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Notation

Tn n-th Tribonacci number

Kn n-th Tribonacci-Lucas number

Tn(x) n-th Tribonacci polynomials

Kn(x) n-th Tribonacci-Lucas polynomials

Tn(a, b, c; r, s, t) n-th Generalized Tribonacci number

Tn(x, y, z) n-th Generalized Tribonacci polynomials

Kn(x, y, z) n-th Generalized Tribonacci-Lucas polynomials
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Introduction

A recursive sequence, also know a receurence sequence ,is usually de�ned by a recurrence procedure ;
that is, any term of this sequence is the sum of preceding terms and generated by solving a recurrence
equation, Fibonacci sequence, which is a sequence of integres, is the most famos second order sequence in
all science with interesting proprites, in particular, many varios generalizations of this sequence have been
studied in the literature,(see for exemple,Koshy,2001 ) ,The Tribonacci and Tribonacci-Lucas sequences,
which are the well-known generalization of Fibonacci sequence ,are third ordre recurrence sequence, In
1963,Fenberg originally studied the Tribonacci sequence(Fenberg.1963) for n ≥ 3 The Tribonacci sequence
{Tn}n≥0 de�ned by

Tn = Tn−1 + Tn−2 + Tn−3

with inital conditions T0 = 0, T1 = 1, T2 = 1 and The Tribonacci-Lucas sequence {Kn}n≥0 are de�ned by

Kn = Kn−1 +Kn−2 +Kn−3,

with inital conditions K0 = 3,K1 = 1,K2 = 3 The Tribonacci and The Tribonacci-Lucas sequence have
many interesting properties and applications in many �elds of science.Several authors presented the binet
formulas ,generating functions, summations formulas (see for exemple ;Spickerman,1981; Tasyurdu 2019a;
Soykan,2020)
In(Hoggat & Bicknell,1973), the Tribonacci polynomials were introduced in 1973 by Hoggat and Bicknell
.For any integer n ≥ 3 ,the recurrence relation of the Tribonacci polynomials is as follows

Tn(x) = x2Tn−1(x) + xTn−2(x) + Tn−3(x),

where T0(x) = 0, T1(x) = 1, T2(x) = x2.Obviously,Tn(1) = Tn where Tn is the nth classical Tribonacci
number.the recurrence relation of the Tribonacci-Lucas polynomials is de�ned by

Kn(x) = x2Kn−1(x) + xKn−2(x) +Kn−3(x),

where K0(x) = 3,K1(x) = x2,K2(x) = x4 + 2x

1



CHAPTER 1

Tribonacci number and polynomials

1.1 Tribonacci number

In this section, we de�ne the Tribonacci number and drive another explicit formula for these numbers.

De�nition 1.1.1 [4] The Tribonacci sequence {Tn}n≥0 de�ned by thrid order linear recurrence relations

Tn = Tn−1 + Tn−2 + Tn−3, T0 = 0, T1 = 1, T2 = 1 (1.1)

for any integer n ≥ 3, respectively.

Remark 1.1.1 [16] The Tribonacci sequence for negative subscripts are de�ned by the third order linear
recurrence relations

T−n = − T−(n−1) − T−(n−2) + T−(n−3) (1.2)

for any integer n ≥ 1, respectively.

We now present the �rst terms of the Tribonacci sequence with positive and negative subscripts

n 0 1 2 3 4 5 6 7 8 9 10 ...
Tn 0 1 1 2 4 7 13 24 44 81 149 ...
T−n 0 0 1 -1 0 2 -3 1 4 -8 5 ...

1.1.1 Tribonacci triangle

In [1] ( Alladi and Hoggatt ) de�ned the Tribonacci triangle as following.

n \ i 0 1 2 3 4 5 ...
0 1
1 1 1
2 1 3 1
3 1 5 5 1
4 1 7 13 7 1
5 1 9 25 25 9 1
.
.
.

Table1:Tribonacci traingle

2



1.1. TRIBONACCI NUMBER CHAPTER 1

Let B(n, i) be the element in the n-th row and i-th column of the tribonacci triangle. By the de�nition
of the triangle, we have

B(n+ 1, i) = B(n, i) +B(n, i− 1) +B(n− 1, i− 1),

where B(n, 0) = B(n, n) = 1 The sum of elements on the rising diagonal lines in the tribonacci triangle
is the tribonacci number Tn(cf. [1] ), i.e.,

Tn =

[(n−1)/2]∑
j=0

B(n− 1− i, i)

Moreover, Barry [2] showed that these coe�cients satisfy the relation

B(n, i) =

i∑
j=0

(
i

j

)(
n− j

i

)
Therefore,

Tn =

[(n−1)/2]∑
j=0

B(n− 1− i, i) =

[(n−1)/2]∑
i=0

i∑
j=0

(
i

j

)(
n− 1− i− j

i

)
Exemple:

T5 =

2∑
j=0

B(4− i, i) = B(4, 0) +B(3, 1) +B(2, 2) = 1 + 5 + 1 = 7

1.1.2 Binet's formula of Tribonacci number

The following theorem gives the binet's formula of the nth terms Tribonacci number.

Theorem 1.1.1 [14] for n ≥ 0 The binet's formula of the nth Tribonacci number are given by

Tn =
αn+1

(α− β)(α− γ)
+

βn+1

(β − α)(β − γ)
+

γn+1

(γ − α)(γ − β)
(1.3)

respectively, where α ,β and γ are the roots of the cubic equation x3 − x2 − x− 1 = 0 .Also,

α =
1 +A+B

3
=

1 +
3
√
19 + 3

√
33 +

3
√
19− 3

√
33

3

β =
1 + ωA+ ω2B

3
=

1 + ω
3
√
19 + 3

√
33 + ω2 3

√
19− 3

√
33

3

γ =
1 + ω2A+ ωB

3
=

1 + ω2 3
√
19 + 3

√
33 + ω

3
√
19− 3

√
33

3

where

A =
3
√

19 + 3
√
33 , B =

3
√
19− 3

√
33

white ω = −1+i
√
3

2 = exp( 2πi3 ) is a primitive cube root of unity. Moreover, the roots α, β and γ veri�es
following identities

α+ β + γ = 1
αβ + αγ + βγ = −1

αβγ = 1

3



1.1. TRIBONACCI NUMBER CHAPTER 1

Proof. We can use the mathematical induction method on n to prove equation (1.3). Then

n = 1 T1 =
α2

(α− β)(α− γ)
− β2

(α− β)(β − γ)
+

γ2

(α− γ)(β − γ)

=
α2(β − γ)

(α− β)(α− γ)(β − γ)
− β2(α− γ)

(α− β)(α− γ)(β − γ)
+

γ2(α− β)

(α− β)(α− γ)(β − γ)

=


2(ω − ω2)A2 + 2(ω2 − ω)B2 + 5(ω − ω2)A+ 5(ω2 − ω)B + (ω − ω2)6

√
33

27
(ω − ω2)18

√
33

27


−


2(ω − 1)A2 + 2(ω2 − 1)B2 + 5(1− ω2)A+ 5(1− ω)B − (ω − ω2)6

√
33

27
(ω − ω2)18

√
33

27


+


2(ω2 − 1)A2 + 2(ω − 1)B2 + 5(1− ω)A+ 5(1− ω)B + (ω − ω2)6

√
33

27
(ω − ω2)18

√
33

27


=

(ω − ω2)6
√
33

27
+

(ω − ω2)6
√
33

27
+

(ω − ω2)6
√
33

27
(ω − ω2)18

√
33

27

= 1

n = 2 T2 =
α3

(α− β)(α− γ)
− β3

(α− β)(β − γ)
+

γ3

(α− γ)(β − γ)

=
α3(β − γ)

(α− β)(α− γ)(β − γ)
− β3(α− γ)

(α− β)(α− γ)(β − γ)
+

γ3(α− β)

(α− β)(α− γ)(β − γ)

=


5(ω − ω2)A25(ω2 − ω)B2 + 17(ω − ω2)A− (ω2 − ω)B + (ω − ω2)6

√
33

27
(ω − ω2)18

√
33

27


−


5(ω2 − 1)A2 + 5(ω − 1)B2 + 17(1− ω)A+ 17(1− ω2)B + (ω − ω2)6

√
33

27
(ω − ω2)18

√
33

27


+


5(ω − 1)A2 + 5(ω2 − 1)B2 + 17(1− ω2)A+ 17(1− ω)B + (ω − ω2)6

√
33

27
(ω − ω2)18

√
33

27


=

(ω − ω2)6
√
33

27
+

(ω − ω2)6
√
33

27
+

(ω − ω2)6
√
33

27
(ω − ω2)18

√
33

27

= 1

n = 3 T3 =
α4

(α− β)(α− γ)
− β4

(α− β)(β − γ)
+

γ4

(α− γ)(β − γ)

=
α4(β − γ)− β4(α− γ) + γ4(α− β)

(α− β)(α− γ)(β − γ)

=
α4(β − γ)

(α− β)(α− γ)(β − γ)
− β4(α− γ)

(α− β)(α− γ)(β − γ)
+

γ4(α− β)

(α− β)(α− γ)(β − γ)

=


22(ω − ω2)A2 + 22(ω2 − ω)B2 + 37(ω − ω2)A+ 37(ω2 − ω)B

81
(ω − ω2)18

√
33

27

+

6(ω − ω2)
√
33(1 +A+B) + (ω − ω2)30

√
33

81
(ω − ω2)18

√
33

27
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1.1. TRIBONACCI NUMBER CHAPTER 1

−


22(ω − 1)A2 + 22(ω2 − 1)B2 + 37(1− ω2)A+ 37(1− ω)B

81
(ω − ω2)18

√
33

27

+

6(ω − ω2)
√
33(1 + ωA+ ω2B)− (ω − ω2)30

√
33

81
(ω − ω2)18

√
33

27


+


22(ω2 − 1)A2 + 22(ω − 1)B2 + 37(1− ω)A+ 37(1− ω2)B

81
(ω − ω2)18

√
33

27

+

6(ω − ω2)
√
33(1 + ω2A+ ωB) + (ω − ω2)30

√
33

81
(ω − ω2)18

√
33

27


=

(ω − ω2)90
√
33

81
+

(ω − ω2)6
√
33((1 +A+B) + (1 + ωA+ ω2B) + (1 + ω2A+ ωB))

81
(ω − ω2)18

√
33

27

=

(ω − ω2)90
√
33

81
+

(ω − ω2)6
√
33

27
(ω − ω2)18

√
33

27

=

108

81
18

27

= 2

Now, assume that, it is true for all positive integers k, i.e.

Tk =
αk+1

(α− β)(α− γ)
+

βk+1

(β − α)(β − γ)
+

γk+1

(γ − α)(γ − β)

Then, we need to show that above equality holds for n = k + 1 , that is,

Tk+1 = Tk + Tk−1 + Tk−2

=
αk

(α− β)(α− γ)
+

βk

(β − α)(β − γ)
+

γk

(γ − α)(γ − β)

+
αk−1

(α− β)(α− γ)
+

βk−1

(β − α)(β − γ)
+

γk−1

(γ − α)(γ − β)

+
αk−2

(α− β)(α− γ)
+

βk−2

(β − α)(β − γ)
+

γk−2

(γ − α)(γ − β)

=
αk + αk−1 + αk−2

(α− β)(α− γ)
+

βk + βk−1 + βk−2

(β − α)(β − γ)
+

γk + γk−1 + γk−2

(γ − α)(γ − β)

=
αk+2

(α− β)(α− γ)
+

βk+2

(β − α)(β − γ)
+

γk+2

(γ − α)(γ − β)
□

Remark 1.1.2 [16] We can present Binet's formula of the nth Tribonacci number with negative sub-
scripts as follows

T−n =
α−n+1

(α− β)(α− γ)
+

β−n+1

(β − α)(β − γ)
+

γ−n+1

(γ − α)(γ − β)
(1.4)

1.1.3 Generating function of Tribonacci number

Next, we give generating function of the Tribonacci number.

Corollary 1.1.1 [16] The generating function of the Tribonacci number Tn is given by

g(t) =

∞∑
n=0

Tnt
n =

t

1− t− t2 − t3

5



1.1. TRIBONACCI NUMBER CHAPTER 1

Proof. Let g(t) =

∞∑
n=0

Tnt
n be generating function of the Tribonacci numbers. On the other hand, since

g(t) = T0 + T1t+ T2t
2 + ......+ Tnt

n + ....
tg(t) = T0t+ T1t

2 + T2t
3 + ......+ Tn−1t

n + ....
t2g(t) = T0t

2 + T1t
3 + T2t

4 + ......+ Tn−2t
n + ....

t3g(t) = T0t
3 + T1t

4 + T2t
5 + ......+ Tn−3t

n + ....

we obtain that
(1− t− t2 − t3)g(t) = T0 + T1t+ T2t

2 − T0t− T1t
2 − T0t

2

where Tn = Tn−1 + Tn−2 + Tn−3 from equation (1.1). Here the coe�cients of tn for n ≥ 3 are equal to
zero. Then generating function of the Tribonacci number is

g(t) =
t

1− t− t2 − t3
□

1.1.4 Some properties of Tribonacci number

The following corollary which give the sums formulas of the Tribonacci numbers.

Corollary 1.1.2 [12] For n ≥ 0 we have the following formulas

(a)

n∑
i=0

Ti =
1

2
(Tn+2 + Tn − 1)

(b)

n∑
i=0

T2i =
1

2
(T2n+1 + T2n − 1)

(c)

n∑
i=0

T2i+1 =
1

2
(T2n+2 + T2n+1)

Proof. (i) Using the equation (1.1), we can get the following relations:

T0 = T3 − T2 − T1

T1 = T4 − T3 − T2

T2 = T5 − T4 − T3

.

.

.
Tn−2 = Tn+1 − Tn − Tn−1

Tn−1 = Tn+2 − Tn+1 − Tn

Tn = Tn+3 − Tn+2 − Tn+1

If we add the equations by side by, we get
n∑

i=0

Ti = Tn+3 − T2 −
n∑

i=0

Ti+1 = Tn+3 − T2 −
n∑

i=1

Ti − Tn+1 − T0 + T0

= Tn+3 − Tn+1 − T2 + T0 −
n∑

i=0

Ti = Tn+2 + Tn − T2 + T0 −
n∑

i=1

Ti

and so
n∑

i=0

Ti =
1

2
(Tn+2 + Tn − 1)

(ii) Using the equation (1.1), we can get the following relations:

6



1.2. TRIBONACCI POLYNOMIALS CHAPTER 1

T0 = T3 − T2 − T1

T2 = T5 − T4 − T3

T4 = T7 − T6 − T5

.

.

.
T2n−4 = T2n−1 − T2n−2 − T2n−3

T2n−2 = T2n+1 − T2n − T2n−1

T2n = T2n+3 − T2n+2 − T2n+1

If we add the equations by side by, we get

n∑
i=1

T2i = T2n+3 −
n∑

i=0

T2i+2 − T1 = T2n+3 −
n∑

i=1

T2i − T2n+2 − T1 + T0 − T0

= T2n+3 − T2n+2 − T1 + T0 −
n∑

i=0

T2i = T2n+1 − T2n − T1 + T0 −
n∑

i=0

T2i

and so
n∑

i=0

T2i =
1

2
(T2n+1 + T2n − 1)

(iii) Using the equation (1.1), we can get the following relations:

T1 = T4 − T3 − T2

T3 = T6 − T5 − T4

T5 = T8 − T7 − T6

.

.

.
T2n−3 = T2n − T2n−1 − T2n−2

T2n−1 = T2n+2 − T2n+1 − T2n

T2n+1 = T2n+4 − T2n+3 − T2n+2

If we add the equations by side by, we get

n∑
i=0

T2i+1 = T2n+4 −
n∑

i=0

T2i+3 − T2 = T2n+4 −
n∑

i=1

T2n+1 − T2n+3 − T2 − T1 + T1

= T2n+4 − T2n+3 − T2 + T1 −
n∑

i=0

T2n+1 − T2n+3 = T2n+2 + T2n+1 − T2 + T1 −
n∑

i=1

T2n+1

and so
n∑

i=0

T2i+1 =
1

2
(T2n+2 + T2n+1) □

1.2 Tribonacci polynomials

In this section, we de�ne the Tribonacci polynomials and drive another explicit formula for the polyno-
mials.

De�nition 1.2.1 [8] The Tribonacci polynomials Tn(x) are de�ned by recurrence relations

Tn(x) = x2Tn−1(x) + xTn−2(x) + Tn−3(x), (1.5)

respectively, where T0(x) = 0, T1(x) = 1, T2(x) = x2

Remark 1.2.1 [7] The Tribonacci polynomials Tn(x) for negative subscripts are de�ned by recurrence
relations

T−n(x) = x2T−(n−1)(x) + xT−(n−2)(x) + T−(n−3)(x), (1.6)

respectively, where T0(x) = 0, T−1(x) = 1, T−2(x) = 1

7



1.2. TRIBONACCI POLYNOMIALS CHAPTER 1

The �rst few Tribonacci polynomials :
T0(x) = 0
T1(x) = 1
T2(x) = x2

T3(x) = x4 + x
T4(x) = x6 + 2x3 + 1
T5(x) = x8 + 3x5 + 3x2

T6(x) = x10 + 4x7 + 6x4 + 2x
T7(x) = x12 + 5x9 + 10x6 + 7x3 + 1

1.2.1 Tribonacci Polynomials triangle

In [11] (Ramirez and Sirvent) de�ned the Tribonacci polynomials triangle as following.
n \ i 0 1 2 3 4 5 ...
0 1
1 x2 x
2 x4 2x3 + 1 x2

3 x6 3x5 + 2x2 3x4 + 2x x3

4 x8 4x7 + 3x4 6x6 + 6x3 + 1 4x5 + 3x2 x4

5 x10 5x9 + 4x6 10x8 + 12x5 + 3x2 10x7 + 12x4 + 3x 5x6 + 4x3 x5

.

.

.
Table 2:Tribonacci Polynomials triangle

Let B(n, i)(x) be the element in the n-th row and i-th column of the tribonacci polynomial triangle. Then

B(n+ 1, i)(x) = x2B(n, i)(x) + xB(n, i− 1)(x) +B(n− 1, i− 1)(x),

where B(n, 0)(x) = x2n and B(n, n)(x) = xn

It can be proved by induction on n, that the sum of elements on the rising diagonal lines in the tribonacci
polynomial triangle is the Tribonacci polynomial Tn(x) , i.e.,

Tn(x) =

[(n−1)/2]∑
j=0

B(n− 1− i, i)(x)

Moreover,

B(n, i)(x) =

i∑
j=0

(
i

j

)(
n− i

j

)
x2n−i−3j

Therefore,

Tn(x) =

[(n−1)/2]∑
j=0

B(n− 1− i, i)(x) =

[(n−1)/2]∑
i=0

i∑
j=0

(
i

j

)(
n− 1− i− j

j

)
x2n−3(i+j)−2

Exemple:

T5(x) =

2∑
j=0

B(4− i, i)(x) = B(4, 0)(x) +B(3, 1)(x) +B(2, 2)(x) = x8 + 3x5 + 2x2 + x2 = x8 + 3x5 + 3x2

1.2.2 Binet's formula of Tribonacci polynomials

The following theorem gives the binet's formula of the nth terms of Tribonacci polynomials.

Theorem 1.2.1 [17] The binet's formula of the nth Tribonacci polynomials are given by

Tn(x) =
αn+1
1 (x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

αn+1
2 (x)

(α2(x)− α1(x))(α2(x)− α1(x))

+
αn+1
3 (x)

(α3(x)− α1(x))(α3(x)− α2(x))

(1.7)

8
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respectively, where α1 ,α2 and α3 are the roots of the cubic equation λ3 − x2λ2 − xλ− 1 = 0 Also .

α1(x) =
x2

3
+A(x) +B(x)

α2(x) =
x2

3
+ ωA(x) + ω2B(x)

α3(x) =
x2

3
+ ω2A(x) + ωB(x)

where

A(x) =
3

√
x6

27
+

x3

6
+

1

2
+

√
x6

36
+

7x3

54
+

1

4

B(x) =
3

√
x6

27
+

x3

6
+

1

2
−
√

x6

36
+

7x3

54
+

1

4

white ω = −1+i
√
3

2 = exp( 2πi3 ) is a primitive cube root of unity. Moreover, the roots α1(x), α2(x) and
α3(x) veri�es following identities

α1(x) + α2(x) + α3(x) = x2

α1(x)α2(x) + α1(x)α3(x)α2(x)α3(x) = −x
α1(x)α2(x)α3(x) = 1

Proof. We can use the mathematical induction method on n to prove equation (1.7) .Then

n = 1 T1(x) =
α2
1(x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

α2
2(x)

(α2(x)− α1(x))(α2(x)− α3(x))

+
α2
3(x)

(α3(x)− α1(x))(α3(x)− α2(x))

=
α2
1(x)(α2(x)− α3(x))

(α1(x)− α2(x))(α1(x)− α3(x))(α2(x)− α3(x))

− α2
2(x)(α1(x)− α3(x))

(α1(x)− α2(x))(α1(x)− α3(x))(α2(x)− α3(x))

+
α2
3(x)(α1(x)− α2(x))

(α1(x)− α2(x))(α1(x)− α3(x))(α2(x)− α3(x))

=


2

3
x2(ω − ω2)A(x)2 +

2

3
x2(ω2 − ω)B(x)2 + (ω − ω2)(

2

9
x4 +

x

3
)A(x)

+(ω2 − ω)(
2

9
x4 +

x

3
)B(x) + 2(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

−


2

3
x2(ω − 1)A(x)2 +

2

3
x2(ω2 − 1)B(x)2 + (1− ω2)(

2

9
x4 +

x

3
)A(x)

+(1− ω)(
2

9
x4 +

x

3
)B(x)− 2(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

+


2

3
x2(ω2 − 1)A(x)2 +

2

3
x2(ω − 1)B(x)2 + (1− ω)( 29x

4 + x
3 )A(x)

+(1− ω2)(
2

9
x4 +

x

3
)B(x) + 2(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

=
6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

= 1

n = 2 T2(x) =
α3
1(x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

α3
2(x)

(α2(x)− α1(x))(α2(x)− α3(x))

+
α3
3(x)

(α3(x)− α1(x))(α3(x)− α2(x))

9
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=
α3
1(x)(α2(x)− α3(x))

(α1(x)− α2(x))(α(x)− α3(x))(α2(x)− α3(x))

− α3
2(x)(α1(x)− α3(x))

(α1(x)− α2(x))(α(x)− α3(x))(α2(x)− α3(x))

+
α3
3(x)(α1(x)− α2(x))

(α1(x)− α2(x))(α(x)− α3(x))(α2(x)− α3(x))

=


(ω − ω2)( 23x

4 + x)A(x)2 + (ω2 − ω)( 23x
4 + x)B(x)2

+(ω − ω2)(
2

9
x6 +

2

3
x3 + 1)A(x) + (ω2 − ω)(

2

9
x6 +

2

3
x3 + 1)B(x)

+2x2(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

−


(ω − 1)( 23x

4 + x)A(x)2 + (ω2 − 1)(
2

3
x4 + x)B(x)2

+(1− ω2)(
2

9
x6 +

2

3
x3 + 1)A(x) + (1− ω)(

2

9
x6 +

2

3
x3 + 1)B(x)

−2x2(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

+


(ω2 − 1)(

2

3
x4 + x)A(x)2 + (ω − 1)(

2

3
x4 + x)B(x)2

+(1− ω)(
2

9
x6 +

2

3
x3 + 1)A(x) + (1− ω2)(

2

9
x6 +

2

3
x3 + 1)B(x)

+2x2(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

=
6x2(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

= x2

n = 3 T3(x) =
α4
1(x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

α4
2(x)

(α2(x)− α1(x))(α2(x)− α3(x))

+
α4
3(x)

(α3(x)− α1(x))(α3(x)− α2(x))

=
α4
1(x)(α2(x)− α3(x))

(α1(x)− α2(x))(α(x)− α3(x))(α2(x)− α3(x))

− α4
2(x)(α1(x)− α3(x))

(α1(x)− α2(x))(α(x)− α3(x))(α2(x)− α3(x))

+
α4
3(x)(α1(x)− α2(x))

(α1(x)− α2(x))(α(x)− α3(x))(α2(x)− α3(x))

=


(ω − ω2)(

4

9
x6 + x3 + 1)A(x)2 + (ω2 − ω)(

4

9
x6 + x3 + 1)B(x)2

+(ω − ω2)(
4

27
x8 +

5

9
x5 +

2

3
x2)A(x) + (ω2 − ω)(

4

27
x8 +

5

9
x5 +

2

3
x2)B(x)

+2x2(ω − ω2)(
x2

3
+A(x) +B(x)) + 2(

2

3
x4 + x)(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

−


(ω − 1)(

4

9
x6 + x3 + 1)A(x)2 + (ω2 − 1)(

4

9
x6 + x3 + 1)B(x)2

+(1− ω2)(
4

27
x8 + 5

9x
5 +

2

3
x2)A(x) + (1− ω)(

4

27
x8 +

5

9
x5 +

2

3
x2)B(x)

−2x2(ω − ω2)(
x2

3
+ ωA(x) + ω2B(x))− 2(

2

3
x4 + x)(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

10
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+


(ω2 − 1)(

4

9
x6 + x3 + 1)A(x)2 + (ω − 1)(

4

9
x6 + x3 + 1)B(x)2

+(1− ω)(
4

27
x8 +

5

9
x5 +

2

3
x2)A(x) + (1− ω2)(

4

27
x8 +

5

9
x5 +

2

3
x2)B(x)

+2x2(ω − ω2)(
x2

3
+ ω2A(x) + ωB(x)) + 2( 23x

4 + x)(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

=


2x2(α1(x) + α2(x) + α3(x))(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

+6(
2

3
x4 + x)(ω − ω2)

√
x6

36
+

7x3

54
+

1

4


6(ω − ω2)

√
x6

36
+

7x3

54
+

1

4

=
2x4 + 6(

2

3
x4 + x)

6
=

6x4 + 6x

6
= x4 + x

Now, assume that, it is true for all positive integers k, i.e.

Tk(x) =
αk+1
1 (x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

αk+1
2 (x)

(α2(x)− α1(x))(α2(x)− α1(x))

+
αk+1
3 (x)

(α3(x)− α1(x))(α3(x)− α2(x))

Then, we need to show that above equality holds for n = k + 1 , that is,

Tk+1(x) = x2Tk(x) + xTk−1(x) + Tk−2(x)

= x2

(
αk
1(x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

αk
2(x)

(α2(x)− α1(x))(α2(x)− α3(x))

+
αk
3(x)

(α3(x)− α1(x))(α3(x)− α2(x))

)
+x

(
αk−1
1 (x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

αk−1
2 (x)

(α2(x)− α1(x))(α2(x)− α3(x))

+
αk−1
3 (x)

(α3(x)− α1(x))(α3(x)− α2(x))

)
+

(
αk−2
1 (x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

αk−2
2 (x)

(α2(x)− α1(x))(α2(x)− α3(x))

+
αk−2
3 (x)

(α3(x)− α(x))(α3(x)− α2(x))

)
=

x2αk(x) + xαk−1(x) + αk−2(x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

x2αk
2(x) + xαk−1

2 (x) + αk−2
2 (x)

(α2(x)− α(x))(α2(x)− α3(x))

+
x2αk

3(x) + xαk−1
3 (x) + αk−2

3 (x)

(α3(x)− α1(x))(α3(x)− α2(x))

=
αk+2
1 (x)

(α1(x)− α2(x))(α1(x)− α3(x))
+

αk+2
2 (x)

(α2(x)− α1(x))(α2(x)− α3(x))

+
αk+2
3 (x)

(α3(x)− α1(x))(α3(x)− α2(x))
□

1.2.3 Generating function of Tribonacci polynomilas

Next, we give generating function of the Tribonacci polynomials .

Theorem 1.2.2 [17] the generating function of the Tribonacci polynomials is given by,

G(t) =

∞∑
n=0

Tn(x)t
n =

t

1− x2t− xt2 − t3
(1.8)

Proof. Let G(t) =

∞∑
n=0

Tn(x)t
n be generating function of the Tribonacci polynomials. On the other hand,

since

11
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G(t) = T0(x) + T1(x)t+ T2(x)t
2 + ...+ Tn(x)t

n + ....
x2tG(t) = x2T0(x)t+ x2T1(x)t

2 + x2T2(x)t
3 + ...+ x2Tn(x)t

n+1 + ....
xt2G(t) = xT0(x)t

2 + xT1(x)t
3 + xT2(x)t

4 + ...+ xTn(x)t
n+2 + ....

t3G(t) = T0(x)t
3 + T1(x)t

4 + T2(x)t
5 + ...+ Tn(x)t

n+3 + ....

we obtain that

(1− x2t− xt2 − t3)G(t) = T0(x)− t(T1(x)− x2T0(x))− t2(K2(x)− xT1(x)− x2T1(x))

where Tn(x) = x2Tn−1(x) + xTn−2(x) + Tn−3(x) from equation (1.5). Here the coe�cients of tn for
n ≥ 3 are equal to zero. Then generating function of the Tribonacci polynomials is

G(t) =
t

1− x2t− xt2 − t3
□

1.2.4 Some properties of Tribonacci polynomials

The following corollary which gives the sums formulas of the Tribonacci polynomials.

Corollary 1.2.1 [6] The summation formulas for the Tribonacci polynomials are as follows

n∑
i=0

Ti(x) =
Tn+2(x) + (1− x2)Tn+1(x) + Tn(x)− 1

x2 + x

Proof. Using the equation (1.5), we can get the following relations:

xT0(x) = T2(x)− x2T1(x)− T−1(x)
xT1(x) = T3(x)− x2T2(x)− T0(x)
xT2(x) = T4(x)− x2T3(x)− T1(x)

.

.

.
xTn−2(x) = Tn(x)− x2Tn−1(x)− Tn−3(x)
xTn−1(x) = Tn+1(x)− x2Tn(x)− Tn−2(x)

xTn(x) = Tn+2(x)− x2Tn+1(x)− Tn−1(x)

If we add the equations by side by, we get

xT0(x)+xT1(x)+ ...+xTn(x) = Tn(x)+Tn+1(x)+Tn+2(x)−x2

(
n+1∑
i=0

Ti(x)− T0(x)

)
−T−1(x)−T0(x)−

T1(x)

(
x+ x2

) n∑
i=0

Ti(x) = Tn(x) + Tn+1(x) + Tn+2(x)− x2Tn+1(x) + x2T0(x)− T−1(x)− T0(x)− T1(x)

and we obtain that
n∑

i=0

Ti(x) =
Tn+2(x) + (1− x2)Tn+1(x) + Tn(x)− 1

x2 + x
□

12



CHAPTER 2

Tribonacci-Lucas number and polynomials

2.1 Tribonacci-Lucas number

In this section, we de�ne the Tribonacci-Lucas number and drive another explicit formula for these
numbers.

De�nition 2.1.1 [16] The Tribonacci-Lucas sequence {Kn}n≥0 are de�ned by the third order linear
recurrence relations

Kn = Kn−1 +Kn−2 +Kn−3, K0 = 3,K1 = 1,K2 = 3 (2.1)

for any integer n ≥ 3, respectively.

Remark 2.1.1 [16] The Tibonacci sequence for negative subscripts are de�ned by the third order linear
recurrence relations

K−n = − K−(n−1) − K−(n−2) +K−(n−3) (2.2)

for any integer n ≥ 1, respectively.

We now present the �rst terms of the Tribonacci sequence with positive and negative subscripts

n 0 1 2 3 4 5 6 7 8 9 10 ...
Kn 3 1 3 7 11 21 39 71 131 241 443 ...
K−n 3 -1 -1 5 -5 -1 11 -15 3 23 -41 ...

2.1.1 Tribonacci-Lucas triangle

In [18] (Yilmaz and Taskara) de�ned the Tribonacci-Lucas triangle as following.

n \ i 0 1 2 3 4 5 ...
0 3
1 1 2
2 1 6 2
3 1 8 10 2
4 1 10 24 14 2
5 1 12 42 48 18 2
.
.
.

Table 3:Tribonacci-Lucas triangle

13
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Let B(n, i) be the element in the n-th row and i-th column of the Tribonacci-Lucas polynomials triangle.
By using the triangle, we have B(n, i) = B(n, i) +B(n, i− 1) +B(n− 1, i− 1)
where B(n, 0) = 1, B(n, n) = 2 for n ∈ Z+.
By using the Table 3, we have the Tribonacci-Lucas numbers as binomial sum

Kn =

[n/2]∑
j=0

B(n− i, i)

In here, the sum of elements on the rising diagonal lines in the Table 3 is the Tribonacci-Lucas number
Kn .Furthermore, we write

Kn =

[(n)/2]∑
i=0

i∑
j=0

n

n− i− j

(
i

j

)(
n− i− j

j

)
, (n > i+ j)

since these coe�cients hold relation

B(n, i) =

i∑
j=0

n+ i

n− j

(
i
j

)(
n−j
i

)
, (n > i)

B(n, i) = 2, (n = i)

Exemple:

K5 =

2∑
j=0

B(5− i, i) = B(5, 0) +B(4, 1) +B(3, 2) = 1 + 10 + 10 = 21

2.1.2 Binet's formula of Tribonacci-Lucas number

The following theorem gives the binet's formula of the nth terms Tribonacci-Lucas number.

Theorem 2.1.1 [16] the binet's formula of the nth Tribonacci-lucas number are given by

Kn = αn + βn + γn (2.3)

respectively, where α ,β and γ are the roots of the cubic equation x3 − x2 − x− 1 = 0 .Also,

α =
1 +A+B

3
=

1 +
3
√
19 + 3

√
33 +

3
√
19− 3

√
33

3

β =
1 + ωA+ ω2B

3
=

1 + ω
3
√
19 + 3

√
33 + ω2 3

√
19− 3

√
33

3

γ =
1 + ω2A+ ωB

3
=

1 + ω2 3
√
19 + 3

√
33 + ω

3
√
19− 3

√
33

3

where

A =
3
√

19 + 3
√
33 , B =

3
√
19− 3

√
33

white ω = −1+i
√
3

2 = exp( 2πi3 ) is a primitive cube root of unity. Moreover, the roots α, β and γ veri�es
following identities

α+ β + γ = 1
αβ + αγ + βγ = −1

αβγ = 1

14
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Proof. We can use the mathematical induction method on n to prove equation (2.3). Then

n = 1 K1 = α+ β + γ = 1
n = 2 K2 = α2 + β2 + γ2 = (α+ β + γ)2 − 2(αβ + αγ + βγ) = 3

n = 3 K3 = α3 + β3 + γ3 =
A2 +B2 + 5A+ 5B + 21

9
+

ω2A2 + 5ωA+ 5ω2B + ωB2 + 21

9

+
5ω2A+ ωA2 + 5ωB + ω2B2 + 21

9
= 7

Now, assume that, it is true for all positive integers k, i.e.

Kk = αk + βk + γk

Then, we need to show that above equality holds for n = k + 1 , that is,

Kk+1 = Kk +Kk−1 +Kk−2

= αk + βk + γk + αk−1 + βk−1 + γk−1 + αk−2 + βk−2 + γk−2

= (αk + αk−1 + αk−2) + (βk + βk−1 + βk−2) + (γk + γk−1 + γk−2)
= αk+1 + βk+1 + γk+1 □

Remark 2.1.2 [16] We can present Binet's formula of the nth Tribonacci number with negative sub-
scripts as follows

K−n = α−n + β−n + γ−n (2.4)

2.1.3 Generating function of Tribonacci-Lucas number

Next, we give generating function of the Tribonacci-Lucas number.

Corollary 2.1.1 [16] The generating function of the Tribonacci-Lucas number Kn is given by

r(t) =
∑∞

n=0 Knt
n =

3− 2t− t2

1− t− t2 − t3

Proof. Let r(x) =
∑∞

n=0 Knx
n be generating function of the Tribonacci-Lucas numbers. On the other

hand, since

r(t) = K0 +K1t+K2t
2 + ......+Knt

n + ....
tr(t) = K0t+K1t

2 +K2t
3 + ......+Kn−1t

n + ....
t2r(t) = K0t

2 +K1t
3 +K2t

4 + ......+Kn−2t
n + ....

t3r(t) = K0t
3 +K1t

4 +K2t
5 + ......+Kn−3t

n + ....

we obtain that
(1− t− t2 − t3)g(t) = K0 +K1t+K2t

2 −K0t−K1t
2 −K0t

2

where Kn = Kn−1 +Kn−2 +Kn−3 from equation (2.1). Here the coe�cients of tn for n ≥ 3 are equal to
zero. Then generating function of the Tribonacci-Lucas number is

r(t) =
3− 2t− t2

1− t− t2 − t3
□

2.1.4 Some properties of Tribonacci-Lucas number

The following corollary which give the sums formulas of the Tribonacci-Lucas numbers.

Corollary 2.1.2 [12] For n ≥ 0 we have the following formulas

(a)

n∑
i=0

Ki =
1

2
(Kn+2 +Kn)

(b)

n∑
i=0

K2i =
1

2
(K2n+1 +K2n + 2)

(c)

n∑
i=0

K2i+1 =
1

2
(K2n+2 +K2n+1 − 2)

15
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Proof. (i) Using the equation (2.1), we can get the following relations:

K0 = K3 −K2 −K1

K1 = K4 −K3 −K2

K2 = K5 −K4 −K3

.

.

.
Kn−2 = Kn+1 −Kn −Kn−1

Kn−1 = Kn+2 −Kn+1 −Kn

Kn = Kn+3 −Kn+2 −Kn+1

If we add the equations by side by, we get

n∑
i=0

Ki = Kn+3 −K2 +

n∑
i=0

Ki+1 = Kn+3 −K2 −
n∑

i=1

Ki −Kn+1 −K0 +K0

= Kn+3 −Kn+1 −K2 +K0 −
n∑

i=0

Ki = Kn+2 +Kn −K2 +K0 −
n∑

i=0

Ki

and so

n∑
i=0

Ki =
1

2
(Kn+2 +Kn)

(ii) Using the equation (2.1), we can get the following relations:

K0 = K3 −K2 −K1

K2 = K5 −K4 −K3

K4 = K7 −K6 −K5

.

.

.
K2n−4 = K2n−1 −K2n−2 −K2n−3

K2n−2 = K2n+1 −K2n −K2n−1

K2n = K2n+3 −K2n+2 −K2n+1

If we add the equations by side by, we get

n∑
i=1

K2i = K2n+3 −
n∑

i=0

K2i+2 −K1 = K2n+3 −
n∑

i=1

K2i −K2n+2 −K1 +K0 −K0

= K2n+3 −K2n+2 −K1 +K0 −
n∑

i=0

K2i = K2n+2 +K2n −K1 +K0 −
n∑

i=0

K2i

and so
n∑

i=0

K2i =
1

2
(K2n+2 +K2n + 2)

(iii) Using the equation (2.1), we can get the following relations:

K1 = K4 −K3 −K2

K3 = K6 −K5 −K4

K5 = K8 −K7 −K6

.

.

.
K2n−3 = K2n −K2n−1 −K2n−2

K2n−1 = K2n+2 −K2n+1 −K2n

K2n+1 = K2n+4 −K2n+3 −K2n+2

If we add the equations by side by, we get

16



2.2. TRIBONACCI-LUCAS POLYNOMIALS CHAPTER 2

n∑
i=0

K2i+1 = K2n+4 −
n∑

i=0

K2i+3 −K2 = K2n+4 −K2n+3 −
n∑

i=1

K2n+1 −K1 +K1 −K2

= K2n+4 −K2n+3 −K2 +K1 −
n∑

i=0

K2n+1 = K2n+2 +K2n+1 −K2 +K1 −
n∑

i=0

K2n+1

and so
n∑

i=0

K2i+1 =
1

2
(K2n+2 +K2n+1 − 2) □

2.2 Tribonacci-Lucas polynomials

In this section, we de�ne the Tribonacci-Lucas polynomials and drive another explicit formula for the
polynomials.

De�nition 2.2.1 [9] The Tribonacci-Lucas polynomials Kn(x) de�ned by recurrence relations

Kn(x) = x2Kn−1(x) + xKn−2(x) +Kn−3(x), (2.5)

respectively, where k0(x) = 3, k1(x) = x2, k2(x) = x4 + 2x

Remark 2.2.1 The Tribonacci-Lucas polynomials Kn(x) for negative subscripts are de�ned by recurrence
relations

K−n(x) = x2K−(n−1)(x) + xK−(n−2)(x) +K−(n−3)(x), (2.6)

respectively, where k0(x) = 3, k−1(x) = −x, k−2(x) = −x2

The �rst few Tribonacci-lucas polynomials :

K0(x) = 3
K1(x) = x2

K2(x) = x4 + 2x
K3(x) = x6 + 3x3 + 3
K4(x) = x8 + 4x5 + 6x2

K5(x) = x10 + 5x7 + 10x4 + 5x
K6(x) = x12 + 6x9 + 15x6 + 14x3 + 3
K7(x) = x14 + 7x11 + 21x8 + 28x5 + 14x2

2.2.1 Tribonacci-Lucas Polynomials triangle

In [18] (Yilmaz and Taskara) de�ned the Tribonacci-Lucas polynomials triangle as following.

n \ i 0 1 2 3 4 5 ...
0 3
1 x2 2x
2 x4 3x3 + 3 2x2

3 x6 4x5 + 4x2 5x4 + 5x 2x3

4 x8 5x7 + 5x4 9x6 + 12x3 + 3 7x5 + 7x2 2x4

5 x10 6x9 + 6x6 14x8 + 21x5 + 7x2 16x7 + 24x4 + 8x 9x6 + 9x3 2x5

.

.

.

Table4:Tribonacci-Lucas Polynomials triangle
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Let B(n, i)(x) be the element in the n-th row and i-th column of the Tribonacci-Lucas polynomials tri-
angle. By using the triangle, we have B(n, i)(x) = x2B(n, i)(x) + xB(n, i− 1)(x) +B(n− 1, i− 1)(x)
where B(n, 0)(x) = x2n, B(n, n)(x) = 2xn for n ∈ Z+.
By using the Table 4, we have

kn(x) =

[n/2]∑
j=0

B(n− i, i)(x)

In here, the sum of elements on the rising diagonal lines in the Table 2 is the Tribonacci-Lucas polyno-
mials Kn(x) .Furthermore, we write

Kn(x) =

[(n)/2]∑
i=0

i∑
j=0

n

n− i− j

(
i

j

)(
n− i− j

j

)
x2n−3i−3j , (n > i+ j)

since these coe�cients satisfy the relation

 B(n, i)(x) =

i∑
j=0

n+ i

n− j

(
i
j

)(
n−j
i

)
x2n−i−3j , (n > i)

B(n, i)(x) = 2xn , (n = i)

Exemple:

k4(x) =

2∑
j=0

B(4− i, i)(x) = B(4, 0)(x)+B(x)(3, 1)+B(2, 2)(x) = x8 +4x5 +4x2 +2x2 = x8 +4x5 +6x2

2.2.2 Binet's formula of Tribonacci-Lucas polynomials

The following theorem gives the binet's formula of the nth terms Tribonacci-Lucas polynomials.

Theorem 2.2.1 [17] The Binet's formula of the nth Tribonacci-Lucas polynomials is given by:

Kn(x) = αn
1 (x) + αn

2 (x) + αn
3 (x) (2.7)

respectively, where α1 ,α2 and α3 are the roots of the cubic equation λ3 − x2λ2 − xλ− 1 = 0 Also.

α1(x) =
x2

3
+A(x) +B(x),

α2(x) =
x2

3
+ ωA(x) + ω2B(x),

α3(x) =
x2

3
+ ω2A(x) + ωB(x),

where

A(x) =
3

√
x6

27
+

x3

6
+

1

2
+

√
x6

36
+

7x3

54
+

1

4

B(x) =
3

√
x6

27
+

x3

6
+

1

2
−
√

x6

36
+

7x3

54
+

1

4

white ω = −1+i
√
3

2 = exp( 2πi3 ) is a primitive cube root of unity. Moreover, the roots α1(x), α2(x) and
α3(x) veri�es following identities

α1(x) + α2(x) + α3(x) = x2

α1(x)α2(x) + α1(x)α3(x)α2(x)α3(x) = −x
α1(x)α2(x)α3(x) = 1

18
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Proof. We can use the mathematical induction method on n to prove equation (2.7). Then

n = 1 K1(x) = α1
1(x) + α1

2(x) + α1
3(x)

= x2

n = 2 K2(x) = α2
1(x) + α2

2(x) + α2
3(x)

= (α1(x) + α2(x) + α3(x))
2 − 2(α1α2 + α1α3 + α2α3)

= x4 + 2x
n = 3 K3(x) = α3

1(x) + α3
2(x) + α3

3(x)

= x2A(x)2 + x2B(x)2 +

(
2

3
x4 + x

)
A(x) +

(
2

3
x4 + x

)
B(x) +

(
x6

3
+ x3 + 1

)
+ω2x2A(x)2 + ωx2B(x)2 + ω

(
2

3
x4 + x

)
A(x) + ω2

(
2

3
x4 + x

)
B(x) +

(
x6

3
+ x3 + 1

)
+ωx2A(x)2 + ω2x2B(x)2 + ω2

(
2

3
x4 + x

)
A(x) + ω

(
2

3
x4 + x

)
B(x) +

(
x6

3
+ x3 + 1

)
=

(
x6

3
+ x3 + 1

)
+

(
x6

3
+ x3 + 1

)
+

(
x6

3
+ x3 + 1

)
= x6 + 3x3 + 3

Now, assume that, it is true for all positive integers k, i.e.

Kk(x) = αk
1(x) + αk

2(x) + αk
3(x)

Then, we need to show that above equality holds for n = k + 1 , that is,

Kk+1(x) = x2Kk(x) + xKk−1(x) +Kk−2(x)

= x2(αk
1(x) + αk

2(x) + αk
3(x)) + x(αk−1

1 (x) + αk−1
2 (x) + αk−1

3 (x))

+(αk−2
1 (x) + αk−2

2 (x) + αk−2
3 (x))

= (x2αk
1(x) + xαk−1

1 (x) + αk−2
1 (x)) + (x2αk

2(x) + xαk−1
2 (x) + αk−2

2 (x))

+(x2αk
3(x) + xαk−1

3 (x) + αk−2
3 (x))

= αk+1
1 (x) + αk+1

2 (x) + αk+1
3 (x) □

2.2.3 Generating function of Tribonacci-Lucas polynomials

Next, we give generating function of the Tribonacci-Lucas polynomials .

Theorem 2.2.2 [9] The generating function of Tribonacci-Lucas polynomials is given by

R(t) =

∞∑
n=0

Kn(x)t
n =

3− 2x2t− xt2

1− x2t− xt2 − t3
(2.8)

Proof. Let R(t) =

∞∑
n=0

Kn(x)t
n be generating function of the Tribonacci-Lucas polynomials. On the other

hand, since

R(t) = K0(x) +K1(x)t+K2(x)t
2 + ...+Kn(x)t

n + ....
x2tR(t) = x2K0(x)t+ x2K1(x)t

2 + x2K2(x)t
3 + ...+ x2Kn(x)t

n+1 + ....
xt2R(t) = xK0(x)t

2 + xK1(x)t
3 + xK2(x)t

4 + ...+ xKn(x)t
n+2 + ....

t3R(t) = K0(x)t
3 +K1(x)t

4 +K2(x)t
5 + ...+Kn(x)t

n+3 + ....

we obtain that

(1− x2t− xt2 − t3)R(t) = K0(x)− t(K1(x)− x2K0(x))− t2(K2(x)− xK1(x)− x2K1(x))

where Kn(x) = x2Kn−1(x) + xKn−2(x) + Kn−3(x) from equation (2.5). Here the coe�cients of tn for
n ≥ 3 are equal to zero. Then generating function of the Tribonacci-Lucas polynomials is

R(t) =
3− 2x2t− xt2

1− x2t− xt2 − t3
□
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2.2.4 Some properties of Tribonacci-Lucas polynomials

The following corollary which give the sums formulas of the Tribonacci-Lucas polynomials.

Corollary 2.2.1 [9] The summation formulas for the Tribonacci-Lucas polynomials are as follows

n∑
i=0

Ki(x) =
Kn+2(x) + (1− x2)Kn+1(x) +Kn(x) + 2x2 + x− 3

x2 + x

Proof. Using the equation (2.5), we can get the following relations:

xK0(x) = K2(x)− x2K1(x)−K−1(x)
xK1(x) = K3(x)− x2K2(x)−K0(x)
xK2(x) = K4(x)− x2K3(x)−K1(x)

.

.

.
xKn−2(x) = Kn(x)− x2Kn−1(x)−Kn−3(x)
xKn−1(x) = Kn+1(x)− x2Kn(x)−Kn−2(x)

xKn(x) = Kn+2(x)− x2Kn+1(x)−Kn−1(x)

If we add the equations by side by, we get

xK0(x) + xK1(x) + ...+ xKn(x) = Kn(x) +Kn+1(x) +Kn+2(x)− x2

(
n+1∑
i=0

Ki(x)−K0(x)

)
−K−1(x)−

K0(x)−K1(x)

(x+x2)

n∑
i=0

Ki(x) = Kn(x)+Kn+1(x)+Kn+2(x)−x2Kn+1(x)+x2K0(x)−K−1(x)−K0(x)−K1(x)

and we obtain that
n∑

i=0

Ki(x) =
Kn+2(x) + (1− x2)Kn+1(x) +Kn(x) + 2x2 + x− 3

x2 + x
□
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CHAPTER 3

More generalization and proprietes of Tribonacci and Tribonacci-Lucas numbers

and polynomials

3.1 Some Identities of the Tribonacci and Tribonacci-Lucas num-

bers

In this section we give Some Identities of the Tribonacci and Tribonacci-Lucas numbers.

Lemma 3.1.1 [16] We have the following identities for the Tribonacci and Tribonacci-Lucas numbers

K−mT−m+s − T−2m+s = KmTs − Tm+s (3.1)

K−mK−m+s −K−2m+s = KmKs −Km+s (3.2)

where is Tn the nth Tribonacci number and is Kn the nth Tribonacci-Lucas number, respectively

Proof. (i) using the equations (1.3) and (2.3) we have

K−mT−m+s − T−2m+s = (α−m + β−m + γ−m)

(
α−m+s

(α− β)(α− γ)
+

β−m+s

(β − α)(β − γ)
+

γ−m+s

(γ − α)(γ − β)

)
−
(

α−2m+s

(α− β)(α− γ)
+

β−2m+s

(β − α)(β − γ)
+

γ−2m+s

(γ − α)(γ − β)

)
=

α−m+s(α−m + β−m + γ−m)

(α− β)(α− γ)
+

β−m+s(α−m + β−m + γ−m)

(β − α)(β − γ)

+
γ−m+s(α−m + β−m + γ−m)

(γ − α)(γ − β)

−
(

α−2m+s

(α− β)(α− γ)
+

β−2m+s

(β − α)(β − γ)
+

γ−2m+s

(γ − α)(γ − β)

)
=

α−m+s(α−m) + α−m+s(β−m + γ−m)

(α− β)(α− γ)
+

β−m+s(β−m) + β−m+s(α−m + γn)

(β − α)(β − γ)

+
γ−m+s(γ−m) + γ−m+s(α−m + β−m)

(γ − α)(γ − β)

−
(

α−2m+s

(α− β)(α− γ)
+

β−2m+s

(β − α)(β − γ)
+

γ−2m+s

(γ − α)(γ − β)

)
=

α−m+s(β−m + γ−m)

(α− β)(α− γ)
+

β−m+s(α−m + γ−m)

(β − α)(β − γ)
+

γ−m+s(α−m + β−m)

(γ − α)(γ − β)

+

(
α−2m+s

(α− β)(α− γ)
+

β−2m+s

(β − α)(β − γ)
+

γ−2m+s

(γ − α)(γ − β)

)
−
(

α−2m+s

(α− β)(α− γ)
+

β−2m+s

(β − α)(β − γ)
+

γ−2m+s

(γ − α)(γ − β)

)
=

α−m+s(β−m + γ−m)

(α− β)(α− γ)
+

β−m+s(α−m + γ−m)

(β − α)(β − γ)
+

γ−m+s(α−m + β−m)

(γ − α)(γ − β)
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=
αs[(αβ)−m + (αγ)−m]

(α− β)(α− γ)
+

βs[(αβ)−m + (βγ)−m]

(β − α)(β − γ)
+

γs[(αγ)−m + (βγ)−m]

(γ − α)(γ − β)

=
αs(γm + βm)

(α− β)(α− γ)
+

βs(γm + αm)

(β − α)(β − γ)
+

γs(βm + αm)

(γ − α)(γ − β)

=
αs(γm + βm) + αm+s − αm+s

(α− β)(α− γ)
+

βs(γm + αm) + βm+s − βm+s

(β − α)(β − γ)

+
γs(βm + αm) + γm+s − γm+s

(γ − α)(γ − β)

=
αs(αm + βm + γm)− αm+s

(α− β)(α− γ)
+

βs(αm + βm + γm)− βm+s

(β − α)(β − γ)

+
γs(αm + βm + γm)− γm+s

(γ − α)(γ − β)

= (αm + βm + γm)

(
αs

(α− β)(α− γ)
+

βs

(β − α)(β − γ)
+

γs

(γ − α)(γ − β)

)
−
(

αm+s

(α− β)(α− γ)
+

βm+s

(β − α)(β − γ)
+

γm+s

(γ − α)(γ − β)

)
= KmTs − Tm+s □

(ii) Using the equation (2.3) we have

K−mK−m+s −K−2m+s = (α−m + β−m + γ−m)(α−m+s + β−m+s + γ−m+s)
−(α−2m+s + β−2m+s + γ−2m+s)

= α−m(α−m+s + β−m+s + γ−m+s) + β−m(α−m+s + β−m+s + γ−m+s)
γ−m(α−m+s + β−m+s + γ−m+s)− (α−2m+s + β−2m+s + γ−2m+s)

= α−m(β−m+s + γ−m+s) + β−m(α−m+s + γ−m+s) + γ−m(α−m+s + β−m+s)
+(α−2m+s + β−2m+s + γ−2m+s)− (α−2m+s + β−2m+s + γ−2m+s)

= α−m(β−m+s + γ−m+s) + β−m(α−m+s + γ−m+s) + γ−m(α−m+s + β−m+s)
= α−m(β−m+s + γ−m+s) + β−m(α−m+s + γ−m+s)

+γ−m(α−m+s + β−m+s)
= (αβ)−mβs + (αγ)−mγs + (αβ)−mαs + (βγ)−mγs + (αγ)−mαs + (βγ)−mβs

= γmβs + βmγs + γmαs + αmγs + βmαs + αmβs

= (βmαs + γmαs + αmαs)− αmαs + (αmβs + γmβs + βmβs)− βmβs

+(αmγs + βmγs + γmγs)− γmγs

= (αm + βm + γm)αs + (αm + βm + γm)βs + (αm + βm + γm)γs

−(αm+s + βm+s + γm+s)
= (αm + βm + γm)(αs + βs + γs)− (αm+s + βm+s + γm+s)
= KmKs −Km+s □

Note that we have the following identities by using equations (1.3) and (2.3):

(α−m − 1)(β−m − 1)(γ−m − 1) = K−m −Km

(α−m − 1)(γ−m − 1) = 1−K−m + αm + α−m

(α−m − 1)(γ−m − 1) = 1−K−m + βm + β−m

(α−m − 1)(β−m − 1) = 1−K−m + γm + γ−m

3.2 Sums formulas of Tribonacci and Tribonacci-Lucas numbers

In this section we will presnt Some Proprities of Tribonacci and Tribonacci-Lucas numbers

Theorem 3.2.1 [5] Let m be a positive integer.Then

n∑
i=0

Tmi =
Tm(n+1) + Tmn(1−K−m) + Tm(n−1) − Tm − T−m

Km −K−m
(3.3)

n∑
i=0

(−1)k−1Tmi =
(−1)n+1(Tm(n+1) + Tmn(1−K−m) + Tm(n−1)) + Tm − T−m

Km +K−m + 2
(3.4)

Proof. you can see page (21-28) [5] □
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Theorem 3.2.2 [5] Let m be a positive integer.Then

n∑
i=0

Kmi =
Km(n+1) +Kmn + (1−K−m)Km(n−1) −Km + 2K−m − 3

Km −K−m
(3.5)

n∑
i=0

(−1)k−1Kmi =
(−1)n+1(Km(n+1) +Kmn + (1−K−m)Km(n−1))−Km + 2K−m + 3

Km +K−m + 2
(3.6)

Proof. you can see page (21-28) [5] □

Theorem 3.2.3 [16] For arbitrary integers m and s with 0 ≤ s < m, we have sums formulas as follows

n∑
i=0

Tmi+s =
Tm(n+1)+s + Tmn+s(1−K−m) + Tm(n−1)+s − Tm+s − T−m+s − (1−Km)Ts

Km −K−m
(3.7)

where Tn is the nth Tribonacci number.

Proof. Using the equation (1.3) we have

n∑
i=0

Tmi+s =
n∑

i=0

[
αmi+s+1

(α− β)(α− γ)
+

βmi+s+1

(β − α)(β − γ)
+

γmi+s+1

(γ − α)(γ − β)

]
=

αs+1

(α− β)(α− γ)

∑n
i=0 α

mi +
βs+1

(β − α)(β − γ)

∑n
i=0 β

mi +
γs+1

(γ − α)(γ − β)

∑n
i=0 γ

mi

=
αs+1

(α− β)(α− γ)

(
1− αmn+m

1− αm

)
+

βs+1

(β − α)(β − γ)

(
1− βmn+m

1− βm

)
+

γs+1

(γ − α)(γ − β)

(
1− γmn+m

1− γm

)
=

1

(α−m − 1)(β−m − 1)(γ−m − 1)

(
(β−m − 1)(γ−m − 1)(α−m+s+1 − αmn+s+1)

(α− β)(α− γ)

+
(α−m − 1)(γ−m − 1)(β−m+s+1 − βmn+s+1)

(β − α)(β − γ)

+
(α−m − 1)(β−m − 1)(γ−m+s+1 − γmn+s+1)

(γ − α)(γ − β)

)
.

=
1

K−m −Km

[(
αs+1

(α− β)(α− γ)
+

βs+1

(β − α)(β − γ)
+

γs+1

(γ − α)(γ − β)

)
−
(

αmn+m+s+1

(α− β)(α− γ)
+

βmn+m+s+1

(β − α)(β − γ)
+

γmn+m+s+1

(γ − α)(γ − β)

)
+

(
α−2m+s+1

(α− β)(α− γ)
+

β−2m+s+1

(β − α)(β − γ)
+

γ−2m+s+1

(γ − α)(γ − β)

)
−
(

αmn−m+s+1

(α− β)(α− γ)
+

βmn−m+s+1

(β − α)(β − γ)
+

γmn−m+s+1

(γ − α)(γ − β)

)
+

(
α−m+s+1

(α− β)(α− γ)
+

β−m+s+1

(β − α)(β − γ)
+

γ−m+s+1

(γ − α)(γ − β)

)
−
(

αmn+s+1

(α− β)(α− γ)
+

βmn+s+1

(β − α)(β − γ)
+

γmn+s+1

(γ − α)(γ − β)

)
−K−m

(
α−m+s+1

(α− β)(α− γ)
+

β−m+s+1

(β − α)(β − γ)
+

γ−m+s+1

(γ − α)(γ − β)

)
+K−m

(
αmn+s+1

(α− β)(α− γ)
+

βmn+s+1

(β − α)(β − γ)
+

γmn+s+1

(γ − α)(γ − β)

)]
=

Tm(n+1)+s + Tmn+s + (1−K−m)Tm(n−1)+s − Tm+s − T−m+s − (1−Km)Ts

Km −K−m
□

Theorem 3.2.4 [16] For arbitrary integers m and s with 0 ⩽ s < m, we have sums formulas as follows

n∑
i=0

Kmi+s =
Km(n+1)+s +Kmn+s + (1−K−m)Km(n−1)+s −Km+s −K−m+s − (1−Km)Ks

Km −K−m
(3.8)

where Kn is the nth Tribonacci-Lucas number.
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Proof. Using the equation (2.3) we have
n∑

i=0

Kmi+s =

n∑
i=0

(αmi+s + βmi+s + γmi+s)

= αs
∑n

i=0 α
mi + βs

∑n
i=0 β

mi + γs
∑n

i=0 γ
mi

= αs(
1− αmn+m

1− αm
) + βs(

1− βmn+m

1− βm
) + γs(

1− γmn+m

1− γm
)

=
1

(α−m − 1)(β−m − 1)(γ−m − 1)
[(β−m − 1)(γ−m − 1)(α−m+s+1 − αmn+s+1)

+(α−m − 1)(γ−m − 1)(β−m+s+1 − βmn+s+1) + (α−m − 1)(β−m − 1)(γ−m+s+1 − γmn+s+1)]

=
1

K−m −Km
[(αs + βs + γs)− (αmn+m+s + βmn+m+s + γmn+m+s)

+(α−2m+s + β−2m+s + γ−2m+s)− (αmn−m+s + βmn−m+s + γmn−m+s)
+(α−m+s + β−m+s + γ−m+s)− (αmn+s + βmn+s + γmn+s)
−K−m(α−m+s + β−m+s + γ−m+s) +K−m(αmn+s + βmn+s + γmn+s)]

=
Km(n+1)+s +Kmn+s + (1−K−m)Km(n−1)+s −Km+s −K−m+s − (1−Km)Ks

Km −K−m
□

Proposition 3.2.1 [16] Some particular cases of Theorem 3.2.3 and Theorem 3.2.4:
• For m = 2 and s = 1, we obtain sums formulas of the Tribonacci and Tribonacci-Lucas numbers with
odd subscripts as follows

n∑
i=0

T2i+1 =
1

2
(T2n+2 + T2n+1)

n∑
i=0

K2i+1 =
1

2
(K2n+2 +K2n+1 − 2)

• For m = 3 and s = 1, 2 respectively, we obtain sums formulas as follows
n∑

i=0

T3i+1 =
1

2
(T3n+4 − 4T3n+1 + T3n−2 + 1)

n∑
i=0

T2i+1 =
1

2
(T3n+5 − 4T3n+2 + T3n−1 − 1)

n∑
i=0

K2i+1 =
1

2
(K3n+4 − 4K3n+1 +K3n−2 − 4)

n∑
i=0

K2i+1 =
1

2
(K3n+5 − 4K3n+2 +K3n−1 − 2)

3.3 Relation betwin Tribonacci and Tribonacci-Lucas numbers

and polynomilas

In this section we obtain the relationship of Tribonacci and Tribonacci-Lucas numbers. However, in here,
we will obtain this relationship of Tribonacci and Tribonacci-Lucas polynomials

Corollary 3.3.1 [18] The relation between of Tribonacci numbers Tn and Tribonacci-Lucas numbers
Kn is

Kn = Tn − 2Tn−1 − 3Tn−2 (3.9)

where n ≥ 2.

Proof. Let us show this by induction, for n = 2, we can write

K2 = T2 − 2T1 − 3T0 = 3

Now, assume that, it is true for all positive integers k, i.e.

Kk = Tk − 2Tk−1 − 3Tk−2 (3.10)

Then, we need to show that above equality holds for n = k + 1, that is,
Kk+1 = Tk+1 − 2Tk − 3Tk−1

= (Tk − 2Tk−1 − 3Tk−2)
+(Tk−1 − 2Tk−2 − 3Tk−3)
+(Tk−2 − 2Tk−3 − 3Tk−4)

= Tk+1(x)− 2Tk − 3Tk−1 □
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Theorem 3.3.1 [18] The relation between of the Tribonacci polynomials Tn(x) and the Tribonacci-
Lucas polynomials Kn(x) is

Kn(x) = x2Tn(x)− 2xTn−1(x)− 3Tn−2(x) (3.11)

where n ≥ 2.

Proof. Let us show this by induction, for n = 2, we can write

K2(x) = x2T2(x)− 2xT1(x)− 3T0(x) = x4 + 2x

Now, assume that, it is true for all positive integers k, i.e.

Kk(x) = x2Tk(x)− 2xTk−1(x)− 3Tk−2(x) (3.12)

Then, we need to show that above equality holds for n = k + 1, that is,
Kk+1(x) = x2Kk(x) + xKk−1(x) +Kk−2(x)

= x2(x2Tk(x)− 2xTk−1(x)− 3Tk−2(x))
+x(x2Tk−1(x)− 2xTk−2(x)− 3Tk−3(x))
+(x2Tk−2(x)− 2xTk−3(x)− 3Tk−4(x))

= x2Tk+1(x)− 2xTk(x)− 3Tk−1(x) □

3.4 Generalized Tribonacci sequence

The generalized Tribonacci sequence {Tn = Tn(a, b, c; r, s, t)}n≥0 is de�ned as follows:

Tn = rTn−1 + sTn−2 + tTn−3 T0 = a, T1 = b, T2 = c, n ≥ 3 (3.13)

where T0, T1, T2 are arbitrary integers and r, s, t are real numbers.
The sequence {Tn}n≥0 can be extended to negative subscripts by de�ning

T−n = −s

t
T−(n−1) −

r

t
T−(n−2) +

1

t
T−(n−3) (3.14)

for n = 1, 2, 3... when t ̸= 0: Therefore, recurrence (3.13) holds for all integer n:

If we setr = s = t = 1 and T0 = 0, T1 = 1, T2 = 1 then {Tn} is the well-known Tribonacci sequence
and
if we set r = s = t = 1and T0 = 3, T1 = 1, T2 = 3 then {Tn} is the well-known Tribonacci-Lucas sequence.

In fact, the generalized Tribonacci sequence is the generalization of the well-known sequences like
Tribonacci, Tribonacci-Lucas, Padovan (Cordonnier), Perrin, Padovan-Perrin, Narayana, third order Ja-
cobsthal and third order Jacobsthal-Lucas. In literature, for example, the following names and notations
are used for the special case of r, s and t.

Sequences(Numbers) Notation
Tribonacci {Tn} = {Tn(0, 1, 1; 1, 1, 1)}

Tribonacci− Lucas {Kn} = {Tn(3, 1, 3; 1, 1, 1)}
Padovan(Cordonnier) {Pn} = {Tn(1, 1, 1; 0, 1, 1)}

Pell − Padovan {Rn} = {Tn(1, 1, 1; 0, 2, 1)}
Jacobsthal − Padovan {Qn} = {Tn(3, 0, 2; 0, 1, 2)}

Perrin {Rn} = {Tn(3, 0, 2; 0, 1, 1)}
Pell − Perrin {Cn} = {Tn(3, 0, 2; 1, 0, 2)}

Jacobsthal − Perrin {Ln} = {Tn(3, 0, 2; 3, 1, 2)}
Padovan− Perrin {Sn} = {Tn(0, 0, 1; 0, 1, 1)}

Narayana {Nn} = {Tn(0, 1, 1; 1, 0, 1)}
thirdorderJacobsthal {Jn} = {Tn(0, 1, 1; 1, 1, 2)}

thirdorderJacobsthal − Lucas {jn} = {Tn(2, 1, 5; 1, 1, 2)}

As {Tn} is a third order recurrance sequence (di�erence equation), it's characteristic equation is

x3 − rx2 − sx− t = 0 (3.15)

whose roots are
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α = α(r, s, t) =
r

3
+ ωA+ ω2B

β = β(r, s, t) =
r

3
+ ωA+ ω2B

γ = γ(r, s, t) =
r

3
+ ω2A+ ωB

where

A =

(
r3

27
+

rs

6
+

t

2
+
√
∆

)1/3

, B =

(
r3

27
+

rs

6
+

t

2
−

√
∆

)1/3

∆ = ∆(r, s, t) =
r3t

27
− r2s2

108
+

rst

6
− s3

27
+

t2

4
, ω =

−1 + i
√
3

2
= exp(

2πi

3
)

Note that we have the following identities

α+ β + γ = r
αβ + αγ + βγ = −s

αβγ = t

From now on, we assume that ∆(r; s; t) > 0 , so that the Equ. (3.15) has one real (α) and two non-
real solutions with the latter being conjugate complex. So, in this case, it is well known that generalized
Tribonacci numbers can be expressed, for all integers n, using Binet's formula

Tn =
p1α

n

(α− β)(α− γ)
+

p2β
n

(β − α)(β − γ)
+

p3γ
n

(γ − α)(γ − β)
(3.16)

where

p1 = T2 − (β + γ)T1 + βγT0, p2 = T2 − (α+ γ)T1 + αγT0, p3 = T2 − (α+ β)T1 + αβT0.

Next, we give the ordinary generating function

∞∑
n=0

Tnx
n of the sequence Tn

Lemma 3.4.1 [13] Suppose that fTn
(x) =

∑∞
n=0 Tnx

n is the ordinary generating function of the gen-

eralized Tribonacci sequence {Tn}n≥0 then

∞∑
n=0

Tnx
n is given by

fTn
(x) =

∞∑
n=0

Tnx
n =

T0 + (T1 − rT0)x+ (T2 − rT1 − sT0)x
2

1− rx− sx2 − tx3
(3.17)

Proof. Using the de�nition of generalized Tribonacci numbers, and substracting rx

∞∑
n=0

Tnx
n, rx2

∞∑
n=0

Tnx
n

and tx3

∞∑
n=0

Tnx
n

(1− rx− sx2 − tx3)

∞∑
n=0

Tnx
n =

∞∑
n=0

Tnx
n − rx

∞∑
n=0

Tnx
n − rx2

∞∑
n=0

Tnx
n − tx3

∞∑
n=0

Tnx
n

=

∞∑
n=0

Tnx
n − r

∞∑
n=0

Tnx
n+1 − r

∞∑
n=0

Tnx
n+2 − t

∞∑
n=0

Tn+3x
n

=

∞∑
n=0

Tnx
n − r

∞∑
n=0

Tn−1x
n − r

∞∑
n=0

Tnx
n−2 − t

∞∑
n=0

Tn−3x
n

= (T0 + T1x+ T2 + T3x
2)− r(T0x+ T1x

2)− sT0x
2

+

∞∑
n=3

(Tn − rTn−1 − sTn − tTn−3)x
3

= T0 + T1x+ T2 + T3x
2 − rT0x− rT1x

2 − sT0x
2

= T0 + (T1 − rT0)x+ (T2 − rT1 − sT0)x
2

Rearranging above equation, we obtain

fTn
(x) =

∞∑
n=0

Tnx
n =

T0 + (T1 − rT0)x+ (T2 − rT1 − sT0)x
2

1− rx− sx2 − tx3
□
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We next �nd binet's formula of the generalized Tribonacci sequence {Tn} by the use of generating function
for Tn:

Theorem 3.4.1 [13] for n ≥ 0 the binet's formula of the generalized Tribonacci sequence is given by

Tn =
q1α

n

(α− β)(α− γ)
+

q2β
n

(β − α)(β − γ)
+

q3γ
n

(γ − α)(γ − β)
(3.18)

where

q1 = T0α
2 + (T1 − rT0)α+ (T2 − rW1 − sW0)

q2 = T0β
2 + (T1 − rT0)β + (T2 − rT1 − sT0)

q3 = T0γ
2 + (T1 − rT0)γ + (T2 − rW1 − sW0)

Proof. Let
h(x) = 1− sx− rx2 − tx3

Then for some α, β and γ we write

h(x) = (1− α)(1− β)(1− γ)

1− sx− rx2 − tx3 = (1− α)(1− β)(1− γ) (3.19)

Hence
1

α
,

1

β
and

1

γ
are the roots of h(x): This gives α, β and γ as the roots of

h(x) = 1− r

x
− s

x2
− t

x3
= 0

This implies x3 − rx2 − sx− t = 0 Now, by (3.17) and (3.19), it follows that

fTn(x) =

∞∑
n=0

Tnx
n =

T0 + (T1 − rT0)x+ (T2 − rT1 − sT0)x
2

(1− αx)(1− βx)(1− γx)
(3.20)

Then we write

T0 + (T1 − rT0)x+ (T2 − rT1 − sT0)x
2

(1− α)(1− β)(1− γ)
=

B1

(1− αx)
+

B2

(1− βx)
+

B3

(1− γx)
(3.21)

So

T0 + (T1 − rT0)x+ (T2 − rT1 − sT0)x
2 = B1(1− βx)(1− γx) +B2(1−αx)(1− γx) +B3(1−αx)(1− βx)

If we consider x =
1

α
we get T0 + (T1 − rT0)

1

α
+ (T2 − rT1 − sT0)

1

α2
= B1

(
1− β

α

)(
1− γ

α

)
This gives

B1 =

α2

(
T0 + (T1 − rT0)

1

α
+ (T2 − rT1 − sT0)

1

α2

)
(α− β)(α− γ)

=
T0α

2 + (T1 − rT0)α+ (T2 − rT1 − sT0)

(α− β)(α− γ)

Similarly, we obtain

B2 =
T0β

2 + (T1 − rT0)β + (T2 − rT1 − sT0)

(β − α)(β − γ)
, B3 =

T0γ
2 + (T1 − rT0)γ + (T2 − rT1 − sT0)

(γ − α)(γ − β)

Thus (3.21) can be written as

∞∑
n=0

Tnx
n = B1(1− αx)−1 +B2(1− βx)−1 +B3(1− γx)−1

This gives

∞∑
n=0

Tnx
n = B1

∞∑
n=0

αnxn +B2

∞∑
n=0

βnxn +B3

∞∑
n=0

γnxn =

∞∑
n=0

(B1α
n +B2β

n +B3γ
n)xn
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Therefore, comparing coe�cients on both sides of the above equality, we obtain

Tn = B1α
n +B2β

n +B3γ
n

where

B1 =
T0α

2 + (T1 − rT0)α+ (T2 − rT1 − sT0)

(α− β)(α− γ)

B2 =
T0β

2 + (T1 − rT0)β + (T2 − rT1 − sT0)

(β − α)(β − γ)

B3 =
T0γ

2 + (T1 − rT0)γ + (T2 − rT1 − sT0)

(γ − α)(γ − β)
□

Note that from (3.16) and (3.18) we have

T2 − (β + γ)T1 − βγT0 = W0α
2 + (T1 − rT0)α+ (T2 − rT1 − sT0)

T2 − (α+ γ)T1 − αγT0 = T0β
2 + (T1 − rW + T0)β + (T2 − rT1 − sT0)

T2 − (α+ β)T1 − αβT0 = T0γ
2 + (T1 − rT0)γ + (T2 − rT1 − sT0)

3.5 On the Generalized Tribonacci like polynomials

In [3, 6] , the authors gave the de�nition of the generalized tribonacci like polynomials
Let n > 2 be integer. The recurrence relations of the generalized tribonacci like polynomials are

Tn(x, y, z) = xTn−1(x, y, z) + yTn−2(x, y, z) + zTn−3(x, y, z), (3.22)

with the initial conditions
T0(x, y, z) = 0, T1(x, y, z) = 1, T2(x, y, z) = x

and

Ln(x, y, z) = xLn−1(x, y, z) + yLn−2(x, y, z) + zLn−3(x, y, z), (3.23)

with the initial conditions
L0(x, y, z) = 3, L1(x, y, z) = x, L2(x, y, z) = x2 + 2y

Taking x = y = z = 1 in (3.22), we have the tribonacci numbers, namely Tn(1; 1; 1) = Tn ,n-th tri-
bonacci numbers. Using x2 instead of x, x instead of y and z = 1 in (3.22), we obtain the tribonacci
polynomials (Tn(x

2, x, 1) = Tn(x) ,n-th tribonacci polynomials)
the �rst few terms of the generalized tribonacci like polynomials as following.

n Tn(x, y, z) Ln(x, y, z)
0 0 3
1 1 x
2 x x2 + 2y
3 x2 + y x3 + 3xy + 3z
4 x3 + 2xy + z x4 + 4x2y + 4xz + 2y2

5 x4 + 3x2y + 2xz + y2 x5 + 5x3y + 5xy2 + 5x2z + 5yz
6 x5 + 4x3y + 3xy2 + 3x2z + 2yz x6 + 6x4y + 9x2y2 + 6x3z + 12xyz + 2y3 + 3z2

. . .

. . .

. . .

Table 5
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The characteristic equation of the recurrences (3.22) and (3.23) is

λ3 − xλ2 − yλ− z = 0 (3.24)

Using the standart tecniques, we have the Binet's formula for the generalized tribonacci like polyno-
mials

Tn(x, y, z) =
αn+1

(α− β)(α− γ)
+

βn+1

(β − α)(β − γ)
+

γn+1

(γ − α)(γ − β)
(3.25)

and

Ln(x, y, z) = αn + βn + γn (3.26)

where α;β and γ roots of the characteristic equation (3.24). The generating functions of the generalized
tribonacci like poynomials are

h(t) =

∞∑
n=0

Tn(x, y, z)t
n =

t

1− xt− yt2 − zt3
(3.27)

and

k(t) =

∞∑
n=0

Ln(x, y, z)t
n =

3− 2xt− yt2

1− xt− yt2 − zt3
(3.28)

Taking x = y = z = 1 in (3.27), we obtain the generating function of the tribonacci numbers as

h(t) =

∞∑
n=0

Tnt
n =

t

1− t− t2 − t3

Using x2 instead of x, x instead of y and z = 1 in (3.27), we have the generating function of the
tribonacci polynomials as follows

h(t) =

∞∑
n=0

Tn(x)t
n =

t

1− xt− yt2 − zt3

Theorem 3.5.1 [6] Sum of the generalized tribonacci like polynomials are

n∑
i=0

Ti(x, y, z) =
Tn+2(x, y, z) + (1− x)Tn+1(x, y, z) + zTn(x, y, z)− 1

x+ y + z − 1
(3.29)

and

n∑
i=0

Li(x, y, z) =
Ln+2(x, y, z) + (1− x)Ln+1(x, y, z) + zLn(x, y, z)− (3− 2x− y)

x+ y + z − 1
(3.30)

for x+ y + z ̸= 1

Proof. . Using the binet's formulas, the proof is clear. □
Taking x = y = z = 1 in (3.29) , we have sum of the tribonacci numbers as

n∑
i=0

Ti =
Tn+2 + Tn − 1

2

Similarly, we obtain sum of the tribonacci polynomials as

n∑
i=0

Ti(x) =
Tn+2(x) + (1− x2)Tn+1(x) + Tn(x)− 1

x2 + x
□

We have obtained the relation relation between Tn(x, y, z) and Ln(x, y, z)
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Theorem 3.5.2 [6] Let Tn(x, y, z) and Ln(x, y, z) be n-th generalized tribonacci like polynomials. Then

Ln(x, y, z) = xTn(x, y, z) + 2yTn−1(x, y, z) + 3zTn−2(x, y, z) (3.31)

Proof. Using the generating function of the polynomials Ln(x, y, z) , we have
∞∑

n=0

Ln(x, y, z)t
n =

3− 2xt− yt2

1− xt− yt2 − zt3

= 3
1

1− xt− yt2 − zt3
− 2x

t

1− xt− yt2 − zt3
− y

t2

1− xt− yt2 − zt3

= 3

∞∑
n=0

Tn(x, y, z)t
n − 2x

∞∑
n=0

Tn−1(x, y, z)t
n − y

∞∑
n=0

Tn−2(x, y, z)t
n

=

∞∑
n=0

(3Tn(x, y, z)− 2xTn−1(x, y, z)− yTn−2(x, y, z))t
n

From the recurrence relation (3.22), we can write
∞∑

n=0

Ln(x, y, z)t
n =

∞∑
n=0

(xTn(x, y, z) + 2yTn−1(x, y, z) + 3zTn−2(x, y, z))t
n

It is clear that

Ln(x, y, z) = xTn(x, y, z) + 2yTn−1(x, y, z) + 3zTn−2(x, y, z)

Theorem 3.5.3 [6] The explicit formulas of the generalized tribonacci like polynomials are

Tn(x, y, z) =

[(n−1)/2]∑
i=0

i∑
j=0

(
i

j

)(
n− i− j − 1

j

)
xn−2i−j−1yi−jzj (3.32)

and

Ln(x, y, z) =

[(n)/2]∑
i=0

i∑
j=0

n

n− i− j

(
i

j

)(
n− i− j

j

)
xn−2i−j−1yi−jzj (3.33)

Proof. Using the mathematical induction on n, the formula (3.32) is trivially true for n = 1 and n = 2
Assume it's true for n = k
Tk+1(x, y, z) = xTk(x, y, z) + yTk−1(x, y, z) + zTk−2(x, y, z)

= x

[(k−1)/2]∑
i=0

i∑
j=0

(
i

j

)(
k − i− j − 1

j

)
xk−2i−j−1yi−jzj

+y

[(k−2)/2]∑
i=0

i∑
j=0

(
i

j

)(
k − i− j − 2

j

)
xk−2i−j−1yi−jzj

+z

[(k−3)/2]∑
i=0

i∑
j=0

(
i

j

)(
k − i− j − 3

j

)
xk−2i−j−1yi−jzj

Taking k = 2t, we have
Tk+1(x, y, z) = xTk(x, y, z) + yTk−1(x, y, z) + zTk−2(x, y, z)

=

t−1∑
i=0

i∑
j=0

(
i

j

)(
2t− i− j

j

)
x2t−2i−j−1yi−jzj

+

t−1∑
i=0

i∑
j=0

(
i

j

)(
2t− i− j − 2

j

)
x2t−2i−j−1yi−jzj

+

t−2∑
i=0

i∑
j=0

(
i

j

)(
2t− i− j − 3

j

)
x2t−2i−j−1yi−jzj

Using the Pascal's formula, we obtain
Tk+1(x, y, z) = xTk(x, y, z) + yTk−1(x, y, z) + zTk−2(x, y, z)

=

t∑
i=0

i∑
j=0

(
i

j

)(
2t− i− j

j

)
x2t−2i−jyi−jzj

+

[k/2]∑
i=0

i∑
j=0

(
i

j

)(
k − i− j

j

)
x2t−2i−jyi−jzj
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by k = 2t : If k is odd, the formula holds. Thus, the proof is completed. The proof of the formula (3.33)
is similar. □
Taking x = y = z = 1 in (3.32), we obtain the explicit formula for the Tribonacci numbers as

Tn(1, 1, 1) =

[(n−1)/2]∑
i=0

i∑
j=0

(
i

j

)(
n− 1− i− j

j

)

Also, we have

Tn(x
2, x, 1) =

[(n−1)/2]∑
i=0

i∑
j=0

(
i

j

)(
n− 1− i− j

j

)
x2n−3(i+j)−2

which is the explicit formula for the Tribonacci polynomials [10] .

Theorem 3.5.4 [6] Let Tn(x, y, z) and Ln(x, y, z) be n-th generalized tribonacci like polynomials. Then

x
∂Ln(x, y, z)

∂x
+ y

∂Ln(x, y, z)

∂y
+ z

∂Ln(x, y, z)

∂z
= nTn+1(x, y, z) (3.34)

Proof. Using partial derivations of the explicit formula of the polynomial Ln(x, y, z); we have

∂Ln(x, y, z)

∂x
=

∂

∂x

[(n)/2]∑
i=0

i∑
j=0

n

n− i− j

(
i

j

)(
n− i− j

j

)
xn−2i−j−1yi−jzj


=

[(n)/2]∑
i=0

i∑
j=0

n

n− i− j
(n− 2i− j)

(
i

j

)(
n− i− j

j

)
xn−2i−j−1yi−jzj

= n

[(n−1)/2]∑
i=0

i∑
j=0

(
i

j

)(
n− i− j − 1

j

)
xn−2i−j−1yi−jzj

= nTn(x, y, z)
Similarly,we obtain

∂Ln(x, y, z)

∂y
= nTn−1(x, y, z)

and

∂Ln(x, y, z)

∂z
= nTn−2(x, y, z)

Using the recurrence relation (3.22), we have

x
∂Ln(x, y, z)

∂x
+ y

∂Ln(x, y, z)

∂y
+ z

∂Ln(x, y, z)

∂z
= nTn+1(x, y, z) □

In [6] the Generalized Tribonacci polynomials are generated by the Q-matrix is given by:

Q =

x x 1
y 0 0
z 1 0


Using the principle of mathematical induction, we can show that

Qn =

 Tn+1 Tn Tn−1

yTn + zTn−1 yTn−1 + zTn−2 yTn−2 + zTn−3

Tn Tn−1 Tn−2


where Tn(x, y, z) = Tn

Theorem 3.5.5 [17] Let m and n be positive integers.

Tn(x, y, z) = Tm+1(x, y, z)Tn(x, y, z) + Tm(x, y, z)Tn+1(x, y, z)
+zTm−1(x, y, z)Tn−1(x, y, z)− xTm(x, y, z)Tn(x, y, z)

(3.35)
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Proof. Using the identity Qn+m = QnQm and matrix equality, the result is clear. □

Identity (3.35) is similar to Honsberger formula for the Fibonacci like se- quences. From the special cases
of (3.35), we obtain the some identities for the generalized tribonacci polynomials. Taking m = n in
(3.35), we have

T2n(x, y, z) = zT 2
n−1(x, y, z)− xT 2

n(x, y, z) + 2Tn+1(x, y, z)Tn(x, y, z)

Let n+ 1 instead of m in (3.35). From the recurennce relation (3.22), we obtain

T2n+1(x, y, z) = T 2
n+1(x, y, z)− yT 2

n(x, y, z) + 2zTn(x, y, z)Tn−1(x, y, z)

Theorem 3.5.6 [6] Let Tn(x, y, z) be n− th the generalized tribonacci polynomial. Then∣∣∣∣∣∣
Tn+2(x) Tn+1(x) Tn(x)

Tn+1(x, y, z) Tn(x, y, z) Tn−1(x, y, z)
Tn(x, y, z) Tn−1(x, y, z) Tn−2(x, y, z)

∣∣∣∣∣∣ =−zn−1

Proof. It's note that det (Q) = z and det(Qn) = zn : Using the determinants of the matrices Q and Qn

; we obtain ∣∣∣∣∣∣
Tn+1 Tn Tn−1

yTn + zTn−1 yTn−1 + zTn−2 yTn−2 + zTn−3

Tn Tn−1 Tn−2

∣∣∣∣∣∣ =zn

We multiply the �rst row of Qn by x and add to second row. Then, we exchange rows 1 and 2, we have∣∣∣∣∣∣
Tn+2(x) Tn+1(x) Tn(x)

Tn+1(x, y, z) Tn(x, y, z) Tn−1(x, y, z)
zTn(x, y, z) zTn−1(x, y, z) zTn−2(x, y, z)

∣∣∣∣∣∣ =−zn

From the properties of determinant, we obtain∣∣∣∣∣∣
Tn+2(x) Tn+1(x) Tn(x)

Tn+1(x, y, z) Tn(x, y, z) Tn−1(x, y, z)
Tn(x, y, z) Tn−1(x, y, z) Tn−2(x, y, z)

∣∣∣∣∣∣ =−zn−1

Using x2 instead of x, x instead of y and z = 1; we obtained generate Tribonacci polynomials by the
Q-matrix is de�ned by in[8, 10]

Q =

x2 x 1
1 0 0
0 1 0


Using the principle of mathematical induction, we can show that

Qn =

 Tn+1(x) Tn(x) Tn−1(x)
xTn(x) + Tn−1(x) xTn−1(x) + Tn−2(x) xTn−2(x) + Tn−3(x)

Tn(x) Tn−1(x) Tn−2(x)



Since | Q |= 1 , it follows that | Qn |= 1; that is,

∣∣∣∣∣∣
Tn+1(x) Tn(x) Tn−1(x)

xTn(x) + Tn−1(x) xTn−1(x) + Tn−2(x) xTn−2(x) + Tn−3(x)
Tn(x) Tn−1(x) Tn−2(x)

∣∣∣∣∣∣ =1
the Tribonacci polynomial identity is given by:

∣∣∣∣∣∣
Tn+2(x) Tn+1(x) Tn(x)
Tn+1(x) Tn(x) Tn−1(x)
Tn(x) Tn−1(x) Tn−2(x)

∣∣∣∣∣∣ = −1
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Taking x = y = z = 1 we obtained generate Tribonacci number by the Q-matrix

Q =

1 1 1
1 0 0
0 1 0


Using the principle of mathematical induction, we can show that

Qn =

 Tn+1 Tn Tn−1

Tn + Tn−1 Tn−1 + Tn−2 Tn−2 + Tn−3

Tn Tn−1 Tn−2

 =

Tn+1 Tn + Tn−1 Tn

Tn Tn−1 + Tn−2 Tn−1

Tn−1 Tn−2 + Tn−3 Tn−2


Since | Q |= 1 , it follows that | Qn |= 1; that is,

∣∣∣∣∣∣
Tn+1 Tn + Tn−1 Tn

Tn Tn−1 + Tn−2 Tn−1

Tn−1 Tn−2 + Tn−3 Tn−2

∣∣∣∣∣∣=1
Tribonacci identity is given by: ∣∣∣∣∣∣

Tn+2 Tn+1 Tn

Tn+1 Tn Tn−1

Tn Tn−1 Tn−2

∣∣∣∣∣∣ = −1

33



Conclusion

In this study , we de�ne the Tribonacci and Tribonacci-Lucas numbers and polynomials . We present
binet's formulas, summation formulas,binomial sum and generating functions, and some proprities of
these numbers and polynomials

In the last chapter we give generalizations we introducet generalized Tribonacci sequence and we
give a new generalizations of the Tribonacci like polynomials ,In this context, we obtain result and
generalizations for these numbers and polynomials.

34



Refrences

[1] K. Alladi and V. E. Hoggatt Jr., On tribonacci numbers and related functions, Fibonacci Quart. 15
(1977), 42�45.

[2] P. Barry, On integer-sequence-based constructions of generalized Pascal triangles, J. Integer Seq. 9
(2006), Article 06.2.4.

[3] S.Badidja ,A.Hamdi ,Some Algebric and Analytic Properties of (Generalized Tribonacci and Gener-
alized Tribonacci-Lucas) Like Polynomials

[4] M. Feinberg, Fibonacci-Tribonacci, The Fibonacci Quarterly, 1 (3), 70- 74, (1963).

[5] R. Frontczak, Sums of Tribonacci and Tribonacci-Lucas Numbers, Inter- national Journal of Mathe-
matical Analysis, 12 (2018), 19 - 24. https://doi.org/10.12988/ijma.2018.712153

[6] E. Gokcen Kocer, and H. Gedikce,On the Generalized Tribonacci like polynomials . Konuralp Journal
of Mathematics, 2016

[7] A.Hamdi,S.Badidja (2021).Some identities of generalized Tribonacci and Jacobsthal polynomials.
Notes on number Theory and Discrete Mathematics,27(2),137-147,doi:10.7546/nntdm.2021.27.2.137-
147

[8] V.E. Hoggatt,M. Bicknell, Generalized Fibonacci Polynomials, The Fi- bonacci Quarterly,11, 457-465,
1973.

[9] H. Kose , and N. Yilmaz, and N. Taskara, On properties of Tribonacci-Lucas polynomials, ,September
15, 2014

[10] T. Koshy, Fibonacci and Lucas Numbers with Applications, Wiley-Interscience Publication, 2001

[11] J.S. Ramirez and V.F. Sirvent , Incomplete Tribonacci Numbers and Polynomials, Journal of Integer
Sequences, 17, article 14.4.2, (2014).

[12] Y. Soykan, On Four Special Cases of Generalized Tribonacci Sequence: Tribonacci-Perrin, modi�ed
Tribonacci,modi�ed Tribonacci-Lucas and adjusted Tribonacci-Lucas Sequences, Journal of Progres-
sive Research in Mathematics,16(3), 3056-3084, 2020

[13] Y. Soykan, A Study On Generalized (r,s,t)-Numbers .MathLAB Journal.2020;7:101-129

[14] W.Spickerman, Binet's formula for the Tribonacci sequence. Fibonacci Q. 1982, 20, 118�120.

[15] A. Tereszkiewicz, B. Rybolowicz, Generalized tricobsthal and generalized tri- bonacci polynomials.
Applied Mathematics and Computation, 05-2018,

[16] Y. Ta³yurdu, (2019a). On the Sums of Tribonacci and Tribonacci-Lucas Numbers, Applied Mathe-
matical Sciences,13(24), 1201-1208. https://doi.org/10.12988/ams.2019.910144

[17] Y. Ta³yurdu,Y.E.Polat, Tribonacci and Tribonacci-Lucas Hybrinominails, Journal of Mathematics
Research,13(5)(2021), 23-43. https://doi.org/10.5539/jmr.v13n5p32.2019.910144

[18] N. Yilmaz and N. Taskara, Incomplete Tribonacci-Lucas numbers and polynomials,
arXiv:1404.4168v1 [math.NT] 16 Apr 2014.

35



Abstract:

In this work, we have studie the Tribonacci and Tribonacci-Lucas num-

bers and polynomials and we obtain the some properties ,and then we

generalized the numbers and polynomials

Key wors:

Tribonacci number , Q-matrix ,Tribonacci polynomials

Rèsumè:

Dans ce travail, nous avons ètudies les nombres et polynômes Tri-
bonacci et Tribonacci-Lucas et nous avons obtenu quelques propriètes,
puis ,nous avons gèneralise les nombres et polynômes

Mots clès:

Nombres de Tribonacci , Q-matrice , polynômes de Tribonacci
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