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Preliminaries and Notations

V: real Hilbert space with scalar product (V, || ||v/). We are also given K closed

non empty subsets of V with K C V.

a(,) : V xV — R bilinear continuous and V. Elliptic from on V' x V.

continue : 3¢ > 0Vu,v €V |a(u,v)| < c|lullv]v]v

ceorcive :3 a > 0 Vu,v € V |a(u,v)| > ofjull? .

V' the dual space of V.

L : V — R continuous, linear functional.

In general we do not assume a(.) to be symmetric, since in some applications non-symmetric
bilinear forms may occur naturally.

§(.) 1 V — R = RJ{oo}is convex, lower semi-continuous and proper .
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Introduction

Numerous problems in Mechanics, Physics and Control Theory lead to the study of systems
of partial differential inequalities, the solution of which leans heavily on the techniques of so-
called variational inequalities(see [I8]). In the last fifty years, variational inequalities have
become a useful tool in etide nonlinear problems in physics and mechanics. The theory
of variational inequalities were made from the results of unilateral problems obtained by
Signorini (see[I]) and Fichera(see [17]). The mathematical theory obtained by Stampacchia
(see [8]), Lions and Stampacchia (see [I5]) and then developed by: Brézis (see [12]), (see
[13]), Stampacchia(see [II]), Lions(see [16]), Mosco (see[22]), Kinderlehrer (see [5]) and
Stampacchia (see [23]), and the approximation of variational inequalities are reminded, the
contributions Mosco (see[20)]), Lions and Trémoliéres or Glowinski ([21]). The unilateral
contact of elastic bodies with or without friction often encountered in modélisation. In 1964,
that G.Fichera (see [9]). a pu résoudre ce probléme en utilisant quelques propriétés des
inéquations variationnelles elliptique. The mathematical study of problems contact began
in 1972, with the work of Duvaut and Lions, or there are results of existence and uniqueness
of several problems contact, but in the linear case. In this memory we present in the first
chapter. Useful mathematical preliminries. In second chapter we study the uniqueness
results for EVI of first kind and second kind. Next in the third chapter investigate an
abstract internal approximation of EVI first kind and second one. As au example we
use the Finite Element Method on a specefic, simplified obstacle problem. In the end we

conclude our work by a conclusion involiving the main result and some perspectives.



Chapter 1

Mathematical preliminaries

1.1 Some functional spaces

We recall below some definitions,(see [3]) and theorems of classical functional analysis that
will be used in later later chapters, here all the functions considered are real-valued real,
let x € R" Q over in R, K C Q , m positive integer, « is an integer multiple,|a| = > " |

then we define the differential operator:

dlel

" dyy . dlr

we denote by C(2),the space of continuous real functions on €,they say it is relatively K
, compact in €,if the adhesion of K,is a compact (closed and bounded) included in 2 was

noted by K CC €2 also be denoted by:
C"={vel): D*ve CQ) for |a] < m}
called support of function v defined on €2 all closed

suppy = {z € Q,v(z) # 0}
we say that the function v is compactly supported in €2, fnotes : ssupv CC €2

C™m={veC™Q): visa support compact in 2}
C=(Q) = [ C™(9Q)
m=0
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we will denote by D(Q2) called the space of test function, space C§° indefinitely differentiable
functions with compact support in (Q)with the topology of inductive limit as in the theory
of distributions of L. Schwarz we notes D'(€2) the dual space of D (), therefore the space
of continuous linear forms on D(2), D'(2) is called the space of distribution (or generalized
function) on (), and is provided with the dual topology strong (f; — f in D" if < f, ¢ >
Vo € D(Q) ) ou < .,. > is the product of duality between D'(Q) et D(R), for given by :

LP(Q) = {v mesurables on Q ,||v|, = (/ |v|pdx>% < oo}
)

we recall that (L”(12)), ||||,) a Banach space is separable, and for 1 < p < oo reflexive.

for p=2, space is a Hilbert space with the scalar product:
<u,v>= /Qu(x)v(x)dx
we will identify the space L? to its dual, for p = oo we denote by:
L>(Q) = {v as measured on ; such as ||v||oo = supesszeql|v(x)| = inf{{C,|v(x)| < Ca,ex € Q}

reminder that ( L>(Q), ||||)e ), there is a space of banach, for all 1 < p < oo one inequality
of holder :

/Q u(z) v(@)dz < [|ull, o],

Theorem 1 The space C§°(2) is dense in LP(Q) V 1 < p < co. we say that X — Y, for
(X, ||-lx) and (Y,].|ly-) norms space, means X C Y with continuous injection, that is to

say there exists a constant C such that

[ully < Cllully Yue X.

1.2 Sobolev spaces
1 < p < o0, we have D(Q2) — LP(Q) — D'(Q) We will define the Sobolev space(see [14)])
WmP(Q) = {v, D% € LP(Q), for |a| <m},

3



with the norm
a, ||P e ;
[ollyms = (Siatem ID™0I2) " if p € [1,00)

[ullyyms = max [ D%]|
al<m

|al
is a Banach space . We denote by Wi (2) adherence of C§° in the space W™F(Q); For all

p € [1,00) we have
WP(Q) — W™P(Q)P — LP(Q).

In the case p = 2 we use the notation
H™(Q2) = W™P(Q).
equipped with the scalar product
(u, v>2’m = Yjaj<m (D%u, D).

The space H™(Q) is a Hilbert space. We also posed HY"(Q2) = W3""(Q2) the negative Sobolev

spaces are dual spaces of spaces WP (Q)
Wy ™P(Q) = (W™ (),
with the norm
Jul )
ull mmp oy = SUp
Wo ™) ueWgmP(Q) ||U||wg”vp(9)
The space Wy ™ (Q) is Banach( separable and reflezive ,if 1 < p < 00). Since D(Q) is
dense in HJ (), then we have H}(Q) C L*(Q2) € HY(Q).

Theorem 2 Suppose that () satisfies the property of the cone and 1 < p < oo. Then

1. C(Q) — WP (Q) with the dense injection.

mp—n mp—n

2. ifmp > n then WP (Q) — C*(Q) whatever integer k with —1<k< p

1.3 Coercivity

Definition 3 a:H x H — R s called coercive if there exist a constant ¢ > 0, such that
a(z,z) > c||z||* for all xin H

(see [6])



1.4 Strong convergence

Definition 4 A sequence {x} CX in a normed space converges strongly to ©r € Xif
|zn — z|]] — 0 as n — oo.

Notationally

lim, .z, = x or 1z, —> x Notice that this is just convergence in the norm of X, that
18, it 1s vergence as we normally think of it. The terminology “strong” is useful to avoid

confusion with the following other type of convergence.

1.5 Weak convergence

Definition 5 A sequence {x} C X in a normed space converges weakly to x € X if for every
f € xy, we have that |f(x,) — f(x)] — 0 as n —> oo. That is, the sequence {f(x,} C F
converges to f(x) € F.

Notationally,

T, — x, Strong and weak convergence are the same on nite-dimensitonal normed spaces,

which is why the distinction is not made in calculus. But they are not the same in general,
(see [7])
1.6 Convex

Definition 6 (Convexity of function) Let f be function f: I — R is called convez if :
v.%'l,l'g e X Vt e [01] .

fltwy + (1= t)z) <tf(21) + (1= 1) f(22).

Definition 7 (Convexity of set) all said C is convex if :
Vo, g€ X VE€[0.1], toy+(1—t)ag e C



1.7 Stampacchia theorem

Theorem 8 (Stampacchia) Let H be a Hilbert space and let a(.,.) be a continuous and
coercive bilinear form on H . Let K be a closed and convex subset of H. Then given f € H

there exists a unique u € K such that
a(u, v-u) = (f, v-u), forallve K .
Proof. (see [T])]) m

1.8 Riesz representation theorem

Theorem 9 Let H is a Hilbert space. For all F € H' (dual to H), there is a unique v € H,
such that : f(v)= < u,v> Yu € H, more we have: ||F||z = ||v||n - (see [19])

1.9 Schauder theorem

Theorem 10 E is a Banach space and k C E convex and compact
then any continuous mapping, f : K — K, has a fixed point.
i.e.,.3x € K such that f(x)=x.

Proof. (see [}]) m

1.10 Contracting and strictly contracting

Definition 11 Let X space complet let ¢ : X — X be

contracting if :
lo(u) — ()|l x < Cllu—2|x,Vu,v € X and 0 < C <1
Strictly contracting if :

lp(u) — e(v)||x < Cllu—vl|x,Vu,v € X and 0 < C < 1



Theorem 12 Let X space complet let, p : X — X be strictly contracting , then ¢ has a
unique fized point x (thatisp(x) = x)



Chapter 2

Variational Inequalities

2.1 EVI of first kind
any inequality of the form

(Pl){a(u,v—u) >Llv—u)Vv e K
ue K (2.1)

called a variational inequality of first kind, where K CV and a(,): V xV — R bilinear.

2.1.1 Existence And Uniqueness Results For EVI of First Kind

Theorem 13 if a (.,.) bilinear form continuous coercive, on V- x V and <.,.>, defines a

continuous linear form, on V. — R and K closed convex in V.

then :

the problem(P1) has one and only one solution (by stampacchia)
Proof. Uniqueness

Let uy and ug be solution of (Py) , we have then
a(uy,v—uy) > L(v —u))Vo € K,u; € K (2.2)

a(ug,v —ug) > L(v —ug)Vv € K,up € K (2.3)



putting uy for v in , and us for vin , we get :
a(uy,ug —uy) > L(ug — uq) (2.4)
a(ug, up — ug) > L(ug — ug) (2.5)
by the add and we get:
a(uy — ug, uy — ug) >0
we using the coercivity of a (, ):
—a(ug — ug,up —uy) > 0= allug — w3 <0

wich proves wy, = us since a > 0

Proof. FExistence
We will reduce the problem (P1), to fized point problem.
By the Riesz representation there ezist: (Au, v) = a(u, v) Yu,v € V and L(v) = (I, v)
Vv e V.

(w,v —w) = p(l,¢) + (u,¢) — pa(u,p) Vv € K

admits a fized point u=Tr — u solution for (P1) ezistence for all u € K, p > Ois

{ findu e K (2.6)
(P1x)
(w,v —w) > (Fu,v—w) Vv € K

(P1*)admits uniquensse solution w = PyF),,( according to the projection theorem w= Py

F, . there is unique in K [10)])

T:u—w

(FPJM ¢) = p(lv ¢) + (u7 (b) - pCL(“? (b)



to prove that T, admits a fived point, it suffices to prove that it is strictly contracting .
1Ty — Tpasllv < C Jlur —uslv for ¢ < 1

w1 — wally < Cllur — usa|ly

for C < 1

(w1, v —wi) = (Fpu,, v —wi)
for v = wy
(we,v — wa) = (Fpu,, v —wy)for v =uy

(Wi, wy —wy) — (wo,wy —wy) = (Fpyy, wa —wy) — (Fpy,, wo —wn)
(U)1 — Wz, W2 — wQ) > (Fp,ul - pruw Wy — wl)

[ws — wi|[§ < (Fpuy = Fpuys wa — wi)
lws — w1} < (1 Fpus = Fpullv[lwe = willv
[wa — willy < [[Fpuy — Fpusllv
(Fouz = Fpur, @) = p(l,0) + (u2, ¢) — pa(uz, ¢) — p(l, ) — (u1, ) + pa(us, @)

(Fp,u2 — Fy s ¢) = (ug — u1, ¢) — paug — uy, P)

(Fpuz = Fpurs #) = (u2 —w1) — p Auz — w1, )
[(Fpuz—Eprs @), )| < L =pAllv|[ue—uillv|9llv = [ Fpus—Fpullv < [[I=pAllv [[ua—ur|lv
if I —pAly <1

(I = pA)lli, = (I — pA)v, (I — pA)v)llv
I(I = pA)olli = |vll§ — 20(Av,v) + p?|| A,
(I = pA)olli < vl = 2pallo)l® + PP AIPIJ0]IF < (1 = 2pa + P Al l0]I5
2a

(1-2pa+ PJA4}) <1 = 0< p € ——
A5

10



for p €10,
T, strictly contracting admis a fized point Tyu =u , w = u
(w,v—u) = (Fpu,v—u) Vu e K
(u,v —u) = p(l,v —u) + (u,v —u) — pa(u,v —u) = a(u,v —u) = L(v —u)

u is the solution of problem (P1). m

2.2 EVI of Second Kind

Any inequality of the form
a(u,v —u)+j()—jlu) > Llv—u) Vv € K (2.8)

ek

called a variational inequality of Second Kind, where j(.):V — R.

2.2.1 Existence And Uniqueness Results For EVI of Second Kind

Theorem 14 If a (.,.) continuous coercive, on 'V x V and, that K the set is # ¢ and K

closed convex in 'V, and j(.) is semi-continuous convex function.

then:

the problem (P2) has one and only one solution
Proof. Uniqueness
Let uy and ug be tow solution of (P2),then we have

a(uy, v —uy) +j(w) —j(ur) = Llv —uy) Yuy €V
alug, v —uz) +j(v) — j(uz) = L(v,us — uz) Vuy €V
we putting uy in v and ug n v by the adde we take :
a(u,uy — uy) + a(ug, u; — ug =0

11



— —a(u; — ug,u; —ug =0

a(u; — ug,uy — us < 0 by the coercivity
a |l uy —uy ||3< aluy — ug, up — up) <0

||U1 —UQHV =0= UL = U9

Proof. Fxistence
Foru €V and p > 0 we associate a problem of typ (P2) defined as below:
(wo-w) s p i) — pjw) = p Lv—w)p— alw,v—w) + (u,v-w)

{fmd w €K (2.9)
(P2x)
a(w, v —w) + pj(v) = pj(w) = (v —w) + pL{v — w) = pa(u, v — w)

foiu— w= f,(u)
if f, admits a fized point w =Tz and, f(u) =u , p>0.

to prove that f, admits a fized point, it suffices to prove that it is strictly contracting
0<cx1
1fo(ur) = foluzllv < cllur —usllv Yui,uz €V

let wy = f,(u1) and wy = f,(us2) such that:

(wi,v —wy) 4+ j(v) — j(wy) = (v —wy) — pa(ur, v —wy) + (ug, v — w)
forwy =v: (wy,wy—wq)+j(wy)—j(wy) = (wy—wq)—pa(uy, we—ws)+(uy, we—wy) (2.10)
forwy = v : (wa, w1 —wy)+j(w)—j(wa) = (w1 —wsy)—pa(usg, wy —ws)+(us, wy —ws) (2.11)

adding [2.10 and [2.11) we have then :

(w1, wa—wy)+(wa, w1 —ws) = —pa(uy, we—wr)—pa(usg, we—wq )+ (ug, Wy —w1 )+ (usz, W —ws)

12



(we — wy, w1 — wy) = pa(u; — ug, wy — we) — (U — Uz, Wy — Wy)
— (w1 — wy, wy —wy) = pa(uy — ug, wy — wy) — (U — ug, Wy — wWo)
|wr — wal|} < (uy — ug, wy — wy) — paluy — ug, wy — ws) (2.12)

we have

(U1 — ug, wy — wy) < flur — ug||v|lwy — wsl|v
a(u,v) = A(u,v)
a(uy; — ug, wy; — ws) = (A(ug — ug), w; — ws)
a(uy; — ug, w; — we) = ((ug — ug) — pA(ug — ug), w; — ws)
a(uy; — ug, w; — wg) = (I — pA)(ug — ug), w — ws) (2.13)
(I = pA)(ur — ug), wr — wa)| < [[(I = pA[[lur — uell[[wr — wal
with Compensation m we get:

[y = wally < = pAllvlur = uallv

of
11— pAly <1
(T = pAYell2 = (I — pAYo, (I — pAY)
(T = pAyell2 = l0l3 — 20(Av,0) + 2 AI o2
1T = pAyell2 < (1= 2ap+ 2ILARllel2
(1= 2pa+ PlAR) <= 0<p<
[P
[, strictly contracting Ju eV, f,(u) =u for p €]0, Hflﬁ%/]

fo(u) = w admis a fixed point w = u

(w,v —w) + (v) — (w) = pL(v — w) — pa(u,v — w) + (u,v — w)
(u,v —u) + (v) = (u) = pL(v —u) — pa(u,v —u) + (u,v — u)
a(u,v—u) + j(v) — j(u) > L(v — u)

= u is the solution of problem (P2).

13



Chapter 3

Numerical approximation of Variational
Inequalities

3.1 Internal approximation of EVI of first kind

3.1.1 The approximation of V and K

We are given a parameter h converging to 0 and a family (V) of closed subspaces of V. (In
practice Vj, are finite dimensional and the parameter h varies over a sequence). We are also
given a family (Kp)n of closed, convex, non-empty subsets of V with K, C V,, Yh (in general
we do not assume K, C K) such that (Kp)y, satisfies the following two conditions : (see [19])

o (i) If (vp)n is such that Vi, € K, Yh and (vy)p, is bounded in V then the weak cluster
points of (vy,)y belong to K.

o (ii) Assume there evist XC V,X = K and 1, : X;, — V such that limj,__orpv = v
strongly inV, Yv € V

Remarques

1. If K, € K Yh then (i) is trivially satisfied because K is weakly closed

2. A useful variant of condition (ii), for ry, is (ii) Assume . there exists a subset X C V
such that X = K and 1, : X — V), with the property that for each v € X, there

exists hg = ho(v) with ryv € Ky, for all limy,__orpv = v strongly in V.

14



3.1.2 Approximation of (P1)

V real Hilbert space with scalar product not (Vi ||||n) ,we are also given (Kp)p is closed,
convex ,non emply subsets of V with K, C 'V}, .

a(,) : V xV — R bilinaire, and L :V — R continue.

continue

Je > 0,Yup, vn, € Vi, |a(un, vs)| < cllunllv|jvnllv

coercive

3e > 0,Yup, vn € Vi, la(un, va)| = allva|f

a(uh, UVp — uh) > L(’Uh — Uh> Vo, €Ky, (31)
(Phl){
uy, € Ky,

The problem (Py1) has one and only one solution (by the theorem 13).

3.2 Convergence results

Theorem 15 With the above assumptions on K and (Kj),we have limy__o ||up, — ully =0
with upthesolutionof (Pnl) and u the solution of (P1).

(1)Estimation for uy

We will now show that there exist constants C and Cy independent of h such that
lunll¥ < Cillunllv + Ca, VA (3.2)
Since uy, is the solution of (Pn1) we have
a(up, v, —up = L(vy, — uyp), Yo, € K, (3.3)

a(up,up) < alup,vy) — L(vy, — up)

by coercivity we get :
allunlly < I Allvllunllvilvally + IZIv (lonllv + lunllv), Yon € K (3.4)

15



Let vy € X and v, = rpvg € Ky, By condition (ii) on Kpwe have rvg — vg strongly in 'V
and hence ||v|lv is uniformly bounded by a constant m. Hence can be written as

1
lunlli < ~((mllAlv + 12l lwnlly + [ LIvm) = Cilluallv + Cs

where Cy =X (m||Ally +||L|lv) and Cy = = ||L|y implies
Junllv < C (3.5)

Weak convergence of (un),
Relation guves uy, s uniformly bounded. Hence there exists a subsequence say up, such
that uy, converges to u* weakly in V. By condition (i) on (K), we have u* € K. We will

prove that u* is a solution for (Py), We have:
a(up,, up,) < alup,,vn,) — L(vp,, up,) Yop, € Kp, (3.6)
let v € X and vy, = rp,v then (3.6) becomes
a(up,, up,) < alup,, rr,v) — L(rp,v, up,) Vrp,v € Ky, (3.7)

Since rp,v converges strongly to v and up, to u* weakly as h; — 0 taking the limit in
we get
lim inf a(up,,un,) < a(u*,v) — L(v,u”) Yo € X (3.8)
h—0

also we have
0 < alup, —u*,up, —u*) < alup,, up,) — alup,, u”) — a(u™, up,) + a(u™, u*)

a(uhiv U*) =+ a<u*? uhi) - a(U*7 U*) < a(”hi; uhi)

by taking limit we obtain

a(u*,u*) < lim inf a(up,, up,) (3.9)
hi—>0

from (@ and we get

a(u*,u*) < lim infa(up,up,) < a(u*,v) — L(v,u”) Yo € X
hi—>0

therefore we have
{ alu v —u*) > Lv—u") Vv € X (3.10)
u' e K

16



Since X is dense in K and a(.,.), L are continuous, we get from
{ a(u v —u*) > Lv—u") Vv € K (3.11)
ut e K
Hence u* is a solution of (P1). By Theorem (Lions — stampacchia) the solution for (P1)

is unique and hence u* = u is the unique solution,Hence u is the only cluster point of (up)p,

in the weak topology of V. Hence the whole {up}, converges to u weakly.

Strong convergence

we have by coercivity of af(.,.)
0 < allup —ull? < alup, — u,up — u) = alup, up) — alup, w) + alu, up) +alu,u) — (3.12)

wher uy, is the solution of (Pyl) and u is the solution of (P1). Since uy, is the solution of
(Py1) and rpv € Ky, for any v € X, we get by (P,1)

aup, up) < alup, 7v) — L(rpv,up) Yo € X (3.13)

Since limy, o up, =u weakly in V and limy, o ryv =v strongly in V (by condition (ii)) we
obtain, from , and after taking the lim, that V v € X we have:

0 <liminf alluy —ul? < alimsup |Ju, — ull} < a(u,v —u) — L(v — u) (3.14)

By density and continuity, also holds ¥ ve K, then taking v = u in we obtain
that

lim [Jup, — ]} =0 (3.15)
h—0

3.3 Internal Approximation of EVI of Second Kind

3.3.1 Approximation of V

Given a real parameter h converging to 0 and a family (Vi) of closed subspaces of V (in

practice we will take Vj, to be finite dimensional and h to vary over a sequence), we assume
that (Vi,)n satisfies.

e (i) there exists U CV such that U = V and for each h, a map 1, : U — V}, such that

lim,__,o7r, v = v strongly in V, Vv € U.
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3.3.2 Approximation of j(.)

We approximate the functional j(-) by (jn)n where for each h, jp satisfies

{jh Vi, — R (3.16)

Jn is convex, 1, s,c and uniformly proper in h.

The family (jn)n is said to be uniformly proper in h if there exist A € V* and u € R such
that
j(’Uh) = )\(Uh) +u Yu, € Vi, Vh (317)

Furthermore we assume that (jp)n satisfies

(i) if vi, — v weakly in V then

lim infj,(vn) = j(v)
h—0

(13) limy,_o jp(rpv) = j(v) Yv e U

Remarques

1. In all the applications we know, if j(-) is a continuous functional then it is always

possible to construct continuous jy, satisfying(ii) and (iii)

2. In some cases we are fortunate enough to have ji(vy) = j(vp)VopVh and then (i) and

(111) are trivially satisfied.

3.3.3 Approximation of (P2)

We approximate (P2) by

(P 2) a(uh,vh — uh) +jh(vh) — jh(uh) Z L(Uh — uh) W vy € Vh (318)
h
up € Vi,

the problem (P,2) has one only solution (by theorem 14).
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3.3.4 Convergence results
Theorem 16 Under the above assumptions on (Vi,)n and (jn)n we have

lim [Jup —ully =0 (3.19)
h—0
{ lim jp(up) = j(u)

h—0

Ase in the proof of Theorem 15, we divide the proof into three parts.
(1) Estimation for uy,

We will show that there exist positive constants C1 and C2 independent of h such that
llun|l} < C1|up|ly + C2 (3.20)
Since uy, is the solution of (P,2) we have By using relation we get
allunllv+ < X un > +p < | Alllunllllonllv + 1a(va) | + LIy (lonllv + llunllv)

allunlly < IMlvllunllv + |ul + 1Al llusllvlonllv + Lnea)] + LIy (lowllv + lually) (3.21)

Let vy € Uand vy, = mpv9. By using condition (i) and (iii) there exists a constant m,
independent of h such that ||vn]l, < m , and |jn(vy| < m. Therefore can be written

as

Junlly < SN+ Al + 1Ll + 220+ 120 + 2
lull? < Cllunlly + C2
1= (Al + I Allym + 1)
and
2= "+ L) + 2
and implies
[unllvy < C Vh (3.22)

where C is aconstant

(2) weak convergence of (up)

Relation gives that uy, is uniformly bounded. Therefore there exists a subsequence
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(up,)n, such that u,, — uy, weakly in V. Since uy, is the solution of (Py1) and rpv € V,Vh
and Yv € U we get:

a(uhw Uhi) + ]hL (uhz) < a(uhiv Thiv) + jhi (Thiv) - L(Thiv - uhi) (323)
By condition (iii) and weak convergence of {u,} we get :
hlimo infla(un,,un,) + g, (up,)] < a(u*,v) +j(v) — L(v —u*) YoeU (3.24)
H
As in and using condition (ii), we get :
G<U*a U*> + ](U*) < lim inf[a<uhi7 U’hi) + jhi (uhz)] (325)
h—0
From , and using the density of U we have

{ a(u* ;v u*)+jw) —jw) > Lv—u) Vv €V (3.26)

ux €V

This implies u* is a solution of (P2). Hence u* = u is the unique solution[3.26 of (P2) and
this shows that (up) converges to u weakly.

(3) Strong convergence of (uy)y,
We have by V -ellipticity of a(.,.) and by (p2h)

alluy, — u||%/ + Jn(un) < alup — w,up — w) + jn(up)

= a(up, up) — alu,up) — alup, w) + alu, w) + jp(up) <
a(up, 7av) + Jn(rav) — L(rpv — up) — a(u, up) — a(up, u) + a(u, u) Yo € U (3.27)

The right hand side of inequality tends to a(u, v - u) + j(v) - L(v - u) as h — 0
Yv € U. Therefore we have

lim in fo—oin(un) < limanfosolallun — ullf + ju(un)] <

< lim supn—olallun — ul[ + jn(un)] <

< a(u,v—u)+jv) — Llv—u) Yo e U (3.28)
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By density of U, holds Yv € V. Replacing V by u in and using condition (ii)

we obtain
Jj(u) < lim inf jp(up) < lim sup [of|up — u||%/ + Jn(un)] < ju) (3.29)
h—0 h—s0

this tmplies that

}}im sup [o|lup, — ully + jn(un)] — j(w) =0
—0

]}im sup [of|up, — ul)3] + [}}Hn sup jp(up) — j(u)] =0
—0 -0

{ Jim sup gu(un) = j(u) (3.30)

hliglo inf ju(un) = j(u)

by and z'mplz'es we have :
lim sup ju(uz) = j(u)
h—0
and
hlino sup ||lup —ully =0

this proves the theorem.

3.4 The continuous problem

The physical interpretation of this problem is the following: let an elastic membrane occupy
a region in the x1, xo plane; this membrane is fized along the boundary I' of . When there
is no obstacle, from the theory of elasticity the vertical displacement u, obtained by applying

a vertical force F

C.P

—Au=fin Q (3.31)
U|F =

u(z) = Y(z)Ve € Q
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a(u,v) = [, VU v
L) = o fv feIXQ)
fev=H1Q) and veV
V = H}Q)={ve HY Q) : v|l = trace de v sure ' = 0}
let v € HY(Q)NC%Q) and Y| <0.
K={veV,v=1y aeonQ}.

P { findu € K (3.32)
a(u,v —u) = L(v —u)Vv € K

Remarques

15 given by the Dirichlet problem :
—Au=fin Q (3.33)
U|F =0

Where f= %, t being the tension. when there is an obstacle, we have a free boundary

problem and the displacement u satisfies the variational inequality with being the
height of the obstacle. Similar EVI also occur.

3.5 Finite Element Approximations of (3.32

Henceforth we shall assume that is a polygonal domain of R%. Consider a “ classical”
triangulation of vy, , wris a finite set of triangles T such that

TCcQVTep, ,U,T =0

TYOTY=¢, VT, Ts € oy and Ty # Ty

oreover V11, Ty € py and Ty , Ty, exactly one of the following conditions must hold

1. TONTY = ¢.

2. Ty and Ty have only one common vertex.
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3. Ty and Ty have only a whole common edge.

As usual h will be the length of the largest edge of the triangles in the triangulation.
From now on we restrict ourselves to piecewise linear and piecewise quadratic finite ele-

ment approrimations.

3.5.1 Approximation of V and K

Py :space of polynomials in x1 and xo of degree less than or equal to k.

S, ={P €Q :Pis avertex of T € o1}

Yh={Pe),:P¢T}

Z/h = {P € Q: P is the mid point of an edge of T € i}

S ={Pe,:P¢T)

Y= and 5=, UL,

We have tringle arbitrary illustrates some further notations associated with an arbitrary
triangle T. we have m;r € Z;l, M;p € Y,. The centroid of the triangle T is denoted by G .

The space v = H}(Q)is approzimated by the family of subspaces (Vi) with k = 1 or 2 where

VE={v, € C'Q) :vplr =0and vp|r € P,V T € @} k=1,2

It is clear that V¥ are finite dimensional , It is then quite natural to approzimate K by

Ky ={veVyi:up) =vp) VPe 3} } k=1,2
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3.5.2 The approximate problems

For k = 1, 2 the approzimate problems are defined by
() a(uf, vy —uf) > L(vy, —uf) Vv, € KF (3.34)
M Wk e K

(PE) has a unique solution for k = 1 and 2.

3.6 convergence result

In other to simplify the convergence proof we shall assume in this section that let ¢ €

HY(Q)NCY(Q)and v < 0 in a neighbourhood of T.
Trapezoidal Rule and Simpson’s Integral formula

we have triangle arbitrary , prove the following identities for any triangle T.

(T)

/ wdz = %() 3" w(Mir) Vu € Pi. (3.35)
T i=1
meas.(T) <

/de:v = % Zw(miT) Vw € Py. (3.36)

=1

Theorem 17 Suppose that the angles of the triangles of py are uniformly bounded below
by 8 >0 as h — 0; then for k =1, 2

. ko ) _
Jim Jup, — ullggie) =0 (3.37)

where uf and u are respectively the solutions of Plkhcmd .

In this proof we shall use the following density result to be proved later:

DOQNK =K
To prove we shall use Theorem 15 ; To do this we have to verify that the following
two properties hold (for k = 1, 2):
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o (i) I f(vp)n is such that vy, € KF Yh and converges weakly to v as h — 0; thenv € K .

e (ii) There exists X, X = K and r} : X — KF such that lim;,__,qr¥v = v strongly in
VVvve X

Verification of (i)
Using the notations of triangle arbitrary and considering ¢ € D(Q)with ¢ > 0, we define

on by
On :ZTE% &(Gy) X1 where X is the characteristic function of T and Gr is the centroid

of T. It is easy to see from the uniform continuity of ¢ that
lim ¢, = ¢ strongly in L*(Q) (3.38)
h—0

Then we approximate by 1y, such that

{ Un € C°(Q), Ynlr € LV T €y (3.39)

Un(p) = (p) VP € T
This function vy, satisfies

lim 4, = 1 strongly in L>(2) (3.40)
h—0
Let us consider a sequence (vy)n, v, € KF Vh such that

lim v, = v weakly in V.
h—0

then limy__,ovy, = v strongly in L*(Q2) which, using (3.38) and (3.4(}), implies that

hliglo/g(vh — p)ppdr = /Q(’U — ) pdx (3.41)

actually since ¢, — ¢ strongly in L>=(Q) the weak convergence of vy, in L*(Q) is enough

to prove . We have
/Q("Uh — V) ndr = Z #(Gy) /(vh — tby)dx (3.42)

Tep T
From . and the definition of 1, we obtain for all T € y.

meas.(T)

/Q(Uh — y)dx = —3 [Up (M) — n(Mir)] ifk =1 (3.43)

3
=1

(2
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meas.(T)

/Q (e — o) = TS o) — ) 71 = 2 (3.44)

(see [19])
Using the fact that ¢, > 0, the definition of KFand the relations , it follows
from that

/@M~mwwm>ov¢e0m»¢>o. (3.45)
9]

so that as h — 0

/(v —)pdr = 0Vp € D(Y), ¢ > 0. (3.46)
Q

which in turn implies v = ¢ a.e. in Hence (i) is verified.
Verification of (ii).

From D(Q)( K = K it is natural to take X = D[ K.we define
riHLH Q)N COQ)— ViF as the “ linear 7 interpolation operator when k = 1 and “ quadratic”

interpolation operator when k = 1, i.e.

{%eWWmenﬂwm> (3.47)
(Fv)(p) = v(p) VP € S fork =1,2.

On the one hand it is known that under the assumptions made on @, in statement of

Theorem 17 , we have :
[riv — vy < CR*||v]| grrriq) Yo € D(Q) k= 1,2. (3.48)
with C independent of h and v . This implies that
lim ||rfv —v||, =0 ,Yv € X k=1,2. (3.49)
h—0
on the other hand it is obvious that
riv e KF Yo € KﬂCO(Q) (3.50)
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so that v} € ViF and
Ky ={veVy up) >v(p) VP e T }

veX=KND

v(p) = ¥ (p)
(rfv)(p) = v (p)

ifve X rive KF for K=1,2 In conclusion with the above X and v} , (i) is satisfied.

Hence we have proved the Theorem 17.

Corollary 18 (see [19]) If v+ and v- denote the positive and the negative parts of v for v
€ H'(Q) (respectively Hy(Q)) then the map v— {v+,v—} is continuous from
HY(Q) — HY(Q) x HY(Q) (respectively H () — H*(Q) x HY(Q) .also v— |v] is contin-

uous

Lemma 1 Under the assumptions we have D(Q) (K = K

Proof
Let us prove the Lemma in two steps.
Step 1
Let us show that

p={ve Kﬂ C%(Q) : v compact support in QY is dense in K. (3.51)
letve K, KC Hy(Q)implies that exists a sequence {¢p} in D(Q) such that

lim ¢, = v strongly in V.
h—> o0

define vy, by
vp, = maz (1, P) (3.52)

so that .
v =S[00+ 6n + e 6]

27



Since v € K, from Corollary 18 ,and relations follows that
1
lim v, = =[(¢¥ + v+ [¢ — v])] = max(,v) =v (3.53)
n—:=0 2

strongly in V
A From D(Q)K = K and it follows that each v, has a compact support in §)

va € K[ C°(Q) (3.54)

From - we obtain

Step2
Let us show that
D(Q) ﬂ o is dense @ (3.55)

This proves from Step 1, that D(Q) () K is dense in K. Let p, be a sequence of mollifiers .

pn € D(R?),p, =0 (3.56)

/R2pn(y)=1

m supppn, = {0}, {supppn} is a decreasing sequence

n=1
Let v € p. Let v extension of v defined by
v(z) if v eQ
and 0 ifz ¢ Q then © € H'(R?),let 0, = 0 * pyi.e

ite) = [ pule= )ity (3.57)
then
v, € D(R?) (3.58)
supp v, C supp v+ supp p;L
nli_r)noo v, = 0 strongly in H'(R?)

Hence from and (each v, has a compact support in ) we have
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supp(v,) C Q for n large enough (3.59)
We also have (since supp (0)is bounded)

lim ), = ¥ strongly in L>=(R?) (3.60)

Define v, = dlq ,then (5.59)- imply

v, € D(Q) (3.61)
{ lim v, = v strongly in Hy(Q) ﬂC’O(Q)

n—aoo

v € @ and P <0 in a neighbourhood of I' imply that there exists a o > 0 such that
v=0, v <0onQ, (3.62)

where Q, = {x € Q : d(z,I") < o} From and it follows that Y& > 0 there
exists an ng = no(§) such that
v(z) —§ < vp(z) < v(z) + Ve € Q- Qe (3.63)
vp(z) =v(x) =0 forz € Qg

Since Q) — Q22 is a compact subset of Q) there exists a functions 0 such that

e D) O >0inQ (3.64)
9(95):1Vx€Q—Q%

finally define W§ = v, + €0
Then from , and we have

lim = v strongly inHy ()

£—0

lim = v strongly inHgy(S2)

n——aoo

lim = v strongly inHg(Q)

n=no(§)

with w§, > v(z) = (x)Vz € Q so step2 s proved.
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Conclusion

The result of this work we have estabished the existence and uniqueness results For EVI of
First Kind and second knd and the Internal approximation of EVI of first kind and secend

one. the main result we use Finite Element Approximations on an obstacle problem. As

perpectives are the use of FEM for:

- dynamical signorini problem without friction
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