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Abstract

The main objective of this thesis concerns some results of existence, unique-
ness and stability of solutions of certain fractional differential problems with
initial, boundary and integral conditions. Our main existence and unique-
ness results are established by applying fixed point theorems and conditions
are provided to ensure some types of stability of the origin systems. Finally,
we have illustrated the theoretical results with various examples.

Key words : Fractional derivative, integral equation, existence and
uniqueness, fixed point, stability.

Résumé

L’objectif principal de cette thèse porte sur quelques résultats d’existence,
d’unicité et de stabilité de solutions de certains problèmes différentiels frac-
tionnaires avec des conditions initiales, aux limites et intégrales. Nos résultats
principaux d’existence et d’unicité sont établis en appliquant des théorèmes
de point fixe et des conditions sont fournies pour assurer quelques types de
stabilité des systèmes d’origines. Finalement, nous avons illustré les résultats
théoriques par divers exemples .

Mots clés : Dérivée fractionnaire, équation intégrale, existence et unicité,
point fixe, stabilité.
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Chapter 1

Introduction and preliminaries :

1.1 Introduction :

Fractional calculus is the calculus of integrals and derivatives of any arbitrary real or

complex order, it is a main mathematical branch investigates the properties of derivatives

and integrals of non-integer orders were it has gained his importance in the past three

decades. It does indeed involves the concept and methods of solving of fractional derivatives

equations and various other problems involving special functions of mathematical physics.

The history of fractional calculus began almost at the same time when classical calculus

was established. For example in dynamics first derivative is rate or velocity: dx/dt or the

second derivative is acceleration: d2x/dt2 but in some cases we see fractional differential

equations such as (dαx/dtα, α ∈ (0, 1)). In mathematics there is no problem with this but

in physics, it has meaning.

The concept of fractional calculus is popularly believed to have stemmed from a question

raised in the year 1695 by Marquis de L’Hopital (1661-1704) to Gottfried Wilhelm Leibniz

(1646-1716), which sought the meaning of Leibniz’s (currently popular) notation dny
xn

for the

derivative of order n ∈ N0 = {0, 1, 2, .....} when n = 1
2

. In his reply, dated 30 September

1695, Leibniz wrote to L’Hopital as follows: ”... This is an apparent paradox from which,

one day, useful consequences will be drawn. ...”

Subsequent mention of fractional derivatives was made, in some context or the other,
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1.1. INTRODUCTION : CHAPTER 1. INTRODUCTION AND PRELIMINARIES :

by (for example) Euler in 1730, Lagrange in 1772, Laplace in 1812, Lacroix in 1819, Fourier

in 1822, Liouville in 1832, Riemann in 1847, Greer in 1859, Holmgren in 1865, Griinwald in

1867, Letnikov in 1868, Sonin in 1869, Laurent in 1884, Nekrassov in 1888, Krug in 1890,

and Weyl in 1917. In fact, in his 700-page textbook, entitled ”Traite du Calcul Differentiel

et du Calcul Integral” (Second edition; Courcier, Paris, 1819), S. F. Lacroix devoted two

pages (pp. 409-410) to fractional calculus, showing eventually that

d
1
2

dv
1
2

v =
2
√
v√
π
.

In addition, the theories of fractional differential or integro-differential equations (FDEs)

as well as their extensions and generalizations, it has been applied widely in a variety

sciences in : control theory of dynamical systems, electrical networks, biological sciences,

optics and signal processing, viscoelasticity, probability and statistics, optics and signal

processing, rheology, physical economical sciences ..., for more details [7, 25, 35, 38, 39, 40,

44, 46, 53, 54].

The theory of fixed point is one of the most powerful tools of modern mathematics.

Theorem concerning the existence and properties of fixed points are known as fixed point

theorem. Fixed point theory is beautiful mixture of analysis, topology and geometry. In

particular, fixed point theorem has been applied in such field as mathematics engineering,

physics, economics, game theory, biology and chemistry etc. Classical and major results

in these areas are: Banach’s fixed point theorem, Schauder’s fixed point theorem and

Krasnoselskii’s fixed point theorem.

The stability of functional equations was originally raised by Ulam , next by Hyers.

Thereafter, this type of stability is called the Ulam-Hyers stability. Rassias provided a

remarkable generalization of the Ulam-Hyers stability of mappings by considering variables.

The concept of stability for a functional equation arises when we replace the functional

equation by an inequality which acts as a perturbation of the equation, (see [12, 2, 13, 24,

26, 27, 29, 30, 33, 37, 41, 42, 43, 48, 51], ...).

Nowadays, many researchers have given attention to the existence and uniqueness theory
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1.1. INTRODUCTION : CHAPTER 1. INTRODUCTION AND PRELIMINARIES :

of nonlinear FDEs of various types, for more information (see[3, 4, 5, 2, 8, 9, 10, 11, 14, 15,

16, 20, 21, 24, 31, 34, 43, 47, 50, 49, 52, 55], ...).

The objective of this thesis is study some new FDEs, which is considered by a gener-

alization of some precedent articles [8, 19, 24, 36, 43, 44, 50, 55]. For more details see our

publications [3, 4, 5, 6].

This thesis consists of five chapters. In chapter 1: A history introduction on our

study, essentially an introduction to : Banach space, fixed point theory(Banach, Schauder,

Krasnoselskii, Lerray Schauder alternative ), fractional calculus, stability theory (stability,

asymptotic stability, Ulam stability, generalized Ulam-Hyers-Rassias stability, ...), where

we fixed notations, terminology to be used. It is a survey aimed at recalling some basic

definitions and theory.

In the second chapter, we project the last study on a new fractional integro-differential

equation with integral conditions, by the Krasnoselskii and Banach fixed point theory we

proof the existence and uniqueness with Ulam stability in a weighted Banach space, we

refer to [3].

In chapter three, we proof the existence, uniqueness and Ulam stability of the solution of

neutral fractional integro-differential equation with nonlocal conditions, we use a three fixed

point theory to proof the main results, and we discuss the generalized Ulam-Hyers-Rassias

stability, you can see [5].

In the fourth chapter, we propose a new boundary value problem of fractional differential

equation, then we proof the existence and generalized Ulam-Hyers-Rassias stability result

by Schauder’s fixed point theory, see [6].

Finally in chapter five, we consider a new Caputo nonlinear fractional differential equa-

tion with initial conditions, by a similar proof in F. Ge and C. Kou (see [24]) we use the

Krasnoselskii fixed point theory to proof the existence and the asymptotic stability of our

problem on unbounded domain, see the article [4].

In all our results (chapter 2, 3, 4, 5), we give examples to illustrate our studies.
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1.2. PRELIMINARIES: CHAPTER 1. INTRODUCTION AND PRELIMINARIES :

1.2 Preliminaries:

1.2.1 Functional analysis

Definition 1.1 [22] A pair (E; d) is a metric space, if E is a set and d : E×E −→ [0; +∞)
such that when u, v, w are in E then
(a) d(u, u) ≥ 0, and d(u, v) = 0 imply u = v,
(b) d(u, v) = d(v, u),
(c) d(u,w) ≤ d(u, v) + d(v, w).
The metric space is complete if every Cauchy sequence in (E; d) has a limit in that space.
A sequence {un} ⊂ E is a Cauchy sequences if for each ε > 0 there exists N such that
n,m > N imply d(un, um) < ε.

Definition 1.2 [22] A set M in a metric space (E, d) is compact if each sequence {un} ⊂
M has a subsequence with limit in M.

Definition 1.3 [22] Let {fn} be a sequence of functions with fn : [a, b] −→ R,
(a) {fn} is uniformly bounded on [a, b] if there exists M > 0 such that |fn(t)| ≤ M for all
n and all t ∈ [a, b].
(b) {fn} is equicontinuous if for any ε > 0 there exists δ > 0 such that t1, t2 ∈ [a, b] and
|t1 − t2| < δ imply |fn(t1)− fn(t2)| < ε, for all n.

The first result gives main method of proving compactness in the spaces in which we are

interested.

Theorem 1.4 [22] [Ascoli-Arzela] If {fn(t)} is a uniformly bounded and equicontinuous
sequence of real functions on an interval [a, b], then there is a subsequence which converges
uniformly on [a, b] to a continuous function.

Let us Ω be the set of all strictly increasing functions h : R+ −→ [1,+∞) satisfying the

following assumptions

h(0) = 1, lim
t→∞

h(t) = +∞, and h(t) ≥ h(t− s)h(s) for all 0 ≤ s ≤ t ≤ ∞.

Remark 1.5 Note that Ω is a non-empty set, because the functions h1(t) = et

and h2(t) = et
2

belong to Ω.

Lemma 1.6 [18] Let us define the following space:

E =
{
u(t)| u(t) ∈ C[0,+∞), sup

t≥0

|u(t)|
h(t)

< +∞
}
,

5



1.2. PRELIMINARIES: CHAPTER 1. INTRODUCTION AND PRELIMINARIES :

equipped with the norm

‖u‖ = sup
t≥0

|u(t)|
h(t)

, h ∈ Ω.

Then (E, ‖ · ‖) is a Banach space.

In particular case, if h(t) = 1 + tβ−1 we get the following used Lemma:

Lemma 1.7 [31] Let us define the following space:

E =
{
u ∈ C[0,+∞) : sup

t≥0

|u(t)|
1 + tβ−1

< +∞
}
,

equipped with the norm

‖u‖E = sup
t≥0

|u(t)|
1 + tβ−1

.

Then, the space (E, ‖ · ‖E) is a Banach space.

Lemma 1.8 [18] Let be M be a subset of the Banach space E. Then, M is relatively
compact in E if the following assumptions hold
(i)

{
u(t)
h(t)

: u(t) ∈M
}

is uniformly bounded,

(ii)
{u(t)
h(t)

: u(t) ∈M
}

is equicontinuous on any compact interval of R+,

(iii)
{u(t)
h(t)

: u(t) ∈M
}

is equiconvergent at infinity i.e. for each given ε > 0, there exists

T > 0 such that for any u ∈M and t1, t2 > T, we have

∣∣∣∣u(t2)

h(t2)
− u(t1)

h(t1)

∣∣∣∣ < ε.

Lemma 1.9 [34] Let U ⊂ X be a bounded set. Then U is relatively compact in E if the
following conditions hold

(i) For any u ∈ U the function u(t)/(1 + tβ−1) is equicontinuous on any compact subin-
terval of R+.

(ii) For any ε > 0, there exists a constant T = T (ε) > 0 such that∣∣∣∣ u(t2)

1 + tβ−1
2

− u(t1)

1 + tβ−1
1

∣∣∣∣ < ε, t1, t2 ≥ T and u ∈ U.
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1.2. PRELIMINARIES: CHAPTER 1. INTRODUCTION AND PRELIMINARIES :

1.2.2 Fixed point theory:

Banach fixed point theorem:

For more details, we refer to [22]. Let us consider the following initial value problem

u′ = f(t, u), u(t0) = u0. (1.1)

By applying the integral operator, we obtain the equivalent integral equation:

u(t) =

∫ t

t0

f(s, u(s))ds+ u0, (1.2)

and let {un} be a sequence of functions, with

u1(t) =

∫ t

t0

f(s, u0)ds+ u0, u(t0) = u0, (1.3)

and, in general,

un+1(t) =

∫ t

t0

f(s, un(s))ds+ u0. (1.4)

This is called Picard’s method of successive approximations .

One can show that converges uniformly on some interval |t− t0| ≤ k to some continuous

function, say u(t). Taking the limit in the equation defining un+1(t), we pass the limit

through the integral and have

u(t) = u0 +

∫ t

t0

f(s, u(s))ds,

so that u(t0) = u0 and, upon differentiation, we obtain u
′
(t) = f(t, u(t)). Thus, u(t) is a

solution of the initial value problem. Banach realized that this was actually a fixed point

theorem with wide application. Let us define an operator B on a complete metric space

C([t0, t0 + k],R) with the supremum norm ‖ · ‖ by u ∈ C as

(Bu)(t) = u0 +

∫ t

t0

f(s, u(s))ds,

then a fixed point of B, say Bφ = φ, is a solution of the initial value problem.

7



1.2. PRELIMINARIES: CHAPTER 1. INTRODUCTION AND PRELIMINARIES :

Definition 1.10 [22] Let (E, d) be a complete metric space and B : E −→ E. The operator
B is a contraction if there is a λ ∈ [0, 1) such that u, v ∈ E imply

d(Bu,Bv) ≤ λd(u, v).

Theorem 1.11 [22] [Contraction Mapping Principle] Let (E; d) be a complete metric
space and B : E −→ E a contraction operator. Then there is a unique u ∈ E with Bu = u.
Furthermore, if v ∈ E and if {vn} is defined inductively by v1 = Bv and vn+1 = Bvn, then
vn −→ u, the unique fixed point. In particular, the equation Bu = u has one and only one
solution.

Theorem 1.12 [22] Let (E, d) be a complete metric space and suppose that B : E −→ E
such that Bm is a contraction for some fixed positive integer m. Then B has a fixed point
in E.

Theorem 1.13 [22] Let (E; d) be a compact metric space,

B : E −→ E and d(Bu,Bv) < d(u, v), for u 6= v. (1.5)

Then B has a unique fixed point.

Theorem 1.14 [22] If (E, d) is a complete nonempty metric space and B : E −→ E is a
contraction operator with fixed point u, then for any v ∈ E we have:

(a) d(u, v) ≤ d(Bv,v)
(1−λ)

,

(b) d(Bnv, u) ≤ λnd(Bv,v)
(1−λ)

.

Krasnoselskii fixed point theorem:

Definition 1.15 [22, 45] Let M be a subset of a Banach space and let A : M −→ E
application. If A is continuous and AM is contained in a compact set in E, then we say
that A is a compact application (we also say that A is completely continuous).

Theorem 1.16 [22, 45] [Schauder] Let M be a convex set in a Banach space E and
A :M−→ E a compact application. Then A has a fixed point.

In 1955 Krasnoselskii observed that in a good number of problems, the integration of a

perturbed differential operator gives rise to a sum of two applications, a contraction and a

compact application. It declares then,

8



1.2. PRELIMINARIES: CHAPTER 1. INTRODUCTION AND PRELIMINARIES :

Principle : the integration of a perturbed differential operator can produce a sum of

two applications, a contraction and a compact operator.

Krasnoselskii found the solution by combining the two theorems of Banach and that of

Schauder in one hybrid theorem which bears its name. In light, it establishes the following

result.

Theorem 1.17 [32] [Krasnoselskii] Let M be a nonempty closed convex subset of a
Banach space (E, ‖ · ‖). Suppose that A and B map M into E such that
(i) Au+Bv ∈M for all u, v ∈M,
(ii) A is continuous and AM is contained in a compact set of E,
(iii) B is a contraction.
Then there is a w ∈M with Aw +Bw = w.

Note that: if A = 0, the theorem becomes the theorem of Banach. If B = 0, then the

theorem is not other than the theorem of Schauder.

Theorem 1.18 [23] [Nonlinear alternative for single valued maps] Let E be a Banach
space, C a closed, convex subset of E, M an open subset of C with boundary ∂M and
0 ∈ M. Suppose that F : M̄ −→ C is a continuous, compact map (that is, F (M̄) is a
relatively compact subset of C). Then either
i) F has a fixed point in M̄, or
ii) There is a u ∈ ∂M and ε ∈ [0, 1) with u = εF (u).

1.2.3 Fractional calculus:

Here, we state some notations, definitions and auxiliary lemmas concerning fractional cal-

culus, for more details see[1, 46, 57].

Special functions:

Some special functions, important for the fractional calculus, as Gamma and Beta functions,

are summarized in this section.

9
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The Gamma function:

The Gamma function, denoted by Γ(z), is a generalization of the factorial function n!; i.e.,

Γ(n) = (n− 1)! for n ∈ N : For complex arguments with positive real part it is defined as

Γ(z) =

∫ ∞
0

tz−1e−tdt, Re(z) > 0.

By analytic continuation the function is extended to the whole complex plane except for the

points 0,−1,−2,−3, ... where it has simple poles. Thus, Γ : C\{0,−1,−2,−3, ...} −→ C.

Some of the most properties are

Γ(1) = Γ(2) = 1,

Γ(z + 1) = zΓ(z),

Γ(n) = (n− 1)!, n ∈ N,

Γ(
1

2
) =

√
π,

Γ(n+
1

2
) =

√
π

2n
(2n− 1)!, n ∈ N.

The Gamma function is studied by many mathematicians. There is a long list of well-known

properties but in this survey formulas are sufficient.

The Beta function:

The Beta function is defined by the integral

B(z, w) =

∫ 1

0

tz−1(1− t)w−1dt, Re(z) > 0, Re(w) > 0.

In addition, B(z, w) is used sometimes for convenience to replace a combination of Gamma

functions. This relation between the Gamma and Beta function,

B(z, w) =
Γ(z)Γ(w)

z + w
,

is used later on.

The above equation provides the analytical continuation of the Beta function to the entire

10



1.2. PRELIMINARIES: CHAPTER 1. INTRODUCTION AND PRELIMINARIES :

complex plane via the analytical continuation of the Gamma function. It should also be

mentioned that the Beta function is symmetric, i. e.,

B(z, w) = B(w, z).

Fractional integral according to Riemmann-Liouville:

Cauchy’s formula for repeated integration

Inu(t) =

∫ t

a

∫ s1

a

· · ·
∫ sn−1

a

u(s)ds · · · ds2ds1 =
1

(n− 1)!

∫ t

a

u(s)(t− s)n−1ds,

holds for n ∈ N, a, t ∈ R+, t > a. If n is substituted by a positive real number α and (n−1)!

by its generalization Γ(α), a formula for fractional integration is obtained.

Definition 1.19 Suppose that α > 0, t > a, α, t, a ∈ R+ then the fractional operator

Iαu(t) =
1

Γ(α)

∫ t

a

(t− s)α−1u(s)ds,

is referred to as Riemmann-Liouville fractional integral of order α.

We have the following properties of the Riemmann-Liouville integral operator:

1. The Riemmann-Liouville integral operator I of order α is a linear operator.

Iα
(
σu(t) + νv(t)

)
= σ(Iαu(t)) + νIα(v(t)), σ, ν ∈ R, α ∈ R+.

2. Semi-group properties:

Iα(Iβu(t)) = Iα+β(u(t)), α, β ∈ R+.

3. Commutative property:

Iα(Iβu(t)) = Iβ(Iαu(t)), α, β ∈ R+.

4. Introduce the following causal function (vanishing for t < 0 )

Φα(t) =
tα−1

Γ(α)
, α > 0,

then, we have that:

11
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(a) Φα(t) ∗ Φβ(t) = Φα+β(t), α, β ∈ R+,

(b) Iαu(t) = Φα ∗ u(t), α ∈ R+, with n = [α] + 1.

The Laplace transform

L
{
Iαu(t)

}
= L

{
Φα(t)

}
L
{
u(t)

}
= s−αL

{
u(t)

}
.

5. Effect on power functions

Iα(tβ) =
tβ+α

Γ(β + 1 + α)
Γ(β + 1), α > 0 and β > −1, t > 0.

After the introduction of the fractional integration operator it is reasonable to define

also the fractional differentiation operator. There are different definitions, which do not

coincide in general. This survey regards two of them, namely the Riemann-Liouville and

the Caputo fractional operator.

Definition 1.20 Suppose that α > 0, t > a, α, t, a ∈ R+, then

Dαu(t) =


1

Γ(α− 1)

dn

dtn

∫ t

a

(t− s)n−1−αu(s)ds, n− 1 < α < n ∈ N.

dn

dtn
u(t), α = n ∈ N.

is called the Riemmann-Liouville fractional derivative or the Riemmann-Liouville fractional

differential operator of order α.

Lemma 1.21 Assume that u ∈ C(R+)
⋂
L1(R+) with a fractional derivative of

order β > 0. Then

Iβ0+D
β
0+u(t) = u(t)− C1t

β−1 − C2t
β−2 − · · · − Cntβ−n, (1.6)

for some C1, C2, . . . , CN ∈ R with n = [β] + 1.

Definition 1.22 Let n− 1 < α ≤ n, (n ∈ N∗) and u ∈ Cn(R+,R). The Caputo fractional
derivative of order α of a function u is given by

CDα
0+u(t) =

1

Γ(n− α)

∫ t

0

(t− s)n−α−1u(n)(s)ds

= In−α0+

dn

dtn
u(t), t ∈ R+,

where n = [α] + 1 and [α] denotes the integer part of the real number α.

12



1.2. PRELIMINARIES: CHAPTER 1. INTRODUCTION AND PRELIMINARIES :

Lemma 1.23 For real number α > 0 and appropriate function u(t) ∈ Cn−1[0,∞) and u(t)
exists almost everywhere on any bounded interval of R+,

(Iα0+
CDα

0+u)(t) = u(t)−
n−1∑
k=0

u(k)(0)

k!
tk.

Here, we mean by Iα and CDα, the fractional integral Iα0+ and fractional derivative CDα
0+

respectively.

In the following subsection we present some definitions and properties of stability study

of the solution, for more informations see[1, 46, 57].

1.2.4 Stability of solutions:

Consider the following problem:
CDαu(t) = f(t, u(t)), t ∈ R+, 0 < α ≤ 1,

u(0) = u0.
(1.7)

It is clear that u(t) ∈ C(R+,R) satisfies the following integral equation:

u(t) = u0 + Iαf(t, u(t)). (1.8)

Stability and Asymptotic stability of the solution:

Definition 1.24 Let f be a continuous function satisfied: f(t, 0) = 0.
The trivial solution u = 0 of fractional order system (1.7) is said to be

1) Stable in a Banach space, if for every ε > 0, there exists δ = δ(ε) such that |u0| ≤ δ
implies that the solution u(t) = u(t, u0) exists for all t ≥ 0 and satisfies ‖u‖ ≤ ε.
2) Asymptotically stable, if it is stable in E and there exists a number µ > 0 such that
|u0| ≤ µ implies that lim

t→+∞
|u(t)| = 0.

Ulam stability:

Let u be a solution of the problem (1.7). To discuss the Ulam stability of this problem, and

let define the operator

Gv(t) =C Dαv(t)− f(t, v(t)),

13
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where: G : R −→ R is continuous operator.

For each ε > 0 and for each solution v of (1.7), let consider the following inequalities:

‖Gv‖ ≤ ε, t ∈ R+ (1.9)

‖Gv‖ ≤ m(t), t ∈ R+ (1.10)

‖Gv‖ ≤ εm(t), t ∈ R+ (1.11)

Definition 1.25 For each ε > 0 and for each solution v of the problem (1.7) satisfing the
inequality (1.9). The problem (1.7) is said to be Ulam-Hyers stable if we can find a positive
real number cf and a solution u ∈ C(R+,R) of (1.7), satisfying the inequality:

‖u− v‖ ≤ εcf . (1.12)

Definition 1.26 Let cf ∈ C(R+,R+) and cf (0) = 0 such that for each solution v of (1.7),
we can find a solution u ∈ C(R+,R) of (1.7) such that

‖u(t)− v(t)‖ ≤ cf (ε), t ∈ R+. (1.13)

Then the problem (1.7), is said to be generalized Ulam-Hyers stable.

Definition 1.27 For each ε > 0 and for each solution y of (1.7), the problem (1.7) is
called Ulam-Hyers-Rassias stable with respect to m ∈ C(R+,R+) if (1.11) holds and there
exist a real number cf,m > 0 and a solution v ∈ C(R+,R) of (1.7) such that

‖u(t)− v(t)‖ ≤ εcf,mm(t), t ∈ R+, (1.14)

Definition 1.28 For each ε > 0 and for each solution v of (1.7), the problem (1.7) is
called generalized Ulam-Hyers-Rassias stable with respect to m ∈ C(R+,R+) if (1.10) holds
and there exist a real number cf,m > 0 and a solution v ∈ C(R+,R) of (1.7) such that

‖u(t)− v(t)‖ ≤ cf,mm(t), t ∈ R+, (1.15)

Remark 1.29 It is clear that

(i) Definition1.25 =⇒ Definition1.26 ,

(ii) Definition1.27 =⇒ Definition1.28,

(iii) Definition1.28 =⇒ Definition1.25.
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Chapter 2

Existence and stability results of the

solution for nonlinear fractional

differential problem

Many researchers are interesting to study qualitative the solution of fractional integro-

differential problems with different conditions, For example in [36] that, in a real n−dimensional

Euclidean space, the local and global solutions exist for the following Cauchy problem
CDα

0+u(t) = f(t, u(t)) +

∫ t

t0

K(t, s, u(s))ds,

u(0) = u0,

(2.1)

where

0 < α ≤ 1, f ∈ C
(
[0, 1]× Rn,Rn

)
, K ∈ C

(
[0, 1]× [0, 1]× Rn,Rn

)
.

Note that in [43], the authors introduced and studied a related problem. Precisely the

15



CHAPTER 2.

authors studied the existence for the following problem

CDp
0+{CDq

0+x(t) + f(t, x(t))} = g(t, x(t)), t ∈ [0, 1]

x(0) =

j=m∑
j=1

βjx(σj),

bx(1) = a

∫ 1

0

x(s)dH(s) +
i=n∑
i=1

αi

∫ ηi

ξi

x(s)ds,

(2.2)

where

0 < σj < ξi < ηi < 1, 0 < p, q < 1,

βj, αi ∈ R, i = 1, 2, ..., n, j = 1, 2, ...,m.

and f, g, are given continuous functions.

This chapter consists a new result of existence, uniqueness and generalized Ulam stabil-

ity of the solution of nonlinear fractional integro-differential system with integral condition.

For t ∈ [0, 1], 0 < α, β < 1, let consider the next problem :

CDα+β
0+ u(t) = h(t, u(t)) + Iα0+f(t, u(t)) +

∫ t

0

K(t, s, u(s))ds,

u(0) = b

η∫
0

u(s)ds, 0 < η < 1,

(2.3)

where b is a real constant, 0 < α + β ≤ 1, CDα+β
0+ is the Caputo fractional derivative of

order α+ β, Iα0+ denotes the left sided Riemann-Liouville fractional integral of order α and

f, h,K defined as

f : [0, 1]× R −→ R,
h : [0, 1]× R −→ R,
K : [0, 1]2 × R −→ R,

(2.4)

are an appropriate functions satisfying some conditions which will be stated later. It is

also interesting to study solution to fractional integro-differential problem with integral

conditions, which will allow a generalized stability.
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2.1. REFORMULATION OF THE PROBLEM CHAPTER 2.

2.1 Reformulation of the problem

Before presenting our main results, we need the following auxiliary lemma

Lemma 2.1 Let 0 < α + β ≤ 1 and b 6= 1
η
. Assume that h, f and K are three continuous

functions. If u ∈ C([0, 1],R) then u is solution of (2.3) if and only if u satisfies the integral

equation

u(t) =

∫ t

0

(t− s)α+β−1

Γ(α + β)

[
h(s, u(s)) +

∫ s

0

K(s, τ, u(τ))dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
f(τ, u(τ))dτ

]
ds

+
b

1− bη

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
h(τ, u(τ)) +

∫ τ

0

K(τ, σ, u(σ))dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
f(σ, u(σ))dσ

]
dτ. (2.5)

Proof. Let u ∈ C([0, 1],R) be a solution of (2.3). Firstly, we show that u is solution of

integral equation (2.5). By lemma 1.23, we obtain

Iα+β
0+

CDα+β
0+ u(t) = u(t)− u(0). (2.6)

In addition, from the equation in (2.3) and the definition of Iα+β
0+ , we have

Iα+β
0+

CDα+β
0+ u(t) = Iα+β

0+

(
h(t, u(t)) +

∫ t

0

K(t, s, u(s))ds+ Iα0+f(t, u(t))

)
ds

=

∫ t

0

(t− s)α+β−1

Γ(α + β)

[
h(s, u(s)) +

∫ s

0

K(s, τ, u(τ))dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
f(τ, u(τ))dτ

]
ds. (2.7)

By substituting (2.7) in (2.6) with nonlocal condition in problem (2.3), we get the

following integral equation:

u(t) =

∫ t

0

(t− s)α+β−1

Γ(α + β)

[
h(s, u(s)) +

∫ s

0

K(s, τ, u(τ))dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
f(τ, u(τ))dτ

]
ds+ u(0). (2.8)
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2.1. REFORMULATION OF THE PROBLEM CHAPTER 2.

From integral boundary condition of our problem with using Fubini’s thorem and after

some computations, we get:

u(0) = b

∫ η

0

u(s)ds

= b

∫ η

0

[ ∫ s

0

(s− τ)α+β−1

Γ(α + β)

(
h(τ, u(τ)) +

∫ τ

0

K(τ, σ, u(σ))dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
f(σ, u(σ))dσ

)
dτ

]
ds+ bηu(0)

= b

∫ η

0

∫ s

0

(s− τ)α+β−1

Γ(α + β)
h(τ, u(τ))dτds

+b

∫ η

0

∫ s

0

(s− τ)α+β−1

Γ(α + β)

∫ τ

0

K(τ, σ, u(σ))dσdτds

+b

∫ η

0

∫ s

0

(s− τ)α+β−1

Γ(α + β)

∫ τ

0

(τ − σ)α−1

Γ(α)
f(σ, u(σ))dσdτds+ bηu(0)

= b

∫ η

0

∫ η

τ

(s− τ)α+β−1

Γ(α + β)
dsh(τ, u(τ))dτ

+b

∫ η

0

∫ η

τ

(s− τ)α+β−1

Γ(α + β)
ds

∫ τ

0

K(τ, σ, u(σ))dσdτ

+b

∫ η

0

∫ η

τ

(s− τ)α+β−1

Γ(α + β)
ds

∫ τ

0

(τ − σ)α−1

Γ(α)
f(σ, u(σ))dσdτ + bηu(0),

that is

u(0) =
b

1− bη

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
h(τ, u(τ)) +

∫ τ

0

K(τ, σ, u(σ))dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
f(σ, u(σ))dσ

]
dτ. (2.9)

Finally, by substituting (2.9) in (2.8) we find (2.5).

Conversely, by applying the operator CDα+β
0+ on both sides of (2.5), we find

CDα+β
0+ u(t) = CDα+β

0+ Iα+β
0+

[
h(t, u(t)) +

∫ t

0

K(t, s, u(s))ds+ Iα0+f(t, u(t))

]
+CDα+β

0+ u(0)

= h(t, u(t)) + Iα0+f(t, u(t)) +

∫ t

0

K(t, s, u(s))ds, (2.10)

this means that u satisfies the equation in problem (2.3).
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Furthermore, by substituting t by 0 in integral equation (2.5), we have clearly that the

integral boundary condition in (2.3) holds. Therefore, u is solution of problem (2.3), which

completes the proof.

2.2 Existence Results

In order to prove the existence and uniqueness for the solution of the problem (2.3) in

C([0, 1],R) by using two fixed point theorems:

Firstly, we transform the system (2.3) into fixed point problem as u = Tu, where

T : C([0, 1],R) −→ C([0, 1],R) is an operator defined by :

Tu(t) =

∫ t

0

(t− s)α+β−1

Γ(α + β)

[
h(s, u(s)) +

∫ s

0

K(s, τ, u(τ))dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
f(τ, u(τ))dτ

]
ds

+
b

1− bη

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
h(τ, u(τ)) +

∫ τ

0

K(τ, σ, u(σ))dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
f(σ, u(σ))dσ

]
dτ. (2.11)

In order to simplify the computations, we offer the following notations:

∆ =
‖µ1‖L∞ + ‖µ3‖L∞

Γ(α + β + 1)
+
‖µ2‖L∞βB(α + 1, α + β)

Γ(α + 1)Γ(α + β)

+
|b|‖µ1‖L∞ηα+β+1 + |b|‖µ3‖L∞ηα+β+1

|1− bη|Γ(α + β + 2)

+
|b|‖µ2‖L∞η2α+β+1βB(α + 1, α + β + 1)

|1− bη|Γ(α + 1)Γ(α + β + 1)
, (2.12)

and

∆1 =
|b|

|1− bη|

[
2ηα+β+1

Γ(α + β + 2)
+
η2α+β+1βB(α + 1, α + β + 1)

Γ(α + 1)Γ(α + β + 1)

]
. (2.13)
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2.2.1 Existence result via Krasnoselskii’s fixed point

Theorem 2.2 Let h, f : [0, 1]×R −→ R and K : [0, 1]2×R −→ R be continuous functions

satisfying

(H1) The inequalities, for all t ∈ [0, 1], s ∈ [0, 1] and u, v ∈ R,

|h(t, u)− h(t, v)| ≤ L1|u− v|,

|f(t, u)− f(t, v)| ≤ L2|u− v|,

|K(t, s, u)−K(t, s, v)| ≤ L3|u− v|,

hold where L1, L2, L3 ≥ 0 with L = max{L1, L2, L3},

(H2) There exist three functions µ1, µ2, µ3 ∈ L∞([0, 1],R+) such that

|h(t, u(t))| ≤ µ1(t)|u(t)|, t ∈ [0, 1], u ∈ R,

|f(t, u(t))| ≤ µ2(t)|u(t)|, t ∈ [0, 1], u ∈ R,

|K(t, s, u(s))| ≤ µ3(t)|u(s)|, (t, s) ∈ [0, 1]× [0, 1], u ∈ R.

If ∆ ≤ 1 and L∆1 < 1, then the problem (2.3) has at a least one solution on [0, 1].

Proof.

For any function u ∈ C([0, 1],R) we define the norm

‖u‖1 = max{e−t|u(t)| : t ∈ [0, 1]},

and consider the closed ball

Br = {u ∈ C([0, 1],R) : ‖u‖1 ≤ r}.
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Next, let us define the operators T1, T2 on Br as follows

T1u(t) =

∫ t

0

(t− s)α+β−1

Γ(α + β)

[
h(s, u(s)) +

∫ s

0

K(s, τ, u(τ))dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
f(τ, u(τ))dτ

]
ds, (2.14)

and

T2u(t) =
b

1− bη

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
h(τ, u(τ)) +

∫ τ

0

K(τ, σ, u(σ))dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
f(σ, u(σ))dσ

]
dτ. (2.15)

For u, v ∈ Br, t ∈ [0, 1] and by the assumption (H2) we find:

|T1u(t) + T2v(t)| ≤
∫ t

0

(t− s)α+β−1

Γ(α + β)

[
|h(s, u(s))|+

∫ s

0

|K(s, τ, u(τ))|dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
|f(τ, u(τ))|dτ

]
ds

+
|b|

|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
|h(τ, v(τ))|+

∫ τ

0

|K(τ, σ, v(σ))|dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
|f(σ, v(σ))|dσ

]
dτ

≤
∫ t

0

(t− s)α+β−1

Γ(α + β)

[
µ1(s)|u(s)|+

∫ s

0

µ3(s)|u(τ)|dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
µ2(τ)|u(τ)|dτ

]
ds

+
|b|

|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
µ1(τ)|v(τ)|+

∫ τ

0

µ3(τ)|v(σ)|dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
µ2(σ)|v(σ)|dσ

]
dτ.
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Therefore,

|T1u(t) + T2v(t)| ≤
∫ t

0

(t− s)α+β−1

Γ(α + β)

[
‖µ1‖L∞‖u‖1e

s + ‖µ3‖L∞‖u‖1(es − 1)

+‖µ2‖L∞‖u‖1

∫ s

0

(s− τ)α−1

Γ(α)
eτdτ

]
ds

+
|b|

|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
‖µ1‖L∞‖v‖1e

τ + ‖µ3‖L∞‖v‖1(eτ − 1)

+‖µ2‖L∞‖v‖1

∫ τ

0

(τ − σ)α−1

Γ(α)
eσdσ

]
dτ.

Consequently,

‖T1u+ T2v‖1 ≤
∫ t

0

(t− s)α+β−1

Γ(α + β)

[
‖µ1‖L∞‖u‖1

es

et
+ ‖µ3‖L∞‖u‖1

(es − 1)

et

+‖µ2‖L∞‖u‖1

∫ s

0

(s− τ)α−1

Γ(α)

eτ

et
dτ

]
ds

+
|b|

|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
‖µ1‖L∞‖v‖1

eτ

et
+ ‖µ3‖L∞‖v‖1

(eτ − 1)

et

+‖µ2‖L∞‖v‖1

∫ τ

0

(τ − σ)α−1

Γ(α)

eσ

et
dσ

]
dτ.

≤ r

[
‖µ1‖L∞ + ‖µ3‖L∞

Γ(α + β + 1)
+

‖µ2‖L∞
Γ(α + 1)Γ(α + β)

∫ 1

0

(1− s)α+β+1sαds

+
|b|‖µ1‖L∞ηα+β+1 + |b|‖µ3‖L∞ηα+β+1

|1− bη|Γ(α + β + 1)

+
|b|‖µ2‖L∞

|1− bη|Γ(α + 1)Γ(α + β + 1)

∫ η

0

(η − τ)α+βταdτ

]
= r

[
‖µ1‖L∞ + ‖µ3‖L∞

Γ(α + β + 1)
+
‖µ2‖L∞βB(α + 1, α + β)

Γ(α + 1)Γ(α + β)

+
|b|

|1− bη|

(
‖µ1‖L∞ηα+β+1 + ‖µ3‖L∞ηα+β+1

Γ(α + β + 2)

+
‖µ2‖L∞η2α+β+1βB(α + 1, α + β + 1)

Γ(α + 1)Γ(α + β + 1)

)]
= r∆ ≤ r.

This implies that (T1u+ T2v) ∈ Br. Here we used the computations:∫ 1

0

(1− s)α+βsαds = βB(α + 1, α + β),
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∫ η

0

(η − τ)α+βταds = η2α+β+1βB(α + 1, α + β + 1),

and the estimations:
es

et
≤ 1,

eτ

et
≤ 1,

eσ

et
≤ 1, where B(·, ·) is the Beta function.

Now, we establish that T2 is a contraction mapping. For u, v ∈ R and t ∈ [0, 1], we

have:

|T2u(t)− T2v(t)| ≤ |b|
|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
|h(τ, u(τ))− h(τ, v(τ))|

+

∫ τ

0

|K(τ, σ, u(σ))−K(τ, σ, v(σ))|dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
|f(σ, u(σ))− f(σ, v(σ))|dσ

]
dτ

≤ |b|
|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
L1‖u− v‖1e

τ +

∫ τ

0

L3‖u− v‖1e
σdσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
L2‖u− v‖1e

σdσ

]
dτ

≤ |b|
|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
L‖u− v‖1e

τ + L‖u− v‖1(eτ − 1)

+

∫ τ

0

(τ − σ)α−1

Γ(α)
L‖u− v‖1e

σdσ

]
dτ.

Thus,

‖T2u− T2v‖1 ≤
|b|

|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
L‖u− v‖1

eτ

et
+ L‖u− v‖1

(eτ − 1)

et

+

∫ τ

0

(τ − σ)α−1

Γ(α)
L‖u− v‖1

eσ

et
dσ

]
dτ

≤ |b|L
|1− bη|

[
2ηα+β+1

Γ(α + β + 2)
+
η2α+β+1β(α + 1, α + β + 1)

Γ(α + 1)Γ(α + β + 1)

]
‖u− v‖1.

Thus, ‖T2u− T2v‖1 ≤ L∆1‖u− v‖1, then since L∆1 < 1, T2 is a contraction mapping.

The continuity of the functions h, f and K implies that the operator T1 is continuous.

Also, T1Br ⊂ Br, for each u ∈ Br, i.e. T1 is uniformly bounded on Br as

|(T1u)(t)| ≤
∫ t

0

(t− s)α+β−1

Γ(α + β)

[
|h(s, u(s))|+

∫ s

0

|K(s, τ, u(τ))|dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
|f(τ, u(τ))|dτ

]
ds,
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which implies that

‖T1u‖1 ≤
∫ t

0

(t− s)α+β−1

Γ(α + β)

[
‖µ1‖L∞‖u‖1

es

et
+ ‖µ3‖L∞‖u‖1

(es − 1)

et

+‖µ2‖L∞‖u‖1

∫ s

0

(s− τ)α−1

Γ(α)

eτ

et
dτ

]
ds

≤ r

[
‖µ1‖L∞ + ‖µ3‖L∞

Γ(α + β + 1)
+
‖µ2‖L∞βB(α + 1, α + β)

Γ(α + 1)Γ(α + β)

]
≤ r∆ ≤ r. (2.16)

Finally, we will show that (T1Br) is equicontinuous. For this end, we define

h = sup
(s,u)∈[0,1]×Br

|h(s, u)|, f = sup
(s,u)∈[0,1]×Br

|f(s, u)|, K = sup
(s,τ,u)∈[0,1]×[0,1]×Br

∫ s

0

|K(t, s, u)|dτ.

Let for any u ∈ Br and for each t1, t2 ∈ [0, 1] with t1 ≤ t2, we have:

|(T1u)(t2)− (T1u)(t1)|

≤ 1

Γ(α + β)

∫ t2

t1

(t2 − s)α+β−1

[
|h(s, u(s))|+

∫ s

0

|K(s, τ, u(τ))|dτ

+
1

Γ(α)

∫ s

0

(s− τ)α−1|f(τ, u(τ))|dτ
]
ds

+
1

Γ(α)

∫ t1

0

[
(t1 − s)α+β−1 − (t2 − s)α+β−1

][
|h(s, u(s))|

+

∫ s

0

|K(s, τ, u(τ))|dτ +
1

Γ(α)

∫ s

0

(s− τ)α−1|f(τ, u(τ))|dτ
]
ds

≤ 1

Γ(α + β)

∫ t2

t1

(t2 − s)α+β−1

[
h+K +

f

Γ(α)

∫ s

0

(s− τ)α−1dτ

]
ds

+
1

Γ(α + β)

∫ t1

0

[
(t1 − s)α+β−1 − (t2 − s)α+β−1

][
h+K +

f

Γ(α)

∫ s

0

(s− τ)α−1dτ

]
ds

≤ 1

Γ(α + β)

∫ t2

t1

(t2 − s)α+β−1

[
h+K +

f

Γ(α + 1)

]
ds

+
1

Γ(α + β)

∫ t1

0

[
(t1 − s)α+β−1 − (t2 − s)α+β−1

][
h+K +

f

Γ(α + 1)

]
ds

=
1

Γ(α + β + 1)

[
h+K +

f

Γ(α + 1)

][
2(t2 − t1)α+β + tα+β

1 − tα+β
2

]
.

The right hand side of the last inequality is independent of u and tends to zero when

|t2 − t1| −→ 0, this means that |T1u(t2) − T1u(t1)| −→ 0, which implies that T1Br is
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equicontinuous, then T1 is relatively compact on Br.

Hence by Arzela-Ascoli theorem, T1 is compact on Br. Now, all hypothesis of Theorem 2.3

hold, therefore the operator T1 + T2 has a fixed point on Br. So the problem (2.3) has at

least one solution on [0, 1]. This proves the theorem.

2.2.2 Existence and uniqueness result

Theorem 2.3 Assume that (H1) holds. If L∆ < 1, then the BVP (2.3) has a unique

solution on [0, 1].

Proof. Define M = max{M1,M2,M3}, where M1,M2,M3 are positive numbers such that:

M1 = sup
t∈[0,1]

|h(t, 0)|,

M2 = sup
t∈[0,1]

|f(t, 0)|,

M3 = sup
(t,s)∈[0,1]×[0,1]

|K(t, s, 0)|.

We fix r ≥ M∆
1−L∆

and we consider

Br = {u ∈ C([0, 1],R) : ‖u‖1 ≤ r}.

Then, in view of the assumption (H1), we have

|h(t, u(t))| = |h(t, u(t))− h(t, 0) + h(t, 0)|

≤ |h(t, u(t))− h(t, 0)|+ |h(t, 0)|

≤ L1|u(t)|+M1,

and

|f(t, u(t))| ≤ L2|u(t)|+M2, |K(t, s, u(s))| ≤ L3|u(t)|+M3.

First step: We show that TBr ⊂ Br. For each t ∈ [0, 1] and for any u ∈ Br,
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|(Tu)(t)| ≤
∫ t

0

(t− s)α+β−1

Γ(α + β)

[
|h(s, u(s))|+

∫ s

0

|K(s, τ, u(τ))|dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
|f(τ, u(τ))|dτ

]
ds

+
|b|

|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
|h(τ, v(τ))|+

∫ τ

0

|K(τ, σ, v(σ))|dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
|f(σ, v(σ))|dσ

]
dτ.

Then,

‖Tu‖1 ≤ (Lr +M)∆ ≤ r.

Hence, TBr ⊂ Br.

Second step: We shall show that T : Br −→ Br is a contraction. From the assumption

(H1), we have for any u, v ∈ Br and for each t ∈ [0, 1]

|(Tu)(t)− (Tv)(t)|

≤
∫ t

0

(t− s)α+β−1

Γ(α + β)

[
|h(s, u(s))− h(s, v(s))|+

∫ s

0

|K(s, τ, u(τ))−K(s, τ, v(τ))|dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
|f(τ, u(τ))− f(τ, v(τ))|dτ

]
ds

+
|b|

|1− bη|

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
|h(τ, u(τ))− h(τ, v(τ))|+

∫ τ

0

|K(τ, σ, u(σ))−K(τ, σ, v(σ))|dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
|f(σ, u(σ))− f(σ, v(σ))|dσ

]
dτ.

Hence,

‖Tu− Tv‖1 ≤ L∆‖u− v‖1.

Since L∆ < 1, it follows that T is a contraction.

All assumptions of Theorem 1.17 are satisfied, then there exists u ∈ C([0, 1],R) such

that Tu = u which is the unique solution of the problem (2.3) in C([0, 1],R).
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2.3 Generalized Ulam-Hyers stabilities

The aim is discuss the Ulam stability for (2.3), by using the integration

v(t) =

∫ t

0

(t− s)α+β−1

Γ(α + β)

[
h(s, v(s)) +

∫ s

0

K(s, τ, v(τ))dτ

+

∫ s

0

(s− τ)α−1

Γ(α)
f(τ, v(τ))dτ

]
ds

+
b

1− bη

∫ η

0

(η − τ)α+β

Γ(α + β + 1)

[
h(τ, v(τ)) +

∫ τ

0

K(τ, σ, v(σ))dσ

+

∫ τ

0

(τ − σ)α−1

Γ(α)
f(σ, v(σ))dσ

]
dτ. (2.17)

Here v ∈ C([0, 1],R) possess a fractional derivative of order α + β,

where 0 < α + β ≤ 1 and

f, h : [0, 1]× R −→ R,

and

K : [0, 1]× [0, 1]× R −→ R,

are continuous functions. Then, we define the nonlinear continuous operator

P : C([0, 1],R −→ C([0, 1],R),

as follows

Pv(t) =C Dα+βv(t)− Iα0+f(t, v(t))− h(t, v(t))−
∫ t

0

K(t, s, v(s))ds.

For each ε > 0 and for each solution v of (2.3), let consider the following inequalities:

‖Pv‖1 ≤ ε, t ∈ [0, 1], (2.18)

Theorem 2.4 Under assumption (H1) in Theorem 2.2, with L∆ < 1. The problem (2.3),

is both Ulam-Hyers and generalized Ulam-Hyers stable.
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Proof. Let u ∈ C([0, 1],R) be a solution of (2.3), satisfying (2.5) in the sense of Theorem

2.3. Let v be any solution satisfying (2.18). Furthermore, the equivalence in lemma 2.1

implies the equivalence between the operators P and T − Id (where Id is the identity

operator) for every solution v ∈ C([0, 1],R) of (2.3) satisfying L∆ < 1. Therefore, we

deduce by the fixed-point property of the operator T that:

|v(t)− u(t)| = |v(t)− Tv(t) + Tv(t)− u(t)|

= |v(t)− Tv(t) + Tv(t)− Tu(t)|

≤ |Tv(t)− Tu(t)|+ |Tv(t)− v(t)|,

= |Tv(t)− Tu(t)|+ |Pv(t)|,

then,

‖u− v‖1 ≤ L∆‖u− v‖1 + ε,

because L∆ < 1 and ε > 0, we find

‖u− v‖1 ≤
ε

1− L∆
.

Fixing Cf,h,K = 1
1−L∆

, we obtain the Ulam-Hyers stability condition. In addition, the

generalized Ulam-Hyers stability follows by taking Cf,h,K(ε) = ε
1−L∆

.

Example 2.5 Consider the following fractional integro-differential problem

CD
2
5

0+u(t) = h(t, u(t)) + Iα0+f(t, u(t)) +

∫ t

0

K(t, s, u(s))ds, t ∈ [0, 1],

u(0) = 3

1
5∫

0

u(s)ds, 0 < η < 1.

(2.19)

Where

α = β =
1

5
, b = 3, η =

1

5
.

By the above data, we find that ∆ = 0.4602, ∆1 = 4.3755.
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To illustrate our results: Theorem 2.2, and Theorem 2.4, we take for u, v ∈ R+ and

t ∈ [0, 1] the following continuous functions:

h(t, u(t)) =
(2− t)u(t)

60
,

f(t, u(t)) =
3− t2

72
u(t),

K(t, s, u(s)) =
e−(s+t)

64
u(s).

Note that we can find L1 =
1

20
, L2 =

1

18
, L3 =

1

64
, Moreover,

µ1(t) =
2− t
60

, µ2(t) =
3− t2

72
, µ3(t) =

e−t

64
.

Obviously, ‖µ1‖L∞ =
1

30
, ‖µ2‖L∞ =

1

24
, ‖µ3‖L∞ =

1

64
,

and

L = max{L1, L2, L3} =
1

18
.

Then, we get:

L∆1 = 0.2431 < 1, ∆ = 0.3229 < 1.

All assumptions of Theorem 2.2 are satisfied. Hence, there exists at least one solution for

the problem (2.19) on [0, 1].

By taking the same functions, we result the assumption: L∆ = 0.0179 < 1, then

there exists a unique solution of (2.19) on [0, 1].

In order to illustrate our stability result, we consider the same above example:

L =
1

18
, L∆1 = 0.0179.

This implies that the system (2.19) is Ulam-Hyers stable, then it is generalized Ulam-Hyers

stable.
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Chapter 3

Existence and stability results for the

solution of neutral fractional

integro-differential equation with

nonlocal conditions

Many researchers have given attention to the existence and uniqueness theory of

nonlinear FDEs of various types. For example In [8], M. S. Abdo et al. studied the

Cauchy-type problem for a integro-differential equation of fractional order with nonlocal

conditions in Banach space. There are concerned with the existence and uniqueness results

for fractional integro-differential equations of the type

CDp
a+x(t) = h(x(t)) + f(t, x(t)) +

∫ t

0

K(t, s, x(s))ds, t ∈ [a, b],

x(a) =

j=m∑
j=1

cjx(τj), τj ∈ [a, b].

(3.1)
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In [43], the authors introduced and studied a related problem. Precisely the

authors studied the existence for the following new problem :
CDp{CDqx(t) + f(t, x(t))} = g(t, x(t)),

x(0) =

j=m∑
j=1

βjx(σj), bx(1) = a

∫ 1

0

x(s)dH(s) +
i=n∑
i=1

αi

∫ ηi

ξi

x(s)ds,
(3.2)

where

0 < σj < ξi < ηi < 1, 0 < p, q < 1,

βj, αi ∈ R, i = 1, 2, ..., n, j = 1, 2, ...,m,

and f, g are given continuous functions.

In the present chapter, we discuss the existence and uniqueness results by three

fixed point theorems, then we prove the Ulam stability of the solution for the following new

Neutral fractional integro-differential equation :

CDp
{C
Dqu(t) + f(t, u(t))

}
= g(t, u(t)) +

∫ t

0

K(t, s, u(s))ds,

u(0) =

j=m∑
j=1

βju(σj), u(1) =
i=n∑
i=1

αiu(ξi),

(3.3)

where

0 < σj < ξi < 1, 0 < p, q < 1, 1 < p+ q ≤ 2,

βj, αi ∈ R, j = 1, 2, ...,m, i = 1, 2, ..., n.

CDp, CDq are the Caputo fractional derivatives, f, g,K, are given functions with

f, g ∈ C([0, 1]× R,R) and K ∈ C([0, 1]× [0, 1]× R,R).
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3.1 Equivalent integral equation :

Lemma 3.1 Let 0 < q, p < 1. Assume that g, f and K are three continuous functions. If

u ∈ C([0, 1],R) then u is solution of (3.3) if and only if u satisfies the integral equation

u(t) =

∫ t

0

(t− s)q+p−1

Γ(q + p)
g(s, u(s))ds+

∫ t

0

(t− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds

−
∫ t

0

(t− s)q−1

Γ(q)
f(s, u(s))ds− λ1(t)

[ i=n∑
i=1

αi

(∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)
g(s, u(s))ds

+

∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds

−
∫ ξi

0

(ξi − s)q−1

Γ(q)
f(s, u(s))ds

)
−
∫ 1

0

(1− s)q+p−1

Γ(q + p)
g(s, u(s))ds

−
∫ 1

0

(1− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds+

∫ 1

0

(1− s)q−1

Γ(q)
f(s, u(s))ds

]
+λ2(t)

j=m∑
j=1

βj

[ ∫ σj

0

(
(σj − s)q−1

Γ(q)
f(s, u(s))− (σj − s)q+p−1

Γ(q + p)
g(s, u(s))

−(σj − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτ

)
ds

]
, (3.4)

where

λ1(t) =
1

k
(ρ1 −

ρ2t
q

Γ(q + 1)
), λ2(t) =

1

k
(ρ3 −

ρ4t
q

Γ(q + 1)
), (3.5)

ρ1 =

j=m∑
j=1

βjσ
q
j

Γ(q + 1)
, ρ2 = −1 +

j=m∑
j=1

βj, (3.6)

ρ3 =
1

Γ(q + 1)
−

i=n∑
i=1

αiξ
q
i

Γ(q + 1)
, ρ4 = 1−

i=n∑
i=1

αi, (3.7)

and

k = ρ2ρ3 − ρ1ρ4 6= 0. (3.8)

32



3.1. EQUIVALENT INTEGRAL EQUATION : CHAPTER 3.

Proof. We apply the operator Ip on the first line of (3.3), and using the lemma 1.23 to

obtain

CDqu(t) + f(t, u(t))− c0 = Ipg(t, u(t)) + Ip
∫ t

0

K(t, s, u(s))ds.

By applying the operator Iq on both sides of the last equation, we find

u(t)− c1 + Iqf(t, u(t))− Iq(c0) = Iq+pg(t, u(t)) + Iq+p
∫ t

0

K(t, s, u(s))ds.

That is

u(t) = −Iqf(t, u(t)) + Iq+pg(t, u(t))

+Iq+p
∫ t

0

K(t, s, u(s))ds+ c1 + c0
tq

Γ(q + 1)
, (3.9)

where c0, c1 are two constants. By the second line of (3.3) and (3.9), we get

c0(

j=m∑
j=1

βjσ
q
j

Γ(q + 1)
) + c1(

j=m∑
j=1

βj − 1) = I1, (3.10)

and

c0(
1

Γ(q + 1)
−

i=n∑
i=1

αiξ
q
i

Γ(q + 1)
) + c1(1−

i=n∑
i=1

αi) = I2. (3.11)

By using (3.6) and (3.7) in (3.10) and (3.11), we find{
ρ1c0 + ρ2c1 = I1,
ρ3c0 + ρ4c1 = I2,

(3.12)

where

I1 =
m∑
j=1

βj

∫ σj

0

(
(σj − s)q−1

Γ(q)
f(s, u(s))− (σj − s)q+p−1

Γ(q + p)
g(s, u(s))

−(σj − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτ

)
ds, (3.13)
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and

I2 =
n∑
i=1

αi

∫ ξi

0

(
(ξi − s)q+p−1

Γ(q + p)
g(s, u(s))− (ξi − s)q−1

Γ(q)
f(s, u(s))

+
(ξi − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτ

)
ds

+

∫ 1

0

(1− s)q−1

Γ(q)
f(s, u(s))ds−

∫ 1

0

(1− s)q+p−1

Γ(q + p)
g(s, u(s))ds

−
∫ 1

0

(1− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds. (3.14)

Solving the system (3.12) for c0, c1 and k = ρ2ρ3 − ρ1ρ4 6= 0, we obtain

c0 =
ρ2I2 − I1ρ4

k
, c1 =

ρ3I1 − ρ1I2

k
.

Substituting c0, c1 in (3.9), we get

u(t) =

∫ t

0

(t− s)q+p−1

Γ(q + p)
g(s, u(s))ds+

∫ t

0

(t− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds

−
∫ t

0

(t− s)q−1

Γ(q)
f(s, u(s))ds+ c1 + c0

tq

Γ(q + 1)

=

∫ t

0

(t− s)q+p−1

Γ(q + p)
g(s, u(s))ds+

∫ t

0

(t− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds

−
∫ t

0

(t− s)q−1

Γ(q)
f(s, u(s))ds− λ1(t)I2 + λ2(t)I1.

By the definition of Iq and Iq+p we find the solution (3.4).

Conversely, by lemma 1.23 and by applying the operator CDq+p on both sides of (3.9),

we find

CDq+pu(t) = CDq+p

[
− Iqf(t, u(t)) + Iq+pg(t, u(t)) + Iq+p

∫ t

0

K(t, s, u(s))ds

+c1 + c0
tq

Γ(q + 1)

]
= −CDpf(t, u(t)) + g(t, u(t)) +

∫ t

0

K(t, s, u(s))ds

+cDq+p

(
c1 + c0

tq

Γ(q + 1)

)
= −CDpf(t, u(t)) + g(t, u(t)) +

∫ t

0

K(t, s, u(s))ds.
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This means that u satisfies (3.3). Furthermore, by substituting t by 0 then by 1 in (3.4),

we conclude that the boundary conditions in (3.3) hold. Therefore, u is a solution of the

problem (3.3).

3.2 Existence and uniqueness results

We are going to prove the existence and uniqueness result of (3.3) in C([0, 1],R) by fixed

point Theorems. For this end, we transform (3.3) into fixed point problem as u = Tu,

where the operator

T : C([0, 1],R) −→ C([0, 1],R),

is defined by

Tu(t) =

∫ t

0

(t− s)q+p−1

Γ(q + p)
g(s, u(s))ds+

∫ t

0

(t− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds

−
∫ t

0

(t− s)q−1

Γ(q)
f(s, u(s))ds− λ1(t)

[ i=n∑
i=1

αi

(∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)
g(s, u(s))ds

+

∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds

−
∫ ξi

0

(ξi − s)q−1

Γ(q)
f(s, u(s))ds

)
−
∫ 1

0

(1− s)q+p−1

Γ(q + p)
g(s, u(s))ds

−
∫ 1

0

(1− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds+

∫ 1

0

(1− s)q−1

Γ(q)
f(s, u(s))ds

]
+λ2(t)

j=m∑
j=1

βj

[ ∫ σj

0

(
(σj − s)q−1

Γ(q)
f(s, u(s))− (σj − s)q+p−1

Γ(q + p)
g(s, u(s))

−(σj − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτ

)
ds

]
. (3.15)

We set

Λ1 = Λ−
{

1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

}
, (3.16)
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where,

Λ =
1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

+λ̄1

[
1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

+
i=n∑
i=1

|αi|
(

ξqi
Γ(q + 1)

+
ξp+qi

Γ(q + p+ 1)
+

ξp+q+1
i

Γ(q + p+ 2)

)]

+λ̄2

j=m∑
j=1

|βj|
(

σqj
Γ(q + 1)

+
σp+qj

Γ(q + p+ 1)
+

σp+q+1
j

Γ(q + p+ 2)

)
, (3.17)

and

λ̄1 =
1

| k |

(
| ρ1 | +

| ρ2 |
Γ(q + 1)

)
, λ̄2 =

1

| k |

(
| ρ3 | +

| ρ4 |
Γ(q + 1)

)
. (3.18)

In the next, we present the main results.

3.2.1 Existence result via Leray-Schauder nonlinear alternative

theorem

Theorem 3.2 Let f, g ∈ C([0, 1]× R,R) and K ∈ C([0, 1]× [0, 1]× R,R) be continuous

functions. Assume that

(H1): There exist functions p1, p2 ∈ C([0, 1],R+), p3 ∈ C([0, 1] × [0, 1],R+), with p =

max{p1, p2, p3} and nondecreasing functions ψ1, ψ2, ψ3 : R+ → R+, with ψ = max{ψ1, ψ2, ψ3}

such that: |f(t, u(t))| ≤ p1(t)ψ1(‖u‖),

|g(t, u(t))| ≤ p2(t)ψ2(‖u‖), and |K(t, s, u(s))| ≤ p3(t, s)ψ3(‖u‖),

(H2): There exists a constant M > 0 such that M
‖p‖ψ(M)Λ

> 1.

Then the problem (3.3) admits at least one solution on [0, 1].

Proof. For r > 0, let Br = {u ∈ C([0, 1],R) : ‖u‖ ≤ r}, be a bounded set in C([0, 1],R).

We will show that T defined by (3.15) maps bounded sets into bounded sets in C([0, 1],R).

36



3.2. EXISTENCE AND UNIQUENESS RESULTS CHAPTER 3.

Then, by (H1), we have

|(Tu)(t)| ≤ ‖p1‖ψ1(‖u‖) sup
t∈[0,1]

[ ∫ t

0

(t− s)q−1

Γ(q)
ds+ |λ1(t)|

( i=n∑
i=1

|αi|
∫ ξi

0

(ξi − s)q−1

Γ(q)
ds

+

∫ 1

0

(1− s)q−1

Γ(q)
ds

)
+ |λ2(t)|

i=n∑
i=1

|βj|
∫ σj

0

(σj − s)q−1

Γ(q)
ds

)]

+‖p2‖ψ2(‖u‖) sup
t∈[0,1]

[ ∫ t

0

(t− s)q+p−1

Γ(q + p)
ds+ |λ1(t)|

( i=n∑
i=1

|αi|
∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)
ds

+

∫ 1

0

(1− s)q+p−1

Γ(q + p)
ds

)
+ |λ2(t)|

i=m∑
j=1

|βj|
∫ σj

0

(σj − s)q+p−1

Γ(q + p)
ds

]

+‖p3‖ψ3(‖u‖) sup
t∈[0,1]

[
|λ2(t)|

i=m∑
j=1

|βj|
∫ σj

0

(σj − s)q+p−1

Γ(q + p)

∫ s

0

dτds

+|λ1(t)|
( i=n∑

i=1

|αi|
∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)

∫ s

0

dτds

+

∫ 1

0

(1− s)q+p−1

Γ(q + p)

∫ s

0

dτds

)
+

∫ t

0

(t− s)q+p−1

Γ(q + p)

∫ t

0

dτds

]
.

Then by some calculations, we get

|(Tu)(t)| ≤ ‖p1‖ψ1(‖u‖) sup
t∈[0,1]

[
tq

Γ(q + 1)
+ |λ1(t)|

( i=n∑
i=1

|αi|
ξqi

Γ(q + 1)
+

1

Γ(q + 1)

)

+|λ2(t)|
j=m∑
j=1

|βj|
σqj

Γ(q + 1)

]
+ ‖p2‖ψ2(‖u‖) sup

t∈[0,1]

[
tq+p

Γ(q + p+ 1)

+|λ2(t)|
i=n∑
i=1

|βj|
σq+pj

Γ(q + p+ 1)
+ |λ1(t)|

(∑i=n
i=1 |αi|ξ

q+p
i

Γ(q + p+ 1)
+

1

Γ(q + p+ 1)

)]

+‖p3‖ψ3(‖u‖) sup
t∈[0,1]

[
tq+p+1

Γ(q + p+ 2)
+ |λ1(t)|

( i=n∑
i=1

|αi|
ξq+p+1
i

Γ(q + p+ 2)

+
tq+p−1

Γ(q + p+ 2)

)
+ |λ2(t)|

j=m∑
j=1

|βj|
σq+p+1
j

Γ(q + p+ 2)

]
≤ ‖p‖ψ(‖r‖)Λ.

Thus,

‖Tu‖ ≤ ‖p‖ψ(‖u‖)Λ ≤ ‖p‖ψ(r)Λ.
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Let t1, t2 ∈ [0, 1] with t1 < t2 and u ∈ Br, where Br is a bounded set of C([0, 1],R).

Then we have

|Tu(t2)− Tu(t1)| ≤
∣∣∣ ∫ t1

0

(t1 − s)q−1 − (t2 − s)q−1

Γ(q)
|f(s, u(s))|ds

∣∣∣
+
∣∣∣ ∫ t2

t1

(t2 − s)q+p−1

Γ(q + p)
|g(s, u(s))|ds

∣∣∣+
∣∣∣ ∫ t2

t1

(t2 − s)q−1

Γ(q)
|f(s, u(s))|ds

∣∣∣
+
∣∣∣ ∫ t1

0

(t1 − s)q+p−1 − (t2 − s)q+p−1

Γ(q + p)
|g(s, u(s))|ds

∣∣∣
+
∣∣∣ ∫ t1

0

(t1 − s)q+p−1 − (t2 − s)q+p−1

Γ(q + p)

∫ s

0

|K(s, τ, u(τ))|dτds
∣∣∣

+
∣∣∣ ∫ t2

t1

(t2 − s)q+p−1

Γ(q + p)

∫ s

0

|K(s, τ, u(τ))|dτds
∣∣∣

+|λ1(t2)− λ1(t1)|
[ ∫ 1

0

(1− s)q+p−1

Γ(q + p)
|g(s, u(s))|ds

+

∫ 1

0

(1− s)q−1

Γ(q)
|f(s, u(s))|ds+

∫ 1

0

(1− s)q+p−1

Γ(q + p)

∫ s

0

|K(s, τ, u(τ))|dτds

+
i=n∑
i=1

|αi|
(∫ ξi

0

(ξi − s)q−1

Γ(q)
|f(s, u(s))|ds

+

∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)

∫ s

0

|K(s, τ, u(τ))|dτds+

∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)
|g(s, u(s))|ds

)]
+|λ2(t2)− λ2(t1)|

j=m∑
j=1

|βj|
[ ∫ σj

0

(σj − s)q+p−1

Γ(q + p)

∫ s

0

|K(s, τ, u(τ))|dτds

+

∫ σj

0

(σj − s)q+p−1

Γ(q + p)
|g(s, u(s))|ds+

∫ σj

0

(σj − s)q−1

Γ(q)
|f(s, u(s))|ds

]
≤ ‖p‖ψ(‖r‖)

[
|tq+p1 − tq+p2 |+ 2(t2 − t1)q+p

Γ(q + p+ 1)
+
|tq1 − t

q
2|+ 2(t2 − t1)q

Γ(q + 1)

+
|tq+p+1

1 − tq+p+1
2 |+ 2(t2 − t1)q+p+1

Γ(q + p+ 2)
+

2t1(t2 − t1)q+p

Γ(q + p+ 1)

+
∣∣∣ρ4(tq2 − t

q
1)

kΓ(q + 1)

∣∣∣ j=m∑
j=1

|βj|
(

σqj
Γ(q + 1)

+
σp+qj

Γ(q + p+ 1)
+

σp+q+1
j

Γ(q + p+ 2)

)
+
∣∣∣ρ2(tq2 − t

q
1)

kΓ(q + 1)

∣∣∣ { 1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

+
i=n∑
i=1

|αi|
(

ξqi
Γ(q + 1)

+
ξp+qi

Γ(q + p+ 1)
+

ξp+q+1
i

Γ(q + p+ 2)

)}]
.
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If (t2 − t1) −→ 0, then the RHS of the above inequality tends to zero independently of

u ∈ Br. That is implies

‖Tu(t2)− Tu(t1)‖ −→ 0, if (t2 − t1) −→ 0,

then T maps bounded sets into equi-continuous sets of C([0, 1],R).

By Arzela-Ascoli theorem, we have T : C([0, 1],R) −→ C([0, 1],R) is completely con-

tinuous.

We will apply the Leray-Schauder nonlinear alternative once we establish the bounded-

ness of the set of all solutions to equation

u = εTu for ε ∈ (0, 1).

Let u be a solution of (3.3), then we will prove the boundedness of the operator T .

We have

|u(t)| ≤ ‖p‖ψ(‖u‖)
[

1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

+λ̄1

{
1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

+
i=n∑
i=1

|αi|
(

ξqi
Γ(q + 1)

+
ξp+qi

Γ(q + p+ 1)
+

ξp+q+1
i

Γ(q + p+ 2)

)}

+λ̄2

j=m∑
j=1

|βj|
(

σqj
Γ(q + 1)

+
σp+qj

Γ(q + p+ 1)
+

σp+q+1
j

Γ(q + p+ 2)

)]
≤ |p‖ψ(‖u‖)Λ,

which implies
‖u‖

‖p‖ψ(‖u‖)Λ
≤ 1.

Then by (H2), there exists M > 0 such that M 6= ‖u‖. Let us define a set

Y = {u ∈ C([0, 1],R)/ ‖u‖ < M},

and then

T : Ȳ −→ C([0, 1],R),
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is completely continuous. From the choice of Y , there is no u ∈ ∂Y such that

u = εTu for ε ∈ (0, 1).

Then by the nonlinear Leray-Schauder type, we conclude that the operator T has a

fixed point u ∈ Ȳ which is solution of the BVP (3.3).

3.2.2 Existence result via Krasnoselskii’s fixed point

Theorem 3.3 Let f, g,K be continuous functions satisfying

(H3) The inequalities

|f(t, u)− f(t, v)| ≤ L1|u− v|,

|g(t, u)− g(t, v)| ≤ L2|u− v|,

and

|K(t, s, u)−K(t, s, v)| ≤ L3|u− v|,

with L = max{L1, L2, L3} and L < 1
Λ1

, where Λ1 is given by (3.16).

(H4) The inequqlities

|f(t, u)| ≤ µ1(t),

|g(t, u)| ≤ µ2(t),

|K(t, s, u)| ≤ µ3(t, s),

∀(t, s, u) ∈ [0, 1]× [0, 1]× R, µ1, µ2 ∈ C([0, 1],R+), µ3 ∈ C([0, 1]2,R+),

and

µ = max{µ1, µ2, µ3}.

Then the BVP (3.3) has at a least one solution on [0, 1].
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Proof. We fix r̄ ≥ Λ‖µ‖ and consider the closed ball

Br̄ = {u ∈ C, ‖u‖ ≤ r̄}.

Next, let us define the operators T1, T2 on Br̄ as follows

T1u(t) =

∫ t

0

(t− s)q+p−1

Γ(q + p)
g(s, u(s))ds−

∫ t

0

(t− s)q−1

Γ(q)
f(s, u(s))ds

+

∫ t

0

(t− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds,

and

T2u(t) = −λ1(t)

[ i=n∑
i=1

αi

(∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)
g(s, u(s))ds

+

∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds−
∫ ξi

0

(ξi − s)q−1

Γ(q)
f(s, u(s))ds

)
−
∫ 1

0

(1− s)q+p−1

Γ(q + p)
g(s, u(s))ds−

∫ 1

0

(1− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτds

+

∫ 1

0

(1− s)q−1

Γ(q)
f(s, u(s))ds

]
+ λ2(t)

j=m∑
j=1

βj

∫ σj

0

(
(σj − s)q−1

Γ(q)
f(s, u(s))

−(σj − s)q+p−1

Γ(q + p)
g(s, u(s))− (σj − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, u(τ))dτ

)
ds.

For u, v ∈ Br̄ and t ∈ [0, 1], and by the assumption (H4) we find

‖T1u+ T2v‖ = sup
t∈[0,1]

|T1u(t) + T2v(t)|

≤ ‖µ‖
[

1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

+λ̄1

{
1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

+
i=n∑
i=1

|αi|
(

ξqi
Γ(q + 1)

+
ξp+qi

Γ(q + p+ 1)
+

ξp+q+1
i

Γ(q + p+ 2)

)}

+λ̄2

j=m∑
j=1

|βj|
(

σqj
Γ(q + 1)

+
σp+qj

Γ(q + p+ 1)
+

σp+q+1
j

Γ(q + p+ 2)

)]
.
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Then, we obtain,

‖T1u+ T2v‖ ≤ ‖µ‖Λ ≤ r̄.

This implies that (T1u+ T2v) ∈ Br̄.

We establish now that T2 is a contraction for u, v ∈ C([0, 1],R) and t ∈ [0, 1], we have

‖T2u− T2v‖ = sup
t∈[0,1]

|T2u(t)− T2v(t)|

≤ L‖u− v‖
[
λ̄1

{
1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

+
i=n∑
i=1

|αi|
(

ξqi
Γ(q + 1)

+
ξp+qi

Γ(q + p+ 1)
+

ξp+q+1
i

Γ(q + p+ 2)

)}

+λ̄2

j=m∑
j=1

|βj|
(

σqj
Γ(q + 1)

+
σp+qj

Γ(q + p+ 1)
+

σp+q+1
j

Γ(q + p+ 2)

)]
= LΛ1‖u− v‖.

Then since LΛ1 < 1, T2 is a contraction mapping. By the continuity of g, f,K we imply

that T1 is continuous. Also, T1 is uniformly bounded on Br̄ as

‖(T1u)(t)‖ = sup
t∈[0,1]

|T1u(t)|

≤ sup
t∈[0,1]

∫ t

0

(
− (t− s)q−1

Γ(q)
|f(s, u(s))|+ (t− s)q+p−1

Γ(q + p)
|g(s, u(s))|

)
ds

+ sup
(t,s)∈[0,1]×[0,1]

∫ t

0

(t− s)q+p−1

Γ(q + p)

∫ s

0

|K(τ, s, u(s))|dτds

≤ ‖µ‖
[

1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)

]
.

Finally, by (H3), the compactness of the operator T1 is proved, we define

f̄ = sup
(t,u)∈[0,1]×Br̄

|f(t, u)|, ḡ = sup
(t,u)∈[0,1]×Br̄

|g(t, u)|, K̄ = sup
(t,s,u)∈[0,1]×[0,1]×Br̄

|K(t, s, u)|.

Then, for 0 ≤ τ1 ≤ τ2 ≤ 1, we obtain

|(T1u)(τ1)− (T1u)(τ2)| ≤ |τ q1 − τ
q
2 |+ 2(τ1 − τ2)q

Γ(q + 1)
f̄ +
|τ q+p1 − τ q+p2 |+ 2(τ1 − τ2)q+p

Γ(q + p+ 1)
ḡ

+
|τ q+p+1

1 − τ q+p+1
2 |+ 2(τ1 − τ2)q+p+1

Γ(q + p+ 2)
K̄,
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as τ1 − τ2 −→ 0, independent of u, thus T1 is relatively compact on Br̄.

Hence, by the Arzela-Ascoli theorem, T1 is compact on Br̄. Thus the hypothesis of

Theorem 1.17 hold, that is the problem (3.3) has at least one solution on [0, 1].

3.2.3 Existence and uniqueness result via Banach’s fixed point

Theorem 3.4 Assume that f, g,K are continuous functions satisfy the assumption (H3).

Then the BVP (3.3) has a unique solutions on [0, 1] if LΛ < 1.

Proof. Define M = max{M1,M2,M3}, where M1,M2,M3 are positive numbers such that

sup
t∈[0,1]

|f(t, 0)| = M1,

sup
t∈[0,1]

|g(t, 0)| = M2,

sup
(t,s)∈[0,1]×[0,1]

|K(t, s, 0)| = M3.

Fixing r ≥ MΛ
1−LΛ

, we consider

Br = {u ∈ C, ‖u‖ ≤ r}.

Then, by (H3), we get

|f(t, u(t))| = |f(t, u(t))− f(t, 0) + f(t, 0)|

≤ |f(t, u(t))− f(t, 0)|+ |f(t, 0)|

≤ L1‖u‖+M1,

|g(t, u(t))| = |g(t, u(t))− g(t, 0) + g(t, 0)|

≤ |g(t, u(t))− g(t, 0)|+ |g(t, 0)|

≤ L2‖u‖+M2,
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and

|K(t, s, u(s))| ≤ |K(t, s, u(s))−K(t, s, u(0))|+ |K(t, s, u(0))|

≤ L3‖u‖+M3.

We will show that TBr ⊂ Br. For any u ∈ Br, we have

‖Tu‖ = sup
t∈[0,1]

|Tu(t)|

≤ (Lr +M)

[
1

Γ(q + 1)
+

1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)
+ λ̄1

{
1

Γ(q + 1)

+
1

Γ(q + p+ 1)
+

1

Γ(q + p+ 2)
+

i=n∑
i=1

|αi|
(

ξqi
Γ(q + 1)

+
ξp+qi

Γ(q + p+ 1)

+
ξp+q+1
i

Γ(q + p+ 2)

)}
+ λ̄2

j=m∑
j=1

|βj|
(

σqj
Γ(q + 1)

+
σp+qj

Γ(q + p+ 1)
+

σp+q+1
j

Γ(q + p+ 2)

)]
= (Lr +M)Λ ≤ r.

This implies that TBr ⊂ Br.

Now, for u, v ∈ C([0, 1],R) and for all t ∈ [0, 1], we have

‖Tu− Tv‖ = sup
t∈[0,1]

|Tu(t)− Tv(t)|

= sup

[ ∫ t

s

(t− s)q+p−1

Γ(q + p)

∫ s

0

|K(s, τ, u(τ))−K(s, τ, v(τ))|dτds

+

∫ t

0

(t− s)q+p−1

Γ(q + p)
|g(s, u(s))− g(s, v(s))|ds

+

∫ t

0

(t− s)q−1

Γ(q)
|f(s, u(s))− f(s, v(s))|ds

+|λ1(t)|
{ i=n∑

i=1

αi

∫ ξi

0

(
(ξi − s)q+p−1

Γ(q + p)

∫ s

0

|K(s, τ, u(τ))−K(s, τ, v(τ))|dτ

+
(ξi − s)q+p−1

Γ(q + p)
|g(s, u(s))− g(s, v(s))|

+
(ξi − s)q−1

Γ(q)
|f(s, u(s))− f(s, v(s))|

)
ds
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+

∫ 1

0

(1− s)q−1

Γ(q)
|f(s, u(s))− f(s, v(s))|ds

+

∫ 1

0

(1− s)q+p−1

Γ(q + p)
|g(s, u(s))− g(s, v(s))|ds

+

∫ 1

0

(1− s)q+p−1

Γ(q + p)

∫ s

0

|K(s, τ, u(τ))−K(s, τ, v(τ))|dτds
}

+|λ2(t)|
j=m∑
j=1

βj

∫ σj

0

(
(σj − s)q+p−1

Γ(q + p)

∫ s

0

|K(s, τ, u(τ))−K(s, τ, v(τ))|dτ

+
(σj − s)q−1

Γ(q)
|f(s, u(s))− f(s, u(s))|

+
(σj − s)q+p−1

Γ(q + p)
|g(s, u(s))− g(s, v(s))|

)
ds

]
≤ LΛ‖u− v‖. (3.19)

For LΛ < 1, it follows by (3.19) and Banach’s fixed point Theorem that the operator T is

a contraction, then there exists one solution of (3.3).

3.3 Generalized Ulam-Hyers stabilities

We will discuss the Ulam stability for (3.3) by using the folowing integral equation:

v(t) =

∫ t

0

(t− s)q+p−1

Γ(q + p)
g(s, v(s))ds+

∫ t

0

(t− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, v(τ))dτds

−
∫ t

0

(t− s)q−1

Γ(q)
f(s, v(s))ds− λ1(t)

[ i=n∑
i=1

αi

(∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)
g(s, v(s))ds

+

∫ ξi

0

(ξi − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, v(τ))dτds−
∫ ξi

0

(ξi − s)q−1

Γ(q)
f(s, v(s))ds

)
−
∫ 1

0

(1− s)q+p−1

Γ(q + p)
g(s, v(s))ds−

∫ 1

0

(1− s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, v(τ))dτds

+

∫ 1

0

(1− s)q−1

Γ(q)
f(s, v(s))ds

]
+ λ2(t)

j=m∑
j=1

βj

[ ∫ σj

0

(
(σj − s)q−1

Γ(q)
f(s, v(s))

−(σj − s)q+p−1

Γ(q + p)
g(s, v(s))− (σj − s)q+p−1

Γ(q + p)

∫ s

0

K(s, τ, v(τ))dτ

)
ds

]
.
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Here v ∈ C([0, 1],R) possesses a fractional derivative of order p+ q, where 0 < p, q < 1,

f, g : [0, 1]× R −→ R,

and

K : [0, 1]× [0, 1]× R −→ R,

are continuous functions. Then, we define the nonlinear continuous operator

G : C([0, 1],R) −→ C([0, 1],R),

as follows

Gv(t) =C Dp+qv(t) +C Dpf(t, v(t))− g(t, v(t))−
∫ t

0

K(t, s, v(s))ds.

Using the Ulam stability definitions, we get the following results: For each ε > 0 and for

each solution v of (3.3), let consider the following inequality:

‖Gv‖ ≤ ε, t ∈ [0, 1], (3.20)

Theorem 3.5 Under assumption (H3) in Theorem 3.3, with LΛ < 1. The problem (3.3)

is both Ulam-Hyers and generalized Ulam-Hyers stable.

Proof. Let u ∈ C([0, 1],R) be a solution of (3.3) satisfying (3.19) in the sens of Theorem

3.4. Let v be any solution satisfying (3.20). Furthermore, the equivalence in lemma 3.1

implies the equivalence between the operators G and T − Id (where Id is the identity

operator) for every solution v ∈ C([0, 1],R) of (3.3) satisfying LΛ < 1.

Therefore, we deduce by the fixed-point property of the operator T that:

|v(t)− u(t)| = |v(t)− Tv(t) + Tv(t)− u(t)|

≤ |Tv(t)− Tu(t)|+ |Tv(t)− v(t)|

= |Tv(t)− Tu(t)|+ |Gv(t)|,
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using the inequality (3.20), we get

‖v − u‖ ≤ LΛ‖v − u‖+ ‖Gv‖

≤ LΛ‖v − u‖+ ε,

because LΛ < 1 and ε > 0, we find

‖u− v‖ ≤ ε

1− LΛ
.

Fixing Cf,g,K = 1
1−LΛ

, we obtain the Ulam-Hyers stability condition. In addition, the

generalized Ulam-Hyers stability follows by taking Cf,g,K(ε) = ε
1−LΛ

.

3.4 Example

Let us consider

CD
2
3

{C
D

2
3u(t) + f(t, u(t))

}
= g(t, u(t)) +

∫ t

0

K(t, s, u(s))ds,

u(0) =

j=2∑
j=1

βju(σj), u(1) =
i=2∑
i=1

αiu(ξi),

(3.21)

where

p = q =
2

3
, σ1 =

1

2
, σ2 =

1

3
, ξ1 =

2

3
, ξ1 =

7

9
,

α1 = 2, α2 = −5, β1 = 3, β2 = 4.

The functions f(t, u(t)), g(t, u(t)) and K(t, s, u(t)) will be fixed later.

We then find that Λ = 29, 0059 and Λ1 = 26.6923.

We are going now to illustrate Theorem 3.2, for this end, we take

f(t, u(t)) =

(
cos t

94
+

e−t

t2 + 94e−t

)
u,

g(t, u(t)) =
sin t

35 + et

(
|u|

1 + ‖u‖
+ cosu

)
,

K(t, s, u(t)) =
es−t−1

64

(
u+ 2e−|u|

)
.
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Clearly

|f(t, u(t))| ≤
(
| cos t|

94
+

e−t

t2 + 94e−t

)
‖u‖ ≤

(
1

94
+

e−t

t2 + 94e−t

)
‖u‖,

|g(t, u(t))| ≤ | sin t|
35 + et

(
‖u‖

1 + ‖u‖
+ | cosu|

)
≤ 1

35 + et

(
1 + ‖u‖

)
,

|K(t, s, u(t))| ≤ es−t−1

64

(
‖u‖+ 2e−‖u‖

)
≤ es−t−1

64

(
‖u‖+ 2

)
,

with

P1(t) =
1

94
+

e−t

t2 + 94e−t
, ‖P1‖ =

1

47
,

P2(t) =
1

35 + et
, ‖P2‖ =

1

36
,

P3(t, s) =
es−t−1

64
, ‖P3‖ =

1

64
,

ψ1(‖u‖) = ‖u‖, ψ2(‖u‖) = ‖u‖+ 2, ψ3(‖u‖) = 2 + ‖u‖,

P = max

{
1

47
,

1

36
,

1

64

}
=

1

36
,

ψ = max

{
‖u‖, 1 + ‖u‖, 2 + ‖u‖

}
= 2 + ‖u‖.

By (H2), we find M > ‖P‖ψ(M)Λ = 8.2935.

Since all the conditions of Theorem 3.2 are satisfied, there exists at least one solution on

[0, 1] for the problem (3.21) with the functions are given by (3.22).

We illustrate Theorem 3.3, for this end, we take

f(t, u(t)) =
sinu

42
+ e−t cos t,

K(t, s, u(t)) =
es−t

48
cosu,

g(t, u(t)) =
|u|

64(1 + |u|)
+ 6t.

Note that L1 =
1

42
, L2 =

1

48
, L3 =

1

64
.

Moreover,

|f(t, u(t))| = | sinu|
42

+ e−t| cos t| ≤ 1

42
+ e−t| cos t| = µ1(t),
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|K(t, s, u(t))| ≤ es

48
= µ3(s),

|g(t, u(t))| ≤ 1

64
+ 6t = µ2(t).

Obviously, ‖µ1‖ =
43

42
, ‖µ2‖ =

385

64
, ‖µ3‖ =

e

48
,

and

L = max{L1, L2, L3} =
1

42
,

‖µ‖ = max{‖µ1‖, ‖µ2‖, ‖µ3‖} =
385

64
,

we get,

LΛ1 = 0.6355, ‖µ‖Λ = 174.4886.

Assumptions of Theorem 3.3 are satisfied. Hence, there exists at least one solution for

the problem (3.21) on [0, 1].

Let take the same functions in the last example of Theorem 3.3, we find:

LΛ = 0.7069 < 1,

then by Theorem 3.3, the problem (3.21) has a unique solution on [0, 1].
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Chapter 4

Existence and generalized

Ulam-Hyers-Rassias stability results

of the solution for nonlinear

fractional differential problem with

boundary conditions

Regarding the existence, we mention the work by Zhao and Ge [55], where the authors

used the Leray Schauder nonlinear alternative theorem to show the existence of positive

solutions to the following fractional order differential equation
Dα

0+u(t) + f(t, u(t)) = 0, t ∈ [0,+∞),

u(0) = 0, Dα−1
0+ u(+∞) = βu(ξ).

(4.1)

where

1 < α ≤ 2, f ∈ C([0,+∞)× R, [0,+∞)), 0 ≤ ξ, β < +∞.
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G. Wang et al. [50] discussed the existence of the solutions for nonlinear fractional dif-

ferential equations with integral boundary conditions on an unbounded domain. Precisely,

the authors consider the following problem
Dα

0+u(t) + f(t, u(t)) = 0, t ∈ [0,+∞),

u(0) = 0, Dα−1
0+ u(+∞) = λ

∫ τ

0

u(s)ds.
(4.2)

where

1 < α ≤ 2, f ∈ C([0,+∞)× R,R), 0 ≤ λ, τ < +∞.

Shen et al. [44], considered the existence of solution for BVP of nonlinear multi-point

fractional differential equation
Dγ

0+u(t) = f(t, u(t), Dγ
0+u(t)), t ∈ [0,+∞),

u(0) = 0, u′(0) = 0, Dγ−1
0+ u(+∞) =

m−2∑
i=1

βiu(ξi).
(4.3)

where

2 < γ ≤ 3, f ∈ C(R+ × R× R,R) and Γ(β)−
m−2∑
i=1

βiξ
γ−1
i .

In the present chapter, by the Schauder’s fixed theorem we prove the existence and

generalized Ulam-Hyers-Rassias stability for the next boundary value problem of fractional

differential equation on infinite interval:
Dβ

0+u(t) + f(t, u(t)) + θ(t)g(u(t)) = 0, t ∈ [0,+∞),

u(0) = 0, u′(0) = 0, Dβ−1
0+ u(+∞) = bu(ξ) + λ

∫ σ

0

u(s)ds,
(4.4)

where

2 < β ≤ 3, 0 ≤ λ, b <∞, we fix 0 ≤ ξ < σ <∞.

The functions f : R+ × R −→ R, g : R −→ R are continuous and θ is a continuous

decreasing positive function such that: 0 < θ(t) ≤ 1, for all t ∈ [0,+∞). Dβ
0+ is the

standard Riemann-Liouville fractional derivative of order β.
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4.1 Green’s function and integral equation :

Lemma 4.1 u is a solution of the problem (4.4) if and only if u satisfies the following

integral equation:

u(t) =

∫ +∞

0

H(t, s)
[
f(s, u(s)) + θ(s)g(u(s))

]
ds, (4.5)

where

H(t, s) =



−(t− s)β−1

Γ(β)
+

[
Γ(β + 1)− bβ(ξ − s)β−1 − λ(σ − s)β

]
tβ−1

Γ(β)
[
Γ(β + 1)− λσβ − bβξβ−1

] , s ≤ t, s ≤ ξ,

[
Γ(β + 1)− bβ(ξ − s)β−1 − λ(σ − s)β

]
tβ−1

Γ(β)
[
Γ(β + 1)− λσβ − bβξβ−1

] , t ≤ s ≤ ξ ≤ σ,

−(t− s)β−1

Γ(β)
+

[
Γ(β + 1)− λ(σ − s)β

]
tβ−1

Γ(β)
[
Γ(β + 1)− λσβ − bβξβ−1

] , ξ ≤ s ≤ t, s ≤ σ,

[
Γ(β + 1)− λ(σ − s)β

]
tβ−1

Γ(β)
[
Γ(β + 1)− λσβ − bβξβ−1

] , ξ ≤ s < σ, t ≤ s,

−(t− s)β−1

Γ(β)
+

Γ(β + 1)tβ−1

Γ(β)
[
Γ(β + 1)− λσβ − bβξβ−1

] , ξ ≤ σ ≤ s ≤ t,

βtβ−1

Γ(β + 1)− λσβ − bβξβ−1
, s ≥ t, s ≥ σ.

Proof. Using the last lemma 1.21, we have

u(t) = −Iβ0+

[
f(t, u(t)) + θ(t)g(u(t))

]
+ c1t

β−1 + c2t
β−2 + c3t

β−3. (4.6)
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By the first and second conditions we get

c3 = 0 and c2 = 0.

Consequently,

u(t) = −Iβ0+

[
f(t, u(t)) + θ(t)g(u(t))

]
+ c1t

β−1.

From the third boundary condition, it follows that

Dβ−1
0+ u(t) = −Iβ−β+1

0+

[
f(t, u(t)) + θ(t)g(u(t))

]
+ c1Γ(β)

= −
∫ t

0

[
f(s, u(s)) + θ(s)g(u(s))

]
ds+ c1Γ(β).

On the other hand and by some computations, we find:

bu(ξ) + λ

∫ σ

0

u(s)ds = −bIβ0+

[
f(ξ, u(ξ)) + θ(ξ)g(u(ξ))

]
+ c1bξ

β−1

−λ
∫ σ

0

Iβ0+

[
f(s, u(s)) + θ(s)g(u(s))

]
ds+ λ

∫ σ

0

c1s
β−1ds

= −bIβ0+

[
f(ξ, u(ξ)) + θ(ξ)g(u(ξ))

]
+ c1bξ

β−1

−λIβ+1
0+

[
f(σ, u(σ)) + θ(σ)g(u(σ))

]
+
λσβ

β
c1.

Then, we deduce

c1 =
β

Γ(β + 1)− λσβ − bβξβ−1

[ ∫ +∞

0

[
f(s, u(s)) + θ(s)g(u(s))

]
ds

−bIβ0+

[
f(ξ, u(ξ)) + g(u(ξ))

]
− λIβ+1

0+

[
f(σ, u(σ)) + θ(σ)g(u(σ))

]]
.

By substituting the values of c1, c2 and c3 in (4.6), we get the following integral equation:

u(t) = −
∫ t

0

(t− s)β−1

Γ(β)

[
f(s, u(s)) + θ(s)g(u(s))

]
ds

+
βtβ−1

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

[
f(s, u(s)) + θ(s)g(u(s))

]
ds

− bβtβ−1

Γ(β + 1)− λσβ − bβξβ−1

∫ ξ

0

(ξ − s)β−1

Γ(β)

[
f(s, u(s)) + θ(s)g(u(s))

]
ds

− λβtβ−1

Γ(β + 1)− λσβ − bβξβ−1

∫ σ

0

(σ − s)β

Γ(β + 1)

[
f(s, u(s)) + θ(s)g(u(s))

]
ds.
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Then we get (4.5).

Conversely, suppose that (4.5) is satisfied. To get (4.4), we use the following appropriate

relationships

Dβ
0+I

β
0+

[
f(t, u(t)) + θ(t)g(u(t))

]
= f(t, u(t)) + θ(t)g(u(t)) and Dβ

0+t
β−1 = 0.

The work in this chapter is organized as follows. In section 4.2, we provide the proofs

of the existence of the solution for the problem (4.4) in the Banach space. The generalized

Ulam-Hyers stable is stated and proved in section 4.3. Finally, an illustrative example are

presented.

4.2 Schauder’s existence result

Let define the following Banach space:

E =
{
u ∈ C[0,+∞) : sup

t≥0

|u(t)|
1 + tβ−1

< +∞
}
, (4.7)

equipped with the norm

‖u‖E = sup
t≥0

|u(t)|
1 + tβ−1

.

In order to prove the existence of the solution for the problem (4.4) in E, we transform

the problem (4.4) into fixed point problem Pu = u, where P is an operator defined on

B(r) = {u ∈ E, ‖u‖E ≤ r},

by

Pu(t) =

∫ +∞

0

H(t, s)
[
f(s, u(s)) + θ(s)g(u(s))

]
ds.

54



4.2. SCHAUDER’S EXISTENCE RESULT CHAPTER 4.

Theorem 4.2 Let f : [0,+∞)× R −→ R and g : R −→ R are two functions such that:

(A1) Γ(β + 1) > λσβ + bβξβ−1,

(A2) There exist a nonnegative measurable function ψ1 defined on [0,+∞) and a real con-

stant L > 0 such that:

|f(t, u(t))− f(t, v(t))| ≤ ψ1(t)|u(t)− v(t)|, u, v ∈ R,

|g(u(t))− g(v(t))| ≤ L|u(t)− v(t)|, u, v ∈ R,

and

β

∫ +∞

0

(1 + tβ−1)
[
ψ1(t) + ψ2(t)

]
dt < Γ(β + 1)− λσβ − bβξβ−1,

with

ψ2(t) = θ(t)L, for each t ∈ [0,+∞).

(A3) Let φ1(t) = |f(t, 0)| and φ2(t) = θ(t)|g(0)|, t ∈ [0,+∞) such that:∫ +∞

0

[
φ1(t) + φ2(t)

]
dt < +∞.

Then, the problem (4.4) has at least one solution in E on [0,+∞).

Lemma 4.3 If (A1) holds, then the Green’s function H(t, s) satisfies

for all ξ, σ, s, t ∈ [0,+∞), we have

H(t, s)

1 + tβ−1
≤ β

Γ(β + 1)− λσβ − bβξβ−1
.

Proof. If s ≤ t, and s ≤ ξ, we get

H(t, s)

1 + tβ−1
= − (t− s)β−1

(1 + tβ−1)Γ(β)
+

[
Γ(β + 1)− bβ(ξ − s)β−1 − λ(σ − s)β

]
tβ−1

Γ(β)
[
Γ(β + 1)− λσβ − bβξβ−1

]
(1 + tβ−1)

≤ Γ(β + 1)tβ−1

Γ(β)
[
Γ(β + 1)− λσβ − bβξβ−1

]
(1 + tβ−1)

≤ β

Γ(β + 1)− λσβ − bβξβ−1
.
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All other cases of H(t, s) are simple. This completes the proof of Lemma 4.3.

Proof. (Of Theorem 4.2) We use the Schauder’s fixed point theorem to prove our

existence result, for this end, it is divided into three steps.

Step (1): Let us r > 0 such that

r ≥
β
∫ +∞

0
[φ1(s) + φ2(s)]ds

Γ(β + 1)− λσβ − bβξβ−1 − β
∫ +∞

0
(1 + sβ−1)[ψ1(s) + ψ2(s)]ds

.

It is obvious that, if u is a continuous function on R+, then Pu ∈ C(R+). To show that

P (Br) ⊂ Br, let u ∈ Br and t ∈ R+. Then, We have∣∣∣∣ Pu(t)

1 + tβ−1

∣∣∣∣ =

∣∣∣∣ ∫ +∞

0

H(t, s)

1 + tβ−1

[
f(s, u(s)) + θ(s)g(u(s))

]
ds

∣∣∣∣
≤ β

Γ(β + 1)− λσβ − bβξβ−1

∣∣∣∣ ∫ +∞

0

[
f(s, u(s)) + θ(s)g(u(s))

]
ds

∣∣∣∣
≤ β

Γ(β + 1)− λσβ − bβξβ−1
×∫ +∞

0

[
|f(s, u(s))− f(s, 0)|+ θ(s)|g(u(s))− g(0)|+ |f(s, 0)|+ |θ(s)g(0)|

]
ds

≤ β

Γ(β + 1)− λσβ − bβξβ−1
ınt+∞0

[
ψ1(s)|u(s)|+ θ(s)L|u(s)|+ φ1(s) + φ2(s)

]
ds.

≤ β

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

[
φ1(s) + φ2(s)

]
ds

+
β‖u‖E

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

(1 + sβ−1)[ψ1(s) + ψ2(s)]ds.

Thus, ∣∣∣∣ Pu(t)

1 + tβ−1

∣∣∣∣ ≤ β

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

[
φ1(s) + φ2(s)

]
ds

+
βr

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

(1 + sβ−1)[ψ1(s) + ψ2(s)]ds.

≤ r.

Therefore ‖P‖E ≤ r, thus P (Br) ∈ Br.

Step (2): P : Br −→ Br is continuous. Let {un} be a sequence which converges to u in
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Br. Then, for all t ∈ [0,+∞),∣∣∣Pun(t)− Pu(t)

1 + tβ−1

∣∣∣
=

∣∣∣∣ ∫ +∞

0

H(t, s)

1 + tβ−1

[(
f(s, un(s))− f(s, u(s))

)
+ θ(s)

(
g(un(s))− g(u(s))

)]
ds

∣∣∣∣
≤ β

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

∣∣∣∣(f(s, un(s))− f(s, u(s))
)

+ θ(s)
(
g(un(s))− g(u(s))

)∣∣∣∣ds
≤ β

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

[∣∣∣f(s, un(s))− f(s, u(s))
∣∣∣+ θ(s)

∣∣∣g(un(s))− g(u(s))
∣∣∣]ds

≤ β‖un − u‖E
Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

[ψ1(s) + ψ2(s)](1 + sβ−1)ds

< ‖un − u‖E.

So we conclude that ‖Pun − Pu‖E −→ 0 as n −→ +∞. Hence, P is a continuous operator

on E.

Step (3): We have two claims to verify that P (Br) is a relatively compact set :

First claim: Let I ⊂ R+ be a compact interval, t1, t2 ∈ I and t1 < t2. Then for any

u ∈ Br, we have :∣∣∣ Pu(t2)

1 + tβ−1
2

− Pu(t1)

1 + tβ−1
1

∣∣∣
≤

∫ +∞

0

∣∣∣∣H(t2, s)

1 + tβ−1
2

− H(t1, s)

1 + tβ−1
1

∣∣∣∣∣∣f(s, u(s)) + θ(s)g(u(s))
∣∣ds

≤
∫ +∞

0

∣∣∣∣H(t2, s)

1 + tβ−1
2

− H(t1, s)

1 + tβ−1
1

∣∣∣∣[[ψ1(s) + ψ2(s)](1 + sβ−1)‖u‖E + φ1(s) + φ2(s)
]
ds.

Since it is continuous on R+ × R+, we have that H(t, s)/(1 + tβ−1) is a uniformly

continuous function on the compact set I × I. Moreover, for s ≥ t, we have that this

function depends only on t, consequently it is uniformly continuous on I × (R+\I).

Therefore, we have that, for all s ∈ R+ and t1, t2 ∈ I, the following property holds:

For all ε > 0, there is δ(ε) > 0 such that, if |t1 − t2| < δ, then∣∣∣∣H(t2, s)

1 + tβ−1
2

− H(t1, s)

1 + tβ−1
1

∣∣∣∣ ≤ ε.
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This property, together with (4.8) and the fact that∫ +∞

0

[
(1 + sβ−1)[ψ1(s) + ψ2(s)]r + φ1(s) + φ2(s)

]
ds <∞, (4.8)

means that Pu(t)/(1 + tβ−1) is equicontinuous on I.

Second claim: To verify condition (ii) in lemma 1.9, we use the following property:

lim
t−→+∞

H(t, s)

1 + tβ−1
=

1

Γ(β)
[
Γ(β + 1)− λσβ − bβξβ−1

]

×



λ
[
σβ − (σ − s)β

]
+ bβ

[
ξβ−1 − (ξ − s)β−1

]
, s ≤ t, s ≤ ξ,

Γ(β + 1)− bβ(ξ − s)β−1 − λ(σ − s)β, t ≤ s ≤ ξ ≤ σ,

λ
[
σβ − (σ − s)β

]
+ bβξβ−1, ξ ≤ s ≤ σ,

Γ(β + 1)− λ(σ − s)β, ξ ≤ t, s < σ,

λσβ + bβξβ−1, ξ ≤ σ ≤ s ≤ t,

βΓ(β), s ≥ σ, s ≥ t.

(4.9)

From (4.9), it is easy to verify that, for any ε > 0 given, there exists a constant T = T (ε) > 0

such that ∣∣∣∣H(t2, s)

1 + tβ−1
2

− H(t1, s)

1 + tβ−1
1

∣∣∣∣ ≤ ε, t1, t2 ≥ T and s ∈ R+.

Now, from (4.8) and (4.8), we have that the same property holds for Pu(t)/(1 + tβ−1),

uniformly for u ∈ Br . Hence, P (Br) is equiconvergent at ∞.

Consequently, lemma 1.9 implies that P (Br) is relatively compact.

Therefore the operator P has a fixed point on Br. Then from Schauder’s fixed point

theorem, we conclude that the problem (4.4) has at least one solution in E.

58



4.3. GENERALIZED ULAM-HYERS-RASSIAS STABILITY : CHAPTER 4.

4.3 Generalized Ulam-Hyers-Rassias stability :

Before stating and proving our main stability results, let us consider the following integra-

tion formula

v(t) =

∫ +∞

0

H(t, s)
[
f(s, v(s)) + θ(s)g(v(s))

]
ds. (4.10)

Here, we suppose that v ∈ C([0,+∞), E) has a fractional derivative of order β, where

E is define 4.7, 2 < β ≤ 3, f : [0,+∞) × E −→ R and g : E −→ R are two continuous

functions and let define the following nonlinear continuous operator

F : R −→ R,

Fv(t) = Dβ
0+v(t) + f(t, v(t)) + θ(t)g(v(t)),

For each ε > 0 and for each solution v of (4.4), let consider the following inequality:

‖Fv‖E ≤ ε, t ∈ R+. (4.11)

Theorem 4.4 If the assumptions (A1) and (A2) hold, then the problem (4.4) is generalized

Ulam-Hyers stable.

Proof. By the equivalence between the operators (Id − P ) and F and the assumptions

(A1), (A2) we find:

|v(t)− u(t)| ≤ |v(t)− Pv(t)|+ |Pv(t)− u(t)|

= |(Id− P )v(t)|+ |Pv(t)− Pu(t)|
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Then, we conclude:

|v(t)− u(t)| ≤ |Fv(t)|+
∣∣∣∣ ∫ +∞

0

H(t, s)
[
f(s, v(s))− f(s, u(s))

]
ds

−
∫ +∞

0

H(t, s)θ(s)
[
g(v(s))− g(u(s))

]
ds

∣∣∣∣
≤ |Fv(t)|+

∣∣∣∣ ∫ +∞

0

H(t, s)
[
f(s, v(s))− f(s, u(s))

]
ds

∣∣∣∣
+

∣∣∣∣ ∫ +∞

0

H(t, s)θ(s)
[
g(v(s))− g(u(s))

]
ds

∣∣∣∣.
That is,

‖v − u‖E ≤ ‖Fv‖E +
β‖v − u‖E

Γ(β + 1)− λσβ − bβξβ−1
×∫ +∞

0

[
ψ1(s) + ψ2(s)

]
(1 + s1−β)ds

≤ ε+
β‖v − u‖E

Γ(β + 1)− λσβ − bβξβ−1
×∫ +∞

0

[
ψ1(s) + ψ2(s)

]
(1 + s1−β)ds,

consequently,

‖v − u‖E

≤ Γ(β + 1)− λσβ − bβξβ−1

Γ(β + 1)− λσβ − bβξβ−1 − β
∫ +∞

0
[ψ1(s) + ψ2(s)](1 + sβ−1)ds

ε, (4.12)

thus, we get the Ulam-Hyers stability of (4.4). Then, if we take Cf (ε) equal to the right

hand side of (4.12) we obtain the generalized Ulam-Hyers stability of (4.4).

Theorem 4.5 Assume that the hypotheses (A1) and (A2) hold. If in addition the following

hypotheses hold.

(A4) there exist two positive constants p and q such that:

ψ1(t) ≤ p

‖v − u‖E
Φ(t), and ψ2(t) ≤ q

‖v − u‖E
Φ(t). (4.13)
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(A5) There exists a positive real number CΦ such that for each t ∈ [0,+∞) we have:

Φ(t) ≤
∫ ∞

0

(1 + sβ−1)Φ(s)ds ≤ CΦΦ(t). (4.14)

Then, the problem (4.4) is generalized Ulam-Hyers-Rassias stable.

Proof. By exploiting the assumptions (A2), (A3), (A4) and (A5) then we get:

|v(t)− u(t)| ≤ |v(t)− Pv(t)|+ |Pv(t)− u(t)|

≤ |Fv(t)|+ |Pv(t)− Pu(t)|

≤ |Fv(t)|+
∣∣∣∣ ∫ +∞

0

H(t, s)
[
f(s, v(s))− f(s, u(s))

]
ds

∣∣∣∣
+

∣∣∣∣ ∫ +∞

0

H(t, s)θ(s)
[
g(v(s))− g(u(s))

]
ds

∣∣∣∣.
Then,

‖u− v‖E ≤ ‖Fv‖E +

∣∣∣∣∣
∫ ∞

0

H(t, s)

1 + t1−β

[
f(s, v(s))− f(s, u(s))

]
ds

∣∣∣∣∣
+

∣∣∣∣∣
∫ ∞

0

H(t, s)

1 + t1−β
θ(s)

[
g(v(s))− g(u(s))

]
ds

∣∣∣∣∣
≤ Φ(t) +

β

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

∣∣f(s, v(s))− f(s, u(s))
∣∣ds

+
β

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

θ(s)
∣∣g(v(s))− g(u(s))

∣∣ds
≤

∫ ∞
0

(1 + sβ−1)Φ(s)ds

+
β

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

∣∣f(s, v(s))− f(s, u(s))
∣∣ds

+
β

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

θ(s)
∣∣g(v(s))− g(u(s))

∣∣ds
≤ CΦΦ(t) +

β(p+ q)

Γ(β + 1)− λσβ − bβξβ−1

∫ +∞

0

(1 + s)1−βΦ(s)ds

≤
(

1 +
β(p+ q)

Γ(β + 1)− λσβ − bβξβ−1

)
CΦΦ(t)

= Cf,ΦΦ(t).
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Hence, the problem (4.4) is generalized Ulam-Hyers-Rassias stable.

Example 4.6
D

5
2

0+u(t) =
e−t + sin(u(t))

100(1 + t2)(1 + t
3
2 )

+
1 + sin(u(t))

100(1 + t)2(1 + t
3
2 )
, t ∈ [0,+∞),

u(0) = 0, u′(0) = 0, D
3
2

0+u(+∞) = bu(1) + λ

∫ 2

0

u(s)ds.

(4.15)

In this example, we have

f(t, u(t)) =
e−t + sin(u(t))

100(1 + t2)(1 + t
3
2 )
, g(u(t)) = 1 + sin(u(t)),

∣∣f(t, u(t))− f(t, v(t))
∣∣ ≤ 1

100(1 + t2)(1 + t
3
2 )

∣∣u(t)− v(t)
∣∣,

∣∣g(u(t))− g(v(t))
∣∣ ≤ ∣∣u(t)− v(t)

∣∣, L = 1, θ(t) =
1

100(1 + t)2(1 + t
3
2 )
,

and

ψ1(t) =
1

100(1 + t2)(1 + t
3
2 )
, ψ2(t) =

1

100(1 + t)2(1 + t
3
2 )
.

• Since, ξ and σ are fixed, then λ and b are chosen so that the hypothesis (A1) is satisfied.

So, we have


b <

Γ(β + 1)− λσβ

βξβ−1
,

λ <
Γ(β + 1)

σβ
.

In our example, we have: β = 5
2
, ξ = 1, σ = 2. Then,
b <

2
(
Γ(7

2
)− 4

√
2
)

5
≈ 0.19,

λ <
Γ(7

2
)

4
√

2
≈ 0.58.
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So, we can choose λ =
1

2
and b =

1

10
.

• By simple computation, we get

β

∫ +∞

0

(1 + tβ−1)
[
ψ1(t) + ψ2(t)

]
dt =

5

200

∫ +∞

0

dt

1 + t2
+

5

200

∫ +∞

0

dt

(1 + t)2

=
5

200

[
arctan(t)− 1

1 + t

]+∞

0

=
5

200

(π
2

+ 1
)
≈ 0.06,

and

Γ(β + 1)− λσβ − bβξβ−1 ≈ 0.25.

Thus, (A2) is satisfied.

• Now, it remains to verify (A3). We have∫ +∞

0

[
φ1(t) + φ2(t)

]
dt ≤

∫ +∞

0

( 1

(1 + t2)
+

1

(1 + t)2

)
dt

=
π

2
+ 1 < +∞. (4.16)

All hypotheses of Theorem 4.2 are satisfied, therefore the boundary value problem (4.4) has

at least one solution in R+.
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Chapter 5

Existence and stability results of the

solution for nonlinear fractional

differential problem with initial

conditions

Recently, there are a number of general mathematical approaches that make it possible to

construct solutions and to treat the stability, one of which is Krasnoselskii’s fixed point

theory.

In [24], Ge and Kou investigated the stability of the solutions of the following nonlinear

Caputo fractional differential equation
CDβ

0+x(t) = f(t, x(t)), t ≥ 0,

x(0) = x0, x′(0) = x1,

(5.1)

where 1 < β < 2, (x0, x1) ∈ R2, f : R+ × R −→ R is continuous function with f(t, 0) ≡ 0.
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In [19], the authors discuss the standard approaches to the problem of stability and

asymptotic stability of the zero solution to the delay fractional differential equations


CDα

0+x(t) = f(t, x(t), x(t− τ(t)) + CDα−1
0+ g(t, x(t− τ(t))), t ≥ 0,

x(t) = φ(t), t ∈ [m0, 0], x′(0) = x1,

(5.2)

where 1 < α < 2, g(t, 0) = f(t, o, o) = 0, x1 ∈ R.

By converting the nonlinear delay fractional differential equation to an ordinary delay

differential equation with a fractional integral perturbation. The main results of existence

and stability are obtained via the Krasnoselskii’s fixed point theorem in a weighted Banach

space.

In this chapter, we use the Krasnoselskii’s fixed point theory and a weighted Banach

space to prove the existence and asymptotic stability of the solution on unbounded domain

for the next initial value problem of fractional differential equation :
CDp

0+u(t) = g(t, u(t)) + CDp−1
0+ f(t, u(t)), t ∈ [0,+∞),

u(0) = u0, u′(0) = u1,

(5.3)

where

1 < p ≤ 2, (u0, u1) ∈ R2, f, g : R+ × R −→ R

f, g are continuous functions with f(t, 0) = g(t, 0) ≡ 0.

5.1 Equivalent integral equation :

Lemma 5.1 Let g(t, u(t)) ∈ C[0,+∞) and f(t, u(t)) ∈ C1[0,+∞).

Then u(t) ∈ C[0,+∞) is a solution of (5.3) if and only if u(t) is a solution of the following
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Cauchy system:
u′(t) = Ip−1

0+

(
g(t, u(t)) + CDp−1

0+ f(t, u(t))

)
+ u1, t ≥ 0,

u(0) = u0,

(5.4)

Proof. To begin the proof, note that for any 0 < α ≤ 1, if ϕ ∈ C[0,+∞), then

(Iα0+ϕ)(0) = 0. Indeed

|Iα0+ϕ(t)| =
1

Γ(α)

∣∣∣∣ ∫ t

0

(t− s)α−1ϕ(s)ds

∣∣∣∣
≤ ‖ϕ‖t

Γ(α + 1)
tα −→ 0, as t −→ 0. (5.5)

To simplify calculations, we use the notation

m(t) = g(t, u(t)) + CDp−1
0+ f(t, u(t)),

(1) let u(t) ∈ C[0,+∞) be a solution of (5.3), we get

CDp
0+u(t) = (CDp−1

0+
CD1

0+u)(t) = (CDp−1
0+ u′)(t) = m(t).

Then from lemma 1.23 we obtain

u′(t) = Ip−1
0+

CDp−1
0+ u′(t) = u′(0) + Ip−1

0+ m(t) = Ip−1
0+ m(t) + u1.

Therefore u(t) is a solution of (5.4).

(2) Conversely, let u(t) be a solution of the problem (5.4). Then we have

CDp
0+u(t) = CDp−1

0+ u′(t) = (CDp−1
0+ Ip−1

0+ m)(t) + CDp−1
0+ u1 = m(t).

Sincem(t) ∈ C(R+), then we find (Ip−1
0+ m)(0) = 0, this implies u′(0) = (Ip−1

0+ m)(0)+u1 = u1.

Thus, u(t) is a solution of the problem (5.3).
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Lemma 5.2 The problem (5.4) is equivalent to the problem
u′(t) = −ρu(t) +G(t, u(t)) +

d

dt

∫ t

0

ψ(t− s)u(s)ds,

u(0) = u0,

(5.6)

where: ψ(t− s) = (t−s)p−1

Γ(p)
+ ρ, ∀ρ ∈ R, 0 ≤ s ≤ t < +∞,

and: G(t, u(t)) = Ip−1
0+

(
g(t, u(t))− u(t)

)
+ f(t, u(t))− f(0, u0) + u1.

Proof.

u′(t) = Ip−1
0+

(
g(t, u(t)) + CDp−1

0+ f(t, u(t))

)
+ u1

= Ip−1
0+

(
g(t, u(t)) + CDp−1

0+ f(t, u(t))− u(t)

)
+ Ip−1

0+ u(t) + u1

= Ip−1
0+

(
g(t, u(t))− u(t)

)
+ Ip−1

0+
CDp−1

0+ f(t, u(t)) + Ip−1
0+ u(t) + u1

= Ip−1
0+

(
g(t, u(t))− u(t)

)
+ f(t, u(t))− f(0, u0) + Ip−1

0+ u(t) + u1

= G(t, u(t)) + Ip−1
0+ u(t)

= G(t, u(t)) +D
[
Ip0+u(t) + I0+ρu(t)

]
− ρu(t)

= G(t, u(t)) +
d

dt

∫ t

0

[(t− s)p−1

Γ(p)
+ ρ
]
u(s)ds− ρu(t)

= G(t, u(t)) +
d

dt

∫ t

0

ψ(t− s)u(s)ds− ρu(t).

Lemma 5.3 u(t) is a solution of the problem (5.6) if and only if u(t) satisfies the following

integral equation:

u(t) = e−ρtu0 +
(1− e−ρt)

ρ

(
u1 − f(0, u0)

)
+ ρ

∫ t

0

e−ρ(t−x)u(x)dx (5.7)

+

∫ t

0

e−ρ(t−s)f(s, u(s))ds+

∫ t

0

∫ t

x

e−ρ(t−s)

Γ(p− 1)
(s− x)p−2ds g(x, u(x))dx.
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Proof. Using the variation of constants method to the first order nonlinear equation in

(5.6) with integration by parts, we find:

u(t) = e−ρtu0 +

∫ t

0

e−ρ(t−s)
[
G(s, u(s)) +

d

ds

∫ s

0

ψ(s− x)u(x)dx

]
ds

= e−ρtu0 +

∫ t

0

e−ρ(t−s)
[
d

ds

∫ s

0

ψ(s− x)u(x)dx

]
ds+

∫ t

0

e−ρ(t−s)G(s, u(s))ds

= e−ρtu0 +

[
e−ρ(t−s)

∫ s

0

ψ(s− x)u(x)dx

]s=t
s=0

− ρ
∫ t

0

e−ρ(t−s)
∫ s

0

ψ(s− x)u(x)dxds

+

∫ t

0

e−ρ(t−s)
[
Ip−1

0+ g(s, u(s))− Ip−1
0+ u(s) + f(s, u(s))− f(0, u0) + u1

]
ds

= e−ρtu0 +

∫ t

0

ψ(t− s)u(s)ds− ρ
∫ t

0

∫ t

x

e−ρ(t−s)ψ(s− x)dsu(x)dx

+

∫ t

0

e−ρ(t−s)
∫ s

0

(s− x)p−2

Γ(p− 1)
g(x, u(x))dxds−

∫ t

0

e−ρ(t−s)
∫ s

0

(s− x)p−2

Γ(p− 1)
u(x)dxds

+

∫ t

0

e−ρ(t−s)f(s, u(s))ds−
∫ t

0

e−ρ(t−s)f(0, u0)ds+

∫ t

0

e−ρ(t−s)u1ds

= e−ρtu0 +

∫ t

0

ψ(t− s)u(s)ds− ρ
∫ t

0

∫ t

x

e−ρ(t−s)ψ(s− x)dsu(x)dx

+
1

Γ(p− 1)

∫ t

0

∫ t

x

e−ρ(t−s)(s− x)p−2ds g(x, u(x))dx− 1− e−ρt

ρ

(
u1 − f(0, u0)

)
+

∫ t

0

e−ρ(t−s)f(s, u(s))ds−
∫ t

0

∫ t

x

e−ρ(t−s)∂ψ(s− x)

∂s
ds u(s)dx

= e−ρtu0 +

∫ t

0

ψ(t− s)u(s)ds− ρ
∫ t

0

∫ t

x

e−ρ(t−s)ψ(s− x)dsu(x)dx

+
1

Γ(p− 1)

∫ t

0

∫ t

x

e−ρ(t−s)(s− x)p−2ds g(x, u(x))dx

+
1− e−ρt

ρ

(
u1 − f(0, u0)

)
+

∫ t

0

e−ρ(t−s)f(s, u(s))ds

−
∫ t

0

{[
e−ρ(t−s)ψ(s− x)

]s=t
s=x

− ρ
∫ t

x

e−ρ(t−s)ψ(s− x)ds

}
u(x)dx,

then we get (5.7).
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Conversely, suppose that (5.7) is satisfied, then we have u(0) = u0 and :(
eρtu(t)

)′
= ρeρtu(t) + eρtu′(t)

=

[
u0 +

eρt − 1

ρ

(
u1 − f(0, u0)

)
+ ρ

∫ t

0

eρuu(x)dx

+

∫ t

0

e−ρsf(s, u(s))ds+

∫ t

0

e−ρuIp−1
0+ g(x, u(x))dx

]′
= eρt

[
u1 − f(0, u0) + ρu(t) + f(t, u(t)) + Ip−1

0+ g(t, u(t))

]
= eρt

[
Ip−1

0+ g(t, u(t)) + Ip−1
0+

CDp−1
0+ f(t, u(t)) + u1

]
+ ρeρtu(t).

Thus,

u′(t) = Ip−1
0+ g(t, u(t)) + Ip−1

0+
CDp−1

0+ f(t, u(t)) + u1.

Based on lemma 5.1, lemma 5.2 and lemma 5.3, we conclude that the problem (5.3) is

equivalent to the integral equation (5.7).

Section 5.2, provide the proofs of the existence of solution to the problem (5.3) in Banach

space. Finally, a stability result and an illustrative example is presented in Section 5.3 .

5.2 Existence result on a weighted Banach space:

Let Ω be the set of all strictly increasing functions h : R+ −→ [1,+∞) satisfying the

following assumptions

(H1) h(0) = 1,

(H2) lim
t→∞

h(t) = +∞,

(H3) h(t) ≥ h(t− s)h(s) for all 0 ≤ s ≤ t ≤ ∞.

Remark 5.4 Note that Ω is a non-empty set, because the functions h1(t) = et

and h2(t) = et
2

belong to Ω.
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Let us denote by E the following weighted Banach space :

E =
{
u(t) ∈ C[0,+∞), sup

t≥0

|u(t)|
h(t)

<∞
}
,

equipped with the norm

‖u‖ = sup
t≥0

|u(t)|
h(t)

.

In addition, we define ‖φ‖t = max{|φ(s)|, 0 ≤ s ≤ t} for all t ≥ 0, all given function

φ ∈ C(R+), and let

B(ε) = {u : u ∈ E, ‖u‖ ≤ ε},

be a non-empty closed convex subset of E, for each ε > 0.

In order to prove the existence of the solution for the problem (5.3) in E. We transform

the problem (5.3) into fixed point problem Pu = u where P is an operator defined on B(ε)

by

Pu(t) = e−ρtu0 +
(1− e−ρt)

ρ

(
u1 − f(0, u0)

)
+ ρ

∫ t

0

e−ρ(t−x)u(x)dx (5.8)

+

∫ t

0

e−ρ(t−s)f(s, u(s))ds+
1

Γ(p− 1)

∫ t

0

∫ t

x

e−ρ(t−s)(s− x)p−2ds g(x, u(x))dx.

We decompose the operator P into two operators P1 and P2 (i.e. P = P1 + P2) defined on

B(ε), as follows:

P1u(t) = e−ρtu0 +
(1− e−ρt)

ρ

(
u1 − f(0, u0)

)
+ ρ

∫ t

0

e−ρ(t−x)u(x)dx,

P2u(t) =

∫ t

0

e−ρ(t−s)f(s, u(s))ds+

∫ t

0

∫ t

x

e−ρ(t−s)(s− x)p−2

Γ(p− 1)
ds g(x, u(x))dx

=

∫ t

0

e−ρ(t−s)f(s, u(s))ds+

∫ t

0

k(t− x)g(x, u(x))dx,

where : k(t− x) =


∫ t

x

e−ρ(t−s)(s− x)p−2

Γ(p− 1)
ds, t− x ≥ 0,

0, t− x < 0.

70



5.2. EXISTENCE RESULT ON A WEIGHTED BANACH SPACE: CHAPTER 5.

Theorem 5.5 Suppose that there are strictly positive constants ϕ, δ, c1, c2, c3 where

c1 + c2 + c3 < 1, |u0|+ |u1|+ |f(0, u0)| ≤ δ and the functions f, g : R+× (0, ϕ] −→ R+ are

continuous and nondecreasing in r for fixed t with f, g ∈ L1[0,+∞) in t for fixed r, such

that

|g(t, νh(t))|
h(t)

≤ g(t, |ν|), |f(t, νh(t))|
h(t)

≤ f(t, |ν|), (5.9)

hold for all t ≥ 0, 0 < |ν| ≤ ϕ and

sup
t≥0

∫ t

0

k(t− x)

h(t− x)

g(x, r)

r
dx ≤ c2 < 1− c1 − c3, (5.10)

sup
t≥0

∫ t

0

e−ρ(t−s)

h(t− s)
f(s, r)

r
ds ≤ c3, (5.11)

hold for every 0 < r ≤ ϕ.

Then there exists at least one fixed point of the operator P in B(ε).

Proof. Suppose that there exists constant c4 > 0 such that
e−ρt

h(t)
≤ c4 and

e−ρt

h(t)
∈ BC[0,+∞) ∩ L1[0,+∞), |ρ|

∫ +∞

0

e−ρs

h(s)
ds ≤ c1, (5.12)

where: BC[0,+∞) is the space of all continuous and bounded funcions on [0,+∞). Let

0 < δ ≤
[
1−

(
c1 + c2 + c3

)]
|ρ|

c4|ρ|+ 1 + c4

ε. (5.13)

Firstly, we will show that: P1B(ε) ⊆ E, P2B(ε) ⊆ E, and P1 is a contraction mapping.

It is clear that for u ∈ B(ε), P1 and P2 are continuous functions on R+. Moreover, for all

u ∈ B(ε) and each t ≥ 0, we have

|P1u(t)|
h(t)

=
1

h(t)

∣∣∣∣e−ρtu0 +
(1− e−ρt)

ρ

(
u1 − f(0, u0)

)
+ ρ

∫ t

0

e−ρ(t−x)u(x)dx

∣∣∣∣
≤ e−ρt

h(t)
|u0|+

(1− e−ρt)
ρh(t)

(
|u1|+ |f(0, u0)|

)
+ ρ

∫ t

0

e−ρ(t−x)

h(t− x)

u(x)

h(x)
dx

≤ c4|u0|+
1 + c4

|ρ|

(
|u1|+ |f(0, u0)|

)
+
|ρ|c1

ρ
ε

< +∞,
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which means that P1B(ε) ⊆ E.

Similarly, for any u ∈ B(ε), we have

|P2u(t)|
h(t)

=
1

h(t)

∣∣∣∣ ∫ t

0

e−ρ(t−s)f(s, u(s))ds+

∫ t

0

K(t− x)g(x, u(x))dx

∣∣∣∣
≤

∫ t

0

e−ρ(t−s)

h(t− s)

∣∣f(s, u(s))
∣∣

h(s)
ds+

∫ t

0

K(t− x)

h(t− x)

∣∣g(x, u(x))
∣∣

h(x)
dx

≤
∫ t

0

e−ρ(t−s)

h(t− s)
f
(
s,
|u(s)|
h(s)

)
ds+

∫ t

0

K(t− x)

h(t− x)
g
(
x,
|u(x)|
h(x)

)
dx

≤ c3‖u‖+ c2‖u‖

≤
(
c3 + c2

)
ε

< +∞,

which implies that P2B(ε) ⊆ E. For any u, v ∈ B(ε), we have

sup
t≥0

∣∣∣∣P1u(t)

h(t)
− P1v(t)

h(t)

∣∣∣∣ ≤ sup
t≥0
|ρ|
∫ t

0

e−ρ(t−x)|u(x)− v(x)|
h(t)

dx

≤ sup
t≥0
|ρ|
∫ t

0

e−ρ(t−x)

h(t− x)

|u(x)− v(x)|
h(x)

dx

≤ |ρ|
∫ t

0

eρs

h(s)
ds‖u− v‖

≤ c1‖u− v‖.

Since c1 < 1, hence P1 is a contraction.

Secondly, for every u, v ∈ B(ε), we have

sup
t≥0

|P2u(t) + P1v(t)|
h(t)

= sup
t≥0

{
1

h(t)

∣∣∣∣e−ρtu0 +
(1− e−ρt)

ρ

(
u1 − f(0, u0)

)
+ρ

∫ t

0

e−ρ(t−x)v(x)dx+

∫ t

0

e−ρ(t−s)f(s, u(s))ds

+

∫ t

0

K(t− x)g(x, u(x))dx

∣∣∣∣}
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≤ sup
t≥0

{
e−ρt

h(t)
|u0|+

1

|ρ|

(
1

h(t)
+
e−ρt

h(t)

)(
|u1|+ |f(0, u0)|

)
+ρ

∫ t

0

e−ρ(t−x)

h(t− x)

|v(x)|
h(x)

dx+

∫ t

0

e−ρ(t−s)

h(t− s)
|f(s, u(s))|

h(s)
ds

+

∫ t

0

K(t− x)

h(t− x)

|g(x, u(x))|
h(x)

dx

}
≤ c4|u0|+

1 + c4

|ρ|

(
|u1|+ |f(0, u0)|

)
+c1‖v‖+ c3‖u‖+ c2‖u‖

≤ c4|ρ|+ 1 + c4

|ρ|
δ + (c1 + c3 + c2)ε

≤ ε.

Thus, P1 + P2 ∈ B(ε).

From the assumption
|P2u(t)|
h(t)

< +∞, we find that the set
{u(t)

h(t)
: u(t) ∈ B(ε)

}
is

uniformly bounded in E. Furthermore, the convolution product of two functions where the

first one is of L1 and the other tends to zero also tends to zero. Therefore, for t − x ≥ 0,

we have:

0 ≤ lim
t−→+∞

k(t− x)

h(t− x)

≤ lim
t−→+∞

1

Γ(p− 1)

∫ t

x

e−ρ(t−s)(s− x)p−2

h(t− s)h(s− x)
ds

= lim
t−→+∞

1

Γ(p− 1)

∫ t

0

e−ρ(t−x−s)

h(t− x− s)
.
(s)p−2

h(s)
ds = 0,

because,
tp−2

h(t)
−→ 0 as t −→ +∞ for 1 < p < 2.

In addition, by the continuity of the functions k(t) and h(t), it follows that there exists

a positive constant c5 such that

∣∣∣∣k(t− x)

h(t− x)

∣∣∣∣ ≤ c5 and for any u ∈ B(ε) and for all t1, t2 ∈
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[0, T ?], T ? ∈ R+, t1 < t2, we have:∣∣∣∣P2u(t2)

h(t2)
− P2u(t1)

h(t1)

∣∣∣∣
≤

∫ t1

0

∣∣∣∣k(t2 − x)

h(t2)
− k(t1 − x)

h(t1)

∣∣∣∣|g(x, u(x))|dx+

∫ t2

t1

k(t2 − x)

h(t2)
|g(x, u(x))|dx

+

∫ t1

0

∣∣∣∣e−ρ(t2−s)

h(t2)
− e−ρ(t1−s)

h(t1)

∣∣∣∣|f(s, u(s))|ds+

∫ t2

t1

e−ρ(t2−s)

h(t2)
|f(s, u(s))|ds

≤
∫ t1

0

∣∣∣∣k(t2 − x)h(x)

h(t2)
− k(t1 − x)h(x)

h(t1)

∣∣∣∣g(x, |u(x)|
h(x)

)
dx+

∫ t2

t1

k(t2 − x)

h(t2 − x)
.
|g(x, u(x))|

h(x)
dx

+

∫ t1

0

∣∣∣∣e−ρ(t2−s)h(s)

h(t2)
− e−ρ(t1−s)h(s)

h(t1)

∣∣∣∣f(s, |u(s)|
h(s)

)
ds+

∫ t2

t1

e−ρ(t2−s)

h(t2 − s)
.
|f(s, u(s))|

h(s)
ds

≤
∫ t1

0

∣∣∣∣k(t2 − x)h(x)

h(t2)
− k(t1 − x)h(x)

h(t1)

∣∣∣∣g(x, ε)dx+ c5

∫ t2

t1

g(x, ε)dx

+

∫ t1

0

∣∣∣∣e−ρ(t2−s)h(s)

h(t2)
− e−ρ(t1−s)h(s)

h(t1)

∣∣∣∣f(s, ε)ds+ c4

∫ t2

t1

f(s, ε)ds.

Thus,

∣∣∣∣P2u(t2)

h(t2)
− P2u(t1)

h(t1)

∣∣∣∣ −→ 0, as t2 −→ t1, which means that{
u(t)
h(t)

: u(t) ∈ B(ε)
}

is equicontinuous on any compact of R+.

Now, based on lemma 1.8 to show that P2B(ε) is relatively compact it suffices to prove

that {u(t)
h(t)

: u(t) ∈ B(ε)} is equiconvergent at infinity. Indeed, for any ε? > 0, there exists

M > 0 such that

c5

∫ +∞

M

g(x, ε)dx ≤ ε?

6
, c4

∫ +∞

M

f(s, ε)ds ≤ ε?

6
.

Then there exists T > M such that for all t1, t2 ≥ T , we get

sup
x∈[0,M ]

∣∣∣∣k(t2 − x)h(x)

h(t2)
− k(t1 − x)h(x)

h(t1)

∣∣∣∣ ≤ sup
x∈[0,M ]

∣∣∣∣k(t2 − x)

h(t2 − x)

∣∣∣∣+ sup
x∈[0,M ]

∣∣∣∣k(t1 − x)

h(t1 − x)

∣∣∣∣
≤ ε?

6A
, (5.14)

sup
s∈[0,M ]

∣∣∣∣e−ρ(t2−s)h(s)

h(t2)
− e−ρ(t1−s)h(s)

h(t1)

∣∣∣∣ ≤ sup
s∈[0,M ]

∣∣∣∣ e−ρ(t2−s)

h(t2 − s)

∣∣∣∣+ sup
s∈[0,M ]

∣∣∣∣ e−ρ(t1−s)

h(t1 − s)

∣∣∣∣
≤ ε?

6B
, (5.15)
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where

A =

∫ +∞

0

g(x, ε)dx, B =

∫ +∞

0

f(s, ε)ds.

Then, we have∣∣∣∣P2u(t2)

h(t2)
− P2u(t1)

h(t1)

∣∣∣∣
≤

∫ M

0

∣∣∣∣e−ρ(t2−s)

h(t2)
− e−ρ(t1−s)

h(t1)

∣∣∣∣f(s, u(s))ds+

∫ t2

M

e−ρ(t2−s)

h(t2)
f(s, u(s))ds

+

∫ M

0

∣∣∣∣k(t2 − x)

h(t2)
− k(t1 − x)

h(t1)

∣∣∣∣g(x, u(x))dx+

∫ t2

M

k(t2 − x)

h(t2)
g(x, u(x))dx

+

∫ t1

M

e−ρ(t1−s)

h(t1)
f(s, u(s))ds+

∫ t1

M

k(t1 − x)

h(t1)
g(x, u(x))dx

≤
∫ M

0

∣∣∣∣e−ρ(t2−s)h(s)

h(t2)
− e−ρ(t1−s)h(s)

h(t1)

∣∣∣∣f(s, u(s))ds+

∫ t2

M

e−ρ(t2−s)

h(t2 − x)
f(s, u(s))ds

+

∫ M

0

∣∣∣∣k(t2 − x)h(x)

h(t2)
− k(t1 − x)h(x)

h(t1)

∣∣∣∣g(x, u(x))dx+

∫ t2

M

k(t2 − x)

h(t2 − x)
g(x, u(x))dx

+

∫ t1

M

e−ρ(t1−s)

h(t1 − s)
f(s, u(s))ds+

∫ t1

M

k(t1 − x)

h(t1 − x)
g(x, u(x))dx.

That is,∣∣∣∣P2u(t2)

h(t2)
− P2u(t1)

h(t1)

∣∣∣∣ ≤ ε?

6
+
ε?

6
+ 2c5

∫ +∞

M

f(s, u(s))ds+ 2c4

∫ +∞

M

g(x, u(x))dx

≤ ε?

6
+
ε?

6
+
ε?

3
+
ε?

3
= ε?.

Finally, from Krasnoselskii’s fixed point Theorem, we conclude that the problem (5.3) has

at least one solution.

5.3 Stability and asymptotic stability results :

By using the definitions of stability and asymptotic stability mentioned in the first chapter,

we obtain the following results:

Theorem 5.6 Assume that all assumptions of Theorem 5.5 hold such that |u0| ≥ |f(0, u0)|.

Then the trivial solution u = 0 of the system (5.3) is stable in the Banach space E.
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Proof. Let for any ε > 0

0 < δ1 ≤
{

1−
(
c1 + c2 + c3

)}
|ρ|

c4|ρ|+ 1 + c4

ε. (5.16)

From the assumption |u0|+ |u1|+ |f(0, u0| ≤ δ it follows that

|u0|+ |u1| ≤ δ − |f(0, u0| = δ1 > 0.

Then, we get

‖u‖ = sup
t≥0

∣∣∣∣e−ρth(t)
u0 +

1− e−ρt

ρh(t)
(u1 − f(0, u0)) + ρ

∫ t

0

e−ρ(t−x)

h(t)
u(x)dx

+

∫ t

0

e−ρ(t−s)

h(t)
f(s, u(s))ds+

∫ t

0

k(t− x)

h(t)
g(x, u(x))dx

∣∣∣∣
≤ sup

t≥0

{
e−ρt

h(t)
|u0|+

1 + e−ρt

ρh(t)
(|u1|+ |f(0, u0)|) + |ρ|

∫ t

0

e−ρ(t−x)

h(t− x)

|u(x)|
h(x)

dx

+

∫ t

0

e−ρ(t−s)

h(t− s)
|f(s, u(s))|

h(s)
ds+

∫ t

0

k(t− x)

h(t− x)

|g(x, u(x))|
h(x)

dx

}
≤ c4δ1 +

1 + c4

|ρ|
δ1 + c1‖u‖+ c3‖u‖+ c2‖u‖.

Hence,

‖u‖ ≤ c4|ρ|+ 1 + c4

|ρ|
δ1 ≤ ε,

therefore, the trivial solution u = 0 of the problem (5.3) is stable in the Banach space E.

Theorem 5.7 Suppose that all assumptions of Theorem 5.5 are satisfied with

lim
t→+∞

e−ρt

h(t)
= 0 (5.17)

and for any r > 0 there exist two strictly positive functions ϕr(t), ψr(t) ∈ L1[0,+∞) such

that |u| ≤ r implies

|g(t, u)|
h(t)

≤ ϕr(t),
|f(t, u)|
h(t)

≤ ψr(t), a.e., t ∈ [0,+∞). (5.18)

Then the trivial solution u = 0 of the system (5.3) is asymptotically stable in E.
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Proof. From Theorem 5.6 it follows that the trivial solution u = 0 of problem (5.3) is

stable in the Banach space E. So, it suffices to show that u = 0 is attractive. For this fact,

we define for any r > 0

B̃(r) = {u ∈ B(r) : lim
t→+∞

u(t)

h(t)
= 0}.

We only show that P2u+ P1v ∈ B̃(r) for any u, v ∈ B̃(r), in other words,

lim
t→+∞

P2u(t) + P1v(t)

h(t)
= 0.

For all u, v ∈ B̃(r), we have:

|P2u(t) + P1v(t)|
h(t)

=
1

h(t)

∣∣∣∣e−ρtu0 +
(1− e−ρt)

ρ

(
u1 − f(0, u0)

)
+ ρ

∫ t

0

e−ρ(t−x)v(x)dx

+

∫ t

0

e−ρ(t−s)f(s, u(s))ds+

∫ t

0

K(t− x)g(x, u(x))dx

∣∣∣∣
≤ e−ρt

h(t)
|u0|+

1

|ρ|

( 1

h(t)
+
e−ρt

h(t)

)(
|u1|+ |f(0, u0)|

)
+ |ρ|

∫ t

0

e−ρ(t−x)

h(t− x)

|v(x)|
h(x)

dx

+

∫ t

0

e−ρ(t−s)

h(t− s)
|f(s, u(s))|

h(s)
ds+

∫ t

0

K(t− x)

h(t− x)

|g(x, u(x))|
h(x)

dx

≤ e−ρt

h(t)
|u0|+

1

|ρ|

( 1

h(t)
+
e−ρt

h(t)

)(
|u1|+ |f(0, u0)|

)
+ ρ

∫ t

0

e−ρ(t−x)

h(t− x)

|v(x)|
h(x)

dx

+

∫ t

0

e−ρ(t−s)

h(t− s)
ψr(s)ds+

∫ t

0

K(t− x)

h(t− x)
ϕr(x)dx.

From (5.12) and (5.17), we have:∫ t

0

e−ρ(t−x)

h(t− x)

|v(x)|
h(x)

dx −→ 0, as t −→ +∞,

and
k(t− x)

h(t− x)
=

1

Γ(p− 1)

∫ t

0

e−ρ(t−x)

h(t− x)
(s− x)p−2ds −→ 0, as t −→ +∞.

Together with the hypotheses ϕr(t), ψr(t) ∈ L1[0,+∞), we find∫ t

0

K(t− x)

h(t− x)
ϕr(x)dx −→ 0, as t −→ +∞,
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and ∫ t

0

e−ρ(t−s)

h(t− s)
ψr(s)ds −→ 0, as t −→ +∞.

Moreover, since h(t) −→ +∞ as t −→ +∞, we conclude that

P2u(t) + P1v(t)

h(t)
−→ 0, as t −→ +∞.

Therefore, P2u+ P1v ∈ B̃(r) which implies that the trivial solution u = 0 of problem (5.3)

is asymptotically stable.

Example 5.8
CD

4
3

0+u(t) =
t3u3

e(σ+2)t
+ CD

1
3

0+

(
u

4
3

(1 + t4)e(σ+1)t

)
, t ∈ [0,+∞),

u(0) = u0, u′(0) = u1,

(5.19)

where σ > 0. Suppose 0 < |ρ| ≤ σ
2
. Let h(t) = e(σ+1)t and c1 = |ρ|

σ+1+ρ
.

Then, (5.12) holds i.e.,

e−ρt/h(t) =
e−ρt

e(σ+1)t
= e−(ρ+σ+1)t ∈ BC(R+) ∩ L1(R+),

and :

|ρ|
∫ +∞

0

e−ρs

e(σ+1)s
ds = |ρ|

∫ +∞

0

e−(ρ+σ+1)s ≤ |ρ|
σ + 1 + ρ

= c1.

The Banach space is

E1 = {u(t) ∈ C(R+) : sup
t≥0

|u(t)|
e(σ+1)t

<∞},

equipped with the norm

‖u‖ = sup
t≥0

|u(t)|
e(σ+1)t

.
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Let

g(t, r) =
t3r3

et
, f(t, r) =

r
4
3

1 + t4
,

we get : f(t, r), g(t, r) ∈ L1(R+) in t for fixed r.

After some computations, we find

k(t− x)

h(t− x)
≤ 1

Γ(1
3
)

∫ t

x

(s− x)−
2
3

e(σ+1)(s−x)
ds =

1

Γ(1
3
)

∫ t−x

0

τ−
2
3

e(σ+1)τ
dτ ≤ (σ + 1)

1
3 ,

∫ t

0

e−ρ(t−s)

h(t− s)
f(s, r)

r
ds =

∫ t

0

e−ρ(t−s)

h(t− s)
r

1
3

1 + t4
ds ≤ c3,

and ∫ t

0

k(t− x)

h(t− x)

g(x, r)

r
dx =

∫ t

0

k(t− x)

h(t− x)

t3r2

et
dx ≤ c2.

Therefore, all assumptions of Theorem 5.6 are satisfied, then the trivial solution of (5.19)

is stable in the Banach space E1.

Let ϕr, ψr ∈ L1(R+) where

ϕr(t) =
t3r3

e(σ+2)t
, ψr(t) =

r
4
3

(1 + t4)e(σ+1)t
,

satisfy the following inequalities

|g(t, r)| ≤ ϕr(t), |f(t, r)| ≤ ψr(t),

and

lim
t−→+∞

e−ρt

h(t)
= 0.

Then, from Theorem 5.7 we conclude that the trivial solution of (5.19) is asymptotically

stable.
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Conclusion

The aim of this thesis is to give a qualitative study of the existence and uniqueness

for some fractional differential equations under different conditions, then we discuss the

stability results of the solution reached for each problem.

Our work included four main outcomes:

1. We derive the equivalent integral equation of our problems using the properties of

fractional calculus.

2. We use some fixed point theorems (Krasnoselskii, Schauder, and nonlinear alternative

of Leray-Schauder) to prove the existence of the solution.

3. We rely on past results to prove the stability of each solution.

4. We have illustrated our theoretical results with some examples.

In the future, as a perspective, we will try to:

a- Show some existence and stability results for some new FDEs.

b- Prove some new results of existence for a new fractional problem on a Sobolev space .

c- Prove some numerical results of one of our studies.
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