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Abstract

The aim of this work is to propose the finite element approximation of a prestressed
shell model. Because of the constraint involved in the definition of the functional space,
it cannot be discretized by conforming finite element methods, in Cartesian coordinates
system a penalized version and a mixed method of the model and their finite element
discretization are then proposed. We prove the existence and uniqueness results of solutions
for the continuous and discretes problems for a penelized and mixed method, and we derive
a priori error estimates. We present also a new formulation where the unknowns (the
displacement of the midsurface and the infinitisimal rotation) are described in Cartesian
and local covariant basis respectively. Due to the constraint, a penalized version is then
considered. We present a robust a priori error estimation. Moreover, a reliable and efficient
a posteriori error estimator is also presented. Numerical tests that validate and illustrate
our approach are given.

Key words: Finite element approximation, prestressed shell, penalized method, mixed

formulation, a priori and a posteriori error estimate.



Résumé

Le but de ce travail est de proposer une approximation par éléments finis d’'un modéle
de coque précontrainte. A cause de la contrainte fonctionnelle imposée, une discrétisation
par éléments finis conforme n’est pas possible pour le moment, alors en coordonnées
cartésiennes on propose une formulation de pénalisation et une formulation mixte pour le
probléme, ceci nous conduit a des problémes sans contraintes. Nous prouvons les résultats
d’existence et d’unicité des solutions pour les problémes continus et discrets pour la
méthode pénalisée et la formulation mixte. Nous présentons aussi une nouvelle formulation
ou les inconnues (le déplacement de la surface moyenne et la rotation infinitésimale) sont
respectivement décrites dans des bases cartésiennes et locales covariantes. A cause de la
contrainte, une version pénalisée est alors considérée. Nous présentons une estimation
d’erreur a priori robuste. De plus, une estimation d’erreur a posteriori fiable et efficace
est également présentée. Nous donnons finalement des tests numériques qui valident et
illustrent notre approche.

Mots-clés: Approximation par élément fini, coque précontrainte, méthode de pénali-

sation, formulation mixte, estimation d’erreur a priori et a posteriori.
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NOTATIONS

v' Greek indices {a, 3, p} take their values in the set {1, 2}.
v' Latin indices {4, j,- - -} and exponents take their values in the set {1,2,3}.
v u-v the inner product of u and v in R3.

v u X v, uAv the vector product of v and v.

v /A : B denote Z Z AppBapdx.

a=12p=1,2""%

v ' A < B denote A < CB.

v’ w: be a domain of R?.

v/ §: a midsurface of the shell.

v FZB: The Christoffel symbols of the surface.

v [G]. : denotes the jump of G across e.

v' A, p: the Lamé moduli of the homogeneous and isotropic material that constitutes the
shell.

v v, E denote respectively the Poisson modulus and coefficient the Young of the material.
v tr(A): trace of the matrix A, (tr(A) = Ay + Ag).

v —: weakly convergence.
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v’ H™(w): Sobolev space of order m.
v' A(T) is the union of triangles of 7, that intersect 7.

v A(e) is the union of triangles of T}, that intersect e.

12



INTRODUCTION

INTRODUCTION

The thin shell is a three dimensional body, such that the thickness dimension is very
small compared to the other dimensions. It is considered as a part from the ensemble of the
elastic structures. Such structures are abundantly found in nature. Nowadays, it is largely
utilized in industry, especially cars industry, aeronautics as well as in civil engineering
such as bridges construction. This is due to its weak weight and high resistance, making it

useful in constructing big structures|Figure 1].

Figure 1: A plane
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Obtaining models of plates and shells has been the subject matter in mecanica. Histor-
ically, research on plates topic have started at the end of Nineteenth century by Gustav
Robert Kirchhoff and the early of Twentieth century by Augustus Edward Hough Love.

Regarding shells models, the first attempts dated to fifthies years in the Soviet Union
and to the sixties years in the United State. From the eighties and on, researches on shells
models has attracted a lot of attention in France (works of P. Destuynder [35] [36] [37],
E. Sanchez-Palencia [63] [64] [65], Ciarlet and Miara [23], Ciarlet and Lods [27] [28] [29]
and Ciarlet, Lods and Miara [30]).

Linear shells can be categorized into two categories which are:

Naghdi’s shell model [54] [55] is based on the ideas of E.Cosserat and F.Cosserat [32]
which takes into consideration transfers shear and Koiter’s shells [50] which is based on
Kirchhoff [48] and Love work [51] neglect the shear force. We refer to Bernadou [7] for an
overview of linear shell theory.

For Naghdi’s model a deformation energy can be decomposed on three energies namely:
the flexural energy term, membrane energy term; transverse shear term denoted as a(-, ),
A (+,+) and aq(-, ), respectivly.

Prestressing refers to the act of engendering persistent stresses in a structure, aiming at
improving the elastic properties of the structure. Nowadays, prestressing is vastly used in
constructing towers, building,...etc.

The main utility behind using prestressing is that it strengthen the structure and makes it

more stiff [Figure 2|. There are three ways to perform prestressin, which are the following,
e Precompression with mostly the structure’s own weight.
e Pre-tensioning with high-strength embedded tendons.

e Post-tensioning with high-strength bonded or unbonded tendons.

14



o
A curvature may appear on the
concrete when it is loaded heavily

S
The conerete base start splitting
and some cracks could appear
» I

e
With prestressing, the concrete "
become very strong

Figure 2: Structure with and without prestress.

Historically, prestressing has been adapted in Romanien’s constructions.
Prestressing characterizes several phenomena ranging from in hemodynamics to building

and towers...ect. Hereafter, we cite two typical applications of prestressed models:

1. Nobile and Vergara [57] interested in modeling and numericals simulating interaction
of fluid-structure in vascular dynamics. Authors started from 3D shell model that
take into consideration prestressed terme / TVu: Vodw,. Afterwards they reduce
the model to a membrane case. This modelsworks well under the assumptions (the
structure is thin, behaves as a membrane, deforms mainly in the normal direction to

the mean surface). These assumptions are sound and widely accepted in vascular

dynamics.

2. Starting from the nonlinear (Kirchhoff) model of elastic plates and the assumption
of isometric deformation, Marohnic and Tambaca|52] derived a model of a flexural
prestressed shell. This model is the same as the model of a parametrized shell up to
the prestressed energy term. In other words, the model is the sum of two bilinear

forms, ay(-,-) and a,(-, ), which respectively represent the flexural and prestressed

15



energy, and both terms are of the same order of magnitude. The bilinear form a, (-, -)
is symmetric but not necessarily positive. The derivation of the full model is achieved

by adding membrane a,(+,-) and transverse shear a(-,-) terms.

Finite element method are used to approximate numerically the solution of the mathe-
matical models. Phenomena in physics, biology, chemistry ...etc, are modeled by partial
differential equations. This transmission from physics to math modeling yield slight error
which is commonly known as model erreur |Figure 3].

This is occur as mathematical model is constrained with assumptions that cannot
perfectly simulate the real problem. Approximating mathematical solution (exact solution)
using finite element method, in turn, produces necessarly errors because of discretization
process. After having obtained the finite element solution, it is important to compute
the solution accuracy, if this accuracy hasn’t reached the desirable target, the numerical
solution should be replicated with a refined set of parameters [21] [59].

The error between the exact solution ( the solution of the mathematical model) and
the approximate solution (the solution of numerical problem) can be found using a priori
error estimate. However, a priori error estimat suffers from one shortcoming which is
dependence of the upper bound with the unknown quantity U, see [25] [39]. One manner
to overcome such as problem is the a posteriori analysis. The early efforts concerned with
a posteriori analysis back to the works of Babuska et Rheinbolt [4, 1978|. Thenceforth, a
posteriori analysis has recieved much and growing interest.

The a posteriori error estimate is based on evaluating the error between exact solution
U and its approximated solution U, in terms of known terms such as the size of the mesh
cells, the problem data, and the approximate solution, this is called the error indicators.
A posteriori estimates yield global upper and local lower bounds for the error, when the

error estimator provides an upper bound for the error, this means, that our estimator is
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"reliable" and it is called "efficient" if it provides a lower bound for the error apart from
data resolution.

Mainly, there are three types of a posteriori error estimators which are: residual-based
error estimates [68| [69], hierarchical bases error estimates [1| [5] and duality techniques
error estimates [6]. One appealing feature a posteriori error estimate is that it provides
useful information to construct a new mesh that is used for converging to a more accurate
solution. Replicating this procedure multiple times is commonly called adaptive meshes.
Recently, a lot of works, concerning with a rigorous mathematical justification of the
convergence of adaptive finite element method. The basic idea is to prove a contraction
property of the errors between two consecutive adaptive meshes. Most of this works, are
concerned with simplified model problems. We refer to [19] and [20] for the first works
concerning a plate model and also to Grétsch and Bathe [43] [44] for the first a posteriori
estimates concerning shell models. The first a posteriori estimates concerning shell models
formulated in global coordinate system was done in [9] for Naghdi’s shell model and

Koiter’s shell model in [14].

CONTRIBUTION

In this work, we are interested on a prestressed shell model which was introduced for
the first time in [52]. The unknown of the problem is the couple (u, ), where u is the
displacement from the reference configuration and r is the infinitesimal rotation of the
cross section of the shell. In [52] both w and r are described in Cartesian coordinates and

they are sought in the Sobolev space H!, each one has three components as follow:
Find U = (u,r) € V(w) such that
t3 ¢
tay, (u,v) + ta, (U, V') + ﬁaf(r, s) + Eap(r, s)=L(V),YV = (v,s) € V(w)

17



Physical problem of
a solid thin = shell

!

Mathematical model of shell:
Kinematical assumptions

Boundary conditions
Loading

!

Finite element solution
of mathematical model:
Selection of elements
Meshing
Imposition of boundary conditions

Assessment of error in solution

Figure 3: Finite element analysis of a shell problem|21].

where

V(w) = {(v,s) € H'(w,R*) x H' (w,R*) : s - a3 = %(81'0 cag — Ov - ay), V|p, = O}.

t3
The bilinear form a(-,-) which is equal to ta,(-,-) + ta;(-, ) + Eaf(', -) is not coercive on
V(w) but it defines a norm on the same space. To resolve this issue, we introduce a larger

Hilbert space V
V={(v,s) € Hl(w,R3) X LQ(W,R?’) 1S5-ay € Hl(w,R),s ~ag = Y12(v), v|r, =0},

which turns to be the completion of V(w) with respect to the norm (a(-,-))"/?, because we
show that this form is continuous and coercive on V. The nonpositive character of a,(-, )
may break the coercivity of the bilinear form (a + a,)(-,-) on the space V even if a(-, )

is V-elliptic. Nevertheless, if the unit normal vector az on the deformed surface S has a

18



sufficiently small gradient (more precisely if ||Vas||p~is ¢ sufficiently small ”) the bilinear
form (a + a,)(-,-) still defines a norm on the space V and that (a + a,)(-,-) remains
V-elliptic. By the Lax-Milgram lemma, the model has a unique solution in the space
V. We find the assumption (||Vas||r~ is ¢ sufficiently small ”) is used in plates and rods
models containing prestressed terms (see Paroni [58]). Moreover, because of the constraint
s+ az — Y12(v), it cannot be discretized by conforming finite element methods we propose a
penalized version of the model by adding the bilinear form
1 1 _ -
-0, V)= - /W(T raz — Yi2(u))(s - az — Y12(v))dzx

where € is the penalization parameter, and considering the relax functional space X without
the constraint. We prove the existence and uniqueness results of solutions of the continuous
problems and show that this solution converges to the solution of the original problem
when the penalization parameter tends to zero. We present further perform a robust finite
element approximation of the penalized version that is based on a regularity assumption
on the solution. Hence, under some natural assumptions on the domain, the chart and the
data, we prove that this regularity holds uniformly in the penalization parameter.

Furthermore, we introduce a mixed formulation of the original problem and we demon-
strate its well-posedness, we use the approximation by finite element method for mixed
problem, the existence and uniqueness of a solution to the discrete mixed problem is based
on the discrete inf-sup condition of the bilinear form b(-, -), the constant g, for the discrete
inf-sup condition is dependent on h then is more damaging for the convergence between
the solution of the mixed problem and the solution of discret mixed problem.

Another track in this work is a robust priori and a posteriori error analysis for a hybrid
formulation of a prestressed shell model. A hybrid formulation is considered here, i.e.,

the unknowns (the displacement and the rotation to the shell midsurface are described

respectively in Cartesian and local covariant basis. The use of hybrid formulation in the
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context of shell problems,; was introduced by Blouza [12] for Naghdi’s shell model. The
aim of using hybrid formulation in [12| was to reduce the number of the unknowns ( from
six to five because s - a3 = 0) and to get rid of the tangency constraint for the rotation
which was presented by Blouza and al. [15].

We study the existence and uniqueness of the solution of the new variational formulation.
We then present a penalized version for the problem, we prove its well-posedness, using
the finite element approximation for the penalized problem and we prove the existence
and uniqueness of the discret solution, we derive a priori error estimates, but this a priori
estimat is not robust, then rewriting the penalized formulation as a mixed formulation.
We propose a discrete problem for the last mixed problem and proving again a uniform a
priori error estimates.

The purpose of this work is to provide a posteriori error estimators, we demonstrate

that this a posteriori error estimator is reliable and efficient.

THESIS OUTLINE

The outline of the thesis is as follows:

e In chapter 1, firstly we recall the geometry and classification of the surfaces, we
present the Naghdi shell model and Koiter shell model. We present also 2 models
with a presetressed term (a membrane and fluxural prestressed shell models) the first
model is presented in [57] by Nobile and Vergara and the second model is presented
in [52] by Morohnic and Tambac¢a and we point out that this model is not necessarily

positive.

e In chapter 2, we present a new constrained continues problem of a fluxural pre-

stressed shell model and its well-posedness and we introduce a penalized version and

20



CHAPTER 0.

mixed method for the constrained problem, and we prove their well-posedness. We
demonstrate the convergence of the solution of the penalized problem to the original

one and a regularity result for smoother data.

Chapter 3 is devoted to the finite element approximation for the penalized and
mixed problem and we prove the existence and uniqueness of the discrete solution,
we derive a priori error estimates between the discret solution and a solution of a

penalized problem.

In chapter 4, we present a hybrid formulation of a prestressed shell model where the
unknowns are described in Cartesian and local covariant basis respectively, we study
the existence and uniqueness of the solution. We then present a penalized version
for the new variational formulation, we prove its well-posedness. We give the strong
formulation equivalent to a penalized problem. The finite element approximation for
the penalized problem is presented also in this chapter and we prove the existence and
uniqueness of the discret solution, we derive a priori error estimates. We derive also
a posteriori estimates and we prove the reliability and efficiency of our a posteriori

error estimator.

In chapter 5, we proved 2 approaches of numerical experiments. The first presented
the bending-dominated behavior of the structure and the second are included that
confirm the efficiency of the residual a posteriori estimator and the strategy of adapt

mesh.

21



CHAPTER 1

GEOMETRICAL PRELIMINARIES

1.1 OVERVIEW ON SHELL GEOMETRY

In this section, we present the characteristics and geometrical notions related to shell,
espicially notations, definitions and fundamentals required for analysis of mathematical
shell models. For more details we refere to [21],[24].

Let (eq, €2, e3) be the canonical orthogonal basis of R and let u and v be to vector of
R3. u - v the inner product of R3, and u x v the vector product of u and v. For a given
domain w of R? with a Lipschitz boundary, We assume that the boundary dw is divided
into two parts Iy and I';. We thus consider a shell with a midsurface (denoted by S) defined

by a chart ¢ which is an injective mapping from the closure of a bounded open subset of R,

S = (@), where p € W™ (w,R?) (1.1)

22



1.1. CHAPTER 1.

@(xy,x3)

i ke /':

>

xq el

|"f.r
\a_M__gJ__ /

Figure 1.1: Definition of the surface S

such that

QY o —R3
r = (11, 12) — @(7).

We define two tangential vectors to the surface S by:

aa(x) — 5 o = 172

in each point p = ¢(z) of S.

The unit normal vector as is then defined by

a1 X a
a3 = ———.
3 |CL1 X(lg’

The two vectors (aj,as) defined the tangent plan T’pS on every point of S and the
triplet (ay, as, as) the covariant basis on each point p of the surface S.
The contravariant basis a’ are denoted by the relation a; - / = ¢/ with as = a® and ¢

being the Kronecker symbol!.

167 =1ifi=35 and 0 otherwise

23



1.1. CHAPTER 1.

The restriction of the metric tensor to the tangent plane, also called the first fundamental
form of the surface, is given by its components
Qg = Qg * AgG.

The contravariant components of the metric are given by:

1 Q22  —A12
a®® =a% d® = (a.5)"' = =
( aﬁ) a —a12 a1

with a = det(ang) = ai1ass — (a12)? Indeed, the infinitesimal area corresponding to the
differentials (dzy, dxs) of the coordinates can be expressed as dS = y/adxidxs.

We have this relations

a; X a3 = —/aa®, and ay X ag = aa'.

a' x a® = det(a"”)v/aas
a' x a® = —det(a®?)\/aay
a® x a® = det(a®®)v/aay .

The proof can be found in [24] and [67].

The components of the second fundamental form of the surface are defined by
bop = a3 - gt = —aq - Opag.

The second fundamental form is called the curvature tensor and the mixed components
are defined by

b2 = a"b,,

The Christoffel symbols of the surface Fgﬁ take the form

FZB = Fga = a’ - Oga, = —0pa’ - aq.

24



1.1. CHAPTER 1.

Remark 1.1.1 The first fundamental form aqg is related to metric characteristics of the
middle-surface, whereas the second fundamental form byg is related to characteristics of
middle-surface’ curvature. The forms (i.e., anp and bys ) are naturally dependante on the

choice of the selected representation .

1.2 CLASSIFICATION OF SURFACES

The surfaces of the shells can be categorized into three types namely elliptic, hyperbolic
and parabolic. In this section, we present these types.

Let p and p* two points of S such that p* near to p (i.e. O—;) = (x1,72) and
5]&? = @(x1 + dx1, s + dxs)), then studing the position of p* according to TpS.

We define the distance between the tangent plane TpS and p* by

d = (¢(x1 + dxy, 20 + dxo) — (21, 22)) - a3

then,
()O(SCT,QZS) = ()0(1:17372) + (LEZ - Q:a)aa(xlny)
L, \ s
+ 5(% - H?a)(l’ﬁ - xﬁ)m(l’b )

+O0(||(@} — 21,23 — 22)|I*)

with ] = 21 + dzy and 235 = 29 + dxy. We then have

0%
ox 8xg

(21, 2) = [ 5a, + bapas.

Then we can write the distance d in the following form:

1
d= §ba5dxadx5

1
= §(b11d$1dl'1 + legdﬂfldl‘g + bggdl'gdl'g)

25



1.2. CHAPTER 1.

Note that the asymptotic directions of the surface S are the directions (dzy, dzs) which
makes d = 0.

In the case d = 0, we will have three possible cases:

Case(1) (b12)*—by1ben > 0, we have two asymptotic directions. The T'pS cross the surface

S in p, then p is the hyperbolic point of the surfece S.

Case(2) (b12)? — bi1bey < 0, we have two imaginary asymptotic directions. The surface
S and the T'pS are a longside eatch other, then the point p is elliptic point of the

surface S.

Case(3) (b12)? — biibyy = 0, we have one direction. The TpS and the surface S are

contiguous on p a long the direction, then p is the parapolic point of the surfece S.

Finally we deduce the surface S may be hyperbolic, elliptic or parabolic if the deter-

minant of the second fundamental form is either positive, negative or null, respectively.

Figure 1.2: Hyperbolic surface
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Figure 1.3: Elliptical surface

Figure 1.4: Parabolic surface

1.3 MODELING A SHELL

In this section, we present both undeformed and deformed shell, that is shell prior and after

applying forces, such that S the middle surface for a shell i.e. S = (@), with ¢ : © — R?
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1.3.1 Undeformed shell

Let ¢ be the thicknes of the shell. We define the undeformed shell by an ensemble in R?

i.e. the 3D chart, given by

1 1
C= {(951,332,96’3) €R®; ®(x1,19,23) = p(1, 12) + 2303, (71,72) € D, —575 <uz3 < 575} .

The derivatives of the 3D chart are given by ¢;, 7=1,2,3

0 0
Jo = 8_33@ = Qy t+ x3a_zz = Qg — x?’bgaa
hence
9p = ((55; - x3bg)aa-
Moreover,
0P
= — =as.
g3 073 3

The vectors g; and g in parallel with the tangent plane of the midsurface at the point

p = p(x1,x2) and the vector g3 is the normale to this plane.

1.3.2 Deformed shell

When the shell is deformed due to some forces the surface S is deformed, and the deformed

surface is denoted by S, then we have
@("Eh xQ) = 4,0($1, 5(72) + U(Ih xQ)’
Such that S = @(x1,22) and u(zy, x) is the displacement of the points p of the surface.

1.4 EXAMPLES OF SHELL MODELS

In this section we present two types of shells namely Naghdi and Koiter shell, Koiter shell

model is a particular case of Naghdi shell model [7].
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1.4.1 Naghdi’s shell model

This model is initially proposed by Naghdi [1963 [54]| based on category of E. and F.
Cosserat [1909 [32]]. In seventies years Coutris [34] studied the existence and uniqueness of
the Naghdi shell model afterwards improved by Ciarlet and Miara in 1992 23] in the case
the chart ¢ is of the class C®. The unknowns of the Naghdi problem in local coordinates
are the 3 displacements of the midsurface of the shell and a 2 rotations of the normal
vector az ((u; : @ — R such that u = u;a’ and 7, : © — R such that r = r,a® ).

This model takes into consideration effects of the transverse shear, then the normal
vector ag become aj after the deformation and as is the a unit normal vector of the

deformed midsurface, they are given as follows:

az = ag + roa”

as = az — (Oqug + Vou,)a”

Now we present the Naghdi shell model in the case when the chart in general case such
that, is the of class W2 proposed by Blouza [11] and Blouza and Le Dret [17].
Let u € H'(w,R?) and r € H'(w,R3) such that r - a3 = 0 and p € W**(w,R3) then

the components of the linearized strain tensor are given by
1
Vop(u) = §(aau ~ag + dgu - ag) (1.2)

define functions of L*(w).

The components of the change of curvature tensor are given by
1
Xap(u,r) = 5(8au - 0gag + Ogu - Op3 + Oa7 - ag + O - Gy,

define functions of L*(w).
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The components of the change of shear tensor read
1
003 = 5(0au caz+ T ay)

define functions of L*(w).

We define a functional space
V={(v,s) € H'(w,R*) x H'(w,R*),s a3 =0,v=s=0 in Do}

equiped with the norm

1
2

1,5l = (010 my + 3 s

The space V is a Hilbert space.
Let a®?° € L*(w) be an elasticity tensor, which we assume to satisfy the usual
symmetries and to be uniformly strictly positive, i.e., for all symmetric tensor 7,5 and

almost all x € w, we have

> 03 ol
ap
with ¢ > 0. To be more specific, we will concentrate on the case of a homogeneous,

isotropic material with Lamé moduli g > 0 and A > 0, in which case

4\
SR a®Pa’’.

WBro _ 91,(aa5 + 0 aP) +
a w(a*?a’” + a®°a”") T2

The Naghdi shel model takes the following variational form:
Find U = (u,r) € V such that

(1.3)
a(U, V)= L(V),YV = (v,s) € V.
Such that
t3
a(U, V) = / <taaﬂp”7aﬂ(u)7pg(v) + Exag(u, ) Xpo (v, S) + 4t,ua°‘ﬁ5a3(u, 7)083(v, s)) Vadz
(1.4)
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and

L(V) = /p -vy/adx +/ (N -v—DM - 5)\/ansTaradl.
w I

Lemma 1.4.1 (the rigid displacement lemma)[17] Let u € H' (w,R?) and r € H'(w,R3)

such that r - a3 = 0. Let p € W2 (w,R3).
o If u satisfies y(u) = 0, then there exists a unique 1 € L*(w,R3) such that

Ot = X A, a=1,2 (1.5)

e If, in addition, u and r satisfy da3(u,r) = 0, then O,u = —r X a, belong to H'(w).

Moreover, 1+ ay = —€qpa’ - 1.

e If, in addition, x(u,r) = 0, then v is identified with a constant vector of R® and we

have for all x € w:
u(@) = c+ v x p(z),

where ¢ is a constant in R® and
r(z) = —(eapa’(x) - ¥)a ().

Where

1 0 1
_ o _ 1 ap _ B _
Eap = Va€ns, €% = \/56 , €ap =€ < 10 ) :

Theorem 1.4.2 Assume that ¢ € W?**(w,R?). Let p € L*(w,R?) be a given force
resultant density and let N € L*(T'1,R3) and M € L*(T'1,R3), with M - a3 = 0, be given
traction and moment resultant densities, respectively. Then there exists a unique solution

to the variational problem (1.3).
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1.4.2 Koiter’s shell model

This model is based on Kirchoff-Love hypotheses which correspond to the normals vectors.
Koiter considered the Kirchoff-Love hypotheses and proposed a two dimensional mathe-
matical model for linearity elastic thin shells.

The Koiter shell model is the same as the Naghdi shell model but with neglecting the
transfers shear, i.e. a3 = a3, then the unknown is the displacement field of the points of
the shell midsurface, see [7].

Bernadou and Ciarlet |8] were the first to study the existence and uniqueness for the
koiter shell model in the case the chart is of the class C®. Ciarlet and Miara [1992] were
able to give a simpler existence and uniqueness proof.

In 1999 Blouza and Le Dret [16] generalized the model for surfaces of class W2>

Let u € H'(w,R3) and r € H'(w,R3) such that ¢ € W% (w, R?) then the components

of the linearized strain tensor are given by
1
Yap(u) = 5(Qau - ag + Opu - aa)

define functions of L?(w).

The components of the change of curvature tensor are given by
Yop(u) = (Oapu — TL50,u) - as.
Let us introduce the space
V= {ve H" (w,R?),0apv - a3 € L*(w),v = 0qv-az =0 on Iy}
equipped with a norm

10l = (0 sy + 1900 as ) (1.6)
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The Kioter shell model takes the following variational form:

Find U = (u,r) € V such that
(1.7)

a(U, V) =L(V),YV = (v,s) € V.
Such that

wwv) = | (maﬂpm(u)%gw) n gngwm(v)) Jada (1.8

and

L(V) = /p -vv/adz +/ (N -v—M - 5)\/aapTatsdl’
w Iy

Lemma 1.4.3 (the rigid displacement lemma) [16] Assume that ¢ € W2 (w,R3) Let

u € HY(w,R3) be a displacement of the surface S.
o If u satisfies y(u) = 0, then there exists a unique ¢ € L*(w,R3) such that

Dot =1 X A, =12 (1.9)

e If, in addition, Y(u) = 0, then 1 is identified with a constant vector of R® and we
have for all x € w:

u(r) = c+ 1 x p(x),

where ¢ is a constant in R?

Theorem 1.4.4 Let P € L*(w,R3) be a given force resultant density and let N €
L*(T};R3) and M € L*(T'1;R3), with M - a3 = 0, be given traction and moment re-
sultant densities, respectively. Then there exists a unique solution to the wvariational

problem (1.7).
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1.5 PRESTRESSED SHELL MODELS

In the case of shells without prestressed term there exist at least three models membrane,
flexural, complete model. In this section we present differents prestressed existent models

(a membrane prestressed model and a flexural prestressed model).

1.5.1 A membrane prestressed shell model

Starting from the 3D nonlinear elasticity equation for a shell type Nobile and Vergara
[57] proposed a membrane prestressed shell model. This model works well under the

assumptions:
e the structure is thin
e behaves as a membrane
e deforms mainly in the normal direction to the mean surface.

Note that these assumptions are sound and widely accepted in vascular dynamics.

Considering the Koiter model with small deformation in local coordinates behaves as a
membrane and neglecting transversal displacements and bending terms [49],[50].

The model takes the following variational formulation:

/gtﬁvds—i-/ a®?*7 . 5(u )vpg(v)ds:/sf-vds (1.10)

where f is the force term, o is the density of the structure, 7,4 is the change of metric

tensor in local coordinates and a®??? is the elastic tensor given by

a®Pre = —E a®’a’’ + 1.2 Ev 2@‘“5@“’.
—v —v
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Where v and E are respectively the Poisson modulus and the Young coefficient of the
material. The functional space K depends on the boundary conditions imposed on the
displacement u. Nobil and Vergara simplified the previous model by considering the

membrane displacement only on the normal direction i.e. u = (0,0, u3). Then,

aaﬁa’”bagbp(,ugm

a0 W) (1) = T

Ev
1— 12

E Ev B
= (H—ngbg + 1_ .2 bﬁblp)> UuU3vs.

+ aaﬂa”"bagbpau;gvg

Then they obtained:

(0t By = i (0.T) x S
Uz = m
e 5 ’
U3|T:0 = Ug inS (111)
0
| Gobo=u S
where
E 2
B = B(xhxz) = tm (4H1 — 2(1 — V)fiz) (]_]_2)

up and u, are the initial conditions and kq,k5 is given by

1
R1 = §b3
vobo
Ko = 2K3 — %.

In the following, we present the prestressed model of [57]. Nobil and Vergara [57| derived
a prestressed shell model starting from the 3D nonlinear elasticity equations for a shell
type domain, linearized the shell over a deformed configuration €2, of thickness ¢, 2, =

S x [—t/2,t/2] and adding the term of the form

/ TVu : Vo dws (1.13)
Qs
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to the other linear terms, 7T is the prestress tensor in the local curvilinear basis is given by

T 0 . TV T

We introduce the surface covariant derivative of a vector field v, defined as

ov

e _1°

S —

The displacement u in the 3D shell is defined as
u = ui(71, T2)a" — w3(uz.0 + bou,)a”

the 3D covariant derivatives of u are given by

)
Ug| = uim — bopus

Uq|3 = _(u?),a + bguﬂ)
(1.14)
Usjq = Uz, + DO,
L U3‘3 = 0.
From (1.13) we obtain
( t/2
/ Upja TP v, dws = / / bpatis TP b,svsdlds
Qs 5J-t/2
= /tbpaTaBbp5U3U3d8
s
42 (1.15)
/ u3|aTo"ng‘ﬁdws = / / U37aTa’BU3ﬁd€d$
Qs 5J-t/2
= /tTaﬂu&aUgﬁdS
\ s
Adding these terms to model (1.11) then the membrane model with a prestress reduces to
82u3 .
ot 52 —V - (TVus)+ Boug = f in (0,7) x S
T
U3’-,-:0 = Up in S (116)
0
L %‘T:O = Uy in S
where
B b8 4 b0 op
By = By(1,x9) =1t T (1 =w)bGb, + bb0) + boa T byp (1.17)

The problem (1.16), (1.17) is the prestressed model.
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1.5.2 A flexural prestressed shell model

Starting from the nonlinear (Kirchhoff) model of elastic plates (|22], [47]) Marohnic and
Tambaca [52] derived a model of a flexural prestressed shell. The model is the same as the
model of shell with surface S up to the prestress energy term. The plate is deformed via

some known isometric deformation ¢ i.e. ¢ € Ay, where
Ay ={U e W*(w,R%); |0, 0| = [0:¥]| =1, 6;¥-0,0 =0}

The model is appropriate when flexural effects dominate over membrane ones.
The unknowns of the problem are u the displacement from the middsurface S and r for
the infinitesimal rotation of the cross-section of the shell are defined in global coordinates.
Since ¢ is isometric then a; - a; = 5f and a3 = a; X ag. The contravariant basis
a; i = 1,2, 3 is then equal to the covariant basis a’ i = 1,2, 3.
The covariant and contravariant components of the metric (or the first fundamental form)

are equal to the identity matrix:

. 10
(@0p) = (e a) = (@) = ()
a(z) = det(anp) = 1.
Definition of the model:

We assume that the shell is fixed on a part I'y of the boundary of w, then function space

for the linearized flexural problem is
Vi(w) = {(v,s) € H'(w,R?) x H'(w,R?) : 940 = 5 X aq, v|r, =0} (1.18)

The norm on Vy(w) is defined by ||(v, s)||%,f(w) = ||UH%{1(%R3) + ||s|@11(w7R3).

The variational problem reads as follows
Find U = (u,r) € V¢(w) such that

15 (18) T 5 ap(rs) = LIV), ¥V = (v,5) € Vy(w)
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The flexural term is equal to

ag(r,s) = Q[L/ I(r) - I(s)dx + Qj)f)\ / trlI(r)trll(s)dz.

denote TI(r) by a symmetrized linearized second fundamental form

B 015 - ay %(828'&2—818'a1)
H(S) - < %(823 “Qg — 018 - al) —098 - a1

The prestressed bilinear form (corresponding to the prestressed energy) reads

4\
ay(r,s) = 2u/tr(([[0 + 17 (r, s))dw + 2 f)\ / trlIyT(r, s)dx.

Where
o 1 —817” cay %(817’ Qo — 827’ . Cll)
T(’f’, S) - 5 ( %(817’ cag — 827’ . al) 827’ © a9 <S . a3)
1 —818 - ay %(815 Qo — 828 . Cll)
+§ ( %(815@2—(925‘@1) 028 - as (r-as)
and

8190 : alag 8190 . 826L3 >
Oop - O1az Do - Ohag )

IIy=V¢'Vas = (
The bilinear form a,(-, ) is symmetric but not necessarily positive. The linear form (the
force) L£(V') equals
L(V) :/f‘vdq:. (1.20)
with f € L*(w,R?) that represents a given resultant force dencity.
The derivation of the full model is achieved by adding membrane. a,,(-,-) and transverse
shear a;(-,-) terms, and we define the space V(w)
‘ ~ 1
V(w) = {(v,s) € H' (w,R?) x H' (w,R?) : 5- a3 = A12(v) = 5(8121 ~ag — O9v - ay), V|p, = 0}
(1.21)
with the norm

’ %/(w) = %Jl(w,]R?’) ?Jl(w,]RS)‘
(v, 5)l [l + [lsll
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The constraint

1
s-ag = Y2(v) = 5(01’11'&2 — v - ay) (1.22)

merely states that the normal part of r is equal to infinitesimal rotation of the cross section

around its own axis.

Remark 1.5.1 We remark that the difference between the definition of the space V(w)
and the definition of the space Vy(w), only one out of siz conditions is kept, because the
other conditions appear in a,, and a; . This condition can be physically interpreted that

the infinitesimal rotation of the cross-sections around normal is equal to s3.

Following Marohnic and Tambaca [52] the model takes the following variational form:

Find U = (u,r) € V(w) such that
3 43 (1.23)

tay, (u,v) + ta, (U, V') + %af(r, s) + Eap(r, s)=L(V),YV = (v,s) € V(w)

The membrane and the transverse shear bilinear forms (respectively corresponding to the

membrane and the transverse shear energies) are given by

4N
A (U, v) = 4,u/wfy(u) -y(v)dx + o f/\ /wtry(u)tm(v)dx.
where v(v) is a linearized strain tensor. This is a standard membrane term in the

theory of shells [24] for St. Venant—Kirchhoff material. In global coordinates, Blouza and

Le Dret showed that this term is equal to (1.2) [16].

a(U, V) = u/ az (Vu —1r x V) -al (Vv — s x Vy)dz

w

This term is a standard term in the theory of Naghdi shells [17] but in the case that ¢ is
isometric. The rotation in this model is different than the rotation of the Naghdi shell.

Let U = (u,r) and V = (v, s), we introduce the following bilinear forms:

3

a(U,V) = tam(u, v) + ta(U, V) + %af(r,@ (1.24)
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ans
t3

Eap(r, s) (1.25)

a,(r,s) =

Remark 1.5.2 [f the transverse shear energy of the shell and the membrane energy are

zero then I1(s) is the linearized change of curvature, which is a standard term in flexural

shell theories [24] [26] .

Remark 1.5.3 For any (v,s) € H'(w,R?) x H'(w,R?) x L*(w), the components of the

tensors v(v) and 11(s) are well defined as L*(w) functions.

In Marohnic and Tambaca [52], lemma 2 a new version of the rigid displacement lemma
is proved, by proving that the bilinear form a(-,-), defines a norm on the space V(w).

Unfortunately, the bilinear form a(-,-) is not coercive on V(w) (see Remark 1.5.4 below).

Remark 1.5.4 The bilinear form a(-,-) is not V(w)-elliptic in general. Indeed, let
w=(0,1) x (0,1), Tg={(0,29),0 <y <1} U{(21,1),0 <1 <1} and suppose that
(1, m9) = (71, T9,0) which implies that a; = (1,0,0)”,ay = (0,1,0)7, and az = (0,0,1).

We consider the sequence (vg, sy), with k € N*, defined by

sin(kmzxy) mcos(kmxy)

Vg = k—%(l'g — 1ag and sj, = Wi (9 — 1)as
Then, it is easy to check that
1. (vg, sg) € V(w), because
o v, € HY(w,R3) and sp € H'(w,R3)
o Uk|Fo = O
meos(kmxy )
o spay =gy — 1
k 3 2\/% ( 2 )
. 1 1 kmcos(kmx mcos(kmx
Tr2(vk) = 5 (Orvp-az—hvp-ar) = 5(%)@2—1) = %(1’2—1)

then sy, - ag = Y12(vg).
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2. We show that ||(vk, sk)|| i (w,R3)x 1 (w,r8) —> +00 as k — 400, as

[ (v, Sk)||§-11(w,R3)><H1(w,R3) = ||Uk||12L11(W,R3) + HSkH%II(w,R?»)

we calculate ||vk||§{1( ) and ||5k||12ql(w,R3) then we have

w,R3

Hvk‘ﬁil(w,R:“) = HU/CH%Q(w,RP’) + Z Haavk”%%w,RS)
a=1,2
since
9 1 sin(kmz)
lvrllz2 (0 re) = oF T 1okir
and

7(2km + sin(2km))  2km — sin(2km)

2 o 9 ) B
OCZ;Q HaaUkHLZ(w,RS) - ||al/vk||L2(w7R3)+H82/Uk"|L2(W7R3) = 12k2 + e
and
HskHzl(w,RS) = “SkH%Z(w,R:”) + Z ||a@‘8kH%2(w7R3)
a=1,2
since
sk _ 7(2k7 + sin(2km))
kL2 (w,R3) 48k2
and

1 . T
D 10askl 72 ms) = 1015kl1720 m0) H1O25k 720 sy = @W?’(?kﬂ—sm(%ﬁ)H (
a=1,2

2km + sin(2k7))
16k2

When k — +00 to |[vkl[F(,psy + 15kl F1 o psy then

| (v, Sk)HHl(w,Rﬁ»)le(w,Rf’») — +00
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3. a((vg, sk), (Vg, s)) — 0 as k — +o0. Because,

A (Vg, V) —> 0 as k — +0o0
a((vg, $1), (Vg, 55)) — 0 as k — +o0

ag(sk, sx) — 0 as k — 400

Hence, a(-,-) cannot be coercive on V(w).
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CHAPTER 2

MATHEMATICAL ANALYSIS OF A
FLEXURAL PRESTRESSED MODEL

INTRODUCTION

Prestressing refers to the process aiming to strengthen structures by intentionally
applying permanent stresses on them. In [52] Marohnic and Tambaca derived a flexural
prestressed shell model. The unknown of the problem is the couple (u,r), where u is
the displacement from the reference configuration and r is the infinitesimal rotation of
the cross section of the shell. More precisely, they end up with the following variational
problem:

Find U = (u,r) € V(w) such that

a(UV)+ay(r,s) = L(v,s), VYV =(v,s)€ V(w)
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Under some restrictive geometric and mechanical assumptions Marhonic and Tambaca
proved that the bilinear form a(-,-) defines a norm on the space V(w). Unforntunatly,
this space is not complet with respect to this norm (see Remark 1.5.4). To resolve this
issue, we introduce a larger Hilbert space V which is nothing but the completion of the

/2 This implies that the existence

space V(w) with respect to the norm |[|v|| = a(v,v)
and the uniqueness of the solution can be deduced from the Lax-Milgram Lemma in the
new space. In this chapter, we present a prestressed shell model proposed in [60] we use
a global coordinates system rather than the local coordinates system. The main goal of

this chapter is to introduce the penalized version and a mixed formulation method of this

model. An outline of this chapter is as follows.

e The first section is devoted to the constrained continuous problem we emphasize
the numerical difficulties that can be occur when we try to handle the functional

constraints involved in the space V.
e In section 2, we studies the coercivity of the bilinear form a(-,-).
e Section 3, is devoted to the well-posedness of the variational problem.

e In Section 4, we introduce a penalized version of the constrained problem, and we

prove its well-posedness.

e In Section 5, we present a mixed formulation of the problem, and we demonstrated

its well-posedness.

2.1 THE NEW CONSTRAINED CONTINUOUS PROBLEM
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For the reason explained in the Remark (1.5.4) in previous chapter, we relax the space

V(w) to the following space:
V= {(v,s) € H'(w,R*) x L*(w,R?) : 5-a, € H'(w,R),s-as = F12(v), v|p, =0} (2.2)

equipped with its natural norm

NG

2 2 2
(v, 8)llx = <I|UIIH1(M,R3) + D lls - aallng, + IIS-a3||L2<w)> : (2:3)

a=1,2

and consider the variational problem

Find U = (u,r) € V such that
(2.4)
a(UV)+ay(r,s) = L(v,s), VYV =(v,s)eV
Where £ € V. The bilinear forms a(-,-) and a,(-,-) are defined by (1.24) and (1.25)

respectively in previous chapter. The well-posedness of this problem requires some

preliminary results.
Lemma 2.1.1 The space V equipped with the norm (2.3) is a Hilbert space.

Proof: Let us introduce the Hilbert space
X ={(v,s) € H'(w,R®) x L*(w,R®) : 5-a, € H(w,R), v|p, = 0} (2.5)

equipped with the natural norm (2.3) and the linear and continuous operator ¢ : X —
L*(w) : (v,8) —> s+ a3 — F12(v). Then V is a closed subspace of X, because V is simply

the kernel of ¢. m

Lemma 2.1.2 Suppose that ¢ € H*(w,R?) and that ©(Ty) is not included into a straight

line. Let V = (v,s) € V. Then, a(V,V) =0 if and only if V = 0.
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Proof: Let V = (v,s) € V such that a(V, V) = 0 then by the rigid displacement lemma

[16] as a,,(v,v) = 0, there exists 1 € L?(w,R?) such that
0w =1 xa and Ov =1 X ay (2.6)

since (v, s) € V then
Y- az =Y12(v) = s-a (2.7)
Now we use the fact that a.((v,s), (v,s)) =0 and (2.6) then we get

Ov-a3=—s-as = —1 - as

Ow-a3=s-a1 =19 -a

Hence

s~a;=v-a; 1=1,2,3
therefore s = ¢ and (2.6) may be written
Ov=s5xa; and O =5 X as (2.8)
implying that
Do(s x ay) —Oi(s x az) =0 in H Hw) x H ' (w) x L*(w).
In particular, we have

Oa(s X ay)-ay — 01(s X ag) - a; = (028 X a1 + 8§ X Ozaq) - a3 — (018 X ag + s X Oras) - a;
:s><(92a1~a1+(915~a3—5Xalag-al

= 815 caz = 0e Hﬁl((.U).

82(8Xal)-ag—al(s><a2)-a2:((925><a1+s><82a1)-a2—(815><a2+3><(91a2)~a2
:3><82a1~a2+825-a3—s><81612-(12

= 828 -az3 =0 € H_l(w).
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and

Da(s X ay) - ag — 01(s X ag) - az = (028 X a1 + 8 X Osaq) - az — (018 X ag + s X O1az) - as

= —Ohs-ay—015-a; =0 € L*(w).
Leibniz’s rule yields
On(5-a3) = 048 -ag+5-0aas € H ' (w) a=1,2.
and by the two first identities, we get
On(s-a3) =s-0ya3 € H ' w) a=1,2.

Since

5-04a3 € L*(w) a=1,2.

we deduce that
Ou(s-az) € L*(w) a=1;2.
which directly implies that s - a3 € H'(w) . Therefore by (2.8) (and recalling that

s-a, € H'(w)) we obtain that v € H*(w,R?). Now, again (2.8) yields

0 = 0910 — 0190 = Oa(s X ay) — 01 (s X az)

== (818 . CL3) - ay + (828 . CL3) s a9 — (823 D) + 818 . a,1> + a3
and thus

(818 . ag) =0
(028 . ag) =0

(828 s Qo + 818 . al) = 0.
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Further as a(s,s) = 0, we get in addition

(318 . ag) =0
(828 . (11) =0

((925 Ay — 818 . Cll) =0.

Hence,

0us-a;, =0 1=1,2,3; a=1,2 ,or equivalently Vs = 0.

This means that s is a constant vector ¢ € R? | hence (2.8) implies there exists ¢ € R3
such that

OpV = € X Uq = € X Opp. (2.9)

Otherwise, from (2.9) we deduce that 0,(v(z) — ¢ X ¢(x)) = 0 which implies v(z) =
¢ x ¢(x) + ¢, where ¢ is a constant. We now notice that the set of points y € R? such that
¢ X y + ¢ vanishes is either the whole space if ¢ = ¢ = 0, or a straight line if ¢ # 0 and
¢ # 0, or empty else. Since v vanishes on I'y and ¢(I'y) is not included in a straight line,
then there exists at least three non-aligned points m;, ¢ = 1,2, 3 such that ¢ x m; +¢ =0,
t = 1,2,3 and therefore only the first possibility is possible, i.e. ¢ = ¢ = 0, which means

that v=0. =

2.2 GARDING TYPE INEQUALITY

In order to reveal that a(-,-) is V-elliptic, we need to prove that the bilinear form a(-,-)

in fact defines an equivalent norm to the natural norm of the space X.

Lemma 2.2.1 Under the assumptions of Lemma (2.1.2), we obtain

CI\VIE <a(V,V) VYV =(vsecV (2.10)
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Proof: The proof is by a contradiction argument. Indeed if a(-,-) is not V—elliptic, there

exists a sequence Vi, = (v, s) in V such that

|(vg, sk)|lx =1 and a(Vi, Vi) — 0 as k — 400

(2.11)

Then by the compact embedding of H'(w) into L?(w), up to a subsequence, still denoted

Vi , there exists V' € V such that
Vi =V =(v,s) weakly in V
and
vy —> v strongly in L*(w,R?),and sy, - aq —> 5+ aq strongly in L*(w).
Note again, that the second property of (2.11) implies that

Yap(vr) — 0 strongly € L*(w)
at - (Oqur — 8 X ao) — 0 strongly € L*(w)

M5(vg, sx) — 0 strongly € L*(w).
Let wy, = (v - a1, vk - az) then we have
2eq5(wi) = 270p(vk) + Uk - (Onap + 0say).
Hence by the previous properties, we have
2eq5(wy — wy) converges strongly to 0 in L*(w), as k,{ — 0o
By two dimensional Korn’s inequality [24]
wy, — wy — 0 strongly in (H'(w))?, as k,{ — oo.
This amounts to say 9,((vk — ve) - ag) — 0 strongly in L*(w) or equivalently

Oa (v — v¢) - ag) + (v, — vg) - Dnag —> 0 strongly in L*(w)

(2.12)

(2.13)
(2.14)

(2.15)

(2.16)
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Hence,

Oa(vg — vy) - ag — 0 strongly in L*(w), as k,{ — oco. (2.17)
For the normal component of v, , we have
[0a(vs — ve) - asl|2(w) < |0a(vk — v) - as — (s — s¢) - agllze(w) + [[(sk — s¢) - asllL2(w)
Then from (2.14) and (2.12), we get
Oa(vp — vg) - a3 — 0 — 0 strongly in L*(w),as k,{ — oo. (2.18)

Then, by Poincaré’s inequality, we deduce that (vg); is a Cauchy sequence in H'(w,R3) |
and therefore

vy, converges strongly to v in H'(w, R?) (2.19)

As (v, si) belongs to V, we have
Sk - a3 = Y12(Uk)
hence (2.19) also implies that
Sk - ag — F12(v) strongly inL?(w) (2.20)

On the other hand, observe that

- , 015k - Qo %(Ogsk cag — 018k - ay)
(Sk) B 5(32819 cag — 313k : a1) —825k !
_ X O01(sk - az) 1(0a(s - az) — O1(sk - a1)) —sk - O1as %k - (Oaag — Ora1)
N 5(52(% “az) — O (sk - ar)) —0a(s - a1) %’“ - (Doay — O1a1) Sk - Daay

Let zp = (sg - ag, —Sg - a1) then by (2.15) (2.12) and (2.20), we get

2e11(zr — 20) = 21011 (81, — 8¢) — (8) — 8¢) - Orag — 0 strongly in L*(w)
2690 (2 — 20) = 2o (81, — 8¢) — () — 8¢) - Doay — 0 strongly in L*(w)

2e19(2p — 2z0) = 20L1a(s5 — 8¢) — (81 — 8¢) - (Ora1 — Daay) — 0 strongly in L*(w) as k,{ — oco.
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By two dimensional Korn’s inequality, which gives

sz — ZZHHl(w,R2><2) 5 He(zk — ZZ)HLQ(UJ,RQXQ) + ||Zk — ZgHLQ(w7R2><2)

we deduce that

2p — 20 — 0 strongly in  H'(w)as k,{ — oo (2.21)
or equivalently
(sp — 8¢) - ag — 0 strongly in H'(w) as k,{ — oo (2.22)
This means that
sy -ag — s-ag strongly in H'(w) as k — oo (2.23)

In conclusion, Vj, converges strongly to V' in X, which, by (2.11) satisfies
IVl]x =1and a(V,V) =1
Hence, by Lemma (2.1.2) , V' = 0, which is a contradiction with [|[V|x =1. m

Remark 2.2.2 Note that the choice of the space V (defined by (2.2)) is reasonable, because

it coincides with the completion of the space V(w) with respect to the norm ||-||, = (a(-,-))z.

Lemma 2.2.3 Under the assumptions of Lemma (2.1.2), there exist two positive constants

C1 and Cy (depending on t) such that
CilIVIE < a(V.V) + ay(s, s) + Col[Va|l o zaxe) s - aslliz), YV =(v,5) €V (224)

Proof: Let V = (v,s) € V be fixed. Then, from Lemma (2.2.1), there exists a positive

constant C; such that

GVIE < a(V.V)

<a(V,V)+ay(s,s) +[ay(s, s)]
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By Cauchy-Schwarz’s and Young’s inequalities, for all € > 0, we find

GilVllx < a(V,V) + ay(s, s) + Cpl|[Vas| oo mx2) (Z Is - aallip(w)> Is - aslZ2(.)

a=1,2

602 HVCLgHLoo(w R3%2)
<a(V,V)+a,(s,s)+ TP (Z s - aaﬂip(w)) + I|s - a3||%z(w)

2¢
a=1,2

2C
The estimate (2.24) follows by choosing 0 < € < C—;
p

2.3 WELL POSEDNESS FOR PROBLEM (2.4)

Corollary 2.3.1 Let the assumptions of Lemma (2.1.2) be satisfied. If ||Vas|p= is

sufficiently small, it holds
VI S a(V,V) +a,(s,s), YV =(v,s)€V. (2.25)

Theorem 2.3.2 For ||Vas||p=(.,) small enough problem (2.4) admits a unique solution.
Moreover, this solution satisfies

1Ullx < ClIL]| (2.26)
Proof: We apply the Lax-Milgram lemma. =

Remark 2.3.3 Under the assumptions of this corollary, if we eliminate r - az by Y12(u)
(respectively s - a3 by Y12(v) ), problem (2.4) may be transformed into an elliptic problem in
HY(w,R%) (with unknown (u,r -ay,r - as). Hence, by the ellipticity of the variational form,
the standard shift reqularity holds (see Costabel et al [33], theorem 3.2.6). Namely, for L
given by

L(v,s) = /(f-v+gls-a1+ggs-a2)da:
with f € L*(w,R3) and g, € L*(w), the solution (u,r - ay,r - as) belongs to H*(w,R®), if

Ow is OV and Ty N Ow\ly is empty.

52



2.3. CHAPTER 2.

2.4 PENALIZED VERSIONS OF PROBLEM (2.4)

We note that at least two numerical issues appear for problem (2.4); the first one is the
fact that the constraint (1.22 ) cannot be implemented in a standard conforming way. In
other words, the problem (2.4) cannot be approximated by robust conforming methods for
a general shell. The second one is the lack of coercivity for a general shell. In this section,
we present a penalized version of the prestressed model (2.4), in order to reformulate
the original constrained problem as an unconstrained one. To this end, let us consider
again the functional space X introduced in (2.5), equipped with the norm (2.3). Let

e € R,0 < e < 1. We consider the following variational problem:

Find U, = (ue,r.) € X such that

(2.27)
a(Ue, V) + ay(re,s) + € 'b(U, V) = L(V), VYV = (v,5) € X.
where the bilinear form b(-, -) is defined by
bW, V) = /q(W)q(V)d:v (2.28)

Such that

q(V) = s- a3 —J12(v)

2.4.1 A convergence theorem

We assume that the data (the coefficients and the boundary) are smooth enough. We

recall that the bilinear form a(-,-) is coercive on V (see Lemma 2.2.1) and

V =kerb:={V € X,b(V,V) =0} .
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Lemma 2.4.1 Under the assumptions of Lemma (2.1.2), we have

a(V,V)+b(V,V) > Cs|[V|[%, ¥V =(v,5) €X (2.29)

(2.30)

Proof: We argue by contradiction as in Lemma (2.2.1). Indeed, if a(-,-) + b(-,-) is not

X-elliptic, then there exists a sequence Vi, = (vg, si) in X such that
[(vk, s)|lx = 1 and a(Vi, Vi) + b(Ve, Vi) — 0 as k — +oc. (2.31)
Then, by extracting a subsequence, still denoted Vj, there exists V € X such that
Vi =V =(v,s) weakly in X,

and satisfying (2.12). Note again that the second property of (2.31) implies that (2.13)
to (2.15) hold. Therefore, as in the proof of Lemma (2.2.1), we deduce that (2.19) is still
valid.

Now writing
Sk - @3 = S - a3 — Yi2(0) + Y12(V)

and using (2.31) and (2.19), we deduce that (2.20) remains valid. Finally using (2.15),
(2.20), and (2.12), as before, we deduce that (2.22) holds. All together this guarantees

that Vj, converges strongly to V' in X, which, owing to (2.31), satisfies
IVIx=1 and a(V,V)=0b(V,V) =0
Thus, V € V and by Lemma 2.1.2, we deduce that V' = 0, which is a contradiction. m

Theorem 2.4.2 Let the assumptions of Lemma 2.1.2 be satisfied. Suppose further that
|Vas||L is sufficiently small. Let £ € X'. Then, the variational problem (2.27) has a

unique solution in X.
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Proof: Exactly as in Lemma 2.2.3, when ||Vas||z~ is sufficiently small, the form
a(-,-) + ay(-,-) + b(-,-) is coercive on X, and we apply Lax-Millgram lemma to con-
clude. m

Now, we need to prove that the solution of penalized problem (2.27) provides an approxi-
mation of the solution of the constrained problem (2.4). Note that the solution U € V of

(2.4) is the unique solution of the minimization problem

JU) = ming (V) with J(V) = 2(a(V,V) + ay(V,V)) - £(V)

VeX

while the solution U, € X of (2.27) is the unique solution of the minimization problem

1
pr— 1 1 h p— —_—
J(U,) mVEl%JG(V) with J.(V)=J(V)+ 2€b(V, V)

Theorem 2.4.3 Let the assumptions of Theorem 2.4.2 be satisfied. Let U = (u,r) and
Ue = (ue,re) be the respective solutions of problems (2.4) and (2.27). Then, up to a

subsequence, we have

Ire - as = Fra(ue)lr2@) S Vel £l (2.32)

lim || U, — Ul|x = 0. (2.33)
e—0
Proof: Due to Theorem 2.4.2, we can equip X with the inner product
(U, V)g=a(U,V)+a,(UV)+0bUV), VUV eX

1
Let further [ - | = (+); be its associated norm that is equivalent to the natural norm

| - ||x. Thanks to Lemma 2.4.1, we have
10z 1 (2.34)

By taking V' = U, in (2.27), we have
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||re cas — ’?l?(ue)HLQ(w) = b(Uea Ue) S 6|‘C(U€) - a’(U€7 UE) - a’p(Ue7 UE)|

Applying Cauchy-Schwarz’s inequality and using (2.34), we deduce the estimate (2.32).
Let us now prove (2.33). Again owing to (2.34), up to a subsequence still denoted by (U,),

there exists a unique U* = (u*,r*) € X such that (for the inner product (-,-)g ),
U.— U" weakly in X,
or equivalently
alU—-U"V)+a,U-U"V)+bU.-U"V)—0VVeX (2.35)

In particular, by taking V = (0, Wa3), with ¥ € L?*(w), this implies that r, - a3 — J12(u,)

converge weakly in L?(w) to r* - a3 — J12(u*). Hence, by (2.32), we deduce that
rt-ag — F12(u’) =0,

which means that U* belongs to V.

Now, for any V € V, we have

a(U—-U"V)+a,(U—-U", V)—l—%b(UE—U*, V) =a(U—-U"V)+a,(U—~U",V)+b(U—-U",V)
and by (2.27) and (2.35), we deduce that

LV)—(a(U*, V)+a,(U*, V) = a(Uc~U*, V)+a,(U—U*, V)+b(U.~U*, V) — OV V € V

In other words, U* = U € V is the unique solution of (2.4).

It remains to prove the strong convergence. For that purpose, we notice that

‘]E(Ue> S ‘]E(U)
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Hence, for e < 1, we deduce that

IN

%(a(UE, U.) + ay(U., U.) + b(U., U.)) — £(U.) %(a(Ue, U.) + a,(U.,U.) + e b(U,, U.)) — L(U.)

IN

1
5 (@lU,U) + a,(U,U)+) - L(U).
Hence, taking the limit and using the weak convergence, we get
lin% alU,U)+a,(U,U) <a(U,U)+ayU,U)
e—
With the help of (2.32), we deduce that
: < i
lim [|U 5 < 105
As the weak convergence guarantees the converse estimate
~ < ] ~
U]l < tim [Vl
we conclude that

limeﬁ)OHUeHX = HUHX

The strong convergence of U, to U immediately follows. m

2.4.2 A regularity result for smoother data

In this subsection, we want to prove some regularity result of our penalized problem (2.27)
for smoother data. For that purpose, for U = (u,r) and V' = (v, s) in X, we notice that

the bilinear form a(U, V') + a,(r, s) can be written as

a(U,V)+ay(r,s) = a(U, f/)+/(<r-a3)(m(s-a3)+R(V))+(s-a3)<m(r-a3)+3<0)))da;,

w

(2.36)

where U = (u,r - ay,r - ag) (resp. V = (v,s-a1,s-az)), @ is a continuous bilinear form

on H'(w,R%) x H'(w,R®), m is a function in L*®(w), and R is a first-order differential
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operator (with variables coefficients) such that
IRVl 2wy S IV I a1 wre)
A first consequence of this identity is the next expression for r. - as.

Lemma 2.4.4 Let the assumptions of Theorem 2.4.2 be satisfied. Let U, = (ue,r.) be the

solution of problem (2.27) with L given by

L(v,s) = / (f v+ Zgl-s : ai> dx (2.37)

where f € L*(w,R3) and g; € L*(w),i = 1,2,3. Then, for € small enough, r. - az is given

by
Te: a3 = (]. 4+ 2m6)_1(712(u6) + 6(93 — R(U€>)> (238)

Proof: In (2.27), we take test-functions V such that V = 0 and find

/w (@m(r. - as) + R(T.)(s - ag)de + % / (re - a5 — o (1)) (s - as)da = / 455 - asdz

for all s-az in L?*(w). In other words, we have
~ 1 B

2m(re - az) + R(Ue) + E(re caz — F12(ue)) = g3 (2.39)
which is equivalent to (2.38) for € small enough. m
Corollary 2.4.5 Under the assumptions of Lemma 2.4.4, for € small enough, we have

I7e = Y2 (ue) [ 12) S € (2.40)
Proof: The identity (2.39) being equivalent to
Te — ’?12(“‘6) = 6(93 - R(Ue)) - 267717“6 - asg,

using (2.38), we find

F12 () (2.41)

B 1+ 2me +1+2me

re — F2(ue) = e(gs — R(U.)) <1 2me ) 2me

This yields (2.40) due to the weak convergence of U.. m
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Theorem 2.4.6 In addition to the assumptions of Lemma 2.4.4, assume that Ow is O
and Ty N GwRFO is empty. Then, for e small enough, the solution U, = (u.,rc) of problem
(4.12) with Lgiven by (2.37), with f € L*(w,R3) and g, € L*(w), a = 1,2 and g3 € H' (w),
satisfies u. € H*(w,R3), 7. - aq € H*(w,R), a0 = 1,2, and r. - a3 € H' (w,R) with

el ez + Y e tallzzw) + e - asllmw) S 1 lz2wrs) + Y I9all 2w + 95l w)-

a=1,2 e

(2.42)

Proof: We first use the identity (2.38) and (2.41) to eliminate 7 - a3 in problem (2.27).
More precisely, in problem (2.27), taking test functions such that s - a3 = 0 and using

(2.38), we see that U, € W satisfies
b(U, V) =L(V), VW eW, (2.43)
where
W{V = (v,51,5) € H'(w,R*) :v=0o0n Fo} ;

equipped with its natural norm, the bilinear form b, is given by (see (2.36))

b (U, V)=a(U,V)

+ [ (14 2me) F(Fra(u) — eR(U))R(V)dx

[ (RO - 254 25w fuale)

_1+2me 1+ 2me

and the linear form L£.(V') is given by

L(V)= /w (f.UJFZgaSa) A
* /wg?’ <(1 - )72(v) — (1 + 26m)—1R(f/)) du.

1+ 2me

It turns out that problem (2.43) is well-posed since the bilinear form b, is continuous

and coercive in W and the linear form L. is continuous. But themain point is that the
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involved constants are independent of e (small enough). Indeed, the independence of
the continuity constants is direct as 1 + 2me is > % if € is small enough. The main
difficulty is then the uniform coerciveness property. It actually follows from the following
fact. By direct calculations, we see that the bilinear formmentioned in Remark 2.3.3 and
obtained by eliminating s - a3 by 412(v) (respectively r - azbyy12(u)) in the bilinear form
a(V,V)+a,(s,s) is nothing else than by, which by Corollary 2.3.1 is coercive on W. Now,

we remark that

2me

T (2l hiz(0) + 3RV + 52 RO)) + R@)R(m) da

b (0, V)—bo(01, V) = —c / (

Hence, by Cauchy-Schwarz’s inequality, there exists a positive constant C' (independent of
€) such that

b(U,U) > by(U,U) — C€’|U||12L11(w,R5)
Using the coerciveness of by, namely, the property
bo(U,U) > a||U| 3 opsy VU € H' (w,R?)
with a > 0 , we deduce that
b(U,0) = SN0 21 oz VU € H'(w,R?)

if € is small enough. These properties imply that problem (2.43) has a unique solution
U. € W and that the associated system is elliptic (uniformly in €), due to Costabel et
al,[33] theorem 3.2.6 Hence, under our assumptions, U, belongs to H?(w, R?) with
el s + > lIre - dallazew) S IFllzwes + Y Igallz2w) + Ngslla @)
a=1,2 a

This yields the H' regularity of 7. - a3 and (2.42) due to (2.38). =
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2.5 MIXED FORMULATION FOR PROBLEM (2.4)

Actually, one reason behind opting for the mixed formulation is that the flexural model
is among the models which suffer from the locking phenomena, while mixed formulation
resolve this problem|3]. As a second reason, the condition number of the penalized problem
matrix is very large and it is equals to t7! x et x h72 [53].

The approach used here consists in introducing a mixed formulation of the problem (2.4),
we introduce a Lagrange multiplier in order to handle the constraint (1.22).

Let us consider the functional space:
X={(v,s) € H' (w,R?) x L*(w,R*) : s - aq € H'(w,R), v|p, =0} (2.44)

equipped with the norm (2.3).
and we set

M = L*(w). (2.45)

We consider the following variational problem: for all p > 0,

Find (U,¢) = (u,r,v) € X x M such that
a(U, V) + a,(U, V) + pb(U, V) 4 b(V, ) = L(V),VV € X. (2.46)
b(U,¢) =0, VYoeM
For V = (v,s) € X and ¢ € M, the bilinear form b(-,-) is defined by
bV.6) = [ (5 a5 = afo))os (2.47)
Moreover, the following characterization holds:
V= {(U,s) € X,Vo € M, b(V, 6) = o}

The bilinear form a(-,-) + pb(-,-) + a,(-, ) is V-elliptic( and even X-elliptic for p > 0). In

order to prove that problem(2.46) has a unique solution, we therefore just need to prove
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that b(-,-) satisfies the inf-sup condition.

Lemma 2.5.1 There exists a constant C' > 0 such that

Vo € M supb(v’ ?)
vex [|V]x

> C|9|| £2(w)

Proof: We prove that b(-, -) satisfie the inf-sup condition see [61] [42].

Let ¢ € M and let V = (9,5) € X such that = 0,5-a, = 0,5 - az = ¢.

Therefore,

b b(V
sup (V.¢) bV, 9)
vex [VIx — [VIlx

101 £2(w)

= ||#ll L2 (w)-

Whence the result. =

(2.48)

Theorem 2.5.2 [f||Vas|| L~ is sufficiently small, the problem (2.46) has a unique solution

(U, ), such that U is the solution of the problem (2.4).

Proof: Combining the ellipticity property for a(-,-) + pb(-,-) + a,(-,-) and the Inf-Sup

condition (2.48). Let us now check that U is the solution to the problem (2.4). Taking

¢ =1+ a3 — Y12(u) in the second equations of (2.46), obtain U € V. Then taking V € V

cancels the term b in the first equation of (2.46), then we have the result. m
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CHAPTER 3

APPROXIMATION BY FINITE ELEMENT
METHODS

INTRODUCTION

Finite element method are used to numerically and approximating the solution of the
mathematical models. In this chapter we use the approximation by finite element method
for the penalized and mixed problem which are presented in the previous chapter.

Let T, be a regular affine family of triangulation which cover the domain w, w = U T;
such that T; € (Tp)n>0 and T;()1; = ¢ or a vertice or a edge for i # j. We note siithe

vertices of the triangles. The size of triangle defined by hy = max |s; — s;| and we set
Si,S5€

h = max hr
T
such that h is the size of the mesh.

Let &, be the set of (open) edges in Ty, &} the set of interior edges (&, \ £}) and &}

the set boundary edges (which are contained in I';). A, the set of all nodes.
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In the rest of the thesis we use a polynomials P, k > 0 total degrees less than or equal

to k.

3.1 FINITE ELEMENT METHOD (PENALIZED VERSIONS)

Here, our purpose is the approximation of the penalized version (2.27) by a conforming

finite element method. Therefore, we introduce the finite dimensional space X;, C X
Xh = {Vh = (’Uh, Sh) € (CO(@)3)2/Vh|T € (Pk<T)3)2, YT € 771,1}}1‘{*0 = O} (31)

based on a triangulation 7, of w (A > 0 being its mesh size) and the polynomial order

k is > 1. Then, we consider the following discrete problem:

Find U;, = (up, 1) € X}, such that |
(3.2)
CL(Uh, Vh) -+ ap(Uh, Vh) + Eilb(Uh, Vh) = E(Vh),VVh = (Uh, Sh) I~ Xh

Theorem 3.1.1 Under the assumptions of Theorem 2.4.2, the problem (3.2) is well-posed.
Proof: We recall that X; C X then owing to the continuity and the coercivity of the
bilinear form a(-, -)+a,(-,-)+€ 'b(-,-). the problem has a unique solution by a Lax-Milgram

lemma. =

Lemma 3.1.2 Let U, be the solution of problem (2.27) and Uy, the solution of problem

(3.2). Then, 3C > 0 such that
C .
|Ue = Unllx < — inf [|Uc = Villx (3.3)
€ VheXy

Proposition 3.1.3 Let the assumptions of Theorem 2.4.2 be satisfied and assume that
the solution U, = (uc,r.)of problem (2.27) satisfies U, € H*(w,R?) and r - a3 € H'(w).

Then, the following error estimate

h
1Ue = Unllx < € (lluell 2y + > e - aallmz + lIre - aslla ) (3.4)
a=1,2
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holds.

Proof: Let Cj, be the Clément interpolation operator (see [31]). Then we have the following

interpolation error estimates, V1" € Ty,
YV e Hm(W), and 0 S m S g, ||V - Ch(v)”Hm(T) rg hgw_mHVHHE(A(T)), (35)

where, A(T) the set of elements in 7}, sharing at least one vertex with T, see Figure
(3.1). We assume that the solution U, of the problem (2.27) satisfies u. € H?(w,R?),
e ao € H*(w,R), @ =1,2 and 7. - a3. € H'(w, R) For proving the estimat (3.4) we define

Vi, = Cn(U,), taking this V}, in (3.3) we have
h
1Ue = Unllx < C—[IUe = Cu(Ue) lx

. Then by (3.5) we have the result. m

Figure 3.1: A(T)

Corollary 3.1.4 Under the assumptions of Theorem 2.4.6, we have

|Ue = Unllx S

L~y

(Il r2@rsy + 3 Ngallzzw) + lgslla w)- (3.6)

a=1,2
Proof: Assuming that the theorem 2.4.6 be satisfied then we combine between (3.4) and

(2.42) we have (3.6) m
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3.2 FINITE ELEMENT METHOD (MIXED PROBLEM)

This section is concerned with the mixed finite element approximation of the problem

(2.46). We introduce the finite dimensional spaces

Xy ={Vi = (vi, s1) € (C*(@)*)?/Vir € Po(T)* x P1(T)?, VT € Ty} (3.7)

My, ={un € CO@)/unr € P1(T), VT € T} (3.8)

Then we consider the following discrete problem: for all p > 0,
Find (Up, ¥n) = (un, 7h, ¥5) € Xj, x M, such that
a(Un, Vi) + ap(Un, Vi) + pb(U, V) + b(Vi, ton) = L(V3), VWi, € X (3.9)
b(Un, ¢1) =0, Vo, € My,

Proposition 3.2.1 The discrete problem (3.9) has a unique solution.

Proof: The existence and uniqueness of a solution to (3.9) is based on the discrete inf-sup

condition given in Lemma(3.2.4). =

Lemma 3.2.2 Let o(w) be a W2 chart. There exists a constant C > 0 such that for all
T,Y N w,

las(x) - (as(z) — az(y))] < Cllz — yl*.

Proof: We adapt an argument of [2, Lemma 3.5]. Let the function
G(x) = (as(x) — as(xo)) - as(xo)

the normal vector as is Lipschitz on w. Hence, for all zy € @, the function G(x) is also
Lipschitz. Therefore,by Rademacher’s theorem it is almost everywhere differentiable and

we have

VG(r) = Vaz(r) az(zy), Vo€ w.
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Therefore, there exists a constant C,, depending only on w such that
G(2)] = |G(z) — G(x0)| < Cull Va5 as(wo) | Lo (o, a0 ynwr) |2 — 2oll.

due to the identification between Lipschitz and > functions in a Lipschitz domain (see
[2]for a proof).

Now, a3 is a unit vector. Hence, at any point y of differentiability of a3, as(y) is orthogonal
to the image of Vas(y), that is to say,Vas(y)Taz(y) = 0. Consequently, we have that

almost everywhere in B(xg, ||z — zo||) Nw

Vas(y)" as(zo) = Vaz(y)" as(xe) — Vas(y) as(y)

so that

IVas(y)" as(zo) | < Vas(y)" llllas(zo) — as(m)]| < Coll Vasl Lo o an) 1y = ol

almost everywhere. Therefore,

IV a3 as(zo)l| oo (o Je—zolyrwr2) < Coll Vas|| oo o s 12 — oll
hence the result with C' = CZ[Vaz ||}y ary,)- ®

Lemma 3.2.3 For all p, € My, , Vi, = (0, Ry(pn)) such that Ry(pn) = mn(pnas) (
denote the vector valued Py Lagrange interpolation operator ). Then, there exists a constant

C > 0 such that

b(Vi, i) = Cllpnl3s (3.10)

Proof: We note that puy, is scalar piecewise Py function, upas is vector-valued and Ry, (pu)
is vector-valued piecewise Py function. Let us set 0, = Ry (up)-as— up and Vi, = (0, Ry (pn))

then

b(Vi, pn) = /(Rh(uh)'as)uhdﬂf = [l 20 +/5huhd95 (3.11)
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with

< lnllz2@)10on]l 22 w)-

/ Onpind

Now, we estimat ||05]2(.). By Lagrange interpolation we get

pn(x) =) n(s;)07 ()
such that 8;’ (x) is the shape function associated with the vertex s; and
Ri(un)(x) =Y (3565 (0)as(s;)
then
On(x) =Y un(s5) [as(s;) — as(x)] ()6} (x)
az(x) is a unit vector it holds that
C
10n (@) |22 (w) < Bllpnl| e ) max max | -|(as(s;) — as(2)) - as(w)]
where T; stands the set of triangles sharing the vertex s;. Then using a 3.2.2 we have
10 ()] oo ) < Chl|pan ]l oo -
By classical discrete Sobolev estimate [18] we deduce that
1
1001220y < CUR)2ee) < Chllnllzec < CRON(R)Y) |paall ey
Taking h small enough so that Ch(In(h)2) < im

Lemma 3.2.4 There exists By, > 0 dependent of h such that

inf sup bV pin) > B (3.12)
mn&Mny, e, || Vallsl a2 )
Proof: Let
= b(Vi, pen)

By, = inf sup
mn€Mny, ex, || Vallsl pn] 2 )
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We see that Vj, = (0, Ry (1)) € Xj, then by lemma (3.2.3), b(Vi, un) > C|lpn 3. Then

IVall = llonllzn + Y s - aallzn + llsn - asliz: (3.13)
a=1,2

< lsnll7 (3.14)

we have
Vil < [Isnll -

Then [[Vallxe < |22 (pn)l[ 1

We get
; . |||
B,>C inf —————.
"= e, | Ra(pn) [ 1
We put
Ry (pn) = Rp(pn) — pnas + pnas
we have

| Rn ()| < | Bu(pn) — pnas||an + ||pnas| i
< al|V(pnas)| L2 wms) + lpnas|| g
< c1||pnas|| m + ||pnas|| m

< Ch™|pn |2

then we obtain
| R ()| 0 < Chl|pan]| 22

which completes the proof. m

Theorem 3.2.5 Let (U, 1) be a solution of the problem (2.46) and (Uy,y) be a solution

of the problem (3.9) then this following estimate is hold

HU — UhHX < ¢y, Inf HU — VhHX + ¢y Inf Hi/} — (bhHM‘ (315)
VheXy, PrEMp

1Y — Ynllm < esn inf ||U = Vilx + can inf ||t — @pllm (3.16)
ViheXy onEMy,
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Such that cip,, c3p, and ¢y, dependent on 1/, and co independent on h.

Proof: Firstly, we prove (3.15), because of X;, C X we have

- Y b — Y, _ Y,
CIHUh i WhHX < SUP CL(Uh Wh7 h) +p (Uh Wh, h) -+ a’p(Uh Wh7 h)
YieXn 1Yl

then

b(Yh, 1 — U — Wi, Vi) + pb(U — Wi, Y; U—W,.Y,
ColUn = Wil < sup "Hnfn =)+ alU = W, Yo) & p(U = Wi, Yi) + @y (U = Wi, Y3)
YieXn 1Yl

implying
¢1 Co
U, —Willx < =I||U - W, — || —
[Un = Whllx < C1H nllx + Cl||1/J Onllm
by the triangle inequality we have
¢ c
IU = Unllx < (1+ U = Walls + 119 = dnll (3.17)
1 1

The Inf-Sup condition (3.12) is satisfied, then by Lemma A.42 in [40] there existe 7, € X,

and let Vj, € X, such that
Vo € My, b(rn, ¢n) = b(U = Vi, ) and  Byllrallx < CIU = Upllx, C > 0.
then we estimat the term ||U — W}, ||x, we have

U = Whlx <|U = Villx + [Irallx (3.18)

< (145 ) 10 - vilk (319
B

Now we prove the estimat (3.16) subtracting the first equation of (3.9) from the first

equation of (2.46), then we obtain
a(U — Up, Vi) + pb(U — Up, Vi) + ap(U = Up, Vi) + b(Vi,tb — b)) =0 YV, € X,
then for ¢, € M, we have

a(U —Up, Vi) + pb(U = U, Vi) + (U = U, Vi) +b(Viy, 00 — ) + (Vi @) — b(Va, 1) = 0
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then to obtain
b(Vi, & — ) = a(Uy, — U, Vi) + pb(Uy, — U, Vi) + ap(Uy, — U, Vi) + b(Viy, d1, — 1b).

By the Inf-Sup condition (3.12)

1 0(Vi,dn — )
|on — Ynllm < — sup ————
I =nlba < 5, 590 =V
_ 1 sup a(Un = U, Vi) + pb(Un, = U, V) + @, (Un = U, Vi) + b(Va, o — ¢)
ﬁthEXh HVhHX
One obtains therefore
C C
6 — nlla < 21U — Ul + (1 ¥ —2) 6 — bl
Bh Bh

Then we use the triangle inequality, hence the result. m

Remark 3.2.6 In the estimate on |U — Uyl||x and || — ¥n||m the constants depend on

1 1
— and @ This means that if 8, — 0 when h — 0, the suboptimal behavior of By is
h

Bn

more damaging for the convergence.

71



CHAPTER 4

HYBRID FORMULATION AND A
POSTERIORI ANALYSIS

INTRODUCTION

Differently than the chapter 3, the unknowns of the problem in this chapter (the
displacement and the rotation) to the shell midsurface are described respectively in
Cartesian and local covariant basis, this is called a hybrid formulation, in this way
(u,r) € HY(w,R?) x L*((w))3,, ro € H'(w) where r = r; - a;, i = 1,2,3. The purpose of

this chapter is to provide a robust a priori error analysis and a posteriori error estimators.

e In section 1 we present a hybrid formulation of a prestressed shell model where the
unknowns (the displacement and the rotation of fibers normal to the midsurface) are
described in Cartesian and local covariant basis respectively, we study the existence
and uniqueness of the solution. We then present a penalized version for the new

variational formulation, we prove its well-posedness.
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e section 2 is devoted to the finite element approximation for the penalized problem
and we prove the existence and uniqueness of the discret solution, we derive a priori

error estimates.

e In section 3 we define the strong formulation equivalent to the penalized problem

(4.12).

e In section 4 we derive a posteriori estimates we prove the reliability and efficiency of

our a posteriori error estimator.

4.1 A HYBRID FORMULATION

Let us introduce the space W such that the displacement and the rotation are described
in Cartesian and local covariant or contravariant basis respectively, we assume that the

shell is clamped on a part Iy

3
1
W ={(v,s = Zsiai) c H! (w,RS) ><(L2(Lu))3 | sa € Hl(w), s3 = 12(v) = 5(8111-8290—827)6190), a.e. inw, v|p, = salr, =0},
i=1
(4.1)

equipped with the norm
1
2
2 2 2
(v, 5)llx = (HUHHl(w,Rs) + > lsallznge + H83HL2(w)> : (4.2)
a=1,2
The difference between the definition of W and V(defined in chapter 2) is that the
regularity of the rotation variable r and the constraint is expressed in curvilinear variables
instead of cartesian ones. Let us now show that the definitions are equivalent. Indeed if
r = (r§* r$®, r§*) is the expression of the rotation in cartesian coordinates, then it can also

be written as

3
r=> mna
i=1
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where 7;,7 = 1,2, 3 are its curvilinear coordinates. Then we get
T, =T-Q;.

This simply means that W coincides with V, and therefore the bilinear forms a and a, are
well defined (and continuous with respect to the norm (4.2)) on W.
Before going, we want to emphasize that from now on for (u,r) € W, r; always mean

the curvilinear coordinates of r.
Lemma 4.1.1 The space W equipped with the norm (4.2) is a Hilbert space.
Proof: We remark that W is a closed subspace of

X={(v,s = Zsiai) € H' (w,R*) x (L*(w))? | sa € H' (W), v|r, = Salr, =0}, (4.3)

i=1

equipped with the norm (4.2) because W is simply the kernel of the linear and continuous

operator Q defined by

Q:X — L*(w) : (v,8) — 53 — Y12(v).

Then, the new variational formulation reads

Find U = (u,r) € W such that
(4.4)
a(U,V)+a,(UV)=L(YV), VYV =(v,s)ecW.

The bilinear forms a(-,-) and a,(-, -) are defined by (1.24) and (1.25) respectively in chapter
1. We can write the bilinear forms a,,(-,-), as(-,-) and a,(-, ) respectively corresponding

to the membrane, flexural, and the transverse shear energies by

A (U, v) = A?gﬂ/tm(u)try(v) dx+4,u/7(u): v(v) dx, (4.5)
ag(r,s) = A?gﬂ/trﬂ(r)trﬂ(s) dx +2M/H(T): II(s) dx, (4.6)
at((u,r), (v,s)) = u/ a3 (Vu —1r x Vo) [a;(VU — s X Vgp)f dx, (4.7)
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where
M: N = Z Mmag * Nag-
B=1,2

for two 2 x 2 matrices M = (Map)1<ap<2 and N = (nqp)1<a,p<2 With real or vector valued
coefficients. As usual Vv is the jacobian matrix of v, namely

(91’01 82111
Vv = (811), 821}) = (911]2 aQ’UQ

Oivs  Oaug
Furthermore as in [60], we have s x Vg = (s X a1, s X az).

The contribution of the prestressed term is represented by

ay(r, s) = (QM /w tr (Lo + 1L (r,s)) do+ —2F /w trl Iptrr(r, s) dx), (4.8)

2+ A
where
T(r,s) = 0(r)(s-ag) + 0(s)(r - a3) (4.9)
with
_ 1 —711(s) Y12(s)
bls) = 2 < Ti2(s)  22(s) ) ’ (4.10)
and

IIy= (V)" - Vaz = ( Op - dhaz  Ovp - Daas ) '

82(,0 : 81a3 82g0 : 82a3
Note that 11, is symmetric and therefore in (4.8) the factor 11y + I} may be replaced by

2I1,. Note further that the prestressed term a,(r,r) is not necessarily positive The linear

form L is given by

L(v,s) = /f-vd:c,
with f € L*(w,R?) that represents a given resultant force density. Since the bilinear form
a+ a, and the form £ are clearly continuous on W, the well-posedness of problem (4.4)

will be guaranteed if a 4 a, is coercive on W. For that purpose, we need the following

lemmata.
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Lemma 4.1.2 Suppose that ¢ € H?*(w,R?) and that p(Ty) is not included into a straight

line. Let V = (v,s) € W. Then a(V,V) =0 if and only if V = 0.

Lemma 4.1.3 Under the assumptions of Lemma 4.1.2, the bilinear form a(-,-) is coercive

on W.

The proofs are fully similar to those given in Lemma 2.1.2 and 2.2.1 in chapter 2 and are

then omitted.

Theorem 4.1.4 If ||Vas|| L= is small enough problem (4.4) admits a unique solution.
Moreover, this solution satisfies

1Tl < LI (4.11)

Proof: If || Vas||~(.) is small enough, the bilinear form a(-,-) + a,(-, ) remains coercive

on W. Hence, the well-posedness of (4.4) follows from the Lax-Milgram lemma. m

4.1.1 Penalized versions for problem (4.4).

In this subsection, we present a penalized version for the prestressed model (4.4). The
approach used here consists in adding a penalized term in (4.4) used to reformulate the
original constrained problem as an unconstrained one, set on the variational space X
defined by (4.3) and equipped with the norm (4.2).

For a real number € € (0, 1), we consider the following variational problem:

Find U, = (ue,r.) € X such that

(4.12)
a(U, V) +ay(re,s) + e 'b(U, V) =L(V),VV = (v,5) € X.
For W = (w,t),V = (v,s) € X, the bilinear form b(-, -) reads
bW, V) = / QW) Q(V)dx (4.13)

where,

Q(V) =s3 —J12(v), forany V = (v,s) € X.
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Lemma 4.1.5 Under the assumption of Lemma 4.1.2, we have
1
a(V.V)+ -bV.V) 2 [Viz ¥V =(v5) €X (4.14)

Proof: Since b(U,U) > 0 for any U € X, the coercivity of a + 1bon X (with a coercivity
€

constant independent of €) follows from Lemma 4.1.3. m

Theorem 4.1.6 Under the assumptions of Lemma 4.1.2 and Theorem 4.1.4, the varia-

tional problem (4.12) has a unique solution U, in X that satisfies
[Uellx < NI£1- (4.15)

Proof: The existence and uniqueness of U, directly follows from the Lax-Milgram Lemma.

Proposition 4.1.7 Let U := (u,r) be the solution of the problem (4.4) and U, := (uc,r°)
be the solution of problem (4.12) and let as assume that the assumption of theorem (4.1.6)

are satisfied. Then

17§ — F2(u) | 2wy S Ve (4.16)
lim ||Ue = Ul|x = 0. (4.17)

Proof: To prove (4.16), we recall that ||U||x is uniformly bounded. Then take V = U,

in (4.12) we then have
1
-b(U,Ue) = L(U,) —a(U,U,) <C
€
this implies that
75 — Fr2(u)I72 ) < Ce.

Let us now show (4.17). Since ||U||x is uniformly bounded, then it is not difficult to prove
that

U.— U weakly in X
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By the definition of the space X and using the fact that the space H'(w,R?) is compactly

embedded in L?(w,R?), then
u¢ — u  strongly in L*(w, R?) (4.18)
On the other hand, we have

U - Ulx S a(U.— U U -U)+a,(U.—UU.—U) + %b(UE ~U,U.—U)
=a(U,U.—U)+a,(U,U.—U) + %b(Ue, U.—U)—a(U,U.-U) —a,(U,U, —U)
=LU.-U)—a(U,U.-U) - a,U,U. - U)
= a(U,U) +a(U,U) — L(U) = a(U,U) — a,(U,U.) + LU — U) + L(U)

= L(U.—U)

then
U = Ull% S Il r2re lu€ — ull2rs

then (4.18) implies that (4.17) holds true. =

4.2 APPROXIMATION BY FINITE ELEMENTS AND A PRIORI ERROR
ANALYSIS FOR THE PROBLEM (4.12)

As we have mentioned, the constrained problem (4.4) cannot be approximated by robust
conforming methods for a general shell, hence we purpose the approximation of a penalized
version. Note that in this section we need not to assume that the bilinear form of the right
hand side is coercive, we only suppose that both problem the contrained and the relaxed
one has a unique solution which supposed to be sufficiently regular.

Let (Ts)n>0 be a regular affine family of triangulations which covers the domain w. Let
&, be the set of (open) edges in Ty, & the set of interior edges (&, \ &) and &P the set

boundary edges(which are contained in I';). A}, the set of all nodes. wy is the union of
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triangles of 7, that share an edge with 7.

We introduce the finite dimensional space
3
Xp = {Vh = (vn, 0 = Y _ sints) € X|vpr € Po(T)?, sin € Pi(T), VT € T, k > 1},
i=1

(4.19)
and consider the following discrete problem:

Find U, = (up, ) € X}, such that
(4.20)
a(Uh, Vh> + ap(Uh, Vh) + E_lb(Uh, Vh) = ﬁ(Vh),VVh = (Uh, Sh) e Xy,

4.2.1 A priori error analysis of the penalized problem.

In this subsection we derive a non robust a priori error analysis of the penalized problem

(4.12).

Proposition 4.2.1 Under the assumptions of Theorem 4.1.6, problem (4.20) has a unique

solution Uy, € X, that satisfies
1Unllx S 1L, (4.21)

Furthermore if we assume that the solution U, of the problem (4.12) belongs to [H?(w;R3)] x
[H?(w)]? x [HY(w)], then the following a priori error estimate holds

h € € €
1Ue = Unllx S (IIu |2z + D el + Hrg\lHl(w)) : (4.22)

€
a=1,2

Proof: Since X, C X the existence of U}, and the a priori bound (4.21) follow from the
that the bilinear form a + a, + ¢ 'b has an ellipticity constant that behaves like 1, see
the proof of Theorem 4.1.6. On the other hand as its continuity constant behaves like %,

Céa’s lemma and standard interpolation error estimates directly yield (4.22). =

Remark 4.2.2 [t is clear that the estimate provided by Proposition 4.2.1, is not robust

as € goes to zero unless h = o(e).
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4.2.2 A priori error analysis of the mixed formulation of the pe-
nalized problem.

In order to obtain a uniform a priori estimate, we use a mixed formulation of the penalized

problem (4.12) (as in [53, sec.4]). Let us first introduce the following new unknown

and the functional space Ml = L?(w). Then we rewrite the continuous penalized problem

(4.12) as
Find (U, %) € XxM such that

a(U,V)+ (¥, Q(V)) = L(V), VV eX, (4.23)

(Q(U€)7 Qb) - 6(1/)67 ¢) =0, v¢ € M,
where a(-,-) = a(-,-) + a,(+,-) and consider its discrete version:

Find (Up, ) € X, xM,,  such that
a,(Uh, Vh) + (1/1}“ Q(Vh)) = £(Vh>, VVh & Xh, (4‘24)

(Q(Un), én) — (¥, én) = 0, Vo € My,

where
M, :{th eM | ¢h|T S ]P)k(T),VT € E,k > O} (425)

Theorem 4.2.3 Let (U, 1.) be the solution of (4.23) and let (U, vy) be the solution of

problem (4.24). Then we have the following error estimate

|Ue — Unllx + Velltbe — ¥nllm S ngthUe Whllx + ¢,}21\f,ﬂh‘|¢f ©n ||n- (4.26)

Proof: Let U € X,,, and ¢ € Mj,. Then

a(Up — U, Vi) + (QVi), o — ) = @(Ue — U, Vi) + (Q(V), the — ), VVj € X?, |
4.27

QUL —U), ¢n) — e(Won — ¥, d1) = (QU. — U), ¢n) — €(tbe — ¥, 1), Vo € M(h. |
4.28
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By taking Vi, = U, — U, and ¢, = ¢, — 1 and subtracting (4.28) from (4.27), we get

1Un = Uz + ellon — 3 S a(Ue = U, Uy — U) + (QUy, — U), b — ) — (Q(U: = U), by, — 1))
+€(¢E_q/;a¢h_,¢~))
SN = Ulll|Un = Ullx + 1Ux = Ullxl[¢oe = Pl + |Ue = Ullxl|tbn — ¥l

+ €llvpe — Pllullvon — Pllx. (4.29)

According to Young’s inequality we deduce that

- - 1 - ~ _
10 = Dl + Velln = Flhe 5 210 = Db+ 1 = e + Vel = Dl
< %HUE — Ol + e — $lae

]
Remark 4.2.4 Again, the estimate provided by Theorem 4.2.3 is not uniform in €.

In order to get a uniform estimate in € we first need to the following uniform discrete

inf-sup condition.

Lemma 4.2.5 For X, defined in (4.19) and M, given by (4.25), we have the following
inf-sup condition:

quh € Mh, sup M Z ||¢h||M (430)

VheXp “VhHX

Proof: Let ¢, € M, then by choosing Vi, = (vp, s, = >, spiai) with v, =0, sop =0, =

1,2 and s3, = ¢, we get

(Q(Vh)7 ¢h)

> ||én ]l
1 Vallx

|
Theorem 4.2.6 Let (U, 1.) be the solution of (4.23) and let (U, vy) be the solution of

problem (4.24). Then for e small enough, we have the following error estimate

o o < inf U — W, inf ||t — ol 431
|Ue = Unllx + [|¥ %HMNWﬁX}LHU h||X+¢;IethW onllm (4.31)
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Proof: We use the same choice of test functions as in the proof of Theorem 4.2.3, but

treating the term
(QU: = U), tn — )

differently. Indeed, form (4.27) and (4.30) we have
1on = Gl S U = Ullx + 1Ue = Ullx + [[tbe = P llaa.
Exploiting this estimate in (4.29), we get

10 = D%+l — Dl + ellin — Bl SNV = OllellUn = Olle + 10 — Tllellbe — Dl
10 = Ol (103 = Ol + 10 = Ollx + b = Dl
+ ellge = Bl (10 = Ol + U = Tl + e — 91

N . NG
+ (10 = Tl + 0 = Tllx + e = Gl
Then using Young’s inequality we obtain the desired estimate. m

Corollary 4.2.7 Let (U, %.) be the solution of (4.23) and let (Un, 1) be the solution of
problem (4.24). Assume that U, = (uc,r.) satisfies u. € H*(w,R?), r. - a, € H*(w) and
r.-az € H'(w). Then for ¢ small enough, it holds
[Ue = Unllsc + e — ¥nllm S h(l|uell g2ors) + Z I7e - aallm2w) + [I7e - asllmiw)). (4.32)
a=1,2

Proof: Using (4.23), we find
a(U, V) + (¥, Q(V)) = (QU:), 9) + €(¥e; 0) = LIV), VV €eX,VpeM.  (4.33)

Take p =0 and V = (v,s =Y, s;a;), with v =0, s, =0, = 1,2 and s3 € L*(w) in (4.33)
to get

3 3

(e, 83) = —tag((u,r9),(0,0,83)) — %af(re, (0,0,s3)) — %ap(re, (0,0,53)),Vs3 € L*(w).
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Then the regularity of U, and the form of the bilinear form a(-,-) amount to write

(e, 83) = (f, s3), Vs3€ LQ(w).

with f € H'(w) which implies that 1. = f belongs to H'(w) with the estimate
el ) S luellazwrs) + Y e - aallmzw) + e - asllmw)-
a=1,2
Taking in (4.31), (Wh, ¢n) = Cr(U., 1), where Cj, is the Clément interpolation operator
and using a standard interpolation estimate (see below), the conclusion follows by using

the previous estimates in (4.31). =

4.3 THE STRONG FORMULATION (PDES FORM).

Usually, a posteriori estimator is computed by element-wise integration by parts starting
from the classical formulation or the PDE form of the problem. Hence in this section we
give the strong formulation of problem (4.12). As before we use the covariant representation
of the unknowns, i.e, in the following s = Z?:l s;a;, which makes it easier to obtain the
PDEs form. We use also the following notation § = (s - ay, s - az)’. We recall that the

elasticity coefficients in local coordinates are given by

A\
A2

a®hre — 2u(aa’)a6” + a‘waﬁp) + ab e

Let us then denote by A the elasticity tensor whose components are a®%*” € L>(w) and
define

T(u) =t Ary(u),

that is a 2 x 2 matrix with coefficients in R?. Note that the property of the identity matrix

(aap) we have

A\
AM: N =4uM: N trMtr N 4.34
M g o M, (4.34)
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for all symmetric 2 x 2 matrices M and N. According to a,,(+,-), using the definition of

the bilinear form a,,(-,) and this last property, we have

A (U, v) = /Ay(u): v(v) dz, (4.35)

and hence

A (u,v) = /T“ﬁ(u) Yap(v)dx
= /T"‘ﬂ(u)aav ~agd.

Hence if u is smooth enough, by Green’s formula we have

tam,(u,v) = — / 00 (TP (w)ag) - v da +/8 T (u)ngap - v do(x)

w

= — / Div (T'(u)A) - vdx +/ nT(u)A-vdo(x), (4.36)

It

where do is the surface measure on the boundary dw of w, n = (nq,ns) is the unit outward
normal vector (written in line) along Ow, A = (a;,as)" is 2 x 3 matrix and here and below
for a 2 x 3 matrix valued function M = (Mmai)a:, Div M = (3, OaMai)i=1,23 (hence is a
column vector valued function).

Let us now consider the contribution of the bilinear form a;(-,-). For that purpose,

recalling that Vo = (a1, a2),a1 X a3 = —as and as X ag = a1, we remark that

as (Vv — 5 x V) = ag (01v,0,0) — (a3 - (s X a1),a3 - (5 X ay))

=

= (a3 -Ow+s-(ay xas), a; 0w+ s-(ag X as))

T T
= (a3 - 010+ S2, ag - OV — $1).

0 1
=(4),

as (Vv —sx Vo) =a3 Vo+35'J".

Hence if we set

we have

84



4.3. CHAPTER 4.

This expression of a,(-,-) yields

a;((u,r), (v,s)) = u/(a;Vz} + 5" I ((Vu) "as + J7) da. (4.37)

w

We therefore introduce the 2 x 1 vector valued function
S(u,r) ==t u((Vu) as + J7).
Using this notation and (4.37), we get

tay(u, ), (v, 5)) = /(a;w + 8IS, ) da

w

_ / (a3 - 0avS®(u, r) + 87 J 7 S(u, 1)) da,

where S*(u,r) are the two components of S(u,r). As before if S%(u,r) is smooth enough,

by Green’s formula we will obtain

(—0.(5%(u,7)ag) - vdx + / S*(u,r)nqaz - vdo(x) + / J'S(u,r) - 3dx

w I w

- /w Div (S(u, r)as) - v dx + /F S r)as -vdor) + /w TTS(u,r) - $da.
(4.38)

tau(u.r). (0.5)) = [

Next we consider the bilinear form as(r, s). Due to the definition of the tonsor II(-)

and the definition of the tensor A, we may write

1

ag(r,s) = 5/&1‘[(7“): II(s) dx. (4.39)

Hence if we set
M(r) = Lane) = L@, ()
7"—24 7"—24(1 po\T"))a.B5

we obtain

t3

Eaf(r, s) = / M(r): I(s) dx. (4.40)

We now need to transform II(s). For that purpose, by setting

-(3)0(2)
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using the property (see [26, Theorem 2.6-1|)
OuS - g = OaSg — Fgﬁsp — bapSs, (4.41)

we get

II(s) = e(s) — £(s), (4.42)

where e(+) is the usual deformation tensor of the two dimensional elasticity, i.e

e ( w1 ) _ ( 81w1 %(81’LU2 +82w1) )
Wo %(81102 —+ 82w1) 8271)2 ’

and /() is an operator of order zero which acts on any three dimensional vector field s as

follows

1 1

, _ _ I —(I%y —T7)) b12 —(byg — b11)

Us)=T%s, + Bss= | 4 12 stz =1 ot | 5
5@52 —T7) -5 §(b22 —b11) —b1o

The splitting (4.42) into (4.39) and (4.40) yields

ag(r,s) = %/A(e(r} —0(r): (e(8) — €(s)) du, (4.43)

and
f_z“f(’”’ 5) = / M(r): (e(5) — U(s)) da,

and if M (r) is smooth enough by Green’s formula we obtain

3
; ag(r,s) = /DivM(r)-sdx+/ nM(r)sdo(x /M

Ow

—/JT Div M(r)-§dx+/ T M) -3 do(z /M

dw

Pyl

Finally using the above expression of /(s)

v "Di -8dx
LaUv) = /WJ Div(M(r))-d +/F
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Now we give the contribution of the prestressed term a,(-,-). First as 11y and 7(r, s)

are symmetric, we directly check that
STy + TR)7(r, ) = tr(TTor(r, ) = TTy: 7(r, ),
furthermore, we have
trr(r, s) = (s - ag)tr 0(r) + (r - az)tr 6(s).
Hence we have

2utr (ITo + 115)7(r, ) +

4\ 4\
2 f)\tr_f]otm'(r, s) = (s-a3) <4MI]0: 6(r) + 5 —l—gutr Iytr 9(7’))
AN

+ (r - as) (4u]]0: 6(s) + mtr ITytr 9(3)) :

= (s-as)Ally: 6(r) + (r- az)Ally: 6(s),

this last identity following from (4.34). Accordingly, a,(r, s) takes the equivalent form

3
a,(r,s) = % /(83A]]0: O(r) +rsAlly: 0(s)) dx. (4.45)
Now setting
t3
P(T) = EA[IQT;;,
t3
k(r) = E(IIO: Ad(r)),
we deduce that
a,(r,s) = / P(r): 6(s) de + / k(r)ss dx. (4.46)

At this stage we need to transform the matrix 0(s). First using (4.41), we check that

—711(8) = —8181 -+ Fflsp + b1183,

8182 - 8281

na(s) = S22,

’722(8) = 6282 — FQQS/) — b2283.
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=(3 1)

and the operator of order zero ¢ which acts on any three dimensional vector field s as

~ ~ ~ r? 0 b 0
l(s) =1"s,+ Bsz = ( 61 1, )sp+ ( (1]1 b, )33,

Hence introducing § = J§ with

follows

we obtain

0(s) % (e(®) +(s)) (4.47)

This expression in (4.46) yields

a,(r,s) = %/P(r): (e(3) + {(s)) dx + / k(r)ss dz.

w

Again if r is smooth enough, we can apply Green’s formula and find

w I w

ap(r,s):f/%j Div (P(r))~§dx+/ %jP(r)nT@do(x)Jr/( (r)+ %B P(r) 83dl+/ ( Plu): ? ) da.
48)

1
For the bilinear form b(-, ), as 412(v) = 5(8111 - Oap — Opu - O1p), if Q(U) is sufficiently

regular we find

m\»—l

/Q (s3—H12(v)) dx 21/D1V (Q(U)JA)-vdnc—Qi QAT In" v do(x)+

€ r,

/ U)ss dx.
4.49)

Using the identities (4.36), (4.38), (4.44), (4.48), (4.49), we see that the solution

Ue = (ue, 1) € X of problem (4.12) satisfies

( —Div (T'(uc)A) — Div (S(U. )ag) + iDiv (Q(U:)JA) . =f in w,
—JTDiv M(r.) — ( E 3 ) +JTS(U) — %jDiv (P(ro)) +% ( ]Izgzg % > =0 in w,
~(B: M(r0)) + s(rd) + %B Pr) + %Q(Ue) —0 .
Ue = T5, =0 on I'g,
nT (ue)A + nS(Ue)as iQ(Ue)ATJnT = on I’(l)7
%jP(re)n +JTM(ron’ =0 on I'y.

(4.50)
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Note that by taking test functions in D(w)® in (4.36), (4.38), (4.44), (4.48), (4.49), we find
that the three first identities are valid in the distributional sense. This means that the

left-hand side of this identities belongs to L?(w)?3, L*(w)?, and L?(w) respectively.

4.4 RESIDUAL A POSTERIORI ERROR ESTIMATE

For obtain a posteriori error estimate of the problem, we focus only on residual a posteriori
estimate. For the problem (4.12). The residual Ry, (+) is then defined as follows:

Ry, = a(U* = Uy, V) +a,(U = U, V) + e '0(U - Uy, V)

h

(4.51)
= ‘C<V - Vh) - a’(Uha V- Vh) - a’p(U}” V- Vh) - 6_1b(UhV — Vh)7

for an arbitrary Vj, € X;,. From the fact that a(-,-) + a,(-,-) + € b(-, -) is coercive with a

coercivity constant equivalent to 1, we infer that
U = Unllx S I1Rw, -

We first observe that the bilinear forms a(-, -), a,(-, -) and b(-, -) have variable coefficients.
In such a case, in order to construct error indicators we need to approximate the data and

the coefficients by piecewise polynomials, see [9].

4.4.1 Approximation of the data and coefficients

We introduce the approximation spaces I\\NAIEZZ), with ¢ € N and Z,, as follows

M, = {x1 € L*w); VT € Th, xulr € P(T)},

Zy, = {gn € L*(w)*;VT € Ty, gulr € Po(T)*},

and consider an approximation fj, of f in Z; and an approximation bgﬁ of the coefficient

bags in MV (as byy = by, we assume that b, = ). Similarly, we consider approximations

ap of the vectors a; and d; of d,az in (Mf))3 and (MS))S respectively. Obviously we
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assume that these approximated coefficients are uniformly bounded (with respect to the
L>-norm) in h. We introduce the approximations (-, -), al'(-, -) and b, (-, -) of the bilinear
forms a(-,-), a,(-,-) and b(-, -) respectively where a;, J,as, and b, are replaced by their
approximations. More precisely, for U = (u, ), r;a;) € X, we set (compare with (1.2),

(4.47), and (4.42))

1
Vos(u) = 5 (Oau - aly + Opu - alt),
. 1
o(u) = 3 (Ovu - al — Dy - all)
M(s) = e(3) = "(s),
1
h _ 1 h
0"(s) = 5 (e ) + 0 )
b ot
]Ih — ( 11 12 ) ’
’ by bl

Qh(U) = 7’3_712@):

where £"(s) and £"(s) are defined as £(s) and £(s), the coefficents bys and [V 5 being
replaced by bgﬁ and a’; . dzﬂ respectively. Then we set (compare with (4.35), (4.43), (4.37)

and (4.45))

o) = [ Ahw) o) do.
h 1 7 7

rs) = 5 [ Alelr) =P el5) - Ps)) d,

a; ((u,7), (v,5)) = u/((ag)TWJr s'TD((Vu) ag + J7) da,

t
al(r,s) = D (sgAI[h 0"(r) + rsALI} : 0"(s)) du,

and finally

t3
F(r,s),

an(U,V) = ta" (u,v) + tal((u,r), (v, s)) + 5

bp(U, V) = / oMU Q" (V)dx
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We also introduce the approximation £ of the linear form £, namely,

Ly(V) = / frn v dx.
Then for any Vj, € Xj, we may write the residual as
1
RUh :,C(V — Vh) — a(Uh, V — Vh) — Clp(Uh, V — Vh) — Eb(Uh, VvV — Vh)

:(ﬁ — Eh)(V — Vh) — (a — ah)(Uh, V- Vh) — (ap - GZ)(U}L, V- Vh)

- %(b —bp)(Un, V = Vi)

1
—ah(Uh, V — Vh) — Cl,p(Uh, V — Vh) — Ebh(Uh, V — Vh) + Eh(V — Vh)
(4.52)

We again recall the properties of the Clément operator Cj, [31], for 0 <m <1 <1

Vh,\VIT S E,Vw S HZ((,U) Hw - CthHm(T) 5 th_meHHl(A(T))u (453)

l-m—1
Vh,Ve € &, Yw € Hl(w) Hw - CthHm(e) SJ he 2 HwHHl(A(e))a (454)

where A(T) = Upreg, mnrzeT” (resp. A(e) = Uper,.ecrT”) is the patch associated with

the element 7' (resp. the edge e) and &, is the set of edges of the triangulation.

Lemma 4.4.1 LetV = (v, sia;) and Vy, = (vp, sp) = (Cpv, Y _;(Chsi)a;), then we have

the following estimate

(L= L)V = Vi) = (a—an)(UpV = Vi) = (a, — al)(Uy,V = Vi) — € (b= bp) (U, V — V3)|

< (eh i) 1V,

where

-1 h h h
en = (e7 max [lay — agllrow) + max ||0aas — daglliew) + max [lbpe — byollzew) [I£],

e = hr||f — fall2ery,

and
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Proof: First one estimates the term (£ — £,)(V — V},). As we have

(C—Eh)(V—Vh):/f~(U—Chv)dx—/fh-(U—Chv)dx:/(f—fh)-(U—Chv)dm

= Z /T(f—fh) - (v = Cpv)dz,

TeTh

Cauchy-Schwarz’s inequality and the property (4.53) of C, yield
(£ = L)V = Vi)| < iV ]x.
Secondly we estimate
(a—an)(Up,V = Vi) + (a, — al) (U, V = Vi) + € (b= bp)(Un, V = Vi).

We only give an abridged proof of this technical result. We first estimate

3

t
(a—ah)(Uh, V—Vh> = t(am—afn)(uh, v—vh)—l—t(at—a?)(Uh, V—Vh)+

E(CLJC—(Z?)(T}L, S—Sh>.

To estimate the term (a,, — a® )(U,, V —V},), we typically have to estimate a term like

A, 0 — v) = / (n Cam) (v — om) — A Cun)ly (v — ) d.

w

That we transform as

Ap(up, v —vp) = /(’711(%)(711(”—%)—7?1(U—Uh))+(’711(uh)—7?1(%))7?1(“—%))@-

w

For the first term, we use the identity ~vi;(u) — v (u) = d1u - (a; — a), and apply

Cauchy-Schwarz’s inequality and (4.21) to get

/ Y (un) (11 (v = va) = M1 (v — o)) do| S NLIHO (v = va) - (a1 — a7)l|z2(w)-

As

101 (v = va) - (a1 = a7) 22y < llax — a1l 101 (v = n) | 22wy
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by the property (4.53), we deduce that

/wvu(wz)(%l(v —wn) =i (v = vn)) dz| S LIV -
The second term is estimated in the same manner, which leads to
| An(un, v = o) S G ILLIIV
The same techniques on the remaining terms of a — a; and on all terms of a, — az yield

(@ = an)(un, v —on)| S L]V 1%,

(@, — ap)(rn, s — su)| S R ILINV 5
The last term (b — by,) requires a more specific attention. First it is split up as follows

b= b)) (U, V = V) = e~ / (QUNQV — Vi) — QU QM(V — Vi) da

=gt / QU)(QV —V3,) — QMV — V))dx

- 51/ MV — Vi) (Q(Uy) — Q"(Uy))dx.
Hence using Cauchy-Schwarz’s inequality, and the property
1
Q(u,r) — Q"(u,r) = —5((az = ay)du — (ar — ay)dyu),

we find

e (b —bp)(Up, V= Vi)| S €7lkSUP lai — af || L) 1UlI]IV = Villx-
~1,2,3

Using the bound (4.21) and the estimate (4.53), we find

e (b= bn) (U, V = Vi) S e Supsllaz' = @[l ) [V lx-

k=1,2,

The previous estimates yield the conclusion. =
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Now we need to estimate the term
Ly(V = Vi) = ap(Up,V = Vi) — al(Uy,, V = V},) — %bh(Uh, V — V).
In order to define appropriately the indicators, we introduce
Tu(u) =t Ay"(u),
Ap = (a,a3)",
Su(u,r) =t p((Vu) af + J7),

t3
My(r) = L AT ),

t3
Ph(T> = EAI[(}]LTBH

t3 h h
Hh(T'> = E([[O . AQ (’I"))

Now for all T' € T}, we can define the following indicators (compare with problem (4.50))

. . 1.
0 = hyllfu + Div (Ty(un)Ap) + Div (S, (Up)ak) — —Div (Q"(Un)J An) || 2z

2€
1 1 1
+ Z §h3 ||[nTh(uh)Ah + nSh(Uh)a§ — igh(Uh)AZJnT]eHLz(e’Rs)
eEé‘iﬁBT
z A S AT gnT
+ > hZ|InT(un)Ap + nSu(Uy)ah 5 Q" (UAL I |2,
e€€Nl1NOT

Mh(T’h) . f‘,ll

2 _ s L
7’]T = hT”J Div Mh<rh) + < Mh(’f'h) : F}ZL

) — JTS,(U) + %jDiv (Bnlrn))

1 Ph(uh) : f‘l ERRR T T T
_ 5 ( Ph<Uh) : f\g ||L2(T)2 + Z h/e2 ||[§J.Ph(/rh)n + J Mh(Th)’n, ]e||L2(e)2
h e€&; NOT

11 ~
+ Z hé H§JP}L(T}L)TLT + L]T]\fh(Th)nTHLz(e)z7

e€€Nl1NOT
G _ B 1o Lo
ne = 1Bu: Mu(ra) = kn(ra) = 5Bn: Pulra) = —Q"(Un)llz2(),
where &£} is the set of edges of the triangulation included into the boundary of w, while
& =&, \ . We further introduce the local indicator

1 2 3
nr =0y 0y s,

94



4.4. CHAPTER 4.

and the global one

=(Zn§u>é

TeT
Proposition 4.4.2 Let V = (v,) . sia;) € X and let Vi, = (Cpv, Y ,(Chs;)a;) be the

Clément interpolant of V', then
lan(Un, V = Vi) + al(Uy,V = Vi) + € 0 (Un, V = Vi) = Lo(V = Vi)l S mal|V[|x- (4.55)
Proof: We split up the left-hand side of (4.55) in three terms as follows

[, (V Vh) — ah(Uh, V Vh) —Qa (Uh, V Vh) — € bh(Uh, V — Vh) = Al(Uh, V — Vh)

+ AQ(Uh, V — Vh) + Ag(Uh, V — Vh),
where

Al(Uh, vV — Vh) = ,Ch(l) - Chl)) — ah(Uh, (U — Ch?}, 0)) - E_Ibh(Uh, (U - Chl), 0)),

AQ(Uh,V— Vh) = —Qap Uh, 0 Z ChSQ aa ) —CL Uh, O Z —ChSa)CLa))

o (Un, (0, Z(sa — Ch8a)0a)),

«

As(Un, V = Vi) = —ap(Uy, (0, (s3 — Cps3)as)) — aZ(Uh, (0, (s3 — Cpss)as))

— € 0 (Un, (0, (s3 — Chss)as)).
For the first term, by elementwise Green’s formula we directly have

ALY -V =Y / fr + Div (Th(up) Ay) + Div (Su(Up)ah) — QLDW (QM (U A) - (v — Cov) da

TET,

+ Z Z / — QMU AT InT — nTy(up)Ap — nSp(Up)al) - (v — Cpv) do ().

TETh eel'1NOT
(4.56)
Cauchy-Schwarz’ inequality and the properties of the Clément interpolant C;, yield

AUV = Vi)l £ (Z (né”)2> IVl

TeT,
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In a fully similar manner, we have

Ay (U, V = V)| < (Z(#U?) 1V |-

T

Finally we directly check that

Ag(U;“ V — Vh) = Z /T(Bhi Mh(rh) — li(?“h) — %Bhl Ph(T’h) — %Qh(Uh))(S;; — Cth)d[E,

(4.57)

hence using (4.53), we directly get

[As(Un, V = Vi) S <Z<n§?>>2> V%

T

The estimates on |A;(Uy, V — V)| directly yield the conclusion. m

4.4.2 Upper and lower error bounds

At this stage we are able to prove the following robust upper bound.

Theorem 4.4.3 The following a posteriori error estimate holds between the solution U,

of problem (4.12) and the solution U, of problem (4.20)
1Ue = Unllx S mn + €, + €5, (4.58)

Proof: The estimate (4.58) follows from the fact that a(-,-) +a,(-,-)+€b(-,-) is coercive

with a coercivity constant equivalent to 1, by using the identity (4.52), Lemma 4.4.1 and

Proposition 4.4.2. =

Let us go with the lower bound.

Theorem 4.4.4 Let U, be the solution of problem (4.12) and Uy, the solution of problem

(4.20). Then we have the following bound

H S MU= Unllzor) + €y 20 1=1,2,3, (4.59)

wp?
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where the index wr means that the quantity is taken only in wr and the norm X(wr) means

the norm of X with integrals restricted to wr.

Proof: The proof is quite standard and is based on standard inverse inequaltiy, see [69]

)

for instance. We will only prove the inequality (4.59) for n(Tl since it is fully similar for

775,12 ) and ngpg ). For shortness, we write n(Tl " in the following compact form

i 1
np) = hrllFullzamsy + D hiaeps[Ghlele+ D ke [1Ghllz2ers):

e€&lndT e€lnoT
First of all, let us fix the standard bubble function 7 associated with T" and set

Fppp in T,
v = (4.60)
0 inw\T7T.

By the definition of 17, we may notice that v € H} (w,R3) and hence (v,0) belongs to X.

It follows from (4.56) with V}, = 0 that
Ly(v,0) = an(Uy, (v,0)) = ¢ by (Up, (v,0))
1
— [ (4 Div (Tu(w) A1) + Div ($(03)al) — 3-Div (Q(U)IA) - v
T
5112

= ||Fh¢72“||L2(T)3'

Using the identity (4.52), we may write

a(U¢ — Uy, (v,0)) + € '0(U — Uy, (v,0)) =

—~

L= L) ((v,0)) = (a — an)(Uh, (v, 0))

(b - bh)(U’w ('Uv O)) - ah(Uh7 (U> 0))

bh(Uh, (U, 0)) + ,Ch((l}, 0))

A==

Hence
L(v,0) — an(Uy, (v,0)) — € 'bp(Up, (v,0)) =a(U — Uy, (v,0)) + e o(U — Uy, (v,0))

— (L= Ln)((v,0)) + (@ — an)(Uy, (v,0))

_ %(b— o) (Un, (0,0)).
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By the previous identities, we get

| P2 22 s =a(U = Us, (0,0)) + € 1b(U° = U, (0,0))
- (L: — Eh)(v, 0) + (a — ah)(Uh, (U, 0))

1
— E(b — by)(Un, (v,0)).
So by Cauchy-Schwarz’s inequality and the arguments of Lemma 4.4.1, we find
3 2 -1 d c
IEn7 72 rmsy S (€7 NUe = Unllxry + €7 +€5) ol g (ps).

Using the following inverse inequality

o]l ey S Bt lloll L2 e,
and using that the function 7 takes it values between 0 and 1, we deduce

Vil TRy S Ny (1R 22 (TR?) -

o] < hp' || Fil

In addition we have
1
| Frllc2rrsy < el Frbg| 2o rs)-

Combining (4.61), (4.63) and (4.64) we get

hollFullz2resy S € U = Unllxery + €7 + €5

(4.61)

(4.62)

(4.63)

(4.64)

The second step is to bound the second term of 77(T1 ), for all edges e of T" shared with the

element 7”. In this case we choose the function v in (4.56) as follows
M. o ([Grle)e for k€ {T,T"},

0 mw\(TUT,

(4.65)

where 1), is the standard edge bubble function associated with e and M. .(g) is an extension

operator that sends a polynomial ¢ in the edge coordinate of e to a polynomial in cartesian
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coordinates in k. As before we see that

I[Ghleell?2(eps) = @an(Un, (v,0,0,0)) + € by(Up, (v,0,0,0)) — Ly(v,0,0,0)

1
+ / (fh + Div (Th(uh)Ah) + Div (Sh(Uh)CLgL) - iDlV (Qh(Uh)JAh) -vdz.
A(e)
Using the identity (4.52) and the arguments of Lemma 4.4.1, we then have

I[Ghletelli2ers) S € NUe=Unllxa@llvllxae)+(€h e + €5) 1vlxae)+I1Fall2ae e lvllxae)-

By a standard inverse inequality, we conclude

3 — c
he | [Grletellaemsy S € Y U= Unllxcae) + i) + <5
ke{T,T"}
The third term is bounded in the same manner than the second one. In the same way, we

bound the two remaining ngf);i = 2,3. The proof is therefore complete. m
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CHAPTER 5

NUMERICAL EXPERIMENTS

INTRODUCTION

FreeFem--+ is a well-known framework, which serves for solving, numerically, the
Partial Differential Equations (PDE) in 2 and 3 dimension, where 1 dimension is under
consideration. FreeFem++ is widely-used for learning the finite element method. Yet, it is
a very useful tool by researchers to examine complex applications. FreeFem-+ is written
in C++, and it can be integrated on different machine systems such as Windows, Macs
and Unix.

In this chapter we present a numerical experiments using the finite element code FreeFem-+-+

[46].

e In section 1 we implement the penalized version (2.27) using the finite element

package Freefem-+-.

e Section 2 describes how the error indicators exhibited can be used to adapt the mesh
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for the discrete problem (4.20).

5.1 BENDING DOMINANT SHELL PROBLEM

In this section, we implement the penalized version (2.27) using the finite element package
Freefem+-+. For bending dominant shell problems, when the thickness is too small,
standard finite element methods fail to give good approximation because of locking
phenomena (see previous studies [21],[53],[56] for instance). Arnold and Brezzi |3| have
successfully avoided numerical locking by using mixed formulation where new variables
are introduced and the finite element space is enriched by bubble functions. The present
prestressed model, has as new unknown, which is the normal component of the rotation
r - az. Since the model has been derived under the assumption of the domination of the
bending energy, it is natural to test the model for a bending dominant shell problem.

We consider a cylindrical shell that is shown in Figure 5.1 , which is a literature benchmark
for shell elements. We take the radius R = 3/2, the length L = 2R, and the angle ov = 40°.
We take E = 200G Pa for the Young modulus and v = 0.3 for the Poisson ratio of the

material. In Cartesian coordinates, the 3D shell occupies the region

t t
St = {(l‘l,XQ,Xg)’—L<X1 <L,<R—§)2<X22+X§< (R+§)2}

The curved ends of the shell at X; = +L are assumed to be free and the boundary at
X3 =0 is clamped, namely, v = r - a, = 0 at X3 = 0. Note that in curvilinear coordinates,
the middle surface S can be parametrized by the chart (w, ), with

w=]-L,L] X |-Rsina, Rsin |
o(x1,x9) = (21, Rsin(z2/R), Rcos(z2/R)) .

It is well known that the subspace Vg (w) of pure-bending displacements, i.e., displacements

that have zero membrane energy: Ve(w) := {(v,s) € V,y(v) = 0}, plays an important role
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in the finite element analysis of shells. For the considered example, Vr(w) contains some
nonzero elements, i.e., Vp(w) # 0. So, we are in the so-called noninhibited pure-bending
case (see previous studies|21],[62]). The asymptotic behavior of the shell as the thickness
goes to zero depends on the fact that the loading f belongs to the polar set of Vg(w) or
not (see Blouza et al. [13]). For the considered geometry, since the coefficients of the
second fundamental form b,z are such that by; = bj2 = 0 and by = —%, if we consider

vertical constant loading, i.e., f in the form f = (0,0, q), where ¢ is a constant pressure, it

is easy to show that, for the considered example, we have

<f,1)> =0, V(U,S) € VF(W)7

i.e., f belongs to the polar set of Vp(w). It is well known that this kind of loadings
do not activate pure bending displacements (see previous studies [21], [62]for instance),
furthermore, the solution has a mixed asymptotic behavior, and neither the membrane
energy nor the bending energy dominate. For linear models without a prestressed term,
the appropriate scaling for bending dominated problems is p = 3.0. But for loading of the
form f = (0,0, q) where ¢ is a constant, the scale 3.0 gives a zero limit in the continuous
problem, and therefore, the approximate solution is very close to zero. Hence, in our
numerical test, we prefer to consider a bending-dominated problem, namely, we chose

f =1 x q x cos(2zy)as, with ¢ = —5 x 107, which means that we take
L(V) = t3q/cos(2x2)a3 -vd.

Note that, for this case of loading, F{j(z2) and F}'(z3) are not identically zero, where
L L
Foe) = [ fonade, ad Fios) = [ g,
.y —L

which, together with the fact that Vp(w) # 0, are necessary and sufficient conditions

to ensure that the flexural energy is dominant (see Pitkaranta|59], p7). For the numerical
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= ¥ X,
/ =
clamp®d edges
x1
Figure 5.1: The shell geometry
Energies t=0.01R t=0.001R t=0.0001R t=0.00003R

€m 5.75962 6.81387 0.140034 0.00564802
ey 0.176713 0.0257213 0.000509613 2.03899 x107°
ef 30.5737 3.00906 0.000619921 9.99722 x10~7
ep -9.90932 x107° | -9.18144x1078 | -3.03847 x 10712 | -1.89608 x 10~
e 36.5099 9.84865 0.141163 0.00566941

Table 5.1: Energy values for P, — P; elements

approximation, because of the constraint J15(v) — - a3 = 0 in the definition of the space V,
we may use a one order higher elements for u to that used for the micro-rotation . This
leads to conforming finite element approximations of problem (2.27) with less degrees of
freedom compared with the scheme (3.1). Let e,,, e;, e; and e, are the membrane, shear,
bending(flexural) and prestressed energy terms respectively. e is the total energy.

Table 5.1 presents the obtained results for the different parts of the energy computed
using P, elements for the displacement and P; for the rotation. We observe that the
obtained energy partition does not correspond to the expected bending-dominated behavior
of the structure. In fact, the membrane energy is dominant for % < 1073. This unstable

behavior for small thicknesses can be interpreted as consequence of a "numerical locking."
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Energies t=0.01R t=0.001R t=0.0001R t=0.00003R
Em 5.12205 0.410782 0.0914724 0.009412
e 0.169229 0.0034947 0.0002709 271297 x107°
ef 34.6118 33.7115 32.1919 32.211
€p -0.000150652 | -1.39831 x10~" | -6.95845x 107 | -3.29225 x10~1°
e 39.9029 34.1258 32.2836 32.2205
Table 5.2: Energy values for P3 — Py elements
Energies t=0.01R t=0.001R t=0.0001R t=0.00003R
em 5.12074 0.0609105 0.00700619 0.00794386
e 0.168618 0.00196899 4.09061 x107° | 7.93953 x10~°
ef 34.6458 34.5506 34.52 34.9203
€p -0.000154659 | -3.1463 x10~" | -1.84628 x107% | -2.81355 x10~°
e 39.935 34.6135 34.5349 34.9283

Tables 5.2 and 5.3 show the obtained results for the different parts of the energy
computed using P3 — Py and P, — P35 elements. Pathological behavior does not occur for low
thicknesses. The obtained energy partition corresponds to the expected bending-dominated
behavior of the structure. In fact, the bending energy is dominant for 1072 < % < 3x1075.
We also observe that the prestressed energy is of negative sign and converges to zero
as the thickness tends to zero. At least for the considered example, we conclude that
our displacement-based shell finite elements respect the bending-dominated asymptotic
behavior when we use higher order finite elements. It would be very interesting if one
can provide general analytical proofs showing that the mixed reformulation of problem
(3.2) with suitable choice of the finite element spaces leads to optimal error estimates

independent of the thickness (as in Arnold-Brezzi [3] for Naghdi’s shell model), which

Table 5.3: Energy values for P, — P3 elements

amounts to say that the mixed method is locking-free.
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5.2 ADAPT MESH

We now describe how the error indicators exhibited in previous chapter can be used to
adapt the mesh for the discrete problem. We use Dorfler [38] marking strategy, which is a
practical procedure to estimate and equidistribute the local error. An efficient indicator
identifies the parts of the domain that induces large errors and use this information to
locally refine and then repeat the finite element computation. We start with an initial

coarse triangulation 7, followed by an iterative loops procedure of the form:
SOLVE — ESTIMATE — MARK — REFINE

The numerical experiments that we now present have been performed using the finite
element code FreeFem-++ [46]. Note that Freefem-+-+ contains an anisotropic mesh
generator (BAMG?')[45], thus the mesh is refined automatically, the adapted mesh is not
necessarily quasi uniform. The results obtained will be used to test the reliability of the

anisotropic adaptive mesh procedure.

5.2.1 Numerical examples

Numerical computations are made using the scheme (4.20) with Ps-Lagrange elements for

the displacement and P,-Lagrange element for the rotation.

First example

In the first example, we consider a cylindrical shell (see Figure 5.2), we take the radius
R = 1, the length L = 2R, and the angle a = 40°. The middle surface S can be

parametrized by the chart ¢, with

o(z1,x2) = (Rsin(x1/R), xe, Rcos(x1/R))

!Bidemnsional Anisotropic Mesh Generator
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Figure 5.2: The shell geometry
then the covariant basis is :

a; = (cos(x1/R),0, —sin(z1/R))
a9 = (O, ]., 0)

az = (sin(x1/R),0, cos(x1/R))

and

The asymptotique direction X; = Cte. We chose the loading f consistant with flexural
regime, namely,

f =1 xqxcos(2wy)as, q=—5x 10

and the thickness of the shell £ = 0.01. Using the residual error indicator defined in previous
chapter, we obtain the following results
Table 5.4 presents the values of 1’ from step 1 to step 6. We notice that values decrease

and converge to zero, which confirm the effectiveness of our estimator. The results given
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Iteration n(Tl ) 77;2 ) ng’ )
1 234.789 0.009235 0.397252

4.03933 0.00012 0.0765021
0.728751 | 9.343 x10~° | 0.0233028
0.166929 | 2.69733x107° | 0.007233
0.05298 1.03x107° 0.00776843
0.0165 6.25x107° 0.001313

O O | WO N

Table 5.4: Values of n(Tl ), né? ) and ng’ ) for example 1

Figure 5.3: Initial mesh

in Table 5.4 show that our adaptive algorithm do converge. But a rigorous mathematical
justification of such a result is still an open problem even for simple problems with constant

coefficients.
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Figure 5.5: Adapt mesh (sixth iteration)

Figure 5.3 represents the initial coarse mesh and Figure 5.4 is the refined mesh after
the first iteration. From Figure 5.5 ( after six iterations), we notice that the number of
triangles is dense only in the vicinity of the clamped edge, and get decreased whenever we

go for away from the clamped boundary. This is due to the boundary layer effect.
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Second example

In this example we consider the same shell but we consider the edge {Xs = 0} as the
clamped edge. We use a loading f the same as in the previous test but it applied only on

a part of the shell A defined as follows (see Figure 5.6 ) :

1

A ={(21,75) Cw;—Ry <11 <Ryand 0 < 1y < Ly }
2Ry 2
1
N{(z1,22) €Ew;—Ry < x1 < Ry and 0 < x5 < _ o + -}
2Ry 2
A\\\\\
Figure 5.6: The region A
So, the loading f is defined as follows:
t3xq x cos(2x9)as, if (z1,70) € A
f= (5.1)
0 elsewhere
This kind of loading will generate singularities along the curves:
no Lo <1/2 and o Lo <1/2
Tog = —— + =; x an Tog=——7+ = x
2= SR T2 S T2 S 2 2Ry T2 S T S

which implies the appearance of internal layers (in the interior of the domain). In this test
we consider two values of thickness t = 0.01 and £ = 0.001. Our objective is to compare
the internal and the boundary layers for the considered example. Note that for the Koiter
shell model it is shown in [66] that internal layers are more important than boundary

layers for very small values of the thickness. For the value of thickness ¢t = 0.01, after six
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Figure 5.7: Initial mesh

iterations we obtain the following adapted mesh.

We observe that, for this value of ¢, the internal and the boundary layers are relatively
of the same order of magnitude Figure 5.8. Whereas, for the value of thickness ¢t = 0.001,
after six iterations the internal layers are clearly more important than the boundary
layers Figure 5.9. This may explain that elliptic nature of the problem for fixed ¢ may be
influenced by the type of the surface, which is here parabolic for the considered example,

when t tends to 0.
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Figure 5.8: Adapted mesh for t = 0.01
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Figure 5.9: Adapted mesh for ¢ = 0.001
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CONCLUSION AND PERSPECTIVES

In this work, we have mainly focused on the finite element method of a prestressed shell.
In particular, we have showed that the bilinear form a(-,-) is not coercive on V(w), which
is defined by Marohnic and Tambaca in [52]. We have solved this problem by defined a
relax space V when s € L?(w,R?) but s-a, € H'(w,R) and proved the well-posedness
of the new constrained continues problem. We have presented a penalized and mixed
problem and their well-posedness and we have proposed an approximation by finite element
method for the penalized and mixed problem and the existence and uniquness of the
discret problems is proved and derived a priori estimates. However, in the a priori for a
mixed method the estimate on ||U — Uy||x and ||1) — ¥y ||m the constants depend on % and
72 This means that if A — 0, the behavior of h is more damaging for the convergence.

A hybrid formulation is considered here, i.e., the unknowns (the displacement and
the rotation to the shell midsurface are described respectively in Cartesian and local
covariant basis). We have defined a new variational formulation and proved the existence

and uniqueness results of the solution. Due to the constraint, a penalized version is then

considered. Besides, we have presented a robust a priori error estimation and a posteriori
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error estimator and we demonstrated that it is reliable and efficient.

The numerical experiments which are carried out using FreeFem-++ code confirmed the
obtained results. Experimental results have revealed that this model is bending dominant
problem and confirmed the efficiency of the residual a posteriori estimator.

Several extensions are possible for this work. As instance, giving a rigorous analysis for
a mixed formulation with suitable choice of the finite element spaces (as in Arnold-Brezzi
[3] for Naghdi’s shell model and [41] for Koiter’s shell model) to obtain uniform estimate

independent of the thickness ¢ and locking-free.
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