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Abstract

Our work in this thesis aims to conduct a qualitative study on some particular recurrent linear
sequences and how they can be used in systems of difference equations and differential equations. We
divided our study into two parts: In the first pat, we showed the solutions to the systems of higher-order
difference equations. Formally, they are related to the Fibonacci and Tribonacci sequences. The stability
and periodicity of these solutions were then investigated.

In the second part, we studied about differential equations derived from the Fibonacci and Tribonacci
polynomials. We also added numerical examples to the axes of our research to validate our results.

Key words

System of differences equations, Fibonacci numbers, Tribonacci numbers, Differential equation, Stability.

Résumé

Notre travail dans cette thése vise a mener une étude qualitative sur certaines séquences récurrente
linéaires particulieres et leurs applications dans le domaine des systémes d'équations aux différences et
d'équations différentielles. Nous avons divisé notre étude en deux parties :

Dans la premiére partie, nous avons présenté les solutions des systemes des équations aux différences
d'ordres supérieurs sous leur forme liée aux suites de Fibonacci et de Tribonacci.

Puis nous avons étudié la stabilité et la périodicite de ces solutions.

Dans la deuxiéme partie, nous avons trouvé des équations différentielles basées sur les polyndmes de
Fibonacci et Tribonacci.

Nous avons également joint les axes de notre étude avec des exemples numériques pour confirmer nos
résultats.
Les mots-clés

Systéme d'équations aux différences, Nombres de Fibonacci, Nombres de Tribonacci,
équations différentielle, la stabilité.
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Introduction

The theories of difference equations are particularly intriguing, since they
have become a significant and popular subject among academics and scien-
tists in a variety of fields in recent years. This is owing to advancements in
computer hardware and computer science.

Difference equations are essential in mathematical models. It is also rec-
ognized as the cornerstone of applied mathematics since it accurately por-
trays challenges in our daily lives and in a wide range of areas, including
numerical analysis, control theory, biology, economics, computer science,
finite mathematics, and others (some models are listed in the cited refer-
ence: [7]).

[18] Many mathematical models of physical and biological issues have
taken the form of differential equations; it should also be emphasized that
many of the mathematical approaches employed in this subject try to re-
place differential equations with suitable difference equations. Several find-
ings were also obtained demonstrating that the theory of difference equa-

tions explains natural occurrences that are distinct from the comparable
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Introduction

conclusions of differential equations. a computer environment in which
differential equations are solved using the approximation method and a
number of computer programs. Then, all computer observations are shown
by analytical techniques.

[35] The system of difference equations is a system of equations includ-
ing unknowns that are also sequences. The first portion of the difference
equations consists of a linear difference equation. This section is somewhat
comprehensible and accessible because to its reliance on linearity’s princi-
ples, which give straightforward methods for solving this sort of problem.
Nonlinear difference equations are the second component. This is a chal-
lenging problem since there is no apparent technique or procedure for ad-
dressing it.

The development of computers substantially facilitated the solution of this
sort of problem and the identification of a number of its features. However,
all computer observations and predictions had to be satisfied analytically,
and that is precisely what we did in this study.

[18] In order to comprehend the physical, engineering, and biological sci-
ences, differential equations have been employed since the time of Newton.
In addition to their contribution to the study of mathematical analysis, its
applications have grown to include the economic and social sciences.

A differential equation is an equation including at least one function and its
derivatives. Their applications have developed and grown in importance in

several scientific domains and their applications.
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Leonardo Fibonacci, one of the most important medieval European math-
ematicians, was known by the moniker Fibonacci, which means "son of

Bonacci" (see: [34]).

Figure 1: Leonardo Fibonacci

He was educated in the Algerian city of Bejaia, where he mastered the num-
bering system as well as the techniques of Indo-Arabic arithmetic. Then, he
moved to many countries, such as Egypt, Syria, Greece, France, and others,
to study the different arithmetic systems.

He authored many books in which he provided solutions to several math-
ematical problems. The Fibonacci sequence {F),},,. or Fibonacci numbers

F,, are one of his most famous works. This is the only sequence in which
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the term is equal to the sum of the previous two terms. The first terms of
the sequence are given as : 0,1,1,2,3,5,8,....

He has many works, most notably his famous book (Liber Abaci), which he
published in 1202, through which he contributed to the publication of Ara-
bic numerals in Europe. The book (Libre Quardratorum) in the year 1225,
or what is known as the "Book of Squares". In 1228, he published the book
"Parctice Geometry," in which he presented a solution to many mathemat-
ical problems, and among the works attributed to him were the Fibonacci
numbers or the Fibonacci sequence.

The ratio: F,, = o‘;:gn (with o = %5, B = %5) is known as Binet’s

formula; it expresses a Fibonacci sequence of degree n, and it is clear from

it that the ratio between two consecutive periods of the sequence when n
moves to infinity turns into the number 1.61803398875 ... which is called
the "golden ratio."

The Fibonacci sequences have intriguing and significant mathematical fea-
tures and linkages that may be discovered in today’s biology, physics, chem-
istry, electrical engineering, music, and other domains. We’ll look at some
basic natural Fibonacci number instances later (for example, see: [34]).
The well-known extensions of the Fibonacci sequence, the Tribonacci and
Tribonacci-Lucas sequences, are third-order recurrent relations.

Fenberg first investigated the Tribonacci sequences in 1963 (see: [19]).
The Tribonacci and Tribonacci-Lucas sequences have a wide range of in-

triguing features and uses in research. Several writers gave Binet formulae

Introduction



Introduction

and summation methods for creating functions. Tribonacci sequences offer
fascinating and important mathematical properties and linkages that may
be found in biology, physics, chemistry, electrical engineering, music, and
other professions today (for example see: [40]).

The Tribonacci polynomials were introduced in 1973 by Hoggat and Bick-
nell.

We arranged our work in this thesis into four chapters, the contents of
which are as follows :

In the first chapter, we offered some definitions and outcomes for the most
significant topics that we will be studying in the next chapters. First, a
few reminders about algebra r(K). Then, we discussed several recurrent
linear sequences and polynomials (Fibonacci and Tribonacci sequences and
polynomials). We then discussed various results and characteristics of dif-
ference equations and their applications in our everyday lives. In addition,
we present differential equations definitions.

In the second chapter, we provided the solutions for various systems of
higher-order difference equations in terms of Fibonacci and Tribonacci se-
quences.

In the third chapter, we determined the equilibrium point and investigated
its stability and periodicity solutions for various higher-order difference
equations systems.

Then, we have included numerical examples to back up our results.

In the fourth chapter, we perform a qualitative research on the applications
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of several linear recurrent sequences in differential equations, beginning
with the Fibonacci polynomial and studying its development. Then, we
create a differential equation in which the unknown is the generating func-
tion of Fibonacci sequence {F}},-,, which represents the same Fibonacci
polynomial that we began with. We completed the investigation using the

Tribonacci polynomial and got a new differential equation.

Introduction |



Chapter 1

Preliminaries

1.1 Some particular sequences and polynomials

1.1.1 Fibonacci sequence and polynomial

Definition 1.1 [34] The Fibonacci sequence { F},}, -, is defined by the follow-
ing recurrent relation
Fn+2:Fn+1+Fn7 n >0

< (1.1)

Fy=1and 1,1,2,3,5,8,13,... are the initial terms of the Fibonacci sequence.

Theorem 1.1 [34] Binet’s formula is given as follows

Ozn_@n




Chapter 1. Preliminaries

Proof. [34] We prove Binet’s formula using the generating function, about
which we will give explanations in the coming pages.

We use the method of finding the coefficients of the Taylor series that cor-
respond directly to the Fibonnaci sequence.

By Definition 1.1, the general coefficients of the Taylor series are given as

F(z) = Fp+Fio+FRa® +Fa’ + .. =x+2° +22° + ...
tF(r) = Fep + B + B’ + .. =2 + 2% + ...
’F(z) = For? + Bl + oo + Fyo® 4+ ... =2 + 2t +22° + ..
Then,
F(z) — aF(x) — 2*°F(z) = Fy + (Fy — Fy)r = Fy = .
So,
T
Flz)=—2>
(z) 1 —x—a?

where the roots of the following quadratic equation: 1 — z — 2% are given as

xlz#andxg:%@ -

Definition 1.2 (Geneating function) [34] Let the series ay, a,as, ... consist

of real numbers, subsequently the function
g(x) = ap+ a1z + asx® + ... apa” + ...

is given the sequence a,’s generating function.

We may alternatively define the generating function for the finite series ag, a1, . . .

1.1. Some particular sequences and polynomials E



Chapter 1. Preliminaries

and a; = 0 for i > n. Then
g(x) = ap + a1z + ast® + ...+ apa”
is the generating function for the finite sequence ag, ay, . . ., a,.

Theorem 1.2 [34] The generating function of the Fibonacci recurrent rela-

tion is given as follows
o
g(x) :Fo—l—Flaz—l—Fga:Q—l—...—l—an"—l—...:Zan".
0

Proof. [34] We are known that the Fibonacci sequence {Fn}nZO has the

following definition

. (1.2)

respectively, we get zg(x) and 2%g(z) :

rg(z) = Flo*+ Lo’ + Fyat + .+ F_2" + ...
x%g(x) = R+ Bt + B+ . 4+ F, ox" + ...

g(x) —xg(z) — 2%g(x) = Fla+ (Fy—F)a*+ (F—F— )2 + ...

and by using the Definition 1.1, we get

X

1.1. Some particular sequences and polynomials E



Chapter 1. Preliminaries

on the other hand, we have

I R O 1
g(aj)_l—aj—xQ B \/gll—ozx_l—ﬁx]

N \/gg@)_l—ozx 1—px
“+00 “+00

_ Zanxn_Zann
0 0

So

Definition 1.3 (GFS) [5] A generalized Fibonacci sequence (G,,) is any series
that follows the same recurrent relation as the Fibonacci numbers but with

modified beginning conditions

2

Gn = Gn—l + Gn—Q; n=>1
< (1.3)

Glza; ngb.

\

The first terms of (GF'S) are given as
a,b,a+b,a+ 20,2a + 30, . ..

Theorem 1.3 [34] Let (G,,) be the nth term of the generalized Fibonacci

sequence. Hence

G, =alF,_o+bF,_1, n>3. (1.4)

1.1. Some particular sequences and polynomials
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Proof. [34] By using the principle of mathematical induction (PMI), we
have

Gs =aF| +bF;, = a+b. (1.5)

Consequently, the relation holds when n = 3.
Let & be any number and suppose that the formula (1.4) holds for all inte-

gers i, which 3 < i < k. That is
Gi=alF;,_o+bF;_.
Then

Gry1 = G+ Gra
= (aFp—2 + bFi_1) + (aFp—3 + bFi_s)
= a(Fyo+ Fr3)+b(Fr_1+ Fr_2)

= afFj_1+ bF}.

Hence, the formula (1.4) is true for all integer n > 3,

and we note that the formula (1.4) remains true for alln > 1. =

Definition 1.4 ( Generating function of GFS) [34]
Let G, = G,,_1+G,_o, which G| = a and Gy = b. Then, the following formula

g(x) = a+bx + (a+0b)x* + (a+ 2b)x> + (2a + 3b)a* + . ..

is referred to as the generating function of the generalized Fibonacci sequence

(GFS).

1.1. Some particular sequences and polynomials
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Definition 1.5 [34] The golden ratio is defined as an irrational number

1
+2\/§ = 1.618033. ..

[?] It was and is of interest to mathematicians, physicists, philosophers, ar-
chitects, painters, and even musicians.

The golden ratio is also known as the golden mean, Fibonacci number, . ..
It is often referred to as the greek letter ¢ after the mathematician who re-
searched its characteristics, phidias.
Pharaohs and ancient Greeks used the golden ratio in the art of architecture
and the construction of pyramids.

The height of the biggest pyramid is 484.4 feet, or about 5813 inches, these
three numbers are consecutive in the Fibonacci sequence.
Leonardo da Vinci draw the Mona Lisa using the golden ratio and thought it

to be the epitome of beauty.

Theorem 1.4 [34] When n is sufficiently enough, it is seen that the ratio

approaches 1.618033. .. in the Fibonacci sequence. That is
Fn+1

n

lim

n—-4o0o

Proof. According to the recurrent relation of Fibonacci sequence, we have

Fn+1:Fn+Fn—1-

Hence
Fn—|—1 Fn—l
) _ 1
F, + F,
1
= 1+ o
Fn—l

1.1. Some particular sequences and polynomials
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when n — +o00, we fined the characteristic equation
?—x—1=0.

Since the limit is positive, only the positive root is importance. Hence

. Fn+1
=1 = 1.618033....
« 11m F

n—+too F
m A Fibonacci-like recurrence relation is used to create several polyno-
mial classes. Belgian mathematician Eugene Charles Catalan (1814-1894)
and German mathematician E. Jacobsthal conducted research on Fibonacci

polynomials in 1883.

Definition 1.6 [34] The sequence of Fibonacci polynomials f,(x) is defined
as follows

ful@) = 2fua(2) + foo(z), n=3

9 (1.6)

\ file) =1; foz) = 2.

The Fibonacci polynomials are given as

n | The terms of Fibonacci polynomials f,(x)

111

x

22 +1
23+ 2z

ot 4322 +1

S Ot s W N

x° + 423 + 3x

1.1. Some particular sequences and polynomials
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Preliminaries

Proposition 1.1 [34] Fibonacci polynomials can be constructed using the bi-

nomials expansions of (z + 1)" as follows

for all n > 0, we gave the next table

n | Expansion of (z + 1)"

01

1lx+1

2 |2? +2z+1

3|23+ 322+ 32 +1

4|2t + 423 4+ 62 + 4z + 1

5| 2%+ 5xt 4 1023 + 1022 + 5z + 1

Noting that the sum of the elements along the diagonal starting at row n

is fn11(x), the sum of the elements beginning at row 3 is fy(x).

Theorem 1.5 (Binet’s formula) [34]

The characteristic equation of Fibonacci polynomials is given as
t?—at—1=0

this equation has two real roots o(x) and §(x), which

x+\/ér2+4 and ﬁ(x) _ rx—vVa’+4

a(r) = S

Then, the formula for the Fibonacci polynomials by Binet is

a"(z) — p"(x)

W) = )~ B )

1.1. Some particular sequences and polynomials
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Theorem 1.6 (Generating function) [34]

The generating function of the Fibonacci polynomial f,(x) is given as

g(t) = falz)t".
Proof. We have

g(t) = i fo(2)t" =t +2t? + (22 + 1)t* + (2% + 22)t + . ..
0

So,
o0
wtg(t) = Y afu(a)t"™ " = at’ + 2 + 230wt 4 20 4 2070 4
0

0
Pg(t) = Y falo)t"? = ot + 220+ + 250 + 2005+
0
and by subtracting in the following equation: g(t) — ztg(t) — t?g(t), we get

g(t) — atg(t) — g(t) = (1 —at — 2)g(t) = folw) — ti(x) — atfola) = 1.

Hence, g(t) = ;—— generates f,(z). m

1—at—

Definition 1.7 [34] The sequence of generalized Fibonacci polynomials f,,(x)

is defined by the recurrent relation shown below

(

fn(x) = xfn—l(x) + fn—2(5€)7 n>3
< (1.7)

filz) =8 folx) = Sz.

If S = 1. Then, we obtained the classical Fibonacci polynomial sequence.

1.1. Some particular sequences and polynomials
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Proposition 1.2 (Binet’s formula) [34] R, and R, are two roots of the char-

acteristic equation

2 —at—1=0.

The following expression provides the nth generalized Fibonacci polynomials

- _ S 1 2
fn() R R

which R, = &y +2 V;QH and Ry = £=V2+4

_ 2
1.1.2 Tribonacci sequence and polynomials

Definition 1.8 The Tribonacci sequence {T,}, - is defined by the following

thrid order linear recurrent relation

p

T,=T,1+T,2+ Tn—37 n > 47
{ (1.8)

To=0; Ty =1T5=1,

\

where the first terms of the Tribonacci sequence are given as :1,1,2,4,7,13,24, . ..

Remark 1.1 [40] We can extend the definition of Tribonacci sequence to the

set of negative numbers as follows
7., =— T—(n—l) — T_(n_g) + T_(n_g), n > 1. (1.9)

and we have

T_n = QT_(n_g) - T_(n_4), n > 1. (110)

1.1. Some particular sequences and polynomials
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Proof. From Remark 1.1, the definition of the Tribonacci sequence for the

set of negative numbers is given as follows

T ,=—T_(-1)— T_(n_g) + T_(n_g), n > 1. (1.11)
Then
Ton = —T_ -1y = T-n2) + T-(n-3) = T_(n—a) + T_(n—sy
= T (1) = T_(n—o) + T (n—z) = T_(ay + (T_(n—1) + T_(—2) + T_(—3))
= 2T (3 — T (n—4)
m

Theorem 1.7 [34] Binet’s formula for the ny;, Tribonacci numbers is given

for all n > 0 as follows
B O/H—l 5n+1 ,yn—H
B ) ey R BT By Rl ey oy

where «, (5, and y are the roots of the following cubic equation

-t —r—1=0, (1.12)
such that
L_ ltA+B 14 V19+3v33 4 V19 - 3V33
-3 ’
5 — 1+wA+w?B  1+wV19+3v33+w?V/19 — 3v33
N 3 B 3 ’
. l+w?A+wB 1+ w?V19+3v334+wy/19 — 3v33
N 3 N 3 ’

1.1. Some particular sequences and polynomials
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where
=/19+3v33, B=+/19—3V33,
which w = =13 — cpp(210) is q primitive cube root of one. Then, the following

identities are true
a+pB+y=1,
af +ay+ By =—

afy = 1.

Corollary 1.1 [40] The generating function of Tribonacci numbers T, is

given as

Proof. [40] Let g(t) = ZTnt”, which ¢(¢) be the generating function of

n=0
Tribonacci numbers. Hence

gt) = To+Tit +Tot?> + ... +Tpt" + ...,
tg(t) = Tot+ > +Tot> + ...+ T at"+ ...,
t2g(t) = Ty’ + T3+ Tot* + ...+ T ot + ...,
tB3g(t) = Ty + Tt + ot + ...+ T st" + ...
Then, we obtained

(1=t =12 —tg(t) =Ty + Tit + Tot* — Tot — Tit* — Tt

For (1.8) and here the coefficients of ¢" are equal to zero for n > 3. There-

fore, the generating function of Tribonacci numbers is given as

t
1—t—t>2—1t3

g(t) =

1.1. Some particular sequences and polynomials
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Definition 1.9 (GTS) [34] The generalized Tribonacci sequence {T,,(a, b, c;7,s,t)},-
is defined as follows

(

T, =711+ 8T, 2+ tTn—?)) n > 47

9 (1.13)

where Ty, Ty and T; are arbitrary integers and r, s, t are real numbers.
The sequence {T,,},>0 may be extended to negative subscripts by declaring

s r 1
Ja— —gT—(n—l) — gT—(n—2) + ZT—(n—3)~ (1.14)

Definition 1.10 [34] The Tribonacci polynomials sequence {T, ()}, is de-
fined as

To(z) = 2°Ty, 1 (x) + 2Ty _o(x) + T3(x), n >3,
4 (1.15)

\ To(x) =0; Ti(z)=1 Ty(x) =22
since T,, = t,(1).
The sequence of Tribonacci polynomials can be defined in another way as fol-

lows

tn(1) = 2t 1 (1) + at,_2(1) + t,_3(1), n >3,

. (1.16)

1.1. Some particular sequences and polynomials



Chapter 1. Preliminaries

Remark 1.2 [34]The definition of Tribonacci polynomials may be extended

to the set of negative integers as follows
t_n(x) = l’Qt_(n_l)(:E) + :Ut_(n_g)(l“) + t_(n_g)(l’), (1.17)
where to(x) = 0,t_1(x) =1 and t_5(z) = 1.

The initial numbers of the Tribonacci polynomials are given as follows

n | The terms of Tribonacci polynomials ¢, (z)

00
111
2
ot 4

2

3

4|25 4+223 41
5| 2%+ 32° + 322
6

20 4+ 427 + 62 + 22

Theorem 1.8 [34] The Binet’s formula of the ny, Tribonacci polynomial is

given as
foralln >0
B ay () 05" (x)
Tlz) = (ar(x) — az(x ))( (( )) a(z)) ' (az(x) — ay(x))(o2(z) — cu(z))

+

(043(56)—041( ))( 3(2) — aa())’
(1.18)

where a1, oy, and ag are the roots of the following quadratic equation

N2 —z\—1=0,
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with
72
ap(z) = 5 + A(z) + B(x)
p
as(z) = % + wA(z) + w?B(x)
p
as(z) = % + w?A(z) + wB(x),
where
Az) 3x6+x3+1+ x6+7x3+1
r)=A—=+—=+= —t -t
27 6 2 36 54 4
A | 25 Tt 1
Bx)={/Z 4+ L - 2
@O=\m sz Vs T 7
which w = =413 i q basic unity cube root, and in the other hand o (), as(x)

and a3(x) satisfied the following identities

a1(z) + as(z) + az(z) = 22,
a1 () () + ar(x)ag(z)az(x)as(z) = —,

ar(z)ag(z)as(z) = 1.

Theorem 1.9 [34] The generating function of the Tribonacci polynomials is

given as
t

Tl 22— g2 — 8

(1.19)

G(t)=> T,(x)t"

1.1.3 Simple models about difference equations

Definition 1.11 [7] (Compound interest) Compound interest relates to
loans and deposits that are paid over long periods. The interest is added to
the first sum at equal intervals called " the conversion period", when the new

amount is used to calculate the next transfer period.
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(i) a denotes the part of the year that the conversion period accupies which

the conversion period for one month occurs by a = %

(ii) The annual interest rate is denoted by v%. Then the equal interest earned

for the period is equal to ay% of the total amount deposited at the begin-

ning of period which
( ) ( ) ( )
amount on amount on amount on
deposit deposit deposit
ay
§ aftern+1 p =1 after n >+ﬁ< aftern |
conversion conversion conversion
periods periods periods
\ J \ J \

(1.20)

and to model the last statement in the form of a difference equation, the fol-
lowing steps are suggested :

For each n, I, denotes the amount deposited after n conversion periods. Then

asy ay
Log=1+ 1 —1 (1 —) . 1.21
1 =5 F 100 * 100 (1.21)

The last formula 1.21 is a linear difference equation of the first order.

I, is a geometric sequence representing the compound interest, its expression

is written as follows

ary n
I, = (1 —) Iy, 1.22
+ 100 0 ( )

Definition 1.12 [7] (Loan repayments) To find the equation that expresses

the loan repayment, the researchers made a simple modification to the above
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statement. The scheme attached below is usually used to repayment of home
or car loans. So that the repayment is made at regular intervals and in equal
amounts in order to reduce loans and pay interest on the outstanding amounts.
The researchers also noted that the debt increases and this is due to the interest

imposed because of the debts that always remain after the last repayment.

debt after debt after interest
= + —{ payment } -

n + 1 payments n payments on this debt
(1.23)
Let us model this statement in the form of the difference equation, they dis-
played the following :
Let Ay be the initial debt which is quick, and for every n let A, be the debt
owed after payment n, and let P the payment after each period conversion,

Then

ay ay
ik * 700 700

It’s a difficult equation to solve. Hence, these two examples included a simple
model that was embodied in presenting some of the rules stipulated by the

bank regulations and then translating them into mathematical symbols.

Difference equations in population theory

[7] Since many times, mankind has been striving to know how the popu-
lation growth, as well as the factors that effect its growth. There is doubt
that this important type of study contributes greatly to the management of

the wildlife. It also helps in studying bacterial growth.
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Several types of animals reproduce during a short and well-defined season,
and the same thing happens with humans. Therefore, the time is measured
separately using positive integers that indicate the breeding seasons.
Therefore, the best way to express population growth is to write appropri-
ate difference equation.

Firstly, here are some simple population models, to discuss some of the

variables that most effect reproduction processes.

Linear first order difference equation: Exponential growth

[7] Several types of organisms in nature compete with other species in or-
der to obtain food, and sometimes some species resort to prey on other to
meet their needs.

In order to study the growth of these organisms, researchers in scientific
laboratories studied each species separately, there are large groups in which
individuals reproduce but die after a period of time. Accordingly, the growth
process is linked to the average behavior of the members of the population.

For this reason, the following assumptions were made

(i) All members of population have the same chance of having the same

number of offspring.
(ii) Every one in population has the same chances of dying or surviving.
(iii) In each breeding season, the ratio of females to males rest the same.

(iiii) It was assumed that the age differences between members of the pop-
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ulation are neglected.

Assume that all members of the populaion have the same average off-
spring « each season.
- o denotes the percapita birth rate.

- Whereas § denote for the individuals mortality rate before reproduc-

tion.

Ny is the number of individuals in the population at the beginning of

the breeding season k.

Niy1 = Ni, — BNj, + aNy
this means that
Nit1 = (1 — B+ ) Ng. (1.24)
It is the equation of geometric progression. Then

NkZ(l—ﬁ—l—Oé)N(), kE=0,1,... (1.25)

To avoid this contradiction, resort to rounding /N, to its nearest integer.
On the other hand, it is clear that the behavior of the model depends on the

growth rate that is given by the relation
r=oa—_p» (1.26)

- If r is less than zero, the population is heading towards extinction.

- But, if r is greater than zero, then the population is constantly increasing.
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What is noticeable in the above study is that the model does not care about
the age structure, where the hypothesis was presented that the offspring
directly enters the reproductive cycle regardless of age.

Now, let us review two examples in which two models of population are

presented that fulfill the above-mentioned assumptions.

Fibonacci numbers and second-order difference equations

[7] In this population, the presence of a pair of rabbits is assumed, since
this couple gives birth to a new pair every month, and the new pair is capa-
ble of reproducing after two months. This procedure is repeated frequently,

At the conclusion of each month. Then

Current number Current number Number of birth
= +
per mont k£ + 1 per mont k per mont k£ + 1
(1.27)

(This is assuming that the mortality rate is negligible).
Since rabbits are able to reproduce only two months after their birth, they

give birth to one pair of rabbits per month. So

Number of birth Current number
= (1.28)
per monthk + 1 per monthk — 1

N} denotes the number of pairs at the end of each month, and based on the

previous two equations (1.27) and (1.28)
Nijg1=Np+ N1, kE=1,2,... (1.29)

it is an equation of the second order called the Fibonacci equation.
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Constrained growth: Non-linear difference equations

[7]1 Exponential growth remains the best model for expressing population
growth, this is because linear difference equations are not generally suitable
us a model for population growth because it expects unlimited growth in
the event that the population is increasing, and this is contrary to what is
observed in nature.

To avoid rejecting the last model, the researchers made modification to it
in order to approximate the behavior observed in nature. Another study
proved that as the population increases, the number of deaths increases
while births decrease, this is due to several factors most notably crowding,
competition for food ...

Carrying capacity is defined as the number of people when the birth rate
equals the death rate.

The linear difference equation for population growth is given as follows
N1 = Ni + rNg,

where r represents the growth rate.

The previous study was summarized in the following writing
Nii+1 = Ni, + R(Ny) N, (1.30)

where R([Vy) indicates the related population growth rate. The equation
(1.30) is a nonlinear difference equation because the unknown function
appears as a mediator of the nonlinear function zR(xz) and because the

unknown function R meets the following conditions.
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(i) a) As a result of congestion, R(N;) decreases and /Ny, increases until it,

becomes equal to the carrying capacity.

(ii) Given that NV, is much smaller than £ it is noticeable that the growth is

exponential in the population. So that is
R(Ng) —r asN, — 0

r is constant called the unrestricted growth rate, where r» and NV are
constants to be determined empirically.
Start with the simplest linear function that fulfills conditions a and b,

it can be chosen as follows
,

substituting this relationship into equation (1.30) yields the following

discrete logistic equation
N,
Nigy1 = Ni + 7N, (1 — ?k) (1.31)
it is the most widely used equation for the dynamics of population.

The dual epidemic model: System of difference equations

[7] Measles is a highly contagious disease, caused by a virus that spreads
the rough active contact between individuals. It is a disease that effects
children greatly.

An epidemic of measles is observed in Britain and U.S.A every two or three
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years. Hence, the spread of the measles epidemic leads to the emergence
of system of difference equations.

Now let’s see the development of measles in the body of one child:

A child who has not yet contracted measles is called susceptible, immedi-
ately after a child becomes ill for the first time, there comes a latent period
that is not contagious, in which no symptoms of the disease appear, and
this period lasts from 5 to 7 days.

After that, the turn comes to the contagious period, which is a period that
lasts about one week, during which the child is called a contagious child.
After this period has passed, the child recovers completely and acquires im-
munity against this disease so that it cannot be infected with it in the future.

To simplify this, we have the following hypotheses :
(i) The duration of borth the latent and contagious period is one week.

(ii) All interactions between children accurat the end of the week. that is
people exposed to measles remain constant during the week.
The researchers then modeled the prevalence of the disease and used

one week as the time period. Hance

Number of
I, = : (1.32)

infections per week k
and

Number of

2
I

(1.33)
people exposed to measles per week k
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The researchers also developed an equation that expresses the number

of infections, this equation is given as follows

[ Number of [ Number of people exposed to \

Ti1 = infections ¢ = 4 measles who contracted >
| perweek k+1 | \ befor the week & )

(1.34)

Since there are new borns, this is an important factor in counting the

number of people infected with measles. Then

( ) 4 3
Number of Number of . \
| | 4 Number
eople eople expose
peop peop P of births
Sk+1 =19 exposed ¢—< tomeasleswho p-+X > |
per
two measles contracted befor
| week k+1 |
per week k the week &
\ Vs \ J

So, to find the number of people exposed to measles per week fS;,
suppose that one infectious agent infects a fixed number of the total
number of people exposed to mea sles ;.

To finally get the following system

Number of people exposed to measles
= fSklk, (1.35)
who contracted befor the week £

which B and f are costant coefficients of the of the model, which f
represents the number of people exposed to measles by a single infec-

tive.
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Form of solutions to several difference
equations systems utilizing specific

sequences

2.1 Difference equations

2.1.1 Nonlinear difference equations

Let f be a continously differentiable function which

f.I"— 71, TCR.

Definition 2.1 [35] The (k+1)-order nonlinear difference equation is given

as
Lp+1 = f(xm Tn—1,Tn—2; -+ xn—k); (21)

which n, k € Ny such that the initial conditions (z_3, T _g41,...,7) € 1"

31
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Definition 2.2 [35] The point T € I is known as the equilibrium point of an

equation (2.1), if it satisfied

In another way, if we have

with n, k € Ny.
Definition 2.3 [35] The equation

Yn+1 = PoYn + D1Yn—1 + ** + DkYn—k (2.2)

is said to be a linear difference equation related to the equation (2.1), with

pi = gi(f,f...,f), i=0,...,k
and
p(A) = N — po A —p At — (2.3)

where p()) is the characteristic polynomial associated to (2.2).

Theorem 2.1 (Rouche's Theorem) [23], [35] Let f(z) and g(z) two holo-

morphes functions in the open () of complex plane C. If
9(2)| <|f(2)], VzedK.

Then, the number of zeros of f(z) + g(z) in K equals to the number of zeros

of f(z)in K.

2.1. Difference equations
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2.2 Systems of nonlinear difference equations

Definition 2.4 [21] Let f and g be two continuously differentiable functions

given as
foIMt e gt 1 g MU g 0 1T CR,
and we have the following difference equations systems

Tn+l = f(xnu Tp—1sLn—2y+« s LTpn—kyYns Yn—1,Yn—2, - - . 7yn—k)7
(2.4)
Yn+1 = g(xTw Tn—1Ln—25 s Tn—ky Yn, Yn—1,Yn—2, - - - 7yn—k:)

which n, k € Ny, and we have the following initial conditions

(SC—k,ZU—k+1,CU—k+2, Sy -750) e I'"! and (y—kay—k+1>y—k+2; e 7y0) e JHL,

We define the function
H - Ik+1 % Jk}+1 N Ik+1 % Jk}+17
as

H(x) = (fo00), fi(x)s f2(X)s - -5 fe(X), 90(x), 1), 92(X), - - -, g (X)),

with

T
X = (ug, U1, Uz, . .., Uk, Vo, V1, V2, - - . , Ug)

fox) = f(x), i) =wo, fo(x) =w, f3(x) =w2, -, felX) = w1,

and

90(x) = 9(x), g1(x) =vo, galx) =01, g3(x) =102, - ,gK(X) = vk_1.

2.2. Systems of nonlinear difference equations
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Let

T
Xn = (.I'n, Tn—1yTn—2,Tn—3y «+os Tn—kyYn, Yn—1, Yn—2, Yn—3, -+, yn—k) .

As a result, the system (2.4) is equivalent to the system shown below

Xni1 = H(xn), n=0,1,2,... (2.5)

2.2. Systems of nonlinear difference equations
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which

p
Tptl = f(xna Tn—1,Tn—2, -3, -5 Ln—p, Yn, Yn—1, Yn—2, Yn-3 - - - 7yn—p)

Tn—(p-1) = Ln—(p-1)

4
Yni1 = 9(Tns Tn1, Tn-2, Tn-3, -+ s Trpy Yris Y15 Y2, Yn-3 - - - » Yn—p)
Yn = Yn
Yn—1 = Yn—1
Yn—2 = Yn—2

[ In=(-1) T Yn—(p-1)-

Definition 2.5 (Equilibrium point) [35]

(i) The point (,7) is known as the equilibrium point of system (2.4), if we

2.2. Systems of nonlinear difference equations
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have

v
(i) The pointx = (Z,7,...,Z,9,7,...,y) € I* x J* is the equilibrium point
of system (2.5), if we have
X = H(x).
Definition 2.6 [25]

(i) If there exists a ng > —k. Then, the solution (x,,yn),~_, is said to be

eventually periodic with period p, which

Tptp = Ty, N = Ny.

(i) if no = —k. Then, we say that the solution (r,,y,),~_, is periodic with

period p € N.

Definition 2.7 (Stability) [21]Let |.|| be the Euclidean norm and X be the

equilibrium point of system (2.5).

(i) The equilibrium point  is said to be locally stable if for any ¢ > 0, there

exists 6 > 0, such that

Ixo=XIl<d=lxn =Xl <e, Vn>0.

(ii) The equilibrium point % is said to be locally asymptotically stable when it

is stable and there exists v > 0, such that

Ixo =%l <v=lIxn = X|| — 0, n — 4o0.
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(iii) It is said that the equilibrium point X is a global attractor if for each

(respectively for each y, in G C I* x J¥)

Ixn —X|| — 0, n — +oc.

(iiii) The equilibrium point x is said to be globally asymptotically stable (or
globally asymptotically stable relative to GG) if it is asymptotically stable,

and if for every xo € G

HXn - XH — 0, n — +o0.

Remark 2.1 [21] It is clear that (Z,y) € I x J is equilibrium point of system
(2.4) ifand only if Y = (Z,%,...,7,7,...) € I*! x J*1is equilibrium point
of system (2.5).

Definition 2.8 [21] The following system stated that the linear system re-
lated to system (2.5) around the equilibrium point X = (T, %, ..., Y, Y, ..) IS
given as follows

Xn+1:AXn; n:0717"'

2.2. Systems of nonlinear difference equations
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where A is the Jacobian matrix of the function H at the equilibrium point Y

[ 0f, (— 0fo (—y  Ofo (— 0fo (— |
b o P . 2
0f1 /1— 0f1 (— 0f1 (— OFf /—
L ot o o
_ Ofr (— 0 — Ofr (— Of. /—
A=|7®) oe(x) 2(x) o ()
0go (— 9o (— 0go (— _
e (X) (X)) 2(x) 52(%)
gy (— g (— gy (— Oar /—
(X)) 0 - G |

Theorem 2.2 [21]

(i) If all eigenvalues of the Jacobian matrix A satisfy the condition || < 1,

then the equilibrium point  of system (2.5) is asymptotically stable.

(ii) If at least one eigenvalue of the Jacobian matrix A has an absolute value
larger than one, then the equilibrium point  of system (2.5) is unstable.

(For more details see the proof in [33]).

2.3 Form of the solutions of certain systems of difference

equations

2.3.1 The first system

In this part, we provide the solutions to the extended system of difference

equations whose solutions are related to (GFS).

2.3. Form of the solutions of certain systems of difference equations
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Consider the following difference equation system
(

Int1l = I4+Ymg1)—&’

$ neNy, k=12..., (2.6)

\yn—i-l = ma

where the initial conditions of the negative index terms

T gy T (h1)s T (k=2)s -+ > LO> Ykr Y (k—1)> Y—(h—2)5 - - - » Yo € R — F.
M&Fz{—%%n:LZ”}.

The following theorem specifies the form of system (2.6) solutions.

Theorem 2.3 [24] The solutions of system (2.6) are given as follows

(i) Fromi=1,2,...,k, we have
(9321@ By + Fonyik
n+i — )
Fonto + Fony1yi—s
< T A e N, 2.7)
o Fon1 + Fopig
okn+i = :
T Fas + Fopaaiy,

(ii) Fromi= (k+1),(k+2),...,2k, we have

)
Fopio+ Fopi17iok

ka‘n—l—i - )
Fonys + Foproxiok
< " ! n e Ny, (2.8)

Fonyo + Fopi1yiok
Fopis+ Fonioyiok

Yokn+i =
\

Proof. [24] From (2.6) we have

forn =0and wheni=1,2,...,k, we have
1 1 1
rH=—">, T9=—— J3=—"—,...,
P Ty T T T 1y
1 1 1
Y1

:—1+x1_k, y2:—1+x2_k7 y3:—1+x3_k”

2.3. Form of the solutions of certain systems of difference equations
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On the other hand, for n = 0 and when i = (k + 1), (k + 2), ..., 2k we get

N IL+2 k1 N l+2 g2 142443 o
24+ 2 i 24T pyo 24T pag
Ykt1 = M, Ykt2 = 1+y_k+2, 1+y_k+3;---,
2+ Yy -kt 24y k2 24 Y g3

So, the result holds for n = 0.

Now suppose that n > 1 and that our assumption holds for n — 1. That is,

Forn1+ Fon_ovyik .
_ 7 — y :1,2,...,k, 2
k(1) Fon + Fopn1yi—k ' (2.9)

Yok(n—1)+i = F;an j;::ff_kk i=1,2,... .k, (2.10)
B+ Fopqmioop
- Fopiq + Foumiop
By + o yiook
C Fouyr + Fouyioon

Fori:=1,23,...,k, it follows from (2.6), (2.9), and (2.10) that

Lo (n—1)+i i=k+1),(k+2),...,2k, (2.11)

i=(k+1),(k+2),....2k  (2.12)

Y2k(n—1)+i

1

L4 Yornsik
1

14—

1+zoknti—ok

Lokn+i —

Y

L+ Top(n—1)4

2 + Top(n—1)+i

Fop_14+Fon_aYi—k
1 2n—1 n 7
+ F27L+F2n—1yi—k

F n— +F2n72yifk ?
9 n—1
+ Fop+Fon_1Yi—k

Fo + Fop1yik + Fon1 + Fonoyik
2F5, + 2Fon 1Yi—k + Fon1 + Fon—oYi—i’
Fopi1 + Fonyik
Fonio + FonVick

2.3. Form of the solutions of certain systems of difference equations
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and

Y2kn+i

1

1+ Tokpriok
1

1+ ——'

1+y2kn+i—2k

L+ Yor(n—1)+i

2 + Yok(n-1)+i

Fop_1+Fopn_oTi—g
1 2n—1 n 7
+ o+ Fop 13—,

Fon_1+Fon_o%i—g’
2+ Fop+Fop 1z,

Fop + Fop i, + Fop1 + Fopomip,

2Fy, + 285, 12 g+ Fop 1 + Fop_omi g’
Fopi1 + Fopwiy,

Fonyo + Fop12ig

Similarly, for i = (k + 1), (k + 2),...,2k and from (2.6), (2.11) and (2.12),

we get

L2kn+i

1

1+ Toknriok
1

1+ 1 ’

I+Topnti—ok
L+ Zopn—1)4i
)
2+ Top(n—1)+i
1 Fop+Fop_1Ti—ok
Fopp1+Fonwi_og

Fop+Foy 13501’
2 2n n [
+ o1+ Eonmi_og

Fony1 + Fopxi_op + Fop + Fop12i9p
2Fs 41 + 2Fon o + Fop + Fop_1xi—o)
Fopio + Fopp17i_9p
Fonys + FopioTi—op’

2.3.
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and
1
Yok ;= )
e 1 + Yornti—k
B 1
= 1 . ,

1+yornti—2k
L+ Yor(n—1)+i
)
2+ Yor(n—1)4i
+ F271,+F2n—1yi—2k
Foni1+FonYi—ok

Fon+Fon_1Yi—or’
9 5
+ Fop1+Fonyi—ok

Fonq1 + Fopyi—op + Fop + Fop1yi—ok
2Fy 11 + 2Fo,Yi—ok + Fop + Fop1yi—ok’
Fonyo + Fopi1yiok
Fopts + FopsoVi—or

This completes the proof. =

2.3. Form of the solutions of certain systems of difference equations
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Theorem 2.4 The solutions of system (2.6) are described by

(i) Fromi=1,2,...,k, we have
( (b—a)Gapt2—aGani1 bGopi1—aGonio
T o b2—a2—ab + b2—a2—ab Yi—k
2kn-+i bGaony3—aGanisg + (b—a)G2n+2—aG2n+1y_ k’
b2—a2—ab b2—a?—ab =
n € Ny. 2.13
< (b_a)G2n+2_aG2n+1 + bG271,+1_aG2n+2 T 0 ( )
- b2—a2—ab b2—a2—ab i—k
Yoknti = 30,0 s —aClanea N (b=a)Gansr3=aGant1 ..
\ b2—a2—ab b2—a2—ab i—k

(i) Fromi= (k+1),(k+2),...,2k, we have

( bGayi3—aGay b—a)Gani2—aGayn
2b2+—3a2—a?) =+ ( )bQ—CJLrQ—ab - Li—2k
Lokn+i = (b—a)

G n —aG n bG n —aCG n ’

bQi;;fab s Qb;fanaQb +4xi—2/€

{ n €Ny (2.14)
bG271,+3_aG2n+4 + (b_a)G2n+2_aG2n+1

_ b2—a’—ab b2—a’—ab Yi—2k
Yokn+i = (b—a)

Ganta—aGanys bGoni3—aGanta .
\ b2—a?—ab + _at—ap Ji—2k

To satisfied this theorm, we require the following remark

Remark 2.2 we have

Gonyo = 0Fy 1 + alyy,
Gong1 = bFy + aF, .

By [34], we can obtained the following formulas

b Gapsa

a Gopii bGoni1 — aGapio
an — - b2 _ CLQ _ ab

b «a

a b—a

2.3. Form of the solutions of certain systems of difference equations
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Gont2 a
Gony1 b—a (b —a)Ganta — aGopia
Fony1 = = b2 — a2 — ab
b a
a b—a

. Similarly, we obtained

b G2n+4

a Gongs - bGapt3 — aGapta
b o —a?—ab

a

Fopio =

a b—a

G2n—|—4 a

G2n—|—3 b—a (b — Q)G2n+4 — aG2n+3
F2n+3 = -

b4 b2 —a? — ab

a b—a

Proof. Now, let us return to the proof of theorem 2.4

from (2.13) we have
forn=0andi=1,2,...,k

(b—a)b—a? ab—ab

b2—a?—ab + —a?—abJi—k _ 1
b(a+b)—a(a+2b b—a)b—a? o o
( b2za2£ab ) + (b2—a)2—ab Yi—k L+ yii

Ty =

So,
1 1 1

rn=-———">) T2=7T7", I3 T 9
L+y1x 1+ Yo 1+ y3—p
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Similarly, we have

b—a)b—a? b—ab
(b2—a)2—ab + bza_aza_abxi—k: 1
Yi = b(a 2 - :
+b)—a(a+2b b—a)b—a .
( bQEaQEab ) + (b2fa)27ab Li—k 1+ Lik

Then,
1 1 1

:1+x1—k’ y2:1+x2_k7 y3:1+$3_k7"'
Now, for n =0, with i = (k+ 1), (k+2),..., 2k

b(a+b)—a(a+2b) (b—a)b—a?
P—at—ab T —ar—gp Li—2k 1+ a0

U1

xi - —a)la —ala a —ala — .
(b )ézjig)_ab( +b) 4 b+2bz = E az%)%ezk 2+ T or
So,
oy T_py1 2T oy T prn 25 A R — PR
and ba+b)-a(at2b) | (b—a)b—a®
Yy = b2—a2—ab b2 —a2—ab Ji—2k B 14+ yi_ok
v — — — - .
(b ")2333)_;2(““’) 4 b(a;bz agggzb)yi_% 2 ¥ i o
Then,
yklZM k2:1+y—/€+2 k3:1+y_k+3
T 24y T 24y’ T 24y’

As a consequence, the results holds for n = 0.
Now, we assume that n > 1 and that our assumptions remains true for n— 1.

That is

(1) Fori=1,2,...,k

( (b*a)G2n*aG2n—l bG2n71_aG2n
o b2—a?—ab + —a?_ap ik
Lok(n—1)+i — bGant1—aGonia N (b—a)ng—aGQn,ly, k’
b%2—a?—ab b%2—a?—ab [
) (b—a)Gan—aGaop—1 | bGan—1—aGa, n & No (2.15)
_ b2—a?—ab + —a?_ab Lik
y2k(n—1)+z o bG2n+1—aG2n+2 (b_a)G2n_aG2n71
\ b2—a?—ab + b?—a’—ab Li—k

2.3. Form of the solutions of certain systems of difference equations
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(i) Fori= (k+1),(k+2),...,2k

( bG2n+1*aG2n+2 (b_a)G2n_aG2n—1 .
T L b2—a?—ab + b?*—a’—ab Li—2k
2k(n—1)+2 (b—a)G2n+2—aG2n+1 + bG2n+1 —aG2n+2 T )
< b2—a2—ab b2—a2—ab i—2k ncN
bGony1—aGant2 + (b—a)Gzn—ann—1 . 0
. b2—a2—ab b2—a2—ab Yi—2k
y2k(n—1)+l _ (b—a)ng_;,_Q*aGQnJ,_l + bG2n+1—aG2n+2 . )
\ b2—a?2—ab b2—a?2—ab Yi—2k

Then, fori =1,2,3, ...k, it follows from (2.6) and (2.15) that is

1

1+ Yoknrik
1

L2kn+i

14+ —1 7
+ 1+Topnyi—ok

L+ Zopn-1)+i
2+ Top(n—1)+i

Fon_1+Fon_o¥i—k
1+ Fop+Fop_1Yi—k

F2n—1+F2n—2yi—k )

Fon+Fon_1Yi—k
(b—a)Gop—aGon_1 +bG2n717”‘G2n .
1+ b2 —a2 _ab b2 —a2—ab Yi—k
bGop41—aGonta | (b—a)Gop—aGop_1
- b2—a2—ab b2—a2—ab Yi—k
(b*a)G2n7aG2n—1+bG2n—17‘lG2n ) )
2_|_ b2 —a2 —ab b2—a2—ab Yi—k
bG2n+l_aG2n+2+(b—a)G2n_aG2n—1 ,
b2—a2—ab b2—a2—ab Yi—k
bGont1—aGonyo | (b—a)Gop—aGop_1 (b—a)Gop—aGop_1 | bGop_1—aGoy
b2—a2—ab + b2—a2—ab ylik—i_ b2—a2—ab + b2—a2—ab Yi—k
bGont1—aGonyo | (b=a)Gop—aGyp_y1 =~
_ b2—a2—ab b2—a2—ab Yi-k
- bGonp1—aGopta | (b—a)Gop—aGop_q (b—a)Gop—aGon_1 | bGop_1—aGay,
2><< b2 —a2—ab b2 —a2—ab ik )T b2—a2—ab + b2 —a2—ab Yi—k
bGopt1—aGonta | (b—a)Gop—aGop_1
b2—a2—ab b2—a2—ab Yi-k
((b—a)Gon—aGop_1—aGon42+bG2p41)+(bGon —2aG2,+(b=a)Gon_1)v;_
b2 —a2 _ab
bG2n+1_aG2n+2+(b_a)G2n_aG2n—l ,
_ b2—a2—qab b2—a2—qab Yi—k
(2(b=a)Gop+2bGop 41 —2aGy o —2aGoy 1)+ (bG2y —2aGo, +(b—a)Gop_1)y;—j
b2—a2—ab
bG2n+17aG2n+2+(b*a)G2n7aG2n71 ,
b2—a2—ab b2—a2—ab Yi—k
(b_a)G2n+2_aG2n+1 + bG2n+1*aG2n+2 .
L b2—a2—ab —aZ—ap Yi—k
bG2n+3*aG2n+4 + (b_a)G2n+2_aG2n+l ) ’
b2—aZ—ab b2—a2—ab Yi—k

9
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and
B 1
Y2kn+i — 1 +x2kn+i—k’
B 1
= 1 - ,

1+yornti—2k

L+ Yor(n—1)+i

)
2+ Yor(n—1)+i
Fop_14+Fon_oTi—
L+ Fop+Fop_ 1

Fon_1+Fon_omi—g’
2+ Fop+Fop_1i—
(b—a)Goyp—aGo, 1

bGop—1—aGay

1 + b2 —a2—ab + b2 —a2—ab Ti—k
bG2n+1_aG2n+2_|_(b_a)G2n_aG2n71 .
_ b2 —a2—ab b2 —a2—ab Ti-k
(b_a)GQn_aGanl+bG2n71_aG2nx. ?
2 + b2—a2—ab b2—a2—ab ik
bG2n+17‘1G2n+2+(b7a)G2n7aG2n71 )
b2 —a2—ab b2 —a2—ab Li-k
bG2n+170‘G2n+2+(b7a)G2n7aG2nflxl Jr(b*a)G'znfaG'znqerG'znfraG%
b2 —a2—ab b2 —a2—ab 1k b2 —a2—ab b2 —a2—ab
bGont1—aGony2 (b—a)Gzn—ann—1x_
- b2—a2—ab b2—a2—ab i~k
o bGont1—aGonto | (b—a)Gop—aGaop_q (b—a)Gop—aGop_1 | bGop_1—aGoy,
ZX( b2—a2—ab + b2—a2—ab Ti—k |+ b2 —a2—ab + b2—a2—ab
bGont1—aGony2 (b*a)Gzn*annqx_
b2 —a2—ab b2 —a2—ab i~k
((b—a)Gop—aGoy_1—aGop 4 2+bGopn 1)+ (VGon —2aGo, +(b—a)Gap_1 )z,
b2—a2—ab
bG2n+1*aG2n+2_i_(b*a)Gzn*aGan )
_ b2 —a2—ab b2 —a2—ab Ti—k
(Q(b—a)02n+2bG2n+1—2(LG2,,L+2—QLLGQn_l)+(bGQn—2&02n+(b—a)02n_1)wi_k )
b2 —a2—ab
bG2n+1—aG2n+2+(b—a)G2n—aG2n—1 ,
b2—a2—ab b2—a2—ab Ti—k
(b—a)Gany2—aGoni1 + bG2n+1_aG2n+2x.
b2—a?2—ab b2—a?2—ab i—k

bG2n+3_aG2n+4 (b_a)G2n+2_aG2n+l .
b2—a?—ab + b2—aZ—ab Li—k

Similarly, fori = (k + 1), (k+2),...,2k.

Y
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From (2.6) and (2.16), we get

1
x . =
2kn—+i 1+ CCan_Hj—k7
B 1
= = 1 ,

I+wornti—ok
L+ Zop(n—1)44

)

2+ ZTok(n—1)+i
Fop+Fon_1Ti—ok

1 2n n [
+ o1+ Eonmi_og

Fon+Fon_1Ti—21’

2 2n n 7

+ Fopp1+Fonwi_ok
bGont1—aGonyo | (b—a)Gop—aGap_1

1 _|_ ( )b27a2fab b2—a2—ab Li—2k
b—a)Gon42—-aGony1 | bGont1-aGony2
_ b2—a?—ab + b2—a2—ab Ti—2k
- bG2n+1—aG2n+2 (b—a)ng—angfl ?
pJN R
b—a)Gopto—aGaopty | bGopt1—aGopgo
b2—a2—ab + b2—a2—ab Ti-2k
(b—a)Gon4o—aGony1 | bGopt1-aGon42 bGont1—aGopto | (b—a)Gop—aGap_q
b2 —a2—ab + b2 —a2—ab Ti—2k+ b2 —a2—ab + b2 —a2—ab Ti—2k
(b—a)Gopta—aGont1 | bGopt1—aGopta
b2—a2—ab + b2—a2—ab Ti—2k
- (b—a)Gopy9—aGonq1 | bGap41—aGop42 bGon+1—aGont2 | (b—a)Gop—alGop_1 ’
2X( b2—a2—ab + b2—a2—ab Ti—2k |+ b2—a2—ab + b2—a2—ab Li—2k
(b—a)Gonto—aGony1 | bGont1—aGon42
b2 —a2—ab + b2—a2—ab Li—2k
((b—=a)Gopqo—aGopi1—aGop2+bGop 1)+ (bGong1—aCGonq2+(b—a)Gop—aGon_1)T;_op
b2—a2—ab
(b—a)Gopy9—aGonq1 | bGan41—aGony2
. b2—a2—ab + b2—a2—ab Ti-2k
(2(b=a)Gay 1 2+2aGop 4 1+bGoy 41 —aGon 4 2)+(bGon 1 —aGopro+(—a)Gap—aGay 1)z _of
b2 —a2 _ab
(b—a)Gonyoa—aGony1 | bGont1—aGon 42
b2—a2—ab + b2—a2—ab Ti—2k

bGopi3—aGay, b—a)Gapia—aGay,
2b2+—3a2—a2b =+ ( )bQQ_;_QQ_ab s Li—2k

b—a)Gapya—aGay bGapiz—aGap ’
Ome)ComssCionss | Do 0Coniayy,
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and

1

L4 Yorntik
1
1+ 1

1+yoknti—2k

L+ Yor(n—1)+i

)
2+ Yok(n—1)+i
Fon+Fon_1Yi—ok
1 2n n 1
+ o1+ Eonyi—ok
Fon+Fon_1yi—or’
9 2
+ o1+ Fonyi—ok
bGont1—aGopyo | (b—a)Gop—aGap_1

Yokn+i =

1 _|_ b2 —a2—ab b2 —a2—ab Yi—2k
(b—a)Gonto—aGoni1 | bGapt1—aGoni2
b2—a2—ab + b2—a2—ab Yi—2k

bGont1—aGony2 +(b—a)G2n—ann71 ?

2+ b2—a2—ab b2—a2—ab Yi-2k
(b—a)Gon4o—aGony1 | bGopt1-aGon42
b2 —a2—ab + b2 —a2—ab Yi—2k
(b—a)Gonto—aGony1 | Gopt1-aGon42 bGont1—aGonyo | (b—a)Gop—aGop_1
b2—a2—ab + b2—a2—ab Yi—2kt b2—a2—ab + b2—a2—ab Yi—2k
(b_a)G2n+2_aG2n+l bGQn—i—l_aGQn—i-Q
b2—a2—ab + b2—a2—ab Yi-2k
o (b=a)Gopy2—aGapy1 | bGopy1—aGongo bGopy1—aGopga | (b—a)Gop—aGay 1 ?
2X( b2—a2—ab + b2—a2—ab Yi—2k + b2—a2—ab b2—a2—ab Yi—2k
(b—a)Gopta—aGont1 | bGopt1—aGaopta
b2—a2—ab + b2—a2—ab Yi—2k
((b—=a)Gopqo—aGopi1—aGop12+bG2p 1)+ (bGonq1—aCGon2+(b—a)Gop—aGon_1)y; o)
b2—a2—ab
(b*a)G2n+2*aG2n+1+bG2n+1*aG2n+2 )
. b2—a2—ab b2 —a?—ab Yi—2k
(2(b—a)Gay 1 2+2aG0p 41+bG 2y +1—aGon 4 2)+(0Gon 1 —aGap 42+ (0—a)Gop—aGay 1)y, o
b2 —a2 _ab
(b—a)Gopta—aGont1 | bGopt1—aGopta
b2—a2—qab + b2—a2—qab Yi-2k

bG2n+3_aG2n+4 (b*a)G2n+2*aG2n+1
b2—a?—ab + b2—a%—ab Yi—2k

b—a)Gaonia—aGay, bGoni3—aGay, ’
: )b22—524—ab e 2b2+—3a2—a2b = Yi—2k

This completes the proof. m
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2.3.2 The second system

Now, we discuss the form of solutions related to the Tribonacci sequence of

the following system of rational difference equations

p
T = 1
n+1 yn_(p_l)(xn7p+1)+1 ’

! neNy, p>1 (2.17)

Yni1 = ’
\ n+l xnf(pfl)(yn—p+1)+17

where the initial conditions of the negative index terms :
Ty T (p—1)s T—(p=2)> - - » L0, Yps Y—(p—1)> Y—(p—2)» - - - » Yo € R — I, with
F=U{(z—p,...,20,Y—p,---,y0) : Ay, =0,B, =0,C,, =0, D,, = 0},
such that
An = Do (p-1)Tie(ps1)Yi—p + (Ton—2p + Ton—(2p-1))Yip + Ton—(2p-2);

B, = Tonop-1)Yi—p+1)Ti—p + (Ton—2p + Top_(2p-1))Tip + Ton—_(2p-2),

3

(
(
Cn = Ton_2p-2)¥i—(p+1)Ti—p + (Ton—(2p—1) + Ton—(2p—2))Ti—p + Ton_(2p—3),
Dy = Ton_2p-2)Ti—(pi1Wi—p + Ton—(2p-1) + Ton—(2p—-2))Yi—p + Ton—(2p—3)-

The following theorem describes the form of solutions of system (2.17).

Theorem 2.5 [31] Let {z,,y,} be a solutions of system (2.17). Then,

n=—p

forn=0,1,2,..., and p > 1, the form of {xy, yn},- , are given as

(1) Fort=1,2,...,p
Ton-2pTi—(p1)Yi—p + (Ton—(2p—2) = Ton—(2p—1))¥i—p + Ton—(2p-1)

TQn—(Zp—l)xi—(p—H)yifp + (T2nf2p + T2n—(2p—1))yifp + T2n—(2p—2) .
(2.18)

Lopn—i =

2.3. Form of the solutions of certain systems of difference equations
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(2) Fori=1,2,...,p

T2n72pyi—(p+1)3:ifp + (TQn—(Qp—Q) - T2n—(2p—1))$ifp + T2n—(2p—1)

TQn—(?p—l)yi—(p-l-l)xi—p + (TQn—Qp + T2n—(2p—1))xi—p + T2n—(2p—2) '
(2.19)

Yopn—i =

(3) Fori=(p+1),(p+2),...,2p

Lopn—(i—1)

_ Ton—2p—1)Yi—(p+1)Ti—p + (Ton—(2p—3) — Ton—(2p—2))Ti—p + Ton—(2p—2)
Ton—(2p-2Yi-(p+1)Ti—p + (Ton—(2p—1) + Ton—(2p-2))Tip + Ton_(2p—3) '
(2.20)

(4) Fori=(p+1),(p+2),...,2p

Y2pn—(i—1)

_ Ton—(2p-1)Ti—(p+1)Yi—p + (Ton—(2p—3) = Ton—(2p—2))Yi—p + Ton—(2p—2)
Ton—(2p-2Ti—(ps1)Yi—p + (Ton—(2p—1) + Ton—(2p—2))Yi—p + Ton—(2p-3)
(2.21)

where T, is the nth Tribonacci numbers.

Proof. By induction
For k = 0, the results holds.
Now we assuming that £ > 0 and our assumption remains true for k — 1.

Then,

(1) Fort=1,2,...,p

To—2p+2)Tie(pr 1) Yi—p T (Tor—2p — Top—(2p+1))Yi—p + To—(2p41)

T —1)—i — .
2p(k=1) Do 2p+1)Ti-pr1)Yi—p T (Tor—(2p+2) + Tok—2p+1))Yi—p + Tok-2p
(2.22)

2.3. Form of the solutions of certain systems of difference equations
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(2) Fort=1,2,...,p

y Dok pi2)Yi-(pr)Ti—p + (Tak-2p — Tor—(2p1))Ti—p + Tor—(2p11)
op(k—1)—i = .
pk=1) Dot 2p1)Yi-(p+ 1) Ti—p + (Ton—(2pt2) T Tok—(2p+1))Ti—p + Tok—2p

(2.23)
(3) Fori=(p+1),(p+2),...,2p
L2p(k—1)—(i—1)
_ D@ ¥i-prTip + (Tor—(2p—1) — Ton—2p)Ti—p + Ton—2p (2.24)
Tor—2pYi—(p+1)Ti—p + (Tor—(2p11) + Tor—2p)Ti—p + Top—(2p—1) .
(4) Fori=(p+1),(p+2),...,2p
Yop(k—1)—(i—1)
= T pr i pryYi—p + (Tor—(2p-1) — Tor—2p)Yi—p + Tok-2p (2.25)

 ToropTie i1y Yip + (Tor—2p1) + Tor—20)Yip + Tor—(2p-1)

On the other hand and for i = 1,2,3,...,p, it follows from (2.17), (2.22)
and (2.23) that

Lopk—i
1

Yop(h—1)—(i—1)(Top(h—1)—i + 1) + 1
1

Tog—(2p+1)Ti— (p+1)Yi—pT(Tor—(2p—1)=Tok—2p)Vi—p+Tor—2p
X (Top(p—1)—s + 1 1
Tok—2pTi— (p1)Yi—p+(Ton—(2p1) T T2k—2p)Yi—p+Top—(2p—1) ( 2p(k—1)—i T )+

1

Y

Y

Top—(2p4+2)Ti—(p+1)Yi—p(Tor—2p—Top—(2p+1) ) Yi—p+Tok—(2p+1)
“1)—(i—1) X 1 1
Yap(k—1)—(i-1) <T2k(2p+1)$i(p+1)llz‘—p+(T2k(2p+2)+T2k(2p+1))yz‘—p+T2k—2p +

_ Top—opTi—(pi1Yi—p + (Tok—(2p-2) — Tor—(2p-1))Yi—p + Ton—(2p-1)
Tok—(2p-1)Ti—(pa1)Yi—p + (Tok—2p + Top—(2p—1))Yimp + Tot—(2p—2)

2.3. Form of the solutions of certain systems of difference equations
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Then, for: =1,2,...,p we have

Top—2pTi—(pr-1)Yi—p + (Tor—(2p—2) — Ton—(2p—1))Yi—p + Tok—(2p-1)

opk—i = Top—(2p-1)Ti(pr1)Yi—p + (Tor—2p + Ton—(2p—1))Yi—p + Tor—(2p—2)
and
Yopk—i
B 1
 Top—1)—(i—1) Yaph—1)—i + 1) + 1’

1

Tog—(2p+1) Vi (p+ 1) Ti—pT(Top—(2p—1)=Tok—2p)Ti—p+Tok—2p
X 1 +1 1
Dok—2pYi—(p+1)Timp+(Tok—(2p+1) T T2k —2p)TimptTon—(2p—1)’ (y2p(k =i )+

1

9

Y

Top—2p+2)Yi—(p+1)Ti—p+(Tor—2p—Top—(2p+1))Ti—pTTok—(2p+1)
Top(kh—1)—(i—1) X 1 1
2p(k—1)—(i-1) (Tzk(2p+1)yi(p+1)$i—p+(T2k(2p+2)+T2k(2p+1))$i—p+T2k—2p +

_ Tor—2pYi—(p1)Ti—p + (Tok—(2p-2) — Tor—(2p—-1))Ti—p + Tor—(2p-1)
Tok—(2p-1)Yi-(p+1)Ti—p + (Tok—2p + Top—(2p—1))Ti—p + Top—(2p—2)

So, fori =1,2,...,p we have

Tor—2pYi—(p+1)Ti—p + (Ton—(2p—2) — Tor—(2p—1))Ti—p + Tor—(2p—1)
Tot—2p—1)Yi—(p+1)Ti—p + (Tor—2p + Top—(2p—-1))Ti—p + Top_(2p—2)
Similarly, fori = (p+ 1), (p+ 2),...,2p and from (2.17), (2.24) and (2.25)

Yopk—i =

we obtaind

Lopk—(i—1)
1

Yoph—i(Top(h—1)—(i—1) + 1) + 1’

1

Tor—2pYi—(p+1)Ti—p+(Tor—(2p—2) = Tor—(2p—1))Ti—p+Tox_(2p—1)
X | Top(k—1)— (i 1 1
Tor—(2p—1)Yi—(p+1) Ti—pT(Tor—2p+ T2k —(2p—1))Ti—p+Ton—(2p—2) ( 2p(k=1)=(i-1) + )+

1

Y

Tog—(2p+1) Vi (p+1)Ti—pT(Tor—(2p—1) = T2k —2p)Ti—p+Tok—2p ’
_i X 1 1
Yopk—i (TQk—zpyi(p+1)$i—p+(T2k(2p+1)+T2k—2p)xi—p+T2k(2p1) - -

_ Tok—2p—1)Yi—(p+1)Ti—p + (Tor—(2p—3) — Tor—(2p—2))Ti—p + Top—_(2p-2)
Tot—(2p—-2)Yi—(p+1)Ti—p + (Tok—(2p-1) + Tor—(2p-2))Ti—p + Tor—(2p—3)
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Then, fori = (p+1),(p + 2),...,2p we have

Lopk—(i—1)
_ Tzk—(zp—1)yi—(p+1)$i—p + (T21<;—(2p—3) - Tzk—(2p—2))$i—p + T2k—(2p—2)
Tok—(2p-2)Yi—(p+1)Ti—p + (Tor—(2p-1) + Tor—(2p—2))Ti—p + Tor—(2p—3)

and

Yopk—(i—1)
1

$2pk—i<y2p(k—1)—(i—1) +1)+1

9

1

- )

Tok—2pTi— (p41)Yi—p+(Tor—(2p—2) =Tk (2p—1) )Wi—p+Tor—(2p—1)
X (+1 1
Top—(2p—1)Ti—(p+1)Yi—pT(Tor—2p+Top—(2p—1) ) Yi—p+ T2k —(2p—2) (+ ) T

1

Top—(2p+1)Ti—(p+1)Yi—pT(Ton—(2p—1) = Tor—2p)Yi—p+Tor—2p ’
Topk—i X 1 1
2pk—i (T2k—2pxi—(p+1)yi—p+(T2k—(2p+1)+T2k—2p)yi—p+T2k—(2p—l) + +

_ D@1 Ti-pen)¥ip + (Tor—(2p—3) — Tok—(2p—2))¥i—p + Tor—(2p—2)
Tok—(2p-2)Ti—(p41)Yi—p + (Tor—(2p—-1) + Tok—(2p—2))Yi—p + Tor—(2p—3)

So, fori=(p+1),(p+2),...,2p we have

Yopk—(i—1)
_ D@0 Ti-pen)Yip + (Tor—(2p—3) — Tok—(2p—2))¥i—p + Tor—(2p—2)
Tok—(2p-2)Ti—(p41)Yi—p + (Tor—(2p-1) + Tok—(2p—2))Yi—p + Tor—(2p—3)

2.3. Form of the solutions of certain systems of difference equations



Chapter 3

On the global stability and periodicity of
certain higher-order difference

equations systems

3.1 Introduction

We started our study by investigating the stability and periodicity of solu-
tions to certain systems of difference equations of orders 2, 3, 4, and ...
Then we were able to generalise this investigation to any order p > 1.

The research has already been referenced in various publications for p = 1.
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systems
3.2 Linearized stability
_ 1 _ 1
3.2.1 The system z,,,; = T e Yt = Tran s
Firstly, we have the following system
(
Tntl = Thyoann
< nelNy, k=12, ..., (3.1)
kyn_i_l == —1+x(n+1)—k’
where the initial conditions of the negative index terms xy,z_1,z_o,
T (k—1)» Y0, Y—1,Y—2, - - -, Y—(r—1) are real numbers and we have the fol-
lowing conditions
Fat
L(k=1)y Te(k=2)s -+ -y LOs Y= (k—1)» Y=(k—2)5 - - - s Y0 ¢ {_;—7 n = 17 27 S } .
n

Theorem 3.1 [24] The equilibrium point x is locally asymptotically stable.

To prove Theorem 3.1, we need the following lemma.

Lemma 3.1 [24] The system (3.1) admits just one positive solution that

represents the equilibrium point in the set I* x J*, which is given by

. <—1+\/5 —1+\/5>

2 2
Proof. [24] Clearly, the system

. (3.2)

3.2. Linearized stability
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admits just one positive solution in I x .J which is given as

o ~14+vV5 —1++/5
oo (23550

2 2
Now, let go back to the proof of Theorem 3.1.

According to the equilibrium point

1 1 1 1
y_<ﬂ,. J”/g; +¢5.. J”/g)e[’ij’f.

2 o 2 2 " 2
From Definition 2.4, we get the following linearized system
Xnt+1 = Axn, n €N,
which in
), (33)

Xn = (Slfn, Tn—1,Tn—25 s Tn—(k—1)s Yn> Yn—1, Yn—25 - - - s Yn—(k-1)

such that A is 2k x 2k Jacobian matrix given as follows

0 0 0 0 0 =
10 0 0 0 0
0 1 0 0 0 0
0 0 —LV5 0 0
L |00 0 1 0 0
00 0 0 10

3.2. Linearized stability
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We may get the eigenvalues of the matrix A using the characteristic poly-

nomial

P(A) = det(A — Aly,) = A2 — <Lﬁ> — 0.

2

Consider the following two functions

a(\) = A%, b(\) = (1%\/5) <1,

we have

BV < [a(A)], VA< [A] = 1.

Thus, by Rouche's Theorem, all zeros of P(\) = a(\) — b(\) = 0, lie in the
open unit disk (|A| < 1). Then, by Theorem 2.2 we get that y is locally

asymptotically stable. m

Theorem 3.2 [24] The equilibrium point x is globally asymptotically stable.

When we have proven Theorem 3.2, we must apply the following lemma

Lemma 3.2 [24] The Binet’s formula is given by

F, = o —p , neN
a—p
where o = %5 and = %5 So, we have
2n li(g)zn
F: n . a™ X a— 1
lim " —  lim BﬁMH = —. (3.4)
n—s+o0 Fo, 11 n—s+00 a2t 1_((;) 19
Similarly, we get
Fay,
lim =22 _ g, (3.5)

n—>r+00 F2n—|—1

3.2. Linearized stability
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Now, return to the proof of Theorem 3.2
Proof. Let {z,yn},>_(,_1) be a solution of system (3.1). By Definition 2.7

we need only to prove that y is global attractor, that is

lim (xna Tp—1,Tn—2,--- 7'Tn—(k—1); YnsYn—1,Yn—2, - - - m—(k—1) ) =X
n——+00

which

lim (x,,yn) = X-

n—-+00
Now, we demonstrate that for i = 1,2, ..., 2k, we obtain

—1++5
—

lim L2kn+i = lim Yokn+i —
n—>-—+0o00 n—>-+0o0

Indeed, for i = 1,2, ..., k, Theorem 3.2 yields

(b—a)Gant2—aGaoni1 + bGant1—aGany2

: : b2—a?—ab —aZ—ap Ji—k

lim =« ;= lim
n—s—+00 2kt n—s—+oo bG2n+3—aGon 4 + (b—a)Gani2—aGonyr,,
b2—a2—ab b2—a2—ab Yi—k

bGop41—aGap42

b2 —a2—ab X
1 + (b—a)G2n+2—(LG2n+1 yZ—k

= lim G fzc:_az_ab )
(b—a)Gopo—aGopy1 + ysz
b2—a2—ab
oLty 1 —144V5
O+ Yi—k « 2 '
Similarly, we obtained

. 14y 1 1445
n— oo T2 T + Y« 2 '

Similarly, we get, fori = (k+ 1), (k+2),...,2k

. —14++5 . —14++V5
lim  Zogpi = ———, im  yoppyi = ———.

n—>-+00 2 n—>+00 2

3.2. Linearized stability
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Example 3.1 We present the following numerical examples to satisfied the
results of this section. As a result, GFS generalization affects the form of solu-

tions to systems of difference equations.

The sequences (y,)n>—(p—1) and (Yn)n>—(r—1) of solutions to system (3.1) with

o e . . . o] . . _1+\/5 _1+\/5
specified beginning circumstances converge to the equilibrium point ( 5, ),

as shown in figures 3.1 and 3.2.

20

0

20 H

-0 H

60 H

-80 H

-100 +

-120 1

440 H

-160 -

7 S I I T NN SN N S S
0 10 20 30 40 50 60 70 80 90 100
n

Figure 3.1: (a) Plot of (z,, y,).>1 for
the system (3.1) which £ = 3.

1

0.9
o8-\

0.7 -}t

0.6 - AT

=

Figure 3.2: (b) Plot of (z,, y,)n>1 for
the system (3.1) which £ = 4.

(i) In figure 3.1, we assume that xr_3 = 56,25 = 21,2_; = 0.6, =

3.2. Linearized stability |31
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17, Y_3 = 1.1,yf2 = 18,yf1 = 003,3/0 = 1.6.

(ii) In figure 3.2, we assume that vy =4,x 3 =22, x 9 =2,0 1= 15,19 =

105, Y4 = 6, Y3 = 25, Yo = 1, Y1 = 05, Yo = 39.

We can see from the preceding figures that the sequences {x,, yn}nz_(k_l) of

systems (3.6) converge to the following equilibrium point.

_ [-1+v5 —1+V6 —1+V6 —1+4/5 ko Tk
=y e 1" x J".

1 _ 1
yn*(;ﬂfl)(]"n—;v_kl)d‘_l ’ yn+1 o xnf(pfl)(yn—p‘kl)_kl

3.2.2 The system: =, =

We have the following system of difference equations

(
Tpil = 1
n+l ynf(pfl)(-rn—p_kl)‘kl ’

4 neNy, p>1, (3.6)

Yni1 = ’
\ ntl T (p—1) (Yn—pF+1)+1°

Existence of equilibrium point
We consider the following system

g(z+1)+1°

9 (3.7)

— 1
\y T Z(g+)+1

From system (3.7),and by subtracting the second equation from the first

equation and doing some calculations we obtained the following formula

o 1
T — = —
YT ivagpry d+gr+a

3.2. Linearized stability
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and by some operations we get the following result
(z -9 +2y+9)(1+yr+2) -1 =0,

if (14 zy+ y)(1 + yz + =) = 1. Then, the system (3.7) cannot be satisfied

car
- 1 14+9yz+ 7
SC: = s
l+zi+35 (A+z5+5)(1+§z+2)
if
l+zy+9)(1+yz+7) =1,
we get

z=(14yx+ 7).
this is a contradiction, because = # (1 + §Z + T).
So
T=7.

Then, the system (3.7) can be written as

P+ +71-1=0,
(3.8)

Py +y-1=0,

where the characteristic equation : 7> + 7° + Z — 1 = 0 has three roots a, b

and ¢, such that

(=t {/1943v33+3/19-3v33
— - :

oy e 3/19+3/33+w? 3/19-3/33
— . :

o Ltw /19+3v/33+w/19-3v/33
\ 3 )

3.2. Linearized stability
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and w = =413 is a primitive cube root of unity.
Asaresult Y = (a,a,...,qa,...,a) € [Pt x JPTL is the unique real positive

equilibrium point of system (3.6).

Theorem 3.3 [31] The equilibrium point of the system (3.6) is locally asymp-

totically stable.

Proof. [31]From Definition 2.4
Let f and ¢ be two continuously differentiable functions, and consider I =

J = (0, 400)
RN LA ARy SR [ v (A —

where f and g be two continuously differentiable functions defined by

1

yn—(p—l)(xnfp =+ 1) +1’
1

xn—(p—l)(yn—p +1)+1

f(xm LTn—1y--sLn—p)yYn,Yn-1, ... ayn—p) =

g(xn, LTn—1y--5Tn—p; Yn, Yn—1,- - - >yn—p) -

Y

and we have the following transformation

(xn7a7n—17 ce oy Tp—(p—1)y Yny> Yn—1, - - '7yn7(p—1)) - (f17f27 SRR fpagl7927 SR 7gp)7

3.2. Linearized stability
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with
(
fxn, x ) = 1
ns Tn—1s - Ln—p; Yn; Yn—-1, -+ Yn—p Y (p1)(@n—pt1)+1°
fl(mna Tn—1y---Ln—psYn,Yn—-1,--- 7yn—p) — Tn,
f2(xn? Tn—15--- 5 Tn—py Yn,Yn—1,--- 7yn—p) = Tn-1,
f3(mna Tn—1y---3Ln—psYn,Yn—-1,--- 7yn—p) — Tn—2,
fp(xna Ln—1y--+yTn—ps Yns Yn—1, - - - 7ynfp) = Tn—(p—1)>
<
g(n,x Tnps Yns Y Yn—p) = ’
ny4n—1,---y4n—p, Yn, Yn-1,-- -5 Yn—p Tn—(p—1)(Yn—p+1)+1’
gl(xna LTn—1y--sLn—p,Yn,Yn-1, ... ayn—p) = Yn,
92($n7 Ln—1y--5Tn—p; Yn,Yn—1,- - - >yn—p) = Yn—1,
93(3511, LTn—1y--sLn—p,Yn,Yn-1, ... ayn—p) = Yn—2,
gp(xna Lp—1y--+yTn—ps Yns Yn—1, - - - 7ynfp) = Yn—(p-1)

\

The linearised system associated to the nonlinear system (3.6) about the

positive equilibrium point ¥ = (a,...,qa,a,...,a) € IP*t x JPTL is given as

Xn+l1 = MXTH (39)

3.2. Linearized stability
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which
T
Xn = (xna Tn—1,Tn—-2,Tn-3y -5 Ln—p; Yn> Yn—1, Yn—2, Yn—-3 - - - 7yn—p> )
and M is 2p x 2p Jacobian matrix given as
[ —a —(CH—I) ]
0 0 (a(a+1)+1)* (a(a+1)+1)* 0
1 0 0 0 0 0
0 0 0 0 0 0
M= 10 1 0 0 0 0
—(a+1) —a
0 ... (a(a+1)+1)* 0 0 ... 0 (a(a+1)+1)*
0 0 0 1 0 0
0 ... 0 0 0o ... 1 0

The characteristic equation of the Jacobian matrix M is provided as follows
N+ (a—DA+a> )N = (a—DA+a®) =0.

Numerically, we get
M| = || = |As3] = ... = |Agp| = 0.40089 < 1.

Consequently and from Definition 2.7, the equilibrium point x is locally

asymptotically stable. m

3.2. Linearized stability
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Theorem 3.4 [31] the equilibrium point x of system (3.6) is globally asymp-

totically stable.

Proof. Let {z,,y,} be a solution of system (3.6).

n>—p

By Definition 2.7, requires just that we demonstrate that x is a global at-

tractor, that is

lim (xnayn) = X-

n—-+0o00
From Theorem 2.5, we have

lim Topn—i
n—>—+00

_ Ton—2pTi—(ps1)Yi—p + (Ton—(2p—2) — Ton—(2p-1))Yi—p + Ton—(2p-1)
T2n7(2p71)xi*(p+1)yi—p + (TZn—2p + T2n7(2p71))yi—p + Tan(prQ) ’

Ton—2p (xz'—(pﬂ)yi—p + (

T2n7(2p72) . T2n7(2p71)) . + T2n7(2p71)
T2n—2p T2n—2p t=p T2n—2p

- nim—i-oo T ‘ ) Ton—2p 1) TQ"—(QP_—Q)
2n—2p—1)\ Li—(p+1)Yi—p + (T + )ylfp +

2n—(2p—1) TQn—(Qp—l)

_ <$z’—(p+1)yip +(@® = a)yip + 04) < lim Ton—2p )
Ti—(p1)Yi-p T (é + Dyip + n—+00 Top_(9p—1) ’

. T2n—2
= lim —p’
n—>400 T2n—(2p—1)
1
=
@’
ey CL7
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and

lim L2pn—(i—1)

n—-+00
~ im Ton—2p—1)Yi—(p+1)Ti—p + (Ton—(2p—3) — Ton—(2p—2))Ti—p + Ton—(2p—2)
_ )
n—>100 TQn—(Qp—Q)yi—(pH)ﬂ?i—p + (TQn—(Qp—l) + Tzn—(zp—z))fl?z'—p + T2n—(2p—3)
T2n—(2p—3) T2n—(2p—2) T2n—(2p—2)
= lim T2n—(2p_1) <y2_(p+1)x1p T (T2n—(2p—1) TQn—(Qp—l)) P Ty (9po1)
oo ‘ _ Ton—(2p-1) Ton—(2p-2) .. Ton—(2p-3) \ |
T2n7(2p72) <yz(p+1)$@_p T (T2n—(2p—2) Ton—(2p-2) )xz_p Ton—(2p-2)

_ (yi—(pﬂ)xz‘—p + (0 —a)rip,+ Oé) ( lim T2n—(2p—1)>
Yie(pi1)Tip + (£ + Dy + @ n—stoo Thy_(9p-9))
15, (29—
— im 2=l 2 1),
n—r+00 Ton_(2p-2)
1
==,

= a.
Similarly, we get

lim i=a lim _(i—1) = Q.
e Yopn—i ) n_)JFOOyQpn (i—1)

So,
lim (2, yn) = X

n—-4o0o

As a result, the equilibrium point y is globally asymptotically stable. =

Example 3.2 For confirming the results of this section, we consider the fol-

lowing numerical example.

(1) In figure 3.3, we assume that x_o = 5.24, vy = 2.54, 2y = 14,y o =
—7.12,y_1 = 0.12, 4o = 8.16.

3.2. Linearized stability
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x(n), yin

Figure 3.3: The sequences (),

(blue) and (yn)n20 (green) of solution

of the system (3.6) for p = 2.

12 T

Figure 3.4: The sequences (z,),,
(blue) and (yn)n20 (green) of solution

of the system (3.6) for p = 3.

(ii) In figure 3.4, we assume that x_3 = —9.5,x_9 = 4224, x | = —2.54, 10 =
14.2,y_3 = 17,45 = 0.12,y_1 = 1.2, yo = 6.16.

We can see from the preceding figures that the sequences {xy,yn},> _, Of Sys-

tems (3.6) converge to the following equilibrium point.

X = (G,,CL,...,(L,CL,a’__,,a) €[p+1 > Jp+1.

3.2. Linearized stability [
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3.3 Periodicity of solutions

In this section, we look at the periodicity of the difference equations systems

in heiger-order shown below

.
T yn(xn (p— 1)+ynfp)
n+l = Yn—pTTn— (pfl)_yn7

! n € Ny, (3.10)

y | = xn—(p—Z)('rn—(p—2)+yn—(p—1))
G 2T (p—2) TYn—(p-1)

Y

where the initial conditions of the negative index terms: z_(,_1),2_(—9), .. .,
T_1, 20, Y=p, Y—(p—1)> Y—(p—2)» - - - » Y2, Y—1, Yo are nonzero real numbers. Which
n=20,1,2,...and p > 2, such that

oy s pva g B = 0,12,

T_(p—2)’ T—(p—-3)’ Px_1? xg Fonya?

and

T_(p-1) T Yp

e;{l}u{ n:0,1,2,...}.
Yo Fopto’

From (3.10) and when n = 0, we get

Yo(T_(p—1) + Y—p)

)
Y—p + T_(p—1) — Yo
Yo(—(p—1)+Y—p)
Yo
Y—p+T—(p—1)—Y0’
Yo
T—(p-1) T Y-p

T_(p-1tyY-—p\ _ 1
Yo

IrT =

3.3. Periodicity of solutions |3
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As a result, for z; to exist, it is necessary that M =+ 1.

Similarly, when we have

_ ( Yo(r_(p-1) + Y—p) ) [(x—(p—l) + y_p) Font1 — yoFon—1
Yp+ T_(p—1) — Yo (2 (p—1) T Y=p) Font2 — yoFon

(Z_(p-1)+¥—p)
_ ( Yo(T_(p—1) + Y—p) ) %Fanl — %qu
yfp "" x_(p—l) - ZUO _(x (» ;O"—y )FQn 5 — _FQn

Ypn

It is therefore necessary that "=t y1>+y v) £ Ff e for the existence of y,,.

Lemma 3.3 Let (3),,>_(,-1): (Yn),>_, De the solutions of system (3.10). Then,
forn=0,1,... we have
Tntp = T,

that is (2,),,>_(,-1) is eventually periodic with period p (p > 2).

p—1
Proof. [39] We have

23771 + Yn—1 .

Yn+(p—1) = YUnt(p—2)+1 —

So

yn—&-(p—l)(xn—k(p—l) + yn+p—2—(p—1))
Yn+(p—1)—p + Lnt(p—1)+(p—1) — yn+(pfl)7

L ($n+yn—1)

(yn—l + xn) — In (%)
xn(xn + yn—1)2

(T + Yn-1)(2Tn + Yn—1 — T5)
= T,

Ln+p = Tpt(p—-1)+1 =

Then

xn+p — xn.

3.3. Periodicity of solutions



Chapter 3. On the global stability and periodicity of certain higher-order difference equations
systems

Theorem 3.5 [39] Let (zn),,>_(, 1), (Yn),>_, be the solutions of system (3.10).

Then, forn =0,1,..., we have
Tpn — Lo,
_ Yo(T pi1+Yp)
Tpp+1 = )
Y—p T Tptr1 — Yo
Tpp+2 = T—py2 — T2,
Lpn+3 — T—p+3 = I3,
Tpnt(p-2) = -2,
Tpn+(p-1) = L1

Proof. According to Lemma 3.3 one has the formula z;,, = x; for any

integer k, such that 0 < k < p — 1. Thus one has

Lk+2p = L(k+p)+p = Lhk+p = Lk-

So, from system (3.10), we have

yO(x—(p—l) + y*P)
Yp +T_(p—1) — yO,

I =

and
T (p-2)(T_(p-2) + Y-(p-1))

Y1 = .
2T _(p-2) T Y-(p-1)

3.3. Periodicity of solutions
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Now, we have

yi(T-(p-2) + Y-(p-1))

Y—(p—1) + T—(p-2) — Y1

T_(p-2) (T (p-2)HY—(p-1)
22— (p—2)TY—(p-1) (-2 +9-p-)

T p-2) (T p-2) Y- (p-1) ]
T—(p—2) T Y-(p-1) % —(p2) FY—(p1)

2
Z—(p-2)(T—(p-2) + Y-(p-1)
(22 (p-2) T Y- 1) (T (p-2) +Y-p-1) = T-(p-2)(T-(p-2) T Y-(p-1))
= T-(p-2)

Ty =

Similarly, from system (3.10), we obtained

gy = 09 E 0y T Y-p-2)
27— (p-3) + Y- (p-2)

So,

Y2(T—(p-3) + Y-(p-2))

Y-(p-2) T T (p-3) — Y2

T (p—3)(T—(p—3) Y- (p—2))
2x—(p—3)+y—(p—2) (:E_(p_g) + y—(p—Q))

T3 —

T p-3)(T—p-3) Y- (p-2)) ]
T—(p-3) T Y-(p-2) 28 Y p2)

T 3T+ Y o)
(22— (p-3) + Y- (p-2)) (T—(p-3) + Y-(p-2)) = T—(p-3)(T_(p—3) T Y-(p2))
T 3Tyt Y o)
(@ (p-3) + Y—(p-2)) 22— (p-3) — T—(p-3) + Y-(p-2))

= T-(p-3)

We complete the proof of the following relationships by using the same

3.3. Periodicity of solutions
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systems

method

Ly = T_(p—4)
L5 = T—(p-5)
Tp—2 = T-2,

From Lemma 3.3 we got the sequence {z,},._,_) is repeat. Then,

LTpn+1
Lpn42

Lpn+3

Lpn+(p—2)
Lpn+(p—1)

Lpn+p

o,
Yo(T_(p—1) T Y—p)
B Yp +T_(p—1) — Yo'
T2 = T—(p-2)>

L3 = T—(p-3)>

Tp—2 = T—(p—(p-2)) = ¥-2
Tp—1 = T—(p—(p-1)) = T-1

Ty = Tpn-

By induction one sees that z;,, = x; for any integer k, such that 0 < k <

p—1. m

Theorem 3.6 Let (), _(,_1), (Un),>_, be the solutions of system (3.10). Then

3.3. Periodicity of solutions
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one has

Th1F 42 + Y- p-r) Font1

ypn+k=$k+1< >, for 0<k<p-—1.

Th1Fon43 + Y- (p—k) Fon+2

Proof. [39] for n = 0 and from system (3.10) one has

= ( Tyl + Y—(p—k) >
kE — LEk+1 )
T\ 2244 + Y—(p—k)

and we see that

Trp1 by +y_p_py 1
T3 + Y- p-r) 2

ykZCl?kH( ); Jor 0<k<p-1

Suppose that the property is true up to rank n, that is

Trr1Fonta + Y- (k) Fons

ypm—k:ﬂ?kﬂ( ), for 0<k<p-—1.

Th1Fon43 + Y- (p-k) Fon+2

Let us show that it is true at rank n + 1 .i.e.

T 1Fonta + Y- p—i) Fonss

Y E = Tk+1
p(nt+1)+ * <$k+1F2n+5 T Y-k F2n+a

By system (3.10) one has

Th+1 T Ypn+k )

— — =
Yp(n+1)+k = Y(p(n+1)+k—1)+1 k+l <2xk+1 + Ypn+k

Trr1Fonta + Y- /<:)F2n+1>
Trr1Fonts + Y- (k) F2n+2
Try1(Fong2 + Fongs) + Y i) (Foni1 + Fonyo
Th1Fm+3 + Y (k) Fon+2
— <$k+1F2n+4 + y—(p—k)F2n+3> |

Th1Fom+3 + Y- (k) Fon+2

Tk+1 + Ypntk = Tkl (1 =+
= $k+1<

>, for 0<k<p-—1.

)

3.3. Periodicity of solutions
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So

Th1F 42 + Y- p-k) Font1
2Tp+1 + Eo= T <2 + :
LT Yot i Try1Fonys + Y—(p—i) Fonto
. <$k+1(F2n+2 + 2F243) + Y- (p-r) (Fons1 + 2F2n—|—2)>

= k Y

! Tpp1Fony3 + y*(pfk)FZn—FZ

<$k+1F2n+5 + y(pk)F2n+4)
Lk+1 :

Trt1Fon+3 + Y- (p-r)Font2

It follows that

Yp(n+1)+k

B Th+1 + Ypntk
= Th+1 )
2041 + Ypurk

o <$k+1F2n+4 + y—(p—k)F2n+3> <$k+1an+3 + y—(p—k)F2n+2>
= Tk+1 ,
i Trr1Fon13 + Y-t Fonv2 ) \Tr1Fon45 + Y- i) Fonta

. <$k+1F2n+4 + y—(p—k)F2n+3>
pu— k .
! Tpy1Fonqs + y—(p—k)F2n+4

Theorem 3.7 [39] Let (zn),,>_(, 1), (Yn),>_, be the solutions of system (3.10).

For 1y = —ax; one has
Ytk = Yk, Jfor 0<k<p-—1

Proof. By induction

For n = 0, we get

Yp(0)+k = Yk, fOT' nggp_la

3.3. Periodicity of solutions
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the result holds for n = 0.

Now, we Suppose that n > 0 and that our assumption holds for n. That is,

Ypntk = Yk, Jor 0<k<p-—1.

From system (3.10) we have

Yp(n+1)+k — Ypntp+k—1)+1
T (pntprh—1)—(p—2) (T ntp+h—1)—(p—2) T Y(pntprh—1)—(p-1))
2% (pntptk—1)—(p—2) T Y(pntp+h—1)—(p—1)

Y

which we prove already that the sequence (xn)nz_(  is p-periodic.

p—1
So
” 1 (Tt F Ypnak) | Tt (Th ) Yirs = Uk
H+k — - - - )
plntl)+ 22541 + Ypuak 2011 + Yk r
and for p = 0, we have
- Tht1 (Thg1 + Yi)
2xk41 + Yk
= Y201 +ur) = Tr (Trgr + Yr),
= Yp + TenUe — Tepr” =0,
which
A = (241)? = 4(=2p1)* = 5(2141)%,
this equation having two roots y;, and y;,, such that
—Zpi1 + T VD 1-+/5
Yk, = 5 = — 5 Thi1 = —PBTp41,
and
—Thy1 — Tp1VD 1++5
Yky = 5 = - 5 Th+1 = —QTfy1.

3.3. Periodicity of solutions
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Then, for yy = —ax;, (and we can also put yy = —x1), one has

Ypn+)+k = Yk, Jor 0<k<p-—1

Since the periodicity of the sequence (z,),,.._, ;) has been established through

Theorem 3.5. The periodicity of the sequence (y,,) should also be the

n>—p

same. It is seen that these sequences are dependent on each other. m

3.3. Periodicity of solutions



Chapter 4

Applications of differential equations to

Fibonacci and Tribonacci polynomials

4.1 Introduction

Differential equations have been used since the time of Newton in under-
standing the physical, engineering and biological sciences. In addition to
its contribution to the study of mathematical analysis and its uses extended
to economic and social sciences.

Differential equations have developed and become increasingly important
in all fields of science and their applications.

In the following, we will look at how to write a differential equation with

polynomial coefficients and how to solve it.
Theorem 4.1 [30] Consider the characteristic equation

PPt Oy - = Oy =0,
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and the following recurrent relation
a, = Cran—1 + Coap—o + ...+ Cra,—s. 4.1)

Assume that ri, 7y, . .., r, satisfy the equation (4.1).

Let aq, . .., ay,, be any constants. Then,
a, = oqry" + aore’ + ..+ ary 4.2)

Existence and uniqueness of differential equation solutions

Theorem 4.2 [30] Let the differential equation

/

y = f(t,y), (4.3)

and the initial condition

y(to) = o, (4.4)

which f(t,y) is a function defined in a closed and bounded rectangular domain
Rt —to|< a, |y—yol<b, (4.5)
such that a and b are both positive constants. Therefore

(i) If M is a real number, where M = sup { My, Ms, M3, ...}
(My, My, M3, ... € R), such that

|f(ty)|< M.

Then, the function f(t,y) is continuous, so bounded.

4.1. Introduction
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(ii) Because the function f(t,y) has a partial derivative with respect to y, it
can be defined as bounded. That is

0fty) _ o
oy —

with K is positive number.
If conditions (i) and (ii) are satisfied. Hence, the equation (4.3) has only

one solution y in the interval
R:|t —to|< h, (4.6)

with h = min(a, M). That satisfies the initial condition (4.4).

4.2 Applications of differential equations to Fibonacci poly-

nomials

Firstly, we consider the convergence radius R(x) from the whole series of
the real variable .

We define the characteristic equation of (FRR) as follows
Tn — I’Tn_l + Tn—2

where r verifed the characteristic equation of (FRR).
Dividing both sides by "2, we obtained

rP=xr+ler’—ar—1=0.

4.2.1 Proofof R(x) >0

Proposition 4.1 The radius of convergence R(x) is positive.

4.2, Applications of differential equations to Fibonacci polynomials m
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Proof. Let = be a real positive number, and we have

.

fn(x) = xfn—l(x) + fn—2($)v n =3,
S 4.7)

filz) =1, folx) ==,

\

So,

|fu(@)] = |2 fn1(2) + foo2(@)] < [2][foa(@)] + | fa-2(a)]. (4.8)
Hence,
[fu(@)] < |2l fa1(2)] + [ fa-2(2)].

Then, consider the recurrent sequence
up(x) = |zup—1(x) + up—2(x); Vn €N,

such that u,,_1(x) = |f,-1(2)| and u,,_o(z) = | fu_2(x)].

The benomial T'(y) = y*> — |z|y — 1, has two real roots o and 3 which

. lz| + Va2t +4
— > ’

o —Va?+4
_ > _

B

(where z is an real number).
According to theorem (4.1), there is two constants A and B such that

for all n > 3, we have

fo= A"+ Bf" = [f,| = |Aa" + Bp"|,

IA

[Aa[ + [BS",

< |Alle”] +|B]la"],

(1Al +1B[)a".

4.2, Applications of differential equations to Fibonacci polynomials
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(Because |5| < a).

The radius of convergence is given by

R(x) nestoo | f]
. (JA]+ |B|)a"t!
< 1
= wis ([A[+ [Bl)a"
= (.
Then
Rz) > 2~ 4.9)
€T — = . .
o x|+ Vet 44
[ |

Existence and uniqueness of differential equation solutions

Proposition 4.2 For each |t| < 1, consider the differential equation below

(

f(t7 y) - yl — I_Z;:rtQ_tto + 1—x1t—t2’
. (4.10)

y(0) = 0.

\

(where x is an real number).

Then, the equation (4.10) admits one solution.

Proof. From Theorem 4.2, we create a rectangle with the center at (0, 0).
Let a = b = 1 such that

Rif<1, Jyl<1.

4.2, Applications of differential equations to Fibonacci polynomials
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So,
T+ 2t 1
" _

< (1—E 2

= \W o™ o — e )W T et
1

ot 9 1

(el e lyl+1).

and by taking the values a = 1, and b = 1, we get

3+|z| B

M.
]

1t y)|<

Where z is an real number.

Then, by Theorem (4.2), the equation 3y = f(z,y) has only one solution for

2]
3+|z|

1t < that satisfies the initial condition y(0) = 0. m

4.2.2 Differential equation verifed by ¢ : ¢ — h(z,t) €] — R(z), R(x)]|

Theorem 4.3 [8] Let = is an real number and g be a function defined by
g :t— h(z,t)isinclass C* on | — R(z), R(x)|. Then g satisfied the following

differential equation

P

g1 —at —t2) — (z +2t)g(t) = 1,

! (4.11)

9(0) = 0.

\

Proof. Let g a generating function defined on | — R(z), R(x)[ by

g(t) = falx)t" = g'(t) =D nfalx)t"".

4.2, Applications of differential equations to Fibonacci polynomials
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For n > 3, we express f,(x) on function of f, o(z) and f,_1(x)

(1) = Y n@fui(@) + faola)t™,

+00 +00
= Z na fr_i(x)t" "t + Z nfno(z)t" 1,
n=0 n=0

400
= x (O X fo(z) ™+ 1 x fo(x)t) + 2 x fi(x)t + annl(x)t”1>
n=3

+00

+ Z nfn,g(m)t”_l,

n=0

+0o0 +00
= 2xt+x Z nf 1(x)t"t + Z N fr_o()t" 1.
n=3 n=0

So

g'(t) = 2xt + zA(t) + B(1). (4.12)

Now, we find A(¢) and B(t)

A(t)

= Z nfn_l(zlz)t"_l,

n>3

= Z(TL + 1)fn(x)t”,

n>2

= Z nfn(x)t" + Z fulz)t",

n>32 n>2

— ¢ (Z nfn(x)t"1> - an(x)t”,

n>2 n>2

= ¢ (Z nfn(z)t" ! — 1) + (Z fo(x)t" — t) :

n=0

= t(g'(t) = 1) +g(t) —t=tg'(t) + g(t) — 2t.

4.2, Applications of differential equations to Fibonacci polynomials
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So
A(t) =tg'(t) + g(t) — 2t, (4.13)

and

So
B(t) =1+ (t%g(t)), (4.14)

because

as a result of compensation (4.13) and (4.14) in the equation (4.12), we get
g(t) = 2ut+a(ty(t) + g(t) — 20) + (Pg(t) + 1),
= 2t + 1+ xtg'(t) + xg(t) — 2wt + 2tg(t) + 3¢ (t))

= g1 —at—1*) — (v +2t)g(t) = 1.

4.2, Applications of differential equations to Fibonacci polynomials
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4.2.3 Integration of the differential equation

Theorem 4.4 [8] If r < 1, then the equation (4.11) accepts only one solution
in the interval | — r,r| given as

t

t— —.
1 —at —t2

(where x is an real number).

Proof. If r < 1, we will integrate the equation (4.11) on | — r,r[ , (where
r > 0).

Then, the solution to a homogeneous differential equation is given as fol-

lows
gty = x+2t
g(t) 1 —at—t2
= In(|gt)|) = —In(|1 — 2t — £2]) + .
Then,

ek B C

Tl —at—2 1—azt—¢£

where k and C are optional constants (C' = e").

g(t)

By using the method of designation the optional constants, we have
C(t)
1 —at—t%
')A —at—t*) = C(t)(—x — 2t)
(1 —at —2)*

g(t) =

= g'(t)

9

the results obtained by replacing into the equation (4.11). So, we get

c' 1
1—at—12 1—axt—+¢2

= C(t) =t,

4.2, Applications of differential equations to Fibonacci polynomials m
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So,
t
)= ———.
wlt) =T ¢
Then, the solution to the differential equation (4.11) is

C t+C

£) = anlt —
g(t) go()+1_$t_t2 Ep—T

if this solution meets the original condition ¢(0) = 0. Thus
t+C

1 — ot —t?

g(0)=C=0

g(t) =
=
= (C=0.

Hence, the solution to the equation (4.11) is given as follows

B t
1 — ot — 2

g(t) = Z fn(x)tn

4.3 Applications of differential equations to Tribonacci poly-

nomials

To begin, we look at the convergence radius R from the whole series of the
real variable z.

The characteristic equation of (TRR) is defined as follows

rn — Tn—l + Tn—? T rn—37

4.3. Applications of differential equations to Tribonacci polynomials
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where r verifed the characteristic equation of (TRR).

Dividing both sides by 7"~3. Then, we obtained
P=rltr+ler—r—r—1=0.
4.3.1 ProofofR >0

we have

tn(l) = SUQtnfl(l) + ZL’tan(l) + tnfg(l), n>3

{ (4.15)

[tn (D] = [tn2 (1) +tn2(1) +tns3(1)] < [tnr (D)4 [tn2(1)[+[tn-3(1)]. (4.16)

Then, consider the recurrent sequence
un () = Up—1(x) + up—o(x) + up—s(z); Vn €N,

such that u,,_1(x) = |t,—1(2)], up_2(x) = |t,—o(x)| and w,_3(x) = |t,_3(z)].

2

The cubic equation 2* — 2> — x — 1 = 0 has three roots : o ,5 and v (o is a

real root, 5 and ~ are conjugated compound roots), which

1+a+b 1+ v19+3v33+v19 — 3@

o = _— =
3 3
5 1+ wa + w?b _1—|—w 19 4 3v/33 —|—w2\3/19 3v/33
= 5 =
. l+w’a+wb  1+w?V19+3V33 +w\/19 3\/33
= 5 =

= 194 3v33, b= 19 — 333,

4.3. Applications of differential equations to Tribonacci polynomials
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_ —1+iv3 _ omi\ S :
and w = =5 = exp(=*) is a primitive cube root of unity.

Furthermore, the roots «, 3, and ~y satisfied the following identities

a+p+y=1,
af +ay+py=—1,
afy = 1.
According to Theorem (4.1), there is three constants A, B and C' such that
for all n > 3 we have
t, = Aa" + BS" + Cy".

So,

tn] = |Aa" + BB" +Cy",
< Ao+ |BE" + O,
= |Alle™[ +[Bl[a"] +[Cl[a"],

= (lA[+[B| +|C)a".

(Because || < a and |y| < a).

The radius of convergence defined by

R n——+00 |tn| ’
(JA[ + B + |CDam*t

< N
= et (JA[+ B[+ [Cla”
So,
1 3
R> — = — — 4.17
“a l1l+a+b ( )

4.3. Applications of differential equations to Tribonacci polynomials m
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Existence and uniqueness of solutions to the differential equation

Proposition 4.3 For each |x| < 1, consider the differential equation below

flty) =y = A2y, 4 1

l—z—a2—23 1—z—x2—23)
y(0) = 0.

(4.18)

Then, the equation (4.18) accepts one solution.

Proof. From theorem (4.2), we create a rectangle with the center at (0, 0).
Let a = b = 1 such that

R:je|< 1, Jyl<1,

we have

1+ 22 + 322 1
1—.76—:62—:1:3y l—o2—22—23

- l—2z—2?—2a3
1
x—x2—x3

el = |

9

bl |

1
l—2z—2%—2a3

(L [22[+[327]) [y|+1)
and by taking the values a« = 1,b = 1. Then, we obtained

(NN

So, by Theorem (4.2), the equation y = f(z,y) has only one solution for

|z|< 2, that satisfies the condition y(0) = 0. =

4.3. Applications of differential equations to Tribonacci polynomials m
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4.3.2 Differential equation verifed by ¢ : x — g(z) €] — R, R|

Theorem 4.5 [8] Let g be a function defined in class C* on | — R, R|, Then

g satisfied the following differential equation

(

g@) (1 —z—22—2%) — (1 + 2z +32H)g(x) =1,

1 g(0)=o0. (4.19)

\

Proof. Let g a generating function defined on | — R, R| by

g(x) = Ztn(l)x” = ¢'(z) = Zntn(l)a:”_l.
n=0 n=0

For n > 3, we express t,(1) on function of ¢,_3(1),¢,-2(1) and ¢,_;(1), that

is
400
g (@) = > n(ta1(1) + tns(l) + to_s(1))a" ",
n=0
+00 +00 +00
= Z nt,_(Da" ! + Z nt,_o(1)z" ! + Z nt,_s(1)z" !,
n=0 n=0 n=0
+00 +00
= (2251(1):1: + Z ntnl(l)x”1> + Z nt,_o(1)z" !,
n=3 n=3
+00
+G+Z%MMﬂQ7
n=3

+00 400 +00
= 2x+1+ Z nt,_(Da" ! + Z ntn,_o(1)az™ ! + Z nt,_s(1)z" 1.
n=3 n=3 n=3

So,
g'(z) =2z + 1+ A(z) + B(z) + C(x). (4.20)

4.3. Applications of differential equations to Tribonacci polynomials
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Now, we're looking for A(z), B(x), and C(z), that is

Alx) = > ntyq (12",

- Z(n + 1)t,(1)z",
= i(n + D)t (1)a" — 2z,
— (ag(a)) — 20
So,
A(z) = (zg(z)) — 2z. (4.21)

Similarly, we get
400
B(z) = Y ntyo(l)2"",
n=3

= Y (n+ Dt (D)2,

n>2

= 3 (0 + 2t (12",
n>1
400

= ) (n+2)ty(1)a".

n=0
So,

B(t) = (z%g(x)) , (4.22)

and

4.3. Applications of differential equations to Tribonacci polynomials
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So

/

C(z) = (2°g(x)) , (4.23)
by compensation (4.21), (4.22) and (4.23) in the equation (4.20), we get
g(t)
= (20 +1) + (eg(a)) — 20+ (g(x)) + (ePg(x)
= 20t + 14 zg'(z) + g(x) — 22 + 2zg(x) + 2°¢(z) + 32%g(z) + 2% (2)

= (1 -2 —2*—2°)¢(z) — (1 + 22 + 32%)g(x) = 1.

4.3.3 Integration of the differential equation

Theorem 4.6 [8] If r < 1, then the equation (4.19) accepts only one solution
in the interval | — r,r| given by

i
T —

l—x—a2—a%
Proof.
If r < 1, we integrate the equation (4.19) on | — r,r[, (with r > 0),

Then, the solution to a homogeneous differential equation is given as fol-

lows
g(x) 1422+ 327
g(z) 11—z —22—2%
In(|g(z)]) = —In(]1 —2 —2* — 2°|) + k.
Then,
e C
g(x) =

l—z—a?2—2% 1—x—22—2a%

4.3. Applications of differential equations to Tribonacci polynomials
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where k and C are an optional constants (C' = ).

By using the method of designation the optional constants, we have

g(x) = )

1—x—a2—a3

then
J(z) = C'x)(1—x — 2% —2°%) — C(a:)(2—1 — 20 — 3x2)7
(1 —x—a%—a3)
and by substitute into the equation (4.19), we get
C'(z) 1
l—z—22—23 l—x—a%—2a?

= C(z) ==

So,

X

golx) = l—z—a2?—2a3

Then, the solution to the differential equation (4.19) is given as follows

C x+C

l—z—a22—2% 1—2—22—2a%

g(x) = go(x) +

where this solution satisfies the initial condition ¢(0) = 0.

So,

x+C
9(2) = T3
= ¢(0)=C =0,
= (C=0.

Hence, the solution to the differential equation (4.19) is

X

1 —ax—a%2—a%

g(x) =) ty(1)2"
0

4.3. Applications of differential equations to Tribonacci polynomials



Conclusion

In this thesis, we deal certain recurrent linear sequences, (Fibonacci and
Tribonacci sequences). We then analysed its applications. On the subject of
systems of difference equations and differential equations. Beginning with
a study of the solutions to various systems of higher-order difference equa-
tions, these solutions are provided in their form related to the Fibonacci
and Tribonacci sequences. The stability and periodicity of these solutions
were then investigated. We also discovered first-order linear differential
equations based on the Fibonacci and Tribonacci polynomials.

The applications of linear recurrent sequences and polynomial are still be-
ing addressed, and here we raise the difficulty of finding the Fibonacci and

Tribonacci polynomial interpolations.
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