International Conference on Artificial Intelligence and Information Technology, ICA2IT’19

Just in time multicriteria scheduling problem in
two-machine flow shop
1st OUIDDIR Djedjiga

2nd BOUIBEDE HOCINE Karima

RECITS Laboratory, Faculty of Mathematics
University of Science and Technology Houari Boumediene
Algiers, Algeria
Djedjigaou@gmail.com

RECITS Laboratory, Faculty of Mathematics
University of Science and Technology Houari Boumediene
Algiers, Algeria
ka.hocine@gmail.com

3th BOUDHAR Mourad
RECITS Laboratory, Faculty of Mathematics
University of Science and Technology Houari Boumediene
Algiers, Algeria
mboudhar@usthb.dz and mboudhar@yahoo.fr

Abstract—In this paper, we are interested in the just in time
multicriteria two-machine flow shop scheduling problem. Our
aim is to highlight basic scheduling objective functions and
the notion of just in time in production management. A cost
function is defined for each job, taking into account additional
constraints. We also position our problem with regard to what
exists in the literature. First, we provide a brief literature review
concerning the bi-criteria flow shop scheduling problem (FSP).
Afterwards, we propose a mixed integer linear programming
(MILP) formulation and two heuristics to solve the problem along
with an experimental study we conducted in order to test their
performance.
Index Terms—scheduling, flowshop, just in time, multicriteria,
MILP model, heuristic.

I. I NTRODUCTION
Flow shop scheduling problems (FSP) represent an important class of scheduling problems. Their importance and practical relevance to the industry have prompted researchers to
consider them from different angles for decades. Indeed, there
are several variants that take into account different constraints
and optimize one or multiple criteria at a time. This scheduling
problem can be defined generally as sequencing n jobs on m
machines according to certain performance measure(s). Each
job has to visit all the machines of the workshop. The running
order is the same for all the jobs (unidirectional stream, i.e.,
jobs are sequenced in a linear way following a chain). A
schedule meets these assumptions:
• A job can only be processed on one machine at a time.
• A machine can only process one job at a time.
• The processing of a job on a machine cannot be interrupted (no preemption).
• All jobs are independent and are available for processing
at time zero.
• The machines are continuously available.
In the literature, generally, flow shop scheduling problems
have been considered mono-criterion. However, multicriteria
scheduling problems satisfy better the manager’s requirements

since many real-world scheduling problems are multi-criteria
by nature. Therefore, this type of applications gets more and
more interest from researchers.
Both tardiness and earliness cause penalties that can implicate losing customers and increasing inventory cost, respectively. Therefore, minimizing tardiness and earliness of jobs
are the two most important objectives considered in the justin-time systems. This problem has been handled for the first
time by [1]. They proposed a simulated annealing (SA) metaheuristic to solve the F |prmu, di , nmit|Fl (Ēw , T̄w ) problem.
In [2] authors addressed a two machine flow shop scheduling
problem in which the objective function is to minimize the
sum of maximum earliness and tardiness (n/2/P/ETmax ) and
proposed a B&B algorithm. To the best of our knowledge,
no work related to our problem exists. We refer, using the
standard three field notation
problems, to our
P of scheduling
P
problem by : F 2|di , sii0 j | Ti ∗ Bi , Ei ∗ ki .
This paper is organized as follows. Section 2 is devoted
to the literature review. In section 3, we define the problem
understudy. In section 4 and 5, we present the MILP model
and the heuristics, respectively, we developed to solve the
problem. In section 6, we describe the extended experimental
study we conducted and then we present the obtained results
in section 7. We conclude the paper in section 8.

II. LITERATURE REVIEW
The literature contains several states of the art survey and
numerous works that addressed the just in time multi-criteria
scheduling problems. Moreover T’kindt V. and Billaut J-. C.
dedicated a whole part of their work to it [3]. In the following
we give a literature review on works that addressed the just in
time multi-criteria flow shop scheduling problems. The works
are classified according to the solving method.
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A. Exact methods
In [4] is proposed a B&B approach for the two-machine
flow shop scheduling problem with respect to the makespan
and maximum tardiness for computing the pareto solution.
[5] also presented a B&B procedure along with a heuristic
approach for the two-machine flow shop scheduling problem
to minimize total flow time subject to optimal makespan. [6]
proposed a B&B procedure for the two machine flow shop
problem to minimize a weighted sum of flow time and the
makespan. They also presented a greedy algorithm for the
upper bound of the B&B algorithm.
In [7] is developed a B&B procedure for the two-machine
flow shop problem with respect to the makespan and number
of tardy jobs. They also considered the makespan and total
tardiness.
In [8] is developed three B&B algorithms with different
branching strategies. They proposed two heuristics for the twomachine flow shop to minimize the makespan and the mean
flowtime. [9] proposed an integer programming model and a
heuristic algorithm for the two-machine problem in order to
minimize a weighted sum of makespan and total flowtime.
In [10] is presented a B&B algorithm for a two-machine
flow shop with makespan and flowtime.
In [11] is considered the minimization of a combination
of total flow time and total tardiness in a two-machine flow
shop. They proposed a B&B along with a lower bound
and dominance properties to increase the performance of the
algorithm.
[12] designed mathematical programming formulations, a
B&B algorithm and a heuristic algorithm for the two-machine
flow shop where the objective is to minimize total completion
time and the makespan. The results showed that the B&B
method proposed quite in handing MFSP.
In [13] is introduced a B&B approach for the two machine
flow shop to minimize the makespan and the maximum
tardiness. The algorithm was only able to solve small problem
instances. Therefore they constructed a heuristic method. The
tests shown that the heuristic was quite effective. Another
B&B algorithm was presented in [14] for the two-machine
flow shop, minimizing a weighted sum of the makespan and
the total completion time, the proposed algorithm was able to
solve up to 30 jobs.
[3] presented the B&B method for the two machine flow
shop problem with the objective of minimizing the sum of
maximum earliness and tardiness. The authors also introduced
some useful lemmas and policies to reduce computational
time. The performance of the B&B algorithm was evaluated
over many problems of various randomly generated sizes. The
results were quite encouraging.
B. Heuristics
In [15] is presented nine heuristics for the two machine flow
shop scheduling problem minimizing the total flowtime subject
to the makespan. The authors described some polynomially
solvable cases and evaluated the performance of the proposed
heuristics for finding approximate solutions. They showed that
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insertion heuristic based on the B&B algorithm proposed by
[7] yielded the best results within satisfactory computational
time duration.
[16] considered the minimization of the weighted sum
of the makespan and the mean flowtime in the two and mmachine flow shop scheduling problem. The author compared
existing heuristics for the two machine case. Three heuristics
were proposed and they were shown to outperform the existing
heuristics.
C. Meta-heuristics
In [17] was developed a simulated annealing algorithm for
the two machine flow shop optimization problem with the
objectives of minimizing the weighted total flowtime and the
total tardiness.
[18] proposed a tabu search for solving the two machine
flow shop problem with the makespan and the total flowtime
as objectives.
III. P ROBLEM DESCRIPTION
In this work, we are interested in solving the just in time bicriteria two-machine flow shop scheduling problem, JITFSP.
Given is a set T = {T1 , T2 , ..., Tn } of n independent orders.
Order Ti contains qi pieces, that must be processed on twomachine M1 and M2 in a flow shop environment.
Each piece of an order Ti requires an execution time pij ≥ 0
on the machine Mj . Let us point out that the pieces of the same
order have the same processing time. We denote by:
•

•
•
•

di : the delivery date of the order Ti .
Bi : the tardiness cost of the order Ti .
ki : the earliness cost of the order Ti .
sii0 j : setup times representing the preparation time of
machine Mj to receive the next order after the completion
of the current one.

Since scheduling tasks on just-in-time consists of processing
orders without advances and delays. Therefore we seek a
schedule that minimizes both the earliness and tardiness that
can occur during the processing of orders.
Just in time scheduling problems are an encompassing approach in order to make the finished product without the defect
of all the required operational activities. Starting from the
engineering of conception to the definitive delivery including
all the stages of manufacturing.
We defined as objective, the minimization of two criteria,
the earliness denoted, f1 = Σ ki ∗ Y1i , and the tardiness
denoted, f2 = Σ Bi ∗ Y2i , of the orders. Where Y1i = max
{0, di − Ci }, Y2i = max {0, Ci − di } and Ci represents the
date of the end of treatment of the order Ti . For a better explain
the problem we consider the following example summarized
in Table I:
The optimal solution is given in Fig. 1, obtained by enumerating all the possible solutions.

Ti
pi1
pi2
qi
di
Bi
ki
s1ij
s2ij
s3ij

T1
5
7
3
75
7
16
(0,0)
(17,9)
(0,1)

T2
6
8
1
80
7
6
(1,9)
(0,0)
(8,23)

T3
9
5
1
81
10
11
(6,15)
(15,12)
(0,0)

V. H EURISTICS

TABLE I
E XAMPLE

M1 T
2

s231

T3

T2

6

21

We developed two heuristics H1 and H2 to solve the JITFSP
which are presented in the following.

T11T12T13

M2

0

(3) ensures the non overlapping of pieces belonging
to the same order Ti on the same machine.
(4) specifies that the piece of an order Ti can
not begin processing on machine M2 until it has
completed its processing on machine M1 .
(5) and (6) equates earliness and tardiness of the
order Ti .

30 35 40 45
Fig. 1.
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T3s312 T11
T12T13

76 82 89 96 103

Optimal solution.

IV. MILP MODEL AND COMPLEXITY

A. Heuristic H1
of due dates in the objective function
PGiven the importance
P
Ei ∗ ki +
Ti ∗ Bi . A possible approach to minimize the
tardiness is to prioritize the jobs with smallest due date. Let us
remind that the EDD order ranges the orders in the increasing
order of : di .
Using the pervious reasoning we develop the following
heuristic.

Referring
P to the work of Karp (1972) [19] the problem F 2|| Ti is NP-hard
Pwhat makes
P the bi-criterion studied problem F 2|di , sii0 j | Ti ∗ Bi , Ei ∗ ki also NP-hard. Algorithm 1 Heuristic H1
Hence, no polynomial or psœudo polynomial algorithm exists
1: All orders are arranged according to the EDD order;
for the resolution of this problem. Therefore, we propose an
2: The orders are sequenced on M1 following the obtained
exact resolution using the following mathematical model.
order, without forgetting to insert setup times between two
We define the
following
decision
variables:
successive orders;

1 if i precedes i’,
3:
Sequencing on the second machine M2 :
• xii0 =
0 otherwise.
4: We denote by Si−1 the partial sequence obtained at
• y1i : earliness of the order Ti .
iteration i − 1.
• y2i : tardiness of the order Ti .
5: for i = 1 to n do
• tilj : start time of the piece l of the order Ti on the
6:
if max{Cmax (Si−1 ), (ti11 + pi1 + Ciqi 2 − ti12 )} ≤ di
machine Mj .
then
We also define:
7:
Order Ti starts at di − Ciqi2 − ti12 and an idle time
M: a large number.
is inserted before Ti ,
The objectif is to minimize the sum of the total cost of the
8:
else
earliness
total cost of the tardiness of the orders
9:
Ti is processed just after sequence Si−1
P and the P
(min Ei ∗ ki +
Ti ∗ Bi ).
10:
end if
The MILP model is summarized in (P) :
11: end for
P
P
12: while the objective function is improved do
min
y1i ∗ ki + y2i ∗ Bi
13:
the current partial sequence is shifted to the right.
s.t tiqi j + pij + sii0 j ≤ ti0 1j + M ∗ (1 − xii0 )
14:
end
while
∀i, i0 = 1, n, ∀j = 1, 2, i < i0 .
(1)
15: while the objective function is improved do
ti0 qi0 j + pi0 j + si0 ij ≤ ti1j + (M ∗ xii0 )
16:
the current partial sequence is shifted to the left.
∀i, i0 = 1, n, ∀j = 1, 2, i < i0 .
(2)
17: end while
(P)
tilj + pij ≤ til+1j
18: Calculate the objective function.
∀i = 1, n,∀l = 1, qi , ∀j = 1, 2.
(3)
til2 ≥ til1 + pi1
∀i = 1, n, ∀l = 1, qi .
(4)
di − (tiqi 2 + pi2 ) ≤ y1i
B. Heuristic H2
∀i = 1, n.
(5)
The second heuristic, that we denote H2 , is presented as
tiqi 2 + pi2 − di ≤ y2i
a new heuristic of solving by replacing the EDD order with
∀i = 1, n.
(6)
the order which ranges the orders in the increasing order of:
(1) and (2) ensure the non overlapping of the orders di − pi1 ∗ qi , minimizing the earliness of the orders in the case
on the same machine.
where pi1 ≤ pi2 , in the first heuristic H1 proposed.
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VI. T HE COMPUTATIONAL STUDY DESIGN

t(s)

In order to test the previous proposed methods we conducted the following experimental study. The instances are
generated randomly following the method described in [18].
The processing time pij of one piece of the order Ti is
generated from a uniform distribution in [5,25]. Then qi
the number of pieces by order is generated from a uniform
distribution in [1,50]. Due dates of the orders are generated
using two parameters, the due date range R, (R=0.2, 1.6) and
τ the tardiness factor (τ = 0.2, 0.6) which are generated
fromPaPuniform distribution [1 − τ − R2 ,1 − τ + R2 ] where
M=
pij ∗ qi + (n − 1) ∗ (max(sii0 1 ) + max(sii0 2 )).
To determinate the efficiency of the MILP model and the
two proposed heuristics, the instances are classified in two
groups. Each group is also divided into two types. The first
group includes instances that mostly have tardiness and the
second one those that mostly have earliness.
VII. C OMPUTATIONAL RESULTS
We start by testing the performance of the MILP model.
Afterward we compare the results given by the two heuristics.
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Fig. 3.

t(s)
160
140
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100
80
60
40
20

A. Computational results of the MILP model

n
0

In order to see the efficiency of the MILP model, the orders
of the tested instances are classified into 8 different sizes with
5, 10, 20, 30, 40, 50, 100 and 120 orders. A run time is limit
of 3600 seconds is imposed.
1) Computational results of the first group: In the first
group two types of instances are generated according to the
combination of the two factors of tardiness τ and range of
due dates R. Type 1 has the values τ =0,2 and R=0,6. Type 2
has τ =0,6 and R=0,6. The computational results of this group
are presented in Fig. 2 and 3. As shown in the two figures,
the MILP model solves instances of Type 1 with up to 120
orders. The average maximum running time reaches 2098,76
seconds. For instances of Type 2, it is able to solve instances of
100 orders. The average maximum running time is of 1786,57
seconds.

Execution time for instances of Type 2.

Fig. 4.
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Execution time for instances of Type 3.

results of this group are presented in Fig. 4 and Fig. 5. The
MILP model is able to solve instances of Type 3 with up to
50 orders instances and the average maximum running time
equal to 178,9 seconds. It is only able to solve instance of
Type 2 with 30 orders. The average maximum running time
reaches 1485,75 seconds.
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Execution time for instances of Type 1.

In the second group, two types of instances are generated
according to the combination of the two factors of tardiness
τ and range of due dates R. Type 3 has the values τ =0,6 and
R=1,6 and Type 4 has τ =0,2 and R=1,6, and the computational
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From the precedent results, we can deduce that the model is
efficient for most of time. We can conclude that the hard type
instances are those of Type 4. Even for this type the model
was able to solve instances with up to 30 orders. For another
type, the model solved instances with a number of orders that
reached 120.
B. Comparison of the two heuristics H1 and H2
To compare the results of the two heuristics proposed. The
orders of the tested instances in the two groups are classified

into 8 different sizes with 5, 10, 15, 20, 50, 100, 200 and
1000.
1) Solving first group instances: In the first group two
types of instances are generated according to the combination
of the two factors of tardiness τ and range of due dates R.
Type 1 has the values τ =0.2 and R=0.6 and Type 2 has τ =0.6
and R=0.6, and the results obtained representing the number of
times each heuristic is better than the other one are presented
in Fig. 6 and Fig. 7.
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Comparison of the two heuristics for instances of type 4.
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Comparison of the two heuristics for instances of type 2.

2) Solving second group instances: In the second group,
two types of instances are generated according to the combination of the two factors of tardiness τ and range of due
dates R. Type 3 has the values τ =0,6 and R=1,6 and Type 4
has τ =0,2 and R=1,6, and the results obtained representing the
number of times each heuristic out performs the other one are
illustrated in Fig. 8 and Fig. 9.
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Deviation between heuristic H2 and the model.

heuristic and the MILP model. We generated instances for each
type of instances and the orders are classified into 8 different
sizes with 5, 10, 15, 20, 25, 30, 35 and 40 orders.
The parameter that we considered to compare heuristic H2
and the MILP model is the deviation between the value of
the objective function resulted using the heuristic denoted
hereafter Zh2 and the one given by the model denoted by OPT,
that is calculated by the following formula: 1 − OP T /Zh2 .
The obtained results are summarized in Fig. 10. We can notice
that the efficiency of the heuristic diminishes while increasing
the number of orders. However, the difference between the
two results is not huge.
VIII. C ONCLUSION
In this paper, we have considered the bi-criteria just in
time two-machine flow shop scheduling problem, in which the
objective function is to minimize both total cost of tardiness
and total cost of earliness. We have proposed a MILP model
and two heuristics H1 and H2 to solve the problem. The
experimental study shown the efficiency of the model and
heuristic H2 .
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