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Notations

NOTATIONS

N div:denotes the full divergence operator.

N ∇:denotes the full gradient operator.

N H1
0 (Ω):denotes the closure of D(Ω).

N H−1(Ω):denotes the Banach space defined by H−1(Ω) = ´(H1
0 (Ω)).

NH1
] (Y ) = H1

per(Y ):denotes the subspace of functions inH1
loc(Rn),which are Y-periodic.

N < . >=MY (.): denotes the mean operator which is defined by< . >= 1
Y

∫
Y dy,where

|Y | is the measure of Y .

NM(α, β,Ω):denotes the set of all possibly non-symmetric N

M(α, β,Ω) = A(x) ∈ L∞(Ω,Mn×n) such that|ξ|2 ≤ A(x)ξ.ξ ≤ β|ξ|2 for anyξ ∈ Rn.

N
∂

∂xj
= ∂j:denotes the partial drive.

N nj:the outer normal.

N δik:represents the symbol of Kronecker.

N ⇀:denotes the weak convergence.

N −→: denotes the strong convergence.

N⇀ ∗ :denotes the weak convergence star(*)
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Introduction

Homogenization method is a mathematical theory of averaging,which allows the cal-

culation of composite effective properties,knowing the the topology of the com-

posite unit cell and the replacement of the composite medium by an "equivalent"

homogeneous medium to solve the global problem.Among it’s advantage in relation

to other methods that it needs only the information about the unit cell and this last

can have any complex shape. Note that the homogenization method used to study dif-

ferential operators with rapidly oscillating coefficients,boundary value problems with

rapidly changing boundary conditions and equations in perforated domains. Several

homogenization methods were developed in the 1970s,and homogenization became

a subject in Mathematics. The methods introduce includeYoung Measures,Method

of Asymptotic Expansion,G-convergence ,Γ-convergence ,H-convergence and

Energy method.However in this dissertation we are interested with the both Asymp-

totic Expansion and energy methods ,such that our aim is shed light on the homog-

enization of a three dimensional piezoelectric heterogeneous structure by this two

methods,see[1].This dissertation contained chapters organized as following:

Chapter 1: The Energy method In this chapter we provide a detailed exposition of

the energy method of the Tartar ,such that in order to get the hang of this method we

consider the model problem of diffusion in a periodic medium .

6



Notations

Chapter 2: Homogenization Of Piezoelectric Structure By Asymptotic Ex-

pansion Method In this chapter we derive the homogenised problem of a three-

dimensional piezoelectric heterogeneous structure by the Asymptotic Expansion. Chap-

ter 3 :The Limit Problem Of The Piezoelectric Structure In this chapter we

establish the convergence of three-dimensional piezoelectric problem to the homog-

enized one by using the Energy method.
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Chapter 1
THE ENERGY METHOD

1.1 Setting of a Model Problem

A very elegant and efficient method for homogenizing partial differential has been de-

vised by Tartar,which has later been called the energy method although it has nothing

to do with any kind of energy.To expose the energy method in its full generality may

hide the Kay ideas of the method in a lot of technicalities.Therefore,for clarity ,we

prefer to present the energy method on a model problem of periodic homogeniza-

tion.We consider a model problem of diffusion in a periodic medium ,a usual example

in all textbooks on homogenization,but of course,the energy method converse many

other problems with slight changes.

We consider now the problem

(Pε)


−div(Aε∇uε) = f in Ω,

uε = 0 on ∂Ω,
(1.1)

8



CHAPTER 1. THE ENERGY METHOD

where :f ∈ H−1(Ω) and Aε(x) satisfies:



Aε ∈M(α, β,Ω),

Aε(x) = (aεij)1≤i,j≤n,

(Aε(x)λ, λ) ≥ α|λ|2,

|Aε(x)λ| ≤ β|λ|.

(1.2)

1.1.1 The main result of convergence

In this subsection we present the convergence result of the classical problem of ho-

mogenization and we give a rigorous proof of this result following a general method

due to tartar (see Mural.F,Tartar.L,H-convergence.In R.V.Kohn,editor,Séminaire d’Analyse

Fonctionnelle et Numérique de l’Université d’Alger 1977,and Cioranescu.D,Murat.F,Un

terme étrange venu d’ailleurs(i),(ii).Brizis and Lions,editors,Nonlinear partial differ-

ential equations and their applications. Researech notes in mathematics,volume 60,70

of college de france Seminar,pages 98-138,154-178,London,1982.Pitman.). This method

relies on the construction a class of oscillating test functions.
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CHAPTER 1. THE ENERGY METHOD

1.1.1.1 The main convergence result

Theorem 1.1.1 Letf ∈ H−1(Ω) and uε be the solution of(1.1) . Then


uε ⇀ u0 weackly in H1

0 (Ω),

Aε∇uε ⇀ A∗∇u0 in (L2(Ω))n,
(1.3)

where u0(x)is the unique solution in H1
0 (Ω) of the homogenized problem


−div(A∗∇u0) = f inΩ,

u0 = 0 on ∂Ω.
(1.4)

In (1.4)the homogenized diffusion tensor A∗ = (a∗ij)1≤i,j≤n is constant,elliptic and

given by :

A∗ij =
∫
Y
aik(y)(δkj +∇yk

χj(y))dy,

where χj(y) are defined ,as the unique solution in H1
] (Y )/R of the so-called cell

problems 
−divy(A(~ej +∇yχ

j(y))) = 0 ∈ Y,

y 7→ χj(y)Y − periodic,
(1.5)

with (~ej)1≤j≤n the canonical basis of Rn
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CHAPTER 1. THE ENERGY METHOD

Theorem 1.1.2 Let 1 ≤ p ≤ ∞ and f be a Y-periodic function in Lp(Y ).Set

fε(x) = f
(
x

ε

)
a.e on Rn.

Then,if p <∞,as ε −→ 0

fε ⇀MY (f) = 1
|Y |

∫
Y
f(y)dy weackly in Lp(Ω)

,for any bounded open subset Ω of Rn.

If p =∞,one has

fε ⇀MY (f) = 1
|Y |

∫
Y
f(y)dy weackly* in L∞(Ω)

Proof :

see( [2] page 34 )

1.1.1.2 Proof of the main convergence

we proved the Theorem 1.1.1

Proof :

This proof will be divided in to 3steps:

Step 1: Existence and uniqueness

The variational formulation of (1.1) is :

∫
Ω
Aε(x)∇uε∇ϑdx =

∫
Ω
fϑdx , ∀ ∈ H1

0 (Ω). (1.6)

Proposition 1.1.3 The problem (1.1) admit an unique solution uε.

proof:we verified the Lax-Milgram Theorem.

• The space H1
0 (Ω) is a Hilbert space.
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CHAPTER 1. THE ENERGY METHOD

• The continuity

By using Cauchi-Scharz,we get :

|
∫

Ω
fϑdx| ≤ c‖f‖L2(Ω)‖ϑ‖H1

0 (Ω),

and

|
∫

Ω
Aε(x)∇uε∇ϑdx| ≤ β‖uε‖H1

0 (Ω)‖ϑ‖H1
0
,

then the linear and bilinear forms are continued

• The ellipticity

By using Poincaré inequality,we get :

∫
Ω
Aε(x)∇ϑ∇ϑdx ≥ α

1 + cp
‖ϑ‖H1

0 (Ω),

then the bilinear form is elliptic.

According the Lax-Milgram Theorem (1.1) admit an unique solution uε ∈ H1
0 (Ω).

Step 2:A priori estimation

Let be uε the solution of (1.1),we know that there exists a subsequence such that :


uε ⇀ u0 in H1

0 (Ω),

uε −→ u0 in L2(Ω),
(1.7)

Remark 1.1.4 uε ⇀ u0 in H1
0 (Ω), then: ∇uε ⇀ ∇u0 in H1

0 (Ω).

Introduce now

ξε = (ξε1, ..., ξεn) = (
n∑
j=1

aε1j∂ju
ε, ..., aεnj∂ju

ε) = Aε(x)∇uε(x) (1.8)

From (1.6), it is easily seen that ξε, satisfies :

∫
Ω
ξε∇ϑdx =

∫
Ω
fϑdx ∀ϑ ∈ H1

0 (Ω) (1.9)
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CHAPTER 1. THE ENERGY METHOD

It is self -evident that using the ellipticity of the matrix Aε and

‖ξε‖(L2)n ≤ c (1.10)

Hence ,we can extract a subsequence still denoted by ξ∗ such that

ξε ⇀ ξ∗ in (L2(Ω))n (1.11)

Passing to limit in (1.9) :

lim
ε−→0

∫
Ω
ξε∇ϑdx =

∫
Ω
fϑdx =⇒

∫
Ω
ξ∗∇ϑdx =

∫
Ω
fϑdx (1.12)

=⇒
∫

Ω
−divξ∗ϑdx =

∫
Ω
fϑdx

=⇒ −divξ∗ = f

i.e: ∫
Ω
ξ∗∇ϑdx =

∫
Ω
fϑdx. (1.13)

Step 3:The limit problem (the homogenized problem)

Showing now :

ξ∗ = A∗∇u0. (1.14)

Set

ωjε = εωj(x
ε

) = ej.x− εχ̂j j = 1, ..., n, (1.15)

it is obvious that: 

ωjλ ⇀ λ.x in H1
0 (Ω),

ωjε −→ λ.x in L2(Ω),

∇ωjε ⇀ λ in (L2(Ω))2,

(1.16)

we consider 
−div(Atε(∇yχ̂

j + ~ej)) = 0 inY

y 7−→ χj(y) Y − periodic
(1.17)

Set now :

ηελ = (
n∑
j=1

aεj1∂jω
ε
j , ...,

n∑
j=1

aεjn∂jω
ε
j ) = (Aε)t∇ωjε. (1.18)
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CHAPTER 1. THE ENERGY METHOD

Observe that

ηjε = ((Aε)t∇χ̂j + At~ej)(
x

ε
).

Since tAε(x) and tAε∇χ̂j x
ε

are Y − periodic. Hence,we can applying (1.1.2)

ηjε ⇀MY (tAε∇ωjε) = (tA∗)~ejweackly in (L2(Ω))n (1.19)

We can show easily that ηελ verifies :

∫
Ω
ηjε∇ϑ = 0,∀ϑ ∈ H1

0 (Ω). (1.20)

Let ϕ ∈ D(Ω) and choose ϕωjε as test function in(1.9) and ϕuε as test function in (1.20),

we have respectively


∫

Ω ξ
ε∇(ϕωjε)dx =

∫
Ω fϕω

j
εdx∫

Ω η
ε
λ∇(ϕuε)dx = 0

(1.21)

=⇒ 
∫
Ω ξ

ε∇ϕωjεdx+
∫ ε
ξ ∇ωjεϕdx =

∫
Ω fϕω

j
εdx∫

Ω η
j
ε∇ϕuεdx+

∫
Ω η

ε
λ∇uεϕdx = 0

(1.22)

we have

ξε∇ωjε = Aε∇uε∇ωjε =t Aε∇ωjε∇uε = ηjε∇uε (1.23)

Now : ∫
Ω
ξε∇ϕωjε +

∫
Ω
ηjε∇uεϕ =

∫
Ω
fϕωjε (1.24)

∫
Ω
ηjε∇ϕuε +

∫
Ω
ηελ∇uεϕ = 0 (1.25)

for(1.24)-(1.25) we will get :

∫
Ω
ξε∇ϕωjεdx−

∫
Ω
ηjε∇ϕuεdx =

∫
Ω
fϕωjεdx (1.26)

Remark 1.1.5 The objective of this step is eliminated the functions which con-

verge a weak convergence
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CHAPTER 1. THE ENERGY METHOD

passing to limit:

∫
Ω
ξ∗~ejx∇ϕdx−

∫ t

Ω
A∗~ej∇ϕu0dx =

∫
Ω
fϕλ.xdx

=⇒
∫

Ω
ξ∗∇(~ej.xϕ)dx−

∫
Ω
ξ∗~ejϕdx−

∫ t

Ω
A∗~ej∇ϕu0dx =

∫
Ω
f~ej.xϕdx (1.27)

now,we choose ϑ = ~ej.xϕ, and replace in(1.24), then:

∫
Ω
ξ∗∇(~ej.xϕ)dx =

∫
Ω
ξ∗~ejdx+

∫
Ω
ξ∗λ.x∇dx =

∫
Ω
fλ.xϕdx (1.28)

we replace by this equation in(1.13),then we get:

∫
Ω
ξ∗ϕ~ej = −

∫
Ω

(Aε)t∇ϕu0dx (1.29)

we use integrate by part:

∫
Ω
~ejϕdx =

∫
Ω

(Aε)t~ej∇u0ϕdx =⇒ ((Aε)t∇u0 − ξ∗)~ejϕ = 0,∀ ∈ D(Ω) (1.30)

=⇒t A∗∇u0 = ξ∗
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Chapter 2
HOMOGENIZATION OF

PIEZOELECTRIC Structure BY

ASYMPTOTIC EXPANSION METHOD

The homogenization of piezoelectric materials is a challenging task due to their in-

tricate electro-mechanical coupling effects .In this chapter ,we explore the use of the

asymptotic method to analyse and understand the effective behaviour of piezoelectric

composites . We begin by introducing the piezoelectric problem .

2.1 Setting of the problem

2.1.1 Notations and geometry:

Let Ω ⊂ R3 be a bounded domain occupied by piezoelectric material with Lipschitz

boundary Γ = ∂Ω, points of Ω are denoted by

x = (x1, x2, x3).

16



CHAPTER 2. HOMOGENIZATION OF PIEZOELECTRIC STRUCTURE BY
ASYMPTOTIC EXPANSION METHOD

We consider two decompositions of the boundary Γ,


Γm = Γm0 ∪ Γm1 with Γm0 ∩ Γm1 = φ, and meas(Γm0 ) > 0,

Γe = Γe0 ∪ Γe1 with Γe0 ∩ Γe1 = φ, and meas(Γe0) > 0.
(2.1)

Let Y = [0, y1] × [0, y2] × [0, y3], denotes the basic periodic points of Y are denoted by

(y1, y2, y3) =
(
x1

ε
,
x2

ε
,
x3

ε

)
, where ε denotes the size of the periodic. We consider the

three-dimensional piezoelectric model

(Pε) :



−∂j[σεij] = fi in Ω,

∂i[Dε
i ] = r in Ω,

σεijnj = gi on Γm1 ,

Dini = 0 on Γe1,

uε = 0 on Γm0 ,

ϕε = 0 on Γe0,

(2.2)

where:

σεij = Cε

ijkl(x)ekl(uε) + P ε
kij(x)∂kϕε,

Dε
i = P ε

ikl(x)ekl(uε)− dεik∂kϕε.
(2.3)

Note that unknown of the piezoelectric structure model (2.2) is the pair (uε, ϕε) where:

Notation Designation

f ∈ (L2(Ω))3 is the density of the mechanical volume force,

g ∈ (L2(Γm1 ))3 is the density of mechanical surface traction,

r ∈ (L2(Ω))3 is the density of the electric volume charge,

uε : Ω −→ R3 denotes the displacement vector field ,

ϕε : Ω −→ R is the electric potential, a scalar field,

σεij : Ω −→ R9 is the stress tensor,

Dε
i : Ω −→ R3 is the electric displacement vector ,

ekl(uε) is the linear strain tensor,

Cε
ijkl(x) = Cijkl(xε ) is the elastic fourth-order tensor field ,

P ε
ijk(x) = Pijk(xε ) is the piezoelectric third-order tensor field ,

dεij = dij(xε ) is the dielectric second-order tensor field.

Table 2.1: Notations and designations of the piezoelectric problem
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CHAPTER 2. HOMOGENIZATION OF PIEZOELECTRIC STRUCTURE BY
ASYMPTOTIC EXPANSION METHOD

We assume that the elastic tensor Cijkl is symmetric,positive defined,it verifies:



Cijkl = Cklij = Cjikl = Cijlk,

Cijkl ∈ L∞(Ω),

∃c > 0 : Cijkl(x)XijXkl ≥ cXijXkl, ∀x ∈ Ω, for every symmetric 3× 3 real matrix Xij,

Y − periodic,
(2.4)

the piezoelectric third order tensor Pijk is symmetric ,it verifies



Pijk = Pikj,

Pijk ∈ L∞(Ω),

Y − periodic,

(2.5)

the dielectric tensor dij is symmetric,positive defined,it verifies



dij = dji,

dij ∈ L∞(Ω),

∃c > 0 : dijXiXj ≥ c,∀x ∈ Ω, for any vector Xi ∈ Rn,

(2.6)

and the linear strain tensor eij(uε) defined by :

eij(uε) = 1
2(∂iuεj + ∂ju

ε
i ). (2.7)

2.2 The variational formulation of (Pε)

Let us define the two following spaces :

V(Ω) = ϑ ∈ (H1(Ω))3, ϑ = 0 on Γm0 (2.8)

and

Ψ(Ω) = ψ ∈ H1(Ω), ψ = 0 on Γe0 (2.9)
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CHAPTER 2. HOMOGENIZATION OF PIEZOELECTRIC STRUCTURE BY
ASYMPTOTIC EXPANSION METHOD

equipped with the two norms (equivalent to the usual norm usual (H1),such that :

‖ϑ‖V =
 3∑
i,j=1

∫
Ω

(
∂ϑi
∂xj

)2


1
2
,

‖ψ‖Ψ =
 3∑
i=1

∫
Ω

(
∂ψ

∂xi

)2


1
2
,

‖ϑ, ψ‖V×Ψ = ‖ϑ‖V + ‖ψ‖Ψ.

Multiplying the first equation of (2.2) by a test function ϑ ∈ V,and the second one

by ψ ∈ Ψ,and summing the two obtained equations we get the following variational

problem:

a((uε, ϕε); (ϑ, ψ)) = L(ϑ, ψ),

where



a((uε, ϕε); (ϑ, ψ)) =
∫
Ω C

ε
ijkl(x)ekl(uε)eij(ϑ) + P ε

kij(x)∂ϕ
ε

∂xk
eij(ϑ)dx

+
∫

Ω−P ε
jkl(x)ekl(uε)

∂ψ

∂xj
+ dεjk(x)∂ϕ

ε

∂xk

∂ψ

∂xj
dx

L(ϑ, ψ) =
∫
Ω fiϑidx+

∫
Γm

1
giϑidΓm +

∫
Ω rψdx.

(2.10)

2.3 Existence and uniqueness

• The spaces V(Ω) and Ψ(Ω) are Hilbert spaces

• The continuity

By using Cauchi-Scharz inequality withTrace theorem,we get :

|L(ϑ, ψ)| ≤ c(‖f‖L2(Ω)‖ϑ‖V(Ω) + ‖g‖L2(Γm
1 )‖ϑ‖V(Ω) + ‖r‖L2(Ω)‖ψ‖Ψ(Ω)),

and

|a((uε, ϕε); (ϑ, ψ)| ≤ cp(‖uε‖V(Ω)‖ϑ‖V(Ω)+‖ϕε‖Ψ(Ω)‖ϑ‖V(Ω)+‖uε‖V(Ω)‖ψ‖Ψ(Ω)+‖ϕε‖Ψ(Ω)‖ψ‖Ψ(Ω)).

Now the linear and bilinear forms are continue
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CHAPTER 2. HOMOGENIZATION OF PIEZOELECTRIC STRUCTURE BY
ASYMPTOTIC EXPANSION METHOD

• The ellipticity

We set uε = ϑ and ϕε = ψ,then by using the ellipticity of tensors Cijkl, dij with

Poincaré and Korn inequalities,we get :

a((ϑ, ψ); (ϑ, ψ) ≥ c1‖ϑ‖2
V(Ω) + c2‖ψ‖2

Ψ(Ω),

now the bilinear form is elliptic.

According the Lax-Milgram theorem the problem(2.2) admits an unique solution (uε, ϕε).

2.4 Homogenization of piezoelectric structure by asymp-

totic method

We postulate the following ersatz for the the solution (uε(x), ϕε(x))

uε(x) = u0(x, y) + εu1(x, y) + ε2u2(x, y) + o(εkuk(x, y)) (2.11)

and

ϕε(x) = ϕ0(x, y) + εϕ1(x, y) + ε2ϕ2(x, y) + o(εkϕk(x, y)) (2.12)

where each functions uε(x), ϕε(x) are Y-periodic with respect to y = x

ε
Suppose that a function Ψ ε = Ψ(x, y) depends on both the slow and the fast coordi-

nates.We make use of the chain rule of differentiation we obtain the following relation:

∂Ψ(x, y)
∂x

= ∂Ψ(x, y)
∂x

+ 1
ε

∂Ψ(x, y)
∂y

(2.13)

we have

eij(ϑ) = 1
2

(
∂ϑi
∂xj

+ ∂ϑj
∂xi

)

= 1
2

[(
∂

∂xi
+ 1
ε

∂

∂yi

)
(ϑj) +

(
∂

∂j
+ 1
ε

∂

∂yj

)
(ϑi)

]

= eijx(ϑ) + 1
ε
eijy(ϑ) (2.14)
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CHAPTER 2. HOMOGENIZATION OF PIEZOELECTRIC STRUCTURE BY
ASYMPTOTIC EXPANSION METHOD

Plunging the asymptotic expansions (2.11) and (2.12), taking into account (2.13)

and (2.14), and identifying different powers of ε yields the following problems:

The problem of order ε−2

(P1)


− ∂

∂yj

[
Cε
ijklekly(u0) + P ε

kij(x)∂ϕ
0

∂yk

]
= 0

∂

∂yi

[
P ε
ikl(x)ekly(u0)− dεik(x)∂ϕ

0

∂yk

]
= 0

(2.15)

The problem of order ε−1

(P2)



− ∂

∂xj

[
Cε
ijkl(x)ekly(u0) + P ε

kij(x)∂ϕ
0

∂yk

]

− ∂

∂yj

[
Cε
ijkl(x)

[
eklx(u0) + ekly(u1)

]
+ P ε

kij(x)
[
∂ϕ0

∂xk
+ ∂ϕ1

∂yk

]]
= 0

∂

∂xi

[
P ε
ikl(x)ekly(u0)− dεik

∂ϕ0

∂yk

]
+ ∂

∂yi

[
P ε
ikl(x)[eklx(u0) + ekly(u1)]− dεik(x)

[
∂ϕ0

∂xk
+ ∂ϕ1

∂yk

] ]
= 0

(2.16)

The problem of order ε0

(P3)



− ∂

∂xj
[Cε

ijkl(x)[eklx(u0) + ekly(u1)] + P ε
kij(x)[∂ϕ

0

∂xk
+ ∂ϕ1

∂yk
]]

− ∂

∂yj
[Cε

ijkl(x)[eklx(u1) + ekly(u2)] + P ε
kij(x)[∂ϕ

1

∂xk
+ ∂ϕ2

∂yk
]] = fi in Ω

∂

∂xi
[P ε
ikl(x)[eklx(u0) + ekly(u1)]− dεik[

∂ϕ0

∂xk
+ ∂ϕ1

∂yk
]]

+ ∂

∂yi
[P ε
ikl(x)[eklx(u1) + ekly(u2)]− dεik(x)[∂ϕ

1

∂xk
+ ∂ϕ2

∂yk
]] = r in Ω.

(2.17)

The problems (P1), (P2)and(P3) can be written in the following forms:
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The first system:

(P1) :



Find (u0, ϕ0) ∈ (V(Ω)×Ψ(Ω)) such that

− ∂

∂yj
[Cε

ijkl(x)ekly(u0) + P ε
kij(x)∂ϕ

0

∂yk
] = 0

∂

∂yi
[P ε
ikl(x)ekly(u0)− dεik(x)∂ϕ

0

∂yk
] = 0

u0 and ϕ0 are Y − periodic,

(2.18)

The second system:

(P2) :



Find (u1, ϕ1) ∈ (V(Ω)×Ψ(Ω)) such that
∂

∂xj
[Cε

ijkl(x)ekly(u0) + P ε
kij(x)∂ϕ

0

∂yk
]

− ∂

∂yj
[Cε

ijkl(x)[eklx(u0) + ekly(u1)] + P ε
ikl(x)[∂ϕ

0

∂xk
+ ∂ϕ1

∂yk
]] = 0

∂

∂xi
[P ε
ikl(x)ekly(u0)− dεik(x)∂ϕ

0

∂yk
] + ∂

∂yi
[P ε
ikl(x)[eklx(u0) + ekly(u1)]− dεik(x)[∂ϕ

0

∂xk
+ ∂ϕ1

∂yk
]]) = 0

u1 and ϕ1 are Y − periodic,
(2.19)

The third system

(P3) :



Find(u2, ϕ2) ∈ V(Ω)×Ψ(Ω) such that :(
− ∂

∂xj
[Cε

ijkl(x)[eklx(u1) + ekly(u2)] + P ε
kij(x)[∂ϕ

0

∂xk
+ ∂ϕ1

∂yk
]]

− ∂

∂yj
[Cε

ijkl(x)[eklx(u1) + ekly(u2)] + P ε
kij(x)[∂ϕ

1

∂xk
+ ∂ϕ2

∂yk
]]
)

= fi in Ω

( ∂

∂xi
[P ε
ikl(x)[eklx(u0) + ekly(u1)]− dεik(x)[∂ϕ

0

∂xk
+ ∂ϕ1

∂yk
]]

+ ∂

∂yi
[P ε
ikl(x)[eklx(u1) + ekly(u2)]− dεik[

∂ϕ1

∂xk
+ ∂ϕ2

∂yk
]] = r in Ω

u2 and ϕ2areY − periodic

(2.20)
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2.4.1 Determination of homogenized problem

Lemma 2.4.1 (Fredholm) We confider the problem

(P) :


Aφ = f

φ is Y − periodic
(2.21)

where

A = −∂
∂yi

[aij(y) ∂

∂yj
]

we say that (P) admits a unique solution if:

∫
Y
f(y)dy = 0 (2.22)

Study the problem (P1): According to Fredhom’s , the problem (P1) admits an

unique solution has a additive constant.

1- We multiply the first equation of (P1) by u0(x, y) ∈ V(Ω) and integrate in Y :

∫
Y
− ∂

∂yj
(Cijkl(y))ekly(u0) + Pkij(y)∂ϕ

0

∂yk
)u0dy = 0

applying Green’s formula,then:

∫
Y

[Cijkl(y)ekly(u0) + Pkij(y)∂ϕ
0

∂yk
]eij(u0)dy = 0 (2.23)

2- We multiply the second equation of (P1) by ϕ0 ∈ Ψ(Ω) and integrate in Y:

∫
Y

∂

∂yi
(Pikl(y)ekly(u0)− dik(y)∂ϕ

0

∂yk
)ϕ0

applying Green’s formula,then:

∫
Y

[−Pikl(y)ekly(u0) + dik(y)∂ϕ
0

∂yk
]∂ϕ

0

∂yi
dy = 0 (2.24)
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3- for summing the two equations (2.23) and (2.24), we get :

0 =
∫
Y
Cijkl(y)(ekly(u0))2 + dik(y)(∂ϕ

0

∂yk
)2dy ≥ α‖ekly(u0)‖2

L2 + β‖ ϕ
0

∂yk
‖2
L2 (2.25)

=⇒

‖ekly(u0)‖L2 = 0 =⇒ u0(x, y) = u0(x) (2.26)

and wwwww∂ϕ0

∂yk

wwwww
L2

= 0 =⇒ ϕ0(x, y) = ϕ0(x) (2.27)

2.4.1.1 Solving the second system:

As u0(x) and ϕ0(x) independent for y,then we can write the (P2) a following



∂

∂yj
[Cijkl(y)eklx(u0) + Pkij(y)∂ϕ

0

∂xk
] = 0

∂

∂yi
[P ε
ikl(x)ekly(u1)

− ∂

∂yi
[Pikl(y)eklx(u0)− dik(y)∂ϕ

0

∂xk
] = 0.

(2.28)

As Cijkl(y)eklx(u0) , Pikl(y)∂ϕ0

∂xk
,Pikl(y)eklx(u0) and dik(y)∂ϕ0

∂xk
are Y − periodic,

now ∫
Y

∂

∂yj
[Cε

ijkl(x)ekl(u0) + P ε
ikj(x)∂ϕ0

∂xk
] = 0

and ∫
Y

∂

∂yi
[P ε
ikl(x)ekl(u0)− dεik

∂ϕ0

∂xk
] = 0,

according Fredholm the problem P2 admits a unique solution (u1, ϕ1) where:

u1(x, y) = χmnk (y)emnx(u0) + Φm
k (y) ∂ϕ0

∂xm
(2.29)

and

ϕ1(x, y) = Ψmn(y)emnx(u0) +Rm(y) ∂ϕ0

∂xm
(2.30)
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Where :χmn(y), Φm(y), Ψmn(y) and Rm(y) are Y − periodic the solution of :



− ∂

∂yj
[Cijkl(y)(ekly(χmn)emnx(u0) + ∂ϕ0

∂xm

∂ϕ0

∂xm
)+

Pkij(y)(emnx(u0)∂Ψ
mn

∂yk
+ ∂ϕ0

∂xm

∂Rm

∂yk
)] = ∂

∂yj
[Cijmn(y)emnx(u0(x)) + Pmij(y) ∂ϕ0

∂xm
]

− ∂

∂yi
[P ε
jkl(x)(emnx(u0)ekly(χmn) + ∂ϕ0

∂xm
ekly(Φm))

−djk(y)(emnx(u0)∂Ψ
mn

∂yk
+ ∂ϕ0

∂xm

∂Rm

∂yk
)] = ∂

∂yi
[Pjmn(y)emnx(u0)− djm(y) ∂ϕ0

∂xm
],

(2.31)

2.4.1.2 Solving the third system:

As Cijkl(y)eklx(u1), Pkij
∂ϕ1

∂xk
, Pikleklx(u1) and dik

∂ϕ1

∂xk
are Y − periodic, then we can write

the problem (P3) a following:


− ∂

∂yj
[Cijkl(y)ekly(u2) + Pkij(y)∂ϕ

2

∂yk
] = ∂

∂xj
[Cijkl(y)[eklx(u0) + ekly(u1)] + Pkij(y)[∂ϕ0

∂xk
+ ∂ϕ1

∂yk
]] + fi

− ∂

∂yi
[Pikl(y)ekly(u2)− dik(y)∂ϕ

2

∂yk
] = r − ∂

∂xi
[Pikl(y)[eklx(u0) + ekl(u1)]− dik(y)[∂ϕ0

∂xk
+ ∂ϕ1

∂yk
]]

(2.32)

now,the problem (P3) admits a unique solution


∫
Y −

∂

∂xj
[Cijkl(y)[eklx(u0) + ekly(u1) + Pkij(y)[∂ϕ0

∂xk
+ ∂ϕ1

∂yk
]]dy =

∫
Y fidy∫

Y

∂

∂xi
[Pikl(y)[eklx(u0) + ekly(u1)]− dik(y)[∂ϕ0

∂xk
+ ∂ϕ1

∂yk
]]dy =

∫
Y rdy ,

(2.33)

=⇒


− ∂

∂xj
(
∫
Y Cijkl(y)[eklx(u0) + ekly(u1)] + Pkij(y)[∂ϕ0

∂xk
+ ∂ϕ1

∂yk
]dy ) = |Y |fi

∂

∂xi
(
∫
Y Pikl(y)[eklx(u0) + ekly(u1)]− dik(y)[∂ϕ0

∂xk
+ ∂ϕ1

∂yk
]dy ) = |Y |r

(2.34)

⇐⇒ 

− 1
|Y |

(∂
2u0(x)
∂xk∂xj

∫
Y Cijkl(y) + Cijmnemny(χkli )dy

+∂
2ϕ0(x)
∂xj∂xk

∫
Y Pmij(y) R

k

∂ym
+ Pkij(y) + Cijmn

∂θmk
∂yn

dy) = fi

1
|Y |

(∂
2u0(x)
∂xm∂xj

∫
Y Pjmn(y) + Pjklekly(χmnk )− djk

∂Ψm

∂yk
dy

+∂
2ϕ0(x)
∂xj∂xi

∫
Y djk(x)− Pjkl(y)(θm) + djm(y)dy) = r

(2.35)
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Now the homogenized problem is :

(Ph) :


− ∂

∂xj
(CH

ijkl

∂uk
∂xl

+ PH
kij

∂ϕ

∂xk
) = fi ∈ Ω

∂

∂xj
(PH

jmn

∂um
∂xn

− dHjm
∂ϕ

∂xm
) = r ∈ Ω

(2.36)

where: 

CH
ijkl = 1

|Y |

∫
Y

(
Cijmnemny(χkl) + Pmij

∂Ψkl

∂ym
+ Cijkl

)
dy

PH
kij = 1

|Y |

∫
Y

(
Pmij(y) R

k

∂ym
+ Pkij + Cijmn

∂Φk
m

∂yn

)
dy

PH
jmn = 1

|Y |

∫
Y

(
Pjklekly(χmn) + Pjmn(y)− djk

∂Ψmn

∂yk

)
dy

dHjm = 1
|Y |

∫
Y

(
−djk(y)∂R

m

∂yk
+ Pjklekly(Φm) + djm(y)

)
dy

(2.37)
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Chapter 3
THE LIMIT PROBLEM OF THE

PIEZOELECTRIC STRICTURE

The results obtained this chapter are token from[1].

3.1 Theorem

Theorem 3.1.1 Let (uε, ϕε) be the unique solution of (2.2), then



uε ⇀ u0 in H1(Ω),

ϕε ⇀ ϕ0 in H1,

σεij ⇀ σ∗ij = CH
ijkl

∂u0
k

∂xi
+ PH

kij

∂ϕ0

∂xk
in L2(Ω),

Dε
i ⇀ D∗i in L2(Ω).

(3.1)

Where (u0, ϕ0) are the unique solution in H1(Ω)2 of the homogenized problem

27
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CH
ijkl

∂2u0
k

∂xj∂xl
+ PH

kij

∂2ϕ0

∂xj∂xk
= f in Ω,

PH
ikl

∂2u0
k

∂xi∂xl
− dHij

∂2ϕ0

∂xi∂xj
= r in Ω,

< σ∗ij > nj = gi on Γm1 ,

< D∗i > ni = 0 on Γe1,

u0 = 0 on Γm0 ,

ϕ0 = 0 on Γe0,

(3.2)

where the homogenized coefficients Ch
ijkl, P

h
kij, P

h
ikl, d

h
ij,

CH
ijkl = 1

|Y |

∫
Y

(Cijmn(y)emny(χkl) + Cijkl(y) + Pmij(y)∂Ψkl

∂ym
)dy

PH
kij = 1

|Y

∫
Y

(Cijmn(y)emny(Φk) + Pmij(y)∂(Rk + yk)
∂ym

)dy,

PH
ikl = 1

|Y |

∫
Y

(Pimn(y)emny(χkl) + Pikl(y)− dim(y)∂Ψkl

∂ym
)dy,

dHij = 1
|Y |

∫
Y

(Pjmn(y)emny(Φi − djm
∂(Ri + yi)

∂ym
).

3.2 The proof of theorem

Proof :

The proof will be divided into 4 steps.

Step 1:The variational formulation

See[chapter 2.section 3]

Step 2:A priori estimates

Lemma 3.2.1 The solution of (2.2) are bounded.

Proof: We take uε = ϑ and ϕε = ψ in(2.10) we get:

∫
Ω
Cε
ijkl(x)ekl(uε)eij(uε) + P ε

kij(x)ekl(uε)
∂ϕε

∂xl
dx−

∫
Ω
P ε
ikl(x)ekl(uε)

∂ϕε

∂xi

− dεik
∂ϕε

∂xk

∂ϕε

∂xi
dx =

∫
Ω
fuε(x)dx+

∫
Ω
rϕε(x)dx+

∫
Γm

1

guεdΓm,
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we use the symmetry of Pkij,then we get:

∫
Ω
Cε
ijkl(x)eij(uε)ekl(uε)dx +

∫
Ω
dεik

∂ϕε

∂xi

∂ϕε

∂xk
dx =

∫
Ω
fuεdx +

∫
Γm

1

guεdΓm+
∫

Ω
rϕεdx. (3.3)

On the hand, taking advantage of ellipticity of Cijkl and dij we obtain

c1‖
∂ϕε

∂xk
‖2
L2(Ω) + ‖eij(uε)‖2

L2(Ω) ≤
∫

Ω
Cε
ijkl(x)ekl(uε)eij(uε) + dεik

∂ϕε

∂xk

∂ϕε

∂xi
dx. (3.4)

By applying Korn’s inequality, Poincarr’s inequality, Cauchi-Scharz inequality

and trace theorem, we get :

c
(
‖uε + ϕε‖2

V

)
6 c(‖(f‖L2 + ‖r‖L2)(‖uε‖V) + ‖r‖L2‖ϕε‖V) = cp(‖(uε, ϕε)‖V×Ψ), (3.5)

which leads to

‖uε‖V + ‖ϕε‖Ψ 6 c, (3.6)

which means that 
‖uε‖V 6 C,

‖ϕε‖Ψ 6 C.

(3.7)

So we can extract a subsequences still denoted by u0, ϕ0 , such tat:



uε ⇀ u0 in H1(Ω),

uε −→ u0 in L2(Ω),

ϕε ⇀ ϕ0 in H1(Ω),

ϕε −→ ϕ0 in L2(Ω).

(3.8)

Remark 3.2.2 uε and ϕε are bounded than :
∂uε

∂xj
and

∂ϕε

∂xj
are bounded.
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Hence we conclude 

uε ⇀ u0 in H1(Ω),

uε −→ u0 in L2(Ω),
∂uε

∂xj
⇀

∂u0

∂xj
in L2(Ω),

ϕε ⇀ ϕ0 in H1(Ω),

ϕε −→ ϕ0 in L2(Ω),
∂ϕε

∂xj
⇀

∂ϕ0

∂xj
in L2(Ω).

(3.9)

Set

℘εij = Cε
ijkl(x)ekl(uε) + P ε

kij(x)∂ϕ
ε

∂xk

Λεi = P ε
ikl(x)ekl(uε)− dik

∂ϕε

∂xk

we have

‖℘εij‖2
L2(Ω) =

∫
Ω
|℘εij|2dx =

∫
Ω
|Cε

ijkl(x)ekl(uε) + P ε
kij

∂ϕε

∂xj
dx|2 (3.10)

by:

(a+ b)2 ≤ 2a2 + 2b2

=⇒

‖℘εij‖2
L2(Ω) ≤ 2

∫
Ω
|Cε

ijklekl(uε)|2 + |P ε
kij∂kϕ

ε|2dx

4 ‖ekl(uε)‖2
L2(Ω) + ‖∂kϕε‖2

L2(Ω)

4 ‖∇uε‖2
L2 + ‖∂kϕε‖2

L2(Ω)

= c‖uε‖2
V + ‖ϕε‖

2

Ψ

≤ Cp.

Hence,we deduce that we can extract a subsequence still by ℘εij such that : ℘ε ⇀ ℘∗ij ∈

L2(Ω).

With same way we find

Λεi ⇀ Λ∗i (3.11)
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so, we conclude

℘εij ⇀ ℘∗ij in L2(Ω) (3.12)

Λεi ⇀ Λ∗i in L2(Ω) (3.13)

It is worth that ℘∗ij satisfies

− ∂j(℘∗ij) = fi (3.14)

Inned, taking ψ = 0 in (2.10) brings us to

∫
Ω

[Cε
ijkl(x)ekl(uε) + P ε

kij

∂ϕε

∂xk
]eij(ϑ)dx =

∫
Ω
fiϑidx+

∫
Γm

1

giϑids (3.15)

⇐⇒
∫

Ω

ε∑
ij

eij(ϑ)dx =
∫

Ω
fiϑidx+

∫
Γm

1

giϑids,∀ ∈ V

(3.16)

passing to limit(taking ϑ ∈ D(Ω))

lim
ε−→0

∫
Ω
℘εijeij(ϑ) =

∫
Ω
fiϑi (3.17)

=⇒
∫

Ω
℘∗eij(ϑ) =

∫
Ω
−∂j[℘∗ij]ϑdx =

∫
Ω
fiϑidx (3.18)

=⇒
∫

Ω
(−∂j[℘∗ij]− fi)ϑdx = 0∀ ∈ D(Ω) (3.19)

=⇒ −∂j℘∗ij = fi (3.20)

Remark 3.2.3 we use the same way with Λ∗ij for taking ϑ = 0, ∀ψ ∈ D(Ω)

so 
−∂j[℘∗ij] = fi

∂i[Λεij] = r

(3.21)

Step 3:The introduction of the oscillating test functions



ρε,mni (x) = εχmni (x
ε

) + δimxn,

θε,mn(x) = εΨmn(x
ε

),

πε,mi (x) = εΦm
i (x
ε

),

Iε,m(x) = εRm + xm

(3.22)
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where:(χmni (y), Ψmn(y)) ∈ H1
] ×H1

] is the solution of:

(Pχmn,Ψmn) :



− ∂

∂yj
[Cijkl(y)ekly(χmn(y) + τ klmn) + Pkij(y)∂Ψ

mn

∂yk
] = 0

− ∂

∂yi
[Pjkl(y)(ekly(χmn(y) + τ klmn))− djk(y)∂Ψ

mn

∂yk
] = 0

∫
Y χ

mn = 0,
∫
Y Ψ

mn = 0

χmn, ΨmnY − periodic,

(3.23)

and :(Φm,Rm) ∈ H1
] ×H1

] is the solution of:

(PΦm,Rm) :



− ∂

∂yj
[Cijkl(y)ekly(Φm(y)) + Pkij(y)(δkm + ∂Rm

∂yk
= 0)]

− ∂

∂yi
[Pjkl(y)ekly(Φm(y))− djk(y)(δkm + ∂Rm

∂yk
)] = 0

∫
Y Φm = 0,

∫
Y Rm = 0

Φm,Rm Y − periodic,

(3.24)

with

τ klmn = 1
2[δkmδln + δknδlm], 1 ≤ k, l,m, n ≤ 3,

is the unit tensor of the fourth-order. Such that (ρε,mni (x), θε,mn(x)) solution of

(P ε
ρ,θ) :


− ∂

∂xj
[Cε

ijkl(x)ekl(ρε,mni ) + P ε
kij(x)∂θ

ε,mn

∂xk
] = 0

∂

∂xj
[P ε
jkl(x)ekl(ρε,mni )− dεjk

∂θε,mn

∂xk
] = 0,

(3.25)

hence the variational formulation of (Pερ,θ) is :

∫
Ω
Cε
ijkl(x)ekl(ρε,mni )eij(ϑ) + P ε

kij(x)[∂θ
ε,mn

∂xk
eij(ϑ)− ekl(ρε,mni ) ∂ψ

∂xj
] + dεjk

∂θε,mn

∂xj

∂ψ

∂xj
= 0

(3.26)

and:

(Pεπ,I) :


− ∂

∂xj
[Cε

ijkl(x)ekl(πε,mi ) + P ε
kij

∂Iε,m

∂xk
] = 0

∂

∂xj
[P ε
ikl(x)ekl(πε,mi )− dεik

∂Iε,m

∂xk
] = 0,

. (3.27)

then, the variational of (Pεπ,I) is :

∫
Ω
Cε
ijkl(x)ekl(πε,mi )eij(ϑ) + P ε

kij[
∂Iε,m

∂xk
eij(ϑ)− ekl(πε,mi ) ∂ψ

∂xj
] + dεjk

∂Iε,m

∂xk

∂ψ

∂xj
= 0 (3.28)
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Lemma 3.2.4 We have the following convergence, ε −→ 0 :

ρε,mni (x)L2(Ω)
−−−→

δimxn,

θε,mn(x)L2(Ω)
−−−→

0,

Iε,m(x)L2(Ω)
−−−→

xm,

πε,mi (x)L2(Ω)
−−−→

0.

Set : 
=1,ε
ijmn = Cε

ijklekl(ρ
ε,mn
i ) + Pkij

∂θε,mn

∂xk

S1,ε
jmn = P ε

jklekl(ρ
ε,mn
i )− dεjk(x)∂θ

ε,mn

∂xk

(3.29)

then,we can write the problem as: (Pερ,θ)

(Pερ,θ) :



−
∂=1,ε

ijmn

∂xj
= 0,

∂S1,ε
jmn

∂xj
,= 0

=1,ε
ijmn and S1,ε

jmn are Y − periodic

(3.30)

And set : 
=2,ε
ijm = Cε

ijkl(x)ekl(πε,mi ) + P ε
kij

∂Iε,m

∂xk

S2,ε
jm = P ε

ikl(x)ekl(πε,mi )− dεik
∂Iε,m

∂xk

(3.31)

then we can write the problem (Pεπ,I) as:

(Pπ,I) :



−
∂=2,ε

ijm

∂xj
= 0,

∂S2,ε
jm

∂xj
= 0,

=2,ε
ijm and S2

jm are Y − periodic.

(3.32)

Where =1,ε
ijmn,=

2,ε
ijm, S

1,ε
jmn and S2,ε

jm are periodic functions ,then we can applying(??),then:

=1,ε
ijmn ⇀ < =1,ε

ijmn >= 1
|Y |

∫
Y
Cijkl(y)ekly(χmni ) + Cijmn + Pkij(y)∂Ψ

mn

∂yk
dy (3.33)

=2,ε
ijmn ⇀ < =2,ε

ijmn >= 1
Y

∫
Y
Cijkl(y)ekly(Φm(y)) + Pmij(y) + Pkij(y)∂R

m

∂yk
dy (3.34)
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S1,ε
jmn ⇀< S1,ε

jmn >= 1
|Y |

∫
Y
Pjkl(y)ekly(χmni ) + Pjmn(y)− dkj(y)∂Ψ

mn

yk
dy (3.35)

S2,ε
jmn ⇀< S2,ε

jmn >= 1
|Y |

∫
Y
Pikl(y)ekly(Φn)− dik(y)∂(R(y) + yn)

∂yn
dy (3.36)

Step 4:The homogenized coefficients

We can write equation (2.10)

∫
Ω
Cε
ijkl(x)ekl(uε)eij(ϑ) + P ε

kij(x)[∂ϕ
ε

∂xk
eij(ϑ)− ekl(uε)

∂ψ

∂xk
]

+ dεjk(x)∂ϕ
ε

∂xk

∂ψ

∂xi
=
∫

Ω
fiϑidx+

∫
Ω
rψdx+

∫
Γm

1

giϑi dΓm, (3.37)

taking in (3.37)ϑi(x) = −ω(x)ρε,mni (x), where ω ∈ D(Ω) and ψ(x) = ω(x)θε,mn(x),then

eij(ϑ) = −ω(x)eij(ρε,mni )− ∂ω

∂xj
ρε,mni ,

and
∂ψ

∂xk
= ω(x)∂θ

ε,mn

∂xk
+ ∂ω

∂xk
θε,mn.

We obtain

−
∫

Ω
Cε
ijkl(x)ekl(uε)[ω(x)eij(ρε,mni ) + ∂ω

∂xj
ρε,mni ]dx−

∫
Ω
P ε
kij(x)∂ϕ

ε

∂xk
[ω(x)eij(ρε,mni )

+ ∂ω

∂xj
ρε,mni ]dx−

∫
Ω
P ε
kijeij(uε)[ω(x)∂θ

ε,mn

∂xk
]dx+

∫
Ω
dεjk

∂ϕε

∂xk
[∂θ

ε,mn

∂xk
ω(x)

+ ∂ω

∂xk
θε,mn] = −

∫
Ω
fiρ

ε,mn
i ω(x)dx+

∫
Ω
rθε,mnω(x)dx,∀(x) ∈ D(Ω), (3.38)

taking in (3.26)


ϑi(x) = −ω(x)uεi (x) =⇒ eij(ϑ) = −ω(x)eij(uε)−

∂ω

∂xj
uεi (x)

ψ(x) = ω(x)ϕε(x) =⇒ ϕε
∂ω

∂xk
+ ω(x)∂ϕ

k

∂xk
.
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We obtain:

−
∫

Ω
Cε
ijkl(x)ekl(ρε,mni )[ω(x)eij(uε) + ∂ω

∂xj
uεi (x)]dx−

∫
Ω
P ε
kij

∂θε,mn

∂xk
[ω(x)eij(uε)

+ ∂ω

∂xj
ui(x)]−

∫
Ω
P ε
kijekl(ρ

ε,mn
i )[ω(x)∂ϕ

ε

∂xk
+ ∂ω

∂xk
ϕε]dx

+
∫

Ω
dεjk

∂θε,mn

∂xk
[ω(x)∂ϕ

ε

∂xk
+ ϕε

∂ω

∂xk
]dx = 0, (3.39)

by subtraction between( (3.38),3.39),we get :

−
∫

Ω
Cε
ijkl(x)ekl(uε)[ω(x)eij(ρε,mni ) + ρε,mn

∂ω

∂xj
]dx+

∫
Ω
Cε
ijkl(x)ekl(ρε,mni )[ω(x)eij(uε)

+ ∂ω

∂xj
uεi (x)]dx−

∫
Ω
P ε
kij(x)∂ϕ

ε

∂xj
[ω(x)eij(ρε,mni ) + ρε,mni

∂ω

∂xj
]dx

+
∫

Ω
P ε
kij

∂θε,mn

∂xk
[ω(x)eij(uε) + ∂ω

∂xj
uεi (x)]dx−

∫
Ω
P ε
kij(x)ekl(uε)[

∂ω

∂xj
θε,mn + ω(x)∂θ

ε,mn

∂xj
]d

+
∫

Ω
P ε
kij(x)ekl(ρε,mn)[ω(x)∂ϕ

ε

∂xk
+ ϕε

∂ω

∂xk
]dx+

∫
Ω
dεjk(x)∂ϕ

ε

∂xk
[ ∂ω
∂xj

θε,mn + ω(x)∂θ
ε,mn

∂xj
]dx

−
∫

Ω
dεjk

∂θε,mn

∂xk
[ω(x)∂ϕ

ε

∂xk
+ ϕε

∂ω

∂xk
]

=
∫

Ω
−fiρε,mni ω(x)dx+

∫
Ω
rθε,mnω(x)dx (3.40)

=⇒

−
∫

Ω
[Cε

ijkl(x)ekl(uε) + P ε
kij

∂ϕε

∂xk
]ρε,mni

∂ω

∂xj

+
∫

Ω
[Cε

ijkl(x)ekl(ρε,mni ) + P ε
kij(x)∂θ

ε,mn

∂xj
] ∂ω
∂xj

ui(x)

+
∫

Ω
[−P ε

kij(x)ekl(uε) + dεjk
∂ϕε

∂xk
] ∂ω
∂xj

θε,mn(x)dx

+
∫

Ω
[P ε
kijekl(ρ

ε,mn
i )− dεjk

∂θε,mn

∂xk
] ∂ω
∂xk

ϕεdx

=
∫

Ω
−fiρε,mni ω(x)dx+

∫
Ω
rθε,mnω(x)dx, (3.41)

⇐⇒

−
∫

Ω
℘εijkl

∂ω

∂xj
ρε,mni (x)dx+

∫
Ω
=1,ε
ijmn

∂ω

∂xj
uεi (x)dx−

∫
Ω

Λε
j

∂ω

∂xj
θε,mn(x)dx

−
∫

Ω
S1,ε
jmn

∂ω

∂xj
ϕεdx = −

∫
Ω
fiρ

ε,mn
i (x)ω(x)dx+

∫
r
θε,mn(x)ω(x), (3.42)
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by passing to the limit we obtain :

∫
Ω
−℘∗ij(δimxn) ∂ω

∂xj
+
∫

Ω
< =1

ijmn > u0
i

∂ω

∂xj
dx−

∫
< S1

jmn > ϕ0 ∂ω

∂xj
dx

= −
∫

Ω
fi(δimxn)ω(x)dx, (3.43)

we know that : ∫
Ω
f
∂ϕ

∂xj
dx = −

∫
Ω

∂f

∂xj
ϕ, ∀ϕ ∈ D(Ω),

now,we obtain:

∫
Ω

∂℘∗ij
∂xj

∂xj(δimxn)ωdx− < =1
ijmn >

∫
Ω

∂u0

∂xj
ω+ < S1

jmn >
∫

Ω

∂ϕ0

∂xj
ω

= −
∫

Ω
fi(δimxn)ωdx, (3.44)

=⇒
∫

Ω
℘∗mnωdx− < =1

ijmn >
∫

Ω

∂u0
i

∂xj
ωdx− < S1

jmn >
∫

Ω

∂ϕ0

∂xj
ωdx = 0 (3.45)

=⇒
∫

Ω
(℘∗mn− < =ijmn >

∂u0
i

∂xj
− < S1

jmn >
∂ϕ0

∂xj
)ωdx = 0,∀ ∈ (D(Ω))

=⇒ ℘∗mn =< =1
ijmn >

∂u0
i

∂xj
+ < S1

jmn >
∂ϕ0

∂xj

=⇒

℘∗mn = 1
|Y |

∫
Y

(Cijkl(y)ekly(χmni ) + Cijmn(y) + Pkij(y)∂Ψ
mn

∂yk
)dy∂u

0
i

∂xj

+ 1
|Y |

∫
Y

(Pjkl(y)ekly(χmni ) + Pjmn − djk
∂Ψmn

∂yk
)dy∂ϕ

0

∂yk

With the same way , taking in (3.37)


ϑ(x) = −ω(x)πε,mi (x)

ψ(x) = ω(x)Iε,m(x),
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now we obtain:

∫
Ω
−Cε

ijkl(x)ekl(uε)[ωeij(πε,m) + ∂ω

∂xj
πε,m]− P ε

kij

∂ϕε

∂xk
[ωeij(πε,mi ) + ∂ω

∂xi
πε,mi ]

− P ε
kij(x)[ω∂I

ε,m

∂xk
+ ∂ω

∂xk
I] + dεjk(x)∂ϕ

ε

∂xk
[ω∂I

ε,m

∂xj
+ ∂ω

∂xj
Iε,m]dx

= −
∫

Ω
fiω(x)πε,mi dx+

∫
Ω
rωIε,mdx (3.46)

and taking in (3.28) 
ϑ(x) = −ω(x)uεi (x)

ψ(x) = ω(x)ϕε(x),

we obtain :

∫
Ω
−Cε

ijkl(x)ekl(πε,mi )[ωeij(uε) + ∂ω

∂xj
uεi ]− P ε

kij(x)∂I
ε,m

∂xk
[ωeij(uε) + ∂ω

∂xj
uεi ]

− P ε
kijeij(π

ε,m
i )[ω∂ϕ

ε

∂xk
+ ∂ω

∂xk
ϕε] + dεjk

∂Iε,m

∂xk
[ω∂ϕ

ε

∂xk
+ ∂ω

∂xj
ϕε]dx = 0, (3.47)

subtracting (3.46) and(3.47) we get :

−
∫

Ω
(Cε

ijkl(x)ekl(uε) + P ε
kij(x)∂ϕ

ε

∂xk
)πε,mi

∂ω

∂xj
dx

−
∫

Ω
(P ε

jkl(x)ekl(uε)− dεjk(x)∂ϕ
ε

∂xk
)Iε,m ∂ω

∂xj
dx

+
∫

Ω
(Cε

ijkl(x)ekl(πε,mi ) + P ε
kij(x)∂I

ε,m

∂xk
)uεi

∂ω

∂xj
dx

+
∫

Ω
(P ε

jkl(x)ekl(πε,mi )− dεjk(x)∂I
ε,m

∂xk
)ϕε ∂ω

∂xj
dx

= −
∫

Ω
fiωπ

ε,m
i (x)dx+

∫
Ω
rωIε,mdx, (3.48)

⇐⇒

−
∫

Ω
℘εijπ

ε,m
i

∂ω

∂xj
dx−

∫
Ω

Λε
jIε,m

∂ω

∂xj
dx+

∫
Ω
=2,ε
ijmu

ε
i

∂ω

∂xj
dx+

∫
Ω
S2,ε
jmϕ

ε ∂ω

∂xj

= −
∫

Ω
fiπ

ε,m
i ωdx+

∫
Ω
rIε,mdx. (3.49)
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By passing to the limit we get :

− Λ∗mxm
∂ω

∂xj
dx+ < =2

ijm >
∫

Ω
u0
i

∂ω

∂xj
dx+ < S2

jm > ϕ0 ∂ω

∂xj
dx =

∫
Ω
rxmω(x)dx, (3.50)

⇐⇒

∫
Ω

(
∂Λ∗jxm
∂xj

)ω− < =2,ε
ijm >

∫
Ω

∂u0
i

∂xj
ωdx− < S2,εjm >

∫
Ω

∂ϕ0

∂xj
ωdx =

∫
Ω
rxmω(x)dx (3.51)

⇐⇒

Λ∗j =< =2
ijm >

∂u0
i

∂xj
+ < S2

jm >
∂ϕ0

∂xj
(3.52)
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Conclusion

In conclusion,this desertion has explored homogenization of piezoelectric materials

using two different methods:the asymptotic method and the energy method .

Overall,this desertion has contribution to the understanding of homogenization tech-

niques for piezoelectric materials.By analysing the energy method and its applica-

tion to periodic functions,as well as utilizing the asymptotic method and the energy

method for homogenization,we have obtained valuable insights into the effective

properties and behaviour of piezoelectric composites. The knowledge gained form

this desertion can inform the design and analysis of piezoelectric devices and con-

tribute to advancement in the field of solid mechanics.

As further desertion is conducted in this area,it is crucial to continue exploring and

refining homogenization methods for piezoelectric materials. The combination of

multiple techniques and development of advanced numerical models can lead to

more accurate prediction of the macroscopic behaviour of these materials. Addition-

ally,investigating the effects of micro structural variations,non-linear behaviour,and

dynamic loading conditions would provide a more comprehensive understanding of

piezoelectric materials.

In conclusion,the study of homogenization techniques for piezoelectric materials has

proven to be a fascinating and challenging field. By applying the asymptotic method

and the energy method,we can unravel the complex behaviour of theses materials and

derive their effective prosperities. This desertion opens up new possibilities for the

design and optimization of piezoelectric devices and contributes to the advancement

of materials science and engineering
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Abstract

In this dissertation,we will study the convergence between the piezoelectric problem

(Pε)and the homogenized problem (Ph) by energy method,such that by choosing an

appropriate oscillating test functions ,we can get easily The limit problem.

Keywords: Energy method, homogeneous problem,convergence,test functions, oscil-

lating.

Résumé

Dans cette recherche,nous étudierons la convergence entre le probl eme piézoélec-

trique et le probleme homogénéisé par la méthode ńergétique, telle qu’en choisissant

des fonctions test oscillantes appropriée, on obtienne facilement le probleme limite.

Mots clés : Méthode d’énergie, le probleme homogene, la convergence,oscilantes,

fonctions de test
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  الملخص 

𝑃) الكهرضغطيةمسألة ، سوف ندرس التقارب بين مذكرةفي هذه ال 𝑃)  والمسألة المتجانسة (  باعتماد   (

  .مناسب، يمكننا الحصول بسهولة على مشكلة الحد  ةتذبذبدوال اختبارية م طريقة الطاقة، مثل ذلك باختيار 

  ، وظائف الاختبار ، التذبذب ، التقارب مشكلة متجانسة ،طريقة الطاقة  كلمات مفتاح:
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