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NOTATIONS

>R+ :The set of positive real number.
> ||.]lv :Norm in V.
> a.e : Almost everywhere.
>» — :Strong convergence.
>» — :Weak convergence.
» span{w!, w?, .....,w™} :Space spanned by w! w?, ......,w™.
>Ut:%, Utt:@y uttt:@

ot ot? ot3

af o 0

> V= ( L L st )



INTRODUCTION

The model for Timoshenko beam was first derived in [1] in order to describe the dynamics
of a "thick" beam and it consists of a system of two coupled hyperbolic equations of the

form
p1¢tt - K(¢x + ¢>w - O, S (07 1) X (Ov +OO)7

pathy — Wby + K (¢ + ) = 0,€ (0,1) x (0, +00),

where ¢ is the transveres displacement, 1 is the rotational angle of the filament of the

(1)

beam and p, p2, b and K are fixed positive physical contants. Recent technological ad-
vancements in the fields of robotics and space science give rise to increase interests in the
dynamics of flexible structures with boundary and/or internal control forces. The Euler-
Bernoulli equation had been deployed to model the dynamics of the transverse vibration
of an elastic beam by neglecting the effect of its rotatory inertia since the dimension of its
cross-section is negligible compared to its actual length. when the effect of the rotational
inertia of the beam is taken into consideration, then we end up with the famous Tim-
oshenko system of equations. Therefor, the Timoshenko model describes the dynamics
behavior of the beam more accurately than the Euler-Bernoulli beam model in this sit-
uation. Timoshenko system received considerable attention from various researchers and
many questions related to well-posedness and long-time behavior of the equation with

internal feedback controls had been investigated [2]. In the last few decades, the study
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of problems related to elastic solids with voids has attracted the attention of many re-
searchers due to the extensive practical applications of such materials in different fields,
such as petroleum industry, foundation engineering, soil mechanics, power technology,
biology, material science and so on. Elastic solids with voids is one of the simplest exten-
sions of the theory of the classical elasticity. It allows the treatment of porous solids in

which the matrix material is elastic and the interstices are void of material.

In 1972, Godman and Cowin [3| proposed an extension of the classical elasticity the-
ory to porous media. They introduced the concept of a continuum theory of granular
materials with interstitial voids into the theory of elastic solids with voids. In addition to
their usual elastic effects, these materials have a microstructure with the property that
the mass at each point is obtained as the product of the mass density of the material
matrix by the volume fraction. This latter idea was introduced by Nunziato and Cowin
[4] in 1979 when they developed a nonlinear theory of elastic materials with voids. This
representation (i.e the mass at each point is obtained as the product of the product of
the mass density of the material matrix by the volume fraction) introduces an additional
degree of kinematic freedom and was employed previously by Goodman and Cowin [3] to

develop a theory for for flowing granular materials.

In 1983, Cowin and Nunziato [5] developed a linear theory of elastic materials with voids
to study mathematically the mechanical behavior of porous solids. We refer the reader

to [5, 6] and the refernces therein for more details.

The main results of this thesis:

This thesis contains three chapters.

In chapter 1, we recall some notations and we review some mathematical concepts that
will be used throughout this dissertation.

In chapter 2, we present the results of Hassan and Tatar [2] which is the existence and

vil
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stability of solution for Timoshenko system under the boundary feedback controls:

[ ou — (P + ). =0, 0<x<1,t>0
Yy — Vaz + (02 + 1) =0, 0<z<1,t>0
©(0,t) =v(0,t) =0, t>0
0o (1,t) + (1, t) = ui(t), (1, 1) = ua(t), t>0
¢(x,0) = po(z), @i(,0) = p1(z), O<z<l

([ ¥(2,0) = vo(x), Yi(z,0) =1(2), 0<z<l

We study this system under the influence of the following high adaptive boundary controls,
where we detail the work of Hassan and Tatar [2]:

ui(t) = —ki(t)yi(?)

k/’;(t) = ’I“dy,?(t) k’Z(O) = k()i, l{?()iﬂ“i >0 fOT 1= ]_,2
The main of this dissertation is to analyze the existence and asymptotic stability of
solution for the porous elastic system under adaptive boundary controls.
In chapter 3, we study, a new system, which mentioned in the work of Lacheheb et al.

[7], but with same boundary and initial conditions with [2] i.e the following problem:

(putt—,uum—bd)x:() O<zxz<l1, t>0
Jbi — 0bpe +buy +E=0 0<z<1, t>0
u(0,1) = ¢(0,1) =0 t>0

w(10) 470010 = A0, 6(L0) = folt), t>0
u(z,0) = up(x), wuz,0)=u(x) O0<zx<l1

\ ¢(x’0) = ¢0($), ¢t<x70) = ¢1(;€) O<zr<l1

with adaptive boundary controls:

fi(t) = —hi(t)yi(t)
h;(t) = leg(t) hz<0) = h0i7 hOini >0 fO’f‘ 1=1,2

We use the Faedo-Galerkin method to establish the well-posedness, then we employ the

multiplier and energy methods to prove an exponential decay.




CHAPTER 1

PRELIMINARIES

In this chapter we discuss some mathematical concepts that we should know them for

use in our .

Definition 1 Let Q be a domain in R™ (n € N), for 1 < p < oo, the Lebesque space
LP(Q) is defined by:

LP(Q) = {u : Q — R, u is measurable and /|u(x)|pda: < oo} :
Q

full = ( [ |u<x>|pdx)’l’ |

In addition, we define L>(Q) by:

with the norm

L>®(Q) ={u:Q — R, u is measurable and 3 ¢ > 0 such that |u(z)| < ¢ a.e on Q},

equipped with the norm
|u]|o = €ss sup|u(z)| =inf{c: |u(z)| < c a.e on Q}.
e

2
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Theorem 2 (Hélder’s Inequality)
1 1

Let 1 < p,q < oo such that — + — = 1, assume that f € LP(Q2) and g € L9(XY), then
p q

f.g € LY(Q) and

1fglly < [1fllzellgll e,

Theorem 3 (Cauchy-Schwarz Inequality)
For p = q = 2 the Holder inequality is none other the Cauchy-Schwarz inequality :

1F9ll < 1 F 2@ llglle2 @)

Theorem 4 (Young’s Inequality)

For all a,b > 0, the following inequality holds

a? b
ab< —+ —
p q
1 1 . .
where — + — = 1, more standard inequality:
P q
a b?
b< —a®+ —
WEFT 5

for a,b € R™, and a > 0.

Theorem 5 (Poincaré’s Inequality)

Let € 1s bounded open subset. Then there exists a constant ¢ depending on §2 such that:

1fllz2@) < eVl

Theorem 6 (Faedo-Galerkin)

The demonstration of the overall existence of the solution is based on the Faedo-Galerkin

3
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method which consists of carrying out the following three steps:
Step 01: Search for approximate solution.
Step 02: We establish, on these approzimate solution a priori estimates.

Step 03: We go beyond the limit thanks to compactness properties.

Lemma 1 (Aubin-Lions[8])
Let Xo, X and X, be three Banach spaces with Xo C X C X;. Assume that Xy is com-
pactly embedded in X and that X is compactly embedded in X, , assume also that Xy and

X1 are reflexive spaces.

For1 <p,q < +o0, let
W= {ue (0, T); Xo)/ i € L0, T); X))
Then the embedding of W into L¥([0,T]; X) is also compact.

Lemma 2 ( Lyapunov Equivalence [9])
For the stability results, we use the multiplier method based on construction of a Lyapunov
function [ equivalent to energy E of the solution. We denote by f ~ g to the equivalence

between f and g. it means

ag(t) < f(t) <cglt), Vt>0,

for two positive constants ¢; and cs.

Lemma 3 (Lebesgue’s dominated convergence[10])

Let (f,) be a sequence of function of L*.

Assume that:

a)fn(x) = f(z) a.e on Q.

b)There is a function g € L'such that for each n. |f,(z)| < g(x) a.e on Q
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soitis f € LY and ||fn — fllzr — 0

Lemma 4 /2]
In this section, we present some preliminary results, then state and the well-posedness

result of the system. Let|.|| denote the usual norm in L*(0,1),

V = {we H'(0,1) : w(0) = 0}

equipped with the norm
IWlv=IWe,

and
W = {w € H*(0,1) : w(0) = 0}

equipped with the norm

[l = llwa[I*+w.”

Lemma 5 [2/

For any w € V', we have

1
)< 5w (11)

and

w?(1) < flw]*. (1.2)
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It follows from above lemma that ||.||y and ||.||w are equivalent norms in V and W, re-

spectively, and

1
U lP+llwe ) < llve + wlP+llwe [P < 2(0x P+ [lws *) (1.3)

for any v,w eV .




CHAPTER 2

ASYMPTOTIC STABILITY OF A
TIMOSHENKO SYSTEM BY BOUNDARY
FEEDBACK CONTROLS

2.1 STATEMENT OF THE PROBLEM

We consider the following problems

(o1 — (¢ + ), =0, O<z<1,t>0
Yy — Yo + (2 +9) = 0, O<z<1,t>0
0(0,1) =(0,t) =0, t>0 21)
Po(1,1) +0(1,1) = ur(t), ¥u(1, 1) = ua(t), t>0
o(x,0) = po(z), @i(x,0) = p1(z) 0<z<l
(Y(2,0) =ho(x), Yi(x,0) = th1(x) 0<z<l

where g, 1,10, are given data, u; and us are boundary control inputs to be deter-

mined later. The measured outputs of the system at the right end are given by

yi(t) = p(1,t)  and  ya(t) = ¥u(1,1) t>0. (2.2)

7
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with the following boundary controls

for i =1,2.

The closed - loop system associaed to (2.1) ,(2.2) , and (2.3) is given by

i — (e + 1)z =0, 0<z<1,t>0

Vot — Vaa + (02 + 1) = 0, O<z<1l,t>0

©(0,1) =1(0,t) =0, t>0

0e(1,8) + (1,t) = —k1(t) e (1, 1), t>0

Va(1,1) = —ka(t)Ur(1,1), t>0 (2.4)
@(r,0) = po(x), @i(r,0) = p1(x) O<zr<l1

U(x,0) = 1po(x), ¢i(z,0) = ¢ (z,) 0<z<l1

k, (1) = i1, )]%, k1(0) = Koy, kor, 1 >0

\k () = r2[te(1,8)]%, k2(0) = ko2, koz, 72 > 0

2.2 GLOBAL EXISTENCE

In this section, we give the existence result of the system (2.4) using the Faedo-Galerkin

method.

Definition 7 A pair of functions (p,¢) defined on (0,1) x [0,T], T" > 0 arbitrary, is
called a local strong solution of the closed-loop system (2.4) if

., € C([0,T|; W) N C'([0,T]; V) N C*([0,T]; L*(0, 1))

(©o,%0), (¢1,¢1) € W xV

and 1t satisfies
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1 1
/ uuda + / (2 + )uada + Fa(B)ge(1, (1) = 0
0 0

1
0

1 1
[ vavde - [ oot [ (e e + k(01 000) =0
0 0

/

ky(t) = rief(1,t), k1(0) = ko1, koi,m1 >0,

ky(t) = raf(1,), ka2(0) = kot kor, 2 > 0,
for any uw,v € V and any t € [0,T].

Now, we are ready to state and prove the existence result.

Theorem 8 [2/
Let (o, ¢1), (Yo, Y1) € W x V' satisfy the compatibility conditions.

wox(1) +to(1) = —koupa (1) and  os(1) = —kotn(1).

Then, there exists a unique global strong solution to system(2.4).

Proof. Let {w’};>1 be a complete orthogonal basis for W and V, and for each m > 1 let

W = span{w!, ..., w™}.

We look for a solution in the form

o™ (x,t) = Z ()0 () and Y (@, t) =Y bt ()
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to the approximate problem

( 1 1
/ i + / (& 4+ U™ uad 4+ (0@ (L, (1) = 0
0 0

1 1 1
/ Yvdr + / Yrugde + / (i + Y™ )vdr 4+ k5 (t) " (1, t)v(l) =0
0 0 0
/ (2.5)
™ (8) = mlpf (1, 0)]%, k7(0) = Ko,
kg™ (t) =m0 (1, 1)), k5(0) = koo,
\gpm(_’()) =¥y 90?('70) = @T7¢m(-70) = 1/)817@0?(70) = Y1,
for all u,ve V,,,, where
(5 ") == ( > (o, w)w > (o1, wl yu? ) — (o, 1) iIn W x V,
j=1 j=1
(2.6)
(W)nﬂﬁn) = ( Z(¢07wj)wj72(¢lawj)wj ) — (@DU?Zbl)in W x V,
\ j=1 j=1
Po:(1) + 5" (1) = —korp*(1). (2.7)
and
Yoz (1) = =Kot (1). (2.8)

10
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problem (2.5) is a system of ordinary differential equation in t which has a local solu-

tion , say, in [0, t,,).
The next a priori estimates show that ¢, = oo for any m > 1.
First a priori estimate.

Substituting © = ¢}* in (2.5); and v = ¥} in (2.5),, then adding the resultants, we

obtain

1 1
/ O oy dr - / (@ + ™) pindr + k7 () [ (1,8)]* = 0
0 0

where

! '1d 1d [* 1d
m Mg — -2, m 2d —_ - m 2d = —— m||2 2.9
/0 Pi Py AT /0 2dt((pt )"dx 2dt/0 (r") da 2dt||90t I (2.9)

we have
d m m\2 m m m m
E(% + ™) =2(p7 + ") (e + Y™,

1d
—— (el + ™) = (@ + Y™ (P 4 ™) = (O + Y™ + (O + Y)Y

1
(7 + ™) = —— (@ + ™) — (O + ™)y

we enter integration

/ (o b v = / Ly / (e o
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1

1 1 )
| errmen =5 gler +vmiE = [ er +vmar

from (2.9) and (2.10), gives

the first equation

1 1
Sl I+ e +0m 1P = [ e+ e+ kP (Lo = 0

Q.l&

and we have

1 1 1
/0 wpupda+ [ urupdo+ / (o + ™+ R (LA = 0

where

/1wm mdx—/lliw)?dx—”/(w)dx 1d, e
o AT 2dt Y T T 24t T o a"™

and

1 ‘1d 1d [ 1d
MM e — - m2d _ - m2d _ ¢ mi2
| wrvas = [ S fwrpar =5 [wmae= S o)

from (2.12) and (2.13), we get

the second equation

1
S+ 1)+ [+ umyurds + RO OF =0

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

12
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by adding up (2.11) and (2.14), we arrive to

%%[||90§"(t)||2+||¢?(t)+¢m(t)||2+||¢tm(t)||2+||¢?||2]+kT(t)[¢T(1at)]2+k31(t)[¢?1(1,t)]2 = 0.
(2.15)
using(2.5),, we obtain
k™ (t) = mler (L)),
1.,
R 0
multiplication in k7" (¢)
9o 1. - d 1 . 9
ROl (L O = ZREOR™ 0] = k(0] (2.16)
using(2.5),,, we obtain
kg™ () = raep (1,1))%,
1.
(L O] = k" (2)]
multiplication in k%'(t)
o Lo d 1 ... 9
R O (LOF = “h' (k" ()] = 22 (k5" (2)] (2.17)

Substituting (2.16) and (2.17) in (2.15) we get, for each m > 1 and for any 0 < t < t,,,

d1 1

73 {Hw?(t)H?HIso?(t) +I/Jm(t)||2+||¢;”(t)||2+H¢;”(t)||2+ri1[kqlﬂ(t)]2 " E[,{?(W} o

13
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Integrating over (0,t) and using (2.6) we see that

i (117 + Il () + wm(t)|!2+|Wi“(t)!I2+\|w?(t)!\2+r—1l[k?(t)]2 + 7,—12[’65”(15)]2

= HSO1 H2+||<POz + ¢0 H2+||1/)1 ||2+H1/’0m“2r_1k81 + T_ngZ <C, (2‘18)

where C is independent of m and t. Also, from (2.5), and (2.5), we deduse

t 1 [t 1
/ [ (1, s)]2d3 = — k™ (s)ds < —kT*(t) < C. (2.19)
0 1 Jo Tl
and
t 1 [t 1
/ [ (1, s)]st = — ky"(s)ds < —ky'(t) < C. (2.20)
0 2 Jo T2

Second a priori estimate.

Set t=0 ,u = ¢*(.,0) in (2.5), integrate by parts, then exploit (2.6) and (2.7) to ob-

tain.

1 1
/0 (., 0)dz + / (6 4 ™) (. 0)d + K (0) [ (1, 0)] = 0

om0 = / (o () + 0 (@) o, 0) e

14
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This entails that

lp (- 0)|< [l tae + Yoall < C. (2.21)

Similarly, Setting t=0 ,o = ¥}"(.,0) in (2.5), integrate by parts, then exploit (2.6) and
(2.8) we find

1 1 1
/ (., 0)da + / (., 0)da + / (o mygpde + KR O) (1,02 = 0
0 0 0

1455 (5 O < Mgzl + g + 057l < € (2.22)

Third a priori estimate.

First, differentiating (2.5), and (2.5), with respect to t and replacing u and v by ¢}}

and 1y}, respectively, subsequently, addin the resultants we reach

a1
dt 2

r

{Hs@l’Z(t)HQﬂLHsOZ%(t) YOI HIYE O IR O1+5

e (L) + (L0t}

= k() (L)) — k3 () [ (L 0] < 0,

Integrating over (0,t) and taking advantage of (2.6), (2.21), and (2.22), we arrive at

r

e (Lo + Sl ol

< i (O P+l prat P+ (. O) P+ P+ 5 e (D + S Ty (L)'

it (O + lar (t) + ¥ O + 1 O1 + [em@l* +

(2.23)

15
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We conclude from (2.18) to (2.20) and (2.23) that ¢,, = co and for any 7" > 0, we have
(™) are bounded in L*(0,T;V),

(") are bounded in L>(0,T;V),

(¢ are bounded in L*°(0,T; L*(0, 1)),
(¢(1,.)) and (¥"(1,.)) are bounded in L*(0,T) N L>*(0,T)

) and
) and -
. (2.24)

So, there exists a subsequence, still denoted by(¢™, ™), such that
" — "™ — 1 weakly star in L>(0,T;V),
o = i, — by weakly star in L*(0,T; V), (2.25)
O — b — by weakly star in L>(0,T; L*(0,1)),

Using Aubin-Lions lemma 1 | we infer that
Pt = u Y = by in L2(0, T L*(0, 1)),
from which we deduce
o — o, V" — P ae. in (0,1) x (0,7).
This, together with the continuity of )", ¥}", ¢y, 1y, yield
o (1,.) = ¢i(1,.), P(1,.) = Yy(1,.) pointwise in [0, 7.

The boundedness of (¢}"(1,.)) and (*(1,.)) in L*(0,T) follows from (2.24),. Owing

to Lebesgue dominated convergence theorem we infer that

16
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O — @(1,.)  and Y™ = (1,.) in L*(0,T). (2.26)

An exploitation of (2.5),, (2.5),, and (2.26) gives
¢

k7' (t) =ko1 + Tl/o [0 (1, 8)]%ds — Koy + 7‘1/0 [:(1,5)]%ds = ky(2)

t t (2.27)
ky' () =koz + 7’2/0 [ (1, 5)]2d5’ — ko + 7’2/0 [ (1, S)]2d5 = ka(t)
in L>(0,T). Also, from (2.24), and (2.26), we have
k:/lm() = ri[ed(1, )7 = rife(1, )] = kll in L°(0,7) (2.28)
ko™ () = o[t (1, )2 = rafehn(1,)]? = ky in L2(0, 7).

Next, we take the limit of (2.6) as m goes to infinity, then use (2.25)-(2.27) to obtain

1 1
/ puuds + / (0 + ¥)uadz + ks () or(L, Hu(l) = 0,
0 0

1 1 1
/ Yyvdr + / Vv dx + / (pr + Y)vdx + ko ()Y (1, t)v(1) =0,

0 0 0
for any u, v € V. Using Aubin-Lions lemma 1 again, we entail that ¢, € C([0,T]; W), ¢y, ¥y €
C([OaT];V)7¢tt)¢tt € O([OaT]7L2<Oa]—>> and 90<07) = Yo, th(07) = ¥1, ¢(07) = ¢Oa
¢t(07 ) = 1/J1-
To prove the uniqueness, let (¢, 9, k1, ko) and (@, 0, k1, /52) be two solutions of (2.4) with

the same initial data. Then,

d ~ - -
2 Allee = Bl H(pa + ) = (Bo + D) + e = ell® + e = e

3l (0 = B0 + 5lRa(0) - (o)}

= [k () + k1 (D] [a(1, 1) = @e(1, )] = [Ra(t) + Ea(D)][10e(1, 1) — u(1, 1))
<0.

(2.29)
This implies that

(Spv ¢; kl; kQ) - (@7 1/;7 l%la ]‘%2)

17
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2.3 STABILITY ANALYSIS

In this section, we use the energy method to prove that system (2.4) is exponentially
stable ,To achieve this goal, we first establish some technical lemmas needed in the proof

of exponential stability result.

Lemma 6 Let (@, v)be the solution of (2.4), Then the energy functional E, defined by

1
B(t) = Sllleell® + lloa + 917 + ol + 197, V>0 (2.30)

satisfies

!

E'(t) = —ki(t)p2(1,1) — ka()W2(1,1) <0 ¥t >0 (2.31)

Proof. Multiplying (2.4), and (2.4), by ¢; and v, respectively, integrating over (0,1) and

using integration by parts and the boundary conditions.

The first equation

1 1
/ cupd — / (s + ©)uprd = 0 (2.32)
0 0
where
1 1d [! 1d
de = —— 2de = =—||¢? 2.
| ewenda =55 [ tie = 55000 (2.3)
and

1 1 1
- / (0 + O)ipud = — / ponprda — / il
0 0 0

18
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1 1
—[pape]g + / etz — [Vor]o + / Vprpdr
0 0

1d [*
= a1 0010 + 20,0000 + 55 [ 6

d 1 1
_w<17t>90t(17t) _'_w(Oat)QDt(O?t) + E/O w%dx _/0 wt%dx

So

Substituting (2.33) and (2.34) in (2.32) we obtain

1d
2 dt

||<Pt”2+ thHSOxHZ dt/ Y dr — / Yippdr — S%(l t)@t(l t) w(l,t)%(lat) =0
Using (2.4),, we get

(P:v(lat) + ¢(17t) = _kl(t)cpt<1’t)

@w(lut) = _kl(t)gpt(Lt) - ¢(17t>

1d 5 2
N

_[_kl(t)%(l?t) - ¢(17 t)]@t<17 t) - ¢(1’ t)‘;pt(lat) =0.

So

1d

2 el 2 _
sallol?+ 3ot + 5 [ vade = [ vete s han=0 @3
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The second equation

1 1 1
tt td - Tx td T td =0 2.36
| vz = [ oo+ [ o+ vpinda (2.36)

The first term

! 2
[ vunte =55 [ viar =3 5wl (2.37)

The second term

1 1
- / et = —[thath]} + / tbrada
0 0

(1,001, 8) + (0, )24 0, ) *m/ W2

2
=5 dtII%H — Ya(1,0)1(1, 1) (2.38)
The third term

/0 (o + V) tnd = /O st + /0 e

1
2
/gpzwtda:—l—th/ Yidx

1
= d 2 2.
| e+ 55101 (2.39)
Substituting (2.37) and (2.38), (2.39) in (2.36) we obtain

1
3P + 50l + I+ [ e = 601,010 =0,
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Using (2.4),, we find

1
3l 5 Il 4 5 S0l + [ e = bl 01,0) =0
So

1
Dl + 2 + 2L g2 + / putbud + ky(EYR(1,6) = 0. (2.40)

th 2dt 2dt

from (2.35) and (2.40) , we get

1d 1d

2 2 2 2 2 d
sallol + 3 el + 3 Il + 3 el + 3 Tl + 5 [ e

= —ki(t)p3(1,t) — ko (t)07(1,2)

1d

d !
2 2 2 2
xX 2 x

= —Ey(t)3(1, ) — ka(t)02(1,1)

1d

2 2 2 2
= el 2 Tl + 2 Ll 4+ Ll + vl

= —ki(t)pP(1,t) — ka(£)7(1,8)
loell® + 1wl + all? + llew + ¥

2dt[

= —Ey () 3(1, ) — ko (t)2(1,1)
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E'(t) = —ki(t)pf (1, 1) — ka()97(1,1) < 0

Lemma 7 Let (p,v) be the solution of (2.4), We define another Lyapounov functional

L by

L) = B(t) + —k2(8) + —k2(t), Ve >0
T 27"1 1 27"2 2 ’ -

satisfies

!

L'(0) = =k (0092(1,8) = Ra(®U(1.0) + B (O (L 0]+ a(Olrav(1,6) = 0.

and
sup[E(t) + ki (t) + k3(t)] < O,

t>0

where Cy; = L(0)(1 + 2ry + 2ry)

Proof. Then, it follows from definitions of &y, ks in (2.4), (2.30) and (2.31) that, for any
t>0,

L) = B () + 5,2k (K, (0)] + 5 -2ka(t)F (0]

= k()1 1) — ka(OUR(L, 1)+ (KL (1) + — Ra()y(1)
=—mwﬁ@w—@@ﬁ@@+%h@%ﬁ@m+%@@mw@m:0

As a consequence, we get
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On other hand, we have
E(t) < L(0), vt >0, (2.41)
and
! 2(t) < L(0) vt >0
27"1 ! B ’
k2(t) < 21 L(0) (2.42)
and
! 2(t) < L(0) vt >0
2T2 2 - ’
k3(t) < 21, L(0) (2.43)
by adding up (2.41), (2.42) and (2.43), we arrive
E(t) + ki(t) + k3(t) < Cy
and this entails
sup[E(t) + ki(t) + k3(t)] < C). (2.44)
>0
|
Lemma 8 Let (p, 1) be the solution of (2.4), then the functional
1
L(t) := 2/ roppdr, (2.45)
0
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satisfies

!

1
L(8) = =lleell* = llspell® + [(1,8) + ka(D)p(1, )] + 7 (1, 1) + 2/0 TPatade,

Proof. Using (2.45) and integration by parts, gives

/

1 1
I(t) = 2/ TPgprdr + 2/ TPz pudr
0 0
1 1
= 2/ TPz prdx + 2/ r(p + V) sppda
0 0

1 1 1
= 2/ TPprprdr + 2/ TPprprrdr + 2/ T ppdx
0 0 0

where

1 1 1 d 1 dSOQ
2/0 xgpxtgotdx—2/0 x(éﬁgof)dx—/o xd—;dx

1 1
— 2l — / Sdr = G2(1,1) - / Sdr= (1,6 — ol (2.46)
0 0

and

1 1d 1 d 2
2/0 a:gomgozdm:2(§%goi)dx:/o P

1 1
— (2]} - / Sdr = GA(11) - / Sdr = 2(L1) — oa? (2.47)

from (2.46) and (2.47), we obtain
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!

1
1(t) = —llnl? = ool + @2(1, 1) + 2(1,1) + 2 / o

1
= —lleel® = llpall® + [ (1, 1) + k() (1, )] + ¢} (1, 1) + 2/0 T Ppde, (2.48)

Lemma 9 Let (p,1) be the solution of (2.4), then the functional
1
I, = 2/ ) d, (2.49)
0

satisfies

1
Ly(t) = = [lell® = lll® + 11* + [1 + K3 ()07 (L, 1) — 2/0 Tpaods

Proof. Using (2.49) and integration by parts, gives

[é(t) =2 /1 .Z‘thl/%d.r + 2 /1 xl/}xwttdx
0 0

1 1 1
= 2/0 TYpthpda + 2/0 TYpppdr — 2/0 2 (¢ + )dx

1 1 1 1
= 2/ TYhpde + 2/ T ppdr — 2/ TWpppdr — 2/ Y pdx
0 0 0 0

where
1 1 1 d 1 dQOQ
2/0 x¢xtwtdx:2/0 x(§%w3)dx:/o a:d—mtdas
1
= vl — [ wide = 0201, = (2.50)
and
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! ' 1d ' d

1
— [} — / R = 2L 1) — 2] de (2.51)

and

= —[zs+ [ vidr = —y*(1,t) + [[v*||dz (2.52)

from (2.50), (2.51) and (2.52), we get
, 1
L(t) = —[leel® = [Wall® + 1017 + 7 (L,8) + ¢3(1,1) — *(1, 1) — 2/0 TP oda

1
= —[lebell® = lloball® + 111* + 97 (1, 8) + k302 (1,1) — *(1,1) — 2/0 Tpgadi

1
= —Hwtllz—H%!I2+\|¢H2+¢f(1,t)+[1+k§]1/1f(1,t)—¢2(1,t)—2/0 Tpaedr, (2.53)
|

Lemma 10 Let (p, %) be the solution of (2.4), then the functional

1 1
I3(t) :== —5/0 ppd, (2.54)

satisfies

/

1 1 1 1 [t
Iy(6) = —glledl” + 3 e l* + Sk e (L, o1, 1) + 5 / pothdr,
0
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Proof.  Using (2.54) and integration by parts, gives
, 1/t 1 /1
L(t) = —5/ prdx — 5/ opyd
0 0
[, 1!
:—5/ sotdx—§/ O(Pr + V)2dx
0 0
1 1 ) 1 1 1
= 735 2 dx — _/ QOQpaza:dx - _/ @¢a:dx
2/0 ! 2 Jo 2 Jo
where
1 [t 1
~3 | e = =3l (2.55)
and
1/t 1 1
-3 xxd - — 3 T ! = 2d
2/0<P<P % 2[@@]0+2¢zx
1 .
= 2oL 0pa(L1) + Sligaldr, (256)
and
1 /[t 1 1/t
— pde = —=[puls + = | pad
2/0 Opdx 2[w¢]o+2/0 o da
1 1 [t
0

from (2.55), (2.56) and (2.57), we get
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’

1 1 1 1 1 /!
I(t) = —=|leel? + = lleall® = s, e (1, 1) — —(1,8)p(1,t) + —/ O 0d
2 2 2 2 2 Jo

1 1 1 1 1 [t
= —Slledll? + Slleal? = 5 1=ka (i (1, 8) = (1, D)]ipa(1,8) = S, )1, 1) + 5 / prthdz

1 1 1 1 [t
= —SlledlP + 3 lleal? = Sk i (L, (1) + 5 / pothd, (2.58)
0

Lemma 11 Let (p, %) be the solution of (2.4), then the functional

1
I14(t) = %/0 Pipydi, (2.59)

satisfies . X . . .
L0) = Sl = 31l = SI91P = Sa@)n(1, 0001, 8) + S,

Proof. Using (2.59) and integration by parts, gives
, T, I
1,(t) = 5 | Vide+g | Yiude
0 0

1! 1

1 [t I I 1t
=3 2d 5 xa:d__/ :vd__/ d
2/0¢tx+2/0¢¢x20¢90w201/}1’

where

1 ' 2 1 2
5 | vide=Slwl?, (2.60
0

28



2.3. STABILITY ANALYSIS CHAPTER 2.

and

: /O e = 001 / 02

1
= w(lvt)wx(lvt) - é”waQ

and

Lty Lo
—5 | wide =31
from (2.60), (2.61) and (2.62), we get

, 1 1 1 1 /!
1(t) = Slel® = S llel? = S0P + ga(L (1 1) — 5 / prtbda

Lo, 1 O T | 1 /1
== - - — Zho()e (1, )0(1,8) — = d
311017 = Gl = S = Sha(un(Lp(1.0) = 5 [ o
Lemma 12 The following function
satisfies

Proof.

using Young’s inequality, gives

(2.61)

(2.62)

(2.63)

(2.64)
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1
Li(t) = 2/ TPpppdr < 2[ / (zp,) dx + —/
0

! 1
I(t) :2/ xphdr < 2[6—2/ (mbx)2dx—|——/ Q/de:c]

0 2 Jo 2e2 Jo
Ry les [P, I

< Z[Z2 ——
/sosot_Q[Q/sodx+2€ / o da]

/wwt_éeg/wdw—/ yRda]

I3(t)

4
0

s 2 o 2
“ gl + 4&luwtu

we have

x? < Max z2

SO
(z)? < Max (z)*

1 1 €
ZIJ <e m) d$+—||sot|| tea | (ape)2dr + =[]+ 2
)

1
2, 2
el + = lled

1 1 €3 1 €4 1
< ealliozl” + el + eallell + el + Pl + = llendl® + I+ il
using inequality (1.1), we get
1 1 €3 1 Eyq 1
<aillgall + Zllpl? + eallinl + ol + Zlleal + el + 51l + 5 el
€3 2 1 1 2 &4 2 1 1 2
< (22 o il T
<Gt eleal? + (= + el + G+l + (< + )l
€3 €4
—+e)=(5+e¢
(5 te)=(5 +e)
E1 =¢&9
3 = &4

using inequality (1.3)

(Z + el + el < (3

- +221)([lea + VI + [1¥]?)
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(= + =)l + 1ulP)

(% 220) o + 917 + 1) + (= + )l + )
< Hlge + 12 + 19l + loal? + el

10)] < 5B

.

We introduce another Lyapunov functional

L.(t) = E(t)+¢el(t)

where € > 0

Lemma 13 The Lyapunov functional L. is equivalent E.

Proof. We have 0
|Le(t) — E(t)| =¢|l(t)| < §5E(t), vt > 0.

which implies

2
By choosing € < i we obtain the equivalence between L. and FE.

0<(1—=e)E(t) < LA(t) < (1+ 9E)E(t), vt > 0.

2 - 2

(2.65)

(2.66)
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Lemma 14

/

Proof. First, we have

Applying integration by parts, we find

I(1) € 3 B(t) + (1 + 20000+ (L0], >0, (2.67)

/ 3 1 1 3 1
1) = =Sleell® = Sl = Slleall® = Sllunll® + SI61° = 62(1,8) + 23 (1, 1

FIHROIE, 0+, 0)+ b (a1, O + Sk (a1, 0p(1L1) = Ska0) (1, 96(1,1)

3 1 1 3 1
= —§||<Pt|’2 - §||¢t||2 - §||90x||2 — 5”%”2 + §||1/)||2 + i (1,8) + 7 (1,8) + k3 ()yr(1,1)

_'_k%(t)(ﬁ?(la t) + 2k1(t)90t(17t>¢(17 t) + %kl(t)got(l,t)gp(l,t) - %k2(t)wt(1>t)w<1at)

using inequality (1.1), we get

1
61 < 5 el
So

1 2 1 2
Z < Z
191 < 7l
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therefore
3 o 1 2 3 o 1 2 5 2
_Z — < _Z - < =
and using Young’s inequality, gives
1 1
2kt (1, 06 (1,8) < 20702(1,1) + KL 0] < Su2(1,1) + 260 (1, 1)

1
P(1,1) + 1R OF (1)

|

|
T

no
—~
~
N—
=

o~
—~
[u—
~
~—
<
—~
—_
~
N~—
IA

3 1 1 )
I < =Sl = Sl = Slhoell = 10l + 0210+ 031, 6) + U3, 1) + B (1) (1,1)

5021, 0) + 20201, 0) + 102(0,0) + TR 0) + PREEUEL 1) + 3u7(1,1

3 1 1 ) )
< —Sloull” = Sl = Slleell = Sl + ¢2(1,2) + 67(1,8) + TBEH(L )

13 3 1
R O@i(1 1) + 7921 1) + 701 1)

So
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/ 3 1 1
P(6) < =5l = S0l = lleall = el + 36201,6) + 392(1,1)

I+ 2RO + [ SO0, 1)

using inequality (1.2)

P (L) < [leal?

1 1
1900 < el

So
1 1 1 1 1
_ = a:2 _21t<_ x2 _x2<__ x2
el + 102(1,) < Slleall + {lleel? < =5l
and
P (1,1) < [l
3 5 3 9
S2(1,1) < Zabs
S, < Sl
So
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5 3 5 3 1
= Sl U(0,0) <~ el + LNl < = e
therefore
, 3 1 1 1
P(6) < ~2llel — 5ol = Flleell = glol?
13 5
L RO, + [+ TR0,
1
< —Z[II%II2 + [l + [l ell® + 19 1?]
13, 2 - 2
[ RO + [+ TR0,
1 13 5
<~ B() + [1+ RN 1) + [+ RO )

3

I() € 3B + (0 + 2L 0 + (L], Vi >0

[ ]
Lemma 15
’ g 13 2 2
L(t) < =3 B(t) = [k — 1+ -C)llei (1, 6) + i (1, )],
where k = min{ ko1, ko2 }-

Proof. we have from (2.65)
L.(t)=FE(t)+el(t)

(2.68)

(2.69)

Lle<t> < _kl(t%p?(l’t) - kQ(t)wf(Lt) - ZE(t) + 5<1 + ?Ol)[g}?(l’t) + wf(lat)]

< —Forg(1,1) — ket (1,0) = SE(0) + 21+ S Col(1,0) + v2(1,1)

< —ZB(t) — K} (1,1) + v3(L,8)] + (1 + ?Cl)[soi(l, B+ 47 (1,1)]
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L) < ~SB() ~ [k - <(1+ O] (1,6) + 92(1,0)],

Lemma 16 Given any initial data (¢o, ¢1), (o, 1) € W X V, the solution associated
to the closed-loop system (2.4) is exponentially stable

E(t) < Cee™' Vvt >0, (2.70)
2+ 9
here C. = E(0).
where 5 0e (0)
Proof. We choose ¢ < mi {2 A } in the last lemma, so that
. e <min{g, ——ae-}in mma,
LL(t) € —ZE() (2.71)
’ £
L(t) < — (1), Vt>0,
SUE 2(2+ 9¢) ®)
from (2.66),
9
L(t) < (1 + ) E(2)
(0(5—g2) < B()
2497 T
3 e, 2
—E®) —1(2+9€)Ls(t)
SO
£ £
_CE(M) < — (t
PO = —5 0t
from (2.71)
L)< —— " (t), Vt>0
€ 2(24+9¢)
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A simple integration over (0,t) gives

t [ t c
| i< [ oasds
o L(s) o 2(2+9%)

tL() t
ESdsS—/A€d5
/OL(S) 0

So

Finally,a combination of this with (2.66) leads to

(2.72)
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E(t) < Ce™™' Vvt >0, (2.73)
24 9¢
2—9¢

where C, = E(0). This completes the proof of our drsired result. m
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CHAPTER 3

POROUS-ELASTIC SYSTEMS WITH
BOUNDARY FEEDBACK CONTROLS

3.1 STATEMENT OF THE PROBLEM

We consider the following problem

;

PUt — WUy — b, = 0, O<z<1l,t>0

Jhyy — 0Pz + by + € =0, O<z<1,t>0

u(0,t) = ¢(0,t) =0, t>0
b (3.1)

ux(Lt) + ;(b(l?t) = fl(t)> ¢x(17t) = f2(t)7 t>0

u(z,0) = up(x), uz,0) =ui(x) 0<zr<l1

\Qb(![‘,()) = ¢0(x)7 th(l',O) = ¢1($) O0<z <1

where ug, u1, ¢g, @1 are given data, f; and f, are boundary control inputs to be deter-

mined later. The measured outputs of the system at the right end are given by

yi(t) =w(1,t)  and  yo(t) = ¢u(1,1) t>0. (3.2)
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with the following boundary controls

fi(t) = —hi(t)y:(¢),
{h; — r2(8), hs(0) = hoi, o, > 0, (3.3)

for i=1,2.
The closed - loop system associaed to (3.1), (3.2), and (3.3) is given by

(putt—,uum—bgzﬁm:(), O<z<1,t>0
Jbi — OGpy + buy + € = 0, 0<z<1,t>0
’LL(O, t) = ¢(O7t) = 07 t>0
¢u(1,1) = —ha(t)de(1,1), too  (34)
u(z,0) = ug(x), ulx,0) =ui(x) 0<z<l1
¢($,0) = ¢0(:E)7 gbt(l',O) == gbl(a’;)) O <x < ]_
hy(t) = r[u(1, )%, hi(0) = hoy, hot, 71 > 0
\h;(ﬁ = 1o[¢u(1,t)]%, ho(0) = hoz, hoa, 72 >0

3.2 GLOBAL EXISTENCE

In this section, we use Faedo-Galerkin method to prove our existence result.

Definition 9 A pair of functions (u, ) defined on (0,1) x [0,T], T > 0 arbitrary, is
called a local strong solution of the closed-loop system (3.4) if

u,¢ € C([0,T]; W) N ([0, T V) N C*([0, T]; L*(0, 1))

(uo, P0), (u1,¢1) €W xV
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and 1t satisfies

1 1 1
p/ uyzdr + u/ Uy 2 dr + b/ ¢zpdx 4+ hy(t)u(1,8)2(1) =0
0 0 0

1 1 1 1
J/O dpvdx + 5/0 OV dr + b/o u,vdx —|—§/O pvdx + ha(t)e(1,t)v(1) =0

!

hy(t) = rui(1,t), hi(0) = hoy, hor,r1 >0,

/

ho(t) = r2¢7(1,t), ha(0) = hoz, hog, 2 >0,
for any z,v € V and any t € [0,T].

Now, we are ready to state and prove our existence result.

Theorem 10 /2]
Let (ug, uy),(¢o, ¢1) € W x V satisfy the compatibility conditions.

(D) + L o0(1) = ~hors(1)  and  na(1) = ~haxt(1).

Then, there exists a unique global strong solution to system (3.4).

Proof. Let {w’};>1 be a complete oethogonal basis for W and V, and for each m > 1 let

W = span{w!, ... w™}.

We look for a solution in the form
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Tt =) ()0 () and ¢"(x,t) = bty ()
j=1 J=1

to the approximate problem

¢l 1 1
p/ upy zdx + ,u/ uy'zpdr +0 | @ zpdx + R (H)uy*(1,t)2(1) =0
0 0 0

1 1 1 1
J/ oy vdr + 5/ o dr + b/ uyvdr + f/ ¢™vdx + hy ()7 (1,t)v(1) =0
0 0 0 0

, (3.5)
hy™(t) = rifuy (1, 1)), hi"(0) = hor,
ha™(t) = ra[}" (1, 1)]%, h5(0) = hog,
kum(w 0) = ug', " (., 0) = ui*, 9™ (.,0) = 95", ¢} (., 0) = ¢,
for all z,v € V,,,, where
(ugr, ul) := ( Z up, w’ wj,z up, w Jw ) (uo,up) in W x V,
J=1 7j=1
(3.6)
¢0 ,¢m = ( Qb(),w] w]az Cblaw] w] ) — (¢0,¢1)in W x V,
\ 7=1 j=1
m b m m
ug, (1) + ;% (1) = —houy*(1). (3.7)
and
$on(1) = —ho2o"(1). (3.8)
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problem (3.5) is a system of ordinary differential equation in t which has a local solu-

tion , say, in [0, t,,).
The next a priori estimates show that ¢, = oo for any m > 1.
First a priori estimate

Substituting z = uj* in (3.5), and v = ¢* in (3.5),, then adding the resultants, we

obtain
1 1
P/ uttUt dl"i‘ﬂ/ um umtdx—i_b/ ¢mu dx+hm( )[ T(l,t>]2=0
0 0
where
1 1
p [ uaras = 55 [ rpar = S (3.9)
and
1 1
wod 2 pd 2
o [ e =55 [mpar = 52 (3.10)
and

b/o1 My dy = / o mdm—b/ P da (3.11)

from (3.9), (3.10) and (3.11), gives

The first equation
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ld m 2 m 2 ! m m m 2

5 g Pl I+ plluz (07420 i @™ ()uy' ()] dz—b cbt t)dx+hy(¢)[w"(1,1)]" =0
(3.12)

and we have

oromdr +6 | gmemdr +b omd + & 1¢m mdz + W (4)[6M(1,1)2 = 0
i [ apamte o [arapie e |

where
! m om ‘]d ! m 2 2
7 [ oworar =54 [ orras = 5L (313)
and
5 [ omoman— 22 <¢m> Lygm? (3.14)
, O O = oty th '
and
e [ omoma —§i/1<¢m>2d P (3.15)
0 LT 9 ), YT ow ‘

from (3.13), (3.14) and (3.15), we get

The second equation

3 IS O8I P +€lo™ O lda+b | a2 (@dehy Ofer (1.0 =0
(3.16)

by adding up (3.12) and (3.16), we arriv to

%%[ﬁHUT(t)HQwHu;”(t)||2+J|!¢§”(t)||2+5H¢;”(t)||2+€H<bm(t)||+2b/0 O™ (E)ul ()] dz+RT () [w) (1, 1))
(3.17)
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using (3.5),, we obtain

(LR = L),

(&1

multiplication in A7 ()

1 d 1

AP (O (L OF = K@) (0) = 5O, (319
using (3.5),, we obtain
B (e) = ralgpr (1L
1.,
(L0 = B (0),
multiplication in h%'(t)
R OI6F (LOF = RO (0) = SO (3.19

Substituting (3.18) and (3.19) in(3.17) we get, for each m > 1 and for any 0 < t < t,,,

d1

25 I O + plluz O + Tl @1 + dllez @I + o™ @)
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L 9b / S (O (1)) + [hm< 2+ L@ = o

T2

Integrating over (0,t) and using (3.6) we see that

PP + e @1 + 1P + 86Ol + €lom P +25 [ om0z @)as
bR+ [ (O = 0

(& T2

1
= pllu |*+ullugy [P+ T 671 +0l o5 I *+&l 05| +25/ Po Upgdr+-— h T h <C

(3.20)
where C is independent of m and t. Also, from (3.5); and (3.5), we deduse
t 1 [t 1
/ (1, $)2ds = ~ [ Km(s)ds < S < C. (3.21)
0 1 Jo 1
and
¢ 1 [t 1
Joraspas == [ npeas< o <c (3.22)
0 T2 Jo )

Second a priori estimate.

Set t =0,z = u}*(.,0) in (3.5), integrate by parts, then exploit (3.6) and (3.7) to obtain.
1
p/ ugug(.,0)dz + ,u/ uyur (., 0)dx + b/ " ul(.,0)dx + R (0)[uf*(1,0)]> =0
0

1 1
Pl (. 0)[12= / ()2, 0)de + b / o () (x, 0)
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< [ulluges |l + 0l @6, 111w (-, )]

This entails that

pllu; (- O< pllug, || + bl ]| < C. (3.23)

Similarly, Setting t=0, v = ¢*(.,0) in (3.5), integrate by parts, then exploit (3.6) and
(3.8) we find

1
0

1 1 1
m o m m _m m o m m _m m m 2

SN ( O < 01 ¢Gse [l + bllugell + ElleG']] < C. (3.24)
Third a priori estimate.

First, differentiating (3.5),; and (3.5), with respect to t and replacing z and v by u}}

and ¢j}, respectively, subsequently, addin the resultants we reach

1d
5 g Pl O + pllaz (D17 + Tl O + ez O + &lloy (0]

w20 [ olde + Fr ) + 2 o)

B (1) g (L O] — B (1) 6 (L D)2 < 0.

Integrating over (0,t) and taking advantage of (3.6), (3.23), and (3.24), we arrive at

plluig (O + ulluy 1 + o 01 + sl @I + &ller )]
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<2 [ op(ouiolde + S o)+ Flor o)

pllug (O + pllufy 117 + JN65 (L 0)I17 + ol (O] + €l o7 (011

2 [ opnoi + Far o) + Zor (o) (3.25)

<C.

We conclude from (3.20) to (3.22) and (3.25) that ¢, = 0o and for any 7" > 0, we have

(u™) and (¢™) are bounded in L*(0,7T;V),
(ui") and (¢}") are bounded in L*(0,7T;V), (3.26)
(u) and (¢7") are bounded in L>(0,T; L*(0,1)),

(u™(1,.)) and (¢*(1,.)) are bounded in L*(0,T) N L>®(0,T)

So, there exists a subsequence, still denoted by(u™, ™), such that
u™ — u,@™ — ¢ weakly star in L*=(0,T;V),
uyt = g, — ¢ weakly star in L>(0,T; V), (3.27)
ul = Uy, P — ¢y weakly star in L>(0,T; L*(0,1)),

Using Aubin-Lions lemma 1, we infer that

ul = ug, ¢ — ¢ in L(0,T; L2(0,1)),

from which we deduce

upt — u, ¢t — ¢ ae. in (0,1) x (0,7).
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This, together with the continuity of u}", ¢;", u, ¢, yield
u™(1,.) = w(1,.), &M(1,.) — ¢(1,.) pointwise in [0, T7.
The boundedness of (u}*(1,.)) and (¢*(1,.)) in L?*(0,T) follows from (3.26),. Owing

to Lebesgue dominated convergence theorem we infer that

u — uy(1,.) and ¢ — ¢(1,.) in L*(0,T). (3.28)

An exploitation of (3.5),, (3.5),, and (3.28) gives

R (t) = hot + rl/ [u™(1,8)]2ds — hop + rl/ [uy(1, 5)]%ds = hy(t)
0 0 (3.29)

B (t) = hoo + 12 / (67 (1, 8)]2ds — hoy + 12 / 6(1, 5)ds = halt)

in L>(0,7). Also, from (3.26), and (3.28), we have

Next, we take the limit of (3.5) as m goes to infinity, then use (3.27)-(3.29) to obtain

1 1 1
p/ U zdx + u/ Uy Zpdx + b/ ¢zpdx 4+ hy(t)ug(1,2)2(1) =0
0 0 0

J/Ol ppvdr + 5/01 GpUdx + b/o1 ugvdr + & /01 ovdx + ha(t)ey(1,t)v(1) =0
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for any z,v € V. Using Aubin-Lions lemma 1 again, we entail that u, ¢ € C([0,T]; W), us, ¢ €
C([O,T];V),Utt,¢tt € C([O,T],[ﬂ(o,l)) and U(O,) = U, ut(O,.) = Ui, (b(O,) = ¢0,
¢:(0,.) = ¢1.

To prove the uniqueness, let (u, ¢, hi, hs) and (4, é, hy, hy) be two solutions of (2.4) with

the same initial data-Then,

d . i - . .
7 {pHut — | + pllue — @ol® + Jlldr — &l + 6llds — dall* + Elld — @12

+2b /0 (Gue — Gtz + S (6) — Fa (0] + %[hz(t) ()]

= [ () + P (D) [ue (1,1) — (1, 6)] = [ha(t) + ha(D)][@(L,8) — 6o(1,1)]?
<0

This implies that

(U, ¢7 h17 h?) - (a7 qg? illa il?)

3.3 STABILITY ANALYSIS

In this section, we use the energy method to prove that system (3.4) is exponentially
stable ,To achieve this goal, we first estabish some technical lemmas needed in the proof

of exponential stability result.

Lemma 17 Let (u, ¢) be the solution of (3.4), then the energy functional E, defined by
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1 1
E(t) = 5/ [pu? + J¢7 + pu2 + 092 + €% + 2budldr Yt > 0 (3.30)
0

and satisfies

E'(t) = —phy(t)u2(1,t) — 8hy(t)p2(1,1) < 0 vt >0 (3.31)

Proof. Muliplying (3.4), and (3.4), by w, and ¢, respectively, integrating over (0,1)

and using integration by parts and the boundary conditions.

the first equation

1 1 1
p/ U Updx — ,u/ Uy UrdT — b/ Grurdr =0
0 0 0

where

! d [* d
p/ﬂ ugupdr = ga/o urdr = gEHutHZ (3.32)

and

1

1
—,u/ U Uy dT = — pu[Up ] +u/ Ug U dx
0 0

= _:uuac(la t)ut(lv t) + Mux(ov t)ut(oa t) +

N =

d 1
— / uldr
dt J,

o1
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N =

d
%Huxﬂzdx — g (1, t)ue(1, 1) (3.33)

and

1 1
_b/o bpusdr = —b[pug]l + b/o Pugdx
1 1
= —bop(1,t)us(1,t) + b (0, t)u (0, 1) + b%/ puzdr — b/ dtu,dr
0 0

d 1 1
= —bo(1,t)u(1,t) + b%/0 Pu dxr — b/o Qi dr (3.34)

from (3.32),(3.33) and (3.34), we obtain

N | —

d
E[PHUtHQ‘i‘MH%H +b—/ duzdr —b /gzﬁtuxdx pg (1, 6)ug(1,6) — b (1, t)ug(1,t) =

1d d (! ! b
_E[IOHutHQ_‘_,U/HuxHﬂ_'_b%/O (buxdx_b/o (btuxdx_/jJ(_hl(t)ut(Lt)_p(b(lut)ut(Lt)_b(b(lat)ut(lat)
1d

—lplluel|* + plluz ] ¢uxda: —b cbtuxd:v +pha(uf(1,1) =0 (3.35)
2 dt dt

the second equation

J/Olgbttgbtdx—6/01¢m¢tdx+b/olux¢t+€/01¢gbtdx:O
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where
! Jd (! 2 )
7 [ oo =55 [ dide =5 5100 (3.36)
and

1 1
J— — — 1
5 /0 Gunidt = —O[pudelh + 6 /0 bubund
— 56u(L, 0)6e(L, ) + 565(0,)e(0,8) + 0L / Qo

2dt

2

and

1
[ ootr =55 [ =5 o (3.39)

from (3.36),(3.37) and (3.38), we get

d 1
S loel® + dlloz 1 + Ellol*] + b/ UpGrdx — 05 (1, 1) (1,1) = 0
0

N | —

d 1
5 S ITI82 + 8612 + €] + b / Uatudz = 0(=ha()u(1, £)&:(1,1) = 0
0

d 1
GUIGE +310u P+ €10l +b [ wode + Shalt)of(1,0) =0 (339)

DN | —

adding up (3.35) and (3.39), leads to
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1d
5 Zlollul? + llugll? + TNl + 861 + €617 + b / Guydr
+ pha ()21, 8) + Sha(t)d2(1,) = 0

So

d1 !
=5 / [ + pi, + J&) + 0% + €67 + 2ousld = —pha (t)uf (1, ) — Sha(t) 7 (1,1)

E'(t) = —pha(t)ui (1, 1) — ha(t)$7(1,t)
|

Lemma 18 Let (u,¢) be the solution of (3.4), We define another Lyapounov functional

L by

L(t) := E(t) + 2_7'1h2(t) + 2%}9( ), vt > 0.

satisfies
/(1) = —piba ()0 (1,1) = Shaf0)2(0,1) + L (0. 0] + a0l (1,0] = 0.

Proof.
Then, it follows from definitions of hq, hy in (3.4),(3.30) and (3.31) that, for any ¢t > 0,

L'(t) = E'(t) + 2 [2ha(t)h} (1)) + 2, 2hat ) (2)

= (E10) = Sha D (1,8) + L) + d a1 1)
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= —pha(t)u (1,) = dha ()65 (1, 1) + rﬁlhl(t)[ﬁul?(lj t)]+ %hz(t) [r20¢ (1,1)] = 0.

As a consequence, we have

we have

E(t) < L(0) (3.40)
and

ph3(t) < L(0)2r; (3.41)
and

§ha(t) < L(0)2r (3.42)

by adding up (3.40), (3.41) and (3.42), we arrive

E(t) + phi(t) + 0h3(t) < A1,

and this entails that

sup[B(t) + a3 (t) + 5h3(0)] < Ar. (3.43)

t>0

where Ay = L(0)(1 4 21y + 2r9)

Lemma 19 Let (u, ¢) be the solution of (3.4), then the functional

1
Fi(t) .= a/ Tu ude, (3.44)
0
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satisfies

/

1
Fy(t) = —pllull® = pllua]* + ulZ o) + ha(t)us(1, )2 + pui (1, 1) + 2/ Tty Gy,
0

Proof. Using (3.44) and integration by parts, gives

1 1
(t) = a/ TUppUpdT + a/ TUp U AT
0 0

/

Fy

1 1 L b
= a/ TUpUpdT + a/ T(=Ugy + — O )Uupdx
0 0 P P

1 1 1
b
a/ xumgotdx—i-%/ xumuzdm—l—a—/ TPpu dx
0 P Jo P Jo

where
! L 14d a [P du?
a/o a:uxtutd:t:a/o x(E%uf) 2/0 xd—;d:v
1 1
= %[wuf]}) - 5/0 urdr = —ui(1,t) — g/0 updx
e
= Sui(1,t) — §||Uzt||2 (3.45)
and
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1 1 1 2
1d d
oH LUy Uy AT = o o(=—u?)dr = o 2 g0
P Jo pJo 2dx 2p Jo dx
1 1
= %[xui]é = %/ uidr = %ui(l,t) - %/ uidx
2p 2p Jo 2p 2p Jo
ap o ap 2
= ui(1,t) — ——||u, 3.46
(1,0 - S (3.16)

from (3.45) and (3.46), we obtain

!

1
« Qi « QL ab
Fi(t) = —EHutHQ — 2—p|\u,3H2 Euf(l,t) + %ui(l,t) + 7/0 TP U dx

o 5 O 5 op b 5 O, ab /1
= —= - —|—=¢(1 1 —u; (1 — +Gzd,
3l = S+ SE O ) ha (L 0+ St (1) +- 5 [ s
(3.47)

Lemma 2 Let (¢, 1) be the solution of (3.4), then the functional
1
Fit):= 5 | 2,00 (3.48)
0
satisfies

1
Fy(t) = =Jllell* = 0llgol® + Sl DI + [J + Sh5(1)] 07 (L, 8) — §&*(1,t) — 25/0 TgPgd

Proof.  Using (3.48) and integration by parts, gives

1 1
FQ/(t) = 5/0 Tz Prdx + 5/0 TPy Pudr

o7



CHAPTER 3. POROUS-ELASTIC SYSTEMS WITH BOUNDARY FEEDBACK
3.3. STABILITY ANALYSIS CONTROLS

3 / s + 5 / L

— 5 / Y / P L / S o0

J J
where
B/ mxtqstdx—ﬁ/ s B/ i
1 1
— et =5 [ ete = pa - [ otas
= 2200~ Dlou? (3.49)
and
s ! B 1d _ B[t dod
7 )| oot =17 / TG =g / Ir
ﬁé 1 / ¢2d — / ¢2d.f17
o )
= g - §—J||¢x||2 (350)
and

_ ﬁf 1d B 1d¢2
/ Todod = (2d$¢2) __5 da;d
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B BE [N B s [
sl 55 [ e =—Eo 00+ 55 [ e

_ B, BE
— (1,8 + o (351)

from (3.49) ,(3.50) and (3.51), we obtain

g

/ )
By(t) = =202~ oul+ oo o+ 2

T J

36

55
¢?(17 t)_f—ﬁ

(1, t)=550%(L,1)—

po
2]

RA(H)FR(L, 1)~ “&uw—@/k%%m
0

By e B0 BB
= —LloulP - g+ 0l +E 621, 1)+ .

_ By LY BE pb / '
= SIS0 P+ 561+ G+ 501620, 0- 5560, 0= [ g,
(3.52)
n
Lemma 3 Let (¢, 1) be the solution of (3.4), then the functional
1
F3(t) := 7/ uude, (3.53)
0
satisfies

b 1
Fy(t) = —gHutIIQ _ gHUwIIQ n ghl(t)ut(l,t)u(l,t) + 5/0 Uppda

Proof.  Using (3.53) and integration by parts, gives

1 1
Fiy(t) = *y/ urdr + ’y/ uugdz
0 0
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1 1 L b
= 7/ urdr + 7/ (“Upe + — Py )udx
0 o P p

1 1 1
b
= 7/ uldr + JE Upgudr + l/ P udx
0 P Jo

P Jo
where
o [ Y o [
—/ Ugzpudr = —[uxu}é——/ uidr
P Jo P P Jo
= 1, (L, 8) — | (3.54)
p p
and

1 1
2 / poudz = Llpu)t — 2 / wapde
P Jo P 0

p
b b 1
:lm@m@—l/%wx (3.55)
P P Jo
from (3.54) and (3.55), we get
/ b b 1
Fy(t) = llu]) - %nuxn + %uxu,t)u(l,t) + %uu,twm - % / Uy
0

- el — %Humn + %[—wwut(l,w = §¢<1,t>1u<1,t> + %buu,mau,w =
lb Uz pdx
P Jo

b 1
— ]| — %uuzu - 7—p“fu(t)zm,t)u(l,7f> = % / Uppda (3.56)
0
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|
Lemmad4 Let (¢,%) be the solution of (3.4), then the functional
1
Fy(t) := O'/ ppede, (3.57)
0
satisfies
/ J ) 13 4] b [*
Fy(t) = §||¢1t||2 - §||¢:c||2 - §H¢H2 = 5ha(8)0u(1,1)(1,8) — 5/0 Uz pdz,
Proof. Using (3.57) and integration by parts, gives
/ 1 1
F4(t> = 0'/ Qb?dl’ + O'/ ¢¢ttd$
0 0
1 1 S b 5
! of [! ob (1 ot [!
=0 | ¢ldr+ —/ OOprdr — — oudr — —/ o’ dx
/0 ' J Jo J Jo J Jo
where
1
7 [ éido=olo? (3.58)
0
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and
o6 [* o) o6 [*
- rx de = — T ‘- = 2
[ bnsite = Tl =% [ o
o) o)
= —o(L,1)ds(1,t) — —[l¢a” (3.59)
J J
and
of [ 2 s 2
_25 de = —— :
> [ e =T (3.60)
from (3.58), (3.59) and (3.60), we get
, ) 3 o) ob !
F'(t) = 2 00 2 9SSy 2, 99 _ oo
(0 = ol = Zhenl = Z ol + 01,000, = T [ ouda

B oo o oo ob !
= ol = TP leal? = ZH0IE — Tha)n(100(1,0) = 7 [ ouada

Lemma

We introduce another Lyapunov functional

L.(t) = E(t) + eF(t)

where € > 0 and F is given by

(3.61)

(3.62)
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Therefore, inequalities (1.1) and (1.3) together with the Cauchy-Schwarz inequality gives

)< SR < B0, W0 (3.63)

We deduce from (3.63) that
9
|Le(t) — E(t)| = €| F(t)] < §5E(t), vt > 0.
which implies
9
(1—--e)B(t) < L(t) <(1+-e)E(t), Vt>0.
: 2 :

By choosing ¢ < 9’ we obtain

0<(1— ga)E(t) <L) <(1+ %;)E(t), Wt > 0. (3.64)

Applying integration by parts, we find

/ a o a ab? QL 2b
F(t) = —5HUtIIZ—%HuxII%EU?(Lt)+m¢2(17t)+zh?(t)ut2(1yt)+?¢(1,t)h1(t)w(1,t)
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ab (! B w2 B0 2 2 B0 o 2 55 2
+92 [wtnade = S1007 = 55101 + 55101 + (5 + SROWE0.) — 56 (1.1

Bb

1 b 1
—7/ xuxgbxdmﬂnutu?—ﬂnuxn?—ﬂhl(wut(u)u(u)—l/ dupds
0 1Y P P Jo

1
+ol6lF = TPl = FH 1ol = Fha)61. 0001, = T [ o

-4 58 _ s

= (=g 0l + (5 = D)l + (5 + P + (57 = )6
5 b
05 = Tl + (§ + a0+ & + 01610 + (G - B
_%hl(t)ut(u) u(l,t) — 075h2( e (1, ) (1, 1) + %b¢<1ut)hl(t)ut(17t>
+%b T uzdr — —/ TUyPpdr — / Pugdr — — Uﬂbdw
Where B:a—J , ’YZ_—Up
P J
aJ ) )
= (=5 = Pl + (= + TPl o+ (= + Il + (= = =F)
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af o€ u aJ ad ab?  af
+(2p ISl + ( h2( )ui(1,t) + (Z + —h2( )ei(1,t) + <2PM 2p)¢2(1 )
—l—%hl(t)ut(l,t) u(l,t) — 076h2( ) (1,8)d(1,t) + %bgzﬁ(l,t)hl(t)ut(l,t)
Where a=p , o= %

/

3 2 M s J o 30 s € 2
F(t) = = ol = sl = Tl = Ll + S o)

L+ SmO) (L) + 4+ gh%(t))cb?(l, n+ (- §>¢2(1ﬂf)

+ 2 21

P (L, (1, 1) — Tha()ou(LDO(L1) + b6 (L (1)1, )

and using Young’s inequality, gives

bo(L O (O (1,0) < [SHROWLD) + 3 6(1,0] < FROUEL0 + 5 6(1,1)

Eh(t)ud(1,u(1,1) < SIZR 0 (L, t)+2—;u (0] < FE R0 (1, 1)1,

583

SO0 06(0,1) < TIZROL 0+ (1 0] < RO+ (L)

»-BICM

8

we get

3 L J 30 13
() < —°2 2 M 2 _ 7 2 _ 20 2 . S4p2
(t) < = gplluell® = Zlluall® = 2 l0ull* = - lloall” + Z 4]

P Ko 2 J 0, 2 €,
(5 + §h1(t))ut(1’t) + (5 + §h2(t))¢t(1vt) (ﬂ - —)¢ (1,7)

_|_

| e U de3 5 €1 b?
a1, 4,04 220680, 0 0t 0, 04,
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3 wop J 30 £ o€
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using Young’s inequality
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CONCLUSION

In this work, we prove the existence and uniqueness of solution for the porous-elastic
system by boundary feedback controls. In the first chapter, we presented some basic
definitions and theories that we will need in this work. In the second chapter, we prove
the existence and the uniqueness and the exponential stability of the Timoshenko
system by boundary feedback control which is the work of Hassan and Tatar|[2]. In the
third chapter, we proved using the Faedo-Galerkin method the existence and uniqueness
of solution for porous-elastic system then by using the multiplier and energy methods we

established the exponential stability (the study was not completed).
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Résumé

Le but de ce travail est d’étudier certains systéemes constitués d’équations aux dérives partielles. Le
premier systeme est le systeme de Timoshenko, nous démontrerons I'existence et I'unité de la solution
basée sur la théorie Faedo-Galerkin, et I'étude de sa stabilité a l'utilisation de la technique du
multiplicateur, que appuie a I'aide de la fonction Lyapunov équivalente a I'énergie.

D’autre parte, nous étudierons un probléeme lié¢ a la science des matériaux et a la mécanique,
spécifiguement les matériaux élastiques avec des vides. Nous prouverons que le probléme a une solution
en controlant les frontieres, puis nous étudierons la stabilité exponentielle de la solution (L’étude n’est
pas terminée).

Mots clés : le systéme élastique poreaux — stabilité exponentiel - méthode de la fonction énergétique
- la fonction de Lyapunov.

Abstract

The aim of this work is to study some systems consisting of partial differential equations.

The first problem is the Timoshenko system, we will prove the existence and the uniqueness of the
solution based on Faedo-Galerkin method, and the study of its stability is done using the multiplier
technique which is based on constructing the Lyapunov function.

The second system is that we will study a problem related to machanics specifically elastic materials
with voids . First, we prove that the problem has a solution by controlling the boundaries, then we will
study the exponential stability of the solution (the study was not completed).

Keywords : Porous-elastic system — Exponential stability — Energy function method — Lyapunov
functional.




