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NOTATIONS AND

CONVENTIONS

rm : Random measure.

ms : Measure space.

SBM: Standard Measure space.

ps :Probability space.

rv : Random Variable.

Pv : Poisson Variable.

fps: Filtred probability space.

sp : Stochastic process.

BM : Brownian motion.

SBM : Standard Brownian motion.
Prm: Poisson random measure.

cp : Counting process.

Psp : Poisson process.

cpp: Compensated Poisson process.
SDE,: Stochastic Differential Equations.
RCLL: Right continuous with left limit.

v



e a.s : almost surely.

e fT: max(f,0) .

e f: max(—f,0).

e aVb: max(a,b).

e a Ab: min(a,b).

e #{x}: the numbers of the set *.

o Xy = limy ooy X

o X, = limg st X.

o« AX, =X, — X, .

e 14(x): The indicator function of A.

o N=1{0,1,2,...}.

e R: The real line.

e R?% The d-dimensional Euclidean space where d € N.
o C3(R) ={f:R — R, fis twice continuously dif ferentiable}.
e FW: Filtration generated by SBM W.

FW:F: Filtration generated by SBM W and point Poisson process k.
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Abstract

The aim of this thesis is to study the
existance and uniqueness of solution of
stochastic differential equations deriven by

compensated Piosson random measure.

Résumé

L’object de ce mémoire est I'etude de
existence et unicité de la solution des
equations différentielles stochastiques
dérigée par la mesure de Poisson

compensée.



INTRODUCTION

The classical stochastic differential equations derived by Brownian motion are used to widely in
a variety of sciences as stochastic modeling to describe some phenomena; there are many ap-
plications such as mathematical finance, economic processes as well as signal processing but in
the phenomena which can get suddenly events that violate the continuity such as catastrophes,
failure of a system we can’t use the classical stochastic differential equations; the researchers dis-
covered other stochastic differential equations called stochastic differential equations with jumps.
This thesis is a survey of some aspects of stochastic differential equations derived by compen-
sated Poisson random measure; In chapter one we will given a basic theory of stochastic process
and Poisson process. In chapter two we will define Wiener and Poisson measure and in chapter
three we discuss the stochastic integral with respect to Poisson random measure and Compen-
sated Poisson measure. Finally, in chapter four we will study the existence and uniqueness of

the stochastic differential equation derived by compensated Poisson random measure.



CHAPTER 1

INTRODUCTION TO POISSON STOCHASTIC
PROCESSES

1.1 Filtred Probability space

Let us fix (Q, F,P) a probability space, see Appendix (A.9), (', F) be a ms, see Appendix
(A3). Wefix T,0< T < 0.
Definition 1.1 (Filtration) Let F be a o-algebra. The filtration F := (F;)icpm is an increas-
ing family of o-algebra for s € [0,T]

V 0<s<t, Fs CF CF.
Definition 1.2 Let F be a filtration. We define

Fir = NesoFies s, t €10,T).
We call (Fi)iejo,r a right continuous filtration if for all t € [0,T), Fiy = Fr.

Definition 1.3 Let F be a filtration. We say F is complete filtration if it contains all the

P—negligible sets.
Definition 1.4 Let F be a filtration. We say F has the Usual conditions if:

o [F is complete filtration.

o [ is right continuous filtration.

Definition 1.5 A filtred probability space is a Probability space equipped with a filtration F .
We write (Q, F,F,P).



1.2 Stopping time

Definition 1.6 (Stopping time) Let (2, F,P) be a ps, 7 : Q@ — Ry be a rv. We say it is

F-stopping time if for any t € [0,T):
{r <t} e F.
Definition 1.7 o Let T be a stopping time. We call it a finite stopping time if T < 0o a.s.
o We say 7 a bounded stopping time if there exist | € [0,00], 7 <1 a.s.
Definition 1.8 Let 7 be a stopping time . The o-algebra F, generated by T is defined by:

F.={AeF:vte|0,T],An{r <t} e R}

1.3 Stochastic process

Definition 1.9 Let X; be a rv indezed by time t € [0,T]. The stochastic process X = {X;,t €
(0,7} is a collection of a rv X.
X is defined by the following function :

X:(QFP)x[0,T] = (Q,F).
(w,t) = Xy(w).

o [For fired w € Q, the function : t — X;(w) is the trajectory of the process X associated

with w.

o For fized t € [0,T], the function : w — X;(w) is a real rv.

1.3.1 Characteristics of stochastic process

Definition 1.10 (The n-dimensional distribution function) The n-dimensional distribu-
tion function of a sp {X;,t € [0, T|} is defined by:
Forn € N, for all ty, € [0,T] where k =1,...,n;

Fth,XtQ 7777 th(l'l,xg,...,l'n):P[th §$1,...,th Sﬂfn], VIkER,TLGN.

.....

Definition 1.11 (The n-dimensional density function) Let Fx, X X0, (x1,22,...,2,) be
a n-dimensional distribution function of sp {X;,t € [0,T]|}. If the partial derivatives exist then
the n-dimensional density function is defined by:

8’!1

fX Xio o, X T1,9y...,T = FX Xio,e X L1,X2,...,Tpn).
t1,Xtg tn( ’ ’ ) n) 8.7)1,8372, 781_“ t1s<Ntg tn( ) ) ) n)

4



Definition 1.12 (The trend function) Let X = {X;,t € [0,T]} be a sp. We assume that
E[X,] exists for all t € [0,T]. The trend function m(t) of Sp X is the mean value of X,

m(t) = B[X,] = /Q X,(w)P(dw).

Definition 1.13 ( The variance function) Let X = {X;,t € [0,T]|} be a sp and let m(t) be

a trend function of sp X. The variance function Var(X) of X is given by:
Var(X) = Var(X;) = E[X}] — (m(t))*

Definition 1.14 (The covariance function ) Let X = {X;,t € [0,T]} be a sp. The covari-
ance function C(r,t) of Sp X is the covariance between X, and X; ; r,t € [0,T] :

C(r,t) = C(Xy, X4) = E[(X, —m(r))(X; — m(t))]

= F[X,.Xi] — m(r)m(t).

Definition 1.15 Let X = {X;,t € [0,T]} be a sp. The o-algebra F;* generated by X is defined

by:
For s € 0,T1:

FX =0(Xs,0<s< ). 1.1
t
and FX = o0(X,,s > 0).

1.3.2 Some examples of stochastic processes

Example 1.3.1 Let (Q, F,P) be a ps. We define a Sp X = {X;,t € [0,T]} where X; = B coswt,
weQ bearvand B« P(N);

1. Trend function:

m(t) = E[X;]| = E[B coswt] = E[B] coswt = A cos wt.

2. Variance function:
Var(X;) = Var(B coswt)

= Var(B)(cos wt)?

= M coswt)?.



3. Covariance function:
C(r,t) = E[(Bcoswr)(Bcoswt)] —m(r)m(t)
= F[(Bcoswr)(B coswt)| — E[B] coswr.E[B] cos wt]
= (E[B? — (E[B])?*)(cos wr)(cos wt)
= Var(B)(coswr)(coswt)

= M(cos wt)?(cos wr)(cos wt).
Example 1.3.2 Let (Q, F,P) be a ps, S « exp(\). We define a sp X = {X;,t € [0,T]} where
X; = Slnat, for a > 0.

e m(t) = E[X,] = B[X,] = E[S].Inat = %m at.

2
o Var(X) =Var(Slnat) = v In at.

1.3.3 Classification of stochastic process

Definition 1.16 (Measurable processes) Let (2, F,F,P) be a fps, (', F ) be a ms and let
X ={X;,t €[0,T]} be a sp. We say the Sp X is F-measurable if the mapping :
X;: (2% [0,T],B([0,T]) ® F) = (2, F)

(w,t) = Xy(w)
is measurable,i.e: for each B € F , the set {(t,w), X;(w) € B} € B([0,T] ® F).

Definition 1.17 (Adapted process to a filtration F) Let X = {X;,t € [0,T]} be a sp. We
say the Sp X is F-adapted if it is F-measurable for all t > 0.

Definition 1.18 (Modification (version)) Let X = {X;,t € [0,T]} and Y = {Y;,t € [0,T]}
be a Sps. We call X a modification of Y if:
For allt € [0,T]

Pw:Yi(w) =X (w)) =1 (1.2)

Definition 1.19 (Stationarity (Homogeneous)) Let X = {X;,t € [0,T]} be a sp. We say it
is stationary if:

For all n € N,for any h > 0, for allt; € [0,T] t; + h € [0,T] andi=1,...,n;

The joint n-dimensional distribution function of the random vector (X, Xy,,..., Xy,) has the

following property:

Fth,th ..... Xt,, (561,$2,...,$n) = FXf1+h’Xt2+h ..... th+h(x1,x2,...,xn).

6



Definition 1.20 (Independent Increments) 1. The increment: The increment of a sp
X = {X;,t € [0,T]} with respect to the interval [t;_1,t;] for t;_1,t; € [0,T], i € N is the
following difference (X, — X3,_,)-

2. Independent Increments: Let X = {X;,t € [0,T]} be a sp. We say it has the indepen-
dent increments if for n € N and for all to,t1,...,t, witht; € [0,T] and 0 < tg < t; <

- < t, the increments
X07 (Xl - X0)7 (X2 - Xl)a teey (Xn - Xn71>
are independent, see Appendiz (A.16).

Definition 1.21 ( Stationary increments) Let X = {X;,t € [0,T]} be a sp. We say it has
a stationary (Homogeneous) increments if:
For allr <t,t+h,r+h € [0,T] and h > 0, the increments (X; — X)) and (Xyrn — Xoin) have

the same distribution function.

1.4 Markovian stochastic processes

Definition 1.22 Let (Q, F,F,P) be a fps, v be a probability measure on (R B(RY)) and let

X ={X;,t >0} be a sp. We call X a Markovian process if it has the following properties :
e VA € B(RY), P[X,e€ A] =v(A).
e For0<r<tandVA € B(R?), P[X,e AlF]=PX, cAX,] Pas.

Definition 1.23 (Markov chain) A Sp {X;,t € [0,T]} is a Markov chain if:
Forallm € N, t) <ty <--- <tpy witht; € [0,T] andi=1,2,...,n+1 and for z; € N with
=1, n+1;

P(th+1 = $n+1/th =Ty .- 7Xt1 = $1) = P<th+1 = xn+1/th = $n)'

1.5 Brownian motion

Definition 1.24 Let (2, F,F,P) be a fps. A Brownian motion is a sp B = {By,t > 0} wich

has the following properties:
e The trajectory t — By 1s continuous.

e B has independent stationary increments.



e For 0 <r <t, the increment (B, — B;) ~ N(0,t —r).

Definition 1.25 Let W = {W;,t > 0} be a BM. We call W a Standard Brownian motion(Wiener

process) if:
o W() =0-a.s

e E[W,] =0 and E[W} =t

1.6 Martingale

Definition 1.26 Let (2, F,F,P) be a fps and X = {X;,t € [0,T]} be a sp. We say X is a

martingale if :
o X s F-adapted.
e Vt €[0,T], FE[X;]] <.
eV0<r<tel0,T], E[X|F]=X,.
Definition 1.27 Let X = {X;,t € [0,T]} be a sp:
o IfVr,t >0 FE[Xy|Fi] > Xy then X is sub-martingale.

o IfVr,t >0 FE[X;.|F] <Xy then X is super-martingale.

Example 1.6.1 Let (0, F,F,P) be a fps, F; = c(Wy, t € [0,T]), and let W = {W;,t € [0,T]}
be a Standard BM.

The Brownian motion W 1is a martingale:
o Fy =c(W,te|0,T]) soW is (F})i>o-adapted.
o W, ~N(0,t) so E[|[W;]] =0 < oc.
e Forr,tel0,T]

E[Wt‘./t;«] - E[Wt - Wr + Wr/fr]
= BE[W, = W,/F]+ W,

re



1.7 Poisson and compensated Poisson stochastic processes

Definition 1.28 Let h be a function [0,T] — R We call it a right continuous with left limit

if it is satisfies:
1. For each t € [0,T) the limits : h(t™) = limg_t s<¢ h(s) and h(tT) = limg_,; o1 h(s) exist.
2. h(t) = h(t").

We note RCLL.

1.7.1 Poisson stochastic process

Definition 1.29 Let (2, F,F,P) be a fps, N = {Ny,t € [0,T]} be a sp. N is a Poisson process
if it is satisfying the following properties:

o Ng=0 P-a.sji.e: Plwe Q,Ny(w) =0) =1

o Forrt €0, T], If r <t then the increment Ny;_, = Ny — N, is a Poisson rv with intensity

At —r).
e N has the independent increments.

e The trajectory t — Ny is RCLL.

Definition 1.30 (Construction of a Poisson process) Let T1,Ts,... be a sequence of an

independent exponential rv (A.32) with mean % We define T,, as:

3

T, = T.
k=1

The Poisson process N = {N,t € [0,T]} is defined as:
(0 0<t<T.
1 T <t<T.

n T, <t<Th

More generally:

Proposition 1.31 (Distribution function of a Poisson process) To determine the distri-

bution function of the Poisson process N, we need to determine the distribution of T,,:

9



Lemma 1.32 Forn > 1, the rvT,, has the gamma distribution:

ALYk
g(l) = ((k _) ol

Aexp ™, 1>0.

For the prove see [5 p 464,section 11.2.5].
We determine the distribution of N:
For k > 1, we have Ny > k if and only if T}, <t

()\l)k—l
(k—1)!

t
PN, > k] =P[T}, < t] = / Nexp M dl
0

PN, > k+1] =P[Tjy <t = t(A)kA Ml
t — - k+1 ]_ (k)' €xp
0 .

(AD*
()!

and v' = Xexp™

We integrate by parts: fot w'dl = w.vliZh — fot u'vdl. We take u =

PIN; > k+ 1) = P[T=11 < ]

t k
:/ M/\e}(p_)‘ldl
0

(k)!
(A)* A |I=t /t (ML) Y
= - - EAN—F—r dl

G P =0t [ R P

)\t k B t )\l k—1 3
_<(k))' exp A’54—/ —((kzl)')\eXp Al

. 0 .

()

Bl exp M +P[N, > k]

This implies for k > 1

P[N, = k] = B[N, > k] — P[N, > k + 1]

k
ICO L

()!

For k =0:

P[N, = 0] = P[Ty > t] = P[Y; > ]

=exp M.

Properties 1.33 Let N be a Poisson process then:
E[N] = At.
Var(N) = \t.

10



Proof.

e The mean:

We have exponential power series

+1
Tt

00 Ik 0 xkil 0 :L‘kiz
exXp :Z_lzz<k_1)l :Z(k_g)l
k=0 k=1 k=2
exp M. expM =1
E[N] = kPN, = k|
k=0
S e (A
= Zke p M
prt k!
= (A)F
—_ epr)\t Z k( k‘)
k=0 '
(A
=exp M) 1)
k=1
- 0 ) N O L GO
= exp (/\t—i- 1 + o +- (n— 1) + )
M [ I O T G s
= exp (/\t (1—1— T + o + -t (n—1)! )

2. (At)k
=exp MM Z %
k=0 )

2L (AP
= Mexp M Z %

k=0

= Mexp M .exp™

= M.

11

Lo )



e The variance: Var(N) = E[N?] — E[N]*
E[N?) = K’P[N, = k]
k=0

N2 A
—;k exp M

& k
— eXp—)\t Z L (At)

k=1
(At () (A2)"
TR T s —|—n(n_1)!+...

Ot I 00 eV LN CV) L V) LI G0k

= exp”\t

1l 1l 2l 2l 3l n—2) " (n—1)!

Var(N) = (At)? + Mt — (\t)? = X\t = E[N].
|

Proposition 1.34 Let N be a Psp, The increment Poisson process Ny, = N(t) — N(r) has the

following distribution function:

(t—r) Ao(t — T)k'

PN, = k] = exp™ il

Proposition 1.35 Let N be a Psp. the increment Poisson process N;_, has:
E[N,_.] = At —r).
Var[Ne_,] = At — ).

Proof.

e The mean:
E[N,—y] = ) kP[N,_, = k]
k=0

it MNe(t — )k
_ k —A(t—r) 2\ )

12



this proof is the same of the proof the mean of Poisson process, see the proof (1.7.1):

Z k exp A=) % =\t —r).
k=0 ’

E[Ni_;| = At —r1).

e The variance:

Var(N;_,) = E[N2,] — E[Ny_,]?

o k
=S K2 exp M) (/\(t]; 7))
k=0 '
o k
e A(t—T) (At —1))
P >k (k —1)!
=1

Var(Niy—,) = At —1).
|

Definition 1.36 Let N = {N;,t € [0,T]} be a Psp. We say it is homogeneous if it satisfies the

following properties:
e Nog =0 a.s.
e N has homogeneous and independent increments.

e N, =N;— N,, 0<r <t, has a Poisson distribution with parameter \(t — ).

Definition 1.37 Let (0, F,F,P) be a fps, Z = {Z;,t € [0,T]} be a sp. We call Z a counting

process if it satisfies the following properties:
e 7 1is an integer valued rv.
o /y=0.
o Forr,t €[0,T], forr<t, Z.<Z.

Definition 1.38 Let (2, F,F,P) be a fps, N = {N;,t € [0,T]} be a cp. We say N is a Poisson

process with a parameter X\ if it has the following properties:
e Ny =0,a.s.

13



e N has independent increments.

e The increments Ny_, has a Poisson distribution with parameter A(t —r) :

e (At =1))*
P[N,_, = k] = exp At )¥.

Definition 1.39 (Counting Poisson process) Let {T,,,n > 1} be a sequence of independent
identically distributed exponential rv occurring in [0,t] with P(T,, — co) = 1.
The Poisson process counts the number of {T,,n > 1}. We can define the associated counting
process C'= {Cy,t > 0} by:

Cy=t{n>1,T, <t}

Properties 1.40 Let N = {N;,t € [0,T]} be a Poisson process. We call N a standard Poisson

process If X = 1.

1.7.2 Compensated Poisson process:
Definition 1.41 Let N = {N,,t € [0,T]} be a Psp. The center version of N is defined by:
}/t - Nt —E[Nt] - Nt - )\t

Definition 1.42 Let N = {N;,t € [0,T]} be a Psp, Y; be a center version of N. The sp
Y ={Y(¢),t € [0,T]} is called a Compensated Poisson process and {\t,t € [0,T]} is called a

compensator of N.
Proposition 1.43 The compensated Poisson process Y = {Y;,t € [0,T]} is a martingale.
Proof.
e E||Y,]] = E[|[Ny— E(N)|] =X — X =0 < o0.
e Forre|0,T]
EY,/F] =
— E[N, — M/F,]
= E[N; — M — N, + N,/ F,]
= E[N,— N,] — M + N,
=At—r)— A+ N,
=N, = Ar

— Y.

14



CHAPTER 2

WIENER AND POISSON RANDOM MEASURE

2.1 Preliminaries on random measure

Let us fix (Q,F,F,P) a fps,(Q, F) a ms.

Definition 2.1 Let (Q, F,F,P) be a fps and (U, F ) be a ms. A rm is a mapping M : Qx F —
R such that:

1. For eachw € Q , M(w,.) is a measure on (', F ).
2. For each A€ F', M(., A) is real-valued rv.

Definition 2.2 Let M(w, A) be a rm on (', F ). The rm of set A € F is written as the v
M(A).

Definition 2.3 Let M be a rm on (0, F ) and let M(A) be a rv of a set A € F . The mean of
M(A) on (Q,F ) is given by:

Called the mean measure.

Example 2.1.1 Let (0, F,P) be a ps, (U, F ) be a ms and {X;,t € [0,T)} taking values in
(Y, F ). We define :
M(w, A) = 14(X;(w)).
>0

Then:

15



1. For each w € Q, M(w,.) is measure because it is summation of Dirac measure.

2. For each A € F', we get M(., A) is a random variable because it is summation and com-

position of 14 wich are measurables .

2.2 Wiener measure, Point measure:

2.2.1 Wiener measure

Let us fix (Q, F,F,P) a fps, (2, F') a ms.
Let C(R4,R) be the space of all continuous functions from R, into R. We equip C(R,,R) with
the o-field Z defined as the smallest o-field on C(R,,R) for which the coordinate mappings

W — W (t) are measurable for every ¢ > 0 and let B be a BM. We can consider the mapping :

Q2 — C(Ry,R)

w — Bi(w).

Definition 2.4 (Wiener measure (law of BM) ) Let C(R,R) and P(dw) be a probability
measure. The Wiener measure W (dw) is the probability measure on C(Ry,R), for every mea-

surable subset A of C(Ry,R):
W(A)=P(B. € A)
where B, stands for the random continuous function t — By(w).

Definition 2.5 Let (C(R,R), Z, W) be a ps and W be a Wiener measure. We call (C(R.,R), Z, W)

a Wiener space (or a canonical Ps of BM).
Proposition 2.6 Let (C(R,,R), Z, W), The Wiener measure W is unique.

Proof. See |5, proof p35|. m

2.2.2 Point measure

Definition 2.7 Let (Q,F,F,P) be a fps, (U, F ) be a ms , {T1,Ts,...} be a sequence of point
random time and let N = {N;,t € [0,t]}, as the definition (1.30) Ny = #{n, T, < t}.

We can define a rm for any measurable set A C R, by:
M(w,A) =8{n>1,T,(w) € A}.
We call M the random Point measure associated to Poisson process N.
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Property 2.8 Let M a point measure then M (w,.) is a positive and integer valued measure and

M(A) is finite.

2.3 Poisson random measure:

Definition 2.9 (Radon measure (c—finite)) Let Q C RY, p be a measure on (U, F ). We
call i a o— finite if : for K; € F,i=1,2,...

Q =uUx K.

p(K;) < oo.

Definition 2.10 Let p be a measure on (Q,F ). We say p is an integer valued if for any

measurable set A € F, u(A) is an integer.

Definition 2.11 (Poisson random measure) Let (Q, F,F,P) be a fps, (', F ) be a ms,
N:QxF — N be an integer rm andy is radon measure on (', F ). We call N a Poisson rm

with mean measure [ if:

1. For almost all w € Q,N(w,.) is an integer valued radon measure on €Y.
2. For each measurable set A C F N(., A) = N(A) is a Poisson rv with parameter u(A).

3. For disjoint measurable sets Ay, A,, ..., A, € F , the variables N(A;),N(Ay), ... ,N(A,) are

independent.

Proposition 2.12 Let Q' C R%, i be a radon measure on Q. For any rm p on Q' there exist

. / / .
a Poisson rm N on (Q, F ) with mean measure L.

Proof. Let (Q,F,F,P) be a fps, (', F) be a ms where ' C R? and let x be radon measure
on (', F). To construct a Poisson rm N, we have two cases x(€') < oo and u(Q') = oo.

We begin by considering u(Q') < oo:

e We take Y7,Y5,... where 2 = 1,... be a independent identically distributed rv with
p(A)
e = @)

’ ’

e And take N(€2') a Poisson rv with mean measure p(€2 ) and it is independent of the (Y;);>1.

e We define
N
N(A) = Z Livieay, 1=1,2... forallAc F.
i=1
It is easy to verify that N is a Poisson rm with intensity p by the Poisson splitting property

(A.39).
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Second case : (') = oo

e Since Q' C R? and y a radon measure on (', F ):

Exists Q; C F such that Q = U;’;Q; 1 € N and ,u(Q;) < 00

e We construct N;(.) a Poisson rm with mean measure 7, and make (N;);>; independent

and N(A) = > 72 N;(A).

i=1
e We define for all : A € .7-"/;
Nw, A) = Y N(AN Q).

i>1
It easy to verify that N is a Poisson rm with intensity p by the Poisson addition property
(A.38).

Definition 2.13 Let (C(R.,R), B(C(R,,R),P*) be a Wiener space , N be a Poisson rm. We
call (C(R4,R), B(C(R,,R),P*,N) a Wiener-Poisson space.

2.4 Compensated Poisson random measure:

Definition 2.14 Let N be a Poisson rm with mean measure p. The compensated Poisson rm is

defined by: N =N — E[N] =N — p.

2.5 Construction of jump processes via Poisson random mea-
sure

Definition 2.15 Let (2, F,F,P) be a fps, X = {Xi,t € [0,T]} be a sp. We call X a jump
process if there exist a nondecreasing sequence 0 =ty < t; < --- <ty < ... and X1 € Fy,_,
such that:

th1 <t <ty, X, = X1,

Definition 2.16 (Dirac measure) Let s € Q) be a point. The Dirac measure &, associated to

s is defined by: for a measurable set A;

1 dfse A
53(’4)_{0 ifs¢ A

Definition 2.17 (Counting measure) Let S = {s;};i>1 C Q be a countable set of points

s; €, d,, be a Dirac measure. We define g = Zizl ds, by the sum of Dirac measure. We call
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[Ls a counting measure.

ps(A) counts the number of point s; € A, for any measurable set A € ', it is given by:
ps(A) =t{i,si € A} =) Tea
i>1
Definition 2.18 (Integral with respect to a measure) Let (Q,F ) be a ms, p be a mea-

sure and let f : Q' — R. The integral of f with respect to p is defined by:

e For a simple function f,i.e: for a measurable sets (A,) and C, € R where p =1,2,...,n;
f has the from f =377, Cpla,.
The integral of f with respect to p is define as:

u(f) = Z Cpp(Ap).

e For a measurable function f. The integral of f with respect to u is defined by: where | be

a simple function, u(f) = sup{u(l),l < f}.
Since f is a positive measurable function we can write f as f = fT— f~ where f*, f~ > 0.

We can define as above u(f+) and u(f~);
If u(f*) and p(f~) are finite, we can define pu(f) = p(f*) — p(f~).

The construction of jump processes via Prm: Let (Q, F,P)be a ps and (2, F') be a ms

where Q' = [0, 7] x R?\ {0}. We Consider Poisson rm N on " with mean measure u:

N=> 1y

n>1

Such that :

o (71),)n>1 represent the time such that 7, < t.
e Y, is happened at T,,.

For each w € €, N(w,.) is a measure on . We can define an integral with respect to this

measure as (2.18) :

1. For a simple function f = Y ", Ci1(4;), where C; € R, A; are a disjoint measurable
sets, i = 1,2,...,n we define N(f) = > I, CiN(A;) a rv with expectation E|N(f)| =
2 iz Cip(Ad)).

2. For a positive measurable function f : Q' — R, and ( fn)n>1 an increasing sequence of
a simple functions. We define N(f) = lim, oo N(f,) where f, — f, N(f) is a rv with
expectation EN(f)| = u(f).
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3. For a measurable function f:Q — R we can write f = f* — f~

It w(1f1) = Sy Joygop [f (o y)lpldr x dy) < oo, then the positive rv, N(f*) and N(f~) have

finite expectations B(N(f)) = u(|f*]) < u(f]) < o0 and BQ(S~)) = p(lf D) < u(lf]) <
oo. In particular N(f*) and N(f~) are finite.a.s. We can write N(f) = N(f*) — N(f).a.s

and N(f) is a rv with intensity u such that:
w= [ [t < dy), (21)
0,7] JR\{0}
The integral of f with respect to N yields an adapted stochastic process:

Zo= [ reomaran = 32 g,y

{n,T€[0,t]}

{Z;,t € [0,T]} is a jump process whose jumps happen at time 7,.

Remark 2.19 This construction makes a sense if the function f verifies (2.1).

2.6 Poisson point processes

Let us fix (Q, F,F,P) a fps, (2, F) a ms and let S C [0,00) be a countable set.

The function k : S — Q' is called a point function on Q. We can give the point measure
associated to k by:

For any measurable set A € F and for all t > 0, N,([0,1] x A) =#{s € S;s < t,k(s) € A}.

Let K : SxQ — Q, for each w € Q the function k a point function the point measure associated
to k is defined by:

For any measurable set A € F and for all ¢ > 0: N([0,¢] x A,w) = #{s € S;5 < t,k(s,w) € A}.

Definition 2.20 Let K be a Point function and Ni([0,t] x A,w) be a point measure as above.
Then:

o If Ni([0,t] x A,w) is a rm on (B([0,00),F ) x Q) then K is called a point process.

o If Nu([0,t] x A,w) is a Poisson rm on (B([0,00), F) x Q) then K is called a Poisson point

process.

e Let v(dx) be a measure on (Q,F ). If the intensity measure m(dt dx) = EN.(dt dz)] of
the Poisson point process k satisfies: m(dt dx) = v(dx)dt then k is a stationary Poisson

point process.
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Definition 2.21 Let Ni([0,t] x A) be a stationary Poisson rm with mean measure E[Ng([0,t] X

A)] = v(A)t. We can define a compensated Poisson rm by:

Nk([07t] X A) = Nk([O,t] X A) — E[Nk([O,t] X A)]
— N ([0,4] x A) — (A,

We note Ni([0,1] x A) = v(A)t and we call it the compensator of N ([0,t] x A).
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CHAPTER 3

STOCHASTIC INTEGRAL WITH RESPECT TO
POISSON RANDOM MEASURE

3.1 Stochastic integral with respect to Brownian motion
3.1.1 Preliminaries on stochastic integral
Let us fix (Q, F,F,P) a fps (', F) a ms;

Definition 3.1 (Simple predictable process) Let X = {X;,t € [0T]} be a sp on (Q, F,F,P).

We call X a simple predictable process if: for an increasing sequence {T;}i—o

,,,,,

T, =T there exist ¢; € Fp, a bounded rv whose value is revealed at T; :
X = @Ont:o(t) + Z (pi]l[Ti,TiH(t)]'
i=0

Definition 3.2 Let H = {H;,t € [0,T]} and L = {L,t € [0,T]} are a sps. The integral
I(H) = [; H,dL, is called a stochastic integral of H with respect to L.

Definition 3.3 Let X = {X;,t € [0,T]} be a simple predictable process and L{L;,t € [0,T]} be
a Sp. The stochastic integral I(X) of X with respect to L is given by:

T n
/ erLr = SOOLO + Z 90i<LTi+l - LTZ)
0 i=0
For T; <t < T;yy the stochastic integral I1(X) is given by:
t n
/ erLr = @OLO + Z Spi(LTiH/\t - LTi/\t)
0 i=0
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Proposition 3.4 Let H be a simple predictable process and L be a martingale then the stochastic

integral 1(H) is a martingale.

3.1.2 Stochastic integral with respect to standard Brownian motion

Definition 3.5 Let X = {X;,t € [0T]} be a simple predictable process and W be a SBM. The
stochastic integral of X with respect to SBM (or the Ito integral) I(X) = fot XdW is defined by:
ForT, <t<Ti1,1=0,1,...,n

I[(X) = /0 : X, dW, = Xn: oi(w)Wr,, — Wr,)
=0
For eachT; <t <Tjyq:
100 = [ %W, = 3 W = W)
0
Where (T;41 At) = min(T541,1).

Proposition 3.6 The stochastic integral of X with respect to SBM W is a martingale for any
predictable process X .

Proof. Since W is martingale then I(X) is a martingale, see(3.4). m

3.2 Stochastic integral with respect to Poisson measure

We consider X = {X,t € [0,7T]} be a simple predictable process such that:

X:Qx[0,T]xR* =R (3.1)
X(t7 T) = Z Z ()Oij]l}Ti,THﬂ (t)]lAj (7‘) (32>
i=1 j=1

.........

subsets of R% and ¢ij € JFr, are bounded rv whose valued at 7;. Let N be a Poisson rm on
[0, 7] x R? with mean measure u(dt dr) and p([0,T] x A;) < oo .
The stochastic integral of X with respect to Poisson measure N is defined by:

/OT RdX(t,T)N(dt dr) = ii%jl\‘(maﬂﬂ] X Aj)

i=1 j=1

- Z Z Pij (NTi+1(Aj) - NTi(Aj))'

i=1 j=1
For each T; <t < Tjy;.
t n m
| [ xrnts a = 375 il 4) ~ Nl 4).
0 JR4 i=1 j=1
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3.3 Stochastic integral with respect to compensated Pois-
son random measure

In section (3.2) we defined the stochastic integral with respect to Poisson rm N. Now we define
the stochastic integral with respect to compensated Poisson rm

Let X be a simple predictable process, see (3.1), N be a compensated Poisson rm. The stochastic
integral of X with respect to N is given by:

T n,m
| X ) = Y o7 Tl x 4)
0 R4

ijfl
= ZZ@% 7,1 (A7) — N, (A7)
i=1 j=1
Since N = N — p then:

/ X (t,r)N(dt dr) = ngw 1T, Tis1] x Aj)
Rd

1]1

_ Z @i i (N(T, Tiy1] x A;) — p(Ty, Tiga] x Ay)).

2,7=1

For each T; <t < Tj,;.

n m

/ [ XS dr) = D73 o0 A]) ~ R (A7)

=1 j=1

Proposition 3.7 Let X be a simple predictable process then the stochastic integral with respect

to compensated Poisson rm is a martingale.

3.4 Stochastic integral with respect to Poisson rm associ-
ated to Poisson point process

In section (2.6) we defined a Poisson rm N ([0, 7] x A,w). Now we define a stochastic integral

of any predictable process with respect to Ni([0,7] x A, w);

Definition 3.8 Let Ni([0,T] x A,w) = > g ., La(k(s,w)) for any A € F', X = {X,,t[0, T}
be a simple predictable process. The stochastic integral of X with respect to Ni([0,T] X A,w) is
defined by:

/XderA > X a(k(s,y)).

s<t,seS

We can define the stochastic integral with respect to compensated Poisson rm by:
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Definition 3.9 let X be a simple predictable process and Nk(r, A) be a compensated Poisson rm

the stochastic integral of X with respect to Nk(r, A) is given by:
T R T T N
/ X, ity (1, A) = / X,y (r, A) — / X,diiy(r, A)
0 0 0
T A
= Z Xs]]-A(k(Suy)> - / erNk<r7 A)
0

s<t,s€S

Lemma 3.10 For any simple predictable process X = {Xy,t > 0} and A € F', the stochastic
integral fOT X, dNy(r, A) is a martingale .
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CHAPTER 4

STOCHASTIC DIFFERENTIAL EQUATIONS
PERTURBED BY POISSON NOISE

4.1 Stochastic differential equations derived by Brownian
motion

Definition 4.1 Let X = {X;,t > 0} be a sp, W = {W;,t > 0} be a SBM. We consider the

following equation:

Xy =mzeRL '

is called a stochastic differential equation derived by BM where Xy € Fy and
ft, Xe), g(t, Xy) 1 [0,00) x R — R? are (F;)i<o-adapted.
We say it makes a sens if fot f(s, Xs)ds < o0 ,fgg(s,Xs)dWs < 00
Definition 4.2 Let X = {X;,t > 0} be a Sp such that:

t t

X, = Xo—l—/ f(s,Xs)ds+/ g(s, Xs)dWs. (4.2)
0 0

We say X is a solution of (4.1) if it satisfies (4.1).

Definition 4.3 Let X = {X;,t > 0} be a continuous sp and F-adapted and W = {W;,t > 0}
be a SBM.We call (X, W) a weak solution of (4.1) if for all t > 0 it satisfies (4.1).

If for all t > 0 X, is adapted to FY where FV is a filtration generated by SBM, W. Then we
call (X, W) a strong solution of (4.1) .
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Definition 4.4 (Lipschitz condition) Let (4.1) be a SDE. The Lipschitz condition is defined
by:

For any x,y € R, there exist a constant L such that:

[F(tx) = F{E )+ gt 2) — 9t y)| < Lz —y. (4.3)

Definition 4.5 (Growth condition) Let (4.1) be a SDE. The growth condition is defined by:

There exist a constant L such that:

|t 2)]* + lg(t, 2)|* < L*(1+ [2f). (4.4)
Theorem 4.6 (Existence and uniqueness of strong solution) Let (/.1) be a SDE and (4.2)
be a Sp, If E|X,|* < +o00 and f(t,x),g(t,z) are measurable functions such that they satisfy the
Lipschitz condition (4.4) and growth condition (4.5).

Then for any 0 < T < oo, the SDE (4.1) has a pathwise unique solution (4.2) and
E(supiepo | Xs[?) < +oo.

Definition 4.7 (Ito formula) Let F € C?(R). The Ito formula of (4.2) is defined by:
¢ / 1 t 1
F(X,) = F(X,) +/ F(X,)dX, + 5/ F'(X,)d < X, X >, .
0 0
Where < X, X >,= [3(g(s, X,))%ds.
dt.dt =0, dWy.dW, = dt, dtdW, = 0.

Example 4.1.1 Let

dXt = O'Xtdt + ,BXtth
X() = €.

be a SDE where o, 3 are a positive constants, W = {W;,t > 0} be a 1-dimensional SBM.

dXt = O'Xtdt + /BXtth

dXt = Xt(O'dt + 6th>
Xt _ at + BdW,.

t

We pose Y; = In X; = f(X;) € C*(R); by Ito formula:

f(Xy) = f(Xo) + /f $)dXs + = /f )sd < X, X >

t
1 202
in X, = o + [ - Cods + pa)) — 5 [ <L x2stas

X, ¢ 1 [t
In(—) = / (ods + BdW) — —/ Bds
€o 0 2.Jo
X, = eqexp?t 2P W
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Example 4.1.2 Let X = {X;,t > 0} be a sp, W = {W,,t > 0} be a d-dimensional BM and
v ={w,t >0} be F—adapted process such that P(f(f lv|?ds < 00) = 1.
We consider the following SDE:

dXt = Vt'Xtth
XO = 1

X, = explfy vidWy — L [ |v|2ds] solves (4.5).
Proof. We consider F(z) =Inxz € C*(R), by Ito formula:

t t
F(Xt)zF(Xo)+/ F’(Xs)dXs+/ F'(X)d < X, X >,
0 0
In X, 1X+/t1X dw, 1/th?| 1°d
n =M ~ “\slVs s T 5 5 Vg
t 0 . X, 2 J, X52 s S

t t
In (é) :/ vedWy — 1/ PARE
Xo 0 2 Jo

Xt — XO expfot VdeS_% fot ‘Vsl2d5

) ¢ 1ty g2
Since Xo =1, X; = explovs@We—3 [y lvsl*ds g

4.2 SDE;, derived by Poisson processes

Definition 4.8 Let X = {X;,t > 0} be a SP, N = {N;,t > 0} be a Poisson process with
intensity . We define a SDE derived by Poisson process as follow:

{dXt = f(t, Xy)dt + g(t, X;-)dN;. (4.6)

XO =g € Rd.
We consider X; = fot f(s, X,)ds + f(f g(s, X-)dN;.

Theorem 4.9 Let us fix 0 < T < oo, (4.6) a SDE derived by Poisson process N.
If f, g satisfy the Lipschitz and Growth conditions and Xy is independent of Ny and E[X?] < oo
Then for allt < T the SP X = {X;,t > 0} is a unique strong solution of (4.6) and

sup,.p F[X?] < .

4.3 SDE; with respect to Poisson random measure

Let (Q, F,F,P) be a Fps, (', F ) be a Ms.
We note F"'* the o-algebra generated by W and point Poisson process k.
The SDE with respect to Poisson rm is given by:

X, = F(t, X))dt + glt, X,)dW, + / h(t, X, )N (dt, dr) (47)
Q/
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Where f,g: [0,7] x R? — R are a measurable function, 4 : [0, 7] x R x Q" — R is a predictable
process, W = {W,,t > 0} is a SBM and Ny(dr, dt) is a Poisson rm associated to a Poisson Point
process K .

Let X; = fot f(s, Xs)ds + g(s, Xs)dWs + [ h(r, s, X~ )N (dr, ds) be an adapted RCLL process.

Definition 4.10 (solution) Let X = {X;,t > 0} be a F-adapted Sp. We call the (X, W,Ny)
(or(Q, F,F,P, W Ny, X)) a weak solution of SDE(4.7) if it satisfies (4.7).

If X € FWF then we call it a strong solution.

Definition 4.11 Let (Q, F,F,P,W,N;, X ) and (Q, F,F,P,W Ny, X ) are two solutions of (4.7)
with initial distribution u(Xo) = u(Xo). We say that a weak uniqueness hold for SDE (4.7) if
u(X) = (%),

Definition 4.12 Let (Q, F,F,P,W,N,, X ) and (Q, F,F,P, W,N,, X ) with P(X, = Xo) = 1. We
say that the Pathwise uniqueness hold for (4.7) if P(X = X for all t > 0) = 1.

4.4 SDE, with respect to compensated Poisson random mea-
sure

Let X = {X},t > 0} ba a RCLL stochastic process, W = {W;,t > 0} be a d;-dimensional SBM,
and N; be a compensated Poisson random measure generated by a dy-dimensional stationary
Poisson point process k where dq,dy € N.
The stochastic differential equations with respect to Compensated Poisson random measure in
d-dimensional space is given by:

dX; = f(t, Xy, w)dt + g(t, Xy, w)dW,; + /Q/ h(t, X;—, 7, w)Ny(dr, dt). (4.8)
Where f,g:[0,00[xR? x Q — R? are a measurable and F—adapted.
h:[0,00[xQ x R x Q — R? be a simple predictable process.
Ny, (dr, dt) = Ny(dr, dt) — v(dr)dt.
We call (4.9) makes sense if:

e the integrals:
t t t .
/ f(s, Xg,w)ds < oo,/ g(s, Xs,w)dW, < oo,/ / h(s, Xs-,r,w)Ni(dr,ds) < oo.
to to to Q
makes a sense (they are finite).

e X is [F-adapted and locally bounded ,i.e:

SUPy, <oy | Xs| <00 for tg < s <t ity t,se(0,00
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4.4.1 Notation
Let S2/°°(R) = {f(t,w)  f(t,w) is(F)es. — adapted, R? — valued such that :

E [suppeio |t 0)2] < 00, VT < oo}

For 0 < T < o0; ty,t € [0,T], < tg <t we consider

t t t
X = X +/ f(s, Xs,w)ds +/ g(s, X, w)dW; +/ / h(s, Xo-,r,w)Ng(dr,ds).  (4.9)
to to Q'

to
Definition 4.13 (Solution) An adapted RCLL process X is a solution of the SDE with jumps
(4.8) if it is satisfies (4.8) fort > t.

Definition 4.14 (Uniqueness of solutions) Let X = {X;,t > 0},Y = {Y;,t > 0} are the
solutions of (4.8) defined on the same space (0, F, (Fi)i>o0, P). We say to the pathwise uniqueness
of solution if:
P(sup | X; — Y;| =0) = 1.
£>0

Lemma 4.15 Let X; be a solution of (4.8), 0 < T < co. We assume that:

Ay. For every (t,z,w) in [0,00[xR? x Q, f(t,z,w) and g(t, z,w) are uniformly locally bounded

on x.i.e: for 0 < u < oo and L, > 0 is a constant depending only on w:

|f(t,z,w)| + |g(t,z,w)| < L, and |z| < u.

Ay, For eachn =1,2,...,7 < o0 there ezists two functions C*(t) and v (t) where C*(t) > 0
and f[O,T] CI(t) < oo and VI (t) is positive,increasing continuous and concave such that as

lz| , |y| <n, and t € [0,T]:
2(‘7" - y)(f(tawi) - f(t7y,W)) + |g(t7$,W) - g(tayaw)|2 + /g;’ |h(7“,t,x,w) - h(T7t,y,W)|2U(dT)
< CR O (t) (e —yl).
Then the solution of (4.8) is pathwise unique .
Let
X =X, —I—/ f’(s,w)ds+/ g(s, X5 w)dW, —|—/ / s, Xio,ryw)Ng(dr, ds) (4.10)
0

be a SDE with jump in 1-dimensional space where W is 1-dimensional SBM and £ is a 1-
dimensional Poisson point process and Let X = {X/,¢ > 0} is solution of (4.9) where i = 1,2
and t > 0;
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Theorem 4.16 (Comparison for Solutions of SDE) Let (/.10) be a SDE with jump in 1-

dimensional space. We assume that for i =1,2 and ¥Vt > 0 :
A [y | fi(s,w)]ds < oo P—a.s.

As. There exists 2'(t, z,w) such that 2'(t,x,w) > 2%(t,x,w) for n > 0 there exists jL (t),c(l)

r n

where jI is non random fOT Jrdt < oo and cT (1) is non random and strictly increasing on
[ >0 with ¢ (0) =0 and [, %él) = oo; such that for (t,z,w),(t,y,w) € [0,T] x R x Q:
2. for x,y € R and |z, |y| < n;
sgn(@,y)(2(t, z,w) — 22(t,y,w)) < iy (lv — yl).
3. gt z,w) — gty w)* < e (lz = yl).
As. x> y=x+h(t,x,r,w) >y+h(t,z,r,w).

If X§ < X3 then X} < X} P—a.s Vt>0.

4.4.2 Existence and uniqueness of solution of SDEs with respect to
compensated Prm

Existence of strong solution for the Lipschitzian Case:
Definition 4.17 let X be a solution of (4.8). We say it is strong solution if X € Fyg, .
Lemma 4.18 Let (4.8) be a SDE with jump. We assume that :

Ay. Xy is a solution of (4.8).

Ay : E|Xo|* < o0.

As. : For every (t,x,w)in|0, 00[xR% x Q, q(t) < 0 is non-random:
2 <z f(t,r,w) > <q(t)(1+]z]?).
l9(t,2,w)” + [o [h(r,t, 2, w)Po(dr) < q(t)(1 +|z[?) and;
For0<T <oo; Qr= fOT q(t)dt < oo then E (supte[O’T] | X:?) < Ry
Where Ry is constant only depending on Q7 and E|X,|* .

Under this assumptions then for T' < co; B (supte[o’T]|Xt|2) < Rr < oo and the solution
X; € SZ(R).

Let 0 < T < oo, we define L%(R?) = {f(t,w) : f(t,w)isF — adapted, R? — valeud such that
E[f, |f(t w)[*dt] < oo}
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Theorem 4.19 Let

dXt = f(t, Xt,(.U)dt + g(t, Xt, W)th + fQ' h(T’, t, Xt,CU)Nk(dT, dt), t e [0, T]
(4.11)
X =T € R?.

be a SDE with jump where f, g : [0, +oo[xR? x Q — Ry are measurable and
h:[0,00] x REx Q x Q — Ry is F-adapted.
We assume that:

There ezist K(t) a non random and non negative function such that fOT k(t) < oo;
Ay: For Xo € Fo: .E'|AX70|2 < 00.

As: For (t,r,w) € [0,00] x RY x Q; | f(t, z,w)| < k(t)(1+ |x]).
lg(t, z,w) > + [ [h(r,t,z,w)Po(dr) < k(t)(1+ |z]*).

Ay: For x,y € RY;
[f(t 2, w) = [t y,w)| < k(H)]r -yl
lg(t, z,w) — g(t,y,w) >+ [ |h(r, t,y,w) — h(r, t,z,w)[Pv(dr) < k(t)|z — y|>.
Then (4.11) has a pathwise unique F-adapted solution {X,}1>0 € SZ*(R)
If f,q are (EW’N’“)tE[O,T]—adapted and h is a (ftmﬁ’“)te[o,ﬂ -predictable
Then { X }i>o is strong solution of (4.11).

Proof. See the proof [6,P 80].

Theorem 4.20 Let (4.11) be a SDE with jump. If the First assumption isn’t verified then we
give a new process Z = {Z,t > 0} € (F'"™);50 such that F|Z,|? < oo, then (4.11) has a

pathwise unique strong solution X = {X;,t > 0}:

t t t
X = Zt+/ f(s,Xs,w)ds—l—/ g(s,Xs,w)dWS—l—/ / h(r, s, Xy, w)Ng(dr, ds).
to to JQ

to
Where f,g: [0, 00[xR? x Q — R? are measurable and F—adapted.

h: [0, 00[xRY x Q' x Q — R is a simple predictable process.

Theorem 4.21 Let (4.11) be a SDE respect to compensated Poisson measure jump and suppose
that assumptions of theorem (4.19) are verified excepting the third assumption is weakened to :

Forn =1,2...., there exists D™(t) satisfies the same condition of K(t) such that |z|,|y| < n;
[f(t,,w) = f(t,y,w)| < D*(t)]x —yl;
l9(t, ,0) — g(t,y,w)[* + / |h(t, @, 7, w) — h(t, y,r,w)Po(dr) < D"(t)|z —y|*.

Then (4.11) has the same result of theorem (4.19)
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Let (Q,F,F,P) be a Ps, (', F) be a Ms

We consider
t t t 5
Xt:/ f(s,Xs)ds—l—/ g(s,Xs)dWS—i-/ / h(s, Xs,r)Ng(dr,ds), ¥Vt >0 (4.12)
0 0 0 JRA\{0}

a l-dimensional SDE with jumps.

Theorem 4.22 Let (4.12) be a 1-dimensional SDE with respect to compensated Poisson random

measure. We assume that:

rf?
Al- f]Rd\{O} va(dr) < 0.

As. The processes:
1. f:[0,T] x RT — RY;
2. g:10,T] x R* — R,
3. h:]0,T] x RTx R\ {0} - R? ;

Are a Borel measurable processes such that for (t,x) € [0, T] xR?, there exist a non random

function m such that fOT m(t)dt < oco:

(@) < m(E)(1+ [x])

i |g(t, z))* + fRd\{o} \h(t, x,7)[Po(dr) < m(t)(1 + |x]?).

As. 1. f(t,z) and g(t,x) are continuous on x.
2. For h > 0, limy,_o |h(t,x + h,7r) — h(t,z,7)[*v(dr) = 0.

Ay. For any given T < oo; n > 0, there exist jL(t), cI(l) where jT is non random fOT Jrdt < oo

and ¢} (1) non random and strictly increasing on | > 0 with ¢£(0) =0 and [ Cf(ll) = 00:

1 lg(t, X0) — g(t, Xo)? < @ (X0 — X)),

2. forany x,y E R; x >y =ax+ h(t,x,r) >y+ h(t,y,r).

3. < Xi— Xo, f(t, X2) = f(t, X2) > < iy () (D (| X1 — Xaf).
Then (4.10) has a pathwise unique strong solution.

Exponential Solutions to Linear SDE with jumps

We consider :

FLHR) = {g(t,z,w); g(t,z,w) is (F)so — predictable such that, ¥Vt >0
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B[ Ji for la(s, 2, )|Ne(ds, dr)] < oo},

FER) = {g(t,z,w); g(t,z,w) is (F;)>o — predictable such that, VYt > 0

E [fcf Jor \g(s,x,w)FNk(ds,dr)] < o).

]:lfyloc(R> ={g(t,z,w); g(t,z,w) is (Fi)>o — predictable such that there exist a stopping time
ouTooasVu=12... and Loy, (t)g(t, z,w) e FE}.

We consider a SDE with Compensated Poisson random measure as follow:

dX = th/tth + Xt fQ @t Nk(dt dT)
(4.13)
Xo =1.
To solve this equation we separate it by two equations:
First:
dHt == Vt'thWt (414)
Hy =1
We solved in example (4.1.2).
Second: We solve the following equation:
dY, =Y [ O4(r (7N (dr, dt). (4.15)
Yo =1
Where 6, is a simple predictable process such that @, € F-'°°(R) N FL(R).
The following equation solves (4.15)
=[] @ +/ Oy (r)Ny.(dr, {s})). exp ™ Jo Jor Os(rIuldryds (4.16)
Q/

to<s<t

Proof.

1. We show that (4.15) makes sense: by 6, € F'*(R) N F}(R). there exist a stopping time
oy T 00 asVu=12.. and 1y, (t)g(t,z,w) € F¢ then MU“ Joy Ni(ds, dr) makes

sense.

2. Suppose that

A= T 0+ [ e.mn (sh).

to<s<t

B—exp f()f/@S)()dS'

By the formula of integration by part dA;B; = A; dB; + B;_dA; + d[A, B]; where
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[A, Bly =< A%, B¢ >+, . AAs A By = 0 because B =0 and A B; = 0. Then

AtBt—AOBO:/A ~dB,+ Y B, A A,

0<s<t

AtBt—l_/A ~dB,+ Y B.-(A,— A,-)

0<s<t

/A B/ Jo(dr)ds + 0 < s < tB,- (;14 —1)
/A B/@ drds+ZO<s<tB 1—|—/@ Wi (dr,{s})) —1].

Then Y} solves (4.15).

Theorem 4.23 Let X, = H,.Y;, Assume that as above O, € F'* (R)NF}(R) and P( [ |vs|?ds <
o) =1;
Then X; is the unique solution of (4.13).

Weak Solution:

Let (Q,F, (Fi)i=0,P) be a fps, (', F') be a ms. We consider a SDE with jumps where
ft,z,w), g(t,z,w), h(t, z,w,r) have the same properties of (4.8) :
dX; = f(t, Xy, w)dt + g(t, Xy, w)dW,; —|—/ h(r,t, X, w)Ny(dr, dt). (4.17)
Q/
And suppose that X, has a law p,i.e: VB € B(RY); u(B) = P(X, € B).

Definition 4.24 (Weak solution) Let X = {X;,t > 0} be an F-adapted process defined on a
new Wiener-Poisson space (Q,F, (ﬁt)tzo,ﬁ’, W,N;). We call X a Weak solution of (4.17) if it
satisfies (4.17), P—a.s and VB € B(RY),P(X, € B) = u(A)

Definition 4.25 (Uniqueness of Weak solution) We say that (4.17) has a unique Weak so-
lution if, for any two Weak solutions X andY such that X is defined on (Ql, .731, (ﬁt)t20717 If”l, W, Nll)
and Y is defined on (Qg,]}g, (.7:})@0,2,[@2, W, Nl2>,' Xo and Yy have the same law i ,i.e:

VB € B(RY)®*; P,(X, € B) = Py(Yy € B) = u(B), where u is time and

B(RY)®* = B(R?) x B(R?) x --- x B(RY).

Implies that Vt; <ty < --- < t,,VB € B(Ry)®" :

Py (Xs, Xty -, X, € B) =Po(V;,, Yy, ..., Vs, € B)

Definition 4.26 Let (E,c) be a Ms, We say that (E, <) is a standard measurable space if there
is a mapping between two sets such that both the mapping itself and its inverse mapping are

measurable.
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Let dQ; = Quvibidt + v,QdW; + Q- fQ/ O,(r)Ng(dt,dr) be SDE with jumps to solve it we use
an exponential solution to (4.13) such that we suppose d@Q; = 11Q;dW; + Q,- Jor O (r)Ny(dt, dr),
where Wt =W, — fot veds then we show if W is SBM or not;

Theorem 4.27 (A Girsanov type Theorem) We assume that (E,€) be a standard measur-

able space:

1. If for0 < T < oo and for a constant l(t) such that fOT (t)dt < oo; (P4 [y |©u(r)|Pu(dr)dt <
[(t), then for each 0 < T < o0, Pr = Q:dP is a probability measure; and there exist Pa
probability measure defined on (E,e) such that for each 0 < T < 0, ]IADIET =Py

t
W, =W, —/ veds,t >0 (4.18)
0
is SBM;

Under probability measure P ;
N, = N, — O,(r)v(dr)dt (4.19)
= N(dt,dr) —v(dr)dt — Oy(r)v(dr)dt (4.20)
= N(dt,dr) — (1 + O(r))v(dr)dt. (4.21)

is a compensated Poisson measure with compensator (1 + ©,(r))v(dr)dt.
If ©,(r) = 0 then N, = Ny, is a Compensated Poisson measure under the probability measure

P.

2. We assume that dP = Q,dP with ©,(r) = 0:for each t > 0, P = H,dP is defined in (E,¢)
such that, for each 0 < T < oo, P|., = P.
If for any given 0 < T <0, fOT v |2dt P — a.s then:

(4.18) is SBM and Ny, is a compensate Poisson measure with compensator v(dr)dt.
Existence and Uniqueness of Weak solution of SDE, with Jumps

Proposition 4.28 Let

{th = 11Qibi(W)dt + v QudW,; + Qu- [o O1(r)Ny(dt, dr). (4.22)

Qo = co.
be a SDE with compensated Poisson random measure where v = {1, t > 0} is a d-dimensional
(F)i>o-adapted, © = {O,t > 0} is a I-dimensional (F;)i>o-predictable process, by(w) is a Sp, ¢
is a constant, W is a d-dimensional SBM, Ny(dt,dr) is a 1-dimensional Compensated Poisson

measure.
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We assume that: |1|* + [ [©:(r)]2 < j(t), where j(t) > 0 is non random and for 0 < T < co
J§(t)dt < oo
Then the SDE (4.22) has a unique weak solution if b;(w) is a d-dimensional (F;)i>o-adapted

process such that |by(w)| < Oy, where Oyis constant.

Let

¢ ¢ ¢
Xt:/ f(s,XS)ds+/ g(s,XS)dWS—l—/ / h(s, Xs,7)Ng(dr,ds) Vt >0 (4.23)
0 0 0 JQ

be a 1-dimensional SDE with jumps.

Theorem 4.29 Let (4.23) be a SDE. We assume that X = {X},t > 0,i = 1,2} is a solution of
(4.23) defined in the same Probability space with the same SBM W and the compensated Poisson

random measure Ny,; and we assume that:

Ay. The function f(s, Xs), g(s, Xs), h(s, X, r) is not dependent on w.

Ag. [y [ h(s, X, r)v(dr)ds < oo.

As. Forx,y e R; x>y =x+h(t,z,r) > y+ h(t,y,r).

Ay (XM —=X%) =0

Then the weak uniqueness of weak solutions of (4.23) implies the pathwise uniqueness of solutions
of (4.23).

Theorem 4.30 Let

dX; = (f(t, Xy) + fO>t, Xy))dt + g(t, X;)dW, +/ h(t, X, 7)Ny(dr, dt) (4.24)

Q/
and (4.17) are a SDEs with jumps.

We assume that :
o fO(t,z) € R®  yalued.
o Forany 0 < T < oo, there exist Gy non random and it is depending on T ; |fO(t, z)|* < Gy

e For any 0 < T < oo, there exist my-non random such that m; > 0 and fOT mydt < oo and

there exist g~ (t,z) such that |71 (t,z)]* < my.
Then the following statements are equivalent:

1. The SDE (4.24) has a weak solution X = {X;,t > 0} with initial value Xy = xq, where

is R® constant.
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2. X = {X;,t > 0} with initial value Xo = xo, where X is R constant is the weak solution

of a SDE(}.17).

Theorem 4.31 (A Girsanov type Theorem) Let (Q, F,F,P) be a Fps, dX; = (f(t, X;) +
FO(t, X4))dt + g(t, Xy)dWy + [oy h(t, Xi—, 7)Ny,(dr, dt) be a SDE with jumps; and

dXt:f(t,Xt)dt+g(t,Xt)th—|—/ h(t, X, 7Ny (dr, dt) (4.25)

Q/

be a d-dimensional SDE with compensated Poisson random measure. We assume that:
e X ={X;,t >0} is a weak solution of (4.25) with initial value Xy = x¢ € R? is a constant.

o For any 0 <T < o0, there exist Gy non random and it is depending on T';

|f(t2) P+ [0t )P + gt )P + [ [h(t, X, r)]Po(dr) < Go(1 + |2]).

o There exist g~ (t, X;) such that for a non random m; where for any 0 < T < oc; fOT mydt <
00;

g7 (t,z) ] < my.

o We pose Qu(g™' f°) = exp|[y (971 f) (s, Xo)dW, — 3 [ [(g71f°) (s, X,)[2ds]]
dP = Q,dP.
Wi =W, — [1(g7 f°)(s, X,)ds.

Then for 0 <T < oo and t € [0,T;
1.Pisa probability measure.
2. Under Pp, W = {W,,t € [0,T]} is SBM.
3. Under Py, Ni([0,t],dr) is a Compensated Poisson measure with compensator v(dr)t.

By (4.27), an adapted process X = {X;,t € [0, T]} defined on (Q,]:, (Fo)eepo.11: Pe, Wi, Ni ([0, 2], dr))

is a weak solution of (4.24) with initial value Xy = o € R%.

Theorem 4.32 Let (2, F, (Fi)i>0,P) be a Ps. We assume that for any given 0 < T < oo,t €
[0, T, there exist q(t) non random and positive such that fOTq(t) < 00;

If |6 < q(t). Then we can define a new Probability measure Pr as: dPr = exp[fOT O dW, —
%fOT |0, [2ds]dP where W = {W;,t € [0,T]} then Wt € [0,T], W, = W, — L [1O.ds is a new
SBM under Pr
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4.5 Some techniques to resolve SDE;, Ito, Girsanov

In this section we introduce Ito and Girsanov technique for solving the SDE;.

1. Let (Q,F,F,P) be a fps, W = {W,,t € [0,T]} be a 1-dimensional SBM. We consider:

{dXt = o X,dt + f(t, X;)dt + BdW, (426

XO =€ t € [0, T]
be a 1-dimensional SDE where o, 8 are positive constants, f(¢,x) is bounded and mea-
surable such that for any given 0 < T < oo for t € [0,T]; there exist ¢ > 0 for
(t,ZE), (t’y) € [07T] X Rd
Lo|f(t2) <q

2. |f(t,z) — f(t,y)| < qlzr -y

To solve (4.26), we use (4.32);

dXt = O'Xtdt + f(t, Xt)dt + ﬁth
dX, = o X;dt + B(B 1 f(t, Xy)dt + dW)
dX, = o X,dt + BdW,.

Where dW, = =1 f(t, X,)dt + dW,.
We start by solving the following SDE for ¢ € [0, T]

{dXt = o X,dt + BdW, (027

XO =€

We pose that h(t,z) = ox and ¢(t,x) = § and we verify the conditions of the theorem

(4.6):
For z,y € R;
|h(t, ) — h(t,y)| + [g(t, 2) — g(t, y)| = lox — oy + |5 — B]
< lollz —yl.
And

h(t,2)]” + |g(t, 2)|* = |oz> + B
< lof|lz]* + |B8)?
<loPlzl> + 181> + |o]* + | B ||

< (lo]* + 181 + |z).
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Then there exist a constant L = \/W , then the SDE (4.27) has a unique solution
X ={X;,te€[0,T]}.
Search of solution X:
We pose X; = S(t,u) € C*(R) where u = W;; by Ito formula:
t

S(t,u) = S(0,u) + [ S'(s,u)ds + /

0 0

t t

/ 1 1
S(s,u)du—l—§/ S (t,u)Bds.

0

Then:

2 2 2

oS oS 1]10°S 0°S oS
d - = - -1 = 247" 249 t ]
S(t,w) : (t,u)ds + u(t,u)du + 5 { 2 (t,u)dt” + 2 (t,u)du” + v u(t,u)d du

With : dt? = 0, du® = dW? = dt, dtdu = 0, then:

oS 1928 oS
dS(t,u) = (E(t,u) + Eﬁ(t u)) dt + %(t,u)du.
By
{Za—f + %% =05.
S
Gu =0
Then
oS
E =0S.
S(t,u) = k(u) exp”.
And
s ot
Tu =k (u)exp” = 3.

’

k' (u) = Bexp 7".

Then we calculate k(u) with k(0) = Xy = e:

So:



Second:

We applying theorem (4.32): for (¢,z) € [0,T] x R

1Bt ) < |BPPIf(t,x)?
< |8]*¢?

< L(t)

Then we define a new probability measure Pr such that:

N T 1 T
by = exp[/ B f(s, Xa)dW, — 5/ 18- (s, X.)|2ds]dP.
0 0

And

5 t

Wy =W, — / ﬁ_lf(s, X;)ds.

0

Is a SBM.

SO we have under Pp—a.s for ¢ € [0, T):

dXt = O'Xtdt + f(t, Xt)dt + Bth
XO = €.

And X; = eexp +13 fot exp?®=%) dW, where X; € FV and X, ¢ Fy;.

There (X;, W) is a Weak solution of (4.26).
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CONCLUSION

The Stochastic differential equations derived by compensated Poisson random measure is im-
portant in finance and it used in geometry and sens and it have a unique solution.

Those SDE, are used to describe phenomena which can get suddenly events that violate the
continuity such as catastrophes, failure of a system,....

In my opinion, the application in fact of this SDE; is fertile and important to encourage students

to undertake research in this area .
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APPENDIX A

POISSON RANDOM VARIABLES

A.1 Probability space:

A.1.1 o-algebra:

Definition A.1 (c-algebra) Consider a non-empty set S, the o-algebra (or o-field) F is a

collection of subsets of () satisfies the following conditions:
e o € F (F contains the empty set).
o VAc F= A°c F (F stable by complementation).
o V(A;)i>1 C F disjoint fori=1,2,... = U2, Ay € F  (F stable under union).

Example A.1.1 Let Q = {6,7,5,9}, we define F = {¢,,{6,7},{5,9}}

Fis a o-algebra we can easy check:
1. p € F.
2. Stable by complement:

2.1 ¢¢°=Q e F.
220 =¢eF.
2.3 {6,7}¢={5,9} € F.

2.4 {5,9}={6,7} € F.
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3. Stable by union:

3.1 0UQ=Q¢cF, opuU{6,7} ={6,7} € F, oU{5,9} ={5,9} € F.
32QUp=0¢eF, QU{6,7}=0¢eF, QU{59}=0Q¢€F.
3.3 {6,7tU{5,9} = ¢ € F.

Definition A.2 Let Q be a non-empty set and let A be a subset or collection of subsets of €,

the o-algebra generated by A is a smallest o-algebra containing A. We note it o(A)

If any o-algebra F contains A then o(A) C F.

Example A.1.2 Let Q = {2,3,9,5,6,8} and A ={2,3}
o(A) ={Q,0,{2,3},{9,5,6,8}}.

Definition A.3 Let 2 = R the Borel o-algebra is the o-algebra generated by all open subset
(interval).

We note B(R).

Definition A.4 Let Q) # ¢ and F be a o-algebra on €.
We call (0, F) a measurable space.

Definition A.5 (Measure) Let (2, F) be a ms, the function: p: F — [0,00] is a measure if

it has following properties:

e u(¢) =0.

e For any sequence of disjoint sets A; € F, fori=1,2,... :

Uiz1) = > p(Ay).

i>1

Definition A.6 Let (2, F) be a ms and p be a measure on (2, F).
We call the triple (2, F, 1) a measure space.

Definition A.7 (Probability measure) Let (Q2,F) be a ms, the probability measure P on
(Q, F) is a measure P : F — [0, 1] such that P(2) = 1.

Definition A.8 Let (2, F) be a ms, P be a probability measure and A be measurable set. We
say A is P-negligible set if P(A) = 0.

Definition A.9 Let (2, F) be a ms and P be a probability measure.
We call the triple (2, F,P) a probability space.
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Definition A.10 Let (2, F,P) be a Ps. We call it a complete probability space if it contains all
the P—negligible sets.

Definition A.11 (Measurable mapping) Let (0, F),(Q, F) are a ms and let the mapping
f:(QF) = (Q,F). We call f a measurable mapping if :
For each subset A of F :

fHA) ={weQ, flw)eAlecrF.

A.2 Random variable

Let us fix (Q,F,P) a ps and (', F) a ms;

Definition A.12 Let X : (Q,F,P) — (', F) be a mapping.

We call X a random variable if X is measurable, see (A.11).

Definition A.13 Let X : (Q, F,P) — (2, F) be a rv, we call X a real rv if Q' = R and
F =B(R) .

Definition A.14 (The law) Let X be a real rv. The law of X is defined by:
VA e B(R), PA)={we: X(w)e A}).

Definition A.15 (The distribution function) Let X be a real random variable. The distri-
bution function of X is defined by:

Fx(x)=P(X <z), VzeR.

Definition A.16 (Independent) Let X1, Xs,..., X, be a rv we say that they are independent
if:

]P(Xl < ZL’l,XQ < To, ... ,Xn < ZL’n) = P(Xl < xl)IP’(XQ < 132) .. ]P(Xn < $n) (Al)
Definition A.17 Let X be a rv on (Q,F,P). We say that it is integrable if [, |X (w)[P(dw) <
00.

More generally if: [, | X (w)[*P(dw) < oo, (k> 0) then we call X a k— integrable.
If k=2, we call X a Square integrable.

Definition A.18 (The expectation) Let X be an integrable, positive rv. The expectation
E(X) of X is the integral of X with respect to probability measure P defined by:

B(X) = /Q X (w)P(dw).
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Definition A.19 (Conditional expectation) Let (Q,F,P) be a ps, X be an integrable rv
such that E[X] < oo and let G C F. The conditional expectation E[X|G] is the function on
to RY satisfying:

o E[X|G] is G-measurable.

e ForallGe§, [,E[X|GldP= [,XdP.

Theorem A.20 Let (O, F,P) be aps, G C F, and let X : Q — R? be a rv such that E[X] < cc.
We have:

If X is G-measurable then E[X|G] = X.

If X is independent of G then E[X|G] = F[X].

E[E[X|G]] = EIX].

Let'Y be an integrable mv, o, B € R then:

1. ElaX + BY|G] = aE[X|G] + BE[Y|G].

2. If Y is G-measurable and X is independent of G then E[X.Y] = Y.E[X].

|E[X|G]| < E]IX]|9].

If X is a square integrable |E[X|G]|*> < E[| X |?|G]

Definition A.21 (The covariance) Let X andY are integrable rvs. The covariance, cov(X,Y)

of X, Y is defined by:
cov(X,Y) = E[X.Y]| - E[X]E[Y].

Definition A.22 (The variance) Let X be a square integrable rv. The variance, Var(X) of
X is defined by:
Var(X) = E[X — E(X)]* = E[X? — E[X]*

The variance is the special case of covariance if X =Y.
Discrete and continuous random variable

1. Discrete random variable

Definition A.23 Let X be a rv. We say that X a discrete rv if it takes separate (finite)

values.
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Definition A.24 Let X be a discrete rv with a possible values x1, 2o, ..., x,. The proba-

bility mass function f(x;) is a function such that :

2 Y fla) = L.
3. fla) =P(X = ;).

Definition A.25 (Expectation) Let X be a discrete rv. The expectation of X is defined
by:
E(X) = lef(il%) T; € Q,Z = 1,2,. ..,n.
i=1

Important discrete distribution function:

1. Binomial distribution

Definition A.26 Let (2, F,P) be a ps and let X be a discrete rv. X has a Binomial

distribution if:
P(X =k)=CMp*1 —p)"*, k=01,....n, 0<p<L1. (A.2)

E(X)=mnp Var(X) =np(l —p).
We write X « B(n,p).
2. Poisson distribution
Definition A.27 Let (Q, F,IP) be a ps and let X be a discrete rv. X has a Poisson
distribution if:

k
1@(){:&):%@@—A k=0,1,..., A>0. (A.3)

E(X) = Var(X) = A
We write X « P ().

2. Continuous random variable

Definition A.28 Let X be a rv. We say that X is continuous rv if it takes values in

continuously interval.
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Definition A.29 Let X be a uniformly continuous rv. The density function fx(x) of X
is defined by:

 dx

fx()
Such that:

2. [T fx(x) = 1.

Definition A.30 (Expectation) Let X be a continuous rv. The expectation of X is
defined by:
+oo
E(X) :/ zfx(x)dx.

oo

Important continuous distribution function:

1. Gaussian distribution

Definition A.31 Let X be a continuous rv. We say that X is a Gaussian (Normal)

variable if the form of its density function is:

feto) = ey~ E=0)

oV 2 202

2. Exponential Distribution

Definition A.32 Let X be a continuous rv. We say that X an exponential r.v. with

parameter \ if it has a density function of the form:

Aexp™™  1>0.

Jx(z) = {0 20, (4.4)

1 1
E(X>:X Var(X):ﬁ.
We writ X « exp(A).
A.2.1 Multidimensional random variable

Definition A.33 Let (0, F,P) be a ps and (R",B(R™)) be a ms and let Xy, Xo,..., X, be
rvs . The multidimensional Tv (vector random variable) X = (X1, Xs, ..., X,) is a measurable
mapping such that :
X : (Q,F,P)— (R", B(R"))
we X = (X(w), Xo(w), ..., X, (w)).
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Characteristics of multidimensional random variable:

1. Distribution function

Definition A.34 Let X = (X1, Xy, X3,..., X,,)T be a vector rv. The distribution function
s defined from :

Fx(z) = Fx, x,...x,(T1,Z2,...,Zy) (A.5)
=P(X; <21, Xy <mg,..., X, <) (A.6)
=P(X; <2)P(Xy < 19) ... P(X,, < ) (A.7)
= Fx,(21)Fx,(z2) ... Fx, (). (A.8)

2. Expectation

Definition A.35 Let X be a multidimensional rv. The expectation of X 1is defined by :

X, B(X))
X, E(X,)

Bx) ==
X, E(X,)

3. The covariance matrix

Definition A.36 The covariance matriz of X = (X1, Xo, X3,..., X,,)7T is:

var(Xy)  cov(X1,Xs) ... cov(Xi,)

B B _ cov(Xo, X1)  war(Xs) ... cov(Xa, X,,)
V= Var(x) = B(X-BO) (-] = | e

cov(X,, X1) cov(X,, Xs) ... cov(X,,X,)

A.3 Poisson real random variable

Definition A.37 Let X a real rv we say that X is a Poisson real rv with parameter A > 0, if
it has a Poisson distribution function, see equation (A.3).

E(X)=Var(X) = A\

We write X «~ P(N).

Proposition A.38 ( Poisson addition property) Let a sequence Xy, Xo,..., Xy, ... of in-

dependent Poisson rvg, then:

> Xk PO M) (A.9)

k>1 k>1
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Proposition A.39 (Poisson splitting property) Let X «~ P(\), Y,k € N with P(Y,, =
Jj)=p; forall j=1,2,...,n and X and Y} are independent. We define:

X
Z; = Z Tgy,—jy- (A.10)
k=1

Then Zy, ..., Z, are independent rv, with X; « P(Ap;), for all j =1,2....

A.4 Convergence in probability and convergence in distri-
bution

A.4.1 Convergence in probability

Definition A.40 Let (2, F,P) be a ps, X be a rv and let X1, Xo, ..., X, be a sequence of rv. We
say that it converges in probability to X if for, each € > 0:

lim P(|X, — X|) = 0.

n—aoo

A.4.2 Convergence in distribution

Definition A.41 Let (2, F,P) be a ps, X be a rv and let (X,,)n>0 be a sequence of rv. We say
it 1s convergent in distribution X if:
lim Fy, (z) = Fx(x).
n——~oo

A.5 The Poisson approximation to the Binomial distribu-
tion

The Binomial distribution tends toward the Poisson distribution as: n — oo, p — 0and A = np
stays constant.
/\k:

Cap* (L =p)" "~ exp™.

Example A.5.1 Albinism is a rare genetic disorder,that affects one in 20000 Europeans, people
with albinism produce little or none of the pigment melanin.
In a random sample of 1000 FEuropeans,what is the probability that exactly 2 have albinism ?.

solution:
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1. Bi al: n=1000,p = ——
momzial: n D 50000

P(X =k) = Ckp*(1 —p)"*
1 1
P(X = 92) — (2 201 _ 10002
— 0.0011879565.

1
2. Poisson: A =np = 1000.—— = 0.05

20000
/\k
P(X =k)= o exp
0.052
P(X =2) = 51 exp 0%
= 0.00118907.

The Poisson approximation is reasonable if n > 50 and np < 5.
Properties A.42 we Use this approximation because:

1. The factorials and exponentials in the binomial formula can become problematic to calcu-

late.

1. A problem my be binomial conceptually, but n and p my be unknown, we may only know

the mean.
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