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Notations

Ly

Td

the n-dimensional unit cube [0, 1]"

The space of continuous functions on I,
Gamma function

activation function

The ANN parameter: wieghts and biases
Loss function

Training points set

d-dimensional torus



Abbreviations

ANN  Artificial Neural Network

FNN Feed Forward Neural Network

MLP  Multi-Layer Perceptron

SGD Stochastic Gradient Descent

ReLU  Rectified Linear Units

PINN  Pysics Informed Neural Network

L-BFGS The Limited-memory Broyden-Fletcher-Goldfarb-Shanno algorithm
Adam  Adaptive Moment Estimation

MSE Mean ‘Square Error

Ir learning rate
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Introduction

The field of Approximation Theory has long been a central focus in mathematics, aiming to
find effective methods for representing complex functions with simpler, more manageable
models. This theory has numerous applications in science, engineering and other fields.

In recent years, the emergence of Artificial Neural Networks (ANNs) has revolution-
ized the landscape of Approximation Theory, offering a powerful and versatile tool for
accurately approximating functions with unprecedented precision due to their ability to
learn from data.

This thesis explores the utilization of ANNs within the context of approximation
theory, delving into their capabilities, methodologies, and applications.

The motivation behind this research lies in the potential of ANNSs to overcome the lim-
itations of traditional approximation techniques when dealing with highly nonlinear and
intricate functions. The key behind ANNs is their ability to approximate any continuos
functions that were previously deemed challenging or computationally demanding. This
property has been extensively studied in the literature, and several seminal works have
contributed to our understanding of the approximation capabilities of neural networks.

In 1989, Cybenko demonstrated in his paper "Approximation by superpositions of a
sigmoidal function [?| that a single hidden layer feedforward neural network with sigmoid
activation functions can approximate any continuous function to arbitrary precision. This
result is known as the Universal Approximation Theorem and has been a cornerstone of
neural network research ever since. Later, Hornik extended Cybenkos result by show-
ing in his 1991 paper Approximation capabilities of multilayer feedforward networks [7|

that a neural network with multiple hidden layers can also approximate any continuous
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function to arbitrary accuracy given a sufficient number of neurons. This result was fur-
ther strengthened by Leshno et al. in their 1993 paper Multilayer feedforward networks
with a nonpolynomial activation function can approximate any function [?|, where they
demonstrated that a neural network with a nonpolynomial activation function can also
approximate any function to arbitrary precision.

In the decades that followed, researchers have continued to investigate the approxima-
tion capabilities of neural networks, exploring the role of network architecture, activation
functions, and regularization techniques in determining their expressive power. More re-
cent works like Kratsioss 2020 paper The Universal Approximation Property provides a
comprehensive review of the approximation capabilities of various neural network archi-
tectures, while Lu et al.s 2017 paper The expressive power of neural networks: A view
from the width [?] investigates the relationship between network width and approximation
power. Hanin and Sellkes 2019 paper Approximating continuous functions by ReL.U nets
of minimal width [?] and Kidger and Lyonss 2020 paper Universal Approximation with
Deep Narrow Networks |?] both focus on the approximation capabilities of deep narrow
neural networks with ReLLU activation functions.

This thesis is split into three main chapters as follows: The first chapter is devoted
to recalling some notions and basic concepts in fractional calculus, and citing theorems
that are used in the following chapters.

The second chapter is intended to explore the underlying principles of Approximation
Theory via Artificial Neural Networks, discuss the different types of ANNs that exist and
their respective architectures, the next section covers the main result of density in ANN,
known as the universal approximation property, discuss its implications for approximation
theory, review some error estimation results and finishing with exploring the application
library DeepXde.

And in the third chapter, we provide numerical simulations using PINNs and Deep-
Xde on ODE, IDE, PDE equations, some frational value problems and fractal-fractional

equations system.




Chapter 1

Preliminairies

1.1 Fractional calculus

In this section, we present some definition and some primitive notions of fractional calcu-

lus.

1.1.1 Some spacial functions

Special function play an important role in the theory of differentiation of arbitrary order

and in the theory of fractional differential equations.

Gamma Function
Gamma function is a commonly used extension of the factorial function to complex num-
bers. It is defined for all complex numbers except non-positive integers.
For complex numbers with a positive real part, the gamma function is defined via a

convergent improper integral.

Definition 1.1 [?] The Gamma function I'(z) is defined by the integrals
r(z) = / Foletdt, (Re(z) > 0) (1.1)
0

where t#~1 = e(z=Diog(t)
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One of the basic properties of the gamma function is that it satisfies the following
functiorial equation:

[(z+1) = 2I(2) (1.2)

The Gamma function is extended to the half-plane Re(z) < 0 by:

I'(z) =—————=, (Re(z) >—-n; neN¢Z;={0,-1,-2,..}). (1.3)

Here (2),, is the Pochhammer symbol, defined for complex z € C and non-negative integer
n € NQ by
(2) =1 and (2),=z2(24+1)...(z+n—-1) (neN) (1.4)

Equations 1.2 and 1.4 yield
'n+1)=(1),=n! (neN) (1.5)

Beta Funcion

Definition 1.2 [?|] The Beta function is usually defined by

B(z,w) = /0 11 —7)""tdr, (Re(z) >0, Re(w)>0) (1.6)

The relationship between the Gamma function and the Beta function

The Beta function is connected with the Gamma functions by the relation

['(2)(w)

B e

(z,w ¢ Zy) (1.7)

10
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1.1.2 Fractional Integrals
Riemann-Liouville fractional integrals

Definition 1.3 [?] The Riemann-Liouville fractional integrals I$, f and I f of order a €

C(Re(a) > 0) are defined by

20 = i | g > s Rela) >0 (18)
and
1206 = iy [ e (@ <b Rel) > 0) (19)

respectively. Here I'(«) is the Gamma function 1.1.

These integrals are called the left-sided and the right-sided fractional integrals.

1.1.3 Fractional Derivatives
Riemann-Liouville fractional derivatives

Definition 1.4 [?] The Riemann-Liouville fractional derivatives DS,y and Dj' y of order

a € C(Re(a) 2 0) are defined by

D20 = o) [ i (= [Re@)] 41 o> 0 (110

and

b
D)) = g ) [ s (= [Re(@)] 415 0 <) (L)

respectively, where [Re(«)] means the integral part of Re(a)).

11
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In particular, when a = n € Ny, then

(Do y)(@) = (Dh_y)(x) = y(x) (1.12)

and

(Diy)() = y™(2); (Di_y)(@) = (=1)"y"(z) (neN) (1.13)

where 3™ (z) is the usual derivative of y(x) of order n.

Caputo fractional derivative

Definition 1.5 [?| Let ¢ € [a,b] be a finite interval of the real line R, and let (Re(a) = 0).
If y(x) € AC"[a, b], then the Caputo fractional derivative (“D¢, y)(z) and (°Dj_y)(x) exist
almost everywhere on [a, ] .

If o & Ny, (°D¢ y)(x) and (°Dj’ y)(x) are represented by

z (n)
(DE) = i | e = (D)@ (1.14)
and
1y b g
(D) = it [ G = (OGN ()

respectively, where D = d/z and n = [Re(a)] + 1

1.1.4 Fractional integrals and fractional derivatives of a function with re-

spect to another function

In this section we present the definitions and some properties of the fractional integrals

and fractional derivatives of a function f with respect to another function g.

Definition 1.6 [7| Let (a,b)(—o0 < a < b < o0) be a finite interval of the real line R
and Re(a) > 0. Also, let g(z) be an increasing and positive monotone function on (a, b],

having a continuous derivative ¢’(z) on (a, b). The left- and right-sided fractional integrals

12
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of a function f with respect to another function ¢ on [a, b] are defined by

O S SO 100) ) R,
D) = o [ =520 @Rl >0 (119

and

PO S L (V{0 S,
1y De) = o [ PR @ <hRele) >0, (L)

respectively.

Definition 1.7 [?] Let ¢'(z) # 0(—oc0 =< a < x < b = o0) and Re(a # 0). Also let
n = [Re(a)+1] and D = d/dz. The Riemann-Liouvillle fractional derivatives of a function
y with respect to g of order v (Re(a) 2 0; « # 0), corresponding to the Riemann-Liouville

integrals in 1.16 and 1.17 are defined by

. Ll dy, L odye [* gDt
Do) = (i) W@ = = () |, 5 g @Y

and

o o d\" na 1 1 dyn [ g @)yt)dt
(D gy) () = <_g’($) E) (]b—;gy)(x) “Tih—-a) <_g’(x) E) /x 900 — g(@)]o—r (x <b)

1.2 Fractal-Fractional Calculus

1.2.1 Fractal-Fractional Derivative

Definition 1.8 [?] Suppose that y is continuous on an open interval (a,b) with order v.
Then the fractal-fractional derivative of the function y with order g via the power law

type kernel in the Riemann-Liouville sense is given by

v 1 d [* o
FFP pevy(f) = m@/a (t— 20 y(z)de, (n—1<ov<necN) (1.20)

13
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where the fractal derivative is expressed as

1.2.2 Fractal-Fractional Integral

Definition 1.9 [?] Suppose that y is continuous function on the interval (a,b). Then the
fractal-fractional integral of y with fractional order p and fractal order v via the power

law type kernel is defined by

FIPIS y(t) = —)/ 2t — 2)¢ Yy (x)d. (1.21)

1.3  Some useful theorems

Definition 1.10 (discriminatory function)|?] We say that a function o is discriminatory if

given a measure p € M(I™) such that
/ o(w's +b)du(z) =0 ,Yw e R" beR (1.22)

implies that =0

Definition 1.11 [?] We say that u is sigmoidal if

1 t — +oo
ot) — (1.23)

0 t— —o0

Lemma 1.1 [?] Any bounded, measurable sigmoidal function is discriminatory. In partic-

ular, any continuous sigmoidal function is discriminatory.

Theorem 1.1 (Hahn Banach Theorem) Let V' be a normed vector space, U C V a subspace
of V. Let L € U*.Then there exists L' € V* that extends L to V and satisfies ||L||}, =

[

14
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Corollary 1.1 Let V be a normed vector space, U C V a subspace of V. Let xq € V such
that d(zo,U) =~ > 0.

Then there exists L € V' such that

o [L|[y =1
o L(zg) =1
o L(U) =0

Theorem 1.2 (Riesz-Representation Theorem) Let L be a bounded linear funtional on

C(I,).Then there exists a unique p € M (1) such that

L(h) = / h(z)du(x)Vh € C(1,)

In

15



Chapter 2

Introduction to Artificial Neural Network

2.1 Artificial Neural Network

Artificial Neural Networks (ANNs) are a type of machine learning model inspired by the
structure and function of biological neurons found on the human brain. The basic idea
is to create a network of simple processing elements, called artificial neurons or nodes,
that can receive input data, process it, and produce output data. ANNs are a subset
of deep learning models, which are neural networks with multiple layers. The history
of ANNs dates back to the 1940s, when Warren McCulloch and Walter Pitts proposed
a mathematical model of a biological neuron. Their model consisted of a simple binary
threshold unit that received input signals and produced an output signal based on whether

the sum of the inputs exceeded a certain threshold.

nucleus

[— —- (E—
wy iy . y
E— Ll
woeds e
= ] g Y = o
{[ & axon branches P
; N
\\‘ / ///”
s e
dendrites axon terminals

Figure 2.1: biological neuron

In the following decades, researchers developed various types of artificial neurons and

16
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architectures for neural networks,such as the perceptron, feedforward networks, and re-
current networks.
To understand the concept of a neuron working, we start with the simplest form of a

neural network: Perceptron

2.1.1 The Perceptron

The perceptron is a type of artificial neural network and one of the earliest and simplest
forms of neural network models. It was proposed by Frank Rosenblatt in the late 1950s
as a binary classifier capable of learning from training data. The perceptron consists of a
single layer of artificial neurons, also known as perceptron units or nodes.

The mathematical model of an artificial neuron is typically based on the concept of a

weighted sum of inputs, followed by a nonlinear activation function.

Definition 2.1 [?] Let d € N. An artificial neuron f : R? — R with weight w € R?, bias

b € R and an activation function o : R — R is needed as the map

f(x) =0c(w.x+0b) for z € R (2.1)

Figure 2.2: Model of an artificial neuron taking an input feature of dimension d = 3.

2.1.2  Feed-Forward Neural Network (FNNs)

Also known as Multi-Layer Perceptron (MLPs), The neurons are typically organized into

multiple layers, an input layer, one or more hidden layers and an output layer.

Definition 2.2 [?] Let L, d, ny,...,n;, € N and nyg := d. A L-layer feedforward neural

network @ : R™ — R™ with affine linear maps A; : R"-t — R™ x +— A)(z) = Wiz + b

with W, € Rm>*™-1_p, € R™ and activation function o; : R — R, [ =1, ..., L is defined as
Input layer: 4 (z) = x € R?

Hidden layer: 4 (z) = oy(Wia=Y(z) + b)) € R™ for 1<I<L-1

17
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Outout layer: @(x) = Wya!=V(z) + by € R™

where the activation functions are used component-wise. Here, d is the dimension
of the input layer, L denotes the number of layers also called depth of @, ny,...,n;_1
denote the number of neurons for each of the L — 1 hidden layers, also called width of the
respective layer. If ny = ... = ny_; then, n; is called width of @ for i € {1,...,L — 1}. ng
is the dimension of the output layer. The matrices W; contain the network’s weights and

the vector b; is the biases.

Figure 2.3: Multi-layer Neural Network

Figure 2.3 represent the general ANN architecture, which has 2 neurons in the input

layer, 2 hidden layers each contains 4 neurons and an output layer.

2.1.3 Activation Function

Each neuron typically applies an activation function to the weighted sum of its inputs to
produce an output.The activation function is usually a nonlinear function that introduces
nonlinearity into the network, allowing it to model complex relationships between inputs
and outputs and there are several activation functions of which we note the the common

useful ones:

e The sigmoid function: (also known as Logistic function or Soft step). This is a very

commonly used function that gives only values between 0 and 1, usually indicated

18
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by
B 1
1+ exp(—2)

o(z) = f(2)

e The hyperbolic tangent function: Tanh has characteristics similar to sigmoid: it is

nonlinear in nature, so we can stack layers. It is also bound to the range [—1, 1].

f(z) = exp(z) —exp(—x)  erp(2x) —1

exp(z) + exp(—x)  exp(2x) + 1

e The rectified linear unit function: The rectifier is an activation function defined as

the positive part of its argument:

f(z) = max{0, z}

Commonly used activation functions are pictured in Figure(2.4)

Function.png Function.bb

1 i 18

o(x) = 2= tanh(x) max(0, x)
Sigmoid Tanh Rel.J

Figure 2.4: Common used Activation Function

All hidden layers usually use the same activation function. However, the output
layer will typically use a different activation function from the hidden layers. The choice
depends on the goal or type of prediction made by the model. In a neural network,
the output of one layer of neurons is typically fed as input to the next layer of neurons,

forming a hierarchical structure of processing.

19
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2.1.4 Backprobagation (Training phase)

The weights and biases of the network are learned through a process called Back-probagation,
which involves adjusting the parameters of the network to minimize a loss function that
measures the difference between the network’s predicted output and the true output. A
loss function indicates how well an algorithm performs on a given data set, by minimizing
this function, we can expect better predictions.

There are several loss functions that are used for machine learning applications accord-
ing to which task they have to solve. Since we have a regression task the mean squared

error (MSE) loss is a proper loss function.

Definition 2.3 [7|(MSE Loss)

Let ig : R — R™ with d,n; € N be a FNN as defined in Definition (2.2). Further,
let Q C R? be a bounded domain and u : Q@ — R™ be the desired truth function the FNN
aims to approximate. Then, for a given set of training points 7 C €) the mean squared

error loss is defined as:

—%meww?

€T

Lr(0)

The training process of the network under the MSE loss can then be formulated as the

optimization problem:

mein L(6) (2.2)

with loss function £ as defined in definition (2.3) and 6 representing the network’s pa-
rameters.

To minimize the loss function, an optimization algorithm is needed in the hopes of
improving the overall performance of the network on unseen data. The minimization is
done using a gradient based optimisation algorithm, such as stochastic gradient descent
(SGD), variants of SGD include Adaptive learning rate methods like Adam and RMSprop.

Starting from randomly initialized parameters 0(w, b),at each iteration 7 in general the

parameters are updated as:

20
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0i+1 = (9@ —Ir x ngﬁ (23)

where 6; is the parameter value after the i-th training iteration, [r is an adaptive learning
rate set automatically by the chosen optimizer,it controls the speed of the parameter
update process and the learning speed of the model, thus the parameters are adjusted
according to the results of each training iteration.

After the training phase is complete, the weights of the neural network are solidified
and no longer change during the testing phase. The purpose of the testing phase is to
evaluate how accurate the model is. This is accomplished by providing new data to the
model, so the testing samples must be kept separate from the training data set. Again,
the networks predictions will be compared to the expected output. But this is done only
with the goal of evaluating the models accuracy, rather than as part of the process for
improving the model itself.

In the next section, we will discuss the universal approximation property of ANNs,

which is a fundamental theoretical result that underlies their success in many applications.

2.2 Universal Approximation Property of ANN

The Universal Approximation Property of artificial neural networks (ANNs) refers to
their ability to approximate any continuous function to arbitrary accuracy, given enough
neurons and appropriate activation functions. It is a key property that highlights the
expressive power of ANNs.

Specifically, the Universal Approximation theorem states that a feedforward neural
network with a single hidden layer can approximate any continuous function on a compact
subset of Euclidean space.

It was first proved by George Cybenko in 1989 and later refined by several other
researchers. It has since become a cornerstone result in the theory and practice of neural

networks, contributing to their widespread adoption and exploration in various fields.
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Theorem 2.1 [?] (Cybenko) Let o be any continuous discriminatory function. Then finite

sums of the form:
N

G(z) = Z ajo(w] x4 b)) (2.4)

j=1
where w; € R", a;,b; € R are dense in C(I™). In other words, given any ¢ > Oand

f € C(I™), there is a sum G(z) of the above form such that
|G(z) — f(x)] <e, Vzel" (2.5)

Proof: Let S C C(I,,) be the set of functions of the form (2.4), we want to prove that
R:=S=C(I,).
Clearly S is a linear subspace of C'(1,,). Suppose that R & C(I,,), that is 3f € C(1,,) such
that d(f, R) > 0.
By the corollary of Hanh-Banach, 3L bounded linear functional on C(1,,) such that L # 0,

but L(R) = L(S) = 0. By the Riesz Representation theorem 3!u € M (1,,) such that

L(h) = / h(x)dp(z), vh € C(L,) (2.6)

In

Since L(R) = 0 and since o(w?x + b) € R,Vw, b, then

0= L(c(w"z +b)) = / o(wz + b)du(z), Yw, b (2.7)

In

Since ¢ is discriminatory, (2.7) implies g = 0, which in turn implies L = 0, and this is
contradiction. n

Then, he specialized this result to sigmoidal function, using lemma (1.1). A straight-
forward combination of theorem (2.1) and lemma (1.1) shows that networks with one
internal layer and an arbitrary continuous sigmoidal function can approximate contin-
uous functions wtih arbitrary precision providing that no constraints are placed on the
number of nodes or the size of the weights.

The neural network, used to demonstrate the Cybenkos theorem , has the following
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structure (n-dimensional inputs):

Hiddern — Lﬂ-yET' , S:i'.gﬂ‘hﬂ'id fun.(:f'iﬂ” .
o) -
e )

1 , fﬂ]“:‘.l’!—'--f—{'!c:}

0 , for @ — —oo0

a(x) = {

C'utput

Figure 2.5: n-dimensional neural network

2.2.1 Some relevant density theorems

Hornik showed in his 1991 paper "Approximation capabilities of multilayer feedforward
networks" [?], that it is not the specific choice of the activation function but rather the
multilayer feed-forward architecture itself that gives neural networks the potential of be-
ing universal approximators. This result was further strengthened by Leshno et al. in
their 1993 paper "Multilayer feedforward networks with a nonpolynomial activation func-
tion can approximate any function" [?], where they demonstrated that a neural network
with a non-polynomial activation function can also approximate any function to arbitrary
precision.

In the decades that followed, researchers have continued to investigate the approxima-

tion capabilities of neural networks, exploring the role of network architecture, activation
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functions, and regularization techniques in determining their expressive power. More
recent works have also investigated the role of network width and depth, showing that in-
creasing the number of layers and/or neurons can improve the approximation capabilities
of neural networks.

For example, Zhou Lu et al.s 2017 paper "The expressive power of neural networks: A
view from the width" investigates the relationship between network width and approxi-
mation power, they showed that one can find a neural network that can approximate any
Lebesgue-integrable function on n-dimensional input space with respect to L! distance if

network depth is allowed to grow.

Theorem 2.2 [?] (Universal approximation theorem for width-bounded ReLU networks)
For any Lebesgue-integrable function f : R* — R, any € > 0, there exists a fully-
connected ReLLU network A with width d,,, < n+4, such that the function F 4 represented

by this network satisfies:

[ )= Fa@lao <

Hanin and Sellkes 2018 paper "Approximating continuous functions by ReLU nets of
minimal width" [?] and Kidger and Lyonss 2020 paper "Universal Approximation with
Deep Narrow Networks"|?] both focus on the approximation capabilities of deep narrow
neural network, where the first one has shown that deep narrow networks with ReLLU
activation function are dense in C'(K;R™) for K C R™ compact, and require only width
n + m. While the central result of the second one work yields the following universal

approximation theorem for networks with bounded width.

Theorem 2.3 [?] Let p : R — R be any nonaffine continuous function which is con-
tinuously differentiable at at least one point, with nonzero derivative at that point. Let
K C R"be compact. Then NN7 . ., 1, is dense in C(K,R™) with respect to the uniform

norm.

This theorem result covers every activation function possible to use in practice, and
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also includes polynomial activation functions, which is unlike the classical version of the
theorem.
The following refinement, specifies the optimal minimum width for which such an

approximation is possible and is due to Sujin Park et al.

Theorem 2.4 [?] For any Bochner-Lebesgue p-integrable function f : R"” — R™ and any
e > 0, there exists a fully-connected ReLLU network F' of width exactly d,, = max{n +
1, m}, satisfying

[ @) = Pl <

Moreover, there exists a function f € LP(R",R™) and some € > 0, for which there is no
fully-connected ReLU network of width less than d,, = max{n + 1,m} satisfying the

above approximation bound.

2.3  Hrror estimation results

Error estimation is a key measure in the process of model validation and verification for
neural network. As Artificial neural networks are universal function approximators, it is
also natural to use them as ansatz spaces for the solutions of partial differential equations
(PDEs). In fact, the literature on the use of deep learning for numerical approximation
of PDEs and error estimation has witnessed exponential growth in the last 2-3 years.
Recently, Tim.De Rick, A. D. Jagtap and S.Mishra in their 2022 article [?], have dis-
cussed the error esimation on the case of Navier-Stokes equation, they followed an ap-
proach where they proposed three theoritical questions, the first question about the small-
ness of the PDE residual in the class of neural networks, the second question is about

Here we have the Navier-Stokes equation :

p

u +u.Vu+ Vp = vAu, (x,t)in D x [0,T7,

div(u) = 0, (z,t) in D x [0,77, (2.8)

u(t = 0) = uy, xin D.
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with the residuals:

Rppe[(ug, q)](x,t) = (Orug + ug.-Vug + Vgg — vAuy)(x, 1),
Raiv|ug](z,t) = div(ug)(x, t),
Rifugl(x) = up(x = 0) — (),

(2.9)

for v € D,t € O = [0,T], where ¢ : D — R? is the initial condition.

Note that for the exact solution to the Navier-Stokes equations (2.8) it holds that
Rpepe|(u,p)] = Raw[u] = Ri[u] = 0. Hence, within the ANNs algorithm, one seeks to
find a neural network (ug, pg),for which all residuals are simultaneously minimized, e.g.

by minimizing the quantity,

£2(0) = /D R0, po)lGe. 0 s + /D R ] (1) Pt + /D Ry ug] (2)[2d

(2.10)

xO

This quantity refer to the genealisation error of the neural network. However, the quantity
(2.10) involves integrals and can therefore not be directly minimized in practice. Instead,
the integrals are approximated by numerical quadrature, the so-called training loss or

training error 6 — (0, S), resulting in,

Er(0,S)2 = EEPE(D, Si)? + £4(0, S,)2 + EL(0, S,)?

Nint Nint
= Z Wit/ Repe((ts, po)) (e, T |* + Z Wi Raiv[tte) s i)
n=1 n=1
Ny
3wl R ) (2] (2.11)
n=1

where the training data set S = (Sint, Ss, St) is chosen as quadrature points with respect
to the relevant domain (resp. D x [0,7T]and D) and where the w! are corresponding

quadrature weights.
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The authors have shown that there is for sufficiently smooth (Sobolev regular) initial
data, there exists neural networks, with the tanh activation function and with two hidden

layers, such that the resulting PDE residuals can be arbitrarily small

Theorem 2.5 [?] For every N € N, d > 0 and every f € W*>°([0,1]?), there exists a tanh
neural network f with 2 hidden layers of width N? such that for every 0 < k < s it holds
that ,

If = Fllweee < C(In(eN))FN—=+F

where ¢, C' > 0 are independent of N and explicitly known.

Proof: See [page 740, |?|] n

As consequence, they obtained the following result:

d

Theorem 2.6 Let d,r, k € N, with k > 3, ug € H" with r > — 4+ 2k and div(uy) = 0. For
r

every N € N there exists a tanh neural network (ug, pg) with 2 hidden layers of width

N1 guch that
IR po&l(us, po)lll L2 + | Raiv[ualll 2 + [|Re[ug]l| 2 < C(In(eN))*N7F+?

Proof: See [page 9, |7]| n

Then, they had shown that neural networks for which the residuals are small, will provide

a good L? -approximation of the true solution of the Navier-Stokes equation.

Theorem 2.7 Let d € N, D = T¢ and u in C'(D x [0,7T]) be the classical solution of the
Navier-Stokes equation 2.8. Let uy be a NN with parameters 6, then the resulting L?-error

is bounded as follows
lu = wol 2 < O(IRallis + [[Rppplls + IRo]12)

Proof: See [page 12, [?]] n

Combined by Theorem(2.7), they bound the total error in terms of the training error and
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size of the trainig set S, obtained using accuracy of quadrature rules.

Theorem 2.8 Let T > 0,d € N, let (u,p) € C*(T¢ x [0,T]) be the classical solution of
the Navier-Stokes equation 2.8 and let (ug,py) be a NN with parameters 6. Then the

following error bound holds,

_2 __1 _1
lu = wgll3e < C(Er(S) + My * + M7 + M ™)

where M is the number of quadrature points.

Proof: See [page 15, [?]] u

2.4 PINNs and deepxde library

2.4.1 Physics Informed Neural Network

Physics-Informed Neural Networks (PINNs), were first proposed in the 1990s as a machine
learning framework for approximating solutions of differential equations. However, they
were resurrected recently as a practical and computationally efficient paradigm for solving
both forward and inverse problems for PDEs. Since then, there has been an explosive
growth in designing and applying PINNs for a variety of applications involving PDEs.They
were introduced in a 2018 paper by Raissi et al.

The idea behind PINNSs is to incorporate physical laws and boundary conditions into
the network architecture. PINNs have been applied to a wide range of problems, includ-
ing science and engineering, including fluid dynamics, materials science, and biomedical

engineering.
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2.4.2 Trainig the PINN

Consider a physical system defined over a domain Q2 C R?, and governed by a PDE of the

form

Flu(z,t)] =0, x€0Q, te|0,T]

\{ Blu(z,t)] =0, z€dQ, tel0,T] (2.12)

Tlu(z,0)] =0, x€Q

\

F is the PDE residual which contains several differential operators, B are the boundary
conditions, and Z is the initial condition.

In the framework of physics-informed neural networks, the solution of this forward
problem is represented by a surrogate model ug(x,t) in the form of a fully-connected
neural network that takes (z,t) as input and returns an approximation for u at this
(z,t) as output. The parameter 6 denotes the set of trainable parameters of the network
(w,b) which propagates the input data through its [ layers according to the sequence of

operations

Y = (1),
K=o ), 1<k<I—1,

2 =wd b (2.13)

Each layer outputs a vector z¥ € R%, where g, is the number of neurons, and is defined
by a weigt matrix w* € R%>*%-1_a bias vector b* € R%, and a nonlinear activation func-
tion o(.). Finally, the output of the last layer is used to represent the predicted solution

2t = ug(z,t).

The parameters of the neural network 6 = {wk , b};zl are randomly initialized and
iteratively updated by minimizing the loss function that enforces the PDE. The most

common loss function is the mean squared error (MSE). The PINNs loss function consists
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of three error components, for the prediction of the neural network taking the form

ﬁ(@) = wfﬁf(Q) + wbﬁb(e) + wZEZ(Q) (2.14)
where N
Ly(0) = Nif Z | Flig(z,y)]|2 (2.15)
£4(6) = - 3 IBlio(e. )l .16
£0) = > [Zlio(e. )l 2.17)

Here £4(0), £,(8) and £;(#) penalize the residuals of governing equations, the boundary
conditions and the initial conditions, respectively with weights wy, wy,, w; and Ny, Ny and
Ny are the numbers of data points for different terms.

In fact, when looking at the PINN loss, the term w;L¢(f) acts as regularization with
regularization parameter wy in order to penalize those parameters ¢ which would lead to
solutions not satisfying the PDE.

One advantage of PINNs by choosing neural networks as the surrogate of u is that we
can take the derivatives of 4 with respect to its input x by applying the chain rule for
differentiating compositions of functions using the automatic differentiation (AD), which
is conveniently integrated in machine learning packages, such as TensorFlow and PyTorch

A critical underpinning of PINNs is the use of automatic differentiation (AD) to com-
pute the loss (2.14). By using the chain rule to compose the derivatives of successive
algebric operations, AD calculates the exact derivatives of the network output wug(x,t)
with respect to its inputs x and ¢. Thus, the various loss components in (2.14) can be
computed exactly without inheriting the truncation error incurred by standard numerical
discretization schemes. Another advantage of computing derivatives with AD is that the
residual points {z;,;}~7, can be chosen arbitrarily, conferring PINNs their convenient

mesh-free nature.
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Now, we can find an optimum set of values 6* that minimizes (2.14), by using gradient-
based optimization, and the gradients of the loss function with respect to the weights are
computed using backpropagation. The weights are then updated using the computed
gradients (2.3) and a learning rate parameter that determines the step size of the update.

Tracking the behavior of the loss function £(6) allows the NN to adjust its internal pa-
rameters towards the values that lead to a smaller loss and thus to the best approximation

of the PDE output by the NN.

| °/~4\' W Loss<g
W |

Backprobagation (—] NO
New (w,b) )« Minimize [«

Figure 2.6: Neural network architecture diagrams of PINNs for investigating PDE solution

Here, we have an outline of an algorithm for training an ANN for PDE approximation

using physics-informed neural networks (PINNs):

Taining an NN for PDE approxipmation Algorithm

1. Choose a suitable ANN architecture, including the number of layers, number of

nodes per layer, and activation functions.

2. Formulate the PDE and its boundary conditions as a loss function, which measures
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the difference between the predicted solution of the PDE and the true solution at

the given input points.
3. Choose a suitable optimization algorithm, such as Adam or SGD.
4. Divide the available data into a training set and a testing set.
5. Iterate the following steps until convergence or a stopping criterion is met:

(a) Sample input points from the domain of the PDE and its boundary conditions,

as well as from the training data (if available).
(b) Feed the input points into the network.

(c) Compute the gradients of the loss function with respect to the weights using

automatic differentiation.

(d) Update the weights using the computed gradients and the chosen optimization

algorithm.

6. Evaluate the performance of the trained network using a testing set or by solving

the PDE at new input points.

2.4.3 Application Library: DeepXde

DeepXDE (Deep eXtreme Diffirential Equation) is a deep learning library specifically
designed for solving partial differential equations (PDEs) using neural networks. It is
an open-source Python library that provides a high-level interface for training neural
networks to approximate solutions to PDEs.

DeepXDE makes the code stay compact and nice, resembling closely the mathemat-
ical formulation. Solving differential equations in DeepXDE is no more than specifying
the problem using the build-in modules, including computational domain (geometry and
time), PDE equations, boundary /initial conditions, constraints, training data, neural net-
work architecture, and training hyperparameters. The workflow is shown in the following

Procedure [7]:
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1. Specify the computational domain using the geometry module.
2. Specify the PDE using the grammar of TensorFlow.
3. Specify the boundary and initial conditions.

4. Combine geometry, PDE and BCs/ICs together into data.PDE or data.TimePDE
for time-independent or time-dependent problems, respectively. Specify the training

data by either set the specific point locations or only set the number of points.
5. Construct a NN using the maps module.

6. Define a Model by combining the PDE problem in 4 and the NN in 5.

7. Call Model.compile to set the optimization hyperparameters such as optimizer and

learning rate. The weights wf , wb can be set here by loss-weights.

8. Call Model.train to train the network from random initialization or a pretrained
model using the argument model-restore-path. It is extremely flexible to monitor

and modify the training behavior using callbacks.

9. Call model.predict to predict the PDE solution at diferent locations.
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Applications of Artificial Neural Network in

Approximation

In this chapter we’re going to apply the artificial neural network on some equations, prob-

lems and systems to see the performance of the method on solution approximation.

To illustrate the use of PINNs and deepxde, we provide some examples of numerical

simulations of PDEs.

3.1 Heat Equation

Consider the one-dimensional heat equation:

([ ou_
ot~ “oa?
w(0,t) = u(1,¢) =0 (3.1)

rel[-1,1], tel0,1]

\ u(z,0) = sin(nx)

where u(z,t) is the temperature at position = and time ¢, « is the thermal diffusivity,

where o = 0.4

—720.4¢

The exact solution is: e sin(mx)
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To solve this equation with PINNs and deepxde, we first define a neural network
that takes as input (z,t) and outputs the temperature u(x,t). We then train the neural

network to minimize the loss function:

1 & 1
L= N ZZ:; |u(w;, t;) — Uz’|2 + M ; |gi(xj7tj)|2v

where N is the number of data points, M is the number of boundary conditions, u; is
the temperature at (zi,¢i) from the training data, g;(zj,tj) are the boundary conditions.
The network is constructed of 2 inputs, 3 hidden layers, each one contains 20 neurons and
an output u. The optimizer used in this structure is Adam with learning rate (Ir = le™3)
After we continue to train the network using L-BFGS optimizer to achieve a smaller loss.

Here are the results:

10° 4 = Train loss
—— Test loss

10-1 4

10—2 4

1077 4

1074 4

107° o

107% o

‘ T T T ‘
0 5000 10000 15000 20000
# Steps

(a) The loss history (b) The predicted solution

3.2 Second Order ODE

We have the following ODE system:
y"(t) — 10y/(t) + 9y(t) = 5t, t € [0,0.25]

y(0) = —1, y'(t) =2
_ ) 50 31 g0y
with the exact solution: y(t) = 3l + 59t + T 2e’.
We define a fully connected feedforward neural network with 3 hidden layers of 50

neurons each, using the hyperbolic tangent activation function and Glorot uniform weight
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initialization. We compile the model using the Adam optimizer with a learning rate of
0.001, we also compute the L? relative error as a metric during training.

Here are the results:

loss.png loss.bb  sol.png sol.bb
o —— Train loss ¢ Tain
Jest loss : 151 : 1F—'rrlc:.ZicT:ion
100 4 —— Test metric

1.0 1
10-1

102 4

103 4

107 4

T T T T T T T T T T T T
0 2000 4000 6000 8000 10000 0.00 0.05 0.10 0.15 0.20 0.25
# Steps X

(a) The loss history (b) The predicted solution

3.3 Volterra Integration Differential Equation

Cosnider the following Volterra IDE:

p y(z) = /: e Ty (t)dt (3.2)

with the initial condition y(0) =1

Our neural network is constructed of 3 hidden layers with 20 neurons each with tangent
hyperbolic activation function and Glorot uniform weight initialization. We compile the
model using Adam optimizer.

Here are the result of the model:
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1.0

0.9 A

0.8 1

0.7 1

0.6 1

0.5 A

10000.png 10000.bb : i : : ; :

Figure 3.3: The predicted solution and The exact solution

3.4 Diftusion equation with hard initial and boundary condi-

tions
2
% = % — e (sin(mx) — w2sin(nx)), x€[-1,1], t€0,1] (3.3)

and the Dirichlet boundary condition y(1,¢) = y(1,t) =0

Here, we use a fully connected tangent hyperbolic neural network of depth 4 (i.e., 3
hidden layers) and width 32. We compile the model using Adam optimizer with learning
rate of 0.001. We then train the model for 10000 iterations. Here are the predicted

solution of (3.3)compared to the exact solution.

10! 4 —— Train loss
—— Test loss
—— Test metric
10° 3

107t 5

1072 §

1073 4

1074 5

107° §

T T T T T T
0 2000 4000 6000 8000 10000
# Steps

(a) The loss history (b) The predicted solution
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3.5 Fractional Boundary Value Problem of nonlinear functional
equation

Consider the following problem

DL (D u)(t) = hit, u(t)), t€[0,1],
(3.4)

u(0) =0, u(l) = AL g(& u(€)),

where 0 < 01,09, < 1,01+09 > land h,g : [0,1] xR — R, are two continuous functions,
DFY is the 1h-Riemann-Liouville fractional derivative of order o € {o1, 05} which is defined
on chapter 1, which depends on an increasing function v, Zg j”r’¢ is the 1-Riemann-Liouville

integral of order o3 > 0 and \ > 0.

Proposition 3.1 [?] Let 0 > 01,09, < 1, 01 + 02, A\,03 > 0, and h,g : [0,1] x R — R are
two continuous functions. Then the fractional boundary valus problem (3.4) is equivalent

to the following integral equation

1

01+ 02

) =gy | 00 = 0 s )

0 [ [ O = 067 g )
A

¢ ! o3—1
o [ ) = v s us)s (35

¥(t) — ¥(0) )"1+"2‘1
(1) —(0) '

Proof: See |page 4, |?]] n

where 7(t) = (

Existence and uniquness result

Theorem 3.1 [?] Assume that the following assertions holds

(AS;) There exists a real constant A > 0 such that

|h(t,u) — h(t,v)| < Alu—v|, t€][0,1], u,veR.
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(AS2) There existes an 1) — RL integrable function © : [0, 1] — R™ such that
lg(t,u) — g(t,v)] < OW)|u—v|, te€][0,1], u,veR.

(AS3) The real constant k satisfies

240 () = VO) |\ Fesige) < 1

0<k=
F(Jl+0'2+1)

Then, the FBVP (3.4) admits a unique solution.

Proof: See[page 6, |?] n

3.5.1 Approximation of the solution via artificial neural networks

For our numerical application, we have the following FDP:
1 res . 1
“u(t) + =itz — P telo,1
2

256
~ 3r+256 J, 4

t2
Dy (D3
(3.6)

1 1 3 1 128ﬁ
,l/}<) ) 27 01 (27)02 47 g3 27 37T+256’
1 s 1+ 1
h(t,u(t)) = ~u(t t2 — —t3 and

g(t,u(t)) =24 u(t)

Applying the density result of Theorem (2.3) to the solution u of the integral equation
(3.5) and its compact fixed point formulation Fu(t) = u(t) where F : Y — Y with
Y = C([0, 1],R) equipped with the norm ||u|| = max,c(o1|u(t)], is defined by (3.5), states
that for all € > 0, there exists a function u, € NN ; such that |[Fuj, —up||e < € which

h depends on weights and biases.
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S X _— X K _—
LK

d . _
2O e
N ORI

Input Layer & &' Fidden Layer e B Hiddenlayer e B Hiddenlayere B85 Output Layere B

Figure 3.5: The correponding architecture of an artifcial neural networks of functions of
the set NNY |, with three hidden layers

Here are the yielded results:

LB — True
-=- Newral network approximation
0.3
1 4
%
5
i A
0.2 -
0.0 ______//
0.a ni 0.4 06 0.E 1.0
K

Figure 3.6: The exact soution compared to its approximate solution. Loss function=
MSE, optimiser = Adam, learning rate = 0.01, number of epochs = 1000
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3.6 Fractional integro-differential value problem

Consider the following IVP:

Dg. d(x) + Yoo D (z) + ph(d(x), ¢ (2), ..., ™ ()

+ [, K, )o(t)dt = &(x), z € [0,1], ¢(0) = do, (3.7)

$(0) = do, ¢/(0) = d, ... 9™ (0) = dyp,

\

where m < 1, m < o < m+ 1, a,b,u, A\;,d;(i = 0,1,...,m) are known constant real
numbers, h : R"" — R is a continuous function and “D) . stands the Caputo fractional

derivative of order [ and K(x,t) is a separable kernel which can be expressed as follows:
K(a,t) = V(2)o(t)

We consider the Banach space B = C?([0,1],R) (the space of all functions of class
C? in [0,1] with values in R endowed with the norm |¢| = max |¢(z)|, the operator

z€0,1]

G:B — Bby:
Go(z) = 2 %.ﬁlﬁk + I§ &(x) — % /Ox(a: — 8)* 7 1g(s)ds — Z ﬁ /Ox(x ) <gb(s)
1djj s — —F xw—sa_l s),d'(s),d"(s))ds
D TR~ N A OO

1 ! a—1 ’
R /0 (x — ) Yu(s)ds | o(t)o(t)dt. (3.8)

a

is equivalent to (3.7).
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3.6.1 Approximation of solution via ANN

Here, we are interested in the following IVP:

Chotn) + ¢/@) + VT + 6017 0w + sin( T e Loty = &)

¢(0) =—-1,  ¢(0)=0, ¢"(0)=0.

(3.9)
6

3
where £(z) = m\/i + (12 4+ V/3)x + sinz — 1—069‘*’

Using the density property in the space C*([0, 1], R) of the set of mappings constructed
by (ANN) and the continuity of the operator G and its fixed point equation Gp(x) = ¢(x)
where G is defined by (3.8), one affirms that for any € > 0, there exists a function

on € NN 1.4 satisfies
|Gdn — dnll2 <€

which h depends on weights and biases.

Here are the yeilded result:

001 — True, @=5/2
Meural network approximation

u

0.6

-1.0 4

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 3.7: The exact solution compared to its (ANN) approximate solution
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3.7 Fractal-fractional order mathematical model on the spread

of Coronavirus (COVID-19)

Consider the following fractal-fractional order mathematical model on the spread of the

Coronavirus (COVID-19):

PPEDRS() = N (e) ~ [~ ()
HmD%UﬂIé%%%%~%v+MMﬂ, (3.10)
TPPDYYR(t) = 71(t) — uR(1),

endowded with the initial conditions

S(0) = So, I(0) = Iy, R(0) = Ry

where 7PPD§} is the fractal-fractional derivative with the fractional order o € (0, 1] and

)

the fractal order v € (0, 1] via the power law type kernel. Note that all parameters used

in the model 3.10 are non-negative and the models state functions are defined by

N(t)=S(t)+ I(t) + R(t),

where N(t) is the total population at the time t € O := [0,7],(T > 0), fI and Hﬁ
represent respectively the infection force of the disease and the crowding effect. Moreover,
the parameters u,y and 8 denote respectively, the death rate, the recovery rate and the
transmission coefficient.

The fractal-fractional equations system (3.10) is equivalent to the following integral

equations system:
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;

S(t) = Sy + ﬁ Tt — 0)e 1 2, (v, S(v), I(v), R(v))do,
1(t) =1Io + ﬁ [0t — )21 Z5(v, S(v), I(v), R(v))dw, (3.11)

R(t) = Ry + ﬁ JEur=i(t — v)e L Z4(v, S(v), I(v), R(v))dv,

\

where Z;, Z5, Z3 are the second members of the system (3.10).

Existence Result

Theorem 3.2 Let Z € C(O x X, X). Suppose that
(HY1) There exist ¢ € L' (0, [0, +00)) and an increasing function B € C([0, +00), (0, +00))
such that

Vi€ Oand ke X, [B(L k(1) < p()B(Ik(1):

(HY) There exists a > 0 so that

QTv-H/—l r ( 0

k -——'B
o > Ko+ F(Q+V> Yo (&)7

Then the given fractal fractional model of (COVID-19) (3.10) admits a solution on O.

Uniquness Result

Theorem 3.3 Let the functions S, I, R € C(O,R) and assume that [|S]| < A, ||I]] <
Ao, || R|| < Ag, for some constants Aj, Ay, A3 > 0. Then the given fractal-fractional model

of (COVID-19) (3.10) has a solution if

o™ (o)

Li<1, i€{1,2,3
Lo+ v) 1ed }

3.7.1 Approximation of the solution via artificial neural networks

Using the numerical solutions obtained by Adams-Bashforth, we simulate and discuss the
behavior of our mathematical model based on different values of the parameters pu = 0.15,
B =0.55 a =0.45, v = 0.25 and T = 50, with the following initial condition values for

state functions S(0) = 80, I(0) = 40, R(0) = 20.
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Applying the density result of Theorem (2.3) to the solution k of the system of integral
equations (3.11) and its compact fixed point formulation Gk(t) = k(t) where G : X — X,

X =K x K x K, with K= C(0,R) is defined by

Gk(t) = k(0) + - ] /t vt —0)e Z (v, k(v))dv (3.12)

T(0)

where k(0) = ko = (S(0), 1(0), R(0)) and k(t) = (S(t), I(t), R(t))
k[l = [[(S, 1, R)||x = max{[S(¢)| + [[(D)[ + |[R(t)| : ¢ €O}

and Z = (21, Z,, 23), it states that for all € > 0, there exists a function k, € NN 54
such that ||Gk, — kp||2 < € where h depends on weights and biases.

Here are the yielded result:

v=p =080 Aadams-Bashforth{AB) and ANN method
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Figure 3.8: Numerical simulation for fractal-fractional dimension-order o = v = 0.80 via
two approximation methods. For ANN method, we used: learning rate=0.001, Optimizer
= Adams, Number of epochs = 30000
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Conclusion and percpective

In this master thesis, we have introduced the concept of Approximation Theory with
Artificial Neural Networks (ANNSs), including the universal approximation property of
ANNS, review some error estimation results and providing numerical simulations with
Physics-Informed Neural Networks (PINNs) using the deepxde library on several appli-
cations. Our results show that ANNs are a powerful tool for approximation theory, so it
can be used to approximate functions and solutions of partial differential equations with
high accuracy and efficiency. The use of PINNs and deepxde allows for the incorporation
of physical constraints into the training process, which leads to more robust and accurate
solutions. The study could be extended to use the ANN methods to solve more complex

fractional boundary problems and variational inequalities problems.
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CHAPTER 3. APPLICATIONS OF ARTIFICIAL NEURAL NETWORK
IN APPROXIMATION
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