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Notations

Il its norm.
dist the distance associated with this norm.
Q  the closure of Q and 09 its boundary.
B (z¢,7) the open ball with center xy and radius 7:
u’ (t) the ordinary derivative with respect to ¢
@ direct sum.
(,) inner product. R the set of real numbers.
(M.d) metric space.
d(.,.): distance function.
¢ ([a.b]) : the space of continuous functions.
) :  a bounded open set.
U : a bounded open set.
U : the closure of U
" (.,.) : the space of functions with values in R, k times differentiable in
deg : topological degree.
max : maximui.
B : the closed unit ball.
dim : dimension.
K : acone.
(E,|||l) a Banach space.
A : operator.

T : operator.



Introduction

The study of the existence of solutions of multipoint boundary value problems for linear

second-order ordinary differential equations was initiated by II'in and Moiseev [14]. Then

Gupta [I5] studied three-point boundary value problems for nonlinear second-order ordi-

nary differential equations. Since then, nonlinear second-order three-point boundary value

problems have also been studied by several authors. For more details see [16], [17] and the

references therein. However, all these papers are concerned with problems with three-point

boundary condition restrictions on the slope of the solutions and the solutions themselves,

for example,

u(0) =0, au(n) = u(1)
u(0) = Buln), auln) = u(1)
W (0) =0, au(n) = u(l)

and so forth.

In our work, we consider the existence of positive solutions to the equation

u" +a(t)f(u)=0, te(0,1)

With the following three-point integral boundary condition,

(2)

where 0 < 7 < 1. Our aim is to give some results for existence of positive solutions

to the system of (I)-(2), in the case when 0 < a < 2/n? and f is either superlinear or

sublinear.



The organization of this dissertation is as follows: In Chapter 1, we provide a comprehen-
sive overview of fixed-point theorems and their fundamental concepts, including Banach’s
fixed-point theorem and principles of continuation. We also discuss topological degree the-
ory, covering Brouwer’s topological degree and the Leray-Schauder degree. Chapter 2 is
dedicated to Guo-Krasnosel’skii’s theorem, where we explore its theoretical underpinnings
and implications. In Chapter 3, we apply Guo-Krasnosel’skii’s theorem to specific prob-

lems, illustrating the practical utility of the theoretical results obtained. [2], Graef et Yang

[6] [7].



Chapter 1

Reminders and fundamental concepts

This chapter’s goal is to study a few fixed-point theories. We will start with the
most basic and well-known of them all, the Banach point fixation theory for contracting

applications and the fixed-point theorem of Brouwer.

1.1 Fixed-point theorem

The fixed-point theorem is a fundamental principle in mathematics, which states that
a continuous function over a given domain may have a point that remains unchanged when
the function is repeatedly applied to itself. In other words, there exists an z in the domain
such that f(x) = x, where f is the function. This point is called the fixed point of the

function. [9]

1.1.1 Banach fixed point theorem

Banach'’s fixed point theorem (also known as the contracting map theorem) is a simple
theorem to prove, which guarantees the existence of a unique fixed point for any contracting
application, it applies to complete spaces and it has many applications. These applications
include the existence theorems of solution for differential equations or integral equations

and the study of convergence of some numerical methods.

Definition 1 (fized point)

Let F: X — X be a mapping. Any point x € X such that F(x) = x is called a fized

point.
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Theorem 2 (Banach contraction principle) [3]
Let (M, d) be a complete metric space and F : M — M be a contraction mapping, meaning
that there exists 0 < k < 1 such that d(F(x), F(y)) < kd(z,y) for all z,y € M. Then F
has a fized point uw € M, plus for all x in M we have dim,,_,, F"(z) = u and:

En

Frou) <
diE"u) s 75

d(z, F(x))

Proof. First, we prove the unicity .

Assuming the existence of x,y € M with z = F(z);y = F(y)and d(z,y) = d(F(z), F(y)) <
kd(z,y). Since 0 < k < 1 hence, the last inequality implies that d(x,y) = 0 = =z =y, so
lz € M such that F(x) = z.

Now, for the existence. Let x € M.

We'll prove F(z) is a Cauchy sequence where n € {0,1,...}

d(F™(x), F"t () < kd(F" (z), F"(z)) < ..o.e0. < KMd(z, F(z))
if m>ne{0,1,..}

d(F™(z), F™(x)) < d(F™(z), F"™(2)) + d(F" " (2), F"2(2)) + ...... + (F™ ), F™(z))
< k"d(x, Fz) + k""d(z, Fx) + ... + k™ d(x, F(z))
<k'd(z, F(z)) [1+k+KE +....]

n

<
11—k

d(z, F(x))

for m >n € {0,1,...} we have

n

A(F" (@), F"(x)) < 1

d(z, F(z)) (1.1)
So F"(x) is a Cauchy sequence in the complete space X, then there exists u € X with

moreover by the continuity of F

u= lim F"(z)= lim F(F") = F(u)

n——~oo n——~oo
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Thus, u is a fixed point of F .
ultimately, m — oo in [L.1], we obtain

n

1—k

d(F"(x),u) < d(x, F(x))

Example 1 Consider the application T : R — R defined by T(x) = § + % ; then T is a

contraction 0 < k = % < 1; and admits as a fized point x = 1 moreover im{T"(x)}2, =1

Remark: To convince oneself of the necessity of the phenomenon, consider the following

examples .

Example 2 T': [0,1] = R, T(z) = § +1 ,is contracting but it does not have a fized point.

The issue is that T'([0,1]) € [0,1] and we cannot iterate : xo =0, x1 =1, x5 = 1.5, but z3
is not defined !

Example 3 T:R — R ; T(z) = v + == check |T(x) — T(y)| < |z —y| for all x # y,but

does not have a fixed location. The issue is that T is not a contracting map, and for all

rg € R we obtain x,, — +00

1.1.2 Fixed point theorems for undefined contractions over the
whole metric space

Assuming (M,d) to be a complete metric space, it is evident that a function defined just
on a subset of M will not inevitably result in a fixed point. There has to be additional

requirements in order to guarantee this.

Theorem 3 Let K C M be a closed set and T : K — M A k-contraction. Assuming the
existence of g € K and r > 0 such that

B(zo,7) CK et d(zo,T(z0)) < (1 —FK)r
then F has a unique fized point ©* € B(xo,T).

6
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In certain applications, there are cases where T is Lipschitzian without being a contraction,

while a certain power of T is a contraction see[I]. In this case we have the following theorem

Theorem 4 let (M,d) be a complete metric space T : M — M an application such that
d(T™(x), T™(y) < kd(z,y),Yx,y € M, for a certain m > 1 and 0 < k < 1. then T admits
a unique fized point x* € M

Proof. as 7™ is a contraction, it follows from the theorem [3| that 7" has a fixed unique
point, thus z* = T™z*. so T™(T(z*)) = T(T™(z*)) = T'(z*), i.e. T'(z*) is a fixed point of
T™ . But T™ has a unique fixed point T'(z*) = z*, so T has a unique fixed point (z*), and

it is unique because every fixed point of T is also fixed point 7" =

Example 4 Consider the metric space M given by :M = Cla;b] ;The space of functions
continues with real values defined on the interval [a;b]. M is a Banach space with the norm
|lul| = maxepap [u(t)|, we M. We define T : M — M by :

Tu(t) = / t u(s)ds

IT(u) =T ()| < (b= a)llu— vl

so (b— a) is the Lipchitz constant for T. Additionally, we have :

T?(u)(t) = /at (/as u(7’)d7’> ds = /at(t — s)u(s)ds

ﬁ/ (t — s)™ tu(s)ds,

(b—a)™
m!

and by induction

Tmu(t) =

from that we get
[T (u) = T™ ()| < Ju = o],

and so T™ would be a contraction if % <1
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1.1.3 Principles of continuation

Another method of obtaining a fixed point’s existence for an infinite dimensional space is
obtained through a continuation procedure. This one consists of transforming our applica-
tion into a simpler one for which we are aware that a fixed point exists. It goes without

saying that this must meet certain requirements. [IJ.

Definition 5 Let X and Y be two topological spaces. Two continuous applications f,q :

X — Y are called homotopes when there exists a continuous application
H:Xx[0,1] —Y

such that H(x,0) = f(z) and H(x,1) = g(z). In other words, there exists a family of
applications of X in Y, namely x — H(z,t) for 0 < t < 1, which varies continuously

starting from f and arriving to g. We denote f ~ g.

Example 5 Let X =Y = R", we consider ¢ : R™ — R™ constant application c¢(z) = 0,

and i : R™ — R™ application i(x) = x. show that ¢ et i are homotopic. just take :

H:R"x[0,1] - R"
H(z,t) =tx.
so H(z;0) =0=c(x) and H(x,1) = x:

Example 6 Let X =Y = R" — {0} ; we consider this time p(xz) = z/||z| ; and i(x) = x

again, we see that p and i are homotopice by taking
H: (R"-{0}) x[0,1] —» R* — {0}

H(x,t):(l—t)x—i—tﬁ

Definition 6 Let f : X — Y be a continuous application. We say that f is a homotopy
equivalence when there exists g 1 Y — X such that go f ~idx and f o g ~id,. We then
say that X and Y have the same type of homotopy, or sometimes that they are homotopy

equivalent, and we note X ~Y
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Example 7 Let X = R® — {0} and Y = S"1, we then take f : X — Y defined by
flx) =a/||z| ; et g: Y — X the inclusion. Then fog=id, , and the example[d to show
that go f ~id,. so R" — {0} has the same type of homotopy as the sphere S™~1.

Let (X,d) be a complete space, and U is an open subset of X.

Definition 7 Let F: U — X and G : U — two contractions, we say that F and G are

homotopic if there exists H : U x [0,1] — X satisfying the following properties:
(a) H(.,0) =G and H(.,1) = F.
(b) H(x,t) # x for all x € OU and t € [0, 1]

(c) There exists a € [0,1) such that d(H(x,t); H(y,t) < ad(z,y) for all v,y € U, and
t€0,1].

(d) There exists M > 0 such that d(H(z,t), H(z,s) < M|t — s| for allx € U,and t,s €
[0, 1].

Theorem 8 Let F: U — X and G : U — X be two homotopically contractive applica-
tions, and G has a fized point in U. Then, F has a fized point in U.

Proof. Let’s consider Q = {\ € [0,1] : x = H(z,\) , for certain x € U}, and H a homo-
topy between F and G as described in the definition . Note that Q is not empty because
G has a fixed point and that 0 € Q. We’ll prove that Q is both open and closed in [0,1],
and as a result we get that @ = [0,1], so F has a fixed point. First, let’s prove that Q is a
closed in [0,1]. In fact, Let {\,}nen be a sequence in Q such that lim,, .., A\, = A, so, we
must show that A € Q. as A\, € Q for n = 1,2...., there exists x,, € U 0 x, = H(x,, \n).

also for n,m € {1,2,....} we have
d(xp, ) = d(H (T, A\p) H (T, Am)

< d(H (T, M) H(Tm, Am)) + d(H (2, M), H(Zy Am)
< M|\, — \p|+ad(zp, o)
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thus, we have

M
-«

which shows that {z,} is a cauchy sequence in X (because {\,} is too) and since it is

complete, there exists € U such that lim,_ . z, = z. by the continuity of H,

r= lm z, =lim, ,ooH(x,,An) = H(z,\)
n—oo

thus, A € @ and @ is closed in [0, 1].

let us show that Q is an open set of [0,1]. Let Ay € @, so, there exists zy € U with
xg = H(xo, A\o). Since, by hypothesis, zy € U, we can find r > 0 such that the open
ball B(zg,7) = {z € X : (z,29) <r} C U. let’s choose ¢ > 0 such that € < % where
r < dist(xg, 0U), and dist((xg,0U)) = inf{(xg,x) : x € OU}. Let’s fix A € (A\g — €, Ao + €).
So , for 29 € B(zo,7)

d(xg, H(z,\)) < d(H (0, o) H (2, X)) + d(H (z, No), H(x, \)
< ad(xg, ) + M|, Ao

<ar+(l—a)r=r

then for all A € (A\g — €, \g + €) fix

H(.,\) : B(zg,7) — B(xo,1)

by the theorem , , we deduce that H(.,\) has a fixed point in U. Then, A € @ for all
A € (Ao — €, Ao + €).and therefore Q is open in [0, 1] .

m From the previous term, we deduce the following result.

Theorem 9 (Nonlinear Leray-Schauder alternative)[1]. Let U C E an open set of a Ba-
nach space E such that 0 € U, and let F : U — E a contraction such that F(U) is bounded.

Then one of the following two statements is satisfied:
(1) F has a fived point in (U).

(2) there exists A € (0,1) and x € OU such that x = AF(x).

10
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Proof. Suppose that (2) is not verified and that F has no fixed point on U that is to say
x # AF(z) for all x € OU and \ € [0, 1].

Let H : U x [0,1] — E given by H(z,\) = AF(z), and let G be the null application.
Note that G has a fixed point in U (such that (0 = G(0)) and that F and G are two
homotopically contractive applications. by the theorem F also has a fixed point. m

1.2 Topological degree

In this section, we provide a brief overview of the notion of topological degree, whether
in finite or infinite dimensions. The degree, deg(f,2,y) of f in  with respect to y gives
information about the number of solutions of the equation f(z) = y in an open set 2 C R"
is continuous, y ¢ f(9€2), and X is a topological space, mostly metric. For more detailed

information, see [4], [5], [10], [1].

1.2.1 Brouwer’s topological degree

Consider a bounded open set Q2 in R™ with boundary 99 and closure 2. ék(Q, R™) denotes
the space of k-times differentiable functions in €2 that are continuous on €. This space is

equipped with its usual topology.

Let zg € Q, if f is differentiable at z,, we denote by Jy(zo) = det f'(zo) the Jacobian
of f at xy.

Definition 10 Let f be a C* function on Q. Let J;(xo) be the Jacobian of f at a point xq
in Q). The point o is called a critical point if Jr(xg) = 0. Otherwise, xq is called a regular
point.

We denote by S¢(2) the set of critical points, i.e.,

S5(Q) = {x € . J;(x) = 0}

|
=

Definition 11 An element y € R"™ is called a regular value of f if f~1(y) N Sp(2)

Otherwise, y s called a singular value.

11
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Definition 12 Let f € él\f(aﬁ) be a reqular value of f. The topological degree of f in €

with respect to y s the integer

deg(f,,y) Z Sgan

zef-l

where SgnJy(x) denotes the sign of Jp(x), defined by sgn(t) =1 if t > 0 and sgn(t) = —1
ift <0

Remark 13 1) By convention, if f~(y) =0, then deg(f,Q,y) = 0.
2) f~Xy) contains a finite number of elements.
Example 8 Let f: R — R, v — 2% then deg(f,]0,2[,1) = 1.

Example 9 Let 0 < € < 1 and consider the function f(x,y) = (2? — y* — €,22y), and
F710,0) = {(x.) € B2 f(z,y) = (0,0} then, we have

2 —y* —e=0 (1.2)

and
2xy =0 (1.3)

According to (1.3]), we find z =0 or y = 0.
If z = 0 then: —y? — e = 0 = y* = —¢, which is a contradiction.
If y = 0 then: 22 — e =0 <= 2z = /e or = —/¢, thus

F7H0,0) = {(=V€,0); (e, 0)}
If Q= {(z,y) € R?: 2% + y? < 1} then f~1(0) N 9N = (). Moreover, as
20 =2
e = (5 )
and det(J;((z,y))) = 4(2? + y?) and since deg(f,Q,y) = D wef-1(y) O9nds(z) then

SgndetJ;(\/€,0) = Sgnde = 1
SgndetJ¢(—+/€,0) = Sgnde = 1
= deg(f,2,0)=1+1=2

12



CHAPTER 1. REMINDERS AND FUNDAMENTAL CONCEPTS

Remark 14 In the case where f~1(y) N Sp(Y) # 0, we have the following lemma.

Lemme 1 (Sard’s Lemma) Let f € CY(,R"). Then the set f(S;) of critical values of

f has measure zero.

We will now see that we can extend the notion of degree to the case where the function f

1S continuous

Definition 15 Let Q C R” be a bounded open set, f € C(Q,R"), and y € R™ such that
y & f(0). We define the topological degree of f in £ with respect to y as

deg(f,8,y) = lim deg(fn, <, y)

where { fo}nen+ is a sequence of functions C*(Q,R") that converges uniformly to f in Q.

1.2.2 Topological degree of Leray-Schauder

In the previous section, we saw that in finite dimensions, C(£2, X) is a suitable class of
functions for which there exists a unique degree function, the Brouwer degree, satisfying
properties 1, 2, and 3 of the theorem. Unfortunately, in infinite dimensions, C'(Q, X') doesn’t
have it. Indeed, an example by Leray shows that we need to restrict the class of functions
for which there is existence and uniqueness of a Leray-Schauder degree function, to a set
strictly contained in C'(€, X).

Definition 16 [0/ Let X be a Banach space and Q0 a closed subset of X. If T : Q — X is
a continuous operator, we say that T is compact if for every bounded subset B of Q, T(B)

15 relatively compact in X.

Definition 17 Let X be a Banach space and ) a subset of X. We say that the mapping
T : Q — X has finite rank if dim(Im(T)) < oo, in other words, if Im(T) is a finite-

dimensional subspace of X.

Lemme 2 Let X be a Banach space, @ C X an open bounded set, and T : Q — X a
compact mapping. Then, for any € > 0, there exists a finite-dimensional space denoted F

and a continuous mapping T, : 8 — F such that
|Tox — Tz| < e forall z € Q.

13
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Definition 18 Let X be a Banach space, 2 C X an open bounded set, and T : Q — X
a compact mapping. Suppose now that 0 ¢ (I — T)(0N2). There exists ¢ > 0 such that
for € € (0,€), the Brouwer degree deg(I — T.,QX N F,,0) is well-defined as in Lemma [3
Therefore, we define the Leray-Schauder degree by

deg(I —T,9Q,0) =deg(I —T.,QN F,,0).

Remark 19 This definition depends only on T and Q. Ify € X such thaty ¢ (I —T)(052),
then the degree of I — T in ) with respect to y is defined as

d@g([ - T797y> - d@g([ -T- y7Q’O>

Theorem 20 [/ Let X be a Banach space and
A={(I-T,9,0),Q a bounded open subset of X,T : Q — X compact, 0 ¢ (I —T)(0Q)}
then, there exists a unique application deg(f,Q,y) : A — Z called the Leray-Schauder
topological degree such that :

1. (Normality) If 0 € Q then deg(1,$,0) = 1;
2. (Solvability) If deg(I —T,Q,0) # 0, then there exists x € Q such that (I —T)x = 0;

3. (Invariance by homotopy) Let H : [0,1] x Q be a compact homotopy, such that 0 ¢
(I — H(t,.)(0R). Then deg(I — H(t,.),$2,0) does not depend on t € [0, 1];

4. (Additivity) Let 1 and Qs be two disjoint open subsets of Q) and
0¢ (I =T)Q\ (2 UQ)).

Then,
deg(I —T,9,0) =deg(I —T,1,0) + deg(I —T,$5,0).

The Leray-Schauder degree preserves all basic properties of the Brouwer degree. As
a consequence of this notion of degree, we will prove some topological fixed point

theorems, in particular the Leray-Schauder nonlinear alternative.

Theorem 21 (Brouwer) Let B be the closed unit ball of R* and f : B — B continuous.
Then f has a fized point: there exists v € B such that f(x) = x.

14
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Proof. If there exists x € JB, then there is nothing to prove. Otherwise, consider the
function h(t,z) = = — tf(z). We have that h is continuous, h(0,z) = z, and h(1l,z) =
x — f(z). Moreover, if we assume that h(t,zo) = 0 for some zq € OB, then we obtain
xg = tf(xp), which implies, since 0 < ¢t < 1, that f(xo) € dB, contradiction. Since h is a
suitable homotopy between I — f and I, then

deg(I — f,9,0) =deg(1,9,0) = 1.
In conclusion, there exists an x € B, such that z —tf(x) =0, i.e., f(z)=2z. =

Theorem 22 (Schauder) Let B be the closed unit ball of a Banach space E and f : B — B
compact. Then f has a fized point: there exists v € B such that f(z) = .

Proof. Let h(t,x) = tf(x) be a compact function on [0,1] x B. If, for some t € [0,1] and
x € 0B, we have © — h(t,x) = 0, then ¢f(x) = x; since |z| = 1 and |f(x)| < 1, this implies
t = 1and z = f(z), thus a fixed point on JB, a situation that we have excluded. Therefore,
we can apply the properties of normality and invariance by homotopy of the degree, which
gives

1 = deg(1, B,0) = deg(I — f, B,0)
since h(0,.) = 0 and h(1,0) = f, hence the existence of a fixed point. m

Theorem 23 [J/ (Leray-Schauder Nonlinear Alternative). Let Q C X be a non-empty
bounded open subset of a Banach space X such that 0 € Q, and let T : Q — X be a compact

operator. Then one of the following statements holds:
(1) T has a fized point in ;
(2) there exist A > 1 and x € OS2 such that Tx = Ax.
Proof. If (2) is true, then there is nothing to prove. Otherwise, we define the homotopy
H(t,x) =tTx fort e 0,1].

Thus defined, H(t,x) is compact, H(0,z) = 0 and H(1,z) = Txz. Suppose that H(t,z) =
xg for some t € [0, 1] and 2y € 99Q2. Then we have tTxy = zo. If t =0 or t = 1 we have (1);
Otherwise

1
Txg = 720 for some ¢ € (0,1),
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CHAPTER 1. REMINDERS AND FUNDAMENTAL CONCEPTS

and then we have (2). Otherwise, we have deg(I — T,Q,0) = deg(1,2,0) = 1 and then T

has a fixed point in €). m

Theorem 24 (Brouwer) Let M be a convex, compact, non-empty subset of a finite-
dimensional normed space (X, ||.||) and let A : M — M be a continuous function, then

A has a fixed point.

Theorem 25 (Schauder) Let M be a bounded, closed, convex, non-empty subset of a
Banach space X and let A: M — M be a compact function, then A has a fixed point.

Theorem 26 (Schaeffer) Let X be a Banach space and let A : X — X be a compact

operator, then
i. Fither the equation x = MAx has a solution for A =1,

ii. Or, the set e = {x € X,z = Nz, X € (0,1)} is unbounded.

Theorem 27 (Krasnoselskii) Let M be a closed and non-empty convex subset of a Ba-

nach space (X, ||.||). Suppose that A and B are two mappings from M to X such that
i. Ax + By € M,Vz,y € M.
i1. A is continuous and AM is contained in a compact set.

1i. B 1s a contraction with constant o < 1.
Then, there exists x € M, such that Ax + Bx = x.

Note that if A = 0, the theorem reduces to the Banach fixed-point theorem. If B = 0,
then the theorem is nothing but the Schauder fixed-point theorem.

Theorem 28 [§/Krasnoselskii’s Compression-Expansion Theorem for a Cone Let
Q1 and Qy be two bounded open sets in a Banach space E such that 0 € Q4,8 C Qs, and
K acone of E. Let A: KN (Q\ Q) — K be a completely continuous operator, such that

one of the following conditions is satisfied,

(1) || Au|| < ||u|, v € KNI, and || Aul| = ||ul|, w € K NoQ,.
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(1) || Aul| = ||u|l, v € KN, ||Au|| < |Jull,u € K N OQys.

Then the operator A has at least one fized point in K N (Qa\ Q1).

. Now let’s recall the Ascoli-Arzela theorem and the dominated convergence theorem of

Lebesgue

Theorem 29 (Ascoli-Arzela) Consider X = C([a,b]) equipped with the norm ||u| =
max |u(t)|, where —oco < a < b < 4o00. If M is a subset of X such that

a<t<b
i. M is bounded, i.e., ||u|| <r, Yue€ M andr >0 is a fived number,
1. M 1s equicontinuous, i.e.,
Ve > 0,30 >0, such that [t; —t2| <0 and Yu € M = |u(ty) —u(tz)| < e
Then, M 1is relatively compact.
Theorem 30 Let 2 be an open set in R™ and (f,)nen a sequence in LP(S) such that

i. fo(x) = f(x) almost everywhere on €.

ii. |fu(x)] < g(z) almost everywhere on Q, Yn with g € LP(S2). Then,

feLP(Q) and ||fn— fllzr — 0.

17



Chapter 2

Guo-Krasnoselskii’s theorem

Definition 31 (a Cone)
Let E be a Banach space. A subset K C E is called a cone if the following conditions

are satisfied:
(i) K is convex: for all x,y € K and for all0 < XA <1, we have \x + (1 — )y € K.
(i1) K is closed: K contains all its limits of convergent sequences.

(i1i) For all x € K and for all o > 0, we have ax € K.

(w) KN(—K)={0}: Ifr € K and —x € K, then v = 0.

In other words, a cone is a convex and closed subset of a Banach space that is stable under

multiplication by positive scalars and does not contain any nontrivial linear subspaces.

Definition 32 (Completely Continuous Operator)
Let E be a Banach space. An operator A : E — E is called completely continuous if the

following two conditions are satisfied:

(i) A is continuous, that is, for any sequence (x,) in E such that x,, — x in E, we have

Ax, — Ax.

(i1) A maps bounded sets in E to relatively compact sets, that is, for any bounded set
B C E, the image A(B) is relatively compact in E (i.e., the closure of A(B) is

compact).

18



CHAPTER 2. GUO-KRASNOSELSKII’S THEOREM

In other words, a completely continuous operator is a linear and continuous operator that

transforms bounded sets into sets whose closures are compact.

Theorem 33 Let )y and €2y be two bounded open sets in a Banach space E such that
0€Q, Q) CQy, and let K be a cone in E. Let A: KN (2 \ Q1) = K be a completely

continuous operator such that one of the following conditions is satisfied:
(i) |[Aul| < [|ul] for u e KN o, and ||Aull > ||u|| for u € K N 0Q,,
(ii) ||Aul| > ||u]| for w e K NoQy, and ||Aul| < ||ul| for u e K N 0OQ,.

Then the operator A has at least one fized point in K N (Qy \ Q).

Proof.

We will use the Krasnoselskii fixed point theorem.
Step 1: Construction of the Homotopy

Define a homotopy H : K N (2 \ 1) x [0,1] — K by:

H(u,t) = (1 —t)u + tAu.

We will show that H(u,t) # 0 for all w € K N (Qy\ 24) and for all ¢ € [0, 1].
Step 2: Boundary Properties

o If u € KNIy, then by (i) ||Au|| < ||ul| and thus:
1H (u, )| = [[(1 = t)u + tAu]| < (1 = 8)[Jul| + ]| Aul] < Jlul].

By the definition of 0, ||u|| is constant for u € 0. Thus, || H (u,t)|| < ||u| or
H(u,t) # 0.

o If u € K N0y, then by (i) ||Au|| > ||u|| and thus:
1H (u, )] = (1 = t)u + tAul] = (1 = 8)[Ju]| + t]| Aul] = [|u]].
By the definition of 0, ||u|| is constant for u € 0Qy. Thus, ||H (u,t)|| > ||u| or

H(u,t) # 0.
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CHAPTER 2. GUO-KRASNOSELSKII’S THEOREM

Step 3: Conclusion by Homotopy

Since H(u,t) # 0 on the boundaries 0€2; and 02y, we can apply the Krasnoselskii fixed
point theorem which guarantees that there exists a fixed point v € K N (2 \ £21) such that
Au = u.
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Chapter 3

..7

Application to Guo-Krasnoselskii’s
theorem

In this chapter, we consider the existence of positive solutions to the equation |[13]

W+ a(t) f(u) =0, te(0,1) (3.1)

with the three-point integral boundary condition

u(0) =0, a/on u(s)ds = u(1l) (3.2)

where 0 < 1 < 1. We note that the new three-point boundary conditions are related to
the area under the curve of solutions u(t) from ¢t =0 to t = 7.
The aim of this chapter is to give some results for existence of positive solutions to [3.1],
assuming that 0 < o < 2/n? and f is either superlinear or sublinear. Set
fw) fw)

fo= lim 22 f.=lim 22
u—0t U u—o00 1,

Then fy =0 and f,, = 0o correspond to the superlinear case, and fo = co and fo, =0
correspond to the sublinear case. By the positive solution of we mean that a function
u(t) is positive on 0 < ¢t < 1 and satisfies the problem [3.143.2]

Throughout this chapter, we suppose the following conditions hold:
e (H1): f e C([0,00),[0,00));
e (H2): a € C([0,1],[0,00)) and there exists ty € [n, 1] such that a(ty) > 0.
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CHAPTER 3. APPLICATION TO GUO-KRASNOSELSKII'S THEOREM

The proof of the main theorem is based upon an application of Krasnoselskii’s fixed

point theorem in a cone which we proved in the previous chapter:
Theorem 34 Let E be a Banach space, and let K C E be a cone. Assume €2y, are open
subsets of E with 0 € Oy, C Qo, and let ...

be a completely continuous operator such that

(i) || Aul| < ||u|l,uv € K NOQy, and ||Au| = ||ul|,u € K NOQy; or

(i) ||Aul| = ||lul|,u € KNOQy, and ||Au|| = ||ul],v € KNOQy. Then A has a fized point
m KN (Qg\Ql).

3.1 Preliminaries

In this section we state and prove a number of lemmas.

Lemme 3 Let an® # 2. Then fory € C|[0,1], the problem

has a unique solution

ut) = | 1 sy(ds — [ a-srus)as - | (L= y(s)ds
2 — an? 0 2 — an? 0 0
Proof.
From [3.4] we have
W' () = —y(t)

u'(t) = u'(0) — /0 y(s)ds (3.6)

For t € [0, 1], integration from 0 to ¢ yields that

u(#) = o/ (0)t — /0 t < /0 ' y(s)ds) da (3.7)
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that is,

So,
u(l) =u'(0) — /0 (1—s)y(s)ds (3.9)

Integrating from 0 to n, where n € (0, 1), we have

/On u(s)ds = u’(O)%2 _ /077 (/09”@ _ S)y(s)ds) dr (3.10)

0% 5 [ = 9us)as
From [3.5] we obtain that
W)= [ (1= sisas =@~ 5 [T = sPuis)as (3.11)
Thus,
S 2 1 o n 9
u'(0) = Py /0 (1 —s)y(s)ds — 2 /0 (n—s)y(s)ds (3.12)

Therefore, [3.4] [3.5 has a unique solution

2
2 —an?

at

u(t) / (1 s)y(s)ds — / "(n— sPy(s)ds — / (t - syy(s)ds  (3.13)

2 —an?

Lemme 4 Let 0 < o < 77% Ify € C(0,1) and y(t) = 0 on (0,1), then the unique solution

u of [3.4) satisfies u = 0 for t € [0,1].

Proof. If u(1) > 0, then, by the concavity of v and the fact that «(0) = 0, we have u(t) > 0
for t € [0, 1].

Moreover, since the graph of u(t) is concave down on (0, 1), we have

/077 u(s)ds > %nu(n) (3.14)

where Inu(n) is the area of the triangle under the curve u(t) from ¢ = 0 to t = 7 for
n € (0,1).
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Assume that u(1) < 0. From we have

U
/ u(s)ds < 0 (3.15)
0
By concavity of u and fo s)ds < 0, it implies that u(n) < 0.
Hence,

"

u(l) = a/ u(s)ds > %u(n) > # (3.16)
0

which contradicts the concavity of u. m

Lemme 5 Let an? > 2. Ify € C(0,1) and y(t) = 0 for t € (0,1), then [3.43.5 has no

positive solution.

Proof. Assume [3.4][3.5] has a positive solution u.
If u(1) > 0, then []u(s)ds > 0, it implies that u(n) > 0 and

M2 = [Mutoys > Ghuty) = A 2 .17)

which contradicts the concavity of w.
If u(1) = 0, then [u(s)ds = 0, this means u(t) = 0 for all ¢ € [0,n]. If there exists
€ (n,1) such that u(7) > 0, then u(0) = u(n) < u(r), which contradicts the concavity of
u. Therefore, no positive solutions exist. m
In the rest of the chapter, we assume that 0 < an? < 2. Moreover, we will work in the

Banach space C0, 1], and only the sup norm is used.

Lemme 6 Let 0 < a < 772—2 If y € C[0,1] and y > 0, then the unique solution u of the
problem satisfies

inf w(t) > r||u| (3.18)
te(n,1]
where ) ( )
. an” an(l —n
r := min {7], 22— an? } (3.19)

Proof. Set u(7) = ||ul|. We divide the proof into three cases.
Case 1. If n < 7 <1 and infyep, 1y u(t) = u(n), then the concavity of u implies that

# > M0 S (3.20)
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Thus,
inf u(t) > nljull (3.21)

ten,1]
Case 2. If n < 7 < 1 and infiepqu(t) = u(1), then , and the concavity of u
imply

! an? (u(m)\ _ an’u(r) _ o’
1) = > > > 22
u(1) a/o u(s)ds 5 ( p 5 5 u(T) (3.22)
Therefore,

2

. arn
fou(t) > — 3.23
nt u(t) > 3] (32

Case 3. If 7 <7 < 1, then infycp, 1y u(t) = u(1). Using the concavity of u and ,

we have

u(e) <u() + Z(m (0-1)
<u(l) (1 . %) (3.24)
2 — an?
— W=y
This implies that : )
: an(l —n
téffl]“(t) > 2_—0072||U|| (3.25)

This completes the proof. m

3.2 Main Results

Now we are in the position to establish the main result.

Theorem 35 Assume (H1) and (H2) hold. Then the problem [3.1- has at least one

positive solution in the case

(i) fo=0 and fo, = 00 (superlinear), or

(ii) fo =00 and foo =0 (sublinear).
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Proof. It is known that 0 < a < n% From , u is a solution to the boundary value problem
if and only if u is a fixed point of operator A, where A is defined by

) =524 [0 ats) (s s
-5 [ sPa s s (3.26)
- [ satstutsas.
Denote that
K= {u we O, 1)u >0, inf u(t) > 'yHuH} (3.27)

where v is defined in [3.19

It is obvious that K is a cone in C[0, 1]. Moreover, by {4 and |§|, AK C K. Tt is also easy
to check that A : K — K is completely continuous.

Superlinear Case (fy =0 and f,, = c0).

Since fy = 0, we may choose H; > 0 so that f(u) < eu, for 0 < v < H;, where € > 0

satisfies

2¢ 1
2 ar? J, (1 —s)a(s)ds <1 (3.28)
Thus, if we let
O ={uecC0,1] | ||Jul| < Hi} (3.29)
then, for u € K N 0§y, we get
aut) < 520 [ = ats) s a
u > |, s)a(s)f(u(s))ds
2te !
< 1-— d
2—an2/0 (1= s)a(s)u(s) ds (3.30)
2e !
1-— d
= [ (=9l dsal
<

Thus [|Au|| < ||u|| for u € K NOQ;.
Further, since f,, = o0, there exists ﬁQ > 0 such that f(u) > pu, for u > ﬁg, where
p > 0 is chosen so that
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2n !
b P /7, (1 —=s)a(s)ds > 1

Let Hy = maX{QHl,ﬁg/v} and Qy = {u € C[0,1] | ||u|| < Hy}. Then u € K N 0y
implies that

inf u(t) > lull = vH; > H

n<it<l1

and so

Auln) =522 [0 = st ds - 5 [ = spaesats) as
- [[n= spatpsute s

=2 [ s ds - 5 [ =2+ ) ats) st s
3 _1an2 /On (2 —an?) (n — s)a(s) f(u(s)) ds

:2_227,2 /0 1(1 = s)a(s)f(uls)) ds + 3 f‘in2 /0 ! sa(s) f(u(s)) ds
3 _a an /0 n s*a(s)f(u(s)) ds — 3 _22172 /O na(s) flu(s))ds (3.8)
t s [ st s

3 _2 Zmz /n 1( — s)a(s)f(u(s)) ds + 2;:4 3 /0 " sa(s) f(u(s)) ds

2 [ st = o) stats) as

>y | (1L S)als)f(u(s)) ds

> f"o’j " /77 (1= S)a(s)uls) ds

20 [ st astul

> [u
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Hence, [|Au| > |jull, v € K N 8Qs. By the first part of B3] A has a fixed point in
KnN (QQ\Ql) such that H; < ||u|| < Hs.

Sublinear Case (fy = o0 and f,, =0).

Since fy = oo, choose H3z > 0 such that f(u) > Mu for 0 < u < Hj, where M > 0

satisfies

2nyM L
2—an? J,

(1 —s)a(s)ds > 1

Let

Q3 ={ue C0,1] | |Jul| < Hs}

then for u € K N 03, we get

Auln) =521 [ = s sts) ds = 5 [T = spaesats) s
- [(n= et as
2n 1
22_—0”]2/77 (1 —s)a(s)f(u(s))ds (3.11)
> 20 [0~ s)a(s) dslul

“2 — an? .
2||ul

Thus, ||Aul| > |jull,u € K N 093. Now, since fs = 0, there exists Hy > 0 so that

~

f(u) < Au for uw > Hy, where A > 0 satisfies

2\
2 — an?

[ = sasas <

Choose H, = max {2H3, ﬁ4/7}. Let

Q4 = {U c C[O, 1] | HUH < H4}

then v € K N 0§, implies that
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inf u(t) > Allul = vHy > Hy

n<t<1

Therefore,
Ault) =52 [ = ) ds = 5 [ = 9o fu(s) ds
- [t =) as
2t !
<G / (1 s)a(s) f(u(s)) ds (3.15)
< 2Aull 1(1 — s)a(s)ds

T2 04772 0
<lul|

Thus ||Aul| < |Jull,u € K NdQy. By the second part of Theorem [33] A has a fixed point
uin K N (Q\Q), such that Hs < [Ju| < Hy. This completes the sublinear part of the
theorem . Therefore, the problem has at least one positive solution. m
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Conclusion

The fixed-point principle has many applications. It is particularly involved in solving several
nonlinear differential equations, especially in the study of existence and uniqueness.

In this dissertation, we address different applications of this principle as well as some
of its extensions and generalizations that are involved in solving non-local boundary value
problems.

We demonstrate the existence of solutions using Banach’s contraction principle and
the nonlinear Leray-Schauder alternative. We study the positivity of the solution via the

Guo-Krasnosel’skii fixed-point theorem on a cone.
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Abstract

We investigate the existence of positive solutions for a three-point integral boundary
value problem of the form u" + a(t)f(u) =0 with t € [0,1] , u(0) =0 and

afonu(s)ds =u(l),where 0 < n< land 0 < a < % By applying the fixed-

point theorem in cones, we demonstrate that there exists at least one positive solution
when £ is either superlinear or sublinear.

Keywords: positive solution, superlinear, sublinear, fixed-point theorem, cones.

Résumé

Nous étudions I'existence de solutions positives pour le probleme aux limites intégral
a trois points de la forme u" + a(t)f(u) =0 avec t € [0,1] , u(0) =0 et
affon u(s)ds =u(1),0u0 < n< land0 < a < nz—z En appliquant le théoreme du

point fixe dans les cones, nous montrons qu'il existe au moins une solution positive
lorsque f est soit superlinéaire, soit sous-linéaire.

Mots-clés: solution positive, superlinéaire, sous-linéaire, théoreme du point fixe,

Cones
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