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Résumé

Cette recherche porte sur la notion d'équation aux différences et ses modéles, en plus de ses solutions
lies a la suite de Fibonacci. Nous avons ensuite étudié la stabilité et la périodicité de ces solutions.

Le systeme d'équations de différence est donné comme suit :

1
Xn+1

1+1y”—1 neNy, k=2

V1= 1+xn_1

Les conditions initiales x,, X_;, Jp, ¥—; sont des nombres réels.

Mot clés systeme d'équation aux différences, suite de Fibonacci, stabilité et périodicité des solutions.

Abstract

This research deals with the concept of the difference equation and its models, in addition to its so-

lution related to the Fibonacci sequence. We then studied the stability and periodicity of these solutions.

The difference equation system is given as follows :

X, =t

n+l = 1+y,_
P peNg k=2
_ 1

yn+l_1+xn_1

The initial conditions xy, x_;, ¥y, y_; are real numbers

Keywords : system of difference equations, Fibonacci sequences, stability, and periodicity of solutions.
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Introduction

! | 'HE theory of difference equations has developed extensively in recent times since the

twentieth century. It is a critical tool for analysis and modeling in several fields, including;:

e Population models (biology): Difference equations model the changes in population

structures such as migration and population growth.

e Medicine: These equations are used to model the progression of certain diseases, such

as cancer tumors.

e Computer science: Difference equations assist in the design and analysis of the
complexity of algorithms that are often based on iteration. They are also used to identify

virus-infected devices over time.

e Economics: These equations contribute to modeling investment and consumption

equations over time based on economic factors.

Hence, the theory of difference equations has received significant and well-deserved
attention from scientists and researchers, as it plays a crucial role in modeling situations and
challenges in our daily lives due to its accuracy. It is considered the cornerstone of applied

mathematics.

Difference equations can be divided into different types based on their characteristics,

such as linear or nonlinear.

In this paper, we will present a special case of a system of second-order difference equations
derived from a general study of difference equation models [2].
One of the most important things we did in our research was to find solutions to the

system of difference equations (for £ = 2) and then study their stability. In addition to
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providing more details to study the solution of the system of difference equations periodically

[13].

Thus, the theory of difference equations plays a fundamental and vital role in various fields
due to its ability to represent temporal changes. It provides practical and effective solutions
to many problems encountered in the natural sciences, engineering, and economics.

We have divided our work into three chapters:

e In the , we provided some definitions about difference equations, the
system of difference equations and Fibonacci sequences. We also presented two simple

models of difference equations derived from our daily lives.

e In the , we presented the solutions of a specific system of 2"4-order
difference equations in terms of Fibonacci sequences, and we also determined the

equilibrium point for our previous system.

e In the , we studied the stability and periodicity of solutions of the system

of difference equations.



Preliminaries

1.1. Definition of the Difference Equation

A difference equation is a mathematical equation that links values of Ax; to each other or to
Y-
They are repeatedly defined sequences in the model:
Tpi1 = P(n,x,), neNy
In other words, the difference equation is a mathematical equation that expresses the rela-
tionship between a function at different points in time. It is often used in sequences. It is
similar to differential equations, but the difference between them is that we will be dealing

with discrete sequences instead of functions of continuous variables [1] .

1.2. Definition of a System of Difference Equa-
tions

It is a system of equations that contain unknowns. They are also sequences. It has two parts
[2]:

The first part: It consists of a linear difference equation, which is considered somewhat
understandable and easy due to its reliance on the principles of linearity, which have a role in
finding a solution of this type.

Second part: The nonlinear difference equation. Here lies the problem because there are

no direct methods to solve it.

10
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PRELIMINARIES

1.3. Fibonacci Sequence

1.3.1. Definition [3]

Definition 1.1.
The Fibonacci sequence {F}, },>0 is defined by:

F, =F, 1+ F,_
! ? (1.3.1)
FO =0 and F1 =1
The solution of this equation (1.3.1) is given by the following formula:
a — /Bn
F, = 1.3.2
— (132)
This is called the Binet formula for Fibonacci numbers, where:
1 5 1—+/5
_ +2\/_ and B — 2x/_
Then we can give the following limit:
. Fn+m )
nh_)r{)lo = form e Z (1.3.3)

n

11



1. PRELIMINARIES

1.4. Simple models about difference equation

1.4.1. Definition (Compound Interest)

Compound interest is commonly used in long-term loans and deposits. Interest is added to
the amount at regular intervals called conversion periods. Then the new amount will be used

instead of the initial amount to calculate the conversion period.

e The plart of the year in which the one-month conversion period occurs is referred to as

T:E.

e Annual interest rate estimated at % and 7 is the conversion period.

e The interest earned during the period is estimated at 07% of the amount deposited at

the beginning of the period.

700

To express this with a difference equation, for each ¢, A; the amount deposited after ¢

conversion periods conversion periods

amount deposit after t +1| ] {amount on deposit after ¢ TO amount on deposit after ¢
conversion periods

conversion periods, where,

TO0 T0
Ay = A+ 224, = A (1 —)
tr1 = At A= AT g

So, it is a simple first-order linear difference equation.

A; geometric sequence representing compound interest, it is given in the form [/]

To\t
A :(1 —> A
t 100/

1.4.2. Loan repayments

Definition 1.2 ([1]).
To express the repayment of the above loans using the equation, some modifications were
added to the above.

Below we will present a scheme used to repay car and home loans.

This process is carried out by paying at equal intervals of time to reduce loans and pay
interest on the amounts due.

According to a study by several scientists, they found that debt increases due to the

interest resulting from the debts that always remain after the last payment.

12



1. PRELIMINARIES

t+1 t payments

To model all of this in the form of a difference equation, let:

debt after debt after
= + {interest on this debt} — {payment} (1.4.1)

e [ be the initial debt that will be paid for each t,
e P, be the debt due after payment ¢,

e K be the payment after each period conversion.

The difference equation can be written as:

TO TO
—p —P—KzP(l —)—K i
P t+ T t {1+ 100 (i)

Notation. The equation (i) is an equation that is difficult to solve.

In the last section, we have provided two examples as an easy model of difference equation

taken from the rules of some banks and then translated mathematically into equations.

13



Form solutions of
a system of differ-
ence equations using

specific sequences

2.1. Difference equations

2.1.1. Non-linear difference equations

Let I be a continuously differentiable function with

K:I?—-1, ICR

Definition 2.1 ( [9]).

The 2-order nonlinear difference equation is given as
Tpt1 = K(Tp, Tpo1) (2.1.1)
and n € Ny, let the initial conditions be as follows

(z_1,10) € I?

Definition 2.2 ([7]).
We say that Z € I is an equilibrium point of the equation (2.1.1), if it comes true 7 = K(

k3l
)

and if we have
Tp,=T Vn>-2=—-k n,keN,

14



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

Definition 2.3 (|7]).

Let it be
Ynt1 = PoYn + P1Yn—1 (2.1.2)
We can say that the linear difference equation related to the equation (2.1.1) with
oK
b= 3@(5@) 2207172
P(A) =X = poA? — 1A — po (2.1.3)

with P(A) is the characteristic polynomial associated to (2.1.2).

Theorem 1 (Rouché’s Theorem [0]).

Let f(z) and g(z) be two holomorphic functions in the open set 2 of the complex plane C
and suppose that | f(z)| > |g(z)| at each point on C.

Then, f(z) and f(z) + g(2) have the same number of zeros in C.

2.2. System of Non-Linear Difference Equations

Definition 2.4 ([7]).

Let P and ® be two continuously differentiable functions as given by:
P.I’xJ?—=1I ®:°’xJ?—>J I[LJCR
So, be it the following difference equations systems

Tp+1 = P(.Tn,ﬂfn_l, Yn, yn—l) (2 92 1)
Yn+1 = q)<37n; Tn—1,Yn, yn—1>

n € Ny, let the initial conditions be as follows (x1,7¢) € I* and (y1, ) € J>.

15



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

Now, we define the function
W:l*x J? = I?x J?
and
W (a) = (Po(x), Pr(x), o (), ®1(x))"
with
X = (ug, u1,v,v1)"
Py(z) = P(z), Pi(z)=uo

Another way, we have

Let
X = (0, Tn1, Y Y1) (2.2.2)
and therefore, the system (2.2.1) is equivalent to the following system
Xpi1 =W(X,) neN (I)
Which

r
Tpt+1 = P(xn: Ln—15 Yn, yn—l)

Ty — Tp
Tp—1 = Tp—-1
Yn+1 = <I>(xn7 Ln—15 Yn, yn—1>

Yn = Yn

\yn—l = Yn-1
Definition 2.5 ( [9]).

1. The point (z,y) is the equilibrium point of system (2.2.1), if we have
P( )
= O )

2. The point X = (Z,z,7,7) € I* x J* is the equilibrium point of system (I) if we have
X = W(X)

&I
Il
Kl
&I
N
|

) Y Y

N
Kl
&I

<

S|

Y )

16



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

Remarque. We can say that the point (Z,y) € I x J is an equilibrium point for the system
(2.2.1) if we have

X =(z,z,5,9) € I* x J?
is an equilibrium point of system (I).[7]
Definition 2.6 ([7]).
The linear system related to system (I) around the equilibrium point
X =(2,2,9,9)
is given as follows:
X,11=BX, heN

Where B is the Jacobian matrix of function W at the equilibrium point X:
0Py, o, 0Py, -, 0Fy -, 0F, -

b S SR )
o Sl S S S
) G G0 G
D ) 5500 G

Theorem 2 ([7]).
If all eigenvalues of the Jacobian matriz A satisfy the condition |\| < 1, then the equilibrium

point X of system (I) is asymptotically stable (or locally asymptotically stable).

17



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

2.3. Form of the Solution of the System of Differ-
ence Equations

2.3.1. The First System

In this part, we will present solutions to the system of difference equations associated with

Fibonacci sequences.

Let the following system be a difference equation system:

(
Ty = —
i 1 + Yn—1
4
1
Yn+l = 7
| +1 1+ Lo

nENo,kZQ

(2.3.1)

where the initial condition of negative index terms z_o,x_1, 0, y_2,%¥_1,Y0 € R — F and

Theorem 3 ([3]).

F,
F:{— le;n=1,2,..

The solution of system (2.3.1) are given as follows:

(

\

From ¢ = 3,4 we have

Tan+3 =

Yan+3 =
\

Tan+1 =

Ysn+1 =

Foni1+ Fonyq

y Lan+2 =
) n
Fopyo+ Fopi1y—1
Fony1 + Fopr Ly _
y Ydn+2 —
Fopyo+ Fopp1x_q
Fonyo + Fopp1 g . B
y Ldn+4 —
Fopys+ Fopiox_y
Fonya + Fonpay—1 _
s Yanta =

Fopis + Fonioy—1

18

Foni1+ Fonyo
Fopio+ Font1yo

(2.3.2)
Fony1 + Fono
Fonyo + Foni1mo
Fonga + Foni1mo
Fonys + Fongo 2o
(2.3.3)

Fonio+ Foni1yo

Fopis + Fonyo Yo



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

proof.
From (2.3.6) we have

For n = 0 and when 2 = 1,2 we have

1 _ 1 1
xl_l‘f‘yfl ’$2_1+yo ’ x3—1+y1
B 1 1 1
NI, T BT
On the other hand, for n = 0 and i = 3,4 we have
1+x,4 14+2x9 1+
T3 = 14 = 53
24 x4 2+1x9 24 x9
1ty Ity 1+uy
y3_2+y—1 ’y4_2+y172+yl

So, the result for n = 0.
Suppose now that n > 1, and our assumption holds for n — 1.

For + = 1,2 we have:

. _ Bona + Fonaya . _ Fona 4 Fon oo (2.3.4)
e By T T TR B o o
F, Fs, _ox_ s, s,
_ Lop1 + Lon o 1;y4(n71)+2 _ Lon—1 + Lon—2T9 (2.3.5)

Y-+ = Fyp + Fop124 Fop + Fon_170

19



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

For i = 3,4 we find:
La(n—1)+3 = ot P17y La(n—1)+4 = —F2n Loty
Fony1Fonz 4 Fopi1Fonz0
 Fap+ Fon 1y _ Fon + Fon 1o
Ya(n-1)+3 = Fons1 Fon 41 Y4(n—1)+4 = —F2n+1 Fon 1
By following (2.3.1), (2.3.4), (2.3.5) and for ¢ = 1 that:
1

Yan—1
1

A
1+ 24pn-3
1
2+ Tun-3
1+ T4an—3
. 1 -+ T4n—3
B 2+ Tyn—3
Fop1+ Fop_oy 4
Fo, + Fop_1y_1
Fop1+ Fop_oy_1
Fop + Fop_1y—
Fon + Fon1y—1+ Fopn1 + Fon oy 1
_ Fop + Fop1y—1
2F5, + 2F5 1y—1 + Fon1 + Fop 0y
Fop + Fop1y—1

_ Fon+ Fonayr £ Fon1 + Fonoy1 Fon + Fon_1y—1
B Fon + Fon 1y 1 2F5, + 2F2,1y-1+ Fon1 + Fop 2y
Py Fop o+ Fon o+ Fan 0y
 2Fh, 4 2F5_1y—1 + Fono1 + Fopay
Fony1 + Fony
Fonio + Fon1y—

(2.3.6)

(2.3.7)

Ton+1 =

1+

2+

Ton+1 =

20



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

For i = 2: Form (2.3.1),( 2.3.4) we get

Ttz = +1y4n
B 1
1 + ;
1+ Tan—2
B 1
1424 o+1
1+ 2402
. 14+ 24n—2
B 2+ Tyn—2
1 Fon_1 + Fon_oyo
- FQn + F2n—1y0
Fon_1 + Fon_2yo
F2n + F2n71y0
Fop + Fon_1yo + Fon—1 + Fo_2yo
- Fon 4+ Fon_190
 2F5 + 2F5 1Yo + Fon—1 + Fan_ayo
Fon + Fon_1yo
Tanss — Fon + Fon1yo + Fon1 + Fon2y0
2F5, + 2F5, 1Yo + Fon_1 + Fou2yo
_ Fopn + oo
Tan+2 =

Fonto + Font1yo

21



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

and for i =1,k = 2, Form (2.3.1), (2.3.5) we find

Yan+1 =

Ysn+1 =

1

I+ Tyn—1

1
1

L+ yan—s
1

1+

T+ ysms+1

I+ Yan—3
1

2+ Yan-3

1+ yan—3

14 Fon_1+ Fop_or_4
1+ Yan—-3 F2n + F2n71x71

24 Yan-3 91 Fon1+ Fop 0wy
an + an_llL'_l
Fop 4+ Fop w1+ Fopq + Foyp 024
Fo, + Fo 124

265, + 2F5,x 1 + Fopq + Fopox

Fop + Fop124
Fop + Fop 12 + Fopq + Fop_0w 4

265, +2F5, 01 + Fopq + Fop o2
Fopq + Fopw
Fopio+ Foppix 4

22



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

For ¢ = 2 We have
1

1+ T4n
1
=1
14—
I+ Yan—2
1
2+ Yun—o
1 + Yan—2
_ 14+ yan—2
2 + Yqn—2
Fy, Fy
14 fonm + Fon—2Xg
Fy, + Fon_170
Fon_1 + Fon_27p
o + Fop g2
Fop + Fop 120 + Fop1 + Fop_0x9
_ Fy, + Fon_ 170
2F2n + 2F2n—1$0 + F2n—1 + an_gl'()
Fy, + Fon_170

Yan+2 =

2+

_ Foy + Foy oy + Fonq + Fon 2%

2P, 4 2Fon- 120 + Fono1 + Fan_270
Font1 + Fonwg

Fonya + Font1o

Similarly for i = 3,4 and from (2.3.1), (2.3.6), (2.3.7) we get

Yan+2 =

1 1

:L‘4 3 = =
m 1+ 24p41 1

1
2+ Tan1
14+ 2401
B o T
24 Ty
o+ Fo 14
Foni1 + Fopw g
Fon + Fop_17_4
Foni1 + Fopr g
Foni1 4+ Fopey + Fop + Fop12 4
Fonq1 + Fopr g

1+

2+

= 2Foni1 + 2Font 1 + Fop + Fop17_1
Fopi1 + Fopzy

23



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

Fony1 + Fopw_y + Foy + Foy 104
2Fon11 + 2F0w 1 + Fop + Fop 1w
Fopyo + Fopp1x_q
Fonis + Fopqor 4
For i =4 (2.3.1), (2.3.6) we have

Tan4+3 =

Tan+3 =

1

1+ Tant2
1
1

1+CL’4n
1

2—|—334n

I+ Tyn

14 x4,

2+ Ty

an + anflilfo

Fong1 + Fong

an + an_ll‘o

Font1 + Fonag

_ Fopyr + Fopro + Fon + Fon 170
© 2Fh i1 + 2F5,%0 + Fon + Fayo120
Fonio+ Foni170

Fopts + FoniaTp

and for ¢ = 3 by (2.3.1), (2.3.7) we have

Ton+4 =

1+

1+

2+

Lon+4 =

B 1
1 + Yan+1
B 1
=T
14—
1 + Yan—1
B 1
N 2 + Yan—1
1 + Yan—1
_ 1 + Yan—1
2+ Yan—1
14 Fop + Fon_1y_1
Fopi1 + Fopy—q
Fon + Fop_1y—1
Foni1 + Fony
Fonyo + Foni1y—1
Fonyz + Fontoy—1

Yan+3

2+

Yan+3 =

24



2. FORM SOLUTIONS OF A SYSTEM OF DIFFERENCE

and for i = 4 by (2.3.1), (2.3.7) we get:
1
I+ Yang2
1
=—T—
1+
1 + Yin
1
2 + Yan
1 + Yan
1 + Yan
2 + Yan
Fs, + F5,—
14 on T Fon—1Y0
_ Foni1 + Fonyo
Fon + Fon_1y0
Fon 15,90
_ Foni1 + Fopyo + Fop + Fon_120
2Fon41 + 2F5,y0 + Fop + Fon_1y0
Fonga + Fani1yo
Fonyz + Faniayo

Yan4+4 =

2+

Yan+a =

This completes the proof

25



Stability and peri-
odicity of solutions
of the 2-order differ-

ence equation system

3.1. Linearized stability

We have the following system

1
Tpyl = 7
Lrpn peN K =2
The initial conditions of the negative index terms x_1, xg, o, y1 are in R with
Fn+1
F=- =1,2,---2].
Fn 7n ) Y [ ]

Theorem 4 ([3] ).
The equilibrium point S is locally asymptotically stable.

We use the following lemma to prove Theorem 4.

Lemma 1 ([3]).
The system (2.3.1) has a unique positive solution that is namely the equilibrium point in
I? x J?

g [~1+Vh —1445
B 2 72

26



3. STABILITY AND PERIODICITY OF SOLUTIONS OF THE 2-ORDER DIFFERENCE EQUATION SYSTEM

Proof. Clearly the system

_ 1
xr = rg
1
YTy
From system (3.1.1) we find
T4+75—1=0
y+yr—1=0

After solving the set of two equations, we get
=y
Substituting (3.1.3) into equation (3.1.2), we find
P+r—-1=0
A= (1) =4(1)(-1)=5
Which gives

 —1++/5

= ——
2

. —1+4++/5

y=—"%9

The system (3.1.1) has a unique positive solution in [ x .J

- —14+vV5 —1++5
(%y):( , )

2 2

Proof of Theorem 4.

From Definition 2.4 and from the equilibrium point

S:

2 2 2 2

We obtain the following linear system

Xn+1 = BX,
Xn = (‘/ETH Lp—15Yn, yn—l)T

27

- (—1+v@7—1+V@7—1+v€7—1+v@>GJQXJQ

(3.1.1)

(3.1.2)

(3.1.3)



3. STABILITY AND PERIODICITY OF SOLUTIONS OF THE 2-ORDER DIFFERENCE EQUATION SYSTEM

Where B is a 4 x 4 Jacobian matrix given as follows

0 0 0 -3+5
2
1 0 0 0
B =
0 —_3;ﬁ 0 0

0 0 1 0

We calculate the characteristic polynomial:
P(X\) =det (B — \ly)

Y 0 0 ﬂ
2
R I S W 0
0 ﬂ Y\ 0
2
0 0 1 —A
—A 0 0 1 —A 0
_ ~3+5 (=345 ~3++/5
— (| ZBEVS AV BEVS
2 2 2
0 1 =) 0 0 1
1 —A
—3+V5
= (=) <—A>3—<—2 ) Y
2

Now, we can get the eigenvalues of the matrix B according to the characteristic polynomial

2
P(N\) = det(B — AIy) = M — <_3+\/5> =0
345\
Then, consider the two functions defined by f(A) = A* and g(\) = <+) :
We have
‘ ~3++5
— <1

So, [f(A)] > |g(N\)| for all [A] = 1.

28



3. STABILITY AND PERIODICITY OF SOLUTIONS OF THE 2-ORDER DIFFERENCE EQUATION SYSTEM
According to Rouché’s Theorem, all zeros of P(\) = f(\) — g(\) = 0 lie in the open unit
disk |A| < 1. So from the theorem 2 We get that S is locally asymptotically stable.

Theorem 5 ([3]).
The equilibrium point S is globally asymptotically stable.

Proof. Let {x,, Yn}n=e be a solution of (2.3.1). By Theorem 4, we only need to prove that S

is a global attractor, that is,

lim (z,,y,) =S or lim (7, Zp_1,Yn, Y1) = S
n—00 n—00
We prove that for ¢ = 1,2, 3,4, we have
: : ~1++5
im zgny; = lm yapy = ——F5——
n—00 n—00 2
From Theorem 1 we find
(i) Fori=1
lim g, = i Fony1 + Fony 1
oo LT nohoo Fonya + Fopp1y—1
Fo,
1+ =2y, (3.1.4)
— Fonpa
= lim
n—oo F277,+2 + y
e ~1
F2n+1
Using Binet’s formula
o — Bn
F,=— eN 3.1.5
a—3 n 0 ( )
1 5 —1—+5
and a = +\/_, ﬁ:—\/_,weget
2 2
s, 1
lim —2 = = (3.1.6)
n—=00 I'on+41 a
Similarly we get
Fonto
lim —— =« 3.1.7
n—00 Fopiq ( )
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3. STABILITY AND PERIODICITY OF SOLUTIONS OF THE 2-ORDER DIFFERENCE EQUATION SYSTEM

Then, from (3.1.4), (3.1.6), and (3.1.7), we get

1
I+ -y
a

lim 24,41 = lim
n—oo

(i) For i =2

n—oo & + Y_1

aty—1
8]

o+ Y-

12 2(1—+5)
145 146 (1+VE) (1 V5)

2
145
= —

Q|+

lim o — lim F2n+1 + FQnyO
An+2 —

n—00 * n—00 F2n+2 + F2n+1y0

FQnyO

(3.1.8)

1+

— lim L2l (3.1.9)
n—0o0 F2n+2
+ Yo

F2n+1

Then, from (3.1.4), (3.1.6), (3.1.7), (3.1.9) we get

lim Z4,40
n—oo

So, for i = 1,2, lim x4y, =
n—oo

Now, for 1 = 1, we get

1+@ a+yo
o a

a+ Yo _a+yo
1 1 2 2(1 —+/5)

a 116 1+v5 (1+vB)(1—5)

2
—1++5
9
~14++5
9

I L Foni1 + Fopw—y
im Y441 = lim
n—00 n—o0 Fop o+ Fopi1T 4
F2n
1+ 7 T_q
= lim 2+ (3.1.10)
n— 00 F2n+2
+x_q

F2n+1
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Then, from (3.1.6), (3.1.7), (3.1.10), we have

1

14+ — atx_1
li " — [0 a
nlﬁrgo Yant1 o+ T_q o+ xr_q
1 1 2 2 -1++5

a 1+v5 1+v6 145 2

2
—1++5
9

lim yypq1 =
n—oo

For i = 2 we have

Foni1 + Fonxg

lim Y410 = lim

n—00 n—o0 Fo, o+ Fony1To
Fon
14 F2 Lo
= lim 2+ (3.1.11)
n—oo F2n+2 —}-1’0
F2n+1
Then, from (3.1.6), (3.1.7), (3.1.11), we get
1+ @ a+zg
Ii " — o a
nirgoy4 +2 o+ xg a+ Xy
12 —1445
a 1445 2
. —1++5
M Yy = ——F——
n—o0 2

So, as a result, for 1 = 1,2,
, ~1++/5
lim Y4 = ——F——

n—00 2
Similarly, we get for ¢ = 3,4. Now for ¢ = 3

) ) Fopio+ Fopi17
lim x4,.3 = lim nt nt
n—+00 n—+oo Fop 5 4+ Fopiow_q

F2n+1

1 + Tr_q

S == R (3.1.12)
n—-+o0o F2n+3
+T_1

Fonpo
from (3.1.6), (3.1.7), (3.1.12) we get
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1+ Ex_l
DI Fanes = T
a—+r_
__a _1!
o+ T Q
B 1
C1+456
2
lim 24,3 = 2 = —1+ V5
n—-+oo 1++5 2

by the same arguments, we have

Fonya + Fopp1mo

—1+v5

lim 24,44 = lim

n—+00 n—+oo Fon i3 + Fhyya 2
For i=3
lim .5 = lim Fonyo + Foni1y 1
n—itoo” n—too Foni3 + Fopiay 1
F
1+ 2n+1y71
Y Fonio
= lim
n—-+o0o F2n+3 + y
- —1
Fonto
From (3.1.6), (3.1.7), (3.1.13), we find
1
1+ ay71
li i3 = —=——
niljrlw Yan+3 a+tyq
aty_1
e Y-
1 1
o 1+5
2
. _—1+V5
nesioe 8 T T

By the same arguments, for ¢ = 4 we have

Fonto + Font1o

—1++5

Iim 94,44 = lim =
+4
n—+o00 n—+o0 Fo, 15 4 Foyyoo

Finally, we find that for ¢ = 3,4,
, ~1++5
lim Yy = ———

n—-+oo 2

This completes the proof.
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3. STABILITY AND PERIODICITY OF SOLUTIONS OF THE 2-ORDER DIFFERENCE EQUATION SYSTEM

Example 1.
To achieve the results of this section, we present the following numerical example.
Consider

r_1 =122, 27=0.52, y_1=0.50, yo=0.35

e In Figure (3.1), the sequences (z,,)n=1 and (yy,)n=1 of the solution to system (2.1) with

~1+5 —1+\/5>

the initial conditions converge to the equilibrium point ( 5 5

x(n)

0.9 —— vin)

0.8

0.7 a

0.6 II‘ =

- 05

0.3

0.2

0.1

0 10 20 30 40 50 60 70 80 90 100

Figure 3.1: Plot of (2, Yn)n=1 for the system (2.1) where k = 2

Figure (3.1): The sequences (z,),=1 (blue) and (y,)n=1 (green) of the solution of system
(2.3.1) with the initial conditions.
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3. STABILITY AND PERIODICITY OF SOLUTIONS OF THE 2-ORDER DIFFERENCE EQUATION SYSTEM

3.2. Periodicity of solutions

In this part, we will resort to studying the periodicity of the solution of the system of first-order
difference equations, due to the difficulty of finding the periodicity of the solution of our

previous system.
3.2.1. The second system
Now, we will present the following system of first-order difference equations.

1
1 s n e NO
1Y (3.2.1)

Tnt1 =

Ynt1 =7 —Zp

Where the initial conditions are real numbers zg,yo € R — {0, 1}[13].

Lemma 2 ([13]).
Let (24)n>0, (Yn)n=0 be a solution of system (3.2.1) and for n =0,1,... we get
Tpnt6 = Tny,  Ynt6 = Yn

That is () n>0, (Yn)nso will be periodic at period six.

Now, we will present proof of Lemma 2.

Proof.
By using the system (3.2.1) we find

Tnt6 = T(n45)+1 =
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3. STABILITY AND PERIODICITY OF SOLUTIONS OF THE 2-ORDER DIFFERENCE EQUATION SYSTEM

—1+ypz+1
]_ _
xn+6 = ]:_yn+3
I = Ynts
= Yn+3
B 1
11— Tn42
B 1
o 1
1 — =
1= Ynt1
B 1
T l-ynta1—1
1—yn+1
B 1
- —Yn41
l_yn+1
o —1 + Yn+1
Yn+1
-1 + 1—1xn
— f
1—xn
71+xn+1
o 1—xp
- 1
1—xp
Tn
11—z
- 1
11—z,
T,
= 11—z
1—=, ( )
Tnie = Tn with n € Ny

Similarly, we get

Ynt+6 = Y(n+5)+1

B 1
1 Tn+5
B 1
1- 1—y1n+4
B 1
1 —yppa—1
1= Ynya
_ 1 _ —1+ Yn+4
C_TYna Yn+4
1- Yn+4
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3. STABILITY AND PERIODICITY OF SOLUTIONS OF THE 2-ORDER DIFFERENCE EQUATION SYSTEM

—1+
Tn
Ynts = —— 8
- Tn+3
-1 + Tp+3 + 1
1— Tn43
N 1
1- Tn43
Tn+3

]- - ZEn x?’L 3
= 1 2 = K (1 —2p43)

- I I A

=2 I —app

1

—Tn41
1_xn+1

-1 +xn+1 _ -1+ 1—1yn

Tn+41
—1+tyn+1
1_yn
1
1_yn
Yn+6 = Yn

So, we got
Yn+6 = Yn, ne NO
This is complets the proof [
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3. STABILITY AND PERIODICITY OF SOLUTIONS OF THE 2-ORDER DIFFERENCE EQUATION SYSTEM

Example 2.
We present this numerical example to confirm the results of this section. Assume xq = 0.2
and yo = 1.1 (Figure 3.2).

Figure 3.2: This figure represents the periodicity of system solution.
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Conclusion

In this study, we reviewed some models of difference equations and provided detailed steps for

finding solutions to the system of difference equations associated with the Fibonacci sequence.

Then, we studied the local and global behavior of those solutions reached, taking into
account the initial conditions of this system. We also supported this part with numerical

examples that confirm the validity and stability of those solutions and their convergence

—1+V5 —14+V5
2 ’ 2
difference equations (3.2.1) are periodic with the sixth period, and we attached a numerical

towards

. Finally, we proved that the solutions of the system of

example to confirm its results.

In short, our research contributes to enhancing the importance of studying the system of

difference equations.
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