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Abstract. In this paper we propose an algorithm for solving bilevel
linear programming problems, in which the second level problem is re-
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1 Introduction

Bilevel programming is a tool for modelling two level hierarchical systems. This
class of programs constitutes a branch of mathematical programming in which
the constraints are, partially, determined by another optimization problem.

Bilevel programming is motivated by the static noncooperative game theory
of Stackelberg. In these problems, the upper level is termed Leader and the
lower level is termed Follower. The control of variables is partitioned between the
decision maker’s who attempt to optimize their individual objectives. The Leader
goes first in order to optimize his objective function. The Follower observes the
Leader’s decision and constructs his decision.

Bilevel linear programming (BLP ) is one of the basic models of bilevel pro-
gramming where the objective function and the constraints of the upper level and
the lower level problems are all linear. The (BLP ) problem can be formulated
as follows:

max
x

F (x, y) = ct
1x + dt

1y, (1a)

s.t. A1x + B1y ≤ b1, (1b)
x ≥ 0; (1c)

max
y

f(x, y) = ct
2x + dt

2y, (1d)

s.t. A2x + B2y ≤ b2, (1e)
y ≥ 0, (1f)
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2 M. S. Radjef and A. Anzi

where x, c1, c2 ∈ Rn1 ; y, d1, d2 ∈ Rn2 ; b1 ∈ Rm1 ; b2 ∈ Rm2 ; A1 ∈ Rm1×n1 ;
B1 ∈ Rm1×n2 ; A2 ∈ Rm2×n1 and B2 ∈ Rm2×n2 .
Following [9] we give these definitions:

1. Constraint set of the problem

S = {(x, y) : A1x + B1y ≤ b1, A2x + B2y ≤ b2, x ≥ 0, y ≥ 0} .

2. Feasible set for the Follower for each fixed x

S(x) = {y ∈ Rn2 : B2y ≤ b2 −A2x, y ≥ 0} .

3. Projection of S onto the Leader’s space

P (X) = {x ∈ Rn1 : ∃y ∈ Rn2 , A1x + B1y ≤ b1, A2x + B2y ≤ b2, x ≥ 0, y ≥ 0} .

4. Follower’s rational reactions set for x ∈ P (X)

R(x) = {y ∈ Rn2 : y = arg max[f(x, ŷ) : ŷ ∈ S(x)]} .

5. Inducible region
RI = {(x, y) ∈ S, y ∈ R(x)} .

The inducible region represents the feasible set over which the Leader may
optimize his objective.

There are mainly two ways to formulate a (BLP ) : the pessimistic formu-
lation and the optimistic one. The formulation considered in this paper is the
optimistic formulation. In this case, an optimal solution of the (BLP ) is defined
as follows:

Definition 1 [15] A point (x∗, y∗) ∈ RI is an optimal solution of problem (1) if

ct
1x
∗ + dt

1y
∗ ≥ ct

1x + dt
1y, ∀(x, y) ∈ RI.

The (BLP ) is a nonconvex and NP-Hard problem. Such characteristics are
proper even if constraints (1b) do not exist. This is the most studied version
of (BLP ) . To solve this problem, many approaches have been proposed in the
literature. These methods can be divided into the following categories:

(a) Methods based on vertex enumeration [8],[10],[13].
(b) Methods based on KKT reformulation [6],[14],[21].
(c) Methods based on meta-heuristics [20],[25].

In this paper, we consider the (BLP ) with upper level constraints and use
the second approach which consists in replacing the Follower’s problem (1d)-(1f)
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with its Karush-Khun-Tucker optimality conditions. The resulting problem has
the form (see [9], proposition 5.2.2 ) :

max
x,y

F (x, y) = ct
1x + dt

1y (2a)

A1x + B1y + e = b1 (2b)
A2x + B2y + w = b2 (2c)

Bt
2u− v = d2 (2d)

vty + utw = 0 (2e)
x ≥ 0, y ≥ 0, u ≥ 0, v ≥ 0, w ≥ 0, e ≥ 0. (2f)

where w ∈ Rm2 and e ≥ 0 are slack variables, v ∈ Rn2 and u ∈ Rm2 are dual
variables. Then we apply an exact penalization to the nonconvex constraints
(2e) in order to transform problem (2) in a concave minimization problem under
linear constraints. Finally, we use DC programming and DCA algorithm to solve
the resulting problem .

DC programming and DCA algorithm [3],[5] have been introduced by P.D.
Tao in 1986. DCA is a primal-dual method for solving a general DC program.
In general, DCA converges to a local solution, however, il was observed in prac-
tice that it converges quite often to a global one. This method has proved its
efficiency from both theoretical and numerical viewpoints and has been success-
fully applied to a large number of nonconvex and nondifferentiable problems in
various domains.

The paper is organized as follows. In section 2, we describe how to refor-
mulate the problem via an exact penalty technique. Section 3 is devoted to DC
programming and DCA algorithm for solving the resulting penalized problem.
Computational results are presented in section 4, while some conclusion is pre-
sented in the last section.

2 Reformulation via exact penalty

In this section, we use an exact penalty to reformulate the problem (2) in the
form of a concave minimization program. For this we first introduce some useful
notations. Let
z =

(
x y e w v u

)t ∈ Rn, c =
(−c1 −d1 0 0 0 0

)t ∈ Rn,

A =

A1 B1 Im1 0 0 0
A2 B2 0 Im2 0 0
0 0 0 0 −In2 Bt

2

 ∈ Rm×n, b =

 b1

b2

d2

 ∈ Rm,

Eu =
(
0 0 0 0 0 Im2

)
, Ev =

(
0 0 0 0 In2 0

)
,

Ew =
(
0 0 0 Im2 0 0

)
, Ey =

(
0 In2 0 0 0 0

)
,

where Ik is k × k identity matrix ; 0 is zero matrix with appropriate dimen-
sion for each case, with n = n1 + 2n2 + m1 + 2m2; m = m1 + m2 + n2.
Using these notations, we have :
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4 M. S. Radjef and A. Anzi

utw = (Euz)t(Ewz) = zt(Et
uEw)z = ztD1z, and vty = (Evz)t(Eyz) =

zt(Et
vEy)z = ztD2z,

which gives : utw + vty = ztD1z + ztD2z = ztDz with D1 + D2 = D.

Note that the elements dij(i = 1, n, j = 1, n) of matrix D are all nonnega-
tive. Setting Dz = q(z), problem (2) can be written as

min
{
F (z) = ctz,Az = b, ztq(z) = 0, z ≥ 0

}
(3)

with q(z) ≥ 0, ∀z ≥ 0.

Consider the convex set Z = {z ∈ Rn : Az = b, z ≥ 0}, and let be the function

Ψ : Rn → R defined as Ψ(z) =
n∑

i=1

min{qi(z), zi}. Ψ is a finite concave and

nonnegative function on Z. Then we have

{z ∈ Z, ztq(z) = 0} = {z ∈ Z, Ψ(z) ≤ 0}.

Thus, the problem (3) can be rewritten in the form

α = min{F (z) : z ∈ Z, Ψ(z) ≤ 0}. (4)

If Z is a nonempty and bounded set, then ([2], theorem 1 ) there exists k0 ≥ 0
such that for every k > k0, problem (4) is equivalent to the following penalized
problem:

α(k) = min{F (z) + kΨ(z) : z ∈ Z}. (5)

which is a concave minimization program under linear constraints.

3 DCA for solving problem (5)

This section is devoted to the DC decomposition of problem (5) and its resolution
with DCA algorithm.

3.1 DC programming

Let Γ0(X) denotes the set of all lower semicontinuous proper convex functions
on X. A general DC program has the form

α = inf{f(x) = g(x)− h(x) : x ∈ X}, (6)

where g, h ∈ Γ0(X) are called DC components of the function f and g − h is
the DC decomposition of f .

The dual of (6) is the DC program

α = inf{h∗(y)− g∗(y) : y ∈ Y }, (7)
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where g∗ and h∗ are respectively the conjugate function of g and h :

g∗(y) = sup{〈x, y〉 − g(x) : x ∈ X}.

For problem (6) we have the following necessary local optimality conditions [2]

∅ 6= ∂h(x∗) ⊂ ∂g(x∗) (8)

∅ 6= ∂g(x∗) ∩ ∂h(x∗). (9)

Such a point x∗ is called critical point of g − h.

A function g is polyhedral convex on a convex polyhedral set C ⊂ Rn if it
is of the form

g(x) = max{〈ai, x〉 − βi : i = 1, ...,m}+ χC(x),

where ai ∈ Rn, βi ∈ R, i = 1, ...,m and χC is the indicator function of C

χC(x) = 0 if x ∈ C, +∞ otherwise.

A DC problem is called polyhedral DC program if g or h are polyhedral convex
functions. For this class of DC programs condition (8) is also sufficient.

DCA algorithm is a descent method without linesearch, consisting of the con-
struction of the two sequences {xi} and {yi}, (candidates for being primal and
dual solutions, respectively), such that their corresponding limit points satisfy
local optimality conditions. Recall that there are two forms of DCA: the simpli-
fied DCA (or DCA) and the complete DCA. In practice we use the first because
it is less expensive.

DCA algorithm:

1 : x0 given.
2 : Compute yi ∈ ∂h(xi).
3 : Compute xi+1 ∈ ∂g∗(yi).
4 : if a convergence criterion is satisfied Stop; else i = i + 1 and goto 2.

3.2 DCA for solving (5)

We first prove that (5) is a DC program then we present DCA applied to the
resulting DC program.
Denote by χZ the indicator function of Z and let g and h given by

g(z) = χZ(z) and h(z) = −F (z)− kΨ(z). (10)

Therefore g and h are convex functions and problem (5) is equivalent to the DC
program of the form

min{g(z)− h(z) : z ∈ Rn}. (11)
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The application of the DCA to problem (11) consists of computing the two
sequences {ti} and {zi+1} defined by

ti ∈ ∂h(zi) and zi+1 ∈ ∂g∗(ti).

Using the rules in convex analysis we compute {ti} and {zi+1}.

Computation of ti ∈ ∂h(zi) : we choose ti ∈ ∂
(− ctzi−k

n∑
j=1

min{qj(zi), zi
j}
)

of the form
ti = −c + kθi, (12)

where θi ∈∑n
j=1 ∂

(
max{−qj(zi), − zi

j}
)

and qj(zi) = Djz
i.

Let be

θi = −
n∑

j=1


Dt

j , if zi
j > Djz

i,
ej , if zi

j < Djz
i,

γej + (1− γ)Dt
j , if zi

j = Djz
i,

(13)

where Dj is the j-th line of matrix D, ej is the j-th unit vector of Rn and
γ ∈ [0, 1].
Hence, θi given by (13) is an element of

∑n
j=1 ∂

(
max{−Djz

i,−zi).

Computation of zi+1 ∈ ∂g∗(ti) : following [22], we can choose zi+1 as the
solution of the following linear programming problem

min{−〈z, ti〉 : z ∈ Z}, (14)

DCABLP (DCA for (5))

1 : Let z0 initial guess, ε > 0, k ∈ R+, γ ∈ [0, 1] and λ > 0. Set i = 0.
2 : Compute ti ∈ ∂h(zi) using (12).
3 : Compute zi+1 ∈ ∂g∗(ti) by solving (14).
4 : If yi+1 ∈ arg max

{
f(xi+1, y) : B2y ≤ b2 −A2x

i+1, y ≥ 0
}
, then go to 5;

otherwise go to 7.
5 : Compute (v∗, u∗), solution of the dual problem

min{ut(b2 −A2x
i+1) : Bt

2u− v = d2, u ≥ 0, v ≥ 0}, hence
zi+1 = (xi+1, yi+1, ei+1, wi+1, v∗, u∗).

6 : If ‖zi+1 − zi‖/(‖zi‖+ 1) ≤ ε, then stop zi+1 is optimal solution of (5); and (x∗, y∗) is optimal for (1).
otherwise go to 7.

7 : Set zi = zi+1, i = i + 1, k = k + λ and go to 2.

Remark 1 Problem (5), with DC decomposition (10), is a polyhedral DC pro-
gram since g = χZ is polyhedral convex function [22]. In this case DCA applied
to (5) has finite convergence [3],[5].

Remark 2 In step 4 of the algorithm, we test the feasibility of the solution
(xi+1, yi+1) for the (BLP ) . If the test in step 4 is satisfied we have yi+1 ∈
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R(xi+1) ( see definition 4). Since (xi+1, yi+1) ∈ S, then we have (xi+1, yi+1) ∈ RI
which implies that (xi+1, yi+1) is a feasible solution.

Remark 3 If z∗ = (x∗, y∗, e∗, w∗, v∗, u∗) is an optimal solution of (5), then the
optimality of (x∗, y∗) for problem (1) is provided by step 5. In fact, suppose that
z∗ is an optimal solution for (5) with k = k̃. Then, we have

g(z∗)− h(z∗) ≤ g(z)− h(z), ∀z ∈ Z.

Since g = χZ and z, z∗ ∈ Z, we have

0− h(z∗) ≤ 0− h(z), ∀z ∈ Z,

which gives
F (z∗) + k̃Ψ(z∗) ≤ F (z) + k̃Ψ(z), ∀z ∈ Z. (15)

ctz∗ + k̃Ψ(z∗) ≤ ctz + k̃Ψ(z), ∀z ∈ Z. (16)

From remark 2, (x∗, y∗) is an optimal solution of the follower’s problem. More-
over, from duality in linear programming, if (v∗, u∗) is the optimal solution of
the follower’s dual problem, then the complementary constraints are satisfied ;
that is the penalty function Ψ(z∗) is zero. We have then

ctz∗ ≤ ctz, ∀z ∈ Z.

Hence
−ctz∗ ≥ −ctz, ∀z ∈ Z,

which gives
ct
1x
∗ + dt

1y
∗ ≥ ct

1x + dt
1y, ∀(x, y) ∈ RI.

Then (x∗, y∗) is an optimal solution of problem (1).

Initial point

In order to find an appropriate initial point to DCABLP, we use DCA to solve
the following problem

0 = min{Ψ(z) : Āz = b̄, z ≥ 0} (17)

where

Ā =

 0 0 0 0 0 0
A2 B2 0 Im2 0 0
0 0 0 0 −In2 Bt

2

 and b̄ =

 0
b2

d2

 ,

which is a concave minimization problem and whose optimal value is known
(equal to zero).
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4 Computational results

In this section we report computational experiments with the proposed algo-
rithm DCABLP. The algorithm has been coded in MATLAB and run on a PC
Pentium IV 3.00 GHz, RAM 512Mb using the simplex algorithm for solving lin-
ear subproblems. In order to evaluate the performance of the proposed algorithm
we tested it on a set of 11 problems whose optimal solutions are known. The
initial point was calculated by solving problem (17). For parameter γ in (13),
we took the value γ = 0.5. The algorithm is stopped when ε ≤ 10−3.

The results of the algorithm are reported in table 1 where we use the follow-
ing notations:

k : penalty parameter.
λ: increasing parameter.
t : the total time for the algorithm and is given in seconds.
It : the number of iterations of the algorithm.
(x∗; y∗): the optimal solution of the problem.
(F ∗; f∗): the Leader’s and the Follower’s optimal value respectively.
”−” the algorithm failed to solve the problem.

Test problems

P1 [24] :



max F (x, y) = 8x1 + 4x2 − 4y1 + 40y2 + 4y3
x ≥ 0
max f(x, y) = −x1 − 2x2 − y1 − y2 − 2y3
0x1 + 0x2 − y1 + y2 + y3 ≤ 1
2x1 + 0x2 − y1 + 2y2 − 0.5y3 ≤ 1
0x1 + 2x2 + 2y1 − y2 − 0.5y3 ≤ 1
y ≥ 0

P2 [6] :



max F (x, y) = x + 3y
x ≥ 0
max f(x, y) = x− 3y
−x− 2y ≤ −10
x− 2y ≤ 6
2x− y ≤ 21
x + 2y ≤ 38
−x + 2y ≤ 18
y ≥ 0

P3 [20] :



max F (x, y) = 8x1 + 4x2 − 4y1 + 40y2 + 4y3
x1 + 2x2 − y3 ≤ 1.3
x ≥ 0
max f(x, y) = −2y1 − y2 − 2y3
0x1 + 0x2 − y1 + y2 + y3 ≤ 1
4x1 + 0x2 − 2y1 + 4y2 − y3 ≤ 2
0x1 + 4x2 + 4y1 − 2y2 − y3 ≤ 2
y ≥ 0

P4 [10] :



max F (x, y) = x + y
x ≥ 0
max f(x, y) = 0x− y
−4x− 3y ≤ −19
x + 2y ≤ 11
3x + y ≤ 13
y ≥ 0

P5 [26] :



max F (x, y) = −x− 5y
x ≥ 0
max f(x, y) = 0x + y
−x− y ≤ −8
−3x + 2y ≤ 6
x + 4y ≤ 48
x− 5y ≤ 9
y ≥ 0

P6 [23] :



max F (x, y) = −x1 − 2x2 − 2y1 + y2
x1 + x2 + 0.5y1 + y2 ≤ 6
x ≥ 0
max f(x, y) = −y1 + 2y2
−x1 + 2x2 + 0y1 + y2 ≤ 4
−x1 − x2 + y1 + y2 ≤ 5
y ≥ 0
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P7 [14] :



max F (x, y) = −0.4x1 − y1 − 5y2 + 0y3 + 0y4
x ≥ 0
max f(x, y) = 0x1 + 0y1 + 0.5y2 − y3 − 2y4
−0.1x1 − y1 − y2 + 0y3 + 0y4 ≤ −1
0.2x1 + 0y1 + 1.25y2 + 0y3 − y4 ≤ −1
−x + 6y1 + y2 − 2y3 + 0y4 ≤ 1
y ≥ 0

P8 [9] :



max F (x, y) = −x + 4y
x ≥ 0
max f(x, y) = 0x− y
−x− y ≤ −3
−2x + y ≤ 0
2x + y ≤ 12
−3x + 2y ≥ −4
y ≥ 0

P9 [24] :



max F (x, y) = 2x1 − x2 − 0.5y1
x1 + x2 ≤ 2
x ≥ 0
max f(x, y) = 0x1 + 0x2 + 4y1 − y2
−2x1 + y1 − y2 ≤ −2.5
x1 − 3x2 + y2 ≤ 2
y ≥ 0

P10 [24] :



max F (x, y) = −x + 4y
x ≥ 0
max f(x, y) = 0x− y
−2x + y ≤ 0
2x + 5y ≤ 108
2x− 3y ≤ −4
y ≥ 0

P11 [8] :



max F (x, y) = 2x1 − x2 − x3 + 2x4 + x5 − 3.5x6 − y1 − 1.5y2 + 3y3
x ≥ 0
max f(x, y) = 0x1 + 2x2 + 0x3 + 0x4 − x5 + 0x6 + 3y1 − y2 − 4y3
−x1 + 0.2x2 + 0x3 + 0x4 + x5 + 2x6 − 4y1 + 2y2 + y3 ≤ 12
x1 + 0x2 + x3 − 2x4 + 0x5 + 0x6 + 0y1 − 4y2 + y3 ≤ 10
5x1 + 0x2 + 0x3 + x4 + 0x5 + 3.2x6 + 2y1 + 2y2 + 0y3 ≤ 15
0x1 − 3x2 + 0x3 − x4 + x5 + 0x6 − 2y1 + 0y2 + 0y3 ≤ 12
−2x1 − x2 + 0x3 + 0x4 + 0x5 + 0x6 + 0y1 − y2 + y3 ≤ −2
0x1 + 0x2 + 0x3 + 0x4 + 0x5 + 0x6 − y1 − 2y2 − y3 ≤ −2
0x1 − 2x2 − 3x3 + 0x4 − x5 + 0x6 + 0y1 + 0y2 + 0y3 ≤ −3
y ≥ 0

Pb (k; λ) (x∗; y∗) (F∗; f∗) t It
(1;0.1) - - - -
(1;0.5) (0 0.9 0 0.6 0.4) (29.2; -3.2) 4.06 19
(1;1) (0 0.9 0 0.6 0.4) (29.2; -3.2) 2.48 11

1 (5;1) (0 0.9 0 0.6 0.4) (29.2; -3.2) 2.07 7
(5;5) (0 0.9 0 0.6 0.4) (29.2; -3.2) 1.26 3
(10;5) (0 0.75 0 0.5 0) (23; -2) 0.7 2

(0.01;0.01) - - - -
(0.1;0.01) (16 11) (49; -17) 3.14 3
(0.1;0.1) (16 11) (49; -17) 6.92 6

(1;1) (16 11) (49; -17) 0.65 2
2 (5;1) (12 3) (21; 3) 0.17 2

(5;5) (12 3) (21; 3) 1.23 2
(10;5) (12 3) (21; 3) 0.18 2
(5;5) - - - -

3 (10;5) (0 0.78 0 0.43 0.26) (21.36; -0.95) 1.18 2
(15;5) (0 0.78 0 0.43 0.26) (21.36; -0.95) 1.44 2
(20;5) (0 0.78 0 0.43 0.26) (21.36; -0.95) 1.20 2

(0.1;0.1) - - - -
(1;0.1) (4 1) (5; -1) 0.09 2
(1;1) (4 1) (5; -1) 1.09 4

4 (5;1) (1 5) (6; -5) 0.7 2
(5;5) (1 5) (6; -5) 0.6 2
(10;5) (1 5) (6; -5) 0.6 2

(0.1;0.1) - - - -
(1;0.1) (2 6) (-32; 6) 1.5 3
(1;1) (2 6) (-32; 6) 1.7 3

5 (5;1) (2 6) (-32; 6) 0.5 2
(5;5) (2 6) (-32; 6) 0.6 2
(10;5) (2 6) (-32; 6) 0.56 2

(0.1;0.01) (4,10) (4; 10) 1.15 2
(1;0.1) (4,10) (4; 10) 1.01 2

6 (5;1) (4,10) (4; 10) 1.3 2
(5;5) (4,10) (4; 10) 0.96 2
(10;5) (4,10) (4; 10) 0.5 2
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(0.1;0.01) - - - -
(0.1;0.1) (0 0 1 0 2.25) (-5; -4) 0.68 2

(1;1) (0 0 1 0 2.25) (-5; -4) 0.6 2
7 (5;1) (0 0 1 0 2.25) (-5; -4) 0.56 2

(5;5) (0 0 1 0 2.25) (-5; -4) 1.06 2
(10;5) (0 0 1 0 2.25) (-5; -4) 0.96 2

(0.1;0.1) - - - -
(1;0.1) (4 4) (12; -4) 3.96 8
(1;1) (4 4) (12; -4) 1.51 3

8 (5;1) (2 1) (2; -1) 0.56 2
(5;5) (2 1) (2; -1) 0.21 2
(10;5) (2 1) (2; -1) 0.65 2

(0.1;0.1) - - - -
(1;0.1) (2 0 1.5 0) (3.25; 6) 2.12 2
(1;1) (2 0 1.5 0) (3.25; 6) 1.40 4

9 (5;1) (2 0 1.5 0) (3.25; 6) 1.42 2
(5;5) (2 0 1.5 0) (3.25; 6) 1.39 2
(10;5) (2 0 1.5 0) (3.25; 6) 1.43 2

(0.1;0.1) - - -
(1;0.1) (19 14) (37; -14) 0.64 2

10 (1;1) (19 14) (37; -14) 0.17 2
(5;1) (19 14) (37; -14) 1.28 6
(5;5) (19 14) (37; -14) 0.5 2

(0.1;0.1) - - - -
(0.5;0.1) (0 4 0 15 9.2 0 0 0 2) (41.2; -9.2) 1.17 2

11 (1;1) (0 2 0 11 19.6 0 2 0 0) (37.6; -13.6) 0.7 2
(5;1) (1 0 0 6 21 0 2 0 0) (33; -19) 2.64 6
(5;5) (1 0 0 6 21 0 2 0 0) (33; -19) 1.2 2
(10;5) (0.5 0 0 0 3.93 3.92 0 1 0) (-8.04; -4.93) 0.6 2

Tab. 1: Numerical results for DCABLP

Comments: from numerical experiments, we observe that

– the algorithm with the starting procedure is efficient: in most problems, with
a good choice of the penalty parameter, it computed the global solution.

– the algorithm terminates rapidly; the average number of iterations is 2.
– the total time of the algorithm is small; this result is normal because there

are only linear programs to solve at each iteration.
– the computational requirements (choice of penalty parameter and increasing

parameter) are greatly dependent on the problem structure.

In table 2 we give the comparison between our results and the results in some
references: ( / : means that the execution time is not given in the reference)

parameters results in the paper result in the references
(k; λ) (x∗; y∗) F ∗ t It (x∗; y∗) F ∗ t It

1 [24] (5;1) (0 0.9 0 0.6 0.4) 29.2 2.07 7 (0 0.89 0 0.59 0.39) 25.92 0.047 22
2 [6] (1;1) (16 11) 49 0.65 2 (16 11) 49 / 28
5 [26] (5;5) (2 6) -32 0.6 2 (2.0002 5.9999) -31.9999 / 34
6 [23] (5;5) (4 10) 4 0.96 2 (4 10) 4 / 11
9 [24] (5;5) (2 0 1.5 0) 3.25 1.39 2 (2 0 1.5 0) 3.25 0.037 107
10 [24] (5;5) (19 14) 37 0.5 2 (18.92 13.95) 36.88 0 8

Tab. 2: Comparison results
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From table 2 the results in the paper accord with the results in the references.
In addition, we can see that our algorithm gives the exact solution.

5 Conclusion

We have presented a DC optimization approach for solving bilevel linear opti-
mization problems. The resulted DC program is polyhedral and the DCA al-
gorithm has a finite convergence. Computational experiments show that the
procedure of calculating the starting point is efficient, but the search of global
solution remains sensitive to the choice of the penalty parameter. The proposed
algorithm is fast, since it solves only linear subproblems at each iteration.
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