562φ20(x) + 1.43859918352φ21(x) + 1.55734496116φ22(x) + 1.68248776603φ23(x)

+ 1.81432482956φ24(x) + 1.95316618318φ25(x) + 2.09933518448φ26(x) + 2.25316906451φ27(x)

+ 2.41501949667φ28 + 2.58525318838φ29(x) + 2.69572360304φ30(x).

g(x) = 0.98760351886φ0(x) + 0.95923386464φ1(x) + 0.92778643801φ2(x) + 0.89736998065φ3(x)

+ 0.86795069337φ4(x) + 0.83949588506φ5(x) + 0.81197393631φ6(x) + 0.78535426437φ7(x)

+ 0.75960728908φ8(x) + 0.73470440005φ9(x) + 0.71061792482φ10(x) + 0.68732109818φ11(x)

+ 0.66478803236φ12(x) + 0.6429936883φ13(x) + 0.62191384784φ14(x) + 0.60152508674φ15(x)

+ 0.58180474874φ16(x) + 0.56273092032φ17(x) + 0.54428240637φ18(x) + 0.52643870665φ19(x)

+ 0.50917999299φ20(x) + 0.49248708726φ21(x) + 0.47634144008φ22(x) + 0.46072511017φ23(x)

+ 0.44562074445φ24(x) + 0.43101155874φ25(x) + 0.41688131911φ26(x) + 0.40321432383φ27(x)

+ 0.38999538596φ28(x) + 0.37720981641φ29(x) + 0.36941653892φ30(x).
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ا ثا ا ت ا

. εMBPFsوIBPF و BPFs ل وا ا ا ر 3. 1:ا

.εMBPFs و IBPFs BPFsو ل وا ا ا ر 3. 2:ا
أ ب h ا ا ا ا وال ا أن 1 .1 .3
ا ا ب εب ا ا وال ا أ و ا ا

. ا ا وال ا أ
ج ا

أ أ g(x)و f(x) ا ا ا ا وال ث ا ت ا
. h ا ا ا ا وال ا
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ا ثا ا ت ا
أ k(x) = (x − 1

2
)2 + 1 , ث ا ت k(x) ا م 2 .1 .3 ل

.m = 5 mو = 4

ε = 120mm=4, •
ا ا ا دوال س أ ل –

k(x) = 1.14583333333φ0(x)+1.02083333333φ1(x)+1.02083333333φ2(x)+1.14583333333φ3(x)

h ا ا ا ا دوال س أ ل –
k(x) = 1.19270833333φ0(x) + 1.06770833333φ1(x) + 1.00520833333φ2(x)

+ 1.06770833333φ3(x) + 1.19270833333φ4(x)

εب ا ا ا ا دوال س أ ل –
k(x) = 1.14652922454φ0(x) + 1.02135850694φ1(x) + 1.02031684028φ2(x)

+ 1.14427517361φ3(x) + 1.248959780093φ4(x)

.εMBPFs و IBPFs BPFsو ل وا ا ا ر 3. 3:ا
أ ب h ا ا ا ا وال ا أن 2 .1 .3
. ا ا ا وال و εب ا ا ا ا وال

ج ا
ا ا ا ا وال ا m = 4 أ k(x) ا أ أن

h.
ε = 120m, m=5 •

ا ا ا دوال س أ ل –
k(x) = 1.16333333333φ0(x) + 1.04333333333φ1(x) + 1.00333333333φ2(x)

+ 1.04333333333φ3(x) + 1.16333333333φ4(x)
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ا ثا ا ت ا
h ا ا ا ا دوال س أ ل –

k(x) = 1.20333333333φ0(x) + 1.09333333333φ1(x) + 1.01333333333φ2(x)

+ 1.01333333333φ3(x) + 1.09333333333φ4(x) + 1.20333333333φ5(x)

εب ا ا ا ا دوال س أ ل –
k(x) = 1.16394537037φ0(x) + 1.04400277778φ1(x) + 1.00333611111φ2(x)

+ 1.04400277778φ3(x) + 1.16200277778φ4(x) + 1.24916759259φ5(x)

.εMBPFs و IBPFs BPFsو ل وا ا ا ر 3. 4:ا
أ ب εب ا ا ا ا وال ا أن 3 .1 .3

. ا ا ا وال و h ا ا ا ا وال
ج ا

.εب ا ا ا ا وال ا m = 5 أ k(x) ا أ أن

ε ر ا 3 .1 .3 ل

(m = 10) , h(x) = |x− 1
2
| ا ا ا εو = 12m •

(m = 10) , h(x) = |x− 1
2
| ا ا ا εو = 4m •

(m = 10) , h(x) = |x− 1
2
| ا ا ا εو = (1.01)m •
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ا ثا ا ت ا

. ε ل وا ا ا ر 3. 5:ا ا
ب ε = 12m ε ب ا ا ا ا وال ا أن 4 .1 .3

. ا ا ε = (1.01)m و ε = 4m ا أ
ج ا

. ا ة ε أ ن εب ا ا ا ا وال ا أن
: م ا ج ا

ا دوال أ ، ا دا أ وال ا ا أن
دوال س ا ا دوال و ، ا ا دوال س ا

ا ا دوال س ا ا دوال ، h ا ا ا ا
. ε ا ا
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ا ثا ا ت ا
ا

ا ت وا ا ا وال ا درا ة ا ه ي رج
ا ت وا ا ا وال ا س أ ا أ ج وا

ب, ا و إ ا ا ءا
ا ت ا س أ و ا ا وال ا س أ ا ه

. ت و
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تا ا د
: ا

ا ت وا ا ا وال أ ة ا ه
ودرا ا ت وا ا ا وال ا درا ل وذا

ب ا و أ ء و ا ت ا ت و :.ا ا ت ا
ب ا ا ا ا وال ا ,h ا ا ا ا وال ,ا ا ا وال ا

ε

Résumé:
Dans cette note, nous avons présenté la meilleure approximation des fonctions de découpage
impulsionnel et des modifications qui leur ont été apportées, en étudiant les fonctions de décou-
page impulsionnel et les modifications qui leur ont été apportées, en étudiant l'approximation et
leurs matrices d'opérations, en donnant des exemples et en les appliquant au programme matlab.

Mot clés : fonctions desmorceaux d’impulsion,Fonctions de segment d'impulsion demi-décalées
h, Fonctions de segment d'impulsion décalé ε

Summary
In this note, we have presented the best approximation of the pulse cutting functions and the
modifications made to them, by studying the pulse cutting functions and the modifications made
to them, studying the approximation and their operationsmatrices, giving examples and applying
them to the matlab program .
Key word
Block Pulse functions, Improved Block–Pulse Function , εModified Block Pulse Functions
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