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1. Introduction

In this work we shall approximate the parabolic inequality

of type one

{

findu(t) ∈ χ0 such that a-e t ∈ [0, T ]

(u′ + Au− f, v − u) ≥ 0 ∀ v ∈ K
(1.1)

.

2. Problem

in this paper we study this problem:

{

find u(t) ∈ χ0 such that t ∈ [0, T ]

(u′ + Au− f, v − u) ≥ 0 ∀v ∈ K
(2.1)

•Knon- empty convex set ofV

• V = H1(Ω)H = L2(Ω) f ∈ L2(0, T, V ′)
• V ⊂ H ⊂ V ′(V ′ = dualofV )V dense in H

• a(u, v) = (Au, v),and a(., .)bilinear from which is continu-

ous and symmetric.

•W (0, T ) = {v|v ∈ L2(0, T, V ), v′ ∈ L2(0, T, V ′)}
•W0(0, T ) = {v|v ∈ W (0, T )v(0) = u0u0 given in H}
• χ0 = {v|v ∈ W0(0, T )v(t) ∈ K a-e t ∈ [0, T ]}

3. Approximation of problem

Approximation of V andH

F Hilbert space, ∂ ∈ L(V, F ) ph ∈ L(Vh, F ) ‖ph‖ ≤ C

dimVh ≤ +∞
we say that Vhconstitutes an exterior approximation ofV if:

1. vh ∈ Vh phvh ⇀ ξinF ⇒ ξ ∈ ∂v

2. ∀v ∈ V ∃vh ∈ Vh with phvh→ ∂v in F and ‖vh‖ ≤ C

qh a linear operator from Vh→ H

we define a second inner product and a second

norm onVh. (vh, wh)hand|vh|h which approximate the inner

product(, ) and the norm|| on Hby:
{

(vh, wh)h = (qhvh, qhwh)

|vh|h= |qhvh|
and we assume that ∀ vh ∈ Vh
|vh|h≤ C‖vh‖h ‖vh‖h ≤ S(h)|vh|h
Approximation of a(, )
we say that the ah constitute an approximation of a(, )if

{

phvh ⇀ ∂v inF phwh→ ∂w inF

we have ah(vh, wh) −→ a(v, w)
(3.1)

and if
{

if ph ⇀ ∂v inF then

lim inf ah(vh, vh) ≥ a(v, v)
(3.2)

Approximation of K

Kh ⊂ Vh
Kh constitute an approximation of K if:

1. vh ∈ Kh, phvh ⇀ ξin F =⇒ ξ ∈ ∂K

and if
{

∀v ∈ K, ∃vh ∈ Kh suchthat

phvh −→ ∂v inF and‖vh‖ ≤ C
(3.3)

In view of the approximation assumptions we are led quite

naturally to consider the fallowing problem:























(
ui+1

h −uih
k

+ Ahu
i+θ
h
− f i+1

h
, vh − ui+1

h
)h > 0∀vh ∈ Kh

ui+1
h

∈ Khu
0
h = u0,h

withui+θ
h

= uih + θ(ui+1
h
− uih)θ ∈ [0, 1]

(3.4)

4. Theorem

Theorem 4.1 if uh,kthe solution of the problem (3, 1) then

uh,k → u in L2(0, T, V ) (4.1)

u the solution of (1, 1)

the proof takes place in four stages:

1. Definition of the weak discrete inequality:

for definition of the weak discrete inequality we use this

lemma

Lemma 4.2 Let vh,k =
∑N

i=0 v
i
hχ

i
k uh,k =

∑N
i=0 u

i
hχ

i
k

then

(
vi+1

h −vih
k

, vi+1
h

− ui+1
h

) = (
vi+1

h −vih
k

, vi+1
h

− ui+1
h

) +
1
2K |v

i+1
h
− ui+1

h
|2h −

1
2K |vih − uih|2

+ 1
2K |v

i+1
h
− vih − (ui+1

h
− uih)|2h (4)

and if we have

∫ T

k
(∂uh,k + Ahu

θ
h,k − fh,k, vh,k − uh,k)hdt ≥ 0 (4.2)

then we also have
∫ T

k
(∂vh,k+Ahu

θ
h,k−fh,k, vh,k−uh,k)hdt ≥

1

2
|vh,k(T )−uh,k(T )|2h−

1

2
|vh,k(0)−uh,k(0)|2h

(4.3)

By summing (4)from i = 0 to N − 1 we obtain

∫ T

k
(∂uh,k, vh,k−uh,k)hdt ≤

∫ T

k
(∂vh,k, vh,k−uh,k)dt−

1

2

N
∑

i=0

|vih−uih|2+
1

2

N−1
∑

i=0

|vih−uih|2

(4.4)

and hence we deduce (4,4)by substituting this upper

bound in (4,3),and if vh,k(0) = uu,k(0) we deduce

from(4,3) that
∫ T

k
(∂vh,k + Ahu

θ
h,k − fh,k, vh,k − uh,k)hdt ≥ 0 (4.5)

2. Investigation of the stability we shall shaw that the so-

lution uh,k =
∑N

i=0 u
i
hχ

i
k as the unique solution of (3,4)

remains,with hand kpossibly subject to stability condition

Poof

v = 0 in (3,2) and using relation

(a− b, a) =
1

2
|a|2 − 1

2
|b|2 + 1

2
|a− b|2 (4.6)

we obtain

1

2K
[|ui+1h |2h−|uih|2h+|ui+1h −uih|2h]+ah(ui+θh , ui++1h ) 6 (f i+1h , ui+1h )

(4.7)

and we use the relation

2(a, b) ≤ 1

ǫ
|a|2 + 1

1
|a− b|2 (4.8)

for (f i+1, ui+1), (f i+1, ui), (f i+1, ui+1− ui) and a(ui, ui+1−
ui) and substituting the results in (4, 9) we obtain

|ui+1|2−|ui|2+[1−(ǫ+2

α
C2)kS(h)2(1−θ)]×|ui+1−ui|2+(1−θ)ka(ui, ui)+θka(ui+1, ui+1) ≤ Ck‖f i+1‖2

(4.9)

we then introduce the fallowing assumption termed the

stability assumption

1− 2C2

α
kS(h)(1− θ) ≥ β > 0 (4.10)

|ui+1h |2h−|uih|2h+β|ui+1h −uih|2h+αK[(1−θ)‖uih‖2h+θ‖ui+1h ‖2h ≤ Ck‖f i+1h ‖2h
(4.11)

by summing from i = 0 to n < N − 1

|un+1h |2h + β

n
∑

i=0

|ui+1h − uih|2h + α

n
∑

i=0

k[(1− θ)‖ui+1h ‖2h] 6 C

(4.12)

We hence deduct that,∀h, k satisfying(4, 10)

phuh,k remainsinaboundedsetof L2(0, T, F ) (4.13)

qhuh,k remainsinaboundedsetof L∞(0, T,H) (4.14)

N−1
∑

i=0

|ui+1h − uih|2h 6 C (4.15)

3. Weak convergence

∫ T

k
(uh,k + Ahu

θ
h,k − fh,k, vh,k − uh,k)dt ≥ 0 (4.16)

and in view of lemma(4,2)and takingvh,k(0) = u0,h
we obtain:

∫ T

k
(vh,k + Ahu

θ
h,k − fh,k, vh,k − uh,k)dt ≥ 0 (4.17)

from (4,13),(4,14),and lemma (3, 1) we can extract from

uh,ka subsequence again denoted byuh,k such that:











qhuh,k ⇀ uinL∞(0, T,H)

phuh,k ⇀ ∂uinL2(0, T, F )

u ∈ K

(4.18)

proceeding the limit in (4,17) we obtain:

∫ T

0
(v′+Au−f, v−u) ≥ liminf

∫ T

k
(Ahu

θ
h,k, uh,k−uθh,k)dt

(4.19)

yh,k = |
∫ T
k (Ahu

θ
h,k, uh,k−uθh,k)dt| = |

∑N
i=0K(Ahu

i+θ
h

, ui+1
h
−

ui+θ
h

)h|
=
∑N

i=0 k(1− θ)|Ahu
i+θ
h

, ui+1
h
− uih)h|

≤ (1− θ)
√
KS

∑N
i=0

√
K‖ui+θ

h
‖h|ui+1h

− uih|h
≤ (1− θ)S(h)

√
k(
∑N

i=0 k‖ui+θh
‖2h)

1

2(
∑N

i=0 |ui+1h
− uih|2h)

1

2

by using(4,13),(4,15) and the convergence assump-

tion(redundant when θ = 0) (1− θ)kS(h)2→ 0 ifh, k → 0
we obtain yh,k → 0 ifh, k → 0
and hence:
∫ T
0 (v′ + Au− f, v − u)dt ≥ 0 ∀v ∈ χ0 u ∈ χf

and uis indeed a weak solution

4. Strong convergence

in fact it my be shown that

phuh,k → ∂u inL2(0, T, F )
for this we consider a sequence u∗h,k which

approximatesuand we shall evaluate

χh,k =
∫ T
k (Ahuh,k − Ahu

∗
h,k, uh,k − u∗h,k)dt

and shaw that

χh,k → 0
from lemma(4,2) and putting vh,k = u∗h,kin(4,5) we obtain

∫ T

k
(Ahu

θ
h,k, uh,k)dt ≤

∫ T

k
(∂u∗h,k, u

∗
h,k−uh,k)dt+

∫ T

k
(Ahu

θ
h,k, u

∗
h,k)dt−

∫ T

k
(4.20)

χh,k =

∫ T

k
(Ahuh,k, uh,k)dt−

∫ T

k
(Ahuh,k, u

∗
h,k)dt+

∫ T

k
(Ahu

∗
h,k, u

∗
h,k−uh,k)

(4.21)

and hence

∫ T

k
(Ahuh,k, uh,k)dt =

∫ T

k
(Ahu

θ
h,k, uh,k)dt−(1−θ)

∫ T

k
(Ahuh,k(t)−Ahuh,k

(4.22)

so that (4,20),(4,22) in (4,21) we obtain: χh,k <
∫ T
k (∂u∗h,k + Ahu

∗
h,k − fh,k, u

∗
h,k − uh,k)dt + (θ −

1)
∫ T
k (Ahuh,k(t)− Ahuh,k(t− k), u∗h,k(t)− uh,k(t))dt

we shall now shaw that

Zh,k = (1− θ)|∑N−1
i=0 k(Ah(u

i+1
h
− uih), (u

i+1
h

)∗ − ui+1
h

)|
Zh,k → 0 consequently χh,k → 0 if
∫ T
k (∂u∗h,k + Ahu

∗
h,k − fh,k, u

∗
h,k − uh,k)dt→ 0

we cane deduce from the uniform coercivity ofAh in h that

ph(uh,k − u∗h,k)→ 0

and thus

phuu,k → ∂uinL2(0, T, F )
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