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Abstract—In this paper, we are addressing the two-machine
open shop problem with a single sever. A job must be prepared
by the server and then will directly be processed on a machine.
We show the N P-completeness in the strong sense of a restricted
case. Then, we propose two mixed integer programming formulations to solve the general problem. Finally, we analyze their
performance by an experimental study we conducted.
Index Terms—Open shop, set-up times, server, makespan, MIP
model

I. I NTRODUCTION
In scheduling theory, it is generally assumed that the setup time necessary for processing a job is either negligible or
part of the processing time. This assumption does not remain
valid if the set-up depends on additional resources of limited
capacity. In this case, a set-up cannot be started if the resources
are occupied even though a machine and a job are available.
This will cause idle times that can significantly affect the
quality of the resulting solution. Therefore, the set-up has to
be considered as a distinguished part from the processing.
The type of set-up times we are considering in this paper
can be seen as the time during which we prepare the necessary resources (machines, tools, etc.) to process a job. The
preparation can be the loading and positioning of a job on
its machine, or settings that must be done on the machine
with the presence of the job on it. Thus the set-up depends on
the job to be processed and require its availability. Moreover
they are handled by resources, other than the machines, that
are of limited capacity. The additional resources can be robots,
servers, operators that are only needed during the set-up phase.
Before proceeding and since we are addressing a variant of
the open shop, let us describe the standard two-machine open
shop scheduling problem. Given are two machines M1 and M2

to process a set T = {T1 , T2 , . . . , Tn } of n jobs available at
time t = 0. The processing of job Ti , i = 1, . . . , n, on machine
Mj , j = 1, 2, is called operation, namely Oji . Furthermore, the
processing order of a job on the machines is arbitrary and has
to be chosen during the process of constructing a solution. We
seek a schedule that minimizes the overall completion time,
also called the makespan. This problem is solvable in linear
time by either the algorithm of Sahni and Gonzalez [1] or
Pinedo and Schrage [2].
In the variant of the precedent problem, we are addressing
in this paper, an additional resource, as discussed above, is
available in one unit i.e. a server. The server can only handle
one set-up at a time.
The paper is organized as follows. Section II is devoted to
the literature review. In section III we present our problem
and in section IV we give its complexity. In section V, we
present the two mixed integer programming formulations we
developed and the experimental study we conducted to analyze
their performance. We concluded the paper in section VI.
II. L ITERATURE REVIEW
Many works had considered scheduling problems under
resource constraints for setting the jobs. In what follows we
are giving a literature review of those works.
In [3]–[6] is treated the problem with identical parallel
machines and a server. Papers [7]–[12] have considered the
problem with two identical parallel machines and a server. [13]
has treated the problem with m identical parallel machines and
(m−1) servers. The same problem has been treated in [14] but
with k servers (k < m ). When [15] has studied the problem
with two dedicated parallel machines and a server.
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The authors of [16] have considered the problem with two
identical parallel machines and k resources of unit demand to
set-up the jobs. Paper [17] approached the two-machine flow
shop problem and a server with setting and removal times. In
[15], the two-machine flow shop and the no-wait two-machine
flow shop with a server are treated. Also [18] has studied the
flow shop problem with a server.
Let us mention in the last position, with more details, the
works that addressed similar problem to the problem we are
studying. First, [15] treated a two-machine open shop problem
with set-up times. The set-ups here are handled by a single
server. In this problem a job can be prepared even if its
processing on another machine is not yet completed. They
showed that the problem is N P-hard in the strong sense. Also
in [19] is studied a two-machine open shop but with a set of
additional resources of limited capacity. A job may require a
subset of the resources to be setted up. A feasible schedule is
a schedule where the set-up of a job cannot start if this job is
still being processed on the other machine.
III. D EFINITION OF THE PROBLEM

Ti
s1i
p1i
s2i
p2i
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T2
3
3
2
1

T3
1
1
1
3

TABLE I: Example
T1

M1

T2
T2

M2

T3
T3

T1
19

T1

M1

T2

M2

T2

T3

T3

T1
15

Fig. 1: The two obtained solutions
We notice that the makespan of the two solutions are
different. The optimal solution is given in Fig. 2. Its optimality
can be verified by enumerating all the possible solutions.
T2

M1

In the problem we are studying, we add to the standard
open shop problem with two machines, described above, a
server S1. In this case a job must be prepared by the server
then will be processed without preemption on machine Mj .
The period during which the server sets up job Ti for its
processing on Mj is called the set-up time, denoted hereafter
sji ≥ 0 and the processing period is called processing time,
denoted hereafter pji ≥ 0, i = 1, . . . , n; j = 1, 2. The server
will be available again at the end of a set-up phase and can
instantly start setting up another job on the second machine,
when processing continues on the first machine.
This makes it possible to distinguish in the execution of a
job two separate phases that succeed each other. The first phase
is a set-up phase followed immediately by a processing phase.
It should be noted that the set-up of a job cannot start on one
machine if it is being processed on the other machine. The
set-up cannot be done if the job is not available. The objectif
is to minimize the overall completion time. The problem is
denoted, O2, S1||Cmax .
We point out the differences between our problem and the
two similar others mentioned above. The work [19] has treated
the problem with a set of additional resources. Each resource
has a certain capacity. When in our problem, there is only one
additional resource, a single server. In [15] is, only, proved
the strong N P-hardness of the problem with one additional
resource. A set-up can be carried out in advance even if the job
is being processed on another machine. While in the problem
we are addressing a job must be available to be set up.
Example 1: For the sake of clarity, let us consider the
instance, given in Table I.
If the Pinedo and Scharage algorithm [2] is applied to solve
it, we obtain the two solutions illustrated in Fig. 1. Both
solutions are the scheduling of the same sequence of jobs,
but the unavailability of the server gives us two possibilities,
start on M1 or M2 .

T1
2
2
2
4

M2

T1

T1
T3

T3
T2
14

Fig. 2: Optimal solution
IV. C OMPLEXITY OF THE PROBLEM
In this section, we show the strong N P-completeness of
the case where the set-up time of a job on each machine is
equal to its processing time, denoted O2, S1|p1i = s1i , p2i =
s2i |Cmax .
The problem we used in the reduction process is the 3partition problem known to be N P-hard in the strong sense
[20]. It is defined as follows:
3-partition: GivenPa set A = {a1 , . . . , a3n } of 3n
positive integers , with i∈N ai = nB, for a certain integer
B, with B/4 < ai < B/2, i ∈ N = {1, . . . , 3n}. Does there
existP
a partition of N into n subsets Nj , j = 1, . . . , n such
that i∈Nj ai = B?
Theorem 1: O2, S1|p1i = s1i , p2i = s2i |Cmax is N P-hard
in the strong sense.
Proof 1: Given an instance of 3-partition, we construct the
following instance I of O2, S1|p1i = s1i , p2i = s2i |Cmax with
4n + 1 jobs. We denote the partition jobs as P -jobs. T 0 -jobs
are n identical jobs, Tk , k = 3n + 1, . . . , 4n, other than the
P -jobs. The set-up and the processing times are summarized
in Table II.

s1i
p1i
s2i
p2i

P-jobs: Ti , i =
1, . . . , 3n
0
0
ai
ai

T 0 -jobs T3n+k ,
k = 1, . . . , n
3B
3B
B
B

T4n+1
B/2
B/2
0
0

TABLE II: Set-up and processing times
It is clear instance I can be constructed in polynomial time.
In the following we show that the corresponding decision

problem of O2, S1|p1i = s1i , p2i = s2i |Cmax has a solution
S with Cmax (S) ≤ y = (6n + 1)B if, and only if, 3-partition
problem has a solution.
Let us first assume that 3-partition has a solution, and
A` , ` = 1, . . . , n, are the required subsets. Let N` , ` =
1, . . . , n, be the corresponding subsets of N = {1, . . . , 3n}
according to the partition. The schedule is illustrated in Fig. 3
and is as follows.
The processing on M1 is without idle time, according to the
following order:
(T3n+3 , T3n+4 , . . . , T4n , T3n+1 , T3n+2 , T4n+1 ).
The total idle time on M2 is equal to (2n + 1)B time units.
The processing on this machine starts at time 3B, according
to following order:
(Ti , i ∈ N1 , T3n+1 , Ti , i ∈ N2 , T3n+2 , . . . ,
Ti , i ∈ Nn−1 , T4n−1 , Ti , i ∈ Nn , T4n ).
An idle time of 2B time units occurs between the processing
of a job T3n+` and jobs Ti , i ∈ N` , ` = 1, . . . , n.
M1
M2

T3n+3
N1 T3n+1

T3n+4
N2 T3n+2

...

T3n+2
T4n−1

M1

T3n+k1
T3n+1

M2

...

T3n+2

T3n+kn
T4n−1

T4n

Fig. 4: Partial structure of the schedule
The only job left to schedule on M1 is T4n+1 . There are two
possibilities: schedule it in either the first or the last position.
If we schedule it in the first position then the makespan will
exceed y. Therefore, T4n+1 has to be scheduled in the last
position.
The jobs left to schedule are the P -jobs on M2 . In order
to not exceed the value of the makespan, these jobs must be
scheduled during the free time intervals on M2 . There are n
free time intervals of the same length, 2B time units.
Assume P` are the P -jobs scheduled during the time
interval `, ` = 1, . . . , n. In order to have a schedule with a
makespan of value y, the following equation must be verified:
P
i∈P` (s2i + p2i ) = 2B, ` = 1, . . . , n.
Then,

Nn T4n

Fig. 3: Structure of the schedule
Let us now assume that the scheduling problem has a
solution with a makespan equal to y = (6n + 1)B, we show
that 3-partition has a solution. The schedule has the following
structure.
There is no idle time on M1 whatsoever, since its total
execution time is equal to the makespan. The processing starts
on M1 otherwise the first set-up on M2 will cause an idle time
on this machine.
To avoid idle times on M1 , caused by the unavailability of
the server, we have to schedule the set-ups on M2 in parallel
with the processing phases on M1 . The set-up times of T 0 -jobs
are all equal to B. The only processing times larger than B
are the processing of T 0 -jobs on M1 . Therefore, the set-up of
each T 0 -job on M2 has to be scheduled in parallel with the
processing of another T 0 -job on M1 .
The total idle time on M2 is equal to (2n + 1)B time units.
Which is the difference between the completion time and the
overall processing time on M2 . Any supplementary idle time
on this machine will increase the value of the makespan.
Since the processing starts on M1 then, the first set-up on
this machine will cause an idle time on M2 of 3B time units.
No job can be started on M2 while the server sets up jobs on
M1 . To prevent this time interval from being idle, a processing
phase of a job must be scheduled at the same time as the
start of these set-ups. The largest processing times on M2 are
the processing of the T 0 -jobs. If the processing phase of a
T 0 -job on M2 starts at the same time as a set-up phase of
another T 0 -job on M1 then we obtain the smallest total idle
time possible on M2 . This idle time is unavoidable and equals
3B+2(n−1)B time units. The partial structure of the schedule
is as pictured by Fig. 4.

T3n+k2

Therefore,

P

i∈P`

P

i∈P`

2ai = 2B, ` = 1, . . . , n.
ai = B, ` = 1, . . . , n.

If we define subsets N` = P` , then N` , ` = 1, . . . , n represent
a solution of 3-partition.
V. MIP MODELS
Since the problem we are addressing is N P-hard in the
strong sense, the integer programming approach is well justified. In this section, we propose two mixed integer programming formulations.
A. First Model
This first model is based on directly defining the starting
time of each operation and the precedence relations between
operations. Most of the constraints are based on defining the
precedence relation between the operations. Thus, the decision
variables of the model are:
tji : starting time of operation j; j = 1, 2 of job Ti ;
i = 1, . . . , n.
The binary decision variables that express the precedence
relations between
operations

1 if Oji starts before Oj 0 i0 ;
xjij 0 i0 =
0 otherwise
j, j 0 = 1, 2; i, i0 = 1, . . . , n
Let us also
 define, for j = 1, 2 and i = 1, . . . , n, the following:
1 if sji > 0
aji =
0 otherwise
M: an upper bound of the makespan.
The objectif is to minimize the total completion time denote
y. The model is the following :
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min y
s.t. aj 0 i0 × (tji + sji ) ≤ tj 0 i0 + M × xjij 0 i0 ;
i, i0 = 1, . . . , n; j, j 0 = 1, 2;
(i, j) 6= (i0 , j 0 ).
aji ×(tj 0 i0 +sj 0 i0 ) ≤ tji +M ×(1−xjij 0 i0 );
i, i0 = 1, . . . , n;
j, j 0 = 1, 2; (i, j) 6= (i0 , j 0 ).
tji + sji + pji ≤ tji0 + M × xjiji0 ;
i, i0 = 1, . . . , n;
j = 1, 2; i 6= i0 .
(P1)
tji0 + sji0 + pji0 ≤ tji + M × (1 − xjiji0 );
i, i0 = 1, . . . , n;
j = 1, 2; i 6= i0 .
tji + sji + pji ≤ tj 0 i + M × xjij 0 i ;
i = 1, . . . , n;
j, j 0 = 1, 2; j 6= j 0 .
tji + sji + pji ≤ y;
i = 1, . . . , n; j, j 0 = 1, 2.

•
•

(1)

•
•
•

(2)

•

(1) ensures that there is only one operation on a position.
(2) makes that each operation takes one position.
(3) ensures that two successive set-ups dot not overlap.
(4) ensures that a machine processes one job at a time.
(5) imposes that the operations of the same job are not
processed simultaneously.
(6) establishes that the completion time of all jobs are
smaller or equal to y.

(3) C. Comparing the models

We first compare the components of the two models, the
number of variables and the number of constraints. The size
(4) of the two models are summarized in Table III. As we can see,
the number of binary variables in the second model is larger
than in the first model. The number of integer variables are
(5) the same for both models. The second difference resides in
the number of constraints where the second model has more
(6) constraints than the first model.
• (1) and (2) ensure that the server sets up only one job at
Binary
Integer
Model
Constraints
a time.
variables
variables
2
• (3) and (4) ensure that a machine processes only one job
(P1)
2n
2n + 1
8n2 − n
2
3 − 12n2 + 11n − 1
(P2)
4n
2n
+
1
12n
at a time.
• (5) ensures that operations of the same job will not be
TABLE III: Size of the mathematical models
processed at the same time.
• (6) indicates that the completion time of all jobs are
Let us now compare the performance of the two above
smaller or equal to y.
models.
We conducted a computational experiment on an
B. Second Model
IBM ILOG CPLEX Optimization Studio 12.7. The number
Since the set-ups cannot run in parallel, then a set-up order of jobs varies in {5, 10, 15, . . . , 75}. The set-up times and the
is defined for the operations. This results in a permutation of processing times are generated randomly, according to the
operations. The model is summarized in (P2).
variation of a certain parameter c ∈ {0.0, 0.1, 0.2, . . . , 0.9}.
The decision variables are the following for i = 1, . . . , n; The total processing times P = p +s and the set-up times
ji
ji
ji
j = 1, 2; k= 1, . . . , 2n:
of each operation are generated from a uniform distribution in
1 if operation Oji is in position k
xjik =
[min{10, n}, max{10, n}] and [bc × Pji c, b(0.3 + c) × Pji c],
0 otherwise
respectively. For a value of the two parameters (n, c) we
tk : starting time of the k th set-up, k = 1, . . . , 2n.
generate 10 instances. A run time limit of 3600 seconds is
M : an upper bound.
imposed for each instance. In what follows we compare the
min y
n
2
performance of the two models by comparing the average run
P P
s.t.
xjik = 1; k = 1, . . . , 2n.
(1) time given in seconds.
i=1 j=1
2n
P

xjik = 1; j = 1, 2; i = 1, . . . , n.

k=1

tk +

n P
2
P

i=1 j=1

(P2)

xjik × sji ≤ tk+1 ;

k = 1, . . . , 2n − 1.
n
P
tk +
xjik × (sji + pji ) − tk0 ≤ M ×
(1 −

i=1
n
P

i=1

(2)

(3)

xjik0 ); j = 1, 2;

k = 1, . . . , 2n − 1; k 0 = k + 1, . . . , 2n.
tk + (sji + pji ) − tk0 ≤ M × (2 − xjik −
xj 0 ik0 ); i = 1, . . . , n; j 6= j 0 = 1, 2;
k = 1, . . . , 2n − 1; k 0 = k + 1, . . . , 2n.
n P
2
P
tk +
xjik × (sji + pji ) ≤ y
i=1 j=1

k = 1, . . . , 2n.

(4)
(5)

1800
1600
1400
1200
1000
800
600
400
200

 (P 1)
∗
∗ (P 2)
∗
∗
∗
∗
∗
  
∗
 

∗
∗
∗

∗    
∗∗
∗∗
∗∗
∗∗
∗
5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 n

Fig. 5: c = 0.0

For the first type, c = 0.0, as we can see in Fig. 5, model
(P1) outperforms model (P2) and it can solve instances of up
to 75 jobs. Whereas (P2) run time increases rapidly to the
(6) point where it can solve only instances of at most 30 jobs.
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Concerning the second type, c = 0.1, model (P1) is still
the outperforming model but it is less efficient than it was for
the first type. It is able to solve instances of up to 65 jobs.
However, even though (P2) is faster for this type than it was
for the previous one, it can solve instances of at most 30 jobs
as illustrated in Fig. 6.
800
700
600
500
400
300
200
100




∗

∗
∗
∗
    
∗∗∗∗∗
∗  
∗
∗ 
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(P 1)
(P 2)

1800
1600
1400
1200
1000
800
600
400
200

n

For the third type, c = 0.2, as shown in Fig. 7, the two
models have the same performance quality. Both are able to
solve instances for a number of jobs up to 30.

∗

∗
∗∗∗
∗
∗∗∗∗∗
∗∗∗
∗
5
10 15 20

∗

∗

∗


∗

∗

(P 1)
(P 2)

3600
35

n
2000

Fig. 7: c = 0.2

1400
1000
600
200

When it comes to the fourth type, c = 0.3, we can clearly
see that it constitutes the hardest type instances. Model (P2)
can solve more instances but only those with up to 15 jobs.
Model (P1) could not solve any instance for n = 10. However
it was able to solve instances with 15 and 20 jobs. The running
times of (P1) and the performance of (P2) for the first interval
are summarized in Table IV and Fig. 8, respectively.
n
5
10
15
20

0.62 0.71
669.59 -

0.71 0.85
284.37 109.69 -

0.89 0.57 0.87
607.49 933.07 -

∗
∗∗
∗∗
5
10

15

n

20


∗


∗∗∗∗
∗

∗
∗
∗∗∗∗
∗∗∗∗
∗
5
10 15 20 25

(P 1)
(P 2)

30 n

3000

0.67
-

2000
1400
1000
600
200

TABLE IV: Performance of (P1) for c = 0.3
For c = 0.4, both models were able to solve the same
size instances. However, model (P2) is faster than model (P1),
which makes it the outperforming model for this type. As
we can see in Fig. 9, both models solve instances up to 25
jobs. Clearly model (P2) is more efficient than model (P1) for
instances with c = 0.4.
Regarding instances with c = 0.5 and c = 0.6, the
performance of (P2) is better as instances up to 40 jobs may


∗

(P 1)
(P 2)

∗
∗
∗
∗
∗
∗
∗

∗
∗∗
∗∗∗∗∗∗∗∗∗
∗∗∗∗
∗∗∗∗
∗
5 10 15 20 25 30 35 40 n

Fig. 10: c = 0.5

3600
0.78 0.67
208.29 291.82 -

∗

be solved, whereas (P1) is much slower and was only able to
solve instances of at most 25 jobs. The results for these types
are summarized in Fig. 10 and 11.

∗

30

(P 2)

Fig. 9: c = 0.4

3000
25

∗

∗

Fig. 8: c = 0.3

Fig. 6: c = 0.1
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(P 2)

∗
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∗
∗
∗
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∗
∗
∗

∗∗∗
∗∗∗∗∗∗∗∗∗∗
∗∗∗∗
∗
5 10 15 20 25 30 35 40 n

Fig. 11: c = 0.6
For the last three types, c = 0.7, 0.8 and 0.9, model (P2)
remains the outperforming model solving instances of up to
40 jobs, even if the performance of (P1) improved for these
types compared to last four ones. Model (P1) is only able to
solve instances up to 35, as illustrated in Fig. 12, 13 and 14.
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Fig. 12: c = 0.7
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Fig. 13: c = 0.8
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Fig. 14: c = 0.9

It is easy to distinguish the types of instances for which
model (P1) outperforms model (P2). Indeed, model (P1) has
a better performance for the type of instances with c < 0.2.
Both models share the same performance for instances with
c = 0.2. For c > 0.2, model (P2) becomes the outperforming
model. Nevertheless, we may conclude that both models are
efficient.
VI. C ONCLUSION
We have studied in this paper the two-machine open shop
problem with the presence of a server that sets up the jobs
before their processing. We showed the N P-hardness in the
strong sense of a restricted case. Then, we proposed two
mixed integer linear programming formulations to solve the
general problem. Both models are shown, through an extensive
numerical experiment, to be useful in the sense that one is
better than the other for different instances types. The two
models complete each other, since one is effective when the
other is not and vice versa.
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