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INTRODUCTION

Fractional calculus is known as a generalization of classical derivatives and integrals. In recent
years, this type of calculus has been developed, which has given more accurate and realistic results.
For example, if we talk about epidemics, the order of the fractional derivative represents individuals
who are facing the outbreak of disease based on previous diseases, and this is what is known in epide-

miology as memory .

The memory factor has an important role in studying the outbreak of epidemics as it can help
stop the spread of the disease in the community. Due to this great role of fractional calculus, many
researchers have used it in conducting research related to describing, predicting, and controlling the
behavior of epidemics Among them ; Models to study control and treatment effects on the spread of
HIV disease [6] , models to predict the behavior of the coronavirus epidemic in countries [7], models

for anthrax [15], and a toxoplasmosis model[19] .

Some have also used this type of calculas in studying the dynamics of hepatitis B disease, such
as; modeling and analysis of the fractional HBV model with Atangana-Baleanu derivative in [5], a
fractional order model for Hepatitis B virus with treatment in [17], analysis of a model of HBV infection
with an antibody immune response using Caputo fractional derivative in [!|, and in [11] Nadia Gul
and others have studied the dynamics of fractional order Hepatitis B virus model with asymptomatic
carriers.

It is worth noting that the non-locality represents the correlation between the real problem and the
mathematical problem, so that the greater the nonlocality in the mathematical problem, the greater

the accuracy in depicting the problem with mathematical equations. Non-local operators aimed to at-




TABLE DES MATIERES

tract more non-local natural problems, In pursuit of more realistic models , Abdon Atangana proposed
new operators for fractiona calculus that allow linking between fractal calculus and fractional calculus
, and aimed to attract more non-local natural problems that display at the same time fractal behaviors
thus facilitating prediction of a complex systems (see [2]for more informations).This new operators will
be called fractal-fractional differential and integral operators. With these new derivatives, researchers
presented important works that studies the dynamics of epidemics, including : in [3] Sina Etemad and
others have made some novel mathematical analyses on the fractal-fractional model of the AHIN1/09
virus and its generalized Caputo-type version, and in [19] we have a mathematical model of the trans-

mission cycle of CC-Hemorrhagic fever via fractal-fractional operators and numerical simulations.

As we know, many differential problems have very complex analytical answers that we are unable
to make use of ; therefore, it is necessary to use numerical approximations to better understand the
results. Several researchers have proposed different methods of numerical approximation. The most
widely used method in approximating solutions to nonlinear fractional differential equations that mo-
del epidemiological dynamics in the last few years has been the Adams-Bashforth numerical method,
which is based on Lagrange polynomial and has given very satisfactory results, but recently, Abdon
Atangana and Seda Igret Araz found that Newton polynomial is more accurate than Lagranges, so they
proposed a new numerical scheme based on Newtons polynomial (see |16]|for more information). Some
researchers have used this new numerical method in their research, such as; [14] studied the dynamics
of CD4+ T-cells under the effect of HIV-1 infection based on a mathematical fractal-fractional model
via the Adams-Bashforth scheme and Newton polynomials, a fractal-fractional model and numerical
scheme based on Newton polynomials for QQ fever disease under the Atangana-Baleanu derivative |3],

and other limited papers such as;[16].

The aim of this research is to analyze, study and explain the article|9] , while recalling the most
important topics that are relied upon in this research In the first chapter, epidemiology was mentioned
in general. The second chapter has been referred to some definitions of fractional derivatives The last

chapter in which the main topic in the reference |9was studied.
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NOTATIONS

> N(1)
>» R
> N
> C
> Q)
> R,
ST

>» JF

) 2
»p(FV~H)

>» DFE

>» KB

the total Population.
Set of real numbers.
the set of natural integers.
set of camplex numbers.
Omega set.
the basic reproduction number.
the invertible matrix of V.
Jacobian matrix of F.
the next generation matrix.
the matrix spectral radius K
Disease-Free equilibrium point.

point of endemic equilibrium .




CHAPITRE 1

MODELING IN EPIDEMIOLOGY

1.1 INTRODUCTION

A mathematical model is an abstract representation or interpretation of reality in different domains
which is accessible to analysis and calculation based on a set of assumptions. Compartmental models
are among the first mathematical models to have been used in epidemiology, which plays an important
role in studying the evolution of infectious diseases and eradicating them and, at most, should make

it possible to better understand epidemic phenomena and therefore better control them.

The idea has become to study demographic variations in societies. To model, it is first necessary to
know the biology of the disease well [10] making a model of deterministic or stochastic compartments
in discrete or continuous time depending on the disease to be studied, except the use of stochastic
models is more complicated than the other. In this chapter, we are interested in this last type of model,
which is based on two concepts : compartments and rules, compartments divide the population into
various possible states by disease (susceptible, infected, etc.), rules specify the proportion of indivi-

duals moving from one compartment to another.




1.2. THE CLASSIC MODELS IN COMPARTMENTS :

1.2 THE CLASSIC MODELS IN COMPARTMENTS :

1.2.1 The SI, SIS model

The ST model is one of the classic models created by W. Hamar and developed in 1906 where
individuals can be divided into two compartments :
The compartment or box of susceptible (healthy) individuals are receptive to the infectious agent who
are not contaminated but can catch the disease and become contagious noted (.5).

The compartment of infected individuals noted (7) are those affected and who are therefore infec-
tious.
The infection is spread by direct contact between the susceptible and the infected. We see that in this
model, there are no cures and is only relevant in incurable diseases or if the phenomenon of acquired
immunity can be neglected [12]. An individual changes state (either infected or susceptible... etc.) he
therefore changes his compartment with outgoing or incoming flows which indicate the rate of transfer
between them. On the other hand, as the change in the number of infected people occurs over time,
compartment [ includes I(¢) and the same for S(¢). By the assumption of the constant of the size of

the population the model is formed as follows :

0
FIGURE 1.1 — SI model diagram.

The system of differential equations is written :

ds(t)
5 _ srsie
(1.1)
a) _
T BI()S(t)

With N(t) = S(t) + I(t) is the total population and is constant through time t.
There are cases where susceptible becomes infected and the infected are cured at the rate v but do not
develop immunity and become susceptible like the case of tuberculosis, the following graph concisely

summarizes the model :




1.2. THE CLASSIC MODELS IN COMPARTMENTS :

FIGURE 1.2 — The SIS model.

The associated differential equations are :

%gt) = —BI(t)S(t) + vI(t)
(1.2)
dz_i’f) = BI()S(t) —vI(t)

With :
[ : is the infection rate per unit time.

v : the rate of each infected heals.

1.2.2 The SIR, SIRS model

The SIR model is the model proposed by kermack and MC Kendrick, consists of three categories of
population : healthy people S(t), infected people I(t), recovered or cured people R(t) who are conferred
a immunization against reinfection or death.

The following figure schematizes the transfers of individuals between each group.
OO —®

FIGURE 1.3 — SIR model.




1.2. THE CLASSIC MODELS IN COMPARTMENTS :

Mathematically, the SIS model is given by the following system :

(ds() _

B _ srmsi)

O _ s10)5(0) ~ 100 (13)
\ %ﬁt) =1(t)

Where :f is the transmission rate,y is the recovery rate.

The term [1(t)S(t) represents the number of contacts between healthy and infected people. On the
other hand, we only encounter diseases, the individual has not acquired permanent immunization, he
loses his immunity and returns to the S compartment at the rate 7, this is the SIRS model schemati-

zing as follows :

v

B f\ Y
S U
n

FIGURE 1.4 — The SIRS model.

This model is formulated as follows :

'%it) — —BI(1)S(t) + nR(t)
M0 _ 1) - 1o .
\ %it) =I(t) —nR(t)

With :
[ : is the transmission rate. 7 : the rate of each infected heals. 7 : the rate of loss of immunity (each

removed becomes healthy again).

1.2.3 The SEI, SEIR model

The constitution of these models are based on a subpopulation is already infected but not yet

contagious (non-infectious) i.e. susceptible subpopulations before go to class I, it requires spending a

8



1.2. THE CLASSIC MODELS IN COMPARTMENTS :

period to make infectious s ’calls the latency period or incubation at an intermediate compartment

denoted E(exposed), taking into account /8 the incubation rate of a disease. Schemes and ED are

developed as follows :
O ORO
F1GURE 1.5 — SEI model.

The model is translated as follows :

(dS(t)

7 = —ﬁ](t)S(t)

dE(t) _

— = BIHS(1) — aB(t) (1.5)
dI(t)

— = aB(t)

As well as :

O—®—O—®
FIGURE 1.6 — SEIR model .

The EDO system is elaborated to the following :
(dS(t)

BO _ _srmsio
AEG) _ s108(t) — aB @)
dt
(1.6)
M _ op() - 10
\ %it) =1(t)




1.3. THE FORCE OF INFECTION

1.3 THE FORCE OF INFECTION

The key parameter in all epidemiological models of infectious diseases is the force of infection.
The latter accounts for the contamination process by expressing the probability that a susceptible
individual will contract the disease so that each infected encounters at the rate C', each of these
encounters with a type C' individual causes contamination with the probability P, we score g = CP.
It is this force of infection which moves individuals from compartment S to compartment [ in the

previous figures and which can be written in two different ways :
A=p1 (1.7)

If disease transmission increases with population density like (the influenza virus.

_ 8l
TN

A (1.8)
If the transmission does not depend on it as (HIV).

1.4 THE THRESHOLD THEOREM (BASIC REPRODUCTION NUMBER R;) :

One of the first questions the epidemiologist asks is whether there is going to be an epidemic or not.
The answer to this question in a very simple way by examining the system of differential equations.
The first step is to translate our question into mathematical form. Then we calculate a quantity that
describes the average number of secondary cases, generated by a typical infectious individual during
his period of infectivity, when he is introduced into a population consisting entirely of susceptible, this
quantity is called basic reproduction number, noted by Ry , so the first idea of this number was by
Théophile Lotz (1980) (Nichiura, Dietz, Eichner 2006). He finds that R is a threshold and after Ross
describes the first differential model and gives the threshold conditions as follows :

If Ry <1, then the disease-free point is globally stable, i.e. an individual infects on average less than
one, which means that the disease disappears from the population. Conversely, if Ry > 1, then the

endemic point is globally stable, i.e. the disease can spread in the population. Note that is determined

10



1.4. THE THRESHOLD THEOREM (BASIC REPRODUCTION NUMBER Ry) :

according to the parameters of the model and later, it is used in the equilibrium stability theorems of

the disease of the population.

~b o

R <
..' a*.
reproduction rate (R):
* number of transmissions/number of sources. -
* R =6/6=1. *_..*.-_.._.
= endemic.

- % * . . -
y ey ‘el dat i

[

: 4 ) { 3 -
- —

reproduction rate (R):

* number of transmissions/number of sources.
* R =18 /10=1.8.

= epidemic .

FIGURE 1.7 — transmission dynamics of an infectious disease between individuals to estimate secondary

cases Ry

11



CHAPITRE 2

SOME FUNCTIONS USED IN FRACTIONAL
CALCULUS

2.1 THE EULER GAMMA FUNCTION

Definition 1 One of the basic functions of fractional calculus is Euler’s gamma function denoted T’

the function which is defined dy the following integral
+oo
[Na) = / t*le7'dt, a>0, teR
0

where I'(1) =1 ,I'(04) = +o00

[' is a strictly increasing function for 0 < a < 1.

Example 2 let calculate I'(2) :

12



2.1. THE EULER GAMMA FUNCTION

2.1.1 Some useful properties of the Gamma function

Proposition 3

(1). T(n+1)=nl(n), VneN*

(3). r (%) _ Jr

Proof.
+oo
(1). T(n+1)= /t(”“)letdt

0
“+o00

= / the~tdt

0
“+oo

= [—t"e_t}zzm +n / " leTtdt
0
=nl'(n).

(2). Since I'(1) = 1, hence by using (1) we get

F'n+1) =nl'(n) =n.(n—1) =n!

which can easily be proved by induction.

(3).From Definition 2.1.1,we can write :

If we take t = y? then, we obtain

T (%)) = /ey2dy (2.1)




2.2. THE EULER BETA FUNCTION

In a similar way

By multiplying(2.1)and(2.2)we get :

o0

2 +00 +
]_ 2 2
r(g)] = [ ey
0 0

(2.2)

(2.3)

the last equation represents a double integral,which can be evaluated in polar coordinates to obtain :

1 2 % +oo
{F (5)} = 4/ / re " drdf = ,
0 0

(2.4)
consequently,
1
()
2
]
2.2 THE EULER BETA FUNCTION
The beta function is defined by the Euler integral of the first Kind as
1
B(p,q) = /1:”1(1 — )z, p>0, ¢>0. (2.5)
0

Example 4 Let calculate 3(2,3)

£(2,3) = /x(l —x)*dz

14



2.2. THE EULER BETA FUNCTION

2.2.1 Relationship between the gamma and the beta function

The gamma and beta are connected by the following expression

I'(p)I'(q)
Bp.a) = =——= 2.6
#.9) I'(p+4q) (26)
Proof. . Consider the set D = [0, +00[x [0, +00[. We wave
“+o0o “+oo
L(p)T'(q) = / e TP tdx / e 971y
0 0
+00 400
- / / e—(x+y)$p—1yq—1dxdy
0 0
performing the change of variables y = u — x, we find
+00 400
PP = [ [ et - o) oy
0 0
+oo +00
= / e v / e 2P (u — ) tdady
0 0
let s use the change of variables x = tu, we obtain
+o0 1
C(p)T(g) = [ e [t*tuP (1 — t)? Tuidtdu
0 0
+oo 1
= [ e ulti du [tPH(1 —t) e
0 0
I'(p)L(q) =T(p +q)B(p,q)
consequently,
I'(p)L(q
B(p,q) = 2.7
(p,q) Tt ) (2.7)
]
Example 5

15



2.2. THE EULER BETA FUNCTION

2.2.2 Some properties of the beta function

B(p,q) = B(q,p)

We can also take the form of an integral
/ (sin 0)*~*(cos #)?1~*dg
0

withe the change of variables ¢ = sin® 6

the Gamma function can be represented also by the limit

nln?

y
nStvo 2(z + 1)o(2 + 1)

['(z) =

where we assume that Re(z) > 0.

2.2.3 The Mittag-Leffler function

The Mittag-Leffler function plays a very important role in the theory of whole order differential

equations, and it is found widely used in solving fractional differential equations. This function was

presented by G. M. Mittag-Leffler, and studied by A. Wiman.

Definition 6 The Mittag-Leffler function E.(x) is defined by :

+oo n

E,(x) = ;m,(x € C,a>0),

and the generalized Mittag-Leffler function E, 3(2) is defined as follows :

+o0
"

Eop(z) = ZO T(na + B)’ (o, 8 >0),

Example 7 For special values given to o and 3 we have :

(2.8)

(2.9)




2.2. .

= = 1 < 2h*? e’ —1—x
E — .
o= Y T L F R R

2.3 CAPUTO FRACTIONAL DERIVATIVES

dn
Definition 8 Let f a function such that %f € L'Y([a,b]) and o« € Jn—1,n[ with n € N*. The

fractional derivative of order o of f in the Caputo sense on the left and on the right are defined by :

DL = e [ (= (210)
and
_1\n b
Dy f(t) = % /t (r—t)" W (r)dr, (2.11)
respectively.
Remark 9
Taking into account the Definition 8, we have :
Do f(t) = (7D f)(1), (2.12)
and
DY () = (—1)(Z D f)(¢). (2.13)
Specifically, when o < o < 1 we have :
°DE, (1) = (Z7°D'f)(¢), (2.14)
and
DR f(t) = (—1)(T D)) (2.15)

If o = n € N and the usual derivative f™(t) of order n exists, then CDZﬁ and CD;}, are represented

by :
“pr, = fM() and Dy = (—1)" MO, (2.16)
where
dn
D=
dtm

17



2.3. .

Example 10 — The derivative of a constant function in the Caputo sense.

The deriwative of a constant function in the Caputo sense is zero
“paC = 0. (2.17)
— The derivative of f(t) = (t —a)? in the Caputo sense.

Let a be an integer and 0 < n —1< a <n with f > n — 1, then we have

PO = i = 215

hence

Dt —a)’ = LB+1) t — )" — @)y
Dt =0 = fr— gy [ T (219

When changing the variable r = a + r(t — a), we get

DAt —a)’ = LB+1) t — ) — @)y
DiE-a) FM—aWW—n+1L£@ AR

= L5 +1) —a)b 1 —p)reripfngy
_F(n—a)F(B—n—i-l)(t ) /a(l ) d

:F(B +1)B(n—a,8—n+ 1>(t _ g)fe
F'n—a)l'(f—n+1)

_ r+1Hr'n—a)l'(B—n+1) (t— a)P—a
'n—a)l'(f—n+1)I'(B—-—a+1)

_ T+y . sa
TG—azpnt Y

2.3.1 Properties of the fractional derivation

Theorem 11 Let o > 0 and n = [a] + 1 such that n € N* then the following equations :

1/
“peTef = f. (2.20)

2/

—_

3

®) (a)(t — a)k
T2 (1) = s - 3 AT (2.21)

i
o

are true for almost for all t € [a,b].

18



2.3. .

Theorem 12 Let fand g be two functions whose fractional derivatives of Caputo exist, for A and

€ R, then : “DY(\f + pug) exists, and we have :

DY) + pg(t)) = A“Df(E) + A“D(1).

19



CHAPITRE 3

MATHEMATICAL MODELING AND THEORETICAL
MODEL ANALYSIS

3.1 INTRODUCTION

Since long time ago, scientists and researchers have sought to control the epidemics sweeping the
world each in its specialty. With a mixture of mathematics and data, mathematicians have provided
important work that allows us to better understand the way epidemics spread, and thus help in de-
veloping precautionary measures and health policies to confront them. In order to better understand
how mathematics contributes to the analysis of epidemiological systems. We do a study HIV dynamics
with fractional operator of Caputo type. First, we give brief mathematical formulation of HIV/AIDS
population in integer order derivative. Then, we present some background results related to the model.
The integer model is then generalized by using the Caputo derivative and present the mathematical
results that associated to the model. We use novel technique for the solution of fractional mathematical

model of HIV using Newton polynomial approach and obtain the numerical solution graphically.

20



3.2. HIV MODEL FORMULATION

3.2 HIV MODEL FORMULATION

The section determine the model formulation of the HIV transmission with awareness effect. The
HIV model is divided into five human populations, susceptible unaware class (S,), the susceptible aware
class (S, ), the HIV infected class (I), the HIV infected under ART treatment class (C') and individuals
with AIDS class (A).Thus the total population denoted by N is given as N(t) =S, + S, +[+C+ A

FIGURE 3.1 — The plot represents the HIV /AIDS transition diagram.

Table 1 : Descriptions of the parameters of the model

parameter Description
Recruitment rate
Transmission rate by HIV
Change rate from S, to S,
Natural death rate
The proportion of S, become infected
Rate of individuals in the class C' leave to the class
Transition rate from A to [
Rate at which I leads to C
Progression rate from I to A

AIDS induced death rate

SR (DRSS = |2 | >

3.2.1 Interaction between HIV compartment individuals

The assumption used in the mathematical model of the spread of HIV/AIDS in the presence of an

aware population are as follows :

1. S, populations can move to S, populations, but not vice versa .

21



3.2. HIV MODEL FORMULATION

2. Population C' is assumed not to spread HIV because it is considered to be aware of the dangers of
HIV by following routine ART treatment .

3. Population A is assumed not to spread HIV because the AIDS population is considered to be so ill
(until isolated).

4. The population of HIV and AIDS sufferers is considered to be able to access ART treatment.

5. Population A who starts ART treatment will enter the HIV infected class () ,and if they continue
to routinely follow treatment will enter population C'.

6. The death rates due to HIV/AIDS only occur in populations affected by AIDS.

The completing information about the flow of the parametrs from one compartment to another is
briefly schown in figure (3.1).

The system of differential equations describing the HIV model with awareness effect is described as :

(dS, ,

o= ——5%1(04+u)5u

ds, a

7 = a8, — (1 —¢)d — 48,

I g

%:W(Su—i—(l—s)Sa)—l—nC'—i—uA—(p—l—v—l—uﬂ (3.1)
dC

%:ﬂ[—(UﬂLM)C,

dA

subject to the initial conditions,

Su(0) = Sup >0

Sa(0) = Sa0 > 0
10)=1,>0 (32
C0)=Cy>0

A(0) = Ay >

the description of the parameters for the HIV model is displayed in table 1.
the model(3.1) has the biologically feasible region on ) withe

0= {(Su,SQ,I,C,A) eER},:0<NL é}
il

22



3.3. A FRACTIONAL MODEL

It should be noted that the region shown by €2 in positively invariant .The region shown for the

model(3.1) is well-posed and the entire solutions for the initial values belonging to €2, remains in {2

for every time t > 0.

3.3 A FRACTIONAL MODEL

The present section describes the dynamics of HIV with fraction derivative of Caputo type. We

generalize the model(3.1) by applying the definition of Caputo and obtained the following system :

(D25, = A — Bl (a + S,

§DIS, =as, — (1 —¢)ed —ys,
§DPT =85S, + (1 —)S,) +1nC +vA— (p+7v +p)l (3.3)

6 DYC = pI — (n+ p)C,

Su(0) = Sy
Sa(0) = S,
1(0) = I

C(0) = C,
A(0) = Ay

(G DFA =T — (v + 0+ p)A.

3.4 POSITIVE OF THE SOLUTION

Theorem 13 The solution (S, S., I,C, A) of the given model (3.1)-(3.3) are positive and belongs to

RS

Proof.

1) For the first equation we have :

BSul
N

6DYS, = A — — (a+ p)Sy (3.4)

23



3.4. POSITIVE OF THE SOLUTION

First we have : N > I then % < 1 the equation (3.4) becomes :
cDYS,=N—pBS, — (a4 pn)S,

= §DESu(t) = —(B+ a+ p)Su(t)

we solve the inequality using the Laplac Transform (L.T)

LGDESu(t)) = —L(B + o + 1) Su(t)

on the one hand we have the L.T of the caputo derivative

LEDLA(1)} = SF(s) — 3 5%+ 58 (0)

since 0 < p < 1 permission n = [a] +1 =1

hence L.T derivative caputo be

L{ED}f(1)} = SPF(s) = ) 57 f®(0)
we go back to (3.5) o
LeDPS,(t) = —L(B + o+ p)Su(?)

= Lt'S,(t) — 71517 (0) = — (B + o+ 1) Su(t) LS, (0)

— (" + B+ a+ p)LS,(t) = 150 (0)

tp—t

= 150 = o e

54(0)

we use Laplace transform inverse

o !
— LS,(t) =L (tp TGt M)SU(O))

now from the L.T table we find that

(3.5)
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3.4. POSITIVE OF THE SOLUTION

Sa=h

Sa _ g - tﬁ_l'Eaﬁ(ata)

we use (3.6) to find
Sult) = 5(0), Ep (= (5 + a+ p)t?)
since we have S,(0) >0 and 0 < E(—(f+a+pu)) <1

then S, (t) > Su(0)E,(—(8 + a+ u)t?) > 0

2) §D7Sa(t) = aSu(t) — (1 — &)t — pSa(t) = —((1 = €)B + p)Sa(t))
It follows that S,(0) > 0 and 0 < E,(—((1 — )8+ p)) < 1
Ey(=((1=e)B+p)tr) 20
3) §DVI(t) = 5 (Su+ (1= 2)Sa) +0C +vA = (p+ 7+ p)I(t) > —(p+7 + pI(t)
Wich implies 7(0) > 0 and 0 < E,(—(p+v+pu)) <1
Ey(—=(p+7+w)t') 20
4) §DIC(t) = pl = (n+ p)C(t) = —(n+ p)C(t)
This gives C(0) > 0 and 0 < E,(—(n+ ) < 1
Ey(—(n+p)t?) = 0

5) GDVA(t) = 71 — (v + 0+ p)A() = —(v + 5 + WA(t).
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3.5. ANALYSIS OF MODEL EQUILIBRIA :

This A(0) >0and 0 < E(—(r+d+u)) <1

Ey(—(v+ 6 + u)t?) > 0

The solution (S, S,, I, C, A) of the given models (3.3)are positive and belongs to R

3.5 ANALYSIS OF MODEL EQUILIBRIA :

We have analyzed the existence and stability of all equilibria for this model which are composed
of two states of equilibria :
- The point of equilibrium without disease DFE (Disease-Free Equilibrium).

- The endemic equilibrium point EE.

Definition 14 The endemic equilibrium point is an equilibrium solution where the disease persists in

the population.

Definition 15 The disease-free equilibrium point DFE is an equilibrium point where disease occurs

i the population.

3.5.1 Equilibrium point without DFE disease :

Theorem 16 The system (3.3) admits a point of equilibrium called « point of equilibrium without

disease »,qiven by :

A A
EOZ( = ,0,0,0>
pta p(p+ )

Proof. In the absence of HIV the invectious compartment (exposed symptomatic and asymptomatic

)Jare empty that :




3.5. ANALYSIS OF MODEL EQUILIBRIA :

sDPS, =A— 2L — (a4 p1)S, =0

(3.7)
§DIS, = aS, — (1 —e)Bed — uS, =0

From(3.7), we get

A A

S, = LG, =

1+ o plp+ a)
then

A al
EOZ ) 707070
pta p(p+ )

n

3.5.2 The estimated basic reproduction number R :

Basic reproductive number control is the central concept in the study of the spread of commu-
nicable diseases. Biologically, it is the number of secondary infections caused by a single infectious
in a population, this number is calculated at the DFE by the method of Van den Drissche and
Watmough (the next generation method) [15]. We have in this method a matrix F'(X) for the rate
of appearance of new cases of infections and V(X) for the rate of transfer of individuals, for this, we
assemble the compartments which are infected (I(t),C(t), A(t)) by the system and we compose the
right part in % =F(X)—-V(X)

BI(Su+ (1 —¢)S, —nC —vA—(p+vy+pul
F= 0 V= —pl + (n+p)C
0 I+ (v+0+pA
. . . A al
Then : the Jacobian matrices F' and V at the point E, = , ,0,0,0) (DFE) of F
pta’ p(p+ )

and )V are respectively :
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3.5. ANALYSIS OF MODEL EQUILIBRIA :

00
oF
_ _ Y _ [ e’
F_J(]:)_E)X_ 0 0 ol
0 00
and
+y+p =N -V
o (P
V=J0V)=5%= - ntu 0 :
—y 0 p+o+v
The invertible matrix of V is :
koky nky oy

(p+7 + pkaks —npki —vyke  (p+ 7+ pkoks — npky —vyke  (p+ 7+ pkoks — npky — vyks

vl p1 (p+y+ Wk — v B pv
(p+7 + pkaks —npki —vyks  (p+ 7+ wkoks —npky —vyke  (p+7 + p)koky — npks — vyks

Tk 8y (p+7+ mks — pn
(p+ v+ pkoky — mpky —vyka  (p+ v+ pkaky — npky — vyks  (p+ v + p)kaks — npky — vyky

Where by =p+d+vand ko =n+pu .

The matrix of the new generation is defined by :

Blp+ (1 —e)a)kaky Blp+ (1 —e)a)nk Bp -
vt | (wra)llp+a+ u)éfzkl —npky — vk (n+a)[(p+y + u)éczkl —npky —vyks]  (p+a)l(p+y

0 0

Hence the value of R, is mathematically defined as the spectral radius of F'V !, the largest eigenvalue
of matrix FV L.
Ro = p(FV 1) so the

6[# + (1 — 5)06]]{71]{32
(1 + ) (ko (ks 4 y) + pky 4 ¥6] 4 179)

ROZ
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3.5. ANALYSIS OF MODEL EQUILIBRIA :

3.5.3 Stability of equilibrium point :

DFE local stability :

A al

pt+a’ p(p+a
locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

Theorem 17 The disease-free equilibrium (DFE) Eq = ( ),0,0,0) of system (3.3) is

Proof. We analyze the local stability of the DFE  Ej. the Jacobian of the model (3.3) at the
DFE is given by

C(uta) 0 DM 0 0
nta
N o Ba(l—¢) 0
J(Ey) = b i+ a
0 0 k’3 - k’4 n v
0 0 P —ky 0
0 0 5 0 —k

Plp+ (1 —e)a)
pta
The eigenvalues of J(Ep) are Ay = —u, A2 = — (1 + «) and the other three eigenvalues are solution of

Where k3 =

and ky = p+ v+ p.

)\3—|—b1>\2 +b2)\+bg - O (38)

Where
(/,Lkle — MR())

b1:k1+k2—k3+k4:k1+k4+ﬁ+ R
kiks

by = kiko + (k1 + ko) (ks — k3) — (pn + yv),
by = (1 — Ro)(p + ) (ulka(y + k1) + pky 4 0] + n76),
M = (pul[ka(k1 + ) + pky + v5] + n70).

Using Routh-Hurwitz criteria,we will examine that all the solutions of Eq(3.8) have negative real

parts if only if by, b3 > 0 and by, by > b3. The coefficient b; > 0 if (uk1ks — M Ry) > 0 or equivalent to
kik

Ro < P52 4 While by > 0 if Ry < 1. Now,

biby — b3 = (k1 + ko — k3 + ka) (kika + (k1 + k2) + (ks — k3) — (pn +v))
— (1= Ro)(pt + @) (pulka(y + k1) + pk1 + 73] + 1y0)

29



3.5. ANALYSIS OF MODEL EQUILIBRIA :

M ,[kalk’lk'g
= — ki + ko + 2k

ko koo ( i Ro(ky + ko + 4))

M (k1 + ko + 2ky)
= R, — R

k1 ks (1 = Fo)

With
R, — /Lk%kz _ /ﬁk%kz < Nk%l@ -1

M (ky + ko +2ks)  (ulka(ky — ) + pk1 + 3] +170) (ky + ko + 2ky) — pkiky

SO, bi1by — b3 > 0 in OIlly if Ry < Ry < 1.

3.5.4 The endemic equilibrium point EE :

During the propagation of HIV | system (3.3) admits another equilibrium point which coexists

with the disease-free equilibrium point given by :

Ey = (87,85, 1%,C*, A7)

u? a’

Obtaining the endemic equilibrium point tends to solve the following equations :
(
A= (a+ )8, =0

aSu—(l—s)&N“I—,uSa:O

§U(S,+(1—2)S.) +nC+vA—(p+~+pu) =0 (3.9)

pl —(n+p)C=0

(- (v+d+pA=0
Solving the system above, we find the endemic equilibrium point :

By = (S5, 80,1,C", AY)

u? a’
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3.5. ANALYSIS OF MODEL EQUILIBRIA :

(
g N
E*+p+a

u

e\
(1= )k + (k" + i+ a)

Sr=

a

K GRA((1— &) (k* + @) + p)

SN (s [T (310
o KA1 = )k + o)
(L =)k +p)(k* +p+a)M
o Kk A=) o))
L (1—e)k*+p)(k*+p+a)M

where
s
K* = .
N*
Using some algebraic calculation, we have

a1k*? 4 ak* + a3z = 0,
where

a; = (1 —¢g),

= (=)t a) -
as = p(p +a)(1 = Ry).

Here, coefficient a; is always positive, while the positivity of the cofficient a3 depends on the sign of

(1 —e)(u+ Oé)uRo)
p+(1—¢e)a

Ry. If Ry < 1 then ag > 0 while Ry > 1,then a3 < 0.More discussion on these can be shown in the

following statement :

Theorem 18 For the HIV system (3.3) the following are exists :

(i) if a3 < 0 or Ry > 1, then there exists a unique endemic equilibrium,

(11) ay < 0 and eiter a3 = 0 or a3 — 4ajaz = 0, then we have a unique endemic equilibrium,
(iii) if az > 0, ay < 0 and a3 — 4a1as > 0, then, the possibility of the two endemic equilibria

(iv) no possibility of the endemic equilibia otherwise.
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3.5. ANALYSIS OF MODEL EQUILIBRIA :

NUMERICAL SIMULATION

Table 2 : Parameter values of HIV model (3.3) for Indonesia.

parameter Value reference
A % Estimated
Ié] 0.3465 Fitting
o 0.2351 Fitting
I ﬁ Estimate
€ 0.3243 Fitting
n 0.2059 Fitting
v 0.7661 Fitting
p 0.1882 Fitting
¥ 3.6523e-04 | Fitting
) 0.7012 Fitting

A brief explanation of the numerical scheme is shown below for the fractional differential equation :

o D #(t) = f(t,2(t) (3.11)

where the derivative is Caputo and f represents a nonlinear function. In order to have a numerical
algorithm for the solution of the above fractional differential equations, we reformulate the problem
given by :

z(t) — 2(0) = —/0 (t — )P (7, 2(7))d, see[Y] (3.12)

Our purpose in this part is to analyze the dynamics of HIV transmission in the presence of aware
individuals under the influence of the change in the fractional order. We carried out the numerical
simulations for our fractional model using the numerical method based on the Newton polynomial

approach [1]. We used the parameter values listed in [13] to obtain the graphical results.The numerical
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3.5. ANALYSIS OF MODEL EQUILIBRIA :

simulation is performed for the classical order (P = 1), and for various values of the fractional order
(P=0.98,P=0.96, and P =0.8).

In figure (3.2), we see that when the number of susceptible aware people increases, the number of
susceptible unaware,infected, and individuals with AIDS decreases. On the other hand, the number
of people under ART treatment increases.The fractional order has a clear effect on the spread of HIV
infection in the community, such that we observe in the five groups that the growth and decay rates

are faster in the small value of the memory index P compared to the larger values.

8 8
10
f a2l : ; . . 1.05 & , : : ,
1.29 1.04 F
2 (o)
g 128 Z 1.03
= [0}
@ o
2 F=
& 1.27 ©1.02 F
(5] 1]
(2] -
=1 w
(7]
1.26 1.01 |
1.25 ; i ; i 1 . . . :
0 20 40 60 80 100 0 20 40 60 80 100
time-years time-years
3800 T T T T 7200
3700 7000
0
2 3600 6800
< o
£ 3500 £ 6600
H 2
K] £
S 3400 > 6400
=) T
2
2 3300 6200
3200 6000
3100 ) . . . 5800 . . : :
0 20 40 60 80 100 0 20 40 60 80 100
time-years time-years

ART treatment
)]

0 20 40 60 80 100
time-years

FIGURE 3.2 — dynamics of the fractional model for different values of fractional order P
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3.5. ANALYSIS OF MODEL EQUILIBRIA :

To determine the effect of the transmission rate 5 on the spread of HIV among people, we performed
a numerical simulation of infected classes for different values of transmission rate 3, and the fractional
order P. The graphical results are illustrated in figure(3.3).
We observed that the high value of § led to an increase in the number of people infected with HIV .

7600
7600
7500
7500
8 B
© 7400 f ©
(3l
= € 7400
> >
T o=
7300 (3=0.3465 7300 | p——
3=0.200 g_oéoo
$=0.150 e
7200 | 7200 h 3=0.150
0 20 40 60 80 100 0 20 40 60 80 100
time-years (a) time-years (b)
7800
7700
7600
B
S 7500
Q
E
> 7400 |
o
7300 (3=0.3465
3=0.200
7200 =0.150
7100 . é
0 20 40 60 80 100
time-years (C)

FIGURE 3.3 — The effect of the transmission rate beta on the dynamics of HIV-infected individuals
with different values of P such that (a) : P =1,(b) : P =0.96,(c) : P =0.8.
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3.5. ANALYSIS OF MODEL EQUILIBRIA :

CONCLUSION

We formulated and analyzed anew mathematical model for HIV/AIDS infected individuals in
Indonesia for the years 2006 —2018. We computed the basic reproduction number R, for the model for
the real data of the years 2006 — 2018. Some mathematical results related to the model are shown. The
local stability of the model for Ry < 1 are provided. We presented a novel numerical approach for the
solution of the HIV/AIDS model which is based on the Newton polynomial approach and presented
the results by considering different orders of p. The local asymptotic stability of the fractional model
for the case when Ry > 1 and Ry < 1 are shown. Some parameters effect on the HIV, infected with
ART treatment and those infected with AIDS are shown. The analysis and the results provided are
useful for the public health authorities of Indonesian government to make necessary steps in order to
reduce the burden of HIV infection by making their citizen to aware about the HIV and their possible

controls/prevention.
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o
: Abstract N

This work aims to study the epidemiological model related to the dynamics of the spread of
HIV disease by modeling the epidemiological problem in a mathematical problem using the
system of differential equations using partial Caputo derivatives. First of all we discuss the
basic characteristics of the model, present some background results related to the model, the
biologically feasible region, then we calculate the basic reproduction number R, , and discuss
the stability of our system. Finally, we calculate the numerical solutions of the fractal epidemic
model and obtain the numerical solution graphically using Newton polynomial .

Qy words: modeling - Caputo derivatives - Newton polynomial .

Ce travail vise a étudier le modele épidémiologique lié a la dynamique de propagation de la
maladie a VIH en modélisant le probleme épidémiologique en un probléme mathématique
utilisant le systéme d’équations différentielles utilisant les deérivées partielles de Caputo.
Tout d’abord, nous discutons des caractéristiques de base du mode¢le, présentons quelques
résultats de base liés au modele, la région biologiquement réalisable, puis nous calculons le

nombre de reproduction de base R, et discutons de la stabilité de notre systeme. Enfin, nous
calculons les solutions numériques du modele épidémique fractal et obtenons la solution

Résumé

numérique graphiquement a 1’aide du polynéme de Newton.

Mots clé : modélisation - Dérivées de Caputo - Polynéme de Newton.
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