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Abstract

The study’s goal is to improve comprehension of viscoelastic wave equations by

investigating the rate at which solutions decay in weighted spaces. We will achieve

this by incorporating density and memory terms to address the absence of Poincare’s
inequality. Ultimately, the memory will make a valuable contribution to the ex-

isting literature on wave equations and their decay properties.

Keywords : Lyapunov function, Relaxation function, Density, Decay rate,
Weighted spaces, Viscoelastic, Kirchhoff type.

Résumé

L’objectif de I’étude est d’améliorer la compréhension des équations d’ondes vis-
coélastiques en étudiant la vitesse a laquelle les solutions se désintégrent dans les
espaces pondérés. Nous y parviendrons en incorporant des termes de densité et
de mémoire pour remédier a I’absence d’inégalité de poincaré. En fin de compte,
ce mémoire apportera une contribution précieuse a la littérature existante sur les
équations des ondes et leurs propriétés de désintégration.

Mots-clés: Fonction Lyapunov, Détente, Densité, Taux de décomposition,
Espaces pondérés, Viscoélastique, type Kirchhoff.
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Intoduction

Partial differential equations with time t as one of the independent variables are
examples of nonlinear evolution equations. These equations are not only found in
a wide variety of mathematical subjects but also in other scientific fields such as
physics, mechanics, and material science. Among the notable examples of non-
linear evolution equations are the Navier-Stokes and Euler equations in fluid me-
chanics, the nonlinear reaction-diffusion equations in heat transfers and biologi-
cal sciences, the nonlinear Klein-Gorden equations and the nonlinear Schrodinger
equations in quantum mechanics, and the Cahn-Hilliard equations in material sci-
ence. These are just a few examples. Many mathematicians and scientists working
in the nonlinear sciences have shown a great deal of interest in the nonlinear evolu-
tion equations due to their complexity and the difficulties that arise when studying
them theoretically.

When seen from a physical vantage point, problems of this kind often manifest
themselves in viscoelasticity characteristics. Dafermos [15], who did so in 1970,
was the first individual to investigate difficulties of this kind. Dafermos addressed
the overall deterioration in his work. Since then, researchers have focused heavily
on this topic, publishing numerous discoveries about the existence of solutions and
their long-term behavior. This information may be obtained from the following
sources: eight, six, twelve, eleven, and twenty-two. Due to the fact that these
materials have a wide variety of applications in the natural sciences, the dynam-
ics of these materials are not only intriguing but also of high importance. As a
consequence of this, issues concerning the operations of the solutions for the par-
tial differential equations (PDE) system have attracted a considerable amount of
attention throughout the course of the two most recent years. I would like to use
this opportunity to bring to your attention some previous discoveries about the
viscoelastic wave equation. An example of this would be the investigation that
Cavalcanti et al. [[12], [13]] conducted into the problem of the form in order to lay
the groundwork for our present research.

The primary of the asymptotic behavior of the solutions as time progresses is
the primary objective that we have planned. In fact, we show that, depending
on the parameters in the systems and the starting data size, we may either prove
the solutions to be global in time or explode in limited time (that is, some norms
of the solution will become unbounded). This is something that we demonstrate.



The issue that naturally arises in the event that the solutions are global in time
is about the pace at which they converge to the steady state and the conver-
gence of the solutions. Examining how solutions to nonlinear evolution equations
change over time is a big part of the research that looks at how partial differen-
tial equations and physics interact with each other. Included in this category are
theories that explain the dynamics of gases, quantum theory, and thermoelasticity.

The main aim of this research is to study some hyperbolic systems with the
presence of different mechanisms of damping and under assumptions on initial
data and boundary conditions. Our major objective is to study the asymptotic
behavior of solutions when the time evolves. In fact, we prove that under some
assumptions on the parameters in the systems and on the size of the initial data,
the solutions can be proved to be either global in time or may blow up in finite
time (i.e some norms of the solution will be unbounded in finite time). If the
solutions are global in time, then the natural question is about their convergence
to the steady state and the rate of convergence. The study of the asymptotic
behavior of solutions of nonlinear evolution equations, particularly those governing
gas dynamics, quantum theory and thermoelasticity, has been an important area
for the interaction between the partial differential equations and physics.
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Notations

2 : bounded domain in R".

I' : topological bouundary of €.

e © = (x1,x9) : generic point of R".

e dr = dxidxy : Lebesgue measuring on ).

e Vu : gradient of w.

e Au : Laplacien of u.

e D(Q) : space of differntiable functions with compact support in 2.
()

D’ . distribution space.
e C*(Q) : space of functions k-times continuously differentiable in 2.
L :

(Q) : space of functions p-th power integrated on with measure of dz.
o WHr(Q) = {ue LP(Q),Vue LP(Q)}.
e H: Hilbert space.

o HIQ) =W,72



CONTENTS

e If X is a Banach space:

LP(0,7;X) ={f :(0,T) — Xis measurable; fg | f (@)% dt < oo}
L(0,T5X) = {f : (0,T) — Xis measurable; ess — sup,cpo 1 |/ (£)[|% < oo

C*([0,T7]; X ):Space of functions k — times continuously differentiable from
0; 7] — X.

D([0,T]; X): space of functions continuously differentiable with compact
support in[0; .
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Chapter 1

Preliminaries

In this chapter, present the elemantary symbols, definitions and provide many
tools on the basic concepts of inequalities and spaces, we will use later.

1.1 Functional spaces

1.1.1 Lebesgue spaces
Definition 1.1

[4] Let Q be a domain in R"(n € N), for 1 < p < 0o, the Lebesgue space LP(f2)
is defined by :

LP(Q) = {u: Q — R, u is measurable and [, |u(z)[Pdz < oo},
with the norm ]
lull, = ([ fua)Pde)?

In addition, we define L>(2) by:

L>(2) = {u : Q@ — R, u is measurable and 3¢ > 0 such that |u(z)| < c a.e
on Q},

equipped with the norm
|ul|oo = ess sup |u(x)| = inf{c: |u(z)| < c a.e on Q}
e

11



CHAPTER 1. PRELIMINARIES

1.1.2 Hilbert spaces
Definition 1.2

An inner product on a complex linear space X is a map
(,): X xX —C.

such that, for all z,y,z € X and \,p € C: (x, \y+ pz) = Mz, y) + p(z, z) (linear
in the second argument ):

1.(y,z) = (x,y) ( symmetrical );
2.(x,x) = 0 (Positive );
3.(z,x) = 0 if and only if z = 0 (positive definite ).

We call a linear space with an inner product a pre-Hilbert space.

If X is a linear space with an inner product (.,.), then we can define an norm

in X by :
2]l =/ (2, ). (1.1)

Definition 1.3
A Hilbert space is a complete inner product space.
Example 1.1

The stander inner product on C" is given by

(z,y) = Y x5 (1.2)
j=1
where © = (21, ....,2,,) and y = (y1, ..., Yn), with z;,y; € C.
Example 1.2
Let C([a,b]) denote the space of all complex-valued continuous functions de-

fined on the interval [a,b]. We define an inner product on C([a,b]) by

12



CHAPTER 1. PRELIMINARIES

b
U@=/f®%%% (1.3)

Where f, g : [a,b] — C are continuous functions.
Example 1.3

let u,v € L*(2) the inner product is defined by

(u,v) :/QuEdQ, (1.4)

with respect to the associated norm,

full = ([ juta)iae) 2 (15)

The spaces LP([a,b]) are Banach spaces but they are not Hilbert spaces when

p# 2

Theorem 1.1 (Lax-Milgram)

DN | —

Remark 1.1

[4] Assume that a(u,v) is a continuous coercive bilinear form on H. Then, given
an y¢ € H' there exists a unique element u € H such that

a(u,v) =< ¢,v >,Vv € H.
Moreover, if a symmetric, then u is characterized by the property

1 .1
§a(u,v)— <, U >= Erélg{ia(u,v)— <o, U >}

1.1.3 Sobolev spaces
Difinition 1.4

[5]For k € N and 1 < p < co. We define the Sobolev space

13



CHAPTER 1. PRELIMINARIES

WPH(Q) = {u € LP(Q), D®u € [P(Q)Va € N"with|a| < k, }
equipped with the norm
1

fulh = (3 107ulg) 1< p <o

lo|<k

ulli.oo = max || D%ul|oc,

|al<k

where D%y is the a-th weak derivative of w which is defined as

| u@Do@) = <171 [ a)oto), ve € C (),

la| = a1 + ... + a,

and

olely,
(‘3:,3(111 ..... amgln )

The space W*2(Q) is denoted by H*(), which is a Hilbert space with respect
to the inner product

v= D% =

uka:/ZDa (z)dz,Yu,v € H*(Q).

a<k

Definition 1.5
[5] We denote by W}P(Q) the closure of C(Q) in WHP(Q).

1.2 Some inequalities
Theorem 1.2(Cauchy-Schwarz inequality )

Let u,v € L*(Q) and v € L*(Q), then uv € L'(Q) and

luolly < lfullzflvll2

14



CHAPTER 1. PRELIMINARIES

Theorem 1.3(Holder’s inequality)

Let 1 <p<oo,ifuc LP(Q)and v € L¥(Q) , then wv € L'(Q) and

luolly < flullpllvlly

1
Where—+—/:1
p D

Theorem 1.4(Young’s inequality)

Let 1 < p < oo. Then a,b > 0, Then for any € > 0, we have

ab < ea®? + C'gbpl,

b2
. Forp=p =2, Wehaveab<6a2+4—.
€

where C, = =

p(ep)”

1.2.1 Some results about Soboleve spaces

In this Section, we list a few pertinent qualities that Sobolev space-related func-
tions benefit from without providing any supporting evidence.

Theorem 1.5 (Trace theorem [20])

Let €2 be a bounded open set of find with Lipschtiz continuous boundary and
let s > 1/2.

1. There exists a unique linear continuous map o : H*(Q) — H*~'(9Q) such
that yov = v|sq for each v € H*(Q) (N C°(Q).

2.There exists a linear continuous map Ry : H*1(0Q) — H*(Q) such that
Yorop = ¢ for each ¢ € H*~1(99). Analogous results also hold true if we consider
the trace ~x over a Lipshitz continuous subset ¥ of the boundary 0f).

The so-called Poincare inequality is a crucial finding that will be widely applied

in the sequel.

15



CHAPTER 1. PRELIMINARIES

Therorem 1.6 (Poincaré inequality [1] )
Assume that 2 is a bounded connected open set of R? and that X is a (non-

empty) Lipschitz continuous subset of the boundary 9€2.Then there exists a con-
stant C'q > 0 such that

/ v?(X)dX < CQ/ |Vo(X)|dX, (1.6)
Q Q
for each v € HL(Q)

Lemma 1.1(Sobolev-Poincare inequality)

Let ¢ be a number with

then there exists a constant Cy = C,(€2, ¢) such that

lully < ellVull2foru € Hy(€). (1.7)
Theorem 1.7(Sobolev embedding theorem [1])

Assume that © is a (bounded or unbounded ) open set of R? with a Lipschitz
continuous boundary, and that. Then the following continuous embeddings hold :

1. If 1 < p < d, then W*P(Q) C LP*(Q) for px = dp/(d — sp).

2. If sp =d, then W*P(Q) C L) for ay ¢ such that p < g < 0.

3. If sp > d, then W*P(Q2) C C°Q.

Lemma 1.2(Korn’s inequality)

Let €2 be an open, connected domain in n-dimensional Euclidean space R™

n > 2. Let H'(Q) be the Sobolev spaces of all vector filed v = (v!,.....;v™) on Q
that, along with their (first) weak derivatives, lie in the Lebesgue spaces L'(().

16



CHAPTER 1. PRELIMINARIES

Denoting the partial derivative with respect to the ith component by 9;, the norm
in H'(Q) is given by

lollso = ( / S i (@) P + / S |0 () )2
=1 =1

Then there is a constant C' > 0 ,Known as the Korn constant of €2, such that, for
all v e HY(Q).

ol <€ [ S0P + e o)

2,7=1

where e denotes the symmetrized gradient given by

1 . .
€;jv = 5(82-113 + 0;v")

1.2.2 Green’s formula

Proposition 1.1

[6] Let ©Q be an open subset of RY, with a Lipschitz boundary.Then for all
u,v € H'(Q), we have

ou ov .
/Q(aa:i“ + axi“)dx = /8Q Yo(u)yo(v)mds,i =1,......d.

Where 7; the i-th component of the outward normal vector 7.

1.3 Logarithmic Holder Conttinuty

In this section we introduce the most important condition on the exponent in the
study of variable exponent spaces, the log-Holder continuity condition.

Definition 1.6([8],page 100)

We say that function « : £ — R is locally log-Ho6lder continuous on €2 if there
exists ¢; > 0 such that

17



CHAPTER 1. PRELIMINARIES

< ‘1
~ log(e+1/]x +y|)

for all z,y € 2 we say that « satisfies the log-Holder decay condition if there
exist o, € R and constant ¢, > 0 such that

() = a(y)] (1.8)

() — g < —2

~ log(e/|z])

for all x € €2 we say that « is globally log-Hélder continuous in €2 if it is locally
log-Holder continuous and satisfies the log-Holderdecay condition.

The constant c¢; and ¢y are called the local log-Hélder constant and the log-

Holder decay constant, respectively. The maximum maxcq,co is just called the
log-Holder constant of a.

1.3.1  L*O, W'l spaces
We define the spaces

C*(Q) = { continuous function p(.) : & — R, such that 2 < p~ < p* < oo}

where,

p~ =minp(x) and p” = maxp(x)
zeQ €

We define the Lebesgue space with variable exponent
LPY = {u : @ — R measurable : / u(x)P@da}
Q
endowed with Luxembourg norm :

, u(x) iw
[ullp) = el o) = inf{e > 0,/ !—i Jpods < 1)
Q

. The space (LPV),|.][,()) is a reflexive Banach space, uniformly convex and its
dual space is isomorphic to (LF®)(€2), ||.]4)) where

S
p(z)  qlz)

18



CHAPTER 1. PRELIMINARIES

and
W@ (Q) = {u € IP)(Q),|Vu| € L™ (Q)}

With the norm
lull = lullpe) + IV ullp), u € WHE(Q)

. Remark 1.2 We denote by Wg () the closure of CZ in W@ (().

1.3.2 L?(0,T; X) spaces

Let z be a banach space , denote by LP(0,T; X) the space of measurable functions

f :]O,T[% X
such that )
T _
A(W@%Wﬁ=WMmmm<w
If p=o0

[Fll=rx) = sup ess|[f(#)]lx-
t€l0, T

Theorem 1.8 The space LP(0,T; X) is a banach space.
Lemma 1.3
of

Let f € L?(0,7; X) and 5 € LP(0,T7;X), (1 < p< o0), then, the function f
is continuous from [0, 7] to X . ie. f € CY(0,T, X).

1.4 Results in spaces with exponents variables
Proposition 1.2 (see , [24],[25])

Let u,,u € LP®(Q) and p* < +o0, then

Dllull o (2) < 1= [, [ulPdz < 1;

2)|[ull Lo () > 1= [Jull7,

+
o < Sl e < ull

Lp(@)(Q)

+ —
3) ull o () < 1=l ) < S [0l < [l

19
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) ||ul| o () — 0 <= [, |uP@dz — 0.
Lemma 1.4 (Poincare inequality [24],[25])

Let © be a bounded domain of R™ an suppose that p(.) satisfies (1.8). Then,

lully) < Q) IVaully), Yu € Wy (9), (1.9)
where ¢ = ¢(p1, p2, |€2]) > 0.

Next we have a Sobolev-Poincare inequality
Lemma 1.5 (Generalized Holder inequality [24],[25])

For any function v € LP®(Q) and v € L@ (Q) , we have

1 1
|/§2U($)U($)d9€| < (F + q—_)||u||Lp<w>(Q)||U||Lq<w>(sz) < 2[|ull ot (o 10]] Lt ()
(1.10)
where
p(z)
q(z) =
p(z) —1
Lemma 1.6
If p: Q — [1,00) is continuous,
2n

satisfies, thenthe embedding H}(2) — LPG)(Q) is continuous.
Lemma 1.7(see [21])
If pp < oo and p: © — [1,00) is a measurable function, then C5°(2) is dense

in L0 (Q).

20



CHAPTER 1. PRELIMINARIES

Lemma 1.8(]|20] Hélder inequality)

Let p,q,s > 1 be measurable functions defined on 2, and

1
s(y) ~ p(y) - q(y) foraey & &,

satisfies . If f € L¥0(Q) and g € LIV(Q) and
1£-9lls¢y < M llpellgllacy:

Lemma 1.9(see [20])

If p > 1 is a measurable function on €2, then

ming|lul[50), 1l )} < ppey () < max{{lul[5), ull5¢ )}

for any u € L0 () and for a.e. z € Q.

Lemma 1.10(see,[20]Gronwall inequality )

Let C' > 0,u(t) and y(t) be continuous nonnegative function defind
for 0 <t <o satistying the inequality

u(t) < C+ /tu(s)y(s)ds, 0<1t<o0.
0

show that

u(t) < C’exp(/o y(s)ds),0 <t < o0.

21
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Lemma 1.11 (Modified Gronwall inequality )

Let u and h be continuous nonnegative function defind for 0 <t <
oo satisfying the inequality

¢

0<u(t)<C +/ u(s)h(s)ds,0 <t << oo
0

with C' >0

t
u(t) < (C7" — fr’/ h(s)ds)™",0 <t < o0
0

as long as the right-hand side exists .

22



Chapter 2

Decay of a solution of the wave
equation with density and memory
term in R"

2.1 Preliminaries and position of the problem

Let us consider the following problem

(
/

p(x) (|| %)
) u(0,x) = up(x) € H(R"),
\ul(O,x) =uy(z) € Lg(R”),

t
— Azu +/ g(t —s)Ayu(s,x)ds =0, xze€R"t>0
0

(p)

In this paper we are going to consider the solutions in spaces weighted
by the density p in order to compensate for the lack of Poincare’s in-
equality.

In this framework, (see [10](Theorem 2.4),[11] (Proposition 2.1)), it
is well known that, for any initial data ug € H(R"),u; € LI(R"),

then problem (P) has a unique solution v € C([0,T),H(R™)),u €
C([0,T), Li(R™)) for T small enough, under hypothesis (A1)-(A4).

The energy of u at time ¢t is defined by

23
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DENSITY AND MEMORY TERM IN RY

2(q - 1) "1q ! 2
28() = 2L ey + (1= [ 9612l + (g0 Vi)

q
(2.1)
and the following energy functional law holds, which means that,
our energy is uniformly bounded and decreasing along the trajectories.

2F (1) = (g o V,u)(t) — g(t)|Vou()|2 <0, ¥Vt=0.  (2.2)

The following notation will be used throughout this paper

(Do W)(t) = /o Ot — 7)|| W (t) — U (7)|]5dT. (2.3)

The problem (P) for the case ¢ = 2, p(z) = 1, in a bounded domain
Q C R" (n > 1) with a smooth boundary 02 and g is a positive non-
increasing function was considered in [11], where they established an
explicit and general decay rate result for relaxation function satistying :

g (t) < —H(g(t)),t = 0,H(0) =0, (2.4)

for a positive function H € C'(R") and H is linear or strictly in-
creasing and strictly convex C? function on (0,7],1 > r,to improve
conditions considered recently by Alabau-Boussouira and Cannarsa [3]
on the relaxation function

g'(t) < =X(g(1)), X(0) = x"(0) = 0, (2.5)

24
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where X is a non-negative function, strictly increasing and strictly
convex on (0, ko], kg > 0. They required that

Moo dy N oo pdx 1 lim i fX(s)/5> 1
= +00 im in —
o X(x) “Jo X(x) T s—0t X'(s) ~ 2
and proved a decay result for the energy of (P) with ¢ = 2, p(z) =1
in a bounded domain. In addition to these assumptions, if

(2.6)

X(s)/s
lim su
0P T x(s)
then an explicit rate of decay was given.
We omit the space variable x of u(z,t),u/'(z,t) and for simplicity rea-

<1, (2.7)

son denote u(z,t) = u and v'(x,t) = v’ when no confusion arises. We

denote by

5 no o 0u . O%u
|V, u|” = Z’:1<8_x) Agu=>, prel The constants ¢ used through-

out this paper are positive generic constants which may be different in
various occurrences, also the functions considered are all real valued,

here v’ = du(t)/dt and v’ = d?u(t)/dt?.

Our goal : The main purpose of this work is to allow a wider class
of relaxation functions and improve earlier results in the literature.
The basic mechanism behind the decay rates is the relation between
the damping and the energy .

First we recall and make use the following assumption on the functions
pand g as :

A1: To guarantee the hyperbolicity of the system, we assume that
the function ¢ : RT™ — R™ is of class C! satisfying :

1-g=1>0;9(0) =go >0, (2.8)

25
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where g = [¥ g(t)dt.

A2: There exists a positive function H € C*(R™) such that

g )+ H(g(t) <0,t>0,H(0) =0. (2.9)

A3: H is linear or strictly increasing and strictly convex C? func-
tion on (0,7],1 > r.

Remark 1.1[11]
A- We can deduce that there exists t; > 0 large enough such that :

1)Vt > t1: Wehave lim ¢(s) = 0, which implies that lim —g'(s)

s—>+00 S—+00
cannot be a positive, so lirE —¢'(s) = 0. Then g(t;) > 0 and
S§——>+00
max{g(s), —g'(s)} < min{r, H(r), Hy(r)}. (2.10)

where Hy(t) = H(D(t)) provided that D is a positive C! function,
with D(0) = 0, for which Hj is strictly increasing and strictly convex
C? function on (0, r] and

/O+Oog(s)H0(—g'(s))ds < +00.

2)Vt € [0,%1]:As ¢ is nonincreasing, g(0) > 0 and g(t;) > 0 then
g(t) > 0 and

9(0) > g(t) > g(t1) > 0.

26
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Therefore, since H is a positive continuous function, then

a < H(g(t)) <b,

for some positive constants a and b. Consequently,

g'(t) < —H(g(t)) < —kg(t),k >0,

then
g ) < —kg(t),k > 0. (2.11)

B-Let Hjbe the convex conjugate of Hy in the sense of Young (see
[15], page 61-64 ), then
H;(s) = s(Hy) ™" (s) — Ho[(Hy) ™" (s)], s € (0, Hy(r)),

and satisfies the following Young’s inequality

AB < H}(A) + Hy(B), A € (0, Hy(r)), B € (0,7]. (2.12)

A4: The function p : R" — R", p(z) € C*(R") with v € (0,1)
2
and p € L5(R™) () L*(R"), where s = o qZ 3

Definition 1.2 (|10],[18]). We definit the function spaces of our
problem and its norm as follows :

HR") = {f € L*2DR"): V,f € (L*(R")"}. (2.13)

and the space L2(R") to be the closure of C§°(R") function with
respect to the inner product

n

(f, h)Lg(Rn):/ pfhdx.

For 1 < p < o0, if f is a measurable function on R", we define
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1/q
gy = ([ olsiva) 214

The spaceL5(R™) is a separable Hilbert space.
The following technical lemma will play an important role in the sequel.
Lemma 1.3 [14] (Lemma 1.1 ) For any two functions g,v € C(R)
and 6 € [0, 1] we have

t 1d t
o) [ gle = spots)as =55 [ ale = s)lute) = o)
0 0
1d( [ ) '
oo ([ atshs P + 3 [ (e 9)io(e) — ofs)Ps
0 0
1
— Sl
(2.15)
and
t
[ ste=siwo-visnast < ([ latore2as) ([ lat-s) - ).
0
(2.16)
we are now ready to state and prove our main results
2.2 Decay rate results
Lemma2.1[17]
Let p satisfies (A4),then for any u € H(R")
ull zamny < |lplls@n) Vet 2 gn) (2.17)
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. 2n 2n
with s = ,2<q<
2n — qn + 2q

n—2

For the purpose of constructing a Lyapunov function L equivalent
to E, we introduce the next functionals

Pi(t) = /n p(x)u|u'|T*udx. (2.18)
Po(t) = — /n p(z)u|u/\q_2u'/0 g(t — s)(u(t) — u(s))dsdz. (2.19)

Lemma2.2 Under the assumption (A1)-(A4), the functional ¢ sat-
isfies, along the solution of (p)

, 1 —1
B0 < o Wy + 0~ DIVl + Lo vy 220
proof.

From Eq. (2.18), integrate by parts over R", we have

i (t) = /n p(x)u'qdr + /n pla)u(je|*2) dx

_ / n (p(az)u/q +ulu—u /0 ot — ) Auls, a:)ds) dz

—U|Vull+ | Veuinthg(t — s)(Vu(s) — Veu(t))dsde.
Rn

< w17 g

Usinge Young’s inequality and Lemma 1.3, we obtain

29



CHAPTER 2. DECAY OF A SOLUTION OF THE WAVE EQUATION WITH
DENSITY AND MEMORY TERM IN RY

UL0) < Iy gy — UV s
1 t 2
+ol Vol + o [ ( [ ott= 5192t —vxu<t>|ds) iz
» \ Jo

o DIVl + g0 v,

< 'l gy

(2.21)

Lemma 2.3Under the assumption (Al)-(A4), the functional )y
satisfies ,along the solution of (P), for any o € (0, 1)

0 (o [ 0} -

+0|\VxUH§+;(90VIU) oy (g 0 Vo)

proof.
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Exploiting in (P), to get
Ps(t) = — /R pla) (a1 /0 g(t — s)(u(t) — u(s))dsdx
p(x)]u/\q_Qu//O gt —s)(u(t) — u(s))dsdz

)

_/Rn
t
- / (sl L

/O g(t = s)(Vyu(t) — Vyu(s))dsdx

[ v
/. (/;9“ ~ 8)Vauls w>ds) ( / gt )(Tanlt) - vxu<s>>ds> da
J,

-,

— [ pla)l| / J(t— $)(ult) — u(s))dsdz

R

i g(s)ds|u'l| 79 gn,

<1 /otg ds) /HV“/ (t = 8)(Vau(t) — Vyu(s))dsde
/IR” </otg t—s)(Vou(t) — Vau(s ))d> dx

/Rn plx)|u'|92 //0 gt —s)(u(t) — u(s))dsdx

| atsl e,

+

By Holder’s and Young’s inequalities and Lemma 2.1 we estimate
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_ /n P(x)|u/]q—2u//0 gt —s)(u(t) — u(s))dsdx

(¢—1)/q
< ([ stanras)

t 1/q
[ oo gﬁ—sxww—u@»ww)
@l |

< ol Ty +coll | g'(t =) (w(t) — uls))ds]| g gy

0
! (0 V) 2(1).

< OHU Hq];q(Rn) — Collp

Using Young’s and Poincare’s inequalities and lemma 1.3, we obtain

Uh(t) < ol V,ulli(g o Vau) + =(g 0 Viw) = o ol /2

LS(R”) (g/ © vl‘u)
t
+w—A 9()8) /%2 5.

Our main result reads as follows.

Theorem 2.4 : Let (ug,u1) € H(R") x LI(R") and suppose that
(A1) — (A4) hold. Then there exist positive constants oy, oy, g, ag
such that the energy of solution given by (P) satisfies,

E(t) < asH{ Yagt + ag),Vt > 0,

where

Hy(t) = /t 1 s (2.23)
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In order to prove this Theorem, let us define

L(t) = & E(t) + ¥1(t) + arpa(t), (2.24)

for &1,& > 1 we need the next lemma, which means that there is
equivalent between the Lyapunov and energy functions.

Lemma 2.5 . For &,& > 1 we have
L(t) ~ E(t). (2.25)

proof.
From Eq. (2.2), results of Lemma (2.2) and Lemma(2.3), we have

L'(t) = &' (t) + (1) + (1)
1
< (G4 = eollpllL @€ o V)% + My(g o Vyu)
= Myl M|V sul}

where

" (45262(51 —l))’

M, = (fg(/otlg(s)ds—a> - 1),
My = (= o+ er9(0) + (1= ).

and t; was introduced in Remark 1.1.
We choose o so small that & > 2¢,||p %S(Rn)fg. Whence o is fixed , we
can choose &1, & large enough so that My, My > 0, which yields
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L'(t) < My(go Vyu) — cE(t),Vt > t;. (2.26)
On the other hand, by Eq. (2.24)we have

[L(t) = &E)] < ()] + &aliha(t)]

/‘m (2)uled | | de

+/}<>mw2[£g@—@ww—u@ws

Thanks to Holder and Young’s inequalities with exponents

dx.

4 4
q_177

since > q > 2, we have by using Lemma 2.1

n +

RNWMM“MMS(/ymmwﬁ+(4fwwwgwwq
<2 ([ ptoprae) + ([ ptapereac )

< 14 q q
< el -+ ellpll g IVl

(2.27)
and
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(/np(:c)\ /tg(t = s)(u(t) —U(S))ds\q> )
< L Mg + - / (— (0l0)— sl

< —” LS(R”)(g o qu)q/2(t)

HLq R") 5”0

Then, since ¢ > 2, we have

[L(t) = & E(t)] < c(E(t) + EY(¢))
< c(B(t) + E(EY (1))
< c(E(t) + B(t)E"271(0))
< cE(t).

Therefore, we can choose & so that

L(t) ~ E(t). (2.28)

proof.
(oftheorem 2.4)We set F'(t) = L(t) + cE(t), which is equivalent to
E(t). By Eq.(2.2), and Remark 1.1, we have Vt > t;
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/ " /0“ o= I ult) = Tl < =7 /R /Otl g (t = )| Voult) — Vouls)

< —cE'(t),
(2.29)
then by Eq. (2.26), we get

F'(t) = L'(t) + cE'(¢)

< —cE(t +c/ / (t — 8)|Vou(t) — Vou(s)|*dsdr, vVt > ti.
nJty

(2.30)
At this point, We define

t

1) = | Ho(—¢'(s))(g o Viu)(t)ds. (2.31)

ty

Since f0+oo Ho(—¢'(s))(g)ds < 400, we have from Eq.(2.2)

f) = / Hy(—g(5)) / G($)|Vau(t) — Vot — ) Peds

t
<o [ (g Dals) [ [T +Vsu(t - 5)Pdrds
t1 R~
t

< cE(0) [ Ho(—d'(s))g(s)

tq
< 1.

And as in [11], there exist § such that

0<B<I(t)<1,Vt>t (2.32)
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Now, we define again a new functional A(t) related with I(t) as

t

A0 == [ B (6)g'(s) [ o) Tuutt) = Toalt - o) dods

ty
(2.33)
From,(A1l) — (A3) and Remark 1.1, we get

For some positive constant xg. Then,Vt > t;

At) < —/-io/t q(s) ” IVou(t) — Vau(t — s)|*dzds
< —/io/ q(s) [ |Veu®)]? + | Veult — s)|*deds
S (2.34)

< —cE(O)/ q(s)ds

ty
< —cE(0)g(t)
< min{r, H(r), Hy(r)}.
Using the properties of Hy(strictly convex in (0, 7], Hy(0) = 0), then
for z € (0,r],0 € [0, 1]

Using Remark 1.1, Eq.(232),Eq(2.34) and Jensen’s inequality leads
to
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)
> H( / [ oIVt - Tt - s>|2dxds),

which implies

/ / $)|Vau(t) — Vou(t — s)2deds < H7Y(A\(1),

then

F'(t) < —cE(t) + cHy ' (A1), Vt > t.

Now, we will folowing the steps in [11] and using the fact that
E' <0,0< Hy, 0 < HY on (0,7] to define the functional

—)F(t) +cE(t),ap <10 <c,

Fll(t) = OZOW(OZS))H(/)’ (Odo

0
< —cE(t)H, <a0%> + cH, (aom) HyYA(L)) + cE'(t).
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Let Hx( given in Remark 1.1 and using Young’s inequality (2.12)

with A = H}, (ao%> , B = Hy'(\(t)), to get
F{(t) t)H) (aog((é))) + cH % (H{) <ao%>> + cA(t) + cE'(t)
< —cE(t)H] (ao g((é))) Og((é)) H; (ao g((é))) — dE'(t) + cE'(1).

Choosing «y, ¢, ¢, such that Vt > #;

/ E@) .  E@)
Fi(t) < —/ﬁ;mﬂo (aom)

=50

where Hy(t) = tH)(apt). Using the strict convexity of Hy on (0, 7],
to find that Hj, Ho are strict positives on (0, 1],then

/ilFl (t)
E(0)

R(t) =1 ~ E(t), T €0, 1], (2.35)

and

R/( ) —TlioHQ(R( )),H() E]O, —|-OO[,Vt > 1.

Then, a simple integration and a suitable choice of 7 yield,

R(t) < H{ Yaqt + o), ay, as €]0, +oo[, ¥Vt > t,

here Hy(t) = ftl Hy*(s)ds.From Eq. (2.35), for a positive constante
as, we have
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E(t) < agH{ Yagt + as), ay, ag €]0, +oo[, Vt > 1.

The fact that H; is strictly decreasing function on (0, 1Jand due to
properties of Hy, we have

hm Hl(t) = +OO,

t—0

then

E(t) < agH;{ '(agt + ay),Vt > 0.

This completes the proof of Theorem?2.4
u
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Chapter 3

(General decay of solutions to a
Kirchhoff-type damped wave
equation with density in R"

3.1 Introduction

In this chapter we consider the following equation

/ t
p(z) (|u’]q_2u'> —M(HV;CUHS) Aqur/ g(t—s)Azu(s)ds =0,z € R" t >0
0
(3.1)

where ¢,n > 2 and M is a positive C! function satisfying for
s> 0,myg > 0,m >0,v>1M(s) = mg+ mys’ and the scalar
function g(s) (so-called relaxation kernel) is assumed to satisfy (Al).

Equation (3.1) is a prototype for PDE of hyperbolic in Kirchhoff
type with memory when it is equipped by the following initial data.

u(0,z) = up(z) € H(R"),u'(0,2) = u(2) € LIR"), (3.2)
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where the weighted spaces H is given in Definition 2.2 and the den-
sity function satisfies

p:R" — R” p(z) € C™7(R") (3.3)

2n
2n —qn + 2q
In this frame works ,(see [10].[9].[16]), it is well known that, for any
initial data ug € H(R"),u; € LZ(R”), the problem (3.1)-(3.2) has
a unique solution u € C([0,T), H(R"),u" € C([0,T), LL(R")) for T
small enough, under hypothesis (A1) — (A2). The energy of u at time
t is defined by

withy € (0,1) and p € L*(R") (| LT*°(R™), where s =

B0 = gy + 5 (o= [ o610 )10l + Hg0 920)

m 1)
+ —||Vsu 20+
(3.4)
and the following energy functional law holds :
/ 1 / 1
E'(t)5(g" 0 Vau)(t) = 59| Vaulls, ¥t = 0. (3.5)

which means that, our energy is uniformly bounded and decreasing
along the trajectories. The following notation will be used throughout
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this paper

(g0 Veu)(t) = /0 g(t = ) Vault) — Vou(r)|l3dr, (3.6)

for u(t) € H(R"),t > 0.
This kind of systems appears in the models of nonlinear Kirchhoff-type.
It is a generalization of a model introduced by Kirchhoff [7] in the case
n = 1 this type of problem describes a smallamplitude vibration of an
elastic string. The original equation is :

Eh [* )
phutt + TUur = | po + E |u:c(x7t)| ds | Uy, + f; <37)
0

where 0 < z < L and ¢t > 0,u(x,t) is the lateral displacement at
the space coordinate x and the time ¢, p the mass density, h the croos-
section area,L the length, Py the initial axial tension, 7 the resistance
modulus, E the Young modulus and f the external force (for example
the action of gravity).

The motivation of our work is due to some results regarding vis-
coelastic wave equations of Kirchhoff type in a bounded domain. The
wave equation of the from

u”—M(Hqu|]§)Axu+/tg(t—s)Axu(s)derh(u') = f(u),z € Q,;t >0
0
(3.8)
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The problem (3.1),(3.2) for the case ¢ = 2,p(x) = 1,M =1, in a
bounded domain €2 C R", (n > 1) with a smooth boundary 9f) and g
is a positive nonincreasing function was considered in [16], where they
established an explicit and general decay rate for relaxation functions
satisfying :

g'(t) < —H(g(t)),t 2 0, H(0) =0 (3.9)

for a positive function H € CY(R") and H is linear or strictly
increasing and strictly convex C? function on (0,7],1 > 7. This im-
proves the conditions considered recently by Alabau-Boussouira and
Cannarsa [3| on the relaxation functions

g'(t) < —x(9(t)), x(0) = x'(0) = 0 (3.10)
where y is a non-negative function, strictly increasing and strictly
convex on (0, kg, kg > 0.They required that

Ko ko 1
/ dr +oo,/ 2T ian(f)/S > (311
o x() o x() s—0t X'(s) 2

and proved a decay result for the energy of (P) with ¢ = 2, p(z) =
1, M =1 in a bounded domain.In addition to these assumptions, if

lim sup X(;S)/S
s—0+ X'($)

<1, (3.12)

then, in this case,an explicit rate of decay is given.
We omit the space variable x of u(z,t),u/'(z,t) and for simplicity rea-
son denote u(z,t) = v and v'(x,t) = v, when no confusion arises .We

ou\” 0?
denote by |Vul* =371, (8_§> JAyu =" 8_91; The constants ¢

used throughout this paper are positive generic constants which may
be different in various occurrences also the functions considered are all
real valued, here v’ = du(t)/dt and u” = d?u(t)/dt>.

The main purpose of this work is to allow a wider class of relaxation
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functions and obtain a very general decay results to improve earlier
results in the literature. The basic mechanism behind the decay rates
is the relation between the damping and the energy.

3.2 Statement and Preliminairies

First we recall and make use the following assumptions on the function
g as:

(A1)To guarantee the hyperbolicity of the system, we assume that
the function g :
RT — R is of class C' satisfying :

mo—g=1>0,9(0) =gy >0 (3.13)
where g = [1¥ g(t)dt.
(A2) There exists a positive functions H € C1(R™)such that
g'(t)+ H(g(t)) <0,t >0,H(0) =0 (3.14)
and H is linear or strictly increasing and strictly convex C? function

on (0,r],1>r.

Remark 2.1 [16](A) We can deduce that there exists ¢; > 0 large
enough such that :

(1)Vt > t; : Wehave lim g(s) = 0, which implies that lim —g/(s)

s—>+00 s—>+00
cannot be positive, so hl’frl —g'(s) = 0. Then g(¢;) > 0 and
S—>+00
max{g(s), —g'(s) <min{r, H(r), Ho(r)}, (3.15)

where Hy(t) = H(D(t)) provided that D is a positive C! function,
with D(0) = 0, for which Hj is strictly increasing and strictly convex
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C? function on (0, r] and

/O+Oog(s)H0(—g’(3))ds < +00.

(2)V; € [0,t1] : As g is nonincreasing, g(0) > 0 and g(¢;) > 0 then
g(t) > 0 and

9(0) > g(t) > g(t1) > 0.

There fore, since H is a positive continuous function, then

a < H(g(t)) <b

for some positive constants a and b. Consequently,

g(t) < —H(g(t)) < —kg(t),k >0

which gives

g(t) < —kg(t),k >0 (3.16)

(B) Let Hj be the convex conjugate of Hy in the sense of Young
(see [23], pages 61-64). Then

H;y(s) = s(Hy) ™ (s) = Hol(Hy) "' (5)], s € (0, Hy(r))

and satisfies the following Young’s inequality

AB < Hi(A) 4+ Hy(B), A € (0, Hy(r)), B € (0,7]. (3.17)

Definition 2.2 [10],[19] We define the function spaces of our prob-
lem and its norm as follows :

H(RY) = {f € LZ/O=D(R") : V,f € (L*(R")} (3.18)
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and the space L2(R") to be the closure of C§°(R") functions with
respect to the inner product

(f, B) 2y = /n pfhdx.

For 1 < ¢ < oo, if f is a measurable function on R", we define

1/q
sy = ([ olsiva) 3.9

The space Li(R”) is a separable Hilbert space.
The following technical lemma will play an important role in the sequel.
Lemma 2.3: [14],Lemma 1.1]For any two functions g,v € C!(R)
and 6 € [0, 1] we have

+%Agﬁ—@w@—wwww—§mmwm?
(3.20)
and

|Ag@—@ww—v@mw

< (latope-0a )(/m Jo(t) - ofs) s

(3.21)
We are now ready to state and prove our main results.

3.3 Main result

The next Lemma can be rasily shown (see [17],Lemma2.1]).
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Lemma3.1: Let p satisfies (3.3),then for any u € H(R")

[ ull o) s &) | V| 2wy (3.22)
2 2
with s = n ,2<q< " .
2n — qn + 2q n—2

For the purpose of constrcting a Lyapunov functional L equivalent
to E, we introduce the next functionals

mwszmwmex (3.23)

Po(t) = — /n p(a:)\u’|q_2u'/0 g(t — s)(u(t) — u(s))dsdr. (3.24)

Lemma3.2: Under the assumptions (A1) and (A2), the functional
1 satisfies, along the solution of (3.1),(3.2)

1—-1
BH(0) < [ Wy rerma [ 4 -0 V345 (g0 ).

(3.25)
proof.
From (3.23), integrate over R" | we have

p(z)|u \qu+/ p(z)u(|u| ') dw

n

\\

t
)|+ M(||Vul]3)uldu — / g(t — s)Ayu(s, z)ds)dx
0

n

< Hu/\ LY(

/n | g(t = s)(Vau(s) — Vyu(l))dsde.

0

WwwwVWJ“—mmmg

_l_

(3.26)
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Using Young’s inequality and Lemma 2.3 for § = 1/2, we obtain

2 1
UL (t) < [y gy + | V377 = 1V 3

1 t 2
‘|‘0‘HV$UH%—|—£/ (/ g(t — 8)|Vyu(s) —qu(t)]ds) dx
n \ Jo

1—1
O+ +(0—Z)HVIUH§+( o )(govxu).
(3.27)

< [l g gy + | Vil
]

Lemma3.3: Under the assumptions (A1) and (A2), the functional
1y satisfies, along the solution of (3.1) (3.2), for any o € (0, my)

t 1
Yy(t) < (0_/0 g(s)d )HU |7 +mallVe ul [0V
gy (9 © V)

(3.28)

+ 0| Vaulls + > (g0 Vo) -

proof. Exploiting Eqs. (3.1),(3.25) to get

5(1) = —/np(:c)(\u’lq‘Qu’)'/o g(t — $)(u(t) — u(s))dsdz
— / p($)|ul\q_2u’/0 gt —s)(u(t) — u(s))dsdz
- [ oeash e,
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'A;AHHVUH)V?{/t(t—sxV%u@)_YQUQDd&m
/Rn ( tg t—s)Vau(s, fU)dS) (/Otg(t — 5)(Vu(t) — Vw(s))dsdx) dx

0

[ o [ = )t - utods

- [ oeast e

= (mo — /O g(s)ds) / Vau / tg(t—s)(vxu(t)—qu(s))dsdx

(
+/R’ (/Otg(t—s)(vxu(t) — V,u(s ))ds) dx + cymq ||V, u||27+1
-

1
R n

@2 [ g/ = 9)u(t) = u(s)dsd
~ [ oSl + el V00

By Holder’s and Young’s inequalities and Lemma 3.1, we estimate

_ / @) /0 g'(t — ) (u(t) — u(s))dsda
—g(éy@mme”“

8 (/Rn P($>|/ g'(t — 5)(u(t) — u(s))ds|)""*

< 11ty gy + €ollolLe g (9 © Vir)2(2).
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Using Young’s and Poincare’s inequalities and Lemma 2.3 for § =
1/2,we obtain

gy (9 © V,u)??

Uh(t) < o[ Voull3 + (g 0 Vou) -

t
(- @%NMMW+WMVWNH
0

|
Our main result reads as follows,

Theorem 3.4: Let (ug,u1) € H(R") x LI(R") and suppose that
(A1)-(A2) hold .
Then there exist positive constants ay, a;y, o, a3 such that the energy
of solution given by (3.1),(3.2) satisfies .

E(t) < azsH{ (ot + an),Vt > 0,

where

Hy(t) = /t Wlaos)ds (3.29)

In order to prove this theorem, let us define

L(t) = & E(t) + 1 (t) + Earba(t) (3.30)
For &£1,& > 1. We need the next lemma, which means that there

is equivalent between the Lyapunov and energy functions, that is for
&1,& > 1, we have

BiL(t) < E(t) < BoL(t) (3.31)

holds for two positive constants $; and fs.

o1



CHAPTER 3. GENERAL DECAY OF SOLUTIONS TO A
KIRCHHOFF-TYPE DAMPED WAVE EQUATION WITH DENSITY IN RY

Lemma 3.5: For &,& > 1, we have

L(t) ~ E(t) (3.32)
proof. By (3.30) we have

[L(t) = &E@)] < [ ()] + &aliha(t)]

/|p el |2 | da

v [ @ [ o= )00 - u(s)islde

Thanks to Holder and Young’s inequalities with exponents Ll’ q,
q

since > g > 2, we have by using Lemmag.1

n +

- |p(z)ulu'|"?u|de < (/n p(x)‘u|qu> 1/q(/n p(x)|u|qu) (¢-1)/q
= é(/np(x)‘“‘qu) * %(/n,@(m)lu’\%x

< CHU ||Lq R") +cllp qu(Rn) qu“%
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and

[ 1ot @ ) (oo
< ([ stotpas) o
% (/R p(a:)l/tg(t— s)(u(t) —U(S))dslqd:v) )

qg—1
< Ty —u/ (t = )(u(t) — u(3))ds|ly 0,

Ls(Rn)(g o V,u)?(t).

N
C\H‘

K
—~

~

|

»
N—
VS

I
VS

~~
N—
VS
N—
N—

oY

(V)

N—

.

8

S H HL‘I R") _Hp
q

Then, since ¢ > 2, we have

[L(t) — & E(t)] < c(E(t) + BY(1))
< o(B(t) + BE(t)EY? (1))
< ¢(E(t) + E(t)E“?71(0))
< cE(t).

Therefore, we can choose & so that
L(t) ~ E(t) (3.34)

]
proof. of theorem 3.4 from(3.5), results of Lemma 3.2 and Lemma
3.3, we have

L'(t) = &E'(t) + ¢y (t) + Ly (t)
< (151 — collp qu(R”)@) (¢’ o vxu)Q/Q + Mo(g o Viu)

= My [y ey — Mol V3 + cxmn | V50
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<4§2c2(§1 —l)))

_ <§2(/Otlg(s)ds - 0) - 1), (3.35)

My = (= a0+ 60l + (1= 0) ),

and t; was introduced in Remark2.1.
We choose o so small that & > 2¢,||p qu(Rn)fg .Whence o is fixed, we
can choose &1, & large enough so that M, My > 0, which yields

where
My

L'(t) < My(g o Vyu) + cymy | Voul 20T — cE(), ¥t > ¢, (3.36)

Now we set F'(t) = L(t) + cE(t), which is equivalent to E(t). Then
by (3.36), we get for some ¢ > 2¢;(y + 1)

F'(t) = L'(t) + cE'(¢)

< —cE(t -I-C/ / (t — 8)|Vu(t) — Vou(s)|*dsdx, ¥t > t;.
nJt

(3.37)
By (3.5) and Remark 2.1, we have for all ¢t > #;

/n /tg(t — 8)|Vau(t) — Vou(s)|*dsdx
<“/n/ (t — )| Vau(t) — Vou(s)dsde

< —cE'(t
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At this point, we define

/ Ho(—g'(s))(g 0 Vo) (£)ds. (3.39)
Since f0+oo Hy(—4'(s))g(s)ds < +o0, from (3.5) we have

t

10 = [ Hil=g(s) [ o9)IV,u(t) = Viult - o) dads

<2 [ (=405 anu(wm|vxu<t—s>\2da:ds
<CE /H() )d8<1

(3.39)
Now , we define again a new functional A(t) related with I(#) as

A = = [ Ho(=g(6)g/() [ 9(6)IVult) = V(e = ) s,
1 (3.40)
From (A1) - (A2) and Remark2.1 we get

for some positive constant xy. Then, for all ¢ > ¢4
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t
A(t) < —/{0/ q(s) IVu(t) — Vou(t — s)|*dzds
t R»

< —/io/ J(s) | |Vau(t)]* + |Veu(t — s)|*dzds
t R
t (3.41)
< —cE(O)/t g (s)ds
< cE(0)g(t)
< min{r, H(r), Hyo(r)}.

Using the properties of Hy ( strictly convex in (0,r], Hy(0) = 0),
then for x € (0,7],6 € [0, 1]

Using Remark 2.1, (3.39),(3.41) and jensen’s inequality leads to

M) = 17 / 1(t) Ho[Hy (—g'(3))) Ho(—g/())g'(5) / 4(3)|Vult) — Voult — 5

n

[I(t)Hy ' (=g'(s))[ Ho(—g'(5))g (s)intrng(s)|Vau(t) — Viu(t — s)f

AV2
~
|-
S*\“
=

)
ZHO(L 1(t)Hy  (~g/()) Ho(~g/(5))g/(5) / 9(s)| V. ult) — Vou(t - s)P

> HO(/tlt /Rn g(8)|Vu(t) — Vyu(t — s)|2dxds>

which implies
t
/ / g(8)|Vau(t) — Vau(t — s)|*deds < Hy ' (A(t)).
t1 n
Then

F'(t) < —cE(t) + cHy Y (A1)t > .
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Now, we will following the steps in [16] and using the fact that
E' <0,0 < H),0 < H on (0,r] to define the functional

Fl(t) = H(,) (ao%)}?(t) + CE(t),Cko <r0<c,

where Fi(t) ~ E(t) and

Fl(t) = &OwH({ (ao E®) ) F(t)+ H, (ao%> F'(t) + cE'(t)

E(0) E(0)
< —cE(t)H (ag g((é))> + cH, (ao%> HiH () + cE'(t).

Let Hx( given in Remark 2.1 and using Young’s inequality (3.17)
| E(1) ]
with A = H (aom> , B = Hy'(\(t)), to get

Fi(t) < —cE(t)H) (ag%> + cH g <H(’) (ao%))c@(t)) + cE'(t)
(

E(t)>> + ca it))H{) (a w) — CE'(t) + cE'(1).

< —cE(t)H 0 0) B0

YE(0)

Choosing «y, ¢, ¢, such that for all ¢ > t; we have

/ EW) . (  E@®)
Fi(t) < —EWHO <aom)

)
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where Hy(t) = tH{(aot). Using the strict convexity of Hy on (0, 7],
to find that H), Hy are strict positives on (0; 1], then

I€1F1 (t)
"E(0)

R(t) = ~ E(t), € (0,1) (3.42)

and
R'(t) < —1roH3(R(t)), ko € (0,400),t > t;.

Then, a simple integration and a suitable choice of 7 yield,

R(t) < Hy 'aat + ag), o, 09 € (0,+00), ¢ > 1y,
here Hi(t) = ftl Hy*(s)ds Form(3.42), for a positive constant as,
we have
E(t) < agHy ot + ag)a, ag € (0, +00),t > t.
The fact that Hj is strictly decreasing function on (0, 1] and due to

properties of Hy. we have

t—0

Then

E(t) < azH; *(agt + ay), ¥t > 0.
m This completes the proof of Theorem 3.4.
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