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NOTATIONS AND CONVENTIONS

Notations

e 0, = a%i : Partial derivative with respect to x;.
o O (N

o H™(Q) ={ve L*Q),Va:|a| <m,d,v € L*(Q)}.
o HYQ)={ve H(Q),v=0 on 90}

) : Space of infinitely differentiable functions with compact support in €.

e |[v|lo = ||v|lz2 : The norm L?(£2).
e |[v|li = ||v'||lo : The semi-norm H'().
e (.,.) : The scalar product.

(.,.) : The duality product.
e — : Strong convergence.
e — : Weak convergence.

e —— : Compact embedding.

e a < b (resp. a 2 b): There exists a constant C such that a < Cb (resp. a > Cb).
Conventions

e Greek indices {«, 3, p} vary over the set {1,2}.

e Finstein summation is used over the repeated indices , i.e.,

2
aghs = Y agbg
8=1

® a5 : by : Inner product of matrix defined by
aop * bap = a11b11 + a12b12 + a21bay + azzbao

® 0,3 : Kronecker symbol.



INTRODUCTION

The Timoshenko beam theory, developed by Stephen Timoshenko and Paul Ehrenfest,
is a mathematical model used to describe the deformation of beams due to shear forces
that accounts for the effects of shear deformation and rotational bending [4].

Unlike the classical Euler-Bernoulli beam theory, which assumes that plane cross-
section remain perpendicular to the neutral axis during deformation, the Timoshenko
beam theory relaxes this assumption and allows for the shear deformation. It can be
considered as the one-dimensional version of the Reissner-Mindlin plate theory [9].

When the beam is constrained by an obstacle, which can be either rigid or deformable,
it leads to a variational inequality problem known as the Timoshenko obstacle problem,
which makes it nonlinear. Its analysis is challenging due to the presence of the obstacle
function. Furthermore, when the beam has a variable thickness, the situation becomes
more complex.

In our thesis, we study the finite element approximation of the Timoshenko rigid
obstacle problem with a variable thickness parameter, tends to zero, which requires
advanced mathematical analysis and numerical methods.

Our work begins by a chapter presenting mathematical preliminaries which will be
used in the next chapters. For the second chapter, The mathematical analysis of the
Timoshenko equations, in the absence or the presence of the obstacle, involves several key
aspects:

1. Derivation of the Timoshenko beam model from 2D linear elasticity by dimensional
reduction and minimizing the energy [1].

2. Well-posedness, classical problem and complementarity system, regularity of the
solutions.

3. Extract Euler-Bernoulli’s variational formulation using penalization method and
classic problem using asymptotic analysis.
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4. Locking phenomena: When solving the Timoshenko equations numerically using
finite element methods, the convergence between the approximate solution and the
exact solution is not uniform for certain choices of parameters and finite element
spaces.

Our next steps will involve strategies to avoid the locking phenomena. Instead of
focusing on the primal formulation, we study an alternative variational formulation based
on the method of Lagrange multipliers [2, 7|. The Lagrange multiplier formulation
introduces an additional physically relevant unknown, the reaction force between the
membrane and the obstacle, which in itself can be a useful tool [6].

In the third chapter, we use the mixed formulation. For this class of methods, the
finite element spaces have to satisfy the " Babuska-Brezzi" condition

b(pen, vn
sup Bptn, vn) 2 Nenllg,  Yin € Qn
vpEVY thHV

However, when using low-order finite element spaces, locking issues may still arise.
In the fourth chapter, we define the stabilized formulation by introducing additional
terms that are mesh-dependent and consistent. The resulting formulation, stability and

posteriori error estimates are valid for almost any finite element pair.

In the last chapter, we do some numerical tests in FreeFem-++-.
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PRELIMINARIES



Theorem 1.1 ( Young’s inequality)

1 1
Let p,q € |1, 00 satisfying — + — = 1. If a and b are two positive real numbers then
p q

a? bl
ab< —+ —
p q

Proof: See [5], p.706. |

Theorem 1.2 ( Young’s Inequality With a Parameter)

Let a and b two positive real numbers. For all € > 0

1
ab < —a® + §b2

Proof: We know that
(a—eb)? >0

Then 1
%eab < a + €20 — ab < 2—a2 + %bQ
€

Theorem 1.3 (Holder’s inequality)

1 1
Let Q C RY and p,q € ]1, 00 with —+~ = 1. Ifu € LP(Q),v € L4(Q) then uv € L*(Q)

b q
and
luvll L) < llullze@llvllLe@
Proof: See [5], p.706. [ |
Remark 1

For p = ¢ = 2, we get the famous Cauchy-Schwarz inequality

|uv]| L) < [Jullp2@ vl 2@

Theorem 1.4 (Poincaré’s Inequality)

Let © € RY be a bounded domain. There exists a strictly positive constant C, such
that, for all v € Hj(Q)
[oll2@) < Gl VollL2@)

Proof: See [10], p.400. |



Theorem 1.5 (Green’s Integration by Parts Formula)

Let Q C RY be a bounded domain with a sufficiently smooth boundary I' and n be

the outward norrgal.
For all u,v € C}(Q)

/Q@u(:c)v(x) dx = —/Qu(:c)('?,-v(x) dx + / u(x)v(z)n; dI

T

Proof: See [5], p.712. [ |

Definition 1.1
Let Q C R? be a bounded domain.

1. The deformation of an elastic solid body due to external forces is expressed by
the displacement u.

2. e(u) is the strain tensor which represent the change of shape, defined as

OaUg + Ogty,
eaﬁ(u) = i 2 i

3. o(u) is the stress tensor which represent the internal forces, defined as

Tap(u) = 2peap(u) + Aepp(u)dag

where \ and p are the Lamé coefficients.

Remark 2

o and e are symmetric, i.e.,

Oap = 0Ba €aBf = €8a

Theorem 1.6

Let Q C R? be a bounded domain with a sufficiently smooth boundary T.
For all v € C}(Q)

/div(a)v dr = — / o:e(v) de + / oun dx
0 Q r




Proof: Using theorem 1.5

/ div(o)v dx = / 0a0ap Vg dx = —/ 0aB Oavg dx + / OaB V8 Na dI'
Q Q Q r

In other hand, since o is symmetric

1 1
/ 0aB Oqvg dx = 2/ 0aB Onvg dx + 2/ 0aB Oqvg dx
Q Q Q

1 1
= 2/ Oaf &ﬂ)ﬁ dzr + 2/ 0 Ba aﬁva dx
Q Q

1 1
= 2/ 0ap Oavg dx + 2/ 0ag 0gVa dx
Q Q

= / Tap eap(v) dx
Q

Hence

/ div(o)v dx = —/ o:e(v) dr+ / ovn dx -
Q Q r

Theorem 1.7 (Laz-Milgram theorem)

Let H be a Hilbert space equipped with the norm ||.|| 4.

Consider the variational problem

Find ue H
{ (1.1)

a(u,v) =F(v), YveH

Suppose that

e The bilinear form «a is continuous, i.e.,

3C; >0, VY(u,v) € Hx H, |a(u,v)| < Ci||ul|g||v]|a

e The bilinear form a is coercive (H-elliptic), i.e.,

3C, >0, YweH, alv,v)>Cylv||H

e The linear form F'is continuous, i.e.,

305 >0, Vwe H, [F()|<Csllv|u
Then there exists a unique solution u of the problem (1.1).
Moreover, if a is symmetric, then u is the unique solution of the minimization problem

J(u) = min J(v), with J(v) = %a(v, V) — F(v)

veH




Proof: See 3], p.140. |

Theorem 1.8 (Stampacchia theorem)

Let H be a Hilbert space, K C H be a nonempty convex closed subset.

Consider the variational problem

Find v € K
(1.2)
a(u,v —u) > F(v—u), YveK

Suppose that a(., .) is a bilinear continuous coercive form, and F'(.) is a linear continuous
form.

Then the problem (1.2) admits a unique solution.

Moreover, if a is symmetric, then u is the unique solution of the minimization problem

J(u) = min J(v), with J(v)= %a(v,v) — F(v)

veK

Proof: See 3], p.138. |

Definition 1.2

Let X be a normed vector space equipped with the norm ||.||, (z,).>0 be a sequence
in X, reX.

e (z,)n>0 is said to be strongly convergent to z if:
|z, —z|| >0 as n — o

and we note x,, — x.

o (z,)n>0 is said to be weakly convergent to x if:
(T,x,) = (T,x), as n—o0, VI €X' (X isthe dual space of X)

and we note z,, — .

Definition 1.3
Let X, Y two Banach spaces.

1. It is said that X is injected continuously into Y if:

e X CY.
e JC' > 0s.t. Yu € X, ||ully < Cllulx.

and we note X — Y



2. It is said that X is injected in a compact way into Y if:
e X —Y.

e The image of every bounded set in X is relatively compact in Y.

and we note X <<% Y.

Theorem 1.9 (Rellich-Kondrachov)
Let 2 C R™ be a Lipschitz domain, m € N, 1 < p < oo.

com 1

e If p < n then WHP(Q) — L4(Q), Vg € [1,p*), st., —=

com

e If p=n then W'P(Q) — L4(Q), Vq € [p, o).

com

e If p > n then WP(Q) — C(Q).

com

In particular, WP (Q) — LP(Q), Vp.

Proof: See [3], p.285. [ |

Remark 3

com

IfX—Yandz, —2xin X, then z, > xin Y.

Theorem 1.10

Let X be a Banach reflexive space and (z,),>0 be a bounded sequence in X. Then
there exists a weakly convergent subsequence of (z,,),>0-

Proof: See [8], p.496. |

Definition 1.4 (The mesh)

In one dimension, a mesh is just a subdivision of 2 = ]a,b] into a finite number of
sub-intervals with a non-zero measure {I; = [z;, ;1] }o<i<n-

e {x9,21,...,xNy1}: the vertices of the mesh.
e h; = x;1 — x; : sub-interval size.

e h = max h; : mesh size.
0<i<N

I; : elements (or cells) of the mesh.

e 7, : the mesh.




Remark 4

b—
If the sub-intervals are uniform, then h is defined by: h = N +a1 and x; = a + 1b.

Definition 1.5 (The P; Lagrange finite element space)

Define the space of continuous, piecewise linear functions
Vip = {v, € C(Q);Vi =0, N;vpr, € Py}

The basis of Vh1 is the set {¢; }o<i<n+1 where the function ¢; is defined as

(L — Ti—1

h ifx e Ii—l
i—1
pi(z) = ““;l—_f” if v € I,

L 0 otherwise

Definition 1.6 (The Py Lagrange finite element space)

Define the space of continuous, piecewise parabolic functions
V2 = {v, € C(Q);Vi = 0, N;vpz, € P}

and introduce the midpoints Tip1 = %(1’1 + xi1)

The basis of V,f is the set {¢;}o<i<n+1 where the function ¢; is characterized by
pi(r;) =0 wilr;y1) =0
90i+%(xj> =0 ‘Pi+%(%’+%) = 0ij

Y

Tj—1 Tj—1/2%5  Tj41/2 Tj+1




Definition 1.7 (The Py finite element space)

Define the space of piecewise constant functions

V;? = {Uh € L2(Q>,VZ = O,N;Uhui € ]P)O}

The basis of V}? is the set {; }o<i<y11 where the function ¢; is defined as

i\T) =
7 0 otherwise

Theorem 1.11 (Inverse inequality)

Let V}, C V a finite element space. There exists a positive constant C' such that for
any vy, € Vj,

[Whllo < Ch™luallo (1.3)

Propostion 1.1 (Bubble functions)
Let b, € H}(I;) be a function such that:

e supp(b.) C I;

¢« 0<h <1

1
e JJ; C I;s.t., mes J; > 0 and b5, > 3"

Let m € N. For every ¢ € P,,([;), there exist ¢1,c2 > 0 such that

1Be@llo,r; < I Dllore < erllbd*lo.r :
||be¢||1,[i < Cth_l 1Pllo.1; (1.5)

10



CHAPTER 2

MATHEMATICAL ANALYSIS OF THE
TIMOSHENKO EQUATIONS

11



2.1. IN THE ABSENCE OF THE OBSTACLE

2.1 In the absence of the obstacle

2.1.1 Derivation of the Timoshenko beam model

Let us suppose that the undisplaced beam occupies the region

t ¢

Qf = (0,L) x (—=, =
0,1) % (~5,5

)

in the (z1,7s)-plane and is subject to a vertical body force ¢?f(x;) which is independent
of wy. (The factor ¢? assures that the energy has a finite, non-zero limit as t — 0).

N+

~

Iy

The Timoshenko model may be derived from the classical theory of plane linear
elasticity by dimensional reduction. Indeed, we start from the plane linear elasticity
problem:

—aggag(ut) = t2fa, in Qt
ut =0, on I', (2.1)
oas(u)ng =0, on I'%y

We introduce the space

Vt:{v:(vl,vz)e(Hl(Qt))2 | vy =vy=0o0nT%}

12



2.1. IN THE ABSENCE OF THE OBSTACLE

Theorem 2.1

The variational formulation reads:

Find vt e V! st. Yoe V!

/ (2peap(u’) : eqp(v) + Mdiv(u')div(v)) do =t* [ fovs da
Ot

(913

(2.2)

Proof: Let v € V. We multiply each side of the first equation of (2.1) by v and integrate
on 2 to obtain:

/ (0p0ap(u))v de =t | fave dx
Ot Ot
Using Theorem (1.6) and the boundary conditions in (2.1), we deduce
/ Tap(u) i eap(v) dz =12 [ fove dx
Qt Qt
/ <(2,uea5(ut) + Aepp(u')dag) : eag(v)) de =t* | fyvg dx
Qt Ot

/ (2uea5(ut) L eap(V) + Aepp(uh)dagp : eag(v)> de =1 | fovg dz
Qt Qt

On the other hand

€pp(u)dap : eap(v) = epp(u’)(e11(v) + e22(v))
= epp(ut)((?lvl + 821)2)
= div(u")div(v)

Therefore
/ <2uea5(ut) s eqp(v) + )\div(ut)div(v)> de =t* | fovo dx
Ot Qt

Hence

Find uf e V! st. Yoe V!

/ <2,uea5(ut) reqp(v) + Adiv utdivv> de =1t> | fovy dx
Qt Ot |

Note that, thanks to Lax-Milgram theorem, the problem (2.2) can be formulated as a
minimization problem

= arg min J(v) (2.3)

veV?t

Find u' € V!
ot

13



2.1. IN THE ABSENCE OF THE OBSTACLE

where

Tw) = /Q | (2ueaﬁ(v) ean(v) + )\(div(v))Q) do—t [ fnde (24
We have

eap(v)  as(v) = (e11(v))” + (e12(v))” + (€21(v))* + (e22(v))”
= (0101)” 4 (0ava)* + %((911)2 + dovy)?
and
(div(0))? = (Do + Oo1n)’

So,

1 0. Dyvg)?
J(U) - 5 /Qt <2N<(31U1)2 + <82U2>2 + M ) + )\(817}1 + 827)2)2) dx

- t2 f21)2 dx (25)
Ot

We will use the Mindlin assumptions to prove the Timoshenko beam equation.
The Mindlin assumptions are :

e The vertical displacement u} is independent of xs.
e The mid line x5 = 0 is not displaced horizontally.

e The vertical fibres 7 = C'te remain linear after displacement.

Mathematically, this implies that u! and u} have the special form

ul (21, 9) = —x90,(21)
; B (2.6)
Uy (21, 02) = wy (1)
Then the Timoshenko model can be seen as
min J(v) (2.7)

veEV)Y

where Vy C V* and (vq,v9) satisfy the analogue of (2.6).

1 0 O1va)”
J(U) = §/Qt (2/11((811)1)24‘(827)2)24‘% )+>\(81U1+(92U2)2) dl‘—tQ fog dx.

Ot

v1(x) = —x9m(x1), vy = —x91 (1), dyv1 = —n (1)
vo(x) = 2(11), vy = 2 (1), Oov9 =0

14



2.1. IN THE ABSENCE OF THE OBSTACLE

So (n,2) € V.= H}0,L) x H}(0, L), and

1 t/2 / _ 2
—/ / 2u w3 (z1)? (Z (21) = (1)) >—|—)\x277 (1)? ) dwy day
2 ) 42Jo 2

t/2 L
/ / 2 f]?l df]?l df]?g
—t/2J0

ie.,
1 L / 2
N=3 (200 + a3 (1) + (= (21) = (21))?) day day
—t/2
t/2 L
tz/ / 2 d.Tl d.TQ
t/2J0
We have,
/2 Sz 18 t8
e O
—t/2 31-t/2 3\ 8 8 12
t/2
/ dy =t
—t/2
Then

s = [ (SO e o)~ @) don = [ o) do

st = 3 (P2 [t + [ ) = o) d:m)
—t3/ fo(zq)z(z1) dzy  (2.8)
And:

(VJ(0r, we), (n,2)) =0, VY(n,z)eV
means that, the variational problem reads:

Find (Qt,wt) eV

)\ 2 L L L
TQ M/ 0, dz; +ut2/ (wy — 0;) (2" — ) da, =/ foz dxy, ¥(n,2) €V
0 0 0

15



2.1. IN THE ABSENCE OF THE OBSTACLE

In other words

Find (Gt,wt) eV
L L L

/ O, dxy + ath/ (w; — 6,) (2" — 1) doy = ag/ faz dxy, Y(n,2z) €V
0 0 0

12

with as = ——, a
A+ 2

1 = Gz2.
For convenience and without loss of generality we shall assume that a; = as = 1.

Hence

Find (6;,w;) € V

L L L 29
/0 0,n' dxy +t_2/0 (wp — 0,) (2" — ) daq :/0 foz dxy, Y(n,2) €V (29)
2.1.2 Existence and uniqueness
Consider the problem
Find (0, w) €V,
{a«e,uo, (1,0)) = LG, v), V(o) €V, (210)
where
a((0,w); (n,v)) = a((8, w); (n,v)) + t72b((8, w); (n,v)) (2.11)
al(0.w)s(0.0)) = al0n) = [0 da (212
(0,0 (00) = [0 =)0/ =) da (213)
Lo = [ foda (214

Lemma 2.1

The bilinear form a + b is coercive on V.

16



2.1. IN THE ABSENCE OF THE OBSTACLE

Proof: Using Young’s, Poincaré’s inequalities

1, )11 = (1911 + 1"I13
= 113 + v = n +llg
<1115 + (lv" = nllo + lInllo)?
< 'l + o = nll§ + lInllg + 2l1v" = nllolInllo
< |1'lI§ + 2/1v" = 71§ + 2lInll
< [In'I1§ + 211" — nllg + 2(ll15
< 3([In'll + v = nllf)

= 3((1 + b)((na U)v (777 U))

= (at D)), (1,0) 2 507

Theorem 2.2

The problem (2.10) admits a unique solution in V.

Proof: We apply the Lax-Milgram theorem,

e V is a Hilbert space.

e a is bilinear (evident) continuous form. Indeed, let (0, w), (n,v) € V, using Cauchy-
Schwarz inequality

L L
a((6, w), (n,v))| = /0 0 di+ 12 /0 (W'~ 0)(W' — 1) da

L L
< / 0"y | d + t2/ [(w' = 6)(v" —n)| dx
0 0
< [16"llo[1n"llo + ¢ 2[|w’ = Ollollv” — nllo
< 1@, w)llv [l (n 0)llv + 2 (l[w’llo + 19110} ([v"llo + lInllo)
<10, W) vl (m, v) [l + ([ llo + 116/ llo) (lv"llo + I7'llo)
< 2|0, w) IvI(n v) v

17



2.1. IN THE ABSENCE OF THE OBSTACLE

e a is coercive form. Indeed, let (n,v) € V, from lemma 2.1

1. 0) 7 < 3 (I’ lI§ + lv" = mll5)

< 3 (|In'll5 + 210" = nll5)

- 30'((777 U)? (777 U))

~a((n0), (1,0)) 2 50, 0) R

e [ is linear continuous form. Indeed, let v € V,

L
[L((n,v))] = I/0 fo dz| <[ fllollvllo

< £ lloll(n, v)llv

.. The problem (2.10) has a unique solution (0, w) € V.

2.1.3 Classical problem
Theorem 2.3
The solution (6, w) satisfies the problem:

—0" —t2(w' —0)=0, in(0,L)
—t 2w’ —0) =f,  in(0,L)
6(0)=0(L)=0
w(0) =w(L) =0

(2.15)

Proof: We have from (2.10), (¢,w) € V, then 60(0) =60(L) = w(0) = w(L) = 0. And

L L L
/ 0'n' dx + t_2/ (W' =0)(v' —n) dr = / fvdz, V(n,v)evV,
0 0 0

ie.,

L L L
—/ 0"n dx + t_2/ (w' = 0)(v' —n) dz = / fvdz, Y(n,v)eV.
0 0 0

First, we take v = 0 in (2.16), we obtain

18
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2.1. IN THE ABSENCE OF THE OBSTACLE

L L
- /0 0"n dx + t_Q/O (w' = 0)(—n) dz =0,

L L
== — / 0"n dr — t2/ (w' —0)n dx =0,
0 0

:/( o — w—e>)nd:c=o,

— — 0" —t2(w —0)=0, in(0,L).

Second, we take 7 = 0 in (2.16), we obtain

t2 /OL(w' —0)(v) dox = /OL fu dx,
= —t2/OL(w’—0)'v dx:/OLfv dx,
L
—t2(w' —0) — f v dz =0,
— [(~r*w-or-1)

— —t 2w -0 =f in(0,L).

2.1.4 Regularity
Theorem 2.4
If fe L*0,L), then (6,w) € (H*(0,L))%

Vn € HE(0, L)

Vn € H} (0, L)

Vn € H3(0, L)

Yo € HY(0, L)

Vv € H}(0,L)

Vo € HY(0, L)

Proof: The two first equations of (2.15), and (0, w) € V implies that

—0" +t720 € L*(0,L) and w” € L*(0,L)

Hence by the theory of elliptic regularity, we deduce that (0, w)

2.1.5 Asymptotic Analysis

For the Euler-Bernoulli model, the deflection w is independent of the thickness ¢. By
contrast, the solution of the Timoshenko model depends in a complex way on the thickness.
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2.1. IN THE ABSENCE OF THE OBSTACLE

To understand the asymptotic behaviour as t tends to 0, we need first to understand the
properties of the solution of the limit problem

Find (Qt,wt) c ‘/,

{a(gta n) + t_2b((Qt, wy); (n,0)) = (f,v), Y(n,v) eV, (2.17)

where

a(fy,m) = /0 ;' dx, b((0r, we); (n,v)) = /0 (w; —0)(v" — ) dx

a((9t> wt); (777 U)) = a(9t> 77) + t_2((9t7 wt); (777 U))

Let B:V — L?(0,L) be a linear continuous mapping such that (Bu, Bv) = b(u,v), so

B(n,v) =v" —n
and its kernel
kee B={(nv) eV | v =n}
Lemma 2.2

The kernel of B, is infinite dimensional.

Proof: For an arbitrary function g € Hg (0, L), we define
6 L
0(a) = o(o) = p5a(L 1) [ a(e) de
wia) = [ o(e) a¢

It is clear that 6 € H}(0,L) and w € {H"(0, L), w(0) = 0}, we need to prove that
w(L) = 0.
Indeed |,

(560 - w6 [ at0rc) ag

L 6 L€2 53 L
o) de = [0 dsx 53| -G

0

L L 6 I3 I3
~ [Cotrae- [0 aex (5 %)

=0.

/OL
—/OLg(é) ¢ OLg(é)dﬁx ;/OLaL—&) e
/OL

€=0

0 € HY(0,L) and w € H}(0,L), w' — @ = 0, i.e.,, B(f,w) = 0 and since g is arbitrary
function in the infinite dimensional space H{ (0, L), ker B is also infinite dimensional. |
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IN THE ABSENCE OF THE OBSTACLE

Propostion 2.1

The solution (6;,w;) of (2.17) converges strongly as t tends to 0 to the solution of the
following problem:

{ Find (6p,wo) € ker B, such that (2.18)

a(Bo,n) = (f,v), V(n,v) € ker B

Proof: The proof is divided into several steps:

(i) 3C >0, |0, we)|lv < C, ¥t > 0.
(ii) 3(Ao,wo) € ker B, I((Oy,wy)) C ((0r,we)) s.t. (Bp,wy) — (Ao, wo) as t' — 0.
(iii) (Po,wo) is solution of the problem (2.18).
(iv) [[(By,we) — (0, wo)lly — 0, as ¢’ — 0.
(v) (0, wy) — (Bp,wo)||lv — 0, as t — 0.
Proof of (i):

We take (n,v) = (04, w;) in (2.17). With the coercivity of the form a and the
inequalities of Cauchy-Schwarz and Poincaré, we obtain

1

gH(etawt)H%/ < a((0r, wi); (01, we)) = (f,we) < || flloll (O, we)llv

Then
10, we)llv < 3| fllo = C.
Proof of (ii):

(i) and V is Hilbert space i.e., V is a reflexive space = (O, wp) € V,
A((Op,wp)) C ((0,wy)) st (B, wy) — (Bp,wp) in V, as ' — 0. It remains to show
that (90,1U0) € ker B.

We have
(Qt/,wtl) — (90,w0) inV
So
(0, wy) = (Bo,wo) in (L*(0,L))?
(03, wiy) — (6p,wp) i (L*(0, L))?
Then

w) — Oy — wh — 0y in (L*(0,L))?
Now, taking (n,v) = (0y,wy) in (2.17), we get
a(By, 0p) +t'72b((, wp); (B, wy)) = (f, we)

ie.,

b((et', wt'); (at',wt’)) = t/2(f, wt/) - t/2@(9t/a Gt')
S t/2(f7 wt')
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2.1. IN THE ABSENCE OF THE OBSTACLE

In other hand,

b((Bo,wo); (Bo, wo)) = [lwg — bo[3
. / 2
< hgi%# (Hwt/ - 9t'||o)

= lim igf (b((@t/, wy); Oy, wt’)))

t'—

< lim inf (t'2( f, wt/)>
t'—0

—0

Thus b((6o, wo); (o, wo)) =0 = B(#y, wp) = 0. Hence, (0y, wp) € ker B.

Proof of (iii):
Take (n,v) € ker B in (2.17), i.e., v =), then we deduce

(I(Qt/, 77) = (fa U)7 v(na U) € ker B

Thus
a(Bo,n) = (f,v), V(n,v) € ker B
Proof of (iv):
From the coercivity of the form a

1
31, we) = (G0, wo) [V < @

((at/ - 907 Wy — 'LUO), (Qt’ — 907 Wy — 'wo))

= a((gt/’ U)tl); (et/ — 007wt/ — wo)) — a((eo,wo), (Ht/ — 907wt’ — wo))
= (f,wy —wo) — a((o, wo); (O — O, wy — wo))

= (f,wy —wo) — a(by, 0y — ) =0, as t' =0

Thus
||(9t’awt’)_ (HOawO)HV —>0> as t/—>0
Proof of (v):

We can easily prove that the problem (2.18) admits a unique solution (6, wg), hence
1(6¢, wt) — (6o, wo)||[v — 0, as t — 0.

|
Propostion 2.2
The solution wq verify the Euler-Bernoulli variational formulation
Find wy € H;(0, L), such that
L L (2.19)
/ wyv"dx = / fvdz, Yo € H§(0,L)
0 0
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2.1. IN THE ABSENCE OF THE OBSTACLE

Proof: From (2.18), we can take 0y = w(, and n = ¢/, we deduce

L L
/ wpv"dz = / fudx
0 0

Since (6o, wo) € (H(0,L))?, wy € H*(0, L) and w) = 0y, we deduce that wy € HZ(0,L). W

Propostion 2.3

The solution wy achieves the Euler-Bernoulli problem

wi = f
wo(L) = wi(L) =0

Proof: We shall develop asymptotic expansions with respect to ¢ for § and w. The expansions
take the form
0 = 0o + t01 + 1202 + 305 + ...

w = wqg + twy + t2w2 + t3w3 + ...

Inserting the expansion of  and w in the equations of (2.15) and equating like powers of
t gives the equations:

0o — wjy =0,
(Fori:O){? ?,
HO—U)O:O,

91—11),1:0,
Fori=1
(Orl ){Hl—w'f:(),
Oy — wh —0
(For i = 2) ? 2
0y —

(For i = 3)
o —ul— 0,

s
|

which can be written

9 U}—QZ 25

Fori=20,1,...
( o ){ngi_(sﬁfv

In particular , for i = 2
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2.1. IN THE ABSENCE OF THE OBSTACLE

{92 — wh =6l

9% - wg = fv
it means

92 — wé = 96’,

(62 - wl2), = f?
SO

0 = — wl =1

Since (g, wo) € V, wo € (H%(0,L)) ) and wj = 6, we deduce that w'(0) =

2.1.6 Locking phenomena

Let assume that the interval (0,L) is divided into subintervals of length h and that

nn, vn, € Vi1, we consider the discrete problem

Find (0, w]") € V;' x V;! such that
CL(Q?, nh) + t_2b<<91{l’ w?% (77/17 Uh)) = <f7 Uh> ) v(nha Uh) € ‘/h1 X Vvh1
and

B, vn) = v), — 1

Suppose there exists (6p, wy) € ker B with

d:= (f,wo) >0, a((o,wo), (0o, wo)) = a((6o,60)) < (f,wo)
In particular, the energy of the minimal solution satisfies

T (0o w0) < (G0, w0)) = 0 (00, 00)) — {f,wo) < —d

with a bound that is independent of ¢. Thus,

1

5d = =J((0s,we)) < (f,we) < || loll (6, we)lv
and so for all t > 0

1 d. .-
5@ < [ loll @, wi)llvy <= 16, willy = 511 £llg" > 0

Now, note that the inverse inequality claims that:

lénlli < Ch 7 dnllo,  on € Py
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2.1. IN THE ABSENCE OF THE OBSTACLE

So

z;+h z;+h
/ (ax + B)* dx > C’hZ/ o dx

% 2

whenever o, € R. From this inequality, it follows that on each subinterval of the

partition

| Gt dezon [ )
After summing over all subintervals we get
[0, = mnllo = Chllnallx

The triangle inequality and Poincaré’s inequality yield

lonlls < 1lvp = mllo + lImello < llvn, = nallo + llmall
then,

hllonlly < 1o, = mullo + Allmnlls < Clloy, — mullo

So, by (2.24) we get

1B (nn, va)llo = 1o, = mallo = C A ([lvnll + l[nnll1)

Hence
1B, vn)llo = C h[(nn, vi) lv

We have also (cf. part (i) of the proof of Proposition 2.1)

1667, wi)llv < €.

Taking (n,, vn) = (67, wl) in (2.20), Cauchy-Schwarz inequality yields

2B, wi)lls < 1fllo 167, wi)llv

1t means
1B, wi)ll§ < 11 fllo 167, wi)[|lv

by using (2.28) and (2.29) , we deduce

t
162, wi)llv < Ctes

For h fixed and t tends to O ,
tim |6} )]}y = 0

However,

fim (6. w0) v # 0

As a result , we come to the conclusion that there is a locking phenomena.
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2.2. IN THE PRESENCE OF THE OBSTACLE

2.2 In the presence of the obstacle

2.2.1 Derivation of the model

N[+

~

2
2 t
I'c

In this case, The Timoshenko model may also be derived from the classical two-
dimensional linear elasticity problem

~0p0ap(u’) = t* fa, in O
ut =0, on I't
N It (2.33)
Tap(u’)ng =0, on I'y
u’; > 1, 022(Ut)n2 >0, 022(Ut)n2(u§ — 1) =0, on Ftc

We introduce the set
K'={veV"' | vy>¢onl,}

Theorem 2.5

The variational formulation reads

Find ! € K! st. Yve K!

/Qt (2ueag(ut) s eas(v — u) + Adiv(u)div(v — ut)> dx > t* N fo(vy — ub) dx
(2.34)
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2.2. IN THE PRESENCE OF THE OBSTACLE

Proof: Let v € K. Then vy > ¢ onI't, = vy — 1 >0 on I,

We have

Ugg(ut)ng(vg —1) >0, on Ftc (2.35)

UQQ(Ut)ng(ué — Ib) = 0, on Ftc .
by subtraction we obtain

oo (ul)ng(ve —ub) >0, on Tk
then
/ o2 (u')na(ve —ub) >0 (2.36)
e

Now, we multiply each side of the first equation of (2.33) by (v — u!) and integrate
on Q¢ to obtain:

- [ @oaso =y do= ¢ [ fulo-u) do
Ot Ot

Using Theorem (1.6) and the boundary conditions in (2.33), we deduce

/ oap(u') : eqp(v —u') do = t2/ fa(vy — ub) dz + / 092 (ul)na(vy — ub)
Qt Qt r

c
From (2.36), we obtain
/ ((2ueag(ut) + Xepp(u')dag) t eap(v —u') ) dz > tz/ fa(vo — ub) dx
ot Qi

dx > t* /Qt fo(vy — ub) dx

N— —

/ (QMeag(ut) teap(v —u') + Aepp(u')dap : eap(v — ul)
Ot

We have proven
epp(u" )00 : eap(v) = div(u')div(v)

Therefore

/ <2uea5(ut) teqp(v — ub) + Adiv(u')div(v — ut)) de > 12 | fovgy —ub) da
ot Qi

Hence

Find ' € Kt st. Yoe K?

/Qt <2M€aﬁ(ut) teqp(v— u') + Adiv(u®)div(v — ut)> dx >t /Qt fo(ve —ub) da
(2.37) m
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2.2. IN THE PRESENCE OF THE OBSTACLE

Note that, thanks to Stampacchia theorem, the problem (2.34) can be formulated as
a minimization problem

Find u' € K*
u' = arg min J(v) (2.38)
veK?
where
1
J(v) = 5/ <2uea5(v) s eap(v) + )\(div(v))Q) dr —t* [ foveda (2.39)
Qo ot

Therefore, by adding Mindlin’s assumptions given in the previous section, the contact
problem of the Timoshenko beam takes the form:

Find (6;,w:) € K
(61, wy) = arg minJ((n,v))

(nw)eK

(2.40)

where,

K= {(nv) eViv=y}
and J is the same functional defined by (2.8).

For the same reason, the simplified Timoshenko problem consists of finding (0, w) as
the minimum solution for the following energy:

s =3 ([ e [Co-np as) - (0
1

= 50'((7% U); (777 U)) - (f7 U)

Note that J((0:,w:)) < J((n,v)), ¥(n,v) € K.

Since K is convex, p(n,v) + (1 — p)(6, wy) € K, p € (0,1). We put U = (64, w;) and
W = (1, v),

J(U) < JU +p(W = V)

—_

< 5a(U+p(W =U) U+ p(W = U)) = (f,wi + plv —w))
5a(U;U)+pa(U;W—U)+%2a(W—U;W—U)—(f,wt—i—p(v—wt))

2

:J(U)+pa(U;W—U)+%a(W—U;W—U)—p(f,v—wt)

—
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2.2. IN THE PRESENCE OF THE OBSTACLE

2

— pa(U;W—U)+%a(W—U;W—U)—p(f,v—wt) >0,
Since the inequality is true for all p € (0,1), we can divide by p, tending p — 0, we find
a(U;W =U) = (f,v—w)
a((0y, we); (n — 0,v —w)) > (f,v —wy)

Hence, the varitional inequality reads

a’((etawt);(n_ehv_wt)) Z (f)v_wt>a V(U»U) € K ‘
where
L L
al@w)in0) = [ o dove? [ @ -0 -0 da
0 0
2.2.2 Existence and uniqueness
Consider the problem
Find (0,w) € K
(2.42)
a’((97 w); (77 - 6’ U= U})) > L((U - 9,?] - w))? V(%’U) €K

where

a((8,w); (7,0)) = a((8, w); (1, 0)) + £2b((6, w): (m,0)),  L((,0)) = (f,v)
a((6,w); (1.v)) = a(8,) = / o dr,  b((6,w); (1,v)) = / (w' — 0)(W/ — 1) du

Propostion 2.4

The set K is convex closed in V.

Proof:
K ={(n,v) e V;v >4}

(i) To prove that K is convex, it is necessary and sufficient to show that:

(m,v1), (M2, v2) € K = p(m,v1) + (1 — p)(na,v2) € K, Vp e (0,1)
< (pm + 1 —p)n2, pr1 + (1 —p)v2) € K, VYpe (0,1)
< pv1 + (1 = p)vg > 9, Vp e (0,1)

Indeed, let p € (0, 1),

(7717'01) eEK — vy > Y . pvr > pY
(12, v2) € K vy > 1) (1= pg > (1 —p)

by the sum of the last two inequalities, we get

por+ (L=plz > (p+1=p)p =4
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2.2. IN THE PRESENCE OF THE OBSTACLE

(ii) to prove that K is closed, we have to show that:

(Mnyvn) € K st. ||(Mn,vn) — (my0)|[[ly = 0 as n— oo = (n,v) € K

Indeed,
(Mnyvp) EK = Y <v,=v,—v+v<||v,—vf1 +v Qn—)oo
= v2>
= (n,v) e K u
Theorem 2.6
The problem (2.42) admits a unique solution (0, w).
Proof: We apply Stampacchia theorem,
e K is convex closed set of a Hilbert space V.
e a is bilinear continuous coercive form (proved in the previous section).
e [ is linear continuous form.
Therefore, the problem (2.42) admits a unique solution (0, w). |
2.2.3 Complementarity system
Theorem 2.7
The solution (6, w) satisfies the complementarity system:
( —0" —t2(w' —0)=0, in(0,L)
—t*(w' = 0) > f,  in(0,L)
w—1 >0, in (0, L) (2.43)
(_t72(w/ - 9)/ - f)(w - ?ﬁ) = 07 n (07 L) .
0(0)=6(L)=0
\ w(0) =w(L) =0
Proof: We have (6,w) € K, so (6,w) € V.
1. We take (n,v) = (0 £ &, w) in (2.42), with £ € C§°(0, L), we get
L L
/ 0 (£&) dw — t_z/ (w' — 0)(£&)dz > 0, V& € C3°(0, L)
0 0
L L
/ 0'¢'dr — =2 / (w' — 0)(&)dx = 0, Ve € C5°(0, L)
0 0
L L
— / 0"¢dx — =2 / (w' — 0)(€)dx = 0, Ve € C50(0, L)
0 0
L
/ (= 0" — (' — 0))(€)dz =, Ve € Co(0, 1)
0

— 0" —t*(w' —0) =0, in(0,L).
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2.2. IN THE PRESENCE OF THE OBSTACLE

2. Now, we take (n,v) = (6, w + ¢) in (2.42), with ¢ € C§°(0, L), p > 0, we get

L
2 / (W' — 0)()dz > (f,0) Ve € C5°(0, 1)
0
L
2 / (W' — ) (p)dz > (f,0), Vi € C(0, L)
0
L
/0 ( — t_2(w/ —6) — f)(go)da: >0, Vo € C5°(0, L)

—t72(w' —0) > f, in(0,L).

3. Since (A,w) € K; w>1 ie,w—1 >0.

4. We suppose that (0, L) = N U C such that
N(Bw) = {z € (0, L)sw(z) > ¥(x)}
C(0,w) = {x € (0, L); w(z) =

(i) Ifz € C, then w—1 =0, so (=t 2(w' — ) — f)(w—1) =0in C.
(ii) If x € N, we take (n,v) = (6, wEep) in (2.42); ¢ € C5°(0, L), ¢ > 0, we obtain

L
t2/0 (w' — 0) (e )dx > (f, £eyp), Vo € C5°(0,L)
L
= t_2/0 (w' = 0)(¢)dx = (f, p), Vo € C5°(0,L)
L
— = [ ! =0y () = (1), Ve € C(0, L)
L
— [ (= -0 =@ =0. veedro.D)

= —t 2w —0) —f=0.
So (=t~ 2(w' —0) — f)(w —1) =0, in N.

S (=t W = 0) — f)(w—) =0, in(0,L).

2.2.4 Regularity
Theorem 2.8
If f e L*0,L), then (6,w) € (H?(0,L))%

Proof: The first equation in the system (2.43) and the fact that # and w are a priori in
H'(0, L) imply that
—0" +t720 € L*(0, L)
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2.2. IN THE PRESENCE OF THE OBSTACLE

then by the elliptic regularity we have 6 € H?(0, L).
Now the complementarity system imply that
f<—t7 W —0) < fXqus)

hence, w” — ¢’ € L*(0, L), this implies that w” € L?(0, L), again by the elliptic regularity
w € H?(0,L).

|
2.2.5 Asymptotic Analysis
a((0r, we); (N — 0,0 —wy)) > L((n — 0,0 —wy)), Y(n,v) € K '

where

a((0,w); (n,v)) = a((0,w); (n,v)) +t°b((0,w); (n,v)),  L((n,v)) = (f,v)

a((G,w);(n,v))Za(Q,n)Z/o o' du, b((ﬂw);(n,v)):/o (w' = 0)(v" —n) dx

Propostion 2.5

The solution (6, w;) of (2.17) converges strongly as ¢ goes to 0 to the solution of the
following problem:

{ Find (6, wo) € Ko = K Nker B such that (2.45)

a(90777_6‘0) > (f,v—’LUo), V(UW) € KO

Proof: The proof is divided into several steps:
(i
(i) 3(Oy, wo) € Ko, I((0y,wy)) C (O, wy)) s.t. (Op,wy) — (6o, wp) as t' — 0.

) 3C >0, [[(0s,wy)|lv < C, VE > 0.
)

(iii) (6o, wo) is solution of the problem (2.45).
)
)

(i) 116 wp) — (G0, wo)l|v — 0, as ' — 0.

|
(v) 110, we) — (Bo,wo)|lv — 0, as t — 0.
Proof of (i):

Let (no,vo) a fixed element of K. Then

a((0r,we); (o — 6¢,v0 — we)) = L((no — O, vo — wy))
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Thus

a((0; —no, ws — vo); (Mo — b¢, vo — wy)) + a((no, vo); (Mo — b¢, vo — wy)) > L((no — O, v0 — wy))

Hence

((6r — mo, wr —vo)) — a((no,vo); (O — 1o, w — vo))
((0r — mo, wt —vo)) — al((1o, vo); (O — no, wt — vo))

a((9t — TNo, Wt — Uo); (9t — Mo, Wt — UO))

The coercivity of the form a, the continuity of the forms a and L yield

1
§\|(9t,wt) — (Mo, vo) I3 < C1ll(Be, we) — (10, v0)|v + Call(n0, v0) || | (B2, we) — (10, v0) [|lv
Which leads to
(8¢, we) — (o, vo)|lv < C. (2.46)

Proof of (ii):

(i) and V is Hilbert space 1ie., V is a reflexive space = 3J(Op,wg) € V,
A((Op,wy)) C (O, wy)) st (Bp,wp) = (B, wp) in V, as ' — 0. It remains to show
that (Qo,wo) € Ky.

We have
(O, wy) — (Bp,wg) in V
So
(0y, wy) = (B0, wo) in (L2(0, L))
(0, w)y) = (B, wh) i (L*(0,L))?
Then

w) — Oy — wh — 0y in (L*(0,L))?

It is easy to prove if (6y,wy) € K, then (6y,wp) € K.

Now, we have
a((0y,wy); (no — O, vo —wy)) > L(no — O, vo — wy) (2.47)
i.e.,
a((0, we); (0 = Oy, vo — wyr)) + '~ 2b((Opr, wyr); (0 — Oy, v0 — wyr)) > L((no — O, v0 — wyr))
so
a((By, wyr); (no — Oy, vo — wyr)) — t,_2b((9t’awt’); (O, wy)) = L((no — by, v0 — wy))
ie.,

t72((0y, wy); (B, wyr)) < —al(B, wy); (B — no, wy — vo—)) + L((By — no, wy — vp))
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Using (2.46), the continuity of the forms a and L, we deduce

b((8rr, wp); (B, we)) < CF

In other hand,

(0, w0); (B, wo)) = [[wh — o3
. . / o , 2
< liminf ([w), - 0,3)

= liminf (b((«9t/, wy); (O, wt/)))

t'—0

< lim inf (Ct’2>
t'—0

=0

Thus b((0y, w); (6o, wo)) =0 = B(bpy, wy) = 0. Hence, (6, wo) € ker B.
Therefore (6y, wp) € K.

Proof of (iii):
Take (n,v) € Ky in (2.47), i.e., v' =1, then we deduce

a(gt’an_et’) > (f,’u—wt/)

Hence
a(bo,n —0o) > (f,v —wo), VY(n,v) € Ky,

Proof of (iv):

From the coercivity of the form a

1
§||(9t'awt') — (6o, wo) I3 < a((By — 0o, wp — wo); (B — Bo, wy — wyp))

= a((et', wt')S (et’ — O, wy — wo)) - a((90, w0)§ (Ht' — O, wy — w0)>
< (f,wy —wo) — a((o, wo); (B — O, wy — wp))
= (f,wy —wo) —a(bo, 0y —6y) — 0, as t —0

Thus
H(Gt/,wt/) — (90,11)0)”\/ — 0, as t/ —0

Proof of (v):

We can easily prove that the problem (2.45) admits a unique solution (6p, wp), hence
1(0¢, we) — (B, wo)|ly — 0, as t — 0.
|
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2.2. IN THE PRESENCE OF THE OBSTACLE

Propostion 2.6

The solution wq verify the the Euler-Bernoulli variational formulation
Find wy € K = {v € H3(0,L);v > ¢},

L
/wo( —wodx>/fv—w0) r, Ywek
0

(2.48)

Proof: Taking 0y = w(, and n = v’ in (2.45), we get

/OLwo( —wod$>/ f(v—wo) dz

Since (6o, wo) € (Hg(0,L))?, wo € H?(0, L) and w) = 0y, we deduce that wy € HZ(0,L). B

Propostion 2.7

The solution wy verify the Euler-Bernoulli problem

wg? = f
wo > 1

(2.49)

Proof: We have form the system (2.43)
(—t72(w' = 0)' — f)(w — ) =0,
when w — ¢ #0 ie., w—1vY >0, we get
2w~ 6) = f

We shall develop asymptotic expansions with respect to ¢ for # and w.
The expansions take the form

0 =00+ thy + t205 + t305 + ...

w = wq + twy + t2w2 + t3w3 + ...

Inserting the expansion of 6 and w in

—0" —t72(w —0) =0
—t2(w' — ) = f

and equating like powers of t gives the equations:

Qo—w[,):(),

(Fori:O){ ,

Qo—wg:(),
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2.2. IN THE PRESENCE OF THE OBSTACLE

91—10’1:0,

/ 1
91 — W = 0,

(Fori = 1){

9 _ w/ — 0//’
(For i = 2) ? ,2, 0
92 — Wy = f7
9 _ w/ — 0//’
(Fori = 3) ? ‘?,
93 — QU3 = 0,
which can be written
0 — w0,
(Fori=0,1,..)¢ + '~ 72
b0; —w; = diaf,

In particular , for i = 2

{92 — wh = 0,

05 - w/2/ = f7
it means

02 — wé = 96’,

(92 - wl2)/ = f7
SO

00 = f = wlV =

As w > 1, we infer wyg > 1. Since (6p,wo) € (HE(0,L))?, wo € (H?(0,L))and
w(, = by, we deduce that w'(0) = w'(L) = 0. [ |

2.2.6 Locking phenomena
Let assume that the interval [0, L] is divided into sub-intervals of length h and that
(n,vn) € K = KN (V! x V}!) | we consider the discrete problem
Find (0], w") € K} such that
CL(G?, Nh — 07?) + t72b((07?7 UJZL), (Uh - 6?7 'Uh_aw?)) = (fa Uh — w?)? \V/(Tlha Uh) € Ky
(2.50)

and
B(1h, vn) = v), — 0
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2.2. IN THE PRESENCE OF THE OBSTACLE

Suppose there exist (6y, wg) € ker B with
d:= (f,wo) >0, a((bo, wo), (0o, wo)) = a((b,0)) < (f,wo)
In particular, the energy of the minimal solution satisfies
1
T (0, we)) < J (6, w0)) = 5a((00,60)) = (f,wo) < —5d
with a bound that is independent of ¢. Thus,
1
5d < = (O we)) < (f;we) < [ Flloll (G, we)llv
and so for all t > 0

1 d. .-
5@ < [ loll @, wi)llvy <= 16, wi)lly = 511 £llg" > 0

Now , note that the inverse inequality claims that:

lnlli < Ch Y dnllo,  on € Py

SO

zit+h zi+h
/ (ax + B)* dx > C’h2/ o? dx

(2.51)

(2.52)

(2.53)

whenever «, 8 € R. From this inequality it follows that on each subinterval of the partition

zit+h zit+h
| G aezcn [ )
After summing over all subintervals we get
[0, = mnllo = Chllnallx
The triangle inequality and Poincaré’s inequality yield
lonlls < vk = mmllo + lInnllo < [1v = mnllo + [lmnllx

then,
hlloally < [Jvg, = mullo + Rllnally < Cllvy, = mullo

So, by (2.54) we get
1B (1 vw)llo = l[vh, — mwllo = € A ([[onlly + lInnll1)

Hence
| B(0ns vr)llo > C A (1n, va)l|v
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2.3. STANDARD FINITE ELEMTENT APPROXIMATION

We have also (cf. part(ii) of the proof of Proposition 2.5)

1B, wi)lli < CF*. (2.59)
by using (2.58), we deduce
t

168, whllv < O

(2.60)

For h fixed and ¢ tends to O ,
tim |6} )]}y = 0

however,

fim (6 w,) v 70

As a result , we come to the conclusion that there is a locking phenomena.

2.3 Standard finite elemtent approximation

Let £ > 1 and let Z,, be a partition of [0, L]. An obvious discretization of (2.10) results
from employing Galerkin’s method with the subspace V}* of V.

2.3.1 Without obstacle

Find (0,,ws) € V) such that
{ (Onson) €V, (2.61)

a(On, )+t 20O, wr), (M, vr)) = (fovn),  V(n,vn) € Vi

It is easy to prove that for fixed ¢, ), and wy, converge to # and w in both L? and H'! at
the approximation theoretic optimal rate with respect to h. Such convergence however
is not uniform with respect to the thickness ¢. The following theorem gives the rates of
convergence which hold both for constant ¢ and uniform in ¢.

Theorem 2.9

Let f € H*1(0,L). Then there exists a constant C' independent of ¢ € (0, 1], and the
mesh size h such that

Cmin(t=2h2, 1) flo it k=1

Cmin(tLRE 9| flleeyr if k> 1
1(36)'[lo < Cmin(t™ 2", h* )| fllx-

C min(t=2h2,1)||f|o if k=

Cmin(t= h¥ B9 || fllrey i k> 1
[(5w)'llo < Cmin(t™ A*, 51| fllk-

160]lo <

[owllo <

where

00 =60 — 0y, 0w =w— wy,
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2.3. STANDARD FINITE ELEMTENT APPROXIMATION

Proof: See [1], p.409. |

2.3.2 With obstacle
Let Kh C th .

(2.62)

Find (Qh, U]h) € K such that V(nh,vh) € K,
a(On,mh — On) + t20((On, wr), (M — O, v—,wp)) > (f, vn — wh)

Even in the presence of the obstacle, the convergence of (6, wy) to (6, w) is not uniform
with respect to the parameter t.

Theorem 2.10

Let f € H*1(0,L). Then there exists a constant C' independent of ¢ € (0, 1], and the
mesh size h such that

C'min(t—2h% 1)[| f|lo if k=1

Cmin(t AW B9 fllrer if k> 1
166) llo < Cmin(t™"h* R 1) flle

Cmin(t~2h%, 1) fllo it k=

Cmin(t R WP flle—r if k>1
10w)'llo < Cmin(t™ A, B*) | f]l5-1

16010 <

[dwllo <

where

00 =60 — 0y, 0w =w— w,
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3.1. A MIXED FORMULATION IN THE PRESENCE OF THE OBSTACLE

3.1 A mixed formulation in the presence of the obstacle

Theorem 3.1
Let [l be the space defined by,

po={pe H0,L), {1, 0) >0, Yp>0,p€C0,L)}
The mixed formulation reads:
Find (0,w,\) € V x [

a((,w), (n,v)) +b((n,v),A) = F((n,v)), V(pv)eV (3.1)
b((0,w),p—A) <G(p=2A), Vuel

where

b((n,v), 1) = —(Nv)y, F((nv)=(fv), Gu)=— ()

Proof: Let A = —t~2(w’ — #)' — f in the system (2.43), then the complementarity system

reads:
(0" —t2(w' —0) =0, x€(0,L)
—t2(w -0 —Ax=f, z€(0,L)
A >0, z € (0,L)
w— 1) >0, xz € (0,L) (3.2)

AMw —1) =0, z e (0,L)

6(0)=0(L)=0

L w(0) =w(L) =0

Let (n,v) € V and p € .

e We multiply the first two equations of (3.2) by 1 and v respectively, and integrate
over (0, L), we get

L L

—/ 0"n dx—tQ/ (w' —0)n dr =0

0 0
L L
—t2/ (w' —0)v dx — (\v) = / fv dx
0 0
Using integration by parts,
L L
/ o'’ da:—t_2/ (w' —0)n dr do =0
0 0

t2 /L(w' — 0 dr — (\v) = /L fvdx
0 0

SO
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3.2. FINITE ELEMENT APPROXIMATIONS

L L L
/0 'n dm+t2/0 (w' = 0)(v' —n) dx — (\,v) :/0 fvdx

a((07 w)’ (777 U)) - <)‘7 U> = (fa U)? V(ﬁa U) ev (33)
e We have

w—1 >0
AMw—1) =0

then
p(w —1p) >0
Mw—1)=0

thus

3.2 Finite element approximations

Let Z, be a discretization of (0, L). We consider two finite-dimensional spaces V}, and @,
such that V,, C V, Q, € Q = H71(0, L).
Moreover
Mo, = {pn € Qr; pn >0} C [
The discret problem
Find (Qh,wh, /\h) eV, x ,UJh
a((On, wn), (Mn, vn)) + b((Mr, vn), An) = F((n,0n)), V(0w vn) € Vi (3.5)
b((eha wh)> MHn — )\h) < G(:uh - )‘h)v v,uh € /'Lh

The spaces V}, and @), must satisfy a compatibility condition for (3.5) be stable. This
condition is known as the discrete inf-sup condition

,U
sup YU S € Q (3.6)
(MR ,vR)EVR th“l

The problem (3.5) stable means regular system.
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3.2. FINITE ELEMENT APPROXIMATIONS

3.2.1 A pair leading to a regular system
Vh = Vhl X Vh27 Qh = Vho

Proof: First, we introduce the following discrete norm

InlZ0n = > BElmnld s, Vi € Qn
I;e€Ty

We define the function b;(z) by

bi() = (r —xi—1) (41 —x) ifze IZ
0 otherwise

and py, = (—1)" on |z, Tit .

Then
h3

Fv

h3

1bi]| 1 = 16|32 = R lpnll2e = ha.

We set v |1, = biptp, so

B3
(ks vn) = (pns pabi) Z/,th EZ_ > ZHMhHOI

I,e1y, Lezy,
/ / 3 hz 2
HUhH1 ’%”0 Z thHOI Z ”Mhbz‘ Z 125 HOI ?‘ = Z é”ﬂh”o,n
1,eTy, 1Ty, 1,eZy 1,eTy,
1/2
h2
= Jloali= | Y 3
L;EIh
Thus \[
Hhs Vh 3 Hhs Vh
tn) V3102 = s SR G, (3.7)
[[vn |1 6 mmon)evi, lvnll1
In other hand
<,uh,7j>
|pnll-1 = sup = (n,v) > Collpp|l-1]lv]1,

vEHE(0,L) [v]lx

so, using Cauchy-Schwarz inequality, we have

(thsvn) = (pn, vn — v) + <Mh, v)

= / i(n)hy ™ (on —v) + (pn, v)

1,€Ty
1/2 1/2

2
e D7 I I D (ol R W I I

Ii EIh Ii EIh

=Cslpnll—1,nllvlls + (pns v)
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3.2. FINITE ELEMENT APPROXIMATIONS

then

hy Uh , U

(1 >_—03!!uh\\ 1h+< )

|vnlx v 1

—Csllpnl|=1,n + Collpnl| -1
ie.,
hs Uh
sup ) 5 il —un + Collnl—a (3.8)

(Mhyon)EVR [vally
Using (3.7) and (3.8) and letting k& € (0, 1), we have
sup {pans V) _ =(1—k) sup {pan, On) +k sup (i, On)

(nh,vh eV ||,Uh||1 (T]h,’uh)EVh ||Uh||1 (nhﬂ}h eV ||,Uh||1
> C1(1 = k)|lpnll=1,n + & (Callpnll -1 — Csllpnll-1,0)
= kCol|pn -1 + (1 = k)C1 = C3k) [|pal -1,

to conclude

It is sufficient (1 — k)C; — C3k >0 = 0 <k < ———
is sufficient ( )Cy 3 C 1 G

sup <:u’h7 vh>

2 Npnll -1
(NhsvR)EVR lonlls ™

3.2.2 A pair leading to a singular system
Vi =V x Vb Qn=V>
Proof: View the following problem
L L
/ 0r,my, dx +/ wpvp dx + (g, wp) = (f,vp)
0
(Ansvp) =0

We take 1, = vy, = 0 and pp, = (—1) on |z, v441].
L
(kn, wh) :/ phpi dx
0

Tit1
= / pnpi d

Ti—1

[ () e [ (57)
0

we have (up,wp) = 0 although uyp # 0, which means the matrix extracted from (up, wp,)
is not injective, thus the condition (3.6) is not verified. |

Remark 5
Note that the inf-sup condition is not valid for low-order finite element space.
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4.1. A COMPACT FORMULATION

Let H =V x . Define the norm

1 (s v, 10) 113 = [19mlIT + [lvnllT + lleallZy

4.1 A compact formulation
We define the bilinear form A : H x H — R by:

A((n,v, 1), (&, 2, p)) = a((n,v), (& 2)) — (1, 2) — (p, )
and the linear form £ : H — R by:

£<<§727p>) = (f7 Z) - <p7 ¢>
Theorem 4.1

If ((0,w, A) is the solution of the mixed problem, then it is a solution for the following
compact problem:

Find (0,w,\) €V x U

(4.1)
"4((07 w, >\)7 (77; v, b — /\)) S ‘C((n? v, i — >\)) v(nv U?M) eV X ILL
Proof: We have the problem (3.1)
Find (0,w,\) e V x [
a((@,w), (7771})) - <)‘7U> = (fa U)7 V(%U) ev
*<M*)\’w>§*<mU*A,T/)> V:U’EI‘L
Summing the two expressions, we obtain
a((H,w), (7771))) - <>‘7U> - <:U’ - )‘aw> < (f,’l)) - <ﬂ - >‘71/}>
Thus
'A((e’w,)\)a(nvvvﬂ*)‘)) < L((nvvaﬂf)‘)) H

For the well posedness of the compact problem, we need to prove the inf-sup condition
for the form A.

Propostion 4.1
For all (n,v, ) € V x W, there exists z € H}(0, L) such that:

A (v, 10); (2, =) 2 1| (0, 1) |13, (4.2)
Izl S llvll + el
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4.1. A COMPACT FORMULATION

Proof: Let € Q.
We consider the following auxiliary problem

X (4.4)
a(q,p) + (¢,p) = (u,p), Vp € Hy(0,L)

{ Find ¢ € H}(0,L)
It is obvious that this problem has a unique solution (Lax-Milgram theorem). Taking
p = q, we get
lallf < (.a) = llallx < llull-1

Besides
{1, p) a(g,p) + (¢,p
-1 =" sup ———= sup # < llqllh
pemio,n) 1P perio,r) [p[lx
Thus
el =1 = llalla (4.5)

e We put z = v — ¢, using Young’s, Cauchy—Schwarz inequalities

A, v, )5 (0, 2, =) = A((n, v, p); (0,0 — ¢, —p))
=a((n,v),(n,v—q) = (v — @) + {1, q)
= a(n,n) +t72b((n,v), (0,0 — q)) + (1, )
> a(n,n) +b((n,v), (n,v = q) + (1, )

= a(n,n) +b((n,v), (n,v)) = b((n, ), (0,)) + (1, q)

L
H#%+HUM%A(Unde+W4>
> 713+ 11— nll2 = o — IR + (s )

1 1
> 13 + 1’ = nlld = 11" = nll3 = 1413 + al}?

1 1
=I5 + 511" = nll§ + 5 lall?

vV
DN |

1
(7115 + llv" = mllg) + 5 lall}
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4.2. FINITE ELEMENT APPROXIMATIONS

Utilizing (4.5) and Lemma 2.1

1

1
A0, 15 (02, =) = ¢ (Il + [10l17) + 5 el

(=N

1
> (Il + ol + llZ1)

e Again, using (4.5)
[2llr = llv—alli < lolli + llglh = [[vllx + [|ell-1 n

Propostion 4.2

sup A((n,v, 1), (€, 2,p))

2 s v, 1)l (4.6)
€zpevxq  |1& 2 0)lln

Proof: We proved :
A((’%%M)S (777'27 _:U’)) Z H (7777)7#) H%‘l

ie.,
A(("%%M% (7772:7 _:u‘))
|| (77 v M) ”H 2 H (7771),#) HH
Additionally
1, 2 =) 13 = nlF + 11215 + 1el20 S InllE + ol + el =1 (1,0, 0) 13
ie.,
1 > 1
(0,2, =) [l ™~ N (00, 1) [l
e A, v.): (1.2, —p))
n,v,1);\n, 2, =
H (77 v _M) H'H Z H (nvku) HH
Thus

qp A1), (& 2, p))
(&,2,p)EVXQ ||(€’Z7p)||7-l

2 1m0, )l -

4.2 Finite element approximations

4.2.1 Stable formulations: Inf-sup condition

We consider the following discret problem
Find (Gh,wh, )\h) € Vh X /,Lh

A((On, why An), (s Ons i — M) < L0k Uns ftn — M) Y0, O, i) € Vi X Uy,
(47)
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4.2. FINITE ELEMENT APPROXIMATIONS

where V}, and p;, are the same defined in the section (3.2).

Assume that V}, and @), are such that

sup <:uh> Uh>

2 lpnll-r Vin € Qn (4.8)
(o) EVS, [[vnl1

Propostion 4.3

Let W), C H}(0, L) a finite-dimensional space.
For all (np, vp, un) € Vi X Wy, there exists z, € W), such that:

A((Uh,vm,uh); (nh72h> _,uh)) e ” (Uhavhaﬂh> H?{ (4-9)
lznlls < Mlvnlls + [[pnll -1 (4.10)

Proof: Let up € Qp.
We observe the following auxiliary problem

{ Find qn, € W, (4 11)

a(qn.pn) + (qn.on) = (Bn,pr), Vpn € Wh

It is obvious that this problem has a unique solution (Lax-Milgram theorem). Taking
Ph = qn, we get ,
lanll < (s an) == llanlle < llunll-

Besides, from the condition (4.8) we have

linll1 < sup (Lehs Dn) ~ sup a(qn, pn) + (qn, Pn) < llanlh
PRLEW), [F2aIE pLEW), lon
Thus
3C >0, Cllunll-1 < llgnlls < lpall-1 (4.12)

e We put z;, = vj, —qp, using the result (4.12) , Young’s , Cauchy—Schwarz inequalities
and Lemma (2.1)
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4.2. FINITE ELEMENT APPROXIMATIONS

A(ns vns pn); (s 20, =) = A((hs Oy 0 ); (s Oh = Qs —Hn))
= a((1n; vn); (s v = qn)) = (s vn = qn) + (pns n)
= a(1n, M) + t20((, v8), (9ms v — an)) + (ns an)
= a(nn, nw) + b((m o), (ks vh = an)) + (s an)

= a(np,nn) + b((k, vn)s (M, va)) — 0((MR, vn)s (0, qn)) + (kn, gn)
2 2 L

=l + 1 — i — /0 (o — m)dl o + (s an)

> 2 4 e — 112 — 1o — m )2l llZ + (s an)

1 1
> 3 + ek, — 3 — 5k, — 13 = 51113 + lanl

1 1
= 1k 3 + 5 ek, — 3 + 5 lanl

v
N |

1
(173116 + lvh, = nlIg) + 5 lanll}

V
| =

1
(IlmnllF + llonl3) + 502Huh||2_1

. 11
> win (5, 5C) (Il + onl + 1 2.)

e Again applying (4.12)

lzalls = llon = anlls < llonlls + llanlln < llonlle + llunll- -

Propostion 4.4

sup A((nhavhnuh)y (ghazhaph))

Z H(nhavhnuh)H’H (413)
(&nr2h,PR)EVEX QR ||<€h’ Zh) Ph)”?—[

Proof: We proved :

A (s vy 11); (s 2y —18)) 2 11 (s Vs 1) 113
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4.2. FINITE ELEMENT APPROXIMATIONS

ie.,
A ((Uh, Uh, Mh)? (77h, Zhy —Mh))
| (s vns i) [l

2 (s vns i) |2
Additionally

I (ons 2z —om) 13 = w3+ Nzn 3+ Neanl 21 S wll + llonllE + eal2 0 = 1| (o, vn, pn) 13,

ie.,
1 Z 1
| (s 20, —pen) 132 ™ | (s VR o) Il
then A(( )i )
Nhs Uy b)) \Mhs Zhy — KA
2|l (n, vy pin) |1
H (nhavhu —,U,h) H’H
Thus
"4( 77h>vh7,uh)7 (ghazhaph))
sup A 2 (s om0 .
(Enr2hron)EV X Q | (€ns zhs o) || 2

Both propositions were proven under the assumption (4.8), which is not always verified
for any subspaces V}, Q. Still there is some spaces that can hold it.

Lemma 4.1

The finite element spaces Vj, = V;! x V2, Q), = V}? satisfy the condition (4.8).

Proof: See the proof of (3.2.1). |

Lemma 4.2

We can generalize the result of the previous lemma: V;, = V}F x th+1, Qn = th_Q,
k>1

Lemma 4.3

The finite element spaces Vj, = V;! x V!, Q) = V) can not satisfy the condition (4.8).

Proof: See the proof of (3.2.2). |
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4.2. FINITE ELEMENT APPROXIMATIONS

4.2.2 A priori error estimation
Theorem 4.2

||9—9h||1+||w—wh|!1+||A—>\h||_1S( inf (|0 = mlly + llw —onlly)

Mh>Vh)EVH

+ A = pnll—y + VAw =, ) (4.14)

inf
HREAR

Proof: We have from (4.9)

1605 = I3 + lwn = vall§ + 1A = pallF S AOn = 10y wn = v1, A = 10); (O = My 28, 0 — An))
= A((0n, wh, An); (On — 0y 20y b — An)) — A((hs vRs 08); (O — T, 20, tn — An))

— A((0,w, A); (O, — 1, 20, pn — An)) + A((0, w0, N); (O, — 0, 2n, ptn — An))

= A((On, wn, An); (On = 1hs 20y i — An)) — A((0, 0, A); (On — 1hs 20y n — An))

+ A0 = 1hs w — vpy A = pn); (On — Ny 205w — An))

< L((Oh = 1y 2y e — An)) — A, w, A); (On — 0y 25 b — An))

+ A((0 — np,w — va, A — wn); (On — Mk, 20y i — An))
L L

= (f,2n) = (tn — An, ) — /O 0" (O, — ) dx — t2/0 (w' = 0) (2, — (On — nn)) d + (A, zp)

+ (un — Ap,w) + A0 — npw — va, A — pn); (On — Mh, 20y i — An))
L L L

= (o) = G = ) [ 0" On—n) dok e [ = 0) () da 72 [ (! =), i) da
0 0 0

+ (A, zn) + (un — Apyw) + A0 — npy w — v A — py); (Oh — Ty 21, fin — b))

Since, from (3.2),

0"+t (w' —0)=0
t2(w —0) + A+ f=0
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4.2. FINITE ELEMENT APPROXIMATIONS

Then

16 — nall7 + lwn — vallf + 1A — walli S AW = 1w — v, A — )5 (O — M 20, i — An))

+</~Lh_)\h,w_d}>
We have w —¢ >0, A, >0, s0

16n — null3 + llwn — vl + [ A0 — pnll?
S A0 = nnyw — v A= ) (O = Mhy 20y fin — An)) + (i, w — )
S (10 = mallt + [lw —vplls + [IX = pall=1) ([0n = nalls + [[zrlls + A0 — gl -1) + (e, w — 1)

SN0 =l + llw = vlT + X = sl %1+ 1105 = mullT + [126l1F + A0 = pnl21 + (nyw — )
Because ||zx|[1 < |0 — nll1 + [|An — pnl|—1, we obtain

16 — nall? + lwn — vallf + 1A — w20 SN0 = mallT + llw — onlIF + 1A = ]2y + (un, w — )

This implies that

10n —nnll1 + llwn —vnlln + A0 — pall-1 S0 = nrlls + lw —vnlls + A = prll-1 4+ pn, w — )

On the other hand

0 = Onll1 + lw —wallr + A = Anll=1 <10 = nnllr + |lw = vallr + A = pall <1 + 108 — 7ull1
+ [lwn = vnlly + [An = pnll -1

Thus

16 = Onlly + [lw = wall + 1A = Anll-2 S 10 = nnlly + [lw = vl + 1A = pall -1 + v/ (pn, w =)

Hence
10 = Onlly + [lw —wnlly + A=Al oy £ inf ([0 —mally + [[w —oally)
(Mh,vR)EVR

+ inf (||A— + ,W—,
M}LGA}L(H pnll—y {1n ¥,)) .
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4.2. FINITE ELEMENT APPROXIMATIONS

4.2.3 A stabilized formulation

It is not difficult to show that the V}, = V! x V}!1, @, = V) leads to a singular system
for the compact formulation, even it is conforming approximation. In this section we will
propose a stabilized formulation that will be well posed for all conforming approximations.

Let a > 0, we introduce the following bilinear and linear forms:

Sue. 7 ) =1 [ [+ - )+ - )
(A =0+ p) (2 =) )|
Bollnv) = wet [ 500+ ) da
and then we define, the bilinear form A;, and the linear form L

An((o,7,p); (n,v, 1)) = A((o, 7, p); (n,v, 1)) — aSp((a, 7, p); (0,0, 1))
Eh((”a v, :u)) = L((m v, :u)) - agh((nv v, M))

Remark 6
Note that

Sn((0,w, \); (n,v, 1)) = Zu((,v, 1),  VY(n,v, 1) € Viy X [y,

Consider the discret problem

Find (Qh,wh,/\h) eV, x /,Lh
An((On, why An)y (s Uy i = An)) < Ln((hs Vny fin — An))y V(s Uny ) € Vi X g,

(4.15)
Lemma 4.4
There exists a positive constant C; such that for any ¢, € V},
Cr Y B lenllg s, < lonllg (4.16)
1,eZy,
Cr Y B lenlg s < 645 (4.17)
1,eTy

Proof: To prove (4.16), note that

pnllo =D hillgnllo.r,

I; EIh
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4.2. FINITE ELEMENT APPROXIMATIONS

We have from the inequality (1.3)

‘|¢;‘LH07]i < Chi_IH(Z)hHOJi

ie.,
C™hill ¢ llo.r, < lldnllo.r,
Then
CrY G, < D lonl s,
;€T ;€T
Hence
2 2 2
Cr > 2Nl 1, < llnlls
IiEIh
Same proof for (4.17). |

Propostion 4.5

Cr

. t—2
Suppose that 0 < o < min <WC;1’ T

exits (up, pn) € Vi, such that

). Then for any (ns, vn, pin) € Vi X Wy, there

A Vi, pin); (un, Py —1m)) 2 0wlls + [onllf + [lrenllZy (4.18)
[unlls + [[palle < flnll + lonll + lenll (4.19)

Proof: The proof is divided into several steps:

Step I : Using (4.17) and Young’s inequalities

Ah((nha Vh, Mh)a (nh: Vh, _,uh)) = A((nhv Vh, Mh)? (77h, Uh, _/J'h)> - aSh((nha Uh, ,u'h)v (nha Vh, _Mh))

= a((1h, vn); ((Mhs vr)) — aSh((Mhs VR )5 (M Vhy — i)

L

L L
— 2 + 210y — a2 — ak? (t4 /0 (0l +£72(0y — n))* dr + /0 (off — 1,)? dar — ¢! / P dm)

0

L L L
_ - 2 -
> ||77;1H(2) 4t QHU;L _ 77h||(2) . at4h2/0 (77;1, +t Q(U;L _ nh)) dx — OéCI 1/0 (’U;L — nh)Q dx + Odt4h2/0 /-‘L%L

> (s + 72010k — mull§ — 208 2 11§ —2ah® | og, — malIf — aCT M lvh, — mullF + ot *h? [l
> s + 720k = mull§ — 20CT ¢ g5 —20h? [, — nu 1 — a7 [vh — mull§ + ot A

> (1 - 208'C7 ) I3 + (t7220k? — aC; ) o), — mul3 + at B 3
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4.2. FINITE ELEMENT APPROXIMATIONS

Cr

-2
Because 0 < a < min <t7,1 —4) we have
2r24+C 7 2t0 )7

1—2at'C; >0 , t72—2ah* —aC;' >0
Hence

An((1h, v, 1) (s v —1m)) > Ca(llmllF + lonllT + llenll® 1 p)

where C3 = min(at?, 1 — 200540;1, t72 — 20h? — aC’;l).

Step II : We have from (3.8)

hyUnh
sup R A

o)V 1vnll1
we deduce that Vup € Qn,  3(Ch,qn) € Vi such that

[tnll -1 = 1[(Chy an) v
(s an) > Crllpnl2 1 — Collpnll -1l pnll =10

Step I1I :

(4.20)

An((0n, v 111); (Chs G, 0)) = A((0 Vs 111); (Chs Gy 0)) — Sk (M, vns pi); (Chs an, 0))

= a((Mh,vn); (Chran))— < fhs @ > —Su((Mh, Vs 111); (Chs Gh, 0))

L L
= /0 MCh d + t‘2/0 (v, — ) (@), — Cn) dx— < pn, qn >

L
- a/o (h2t4n§{<;{ + B2 (njay, — Cu) + G (v), — mw)) ) dx

L
“a /0 (P2 (h = m)(ah = ) + P2 — 1) (ah — G1)) da

L
- a/ W un(gy, — py) do
0

Using (4.22) and Cauchy-Schwarz inequalities
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4.2. FINITE ELEMENT APPROXIMATIONS

A (0, vy 115 (G @5 0)) = = I llol1 G llo—t 2 11v7, — mllollar — Callo + Callnl®y — Collpnll -1 llpnll =10
—at*(h|lnp o) (Rl o) — at® (RlmpllollR(ar, — Cu)llo + RIICH ol A(v), — nm)llo)
— a((h]lvg, = mllo)(hllan — Cullo) + (Rllvy, — mullo)(Rllgh — ¢hllo))

— at®(hl|pnllo) (hllgh — 1hlo)

Using (4.17), (4.21) and Young’s inequalities

An O 0): G 0) 2 — (14 0t 7)ol Gl -+ Calln 2 — Gl -l
— ot /O (I lolIadh — Gl + IGolIb(5h = i) )
— a((hleh, — mlo) (Al ~ Gulo)) — aC5 (I, ~ mmllo) g — Gallo
—at?\/CF hllanllo) lah — pnllo) =21, — ol Gl
€ 9 e (att L0 1 [at?t /192
(o B e —— (4
> (€1 selmls - 5 (5 +1) 1615 (5 +1) Iile

at?

VCr

€ 1
(50 -+ 121~ GuIB) + 5 skl + 121~ ) )

1 o (€ 1
(@t + a7+ (5l — Gl + -k~ i)

at? (e 1 (s
- S (50— Gl 5wl = Sl

> Cullpnll 1 = Cs(mall} + lvalld + leall®1n)

We choose € small enough so that Cy > 0.

With the same steps we get

A (v bn); (8Ch, 61, 0)) = Callpnl” 1 — 6C5([Imally + lvally + lenll® 1) (4.23)
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4.2. FINITE ELEMENT APPROXIMATIONS

Step IV : From (4.20) , (4.23) we got

A, vhs 1on); (s i —m)) = Cs(|lmallf + llonllF + lnl2s,)
An((h, 0y 11); (6Chs 8an, 0)) = Callun 2y = 6Cs(lnnll + lonllF + i)

So
An (M, vh, pn)s (Ma+0Ch, vp+0qn, —pn)) > C4HMhH%1+(C3—5CS)(H77hH%JFH%H%JFHMhH%Lh)

We choose § > 0 such that C3 — 6C5 > 01ie.,0< 6 < %2
Hence there exist up, = np, + 6 , prn = v + dqp such that

An((s ons 1n); Wiy prs =) 2 I3+ loall§ + [lea 2
Step V : Using (4.21), we obtain

lunlls + lpnlls = llnn + 0Cullr + llvn + 0qn|lx
< mnllr + llvalls + 6kl + [lanll1)
Smnll + Nvnll + leall=1

Propostion 4.6

sup An((0ns v, 1), ((wns Py )

2 s on, pon) || 2 (4.24)
(uh,Ph ER)EVRXQp ” ((uha Ph, fh) HH

Proof: We proved:

Ap((hy Ok 110); (Whis Phy —10)) 2 || (s VR ) 113

ie.,
An (0, vis o) (Uhs PRy —40))
|| (nha Uh, ,uh) ||’H

2N (ks vy o) 12
Additionally

I Cuns oy —pn) 3, = w4 lpwllE+ il s < onlE + lonllE+ enl2 2 = 1 (i, ons ) 13

ie.,
1 > 1
| (ks oy —pen) 122~ N (s VR o) [
Hhen A (s v 1) )
h \\Mh, Uh, i ); \Uh, Phy —Hh
2 (s vns pin) 12
H (uhaphv_,uh) H'H
Thus
Ah Nhs Vhy LR ), Uhaphyfh )
sup ( X D 2 s ons ) .
(un,Pn,ER)EVRXQp H(Uhaphyfhw?'l
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4.2. FINITE ELEMENT APPROXIMATIONS

4.2.4 Residual a posteriori error estimation

First of all, we define the local indicators:

i = hallt2 = 6) + f 4+ Mallow
771(2) = ||9Z + t_2(w;L - ‘gh)HOJi

We also define the global indicator

=3 () + @) (4.25)
Sm = 1v — whlly + v/ (An, ( — wp) ) (4.26)

Lemma 4.5

A0 = Oy w = wiy A = A3 (0 = Oy 2, A0 = A) 2110 = Ol + llw — wallf + [|A = Al
12l S llw = wally 4 [[A = Anll

Proof: In (4.2), (4.3), we take (n,v,u) = (0 — Op, w — wp, A — A\p). |

Lemma 4.6

Let z;, the Lagrange interpolation of z.

0 S Eh((O, —Zh, 0)) — .Ah((@h, W, >\h>; (0, —Zh, 0)) (427)

Proof: In the discret problem (4.15), we take (n,v, ) = (0, —zp, Ap). |

Propostion 4.7

2 2
16 = Ol + llw — wally + 1A = A%y

§ E((Q — Hh, Z — Zh, )\h — >\)) — A((@h,wh, Ah); (9 — Qh, Z — Zh, )\h — )\))

+amﬂAL«—f—t%M&WD—A0@ﬁ+(—%—t%Mfﬁwﬂéndx
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Proof: From Lemma (4.5) and adding (4.27)
10 = 01 + [lw — wal[ + [IX = Ml2y S A0 = Oy w — wpy A = Xn); (8 = On, 2, 2 — N))

= A((G,w, )\); ((9 - Qh, zZ, )\h - )\)) - A((Hh,wh, )\h); (9 - eh, z, )\h — /\))
S .A((G,w, )\); ((9 — 9}“ Z, )\h — )\)) — A((Hh,wh, )\h); (9 — Gh, z, )\h — )\)) + £h((0, —Zh,O))
- Ah((eha Wh, /\h)7 (07 —Zh;, O))

< A, w,A); (0 = O, 2, Ap — X)) — A((On, wi, An); (0 = O, 2, A0 — N)) + L((0, =23, 0))

— A((Gh, W, )\h); (0, —Zh, 0)) — a.i”h((O, —Zh, 0)) + aSh((Qh, Wh, )\h); (0, —Zh, 0))

+ ﬁ((@ —Op, 2z, N\ — )\h)) - ﬁ((ﬁ —Op, 2z, N — )\h))

=L((0 —0On,z—zn, A — N) — A((On, Wy An); (0 — Ony 2 — 2py A — A)) — a2 ((0, —21,0))

+ aSh((Hh,wh, )\h); (0, —Zh, 0)) —I—A((G,w, )\); (9 — Hh, Z,A\p — )\)) — ﬁ((g — Hh, Z,A— /\h))

negative (—) from(4.1)

< L0 = Ony 2 — 20, A — ) — A((Oh, why An); (0 — Oy 2 — 21, Ap — N))

L
+ ah2t2/0 ((= 7= 72(wh = 0) = ) (1) + (= 05 — 72w, = 04)) (1) ) da |

Lemma 4.7
A= Anll?,

<)\h_)\7wh_¢>§ 9

+ 52, (4.28)

Proof: If we take 1, = v, = 0 in the discret problem (4.7) we get

— {ptn = Ay wp) < = {ptn — Ay ) (4.29)
and for the choice pp =0, up = 2\, in (4.29), we find that
(An,wp, — 1) =0
Then,
(A = A wp — ) = (A, ¢ — wp)

< <)‘7 (T/J - wh)+>

= (A = Ay (¥ = wn)4) + (An, (0 — wn)+4)

< A= Anll=1ll (¥ = wr) 4 l[1 + (A, (¥ — wr) )
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4.2. FINITE ELEMENT APPROXIMATIONS

Hence, by Young’s inequality

_ 2 _ 2
<)\h_)\7wh_¢> < ”)‘ )‘thl + ”(77/) wh)+‘|1 +</\ha(w_wh)+>

- 2 2
N
2 ]
Theorem 4.3 (Indicator reliability)
16— 0l + 0= wally + 1A = Mllo1 S 7+ S (4.30)

Proof: From Proposition (4.7)

2 2
16 = OnI7 + [lw — wrl[§ + A = Al

S LUO = Ony 2 — zny A — A)) — A((Ons why An); (0 — Oy 2 — 20, Ap — )
L
+ ah2t2/ ((= 7= t72(wh = 61) = M) (2h) + (= 65— 72(wh, = 6)) () ) da
0
= (f.z = 2n) — (An — A 0) — a(0p, 0 — 0n) — t2b((On, wn); (0 — O, 2 — 21)) + (An, 2 — 21)

L

+ (O — A, wp) + ah2t2/0 ((= 7= t72(wh = 61) = M) (2h) + (= 05 — 72(wh, = 6)) () ) da
L L L

Sz [ oo =0 do—t2 [“h =)= =) dot o [ g - 0000, do

L
+ Mny 2 — 2n) + at2/0 (h( — [t (w) —0)) — )\h)h(zl,z/)) dx

L
vt [ (=017l () o = A~ )
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Using (4.16), (4.17), Cauchy-Schwarz and Young’s inequalities
R e S R O W RLAL

I;eqy, I,e1;,

—t 22/ —0)(z — zp)dx + 1~ 22/ —0,)(0 — Ghda:—i—Z/)\hz—zh

1,eTy, 1I,eZy I,eZy,

+at? Z/ — [ = 72w~ 6) = M) hi(2f) ) da

;€T

ot [ (=0 = 2wk = 00)h(4) o+ O h =)

1;€Ty

Z/ t_2 )—|—f—|—)\h) Z—Zh d£U+ Z/ 9 +7f_2 Qh))(e—eh)dl‘

1;€Ty, LTy

+ at? Z/ —t 2wl - 6}) — )\h)hi(zg)>dw

I;€Ty

tarr 3 / wh, = 00)hi(#4) ) dw+ (n = A, wp = )

I;e€Ty

< (3 w2l =+ r e mlzn) (S 0 - alon)?)

L;eTy 1,€T)

(XS - alz) (S I ali)

L;edy, LeTy

va( 0 w2l -+ £ nldn) (X mE)

I,e1;, L€y,

v X000+ 20wk~ 0l ) (0 mIRL) T e A )

I,e1;, L€y

3.3 () + gt g X (07) + glo-enit+ 5 5 (A7) + Sl

I; EIh I; EIh I; EIh

«@ 2«
+ 550 (1) + Sl n = h - )

IiEIh
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Since

Then

znllt S 2l

znllo S llzallt S M2l

16 = OnlIF + llw — wall? + IX = Xall2y S 7° + Il + (An = X, wn — )

So

Hence

P+ lw —wpllf + A= A2y +

16— On 17 + llw — wall} + 1A = Xall®y S0° + 52,

16 = Onlly + lw = wally + 1A = Al -2 S 7+ Sm
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CHAPTER 5

NUMERICAL SIMULATIONS
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5.1. NUMERICAL TESTS FOR THE MIXED FORMULATION

5.1 Numerical tests for the mixed formulation

In this section, we check the results proven in the chapter 3 using the Uzawa method.

We have the discrete mixed variational problem
Find (0n, wn, An) € Vi x Uy,
a((On, wn), (1ns vn)) + B((0; v8), An) = F(1n; vn), V(1 vn) € Vi
b((On, wn), pn — M) < Gun — An),  Vpn € [y

The variational form of Uzawa method

a((0F, wE); (n, vn)) =F (n, o) — b((h, v1), A), Y, vn) € Vi,
O ) =(AF, ) + ab((0F, wh), ) — aG(un),  Vun €

A =P, ()

\

Now the algorithm of this method

(5.1)

(5.2)

Algorithm 1 Uzawa method

1.

2.

3.

Give some initial value \)
k=0

Repeat:

. Compute (6%, wF) from the equation

a((05, wp); (mn, vn)) = F(nn,vn) — b((1h, vn), Ak)

. Compute X’ffl from the equation

O ) = (A8, 1) + ab (05, wh), ) — aG(us)

. Take A\i*! as the projection of Xffl on [ip:

)\’;:L+1 = P,uh (XI:LH)

k=k+1

. Until NPT — || < e
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5.1. NUMERICAL TESTS FOR THE MIXED FORMULATION

We consider the domain 2 = (0, 1), the obstacle defined by ¥(x) = 42® — 92* 4 6x — 1,
the force f = 0.

Previously, we have proven that Timoshenko problem converges to the Euler-Bernoulli
problem when ¢ tends to 0. For the previous data, we can give the exact solution of the
Euler-Bernoulli problem

—423 + 322 if v <
42° — 92+ 6z —1 ifx >

N—= M=

—— exact solution
1.0 —— obstacle

0.0 0.2 0.4 0.6 0.8 L0

Figure 5.1: The solution w(x) and the obstacle ¥ (z)

Now, we test different finite element spaces to verify which pair leads to a stable
system. In other words, locking free.

We took o = 0.001 and t = 107°.

Example 1 :
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N /\
0.0
-0.2
_0.4 4
0.6
-0.8
—— appro solution
—1.0 1 —— obstacle

0.‘0 0:2 0.‘4 0:6 0.‘3 1:0
Figure 5.2: V;, = V! x ;1 Q) =V}

Example 2 :

0.2

0.0 4

— appro solution
~1.0 —— obstacle

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.3: V,, = V2 x V1, Q, = V}?

Example 3 :
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0.2

0.0

_1.0 4

Example 4 :

0.2 1

0.0 4

—1.0 A

—— appro solution
—— obstacle

T T T T T T
0.0 0.2 0.4 0.6 0.8 10

Figure 5.4: V, = V2 x V2,.Q) = V}?

—— appro solution
—— obstacle

T T T T T T
0.0 0.2 0.4 0.6 0.8 10

Figure 5.5: V;, = V2 x V1L, Q) = VP
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5.2 Numerical tests for the stabilized formulation

In this section, we will prove numerically that the stabilized method leads to a stable
system even with low-order finite elements using the Newton method.

Our idea is replacing the constrained minimization problem with an unconstrained minimization
problem by adding a non linear term.

We have the discrete stabilized formulation

Find (0, wh, An) € Vi X [y, (5.3)
Ap((On, wn, An), (M Ons i = An)) < Loy vns ptn = An), V(10 vy ) € Vi X Uy, |

With choice of test functions, (5.3) equivalent to the following mixed formulation

{%Wm%MmMW—M@MWJOZ@WWH (5.4)

b (O, wn), ptn — An) + (s ftn — An)y > gulitn — An)

where
( L
an((On, wn); (Mn, vn)) = a((On, wr); (Mn, va)) — ah2t4/ [(GZ + 72wy, — On)) (1, + (v, — )
0
7w = 0,) (of — h) | do
bn (M, vn), pn) = <Mh, vy + ah*t? (v) — 772)>

L
EWmmﬁﬂﬂmHﬂWﬁAf@#mD

(A, ftn — An)y = aht* (A, pin, — An)

{ gn(ptn — M) = (pn — A b — ab®*t* f)

We can reformulate the problem (5.4) as a minimisation problem of the following
nonlinear functional:

T ) = 5an (s 0n): (s 1) = L, 1)

1
3ah?t4

3 (5.5)

L
n l/(m—w+aﬁff+wﬁ%%—¢M_
0
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F((On, wr), (s vn)) = (Jp(On, wn), (s va)) = an((On, wn); (Mn, vn)) — Ca(nn, vn)

1 L
it [ = 0 a2l = ) (o4 G 1) 6.9
0

<F/((‘9h7 wh); (nh, Uh))a (d9h7 dwh)> = a’h<<d9h7 dwh>; (nfw Uh))

9 L
+—ozh2t4 /0 (wh—¢+ah2t2f—i—ah2t2(wz_%))_ (dwh‘i‘ah%z(d%h—déh)) (Uh+06h2t2(vg—n;l))
(5.7)
The variational form of Newton method
(F((OF wh); (o)), (g dug) ) = =F (05, wh), (nyvn)) ¥, vn) € Vi
(5.8)

(Q}Ii—’—lv wi—H) = (027 wllj) + (deﬁa dwﬁ)

Now the algorithm of this method

Algorithm 2 stabilized method
1. Give some initiale value (6y, wp)

2. k=0
3. Repeat:
4. Compute (dgx,d,x) from the equation

(P (08 w0k (s 00)), (g dug) ) = =F (08, 0h), G, 00)

0k+1 k+1
h

5. Compute (6;"",w; ") from the equation

(O wi ™) = (O, wr) + (dgg, o)
T hk=k+1

8. Until ||dp|oc + [|dule < &
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To make sure that the method converges, we give as initial guess (6p, wo) = (W', w)
where w is the exact solution of Euler-Bernoulli problem. We program this method using
the same data and parameters, Vi, = V! x V' | @), = V) that led to a singular system.

0.2

0.0 A

—— appro solution
~1.0 —— obstacle

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.6: V;, = V! x V\1, Q) =V}

Iteration Idolloe + Il duw][oo
3 0.00156692
5 0.000292946
7 7.13867e-05
9 1.78467¢-05
11 4.46167e-06
15 2.78841e-07
19 1.92356¢-08
93 1.39771¢-09
24 8.84545e-10

Table 5.1: The error estimate
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0.0016 ~ —— Linfty norm of the error
0.0014
0.0012 A
0.0010 A
0.0008
0.0006

0.0004 -

0.0002 -

0.0000 4

Figure 5.7: the error curve for the stabilized formulation V}, = V;! x V1. Q) = V}?

Now, we study the convergence of Newton method: each time, we modify the value of
«, then we report the value of the error |6 — 6]|p + ||w — wy||o in the following table

a 10 = Onllo + [lw = wallo
0.001 0.00203667
0.01 0.00233247
0.1 0.00423994
1 0.00218611
1.5 0.000647212
2 0.00191294
2.5 0.00101347

Table 5.2: The error estimate.
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CONCLUSION

In this work, we studied the Timoshenko obstacle problem, which is a significant
challenge in numerical simulations due to the presence of a small parameter t. The
locking phenomena arises for very small values of this parameter implies the necessity
of the employing of specialized methods to prevent these effects. We used a stabilized
method to address this issue, which involves defining a discrete stabilized formulation
and verifying that the inf-sup condition is satisfied for almost all finite element spaces.
This condition ensures the stability of the method. To further validate the efficacy of this
method, we applied the Newton method for the non linear problem.

As perspectives or extensions of the present work, we believe that we can consider the
following problems:

e The optimality of the the indicator 7.
e The Reissner-Mindlin model.

e The Naghdi’s shell model.
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ABSTRACT

We are interested in the finite element approximation of the Timoshenko obstacle
problem. This problem depends on a small parameter that causes the locking phenomenon.
We used the Lagrange multiplier method with mixed and stabilized finite element methods.
In both methods, we studied the mathematical and numerical analysis to see the difference
between the two methods and determine which method is better in preventing the locking
effect.

Keywords: Timoshenko model, locking phenomena,inf-sup condition, mixed formulation,
stabilized formulation.

Résumé

Nous sommes intéressés a l'approximation par éléments finis du probléme de la poutre
de Timoshenko avec obstacle. Ce probléme dépend d’un petit parameétre qui provoque le
phénomeéne de verrouillage. Nous avons utilisé la méthode du multiplicateur de Lagrange
avec des méthodes d’éléments finis mixtes et stabilisées. Dans les deux méthodes, nous
avons étudié I'analyse mathématique et numérique pour voir la différence entre les deux
méthodes et déterminer quelle méthode est la meilleure pour éviter l'effet de verrouillage.

Mots clés: modéle de Timoshenko, phénoméne de verrouillage, condition d’inf-sup,
formulation mixte, formulation stabilisée.
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