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Notations
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v Vv 'V

N : natural corps

R : real corps

(0,77 : the closed interval 0 <t < T

Q : open from R"

I' : the topological boundary of €2

D, : domain of definition of f

||.]| the norm associated with scalar products

D(Q) : denotes the space of functions of class C* with compact support in €2
L*>(Q) := {u: Q = Rmesurable; sup|u(t)] < +oo}

[ € Lioe() :for any compact k C Q, f € L'(k)

L?(Q) : the square integrable space of functions for the Lebesgue measure dx
L? : the space of power functions p — th integrable for the Lebesgue measure dx
H'(Q) : Sobolev space of order 1

H?(Q) : Sobolev space of order 2

|z|| : The norme of

E’ : the topological dual of E

(,)mxp : the hook of duality between the space E and its topological dual
WP . Sobolev space , 1 < p < 00

Wh2 = H(Q) : Sobolev space
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» o(E,E') : the weak topology defined on

> LP(0,T,X) = {f: (0,T) = x;mesurable : [ ||f||z < oo}
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Introduction

This work is devoted to the well-posedness and decay rate of the energy functional
for the following fourth-order viscoelastic plate problem

utt+A2u+fg T)Au(r)dr = —u, x€Qt>0
u(z,t) = ( t)=0, x€0dt>0 (1)
u(z,0) = up(z), ur(z,0) = wa(x); = €Q.

where ¢ is a positive and nonincreasing function. We begin with the result of Messaoudi
[7], where he considered

¢
uy — Au +/ g(t —17)Au(r)dr =0, € Q x (0,00)
0

with general conditions on the relaxation function g polynomial, and provide a general decay
result that is not necessarily of exponential or polynomial type. His result generalized and
improved many results in literature such as [?]-|?]|, and [3] . Mustafa and Ghassan [10]
considered the plate equation

uy + A*u =0, €Qx(0,00)

with viscoelastic damping localized on a part of the boundary and established a decay
result. For mor results related to the plate equation, we refer the reader to Messaooudi [§]
al [2], Messaoudi and Mukiawa [9] . We would like to investigate problem (/1) , and find the
decay rate when ¢ has a general decay rate. This will improve some existing results in the
literature as well as generalizing them.



Chapter 1
PRELIMINARIES

1.1 Viscoelasticity

Viscoelasticity is used to describe the behavior of reversible materials, but sensitive to the
rate of deformation. Mention may be made, for example, of polymers and, to a lesser
extent, concrete and wood, as materials with viscoelastic behavior. One of the essential
properties defining viscoelasticity is relaxation, which is the property possessed by certain
systems, when they are called upon, of reacting with a certain delay, generally defined as
the relaxation time. As the stress can be a stress or a deformation, the corresponding
process is called respectively deformation relaxation (creep / recovery) or stress relaxation.
The duration of these processes corresponds to the relaxation time. The actual relaxation
times may vary over several orders of magnitude. Thus, when a polymer is subjected to
a deformation stress, its first response is the development of a relatively high local stress,
which tends to decrease over time. This is the stress relaxation phenomenon. The long
chains in the form of balls regain, as a function of time, a position of equilibrium by means
of more or less rapid movements. Conversely, there is also, by comparison, a relaxation of
deformation. In this case, the applied stress generates a deformation dependent on time, it
is the creep. The removal of the stress induces in turn a delayed evolution of the deforma-
tion which is called recovery.



Some reminders of functional analysis

1.2 General information on topology

Definition 1.2.1 (countable set)

A set E is said to be countable if it is in bijection with a finite or infinite part from N.

Definition 1.2.2 (Vector Space)

Let V' be a non empty set, K is a body.

V' is a vector space on K if :

1- (V;+) is an abelian group (commutative group)
2- 3 an application :

KxV =V
(A\v) — Av

checking :

ovv eV :1lv=uw (1isthe neutral element in K)
oV € K;Vu1,v9 €V : ANug 4+ v2) = vy + Mg
oV, A € Ksu eV i (A + A)v = v+ A\
VA, € Kiu eV i A(A)v = (M A)v

Definition 1.2.3 (scalar product)

We call scalar product on a real vector space E (resp complex) an application:
f:ExE —R(orC)
who has the following properties : ¥(x;y) € E X E, YA € R

flx+ay) = fzy) + fl'sy)

3



fQz;y) = Af(x;9)

fly;z) = f(z;9)
fla;2) >0
flz;z) =0 2=0

Definition 1.2.4 (normed vector space)

A norm on E is a function

N:E—R,

who has the following properties : ¥(x;y) € E X E, YA € R
Nz)=0<2=0
N(A\z) = |A|N(x)
N(z+y) < N(x)+ N(y)

Definition 1.2.5 (Continuous linear application in normed vector space)

e fis said to be linear if :

Va,B € K;V(z;y) € EX E: f(ax + By) = af(z) + Bf(y)

o If F =K, f is called linear form on E.

The set of linear applications from E to F and noted L(E; F')

Definition 1.2.6 (Prehilbertian space)

A prehilbertian space is a vector space provided with a scalar product.



Definition 1.2.7 ( convergences)

We say that the suite (u,) converges to u € E if :
Ve > 0,3ng € N,VYn € N;n >ng = |ju, —ul| <e
We write then limu, = u

Definition 1.2.8 (sequence of Cauchy)

The suite (uy)nen is called Cauchy if :
Ve > 0,3ng € N,Vp,q € N;p,q > ng = |lu, —uyl| <e¢

Definition 1.2.9 (Helbert space)

A complete prehilbertian space for the morm associated with the inner product is called

Hilbert space.

1.3 Banach space

A normalized vector space F called Banach space if it is complete for its norm .
the topological dual of F noted by E’ is the space of continuous linear forms on F .ie :

feEsS f:E—R,
lineare and

Je > 0, [(f,2) < clje]|p Ve € E

we equip the dual space E’ with the following norm :

[ fller = sup (f,z).

llzll<1

With this norm £’ is a Banach space .



1.3.1 Weak topology

Let E be a Banach space and E’ its topological dual, and let f € E'.
We denote by ¢ : E — R, the application defined by ¢(z) = (f, ).
When f describes E' we obtain a family (¢y)fep of applications of £ in R.

Definition 1.3.1 The weak topology on E which noted o(E, E") is the least fine topology

on E rendering continue all applications (@) rep -

1.4 Contractions

Definition 1.4.1 Let (X,d) be a metric space and let f : X — X be a mapping.
e A point x € X is called a fixed point of f if v = f(x)

o f is called contraction if there exists a fived constant h < 1 such that

d(f(x), f(y)) < hd(z,y),¥V 2,y e X

A contraction mapping is also known as Banach contraction.

Theorem 1.4.2 (Banach Contraction Principle )
Let (X,d) be a complete metric space, then each contraction map f : X — X has a unique

fixed point.

1.5 Reflexive spaces - separable spaces

1.5.1 Reflexive spaces

Let E be a Banach space and J : E — E”. The canonical injection of F into E” defined
by :
J.(f)=f(x),Y x€E,feFE.



Theorem 1.5.1 If E is a Banach space then :

E reflexive & E'is reflexive .

1.5.2 separable spaces

Definition 1.5.2 A separable metric space is a metric space which contains a dense and

countable subset D.

Theorem 1.5.3 Let E be a Banach space, if E' is separable then E is too. the converse is

generally false .

Corollary 1.5.4 Let E be a Banach space then:

E is reflexive and separable if and only if E' is reflexive and separable .

Let E and F' be separable normal spaces and G a subspace of E, then :
(i) The space E thimesF is separable .

(ii) The space G is separable .

1.6 Recalls on spaces L?(())

We consider €2 an open R"™. f functions will be considered from €2 in R or C.Let p € R
with 1 <p<oo.

Definition 1.6.1 We pose
LP(Q) = {f : Q = R; f mesurable and [, |f(x)|Pdz < oo}

We notice

1l = / (@) Pz}



Definition 1.6.2 We pose
L>*(Q) ={f:Q = R; f measurable and 3 a constant ¢ such as |f(z)| < c p p on .}

We notice
[ fllzee = inf{c; [f(z)] <c ppon Q}

Remark 1.6.3 If f € L*™ we have

|f(z)] < || fllee pp onf2.

Theorem 1.6.4 The space LP(S) is reflexive if 1 < p < oo.
Lemma 1.6.5 The spaces , L'(2) ; Q C R™ and C([0,1]) are not reflective .

Theorem 1.6.6 Fach closed subspace of a reflective Banach space is reflective.

Notation 1.6.7 Let 1 < p < oo;we denote by p' the conjugate exponent of p i.e ]%—l—l% =1.

Property 1.6.8  1- The space L>(S2) is separable for 1 < p < oo.
2- The space L () neither reflexive nor separable and its dual contains strictly in L'(Q).

3- For mes(2) < oo, and 1 < p < 00 we have :
L1(Q) C LP(Q)

we can say that :

L>*(Q) C L*(Q) C L*(Q).
Theorem 1.6.9 [J] D(Q2) is dense in LP(Q2) for 1 < p < oo that is to say :

D(Q)=L*(Q). Vp,1<p<o0



1.7 Reminders of Sobolev’s spaces

1.7.1 Weak derivatives

Lemma 1.7.1 Let f,g € L} (Q) .If for any function ® € D(Q) we have :

loc

/Qf(x)(I)(x)dx:/Qg(x)q)(x)dx
then:
f=g ppon(Q)

Definition 1.7.2 We say that f € L} (Q) is derivable in the direction i, i € [1, N] ,in the

loc

weak sense if it exists D;f € L} (), as for any function ® € D(Q),

loc

0P
/Qf(x)axidx:/QDifq)(x)dx.

Definition 1.7.3 If f € L], () then we define the order distribution zero :

loc

7,(®) = | f@)0 ()i
Q
we then call the weak derivative, in the sense of the distributions, of f in the direction i,

the distribution D;Ty which we denote D; f.
Remark 1.7.4 If f is derivable in the weak sense in the direction v then :

DTy =Tp,;.

If feL,.(Q) then :
f is lipschitzienne if and only if Vi € [1, N], D;f € L>*(Q).

Definition 1.7.5 If € is an open of R™ then we note :
1. for K C Q compact,Dy(2) = {P € D(Q)|supp(®) C K}.
2. fora € N" and ® € D(R2), P,(®) = ||0“®||>°.

9



1.7.2 Sobolev space

Let Q C R" et u € L .(Q) ,for any o = (a, ..., ) With || = a3 + ... + ,, . a function

loc

v € L},.(Q)is called the derivative of order a of w if :

loc

/vgpda: = (1)l / uD%pdx, Yo € D(Q) v=D.
) Q

H™Q) = f € L*(Q) D*f € L*(Q),
V]| < m,m € N.

Definition 1.7.6 form € N ;1 < p < 0o and 2 an open from R" |

laf
W™P(Q) = {u € LP(Q) such that D% € LP(Q),Va € N'with |a| < m}D* = %
Ty ...0xgn

(1.1)

Property 1.7.7 o Ifm=1WY" ={ue LP(Q), Vue (LP(Q)"} .

o Ifp=2, Wm(Q) = H™() .

Definition 1.7.8 IfQ is an open fromR", m € N, and p € [1,+o0], we define : W"P(Q2) =

D(Q2), where adhesion is taken for the topology of W™P(S).

Lemma 1.7.9 Let f,g € L}OC(Q) .
If for any function ® € D(Q) we have :

Jo f(@)®(2)da = [, g(x)®(x)dx then f =g pp
Remarks 1.7.10  1- D;f being a distribution , D;f € L? means that there is g € L?
such as D;f =T, :

Vo € D(Q),(D;f,®) = /Qg(x)@(x)dx.

10



2- Wm2(Q) = H™(Q) and the norme on W™? and on H™ are equivalent .

Corollary 1.7.11 (Integration by parts)

Let u,v € WHP(Q) with 1 < p < co. Then uv € WHP(Q), and
(w) = u'v+u

In addition we have the integration formula by parts

Theorem 1.7.12 (Green formula)
Let Q a regular bounded open of R™ and border T'. Then for all u,v € WYP(Q) we have a

green formula :

ov ou ,
/Qu(m>8:v, (x)dx = _/S2U<x)8xi (x)dz + /agu(x)v(x)nidf, i=1.n

where n; is the cosine director of the outgoing normal

As a consequence of this theorem, we have:

Corollary 1.7.13 (Integration by parts)
Siu,v € WP(Q) and si Au € L*(Q). Then
ou
/ Au(z)v(z)dr = —/ Vu(z)Vu(z)dx —l—/ —v(x)dl
Q Q a0 On

ou
where Vu = (= )1<i<n 1S the gradient vector of u.
0
A

11



Some properties of spaces H"({2)
We provide the space H™(f2) with the inner product:
(w,v)am@) = Y (D, D*v)p2q), Yu,v € H™(Q)

|a)<m

%_Im(Q) = (U, u)HnL(Q)

and the norm ||.||gmq) given by ||u]
Form=0, wehaveH’(Q) = L?(Q).

1- W™P(Q) is a Banach space.
2- For p < +o0, W™P(Q) is separable.

3- Pour 1 < p <= 400, W™P(Q) is reflexive.

1.7.3 Sobolev injection

Continuous injections

Definition 1.7.14 Let By, By two Banach spaces, we say that By is injected continuously

into By if :
[ Bl C BQ.

e j: By — By is continuous .

[ull B, < cflull5,-
Corollary 1.7.15 Giwvenm >1 and 1 <p < oo . Then :

o For L >m ,we have W™P(R™) — LI(R™) , where % =
p

1_m
p N’

o« ForZ=m ,we have W™P(R™) — LI(R™) , Yq € [p, +00).
p

o For "t <m ,we have W™P(Q) — L>*(R™).
p

12



Theorem 1.7.16 Let ) a bounded open of R™ at Lipschitz border, m,l two integers such

as0<l<m,1<p<oo.
e If(m—Up>n: WmP(Q)— CL(Q) .

o If(m—Up=n: WmHQ) = CL(Q) .

np

o [f(m—=Dp<n: Wmr(Q) = W(Q) withp <p* < ———7 m —D)p

Corollary 1.7.17 We suppose that Q is an open class C* with bounded I', where Q = R"

1<p<oo
o If1<p<mn then W(Q) — L (Q) , where i =
e Ifp=n WY(Q) — LY(Q), Vq€ [p,+o0].
o Ifp>n WP(Q) — L2(Q).

Corollary 1.7.18 For m > 2, and 1 < p < oo , and 2 of class C™ we have the same

embedding result for WP () as in the case of Q = R".

Compact injections

Definition 1.7.19 B; et B, two Banach spaces .
we say that By is injected in a compact way in By and we note : By — Bs.
C

By — By continuously and all bounded by By s relatively compact in Bs.

Theorem 1.7.20 ForiimeN ,0<l<m ,1<p<oo.

The following injections are compact :

° Wm,p(Q) SN leq(Q) , S (m — l)p =netl<qg<oo.

13



o W™mP(Q) — CL(Q), si(m—1p>n.
o WmP(Q) — CYQ), si(m—1Dp>n.

o WmP(Q) — CMNQO), si(m—Dp>n>=(m—1—1)p. et0<)\<m—l—ﬁ.
¢ P

Theorem 1.7.21 (Rellich) If ) is an open bounded at the Lipschitz border, and 1 < p <

oo then any bounded part in WP(Q) is relatively compact dans LP(2).

Remark 1.7.22 This shows that inclusion WHP(Q2) < LP(2) is compact.

1.8 Auxiliary inequalities

1.8.1 Holder inequality
Let f € LP et g€ L with 1 < p < 0o. Then f.g € L' and

/ 19l < If lellgl o

the proof of this theorem is found in [4] page 56 .

1.8.2 Cauchy-Schwarz inequalities

For p = ¢ = 2 the Holder inequality is none other than the Cauchy-Schwarz inequality .

/Q gl < F 1Mol ze.

1.8.3 Young’s inequality

Let a, b two real positive and p > 1,p" < oc.
al b
ab < — + —-.
p p

14



1 1
where — + — =1, more standard inequality :

for a,b € R, and € > 0.

15



Chapter 2

Study of problem the plate equation

2.1 Position of the problem

uy +A*u=0, z€Qt>0
u(z,t) = Au(x,t) =0, x€0dQt>0
u(z,0) = ug(x),ut(x,0) =uy(z); z€Q

Q2 is a domain bounded in R with a regular border 052 .

We will constantly use the usual spacesL?(€2),1 < p < oo we denote by (u,v) the scalar
production in L?(Q),i.e

(u,v) :/Qu(x)v(x)dx

ug ,uq are initial data .
We introduce the space

HX(Q)={uec H*(Q)\u=Au=0 ondQ}

In this work ,we study the existence uniqueness and decay solution to plate equation and
plate equation with term viscoelastic.

16



2.2 Study existence and uniqueness

Theorem 2.2.1 We assume that is a Q bounded open. Let ug € H*(Q),u; € L*(Q), the

problem (2.1) has a unique weak global solution u satisfying

we L>(0,T; (H2(Q))
uy € L= (0,T; L*())

We use the Galerkin approximation method

Galerkin’s method is a very general and very robust method. The idea of a€<a€<the
method is as follows. Starting from a problem posed in an infinite dimensional space, we
first proceed to an approximation in an increasing sequence of finite dimensional subspaces.
We then solve the approximate problem, which is generally easier than solving directly in
infinite dimension. Finally, we pass one way or another to the limit when we make the di-
mension of the approximation spaces tend to infinity in order to construct a solution of the
starting problem. It should be noted that, in addition to its theoretical interest, Galerkin’s
method also provides a constructive approximation process

Existence:
Let {w;}32, be a basis of the separable space HZ(Q) and V;,, = span{wy,ws, ...,wn} be a
ends subspace of H2(Q2) spanned by the first m vectors.
Let finite

Ugl(% y) = Z a; (t)wj (l‘, y) and u71n (ZL’, y) = Z bj (t)wj (xv y)

j=1 7j=1
be sequences in H2(Q) and L*(2) such that

ul” —ug in HX(Q), u" —uy in L*(Q)

We seek a solution of the form

m

u(a,t) =) gi(tw;(e,y)

J=1

where
gj:[0,ty) — R,j=1,2,...,m

which satisfies the approximate problem

(upy (x,t),w;) + (Agum(x,t),wj) =0,Vw; €V, =1,...,m (2.2)

17



u™(0) = ug',  u"(0) = uf’

According to the general results on the systems of differential equations, we are assured
of the existence of a solution of , meaning, we can obtain function g¢;,7 = 1,2,...,m
which satisfies for almost every t € (0,t,,), 0 < t,, < T. Therefore, we obtain a local
solution u™ of in a maximal interval [0,%,,), t,, € [0,T).

Next, we show that t,,, = T" and that the local solution is uniformly bounded independent
of m and t. For this , we multiply 1' by g;- (t) and sum over j = 1,.....,m to obtain

d1, o 1 .

& |+ ez o

It results from ] ] ] ]
Sl 3 S8 < I ey + 115 A e 23)
2 2 2 2

It follows from (2.2]) that

1 m 1 m
5““1 ||%2(Q) + §HAU0 ||2L2(Q) <C (2.4)

where C is a positive constant independent of m and t. Therefore,

1 m 1 m
§||Ut H%Q(Q) + §||AU ||%2(Q) <C. (2.5)

So, the approximate solution is bounded independent of m and ¢. Therefore, we can extend
tm to T'. Moreover, we obtain from (2.5 that

(u™) is a bounded sequence in L (0,T; (HZ(2))) . (2.6)

(u;") is a bounded sequence in L (0,T; (L*(9))) . (2.7)

This, there exists a subsequence (u*) of (u™) such that

uF — u weakly star in L> (0,7 (H2(Q))
uf — wu; star in L (0, T; (L*(Q2))

Moreover, it follows in particular from ([2.6)), (2.7]) that
u™ is a bounded in L? (0, T; (H2(Q)), u" is a bounded in L? (0, T’; (L*(2))

Using that H2(2) is compactly embedded in L?*(2) ( remember that Q is bounded and
H2(Q2) C H?(Q)), then for any T' > 0 we can extract a subsequence (u') of (u*) such that :

18



u! — u strongly in L> (0,T; (H%(Q))
u™ — u; strongly in L (0, T; (L*(2))

we get that u! — u almost everewhere in Q x (0, 7).

Then we can pass to limit the approximate problem (2.2)) in order to get a weak solution
of problem (2.1)

Uniqueness :

For the uniqueness, suppose that has tow solution u and v, then w = u — v satisfies

wtt+A2w:O, .CL'EQ,t>O
w(x,t) = Aw(z,t) =0, x€dt>0 (2.8)
w(x,t) =w(x,0) =0; z €.
multiply the equation (2.8) by w; and integrated over 2 , we obtain

d |1 1
= Sl + S1Aw]E| =0

This implies
1 1
lhl3+ 5wl = 0 (2.9

and

Therefor
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Chapter 3

The existence and uniqueness of solution

3.1 The problem

t
uy + A%u+ [g(t — 7)Au(r)dr = —u, x€ Q;t >0
0

u(z,t) = Au(x,t) =0, x€dt>0
U(;U,O) = U0<x>,ut($,0) = ul(x)u z € Q.

(3.1)

where
(Gl)g : R, — R, is a differentiable function such that

g(0) > 0; 1—)\/ g(s)ds=1>0
0
where A constant such that
IVul3 < AAul3,  Yu € D(u)
(G2) : there existe a differentiable function v satisfying:
g(t) < —(t)g(t); t=0
Y(t) > 0;9/(1) <0; VE>0

2 is a domain bounded in R™ with a regular border 0f .

We homogenize the problem , we find
3.2 Position of the problem
t
Uy + A?u+u+ [g(t —7)Au(r)dr =0, z€Qt>0
0

u(z,t) = Au(x,t) =0, x€0dQt>0
u(z,0) = ug(x), ur(z,0) = uy(x); x € Q.

(3.2)
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where
(Gl)g : R — Ry is a differentiable function such that

g(0) > 0; 1—)\/ g(s)ds=1>0
0
where A\ constant such that
IVull3 < MAu|l3,  Vu e D(u)

(G2) : there existe a differentiable function v satisfying:

I

g () <—yt)g(t); t=0

(1) > 0;7'(1) <0; VE>0
We use these (G1) and(G2) to decay the solution

() is a domain bounded in R™ with a regular border 0f2 .

g(t) is the relaxation function, ug ,u; are initial data .
we introduce the space

H2Q)={ve H\v=Av=0 on 00}

3.3 Energy equation E(t) of the problem

multiply the equation (3.2) by u; and integre over (2 :

t
/ Uy UpdT + / A% dr + / w.udr + / g(t — 7)Au(T).wdrdr =0
Q Q

d1
dr = | — 2dr = dz
[ wede = [ otuPde =35 | e =5 5l

dr =
/Quttut T = thHUtHz

Jo A%u.uydx - We use the Green :

/Q(Azu).utdx = —/QV(AU).Vutdx—i-/ a(ﬁAn )utdn

o0
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:/Au.Autdm—/ Au%dn
Q

on
/Au Audx
2dt/ |Au|?dx
= 5ol
/QAQU.utdx— 2dt||A ul|3 (3.4)

¢
//g(t—T)Au uthdx = // (t — 7)Vu(r).Vu(t) dr dx
Q

/ / (t— ) [Vu(t) — Vau(r) — Vu(t)] Vus(t) dr de

_ / / ot — 7) (Vult) — Vu(r) Vus(t) dr de — / / 4t — Vu(r) Vuu(t) dr da

// gt — 7)o (Vult dem—// (t—7); * dr do
=5 [ [ ot =) (¥t = V) drde— [ [t =) (Vatt) - Vutr)? drd
__// ol —7)(Vus dex—// (t —7)(Vu(t))? drde
th// (t =) (Vult) = Va(r))* dr dz =5 | 9(0) (Vu(t) = Vu(t))* da
_/Q/Og,@_mw) o e L[ [ vy i i
+3 | a0 u)? do 3 [ / g (t = 7)(Vu(t) dr da
:M// (t—7) (Vu(t dew——// (t—7) (Vault) — Va(r))? dr do

2 [ dsdx+;/g O(Vul)? do -+ [ (=a(0) + o) (Valt)? da
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we notice
t

gou) = [olt=llo(e) ~ ol dr :
/Q/O g(t—7)Au(T).uy dr dx = %(goVu)(t)—%(g’oVu)(t)—%% (/Qg(s)ds) ||Vu(t)||§+%g(t)||vu(t)||
d1 2, 2,
/Quutd:c—/dtz’ °d 2dt/| |*d thH ul |2

(3.5)
/Q wds = 3 ol (3.6)

from ,,, and we obtain :

N | —

dE(t)

W = 26 o Vu)(t) — 5o Vu(t) <0

() — glluld+ glaul+ 5113 - 5 ([ o()as) IFu@IB + 50 V) 0(3)

We have
O(u)
u.(Au )dz = — | Vu.Vudr + uds = — | Vu.Vudr
Q Q o On Q
Then

/Q (V) (Vuu ) = — / w A de < [[u(®) || Au()] < 6l V)|l Au(t)] 2

IVu@®)[[; < el Va2 Au(t)]]2 < cl| Au(t)]]3

([ atas) 1901 =~ [ aiaslisutol
I8u@l = ( [ atas) ITuolE = (1 - ) // (s)ds) | du(B)]2 > 0

We have then

B() = 2l -+ L8l + 3lfut 1\2——(// i) Va0l + 500 Va(e) > 0

Then



3.4 Auxiliary energy equation J(t)

multiply the equation (3.2) by —Aw; and integre over €2

t
/—utt.Autd;E+/—Agu.Autd:v—/u.Autd:v—i—// —g(t — 7)Au(7).Augdrdzr =0
Q 0 0

d1
/—utt.Autda::/——|Vut|2 th/ (V|2 d:p— ||Vut||2
Q od

/Q UttAUtd.I = EEHVU?EHQ (38)

fQ —A?u.Auydx - We use the formula of Green :

/ —A%u. Autdx—/ —A(Au). Autdx—/v (Au) V(Aut)dx—/ WAutds
o 9N
2dt/ IV (Au)|*dx
= L4 9w
/ —A*u.Auydr = ——||V( u)f3 (3.9)
// g(t—7))Au(T).Auy dr dx—// u(t) + Au(r) + Au(t)] Au(t) dr dx

_ / / ot — 1) (= Au(t) + Au(r)) Aus(t) dr da — / / ot — ) Au(t).Auy(t) dr da

// t—T-— (—Au(t) + Au(r) deq:—// t—T-— (Au(t)? dr do
:é/g/ (ol =) (Bu(t) — du(r))? dr) dx——// §(t=7) (Au(t) — Au(r))? drda
__// 4 (gt ) (Bu(t))? dr) do + | // (t — 7)(Au(t)? drds

2dt// (t =) (Au(t) — Au(r))” d7d$—§/ 9(0) (Au(t) — Au(t))* dx

- Iy - _ 2
2/9/09(15 7) (Au(t) — Au(r))* dr da th// (t — 7)|Au(t)|? dr dz
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= / OauOF de+5 [ [ g =n)auoF ar da

th // (t = |Au(t) — Au(r)|* dr dx — %/Q/Ot gt — 7)(Au(t) - Au(r))? dr da

5% / A ds do+ 5 [ g@I8uOF do =5 [ (60) = g@)Iduf do

we notice
(go0) = [ gt = 7)llo) ~ w(r)I ar

then

/0 (—g(t — 7)Au(r) - Auy d7 dx =

53(° A0 + 56 0 AD) — 3 ( /Qg(s)d8> I8u(®)3 + So(e)IAu(Ol (3.10)

/Q—U.Autda:—/ajvm dr = 5%/ |Vul? d:v—§%HVuH2

1d
/ —uAudr = §£||Vu|]2 (3.11)

from (38), (39), (B-10). and (B-11) we obtain :

d [1 , 1 , 1 , 1 , 1
i |31l + 51T @@+ 51vul - 5 ([ o(s)ds ) 18uol + 00 A0

= S o Au)(H) o) Au(n)3 < 0

T (t) < 5(¢ 0 Au)(t) <0

l\DI»—t

316 = 319wl + V0O - 5 ([ o(6)ds ) 180l + g0 Au))
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We have

/QAU.AU dz = —/ Vu.V(Au) dr < [[Va®)|]o]|V(Au)]|s < el [Vu(t)]]o.]| Aut)]]s

Q

1Au(t)]] < cpl|Au(t)]]2.[[V(Au®))l2 < 6| [V(Au®))]3

. ( / g(s>ds) 18u(®I =~ [ g(s)as|[V(Aue))
Then

IV (Au(t))]]; - (/g(S)dS)HAU(t)H% > (1- Cfo)(/g(S)dS)HV(AU(t))H% >0

We have then

1

1d 3 ([ o5 ) 1au 3+ 50080000 2 0

2_
- lIvull}

1 1
J(t) = SIVullz+5 1V (A @)+

3.5 Discussing the existence and uniqueness

Theorem 3.5.1 Let ug € H2(),u; € L*(Q). Assume that (G1),(G2) hold then problem
has a unique weak global solution u satisfying

we L>(0,T; (HZ(Q))
uy € L™ (0,T; L*(Q)

We use the Galerkin approximation method.

Existence:

Let {w;}52, be a basis of the separable space HZ(Q) and V,, = span{w;,ws, ...,wn} be a
ends subspace of H2(Q2) spanned by the first m vectors.

Let finite

m m

u6n<x7 y) = Z a; (t)wj (LL’, y) and ugn(xj y) = Z bj (t)wj (‘Tv y)

=1 =1
be sequences in H2(2) and L*(€2) such that
up' = ug in HX(Q), ul - u in L*(Q)

We seek a solution of the form

u (1) =Y ei(tw;(e, y)



where
¢j:[0,ty,) — R,j=1,2,...m

which satisfies the approximate problem

t
(ug(m,t),wj)+(um(x,t),wj)+(A2um(x,t),wj)+/ g(t_T)(Aum(xaT)7wj)dT = Ovij S Vmaj = ]-7 -,
0

(3.12)
u™(0) = ug',  u"(0) = uf’

According to the general results on the systems of differential equations, we are assured
of the existence of a solution of , meaning, we can obtain function ¢;,j = 1,2,...,m
which satisfies (3.12)) for almost every t € (0,t,,), 0 < t,, < T. Therefore, we obtain a local
solution u™ of (3.12)) in a maximal interval [0,%,,), t,, € [0,T).

Next, we show that t,,, = T and that the local solution is uniformly bounded independent
of m and t. For this , we multiply 1' by c;- (t) and sum over j = 1,.....,m to obtain

d [1 1 1 K 1 1L, o .
% [+ S1um+ 3180mE = ([ gts)as) 19w @1 + 500 Vo) = 50evum)
1 m 2
—59OVu™ (@)l
It follows from ((3.12)) that
dE™(t) 1., _ . 1 N
) _ Lo v - LalIvur ol <0 (3.13)

by assumptions (G1) and (G2). Integrating (3.13)) over (0,t), t € (0,t,,) and noting that
uf* and uf* are bounded in H2(Q) and L*(Q) respectively. we obtain

E™(t) < E™(0) = 5”“1 H%?(Q) + §||ugl||i2(sz) + §||AU0 H%Q(Q) <C (3.14)

where C is a positive constant independent of m and t. Therefore,

1 m 1 m 1 m ! m 1 m
a3+ g + 5180 = ([ a(s)ds) IVam @l + (90 um)(0) < €319
0
This implies
1 m||2 1 m||2 l m||2 1 m
S ey + 5" e + 5180 oy + 5 (g0 Ve B S €. (3.16)
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So, the approximate solution is bounded independent of m and ¢. Therefore, we can extend

tm to T'. Moreover, we obtain from (3.16]) that
(u™) is a bounded sequence in L (0,T; (HZ(2))) . (3.17)

(u;") is a bounded sequence in L (0,T; (L*(9))) . (3.18)

This, there exists a subsequence (u*) of (u™) such that

ukf — u weakly star in L> (0,T; (H2(%))
uf — wy star in L (0, T; (L?(2))

Moreover, it follows in particular from (3.17)), (3.18) that
u™ is a bounded in L? (0, T; (H2(Q)), u" is a bounded in L? (0, T’; (L*(2))

Using that HZ2(€2) is compactly embedded in L?*(f2) ( remember that Q is bounded and
HZ%(Q) C H%*(Q)), then for any T' > 0 we can extract a subsequence (u') of (u*) such that :

u! — u strongly in L> (0,T; (H2(Q))
u — uy strongly in L> (0, T; (L*(2))

we get that u! — u almost everewhere in Q x (0,7).

Then we can pass to limit the approximate problem in order to get a weak solution
of problem (3.3)

Uniqueness :

For the uniqueness, suppose that has tow solution v and @, then v = u — u satisfies

v + v+ A%v + f(fg(t —7)Av(T)dr =0, z€Q;t>0
v(z,t) = Av(z,t) =0, x €It >0 (3.19)
v(z,0) = v (z,0) =0; =z €.

multiply the equation (3.19) by v; and integrated over €2 , we obtain

% %”“t”% - %”””3 " %”A””g - % (/0 9<8>d8) IVo®)3 + %(g o Vu)(t)| = %(g’ovv)(t)
SOOI
%ﬂ = (o o V0)(1) — 5o Te(D)3 <0 (3.20)
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by (Gl)and (G2). Integrating (3.20]) over (0,t), we obtain

E(t) < E(0) = 0.

This implies
1 o Lo 1 2
Sl 4 ol + g 1av]3 = 0.

This

U— U=

Therefore
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Chapter 4
DECAY OF SOLUTION

4.1 The Lyapunov functional

In this section, we discuss the stability of solution of problem (3.2). Let us begin by defining
the Lyapunov functional

F(t) = E(t) + e1(t) + e2x(1)

Where €; and €5 are positive constants to be specified later and

b(t) = /Q wuy dx

_/Qut /Otg(t — ) (u(t) — u(r))dr da

Lemma 4.1.1 For e¢; and e; small enough, there exists tow positive constants oy and aso
such that

and

a1 F(t) < E(t) < agF(t)

F(t) = E()—f—q/uutdx—l—eg/ ut/ (t — 7)(u(t) — u(r))dr dx

/| ] d:zc+—/ \ut]2d$+—/ || d:H——/ (/ (t—7) u(t)—u(7))d¢)2 dx

/|u|2dx < cp/ |Vul*dz < CZ/ | Aul*dx
Q Q Q
and

/Q (/Otg(t — 1) (u(t) — U(T))dT)2 dr < /Q/OOO gt —7) /Otg(t — D) (u(t) — u(r))?dr dz

We have



< CI%/Q/OOOQU — T)/O g(t — 7)(Vu(t) — Vu(r))*dr dz < (1 —1)(g o Vu)(t)
Then

F(t) < B(t) + e §/|Au\d +(€1+62 /| 2z + 2 (1= 1) (g o Vu)()

as
(61 —|— €9

F) < B0+ 3¢ [ 1adtar+ 952 [ jupis+ 20— (g0 vl

we can write

F(t) < E(t)
1

Qg = ——
Co

E(t) < CEQF

F(t) = E()+61/uutdx—|—62/ ut/ (t—7)( w(T))dr dx

/] \ d:c——/ |y dx——/ |y dx——/ (/ (t—71)( u(7’))d7’)2 dx

We have
/Q|u|2dm < cﬁ/ﬂ|Au|2dx:> —/Q|u|2dx > —0,2,/Q|Au|2da:
and
/ (/tg(t—f)(U(t) (T))dT) dz < (1—1)(go Vu)(t)
e / (/ (t=7)( u(T>)dT>2 dr > —(1—1)(g o Vu)(t)
Then

F) 2 B0 - 5 [ dapar - 952 [upa - 20— nige v

In the same way we find
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Lemma 4.1.2 Under assumptions (G1),(G2) , the functional

P(t) = /Qu.ut dx

satisfies, along the solution of (5.2),
/ l 1—-1
¥ (8) < Jlw(®ll5 = [lu(®)]l5 = Sl Au@] + Q—Z(QO Vu)(t)
W(t) = / w.uy dx
Q

?ﬂ/(t) /ut dx—l—/uutt dx
w’(t):/gufdm—/u dr — /UAQUd:I:—/ / (t — 7)Au(r)drdz

We use the formula of Green :

O (1) = /ut dx—/u dx—/|Au (1)]? dm+// (t — 7)Vu(r). Vu(t)drds
// (t — 7)Vu(r). Vu(t drdx—// (t — V() (Vu(r) — Vu(t) + V() )drde
://gt—TVut \(Vu(r) — V() dea:+//gt—T)|Vu(t)|2drda:
/ ds/|Vu ]dx+// (t — ) Vu(t)(Vu(r) — Vu(t))drde
< [ stz + [ [ Vo=l /aE = DIvu(t) - Va(rirds
[ apsiau g+ [ at—rarli i+ [ [ att-rivato-vatn) it
[ atopasiau+ [ oo vuols+ 5 [ [ ote=Ivute) - Vutr)ards

< a0 [ atois] 8wl + g5tae Vo

[e=]

then

G0 < [ do= IR~ 18l + (040 [~ ato)is] 1800l + 45000 Tu)0)
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< IOl = 11— |1 1+0) [ ao)ds| 1800l + 45090 Vu)(0

< IO~ 1~ |10 [~ gto)as| Iau@IB + (90 Tu)(e) w50

we choose l

R —
2c§f0 g(s)ds

we find

0 (0) < eI~ ()13~ SIAud]E + 1o (g Vu)(r)

Lemma 4.1.3 Assume conditions (G1) and (G2) hold. Then the functional

/ut/ (t = ) (u(t) — u(r))dr dz

satisfies, along the solution of (1 (l),
VB <50 +21— 1) +3) ( / g<s>ds) 1A + (5 - g(s)ds) ()|

(g Au)(t) + <26+415) ([ atorts) <gow><>+%§’cp< g o Vu) (1)

/ut/ (t— ) (u(t) — u(r))dr dz
/u/ (t—7) )dr do— /u/ (t—7) )dr do— (/Otg(s)ds)/gufdx
= / u(t) / g(t — T)(ult) — u(r))dr do+ / Au(t) / g(t = )(ult) — u(r))dr d
# ([ ot - mauyar) ([ ottt - wonar) = [ [ dr da
([ tg(s)ds) ol

We use the formula of Green in the first terme and the secand terme, we obtain:
t
X () = / Au(t)/ g(t — 7)(Au(t) — Au(r))dr dz
Q 0
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—/ (/tg(t 7)Vu(r )dT) (/Otg( —7)(Vu(t) — Vu(T))dT) dx
[ [ ardo = ( [ ats1ds) o)l
We have

/QAU()/ g(t—7)(Au(t)—Au(r) drdx</\/ T Au()| /gl = 1) Au(t)—Au(r)|drda

<5// (t — 7)dr|Au(t)Pdr + — // (t — 7)|Au(t) 7)|*drdx

<o ([ ata )||Au<>|| + (g 0 Au)(1)

/ / (t—1) dex<5/u2dx
Q

45 (/0 g(t —7)(u(t) — (T))dT>2d:L”

< 0N|Aul[3 +415(1 [)(g o Vu)(t)

and we have

and we have

(- =) e ( Lttt —suyae) e | [ T)!Vu(T)ldT)de
“u o (/otg(t —DIVu(t) = Vu(r )\dT)de

§5/Q(/Otg(t—T)|Vu(7')—Vu(t)—l—Vu(t)|dT> dx+4—15 (/Otg(t—T)|Vu(t)—Vu(7’)|d7’>2dx
gé/Q(/Otg(t—T)(Wu(t)—Vu(7)|+]Vu(t)|)dT)2d:c+E/Q</Otg(t—7')]Vu(t)—Vu(r)|d7)2dx
§25/Q(/tg(t HVult) - ()|d¢) d:v+26/ﬂ(/Otg(t—7)|Vu(t)|d7')2dx
// / (t — 7)|Vult) — Vu(r)drdz
<25// (t— TdT/ (t—7)|Vu(t) - Vu(r )|drdm+25/ (/ (t T)yvu(t)\dT)de
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and we have

/ / (t—7) Vdr dz — / /\/ = =gl = ) (ut)—u(r))dr da

<5/|u|dm—|— (/\/gt =g (t — 1) |u(t) — ()|d7’)2dx

<6/]u\d:c—|—45// (¢ - TdT/— — Plult) — u(r)Pdrdz
<5/|u| de + 45/ / _ P)ult) — u(r)Pdrda

< 5/|u| dx—i— / g (t — 1)|u(t) — u(r)*drdz  (because g(t) >0)
< ol (013 + e (g’ 0 V(1)

We have then
(0 < os20-000 ([ atorts) 18w+ (3 [ ats)as ) ol + 450800

w2050 ([ oteds) oo v + L (g o vue)
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4.2 Stability of Solution

Theorem 4.2.1 Let ug € H2(Q),u; € L*(Q). Assume that (G1),(G2) hold then for any
to > 0, there exist a positive constant a for which the solution of problem (3.2) satisfies

o'

Et) < ————, Vt>t

fgv(s)ds
v a 1
Example 1 for v(t) = 1Y > 1 and g(t) = m,o <a< 3 ve find
C
E(t t>t
<)_ln(t—i—1)’ Vi Zto

v 1
Example 2 for v(t) = v(t+ 1)L, 0<v <1 and g(t) = aexp V" 0 < a < 3 e find

E(t) < ¢

V>t
> 2 lo

proof

veallbn()1 — el Ol — SIAuE + o (g 0 Vu) (o)

rels(a+20 =043 ([ oas) sl + (5 [ o(6)ts) ol + 3500 20100

+25+ 35 ([ a5 (g0 Va0 + Ll (a0 Vo)
We have . .
/0 g(s)ds > /t 9(s)ds = go
and

SO

, 61.l 625

F(t) < —[62(90—5)—61]||ut(t)|!§—€1HU(t)H§—{7 (=D +20 =%+ M| [[Au(D)]l3

36



+ {6112—_/ + %(25 + 4—15)(1 — l)] (goVu)(t) + 4—15(9 o Au)(t)

+ F —e g(())} (9 o Vu)(t)

9 Ty

We choose § such that )
go — 0 > 590
and 26 |
—((1=-D+21 =D+ N < -
S =D+ 2(1 =12+ 2) < 7900
We find | )
€2(g0 —0) — €1 > 59(0)62 —a>0=¢c< 59(0)62
and
26 ) 1 1
€] — ﬁ«l — l) + 2(1 — l) -+ )\)62 > €1 — Zg<0>€2 >0=¢€ > Z—Lg(O)EQ

So

L o(0)er < &1 < L4(0)

49( €2 < €1 29 €2
Will make

]{71262(90—5)—61 >0

[ 26
k=~ (A=) +2(1 =12+ ) >0
2 I\
1 1
We then pick €; and €, so small that a; F(t) < E(t) < axF(t) and 19(0)62 <€ < §g(0)62
0
remain valide and 3~ EQ.CP% >0
then, we find
F(t) < =kl ()] 13 — kel Au(t)|[5 — e [[ut)][3 + cl(g 0 Vu)(t) + (g 0 Au)(t)]
F'(t) < =BE(t) + c[(g o Vu)(t) + (go Au)(t)]; Vit > tg;VB,c> 0 (4.1)

Multiply (4.1)) by ~(t), we find

/

YOF () < =By E(t) + ey (t)[(g 0 Vu)(t) + (g 0 Au)(t)]

We use g (t) < —v(t)g(t), we find

/

YOF () < =B E() — cl(g o Vu)(t) + (¢ o Au)(t)]
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We use E (t) < (¢’ o Vu)(t) and J'(t) < (¢' o Au)(t), we find

YOF (t) < =By(0)B(t) — c[E'(t) + J (1) Vit >t
YOF (t) +e[B' (1) + T ()] < =B E(t) Yt =t
[E'(t) + T ()] =+ (1)F(t) < =BrE(t) ¥t >t

BY(E(t) < —(OF (t) + [E'(6) + T (1)]] ¥t = to

8 / V(s)E(s)ds < —y(H)F () — c[E(t) + ()] + 7(to) F(to) + c[B(to) + J (t)

Then

We have
E(t) < E(s), s<t
= Y(s)E(t) < ~(s)E(s)
= 5E() [ 2(ds = [ Br(s)B@s < [ BB <y
Then
E(t)< —=—, Vt>t,
i, v(s)ds
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Conclusion

The objectif of this work is study the existence and the uniqueness and the stable.
In the second chapter we stady the existence of solutions to a plate equation .
In the third and fourth chapter we have studied the existence ,the uniqueness and
the stability of a problem governed by a viscoelastic term and we use
the method of Galarekin and we obtained a result of decrease of the energy of
the solution using Lyapunov’s method.
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