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Abbreviations and Notations

The different abbreviations and notations used throughout this dissertation are explained

below :
E[X] Expectation at X.

E[X|B] Conditional expectation of X given the o-field B.

var(X) Variance of the random variable X.

EDS Stochastic differential equations.

SFDEs Stochastic functional differential equations.

PSDERB Perturbed stochastic differential equations with reflecting boundary.
Q Fundamental space of a random experiment.

P Propability.

(Q,F,P)  Propability space.

{F:} Filtration.

(Q, A, P)  Probability space.

a.s. Almost surely.

i.e For every integer.

P—a.s Almost surely in propability.

a.e. Almost everywhere.

7.V Random variable.

r.c.l.l. Right continuous with left limits.
(Al LP-norm of the function f.
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Introduction

In recent years, there has been significant interest in the Carathéodory approximation
method ([9]). Researchers have explored various aspects of this technique for stochastic diffe-
rential equations (SDEs). For instance, Bell and Mohammed ([1]) extended the Carathéodory
approximation to SDEs and demonstrated the convergence of the approximate solutions. Mao
([6],]7]) investigated a class of SDEs with variable delays, focusing on the Carathéodory ap-
proximation of delayed SDEs. Turo ([14]) addressed the Carathéodory approximation for
stochastic functional differential equations (SFDEs) and established an existence theorem
for SFDEs. Liu ([5]) studied semilinear stochastic evolution equations with time delays and
proved convergence of the Carathéodory approximate solutions to the solutions of stochastic
delay evolution equations. Additionally, Mao ([§]) examined the Carathéodory approximation
scheme for doubly perturbed stochastic differential equations (DPSDEs) and established an
existence theorem for DPSDEs with non-Lipschitz coefficients. In this work, we will study
the Carathéodory approximate scheme of a class of one-dimensional perturbed stochastic
differential equations with reflecting boundary, This paper is divided as follows : In chaptre
one, we will explain the theory of stochastic calculus by providing definitions and properties.
The second chapter focuses on the study of existence and uniqueness of solution for stochas-
tic differential equations. Finally in chaptre three we prove that (PSDERB) have a unique
solution and show that the Carathéodory approximate solution converges to the solution of

(PSDERB) whose both drift and diffusion coefficients are non-Lipschitz.



Chapitre 1

Stochastic analysis

1.1 Conditional Expectation [4]

1.1.1 Integrable Random Variables

Théoréme 1.1 Let B be a sub-o-field of A, and let X € LY(Q, A, P). There exists a unique
element of L (2 , B,P), which is denoted by B [X|B], such that

VB e B, B[X15] = E[E[X|B]15]. (1.1)
We have more generally, for every bounded B-measurable real random variable Z,
E[XZ] = E[E [X|B] Z]. (1.2)

If X >0, we have E[X|B] > 0 a.s.
The crucial point is the fact that B [X|B] is B-measurable. Either of properties and

characterzes the conditional expectation E[X|B] among random variables of {X"> X7}. In

what follows, we will refer to or as the characteristic property of B [X|B].
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Proof. Let us start by proving uniqueness. Let X" and X be two random variables in

LY(Q, B,P) such that
VB e B, E[X"p] =E[X]5] =E[X"15].
Taking B = {X’ > X"} (which is in B since both X and X” are B-measurable), weget

E [(X’ - X77)1{X'>X”}} =0,

which implies that {X’ < X"} a.s., and we have similarly {X’ > X”} a.s. Thus {X’ = X"}
a.s., which means that X’ and X” are equal as elements of L'(, B,P). Let us now turn to
existence. We first assume that X > 0, and we let @ be the finite measure on (2, B) defined
by

VB e B,Q(B) =E[X5].

Let us emphasize that we define Q(B) only for B € 5. We may also view P as a probability
measure on (2, B), by restricting the mapping B — P(B) to B € B, and it is immediate that
@ < P. The Radon-Nikodym theorem applied to the probability measures P and () on the
measurable space (2, B) yields the existence of a nonnegative B-measurable random variable

X such that

Taking B = €, we have E [f(} = FE[X] < oo, and thus X € L'(Q, B,P). The random variable
E [X|B] = X satisfies (1.1)). When X is of arbitrary sign, we just have to take

BLX|5) = B [X"|5] ~ B [x|5].

and it is clear that (1.1)) also holds in that case.
Finally, to see that (1.1]) implies (1.2)), we rely on the usual measure-theoretic arguments. (|1.2))
follows from ([1.1]) when Z is a simple random variable (taking only finitely many values), and

in the general case Proposition (3.1]) allows us to write Z as the pointwise limit of a sequence

3
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(Zy)nen of simple B—measurable random variables that are uniformly bounded by the same
constant K (such that |Z| < K) and the dominated convergence theorem yields the desired

result. m

1.1.2 Properties of Conditional Expectation

(a) If X € LY(Q, A,P) and X is B-measurable, then E [X|B] = X.
(b) The mapping X — E[X|B] is linear on L(Q2, A, P).

(c) If X € LY(Q, A, P),E[E[X|B] = E[X].

(d) If X € LYQ, A, P), then |E[X|B]| < E[|X]|Bla.s. and, consequently, E [|E[X|B]|] <
E [| X|]. Therefore the mapping X —— E[X|B] is a contraction of L*(Q, A, P).

(e) If X, X' e LY(Q, A,P) and X > X/ then E [X|B] > E [X]8] a.s
Proof. (a) immediately folllows from uniqueness in Theorem (1.1). Similarly, for (b), we
observe that, if X, X"e L}(Q, A,P) and «, o’ € R the random variable

oF [X|B] + o [X1B]

satisfies the characteristic property (|1.1)) for the conditional expectation of a X +a’X". Property
(c) is the special case B = € in (l.1)). As for (d), using the fact that X > 0 implies,
E[X|B] > 0 we have

|E(X|B)| = |E[X"|B] —E [X |B]| <E[X"|B] +E [X"|B] =E[X]|B
Finally, (e) is immediate by linearity. m

1.1.3 Nonnegative Random Variables

Théoréme 1.2 Let X be a random variable with values in [0, 00]. There exists a B-measurable

random variable with values in [0, oo, which is denoted by B [X|B] and is such that, for every
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nonnegative B-measurable random variable Z,
E[XZ]=E[E[X|B] Z]. (1.3)

Furthermore B [X|B] is unique up to a B-measurable set of probability zero.

Proof. We define E [X|B] by setting
E[X|B] := lim 1 E[X An|B] as.

This definition makes sense because, for every n € N, X A n is bounded hence integrable
and thus E [X A n|B] is well defined by the previous section. Furthermore, the fact that the
sequence (B [X A n|B])nen is (a.s.) increasing follows from property (e) above. Then, if Z is

nonnegative and B-measurable, the monotone convergence theorem implies that

E[E[X|B|Z] = imE[E[X An|B] (Z An)] = imE[(X An)(Z An)] =E[XZ].

n—oo n—o0

It remains to establish uniqueness. Let X" and X"be two B-measurable random variables with

values in [0, co], such that

E[X'Z] =E[X"Z]

for every nonnegative B-measurable random variable Z. Let us fix two nonnegative rationals

a < b, and take

Z =1 {X<a<b<X"}"

If follows that

aP(X'<a<b<X")>E[l{xcacpexy X]

> [ [1 {X’'<a<b< X"} X”}

>WP(X' <a<b< X?)
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which is only possible if P(X'< a < b < X”) = 0. Hence,

7< < 2 —
P(a,bg%{x <a<b< X"} =0
a<

which implies X’> X7 a.s., and interchanging the roles of X’ and X" also gives X”> X’ a.s.

1.1.4 Properties

In the statement of the following properties, “nonnegative” means “with values in [0, 00]”.

(a) If X"and X" are nonnegative random variables, and a,b > 0,
E[aX 4 0XB] = aE [X|B] + bE [X15] .

(b) If X is nonnegative and B-measurable, E[X|B] = X.
(c) For any nonnegative random variable X, E [E[X|B]] = E [X]].

(d) If (X, )nen is an increasing sequence of nonnegative random variables,and X = lim 7X,,,

n—oo

then

E[X|B] = lim 1 E[X,|B],a.s.

As a useful consequence, if (Y},),en is a sequence of nonnegative random variables, we

have

E

> Y.IB

neN

=> E[Y,|8].

neN

(e) If (X, )nen is any sequence of nonnegative random variables

E liminf X, |B] < liminf E [X,,|B], a.s.

(f) Let (X,)nen be a sequence of integrable random variables that converges a.s. to X.

Assume that there exists a nonnegative random variable Z such that | X,,| < Z a.s. for
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every n € N, and E[Z] < oo. Then,
E[X|B] = nh_)n;OE [X,|B],a.s. and in L.
(g) (Jensen’s Inequality for Conditional Expectations) If f : R — R, is convex,and if X € LL!
E[f(X)|B] > f(E[X]B]).

Proof. (a) and (b) are easy using the characteristic property (L.3), and (c) is the special case
Z =1in (L.3). (d) It follows from (a) that we have E [X|B] > E[Y|B] if X > Y > 0. Under
the assumptions of (d), we can therefore set X=lim T E [X,|B], which is a -B-measurable
random variable with values in [0, cc]. Then, for every nonnegative B-measurable random

variable Z, the monotone convergence theorem gives
E[ZX]=1lm [ E[ZE[X,|B]] =lm TE[ZX,] =E[ZX]

which implies X"= E [X|B] thanks to the characteristic property (|1.3). The second assertion
in (d) follows by applying the first one to X,, =Y; + ... +Y,,. (e) Using (d), we have
E [liminf X,|B] = E {lim T (iann)|B}
kToo n>k
=lim T E {iann]B}
k1oo n=k

< lim(infE [X,,|B])

kToo n>k

= liminf E[X,|B].
(f) It suffices to apply (e) twice :
E[Z — X|B] =E liminf(Z — X,,)|B] < E[Z|B] — limsupE [X,,|B],

E[Z + X|B] = E [liminf(Z + X,))|B] < E[Z|B] + liminf E [X,| 8],
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which leads to

E[X|B] < liminf E[X,|B] < limsupE [X,,|B] < E[X|B],

giving the desired almost sure convergence. The convergence in LL! is now a consequence of
the dominated convergence theorem, since we have |E[X,|B]| < E[|X,||B] < E[Z]|B] and

E[E[Z|B] = E|[Z] < .

(g) set
E;={(a,b) e R*:Vz €R, f(z) > azx + b} .
Then,
Ve € R? f(z)= sup (az+b)= sup (az+b).
(a,b)GEf (a,b)EEfﬁQ2

We can take advantage of the fact that Q2 is countable to disgard a countable collection of

sets of probability zero and to get that, a.s.,

E[f(X)|B] =E sup (aX +b)|B

(a,b)EEf nQ?2

> sup  BlaX +0[B] = f(B[X|B])

(a,b)GEf nQ?2

1.1.5 The Special Case of Square Integrable Variables
Théoréme 1.3 If X € L2(Q, A, P), then E[X|B]| is the orthogonal projection of X on X €

L2(Q, A, P).

Proof. Jensen’s inequality shows that E [X|B]* < E [X?|B], a.s. This implies that E [E [X|Bﬁ <
E[E[X?B]] = E[X?] < oo, and thus the random variable E [X|B] belongs to L?(2, A, P).

On the other hand, for every bounded B-measurable random variable Z,

E(Z(X - E[X|B))] = E[2X] - E[ZE[X|B] = 0,
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by the characteristic property (1.2). Hence X — E[X|B] is orthogonal to the space of all
bounded B-measurablo random variables, and the latter space is dense in L?(Q, A, P) (for
instance by Theorem(3.7))). It follows that X — E[X|B] is orthogonal to 1.%(€2, A, P), which

gives the desired result. m

1.2 Martingals

Définition 1.1 (filtration) A filtration on a probability space (£, F,P)is an increasing fa-
mily of sub-o-fields(F,) = {F, :n > 0} of F indexed by n € {0,1,2,...,m,...}.

Définition 1.2 M, is a continuous-time martingale with respect to the filtration {F;} and

the probability measure P if

1. E|M;| < oo for each ¢;
2. M,isF; measurable for each t;

3. BIM|F] = My, a.s.,if s < t.

w__»

Part (2) of the definition can be rephrased as saying M, is adapted to F;. If in part (3)
is replaced by “>” then M, is a submartingale, and if it is replaced by “<” then we have a

supermartingale.

Définition 1.3 A sequence of random variables My, M ... is called a martingale with respect

to the filtration {F,} if :

— For each n, M, is an F,-measurable random variable with E [|M,,|].
— If m < n, then

B [My| Fn] = M. (1.4)

We can also write (|1.4) as
E[M, — M,|F.] = 0.

If we think of M, as the winnings of a game, then this implies that no matter what has

happened up to time m, the expected winnings in the next n — m games is 0. Sometimes

9
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one just says “My, My,... is a martingale” withoutreference to the filtration. In this case, the
assumed filtration is F,,, the information in My, ..., M,,. In order to establish (|1.4)) it suffices
to show for all n,

B [M 1| Fp)] = M, (1.5)

In order to see this, we can use the tower property (1.5)) for conditional expectation to see
that

E [Mn+2|‘/fn] =K [E [Mn+2|}—n+1] |‘7:n] =E [Mn+1|fn] = My,

and so forth. Also note that if M, is a martingale, then

E [Mn] =E [E [Mn|f0]] =E [Mo] :

1.2.1 Martingale convergence theorem [3]

The martingale convergence theorem describes the behavior of a martingale M,, as n — oo.

Théoréme 1.4 (Martingale Convergence Theorem). Suppose M, is a martingale with
respect to {F,} and there exists C' < oo such that E|[|M,|] < C for all n. Then there exists

a random variable My, such that with probability one
lim M,, = M.

n—oo

It does not follow from the theorem that B [My,] = | [My]. For example, the martingale betting

strategy satisfies the conditions of the theorem since

E(W,]=(1-2"")-14+(2"—-1)-27" <2.

However, W, =1 and Wy = 0.

10
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We will prove the martingale convergence theorem. The proof uses a well-known financial

strategy—buy low, sell high. Suppose Mg, My, ... is a martingale such that
E[Wy|] < C < o0

for all n. Suppose a < b are real numbers. We will show that it is impossible for the martingale

to fluctuate infinitely often below a and above b. Define a sequence of stopping times by
Si=min{n: M, <a}, Ty =min{n > Sy : M,, > b}

and for j > 1,

S; =min{n >T;_1: M, <a},
T; =min{n > S; : M, > b}.

We set up the discrete stochastic integral

Wo = By [My — My_i],

with B, =0ifn—1 < 5; and
B,=1ifS5;<n-1<Tj,

Bn:OIfESn—1<SJ+1

In other words, every time the “price” drops below a we buy a unit ofthe asset and hold onto
it until the price goes above b at which time we sell. Let Un denote the number of times by

time n that we have seen a fluctuation ; that is,

11
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We call U, the number of upcrossings by time n. Eery upcrossing results in a profit of at
least b — a. From this we see that
W, >U,(b—a)+ (M, —a).

The term a — M,, represents a possible loss caused by holding a share of the asset at the

current time. Since Wn is a martingale, we know that E[W,| = E [W;] = 0, and hence

Ela — M,)] < la| + B [| M,]] < |a|—i—C’.
b—a - b—a — b—ua

E[U,] <

This holds for every n, and hence

E[U,] < ol +C _

~— b—a
In particular with probability one, U, < oo, and hence there are only a finite number of
fluctuations. We now allow a, b to run over all rational numbers to see that with probability

one, Therefore, the limit

M, = lim M,

n—oo

exists. We have not yet ruled out the possibility that M, is +c0, but it is not difficult to see
that if this occurred with positive probability, then E [| M,,|] would not be uniformly bounded.
To illustrate the martingale convergence theorem, we will consider an other example of a
martingale called Polya’s urn. Suppose we have an urn with red and green balls. At time
n = 0, we start with one red ball and one green ball. At each positive integer time we choose
a ball at random from the urn (with each ball equally likely to be chosen), look at the color
of the ball, and then put the ball back in with another ball of the same color. Let R,,, G,

denote the number of red and green balls in the urn after the draw at time n so that

Rngozl,Rn+Gn:n+2,

12
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and let
R, R,
C R,+G, n+2

M,

be the fraction of red balls at this time. Let F,, denote the information in the data My, ..., M,,,,
which one can check is the same as the information in R, R, ..., R,,. Note that the probability
that a red ball is chosen at time n depends only on the number (or fraction) of red balls in
the urn before choosing. It does not depend on what order the red and green balls were putin.
This is an example of the Markov property. This concept will appear a number of times for

us, so let us define it.

1.2.2 Square intrgrable martingales [3]

Définition 1.4 A martingale M,, is called square integrable if for each n, B [M?] < oco.

Note that this condition is not as strong. We do not require that there exists a ¢ < oo such
that for each n. Random variables X,Y are orthogonal if B [XY]| = E[X]|E[Y]. Independent
random variables are orthogonal, but orthogonal random variables need not be independent.
If X1, ..., X, are pairwise orthogonal random variables with mean zero, thenand by expanding

the square we can see that

n

E[(X1,...X,)"] =Y E[X]].
j=1
This can be thought of as a generalization of the Pythagorean theorem a® 4 b* = ¢ for right
triangles. The increments of a martingale are not necessarily independent, but for square

integrable martingales they are orthogonal as we now show.

Proposition 1.1 Suppose that M, is a square integrable martingale with respect to {F,}.
Then if m < n,

E [(MnJrl - Mn) (Mm+1 - Mm)] = 0.

Moreover, for all n,
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Proof. If m < n, F,-measurable, and hence

B [(Mpy1 — M) (M1 — M) 1 Fu] = (Mypg1 — My) B (Mg — My 1 F] = 0
Hence

B[(Mp1 = M) (Mpsq = M) = BB [(My 1 — My) (M1 — M) 1 Fo]] = 0

Also, if we set M_; =0,

M7= | Mo+ iE [(M; — M;-1)]| = M3+i (Mj — M; 1)’ +)  (Mj — M; 1) (Mg — M,_y).

=1 j=1 i#k
Taking expectations of both sides gives the second conclusion. =

1.3 Brownian motion [3]

Définition 1.5 Brownian motion or the Wiener process is a model of random continuous
motion. We will start by making the assumptions that underlie the phrase “random continuous
motion”. Let By = B(t) be the value at time t. For eacht, By is a random variable. A collection
of random variables indexed by time is called a stochastic process. We can view the process

wm two different ways :

— For each ¢, there is a random variable B;,and there are correlations between the values at
different times.

— The function ¢ — B(t) is a random function. In other words, it is a random variable whose
value is a function.
There are three major assumptions about the random variables B;.

— Stationary increments. If s < t, then the distribution of B, — B, is the same as that of

By s — By.

14
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— Independent increments. If s < ¢, the random variable B, — B is independent of the
values B, for r < s.

— Continuous paths. The function t — B; is a continuous function of ¢.

We often assume By = 0 for convenience, but we can also take other initial conditions. All
of the assumptions above are very reasonable for a model of random continuous motion.
However, it is not obvious that these are enough assumptions to characterize our process
uniquely. It turns out that they do up to two parameters. that if B; is a process satisfying
the three conditions above, then the distribution of B, for each ¢t must be normal. Suppose B,
is such a process, and let m, o?be the mean and variance of B;. If s < ¢, then independent,

identically distributed increments imply that

E [Bt] =E [Bs] +E [Bt - Bs] =E [Bs} + E [Bt—s] )

Var|By) = Var B+ Var B, — Bs] = Var [By| + Var [B,_] .

Using this relation, we can see that B [B;] = tm, Var [B;] = to?. At this point, we have only
shown that if a process exists, then the increments must have a normal distribution. We will
show that such a process exists. It will be convenient to put the normal distribution in the

defintion.

Définition 1.6 A stochastic process By is called a (one-dimensional) Brownian motion with

2

drift m and variance (parameter) o* starting at the origin if it satisfies the following

- By =0.
— For s < t, the distribution of B; — B, is normal with mean m(t — s) and variance o?(t — s).
— If s < t, the random variable B; — B is independent of the values B, for r < s.
— With probability one, the function ¢ +— B; is a continuous function of ¢.
If m = 0,02 =1, then B, is called a standard Brownian motion.
Recall that if Z has a N(0,1)distribution and Y = 0Z + m, then Y has a N(m,c?)

distribution. Given that it is easy to show the following.

15
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— If B, is a standard Brownian motion and
th = O'Bt + mt.

then Y; is a Brownian motion with drift m and variance o.

Indeed, one just checks that it satisfies the conditions above. Hence, in or der to establish
the existence of Brownian motion, it suffices to construct a standard Brownian motion.
There is a mathematical challenge in studying stochastic processes in dexed by continuous
time. The problem is that the set of positive real num bers is uncountable, that is, the
elements cannot be enumerated %1, t9, ... The major axiom of probability theory is the fact

that if Ay, Ag, ... is a countable sequence of disjoint events, then

P [:leAn] - ip A,

This rule does not hold for uncountable unions. An example that we have all had to deal
with arises with continuous random variables. Suppose, for instance, that Z has a N(0,1)
distribution. Then for each

reR,P{z=2a}=0.

However,

1=P{zcR} =P LLEJRAJ;} ,

where A, denotes the event {x = z}. The events A, are disjoint, each with probability

zero, but it is not the case that

P LLGJRAQC} => P(4,)=0.

In constructing Brownian motion, we use the fact that if ¢ : [0,00) — R is a continuous

16
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function and we know the value of g on a countable, dense set, such as the dyadic rationals

k
{2—nk:0,1,,n:0,1,},

then we know the value at every t. Indeed, we need only find a sequence of dyadic rationals

tn that converge to ¢, and let

g(t) = lim g(t,,).

tn—t

This is fine if a priori we know the function g is continuous. Our strategy formconstructing
Brownian motion will be :

— First define the process B; when t is a dyadic rational.

— Prove that with probability one, the function ¢ — B; is continuous on the dyadics (this is
the hardest step, and we need some care in the definition of continuity).

— Extend B; to other ¢ by continuity.

The next section shows that one can construct a Brownian motion. Thereader can skip this

section and just have faith that such a process exists.

Proposition 1.2 With probability one, for all a < %,

lim 2°"k,, = 0. (1.6)

n—oo

In particular, K, — 0.

In order to prove this proposition, it is easier to consider another sequence of random variables
Jn, = max Y(j,n)
G=1,...,27
where Y (j,n) equals

sup {|B — Bj_1p1| 1 g€ D,(j—1)27" < g < j27"}.

A simple argument using the triangle inequality shows that K, < 3.J,. It turns out J, is

17
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easier to analyze. For any € > 0,

27L

P{J, >e} <> P{Y(jn)>c}=2"P{Y(L,n) >e}.
j=1
Also the distribution of

Y (1,n) = sup {\Bq| g€ D,qg< j2’"} )

n/2Y

is the same as that of 2~ where

Y =Y(1,0) =sup{|By| : ¢ € D}.
Using this we see that
P{J, > Cyn27"?} <2"P{Y > Cv/n}.

We will show below that if C' > \/2log?2, then

o0

> 2P {y > Cyn} < o (1.7)

n=1

The Borel-Cantelli lemma then implies that with probability one, the event {Jn > Cy/n27 2}

happens for only finitely many values of n. In particular,

lim 2"/2n~1J, = 0,

n—oo

which implies. To get our estimate, we will need the following lemma which is a form of the

“reflection principle” for Brownian motion.

Théoréme 1.5 With probability one, for all « < 1/2, B, is Hélder continuous of order «

but it is not Holder continuous of order 1/2.

18
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We will be using Brownian motion and functions of Brownian motions to model prices of
assets. In all of the Brownian models, the functions will have Holder exponent 1/2.

Hence, we could find a positive integer M < oo such that for all sufficiently large integers n,

there exists K < n such that Yy, < M/n, where Yy, is

kE+1 k

)_B(E) k+2 k:—f-l)

,'B<

n

max{’B(

LetY, =min{Y}, : k=0,1,...,n — 1}and let Aps be the event that for all n sufficiently large,

Y,, < M/n.For each positive integer M,

P{Y;, < M/n} = [P{|B(1/n)| < M/n}]’
- [P{n—m |By| < M/n}]’

[ _exp(- 2/2>dy]
oM 3 M
[

and hence,
n—1 M3
P{Y, < M/n} <Y P{Yin < M/n} < 5 = 0.
k=0

This shows that P(Ayr) for each M, and hence

P [MOL;AM] =V

But our first remark shows that the event that B, is differentiable at some point is contained

m UMAM.

19
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1.3.1 Brownian motion as a continuous martingale

The definition of a martingale in continuous time is essentially the same as in discrete time.
Suppose we have an increasing filtration {F;} of information and integrable random variables
M, such that for each t, M, is F;-measurable. (We say that Mt is adapted to the filtration
if M, is F;-measurable for each t.) Then, M, is a martingale with respect to {F;} if for each
s <t,

E[M, | F] = M,

When one writes an equality as above there is an implicit “up to an event of probability
zero”. In discrete time this presents no problem because there are only a countable number
of pairs of times (s,¢) and hence there can be only a countable number of sets of measure
zero. For continuous time, there are instances where some care is needed but we will not
worry about this at the moment. As in the discrete case, if the filtration is not mentioned
explicitly then one assumes that F; is the information contained in {M, : s < t}. In that

case, if B; is a standard Brownian motion and s < ¢,

E[B, | F| =E[Bs | Fs| + E[B;, — Bs | 75| = Bs + E[B, — Bs] = Bs. (1.8)

Often we will have more information at time t than the values of the Brownian motion so it
is useful to extend our definition of Brownian motion. We say that B; is Brownian motion
with respect to the filtration {F,;} if each B; is F;-measurable and B, satisfies the conditions
to be a Brownian motion with the third condition being replaced by

— If s < t, the random variable B, — B, is independent of F.

In other words, although we may have more information at time s than the value of the
Brownian motion, there is nothing useful for predicting the future increments. Under these
conditions, holds and B, is a martingale with respect to {F;}.

If M, 0 < s <tisa martingale, then by definition, for each s < t,

E(Y | F,) = M,
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where Y = M,;.Conversely, if Y is an integrable random variable that is measurable with

respect to F;, we can define a martingale M, 0 < s <t by

E(Y | F,) = M,.

Indeed, if we define M; as above and r < s, then the tower property for conditional expecta-

tion implies that

A martingale M, is called a continuous martingale if with probability one the function t — M;
is a continuous function. The word continuous in continuous martingale refers not just to the
fact that time is continuous but also to the fact that the paths are continuous functions of ¢.

One can have martingales in continuous time that are not continuous martingales.

1.3.2 Brownian motion as a Gaussian process

A process {X;} is called a Gaussian process if each finite subcollection

(Xiyy ooy Xt,)

has a joint normal distribution. Recall that to describe a joint normal distri bution one needs
only give the means and the covariances. Hence the finite dimensional distributions of a

Gaussian process are determined by the num bers

my = E [Xt] 7Fst = C@V(Xt, Xt)

Is a standard Brownian motion and ¢y, ts, ..., t,, then we can write By, ,...,B;, as linear com-

binations of the independent standard normal random variables
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Hence B; is a Gaussian process with mean zero. If s < t,

E (BB, = E[B(B; + B; — B;)]
=E B + E (B, (B, — B,)|

=s+E[BsE[B; — By] = s,

which gives the general rule

COV(Bs, B;) = min {s,t}.

The description of Brownian motion as a Gaussian process describes only the finite-dimensional
distributions but our definition includes some aspects that depend on more than finite-
dimensional distributions. In particular, one cannot tell from the finite-dimensional distribu-

tions alone whether or not the paths are continuous.

1.4 The Ito’s Integral [13]

1.4.1 Quadratic Variation of Brownian Motion

Let (W;) denote a one-dimensional Brownian motion on a probability space (€2, F,P). We
have seen that W is a martingale W, its natural filtration (F") and with M; = W2 —t, M is
also (F")-martingale. These properties are easy consequence of the independent increment
property of Brownian motion.

Wiener and Ito’s realized the need to give a meaning to limit of what appeared to be Riemann—

Stieltjes sums for the integral

0/ fdW, (1.9)

in different contexts—while in case of Wiener, the integrand was a deterministic function,
It6’s needed to consider a random process ( f5) that was a non-anticipating function of W—i.e.
f is adapted to (FV).

It is well known that paths s — W,(w) are nowhere differentiable for almost all w, and hence
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we cannot interpret the integral in (1.9)) as a path-by-path Riemann-Stieltjes integral. We

will deduce the later from the following result that is relevant for stochastic integration.

Théoréme 1.6 Let (W) be a Brownian motion. Let 7 = i272. Let V" = > Wir at = Wizl s
i=0
Qr = Z<Wt§‘+ﬂt — Wt?At)2. Then for all t > 0,
i=0 ‘

(a) V" — oo a.s.
(b) QF —t a.s.

Proof. We will first prove (b). Let us fix t < co and let
in = Wtfﬂ/\t VVt”/\t, Z' (Wt” At T VVt?/\t)2 - (t’;HAt—tf/\t)

then from properties of Brownian motion it follows that { X, i > 0} are independent random
variables with normal distribution and E(X]") = 0, E(X") = (¢}, At —t} At). So, {Z]',1 > 0}

are independent random variables with E(Z") = 0 and E(Z")* = (t"; At —t? A t)%. Now

E(Qp —t)° ZZ" (1.10)

(P AE—17 AL

[e.o]

< 2—2+1Z(t?+1 At —1" AL

=0

— 2_2+1t.
Note that each of the sum appearing above is actually a finite sum. Thus

EY (QF —t)*<t<oo
=0

so that Y (QF —t)? < oo. and hence QF — ¢ a.s.
i=0

For (a), Iet a(d,w,t) = sup {|W,(w) = Wy(w)| : |u—v| <6,u,v € [0,00]}.
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Then uniform continuity of u +— W, (w) implies that for all ¢ finite and for each

1;%105((5 w,t) =0. (1.11)

Now note that for any w,
So if lim inf,, V;*(w) for some w, then liminf, Q7 (w) = 0 in view of (??) and (??). For ¢ > 0,

since ()7 — t a.s., we must have V" — oo a.s. m

1.4.2 1t6’s Integral

Let S be the class of stochastic processes f of the form
fs(w) = ao(w)rqop(s) + Z%H W)(sj,5511](S) (1.12)
7=0

where 0 = 59 < 51 < 53 < ... < 541 < 00, a; is bounded Fsis measurable random variable

for 1 < j < (m+1), and ag is bounded Fy-measurable. Elements of S will be called simple

processes. For an f given by (1.12), we define X = [ fdW by

Z@JH (Wi ant(w) = Wi ne(w)). (1.13)

ap does not appear on the right side because Wy = 0. It can be easily seen that [ fdW
defined via (1.12)) and (1.13)) for f € S does not depend upon the representation(l.12)). In

other words, if g is given by
ge(w) = bo(w)qoy(s) + Z@H U] (1) (1.14)

where 0 =79 <71y <73 <...<ryq and b is F,.,_ -measurable bounded random variable,1 <

j < (n+1), and by is bounded Fy-measurable and f = g, then [ fdW = [ gdW, i.e.
Zagﬂ (Wi pant(w) = Wi aew ij+1 (Wi ne(w) = Wi ae(w)). (1.15)
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t
By definition, X is a continuous adapted process. We will denote X; as / fdw.

We will obtain an estimate on the growth of the integral defined above fgr simple f € S and
then extend the integral to an appropriate class of integrands—those that can be obtained
as limits of simple processes. This approach is different from the one adopted by Ito’s, and
we have adopted this approach with an aim to generalize the same to martingales.

We first note some properties of fdW for f € S and obtain an estimate.
Lemme 1.1 Let f,g €S and let a,b € R. Then

t

/(af+bg)dW:a0/de+b/gdW. (1.16)

0 0

t

Proof. Let f,g have representations (1.12) and (|1.14)), respectively. Easy to see that 0 =

to < t1 < ... <t such that
{t;:0<ji<k}={s;:0<j<m}U{r;:0<j<n}

and then represent both f, g over common time partition. Then the result (1.16|) follows

easily. m
t t
Lemme 1.2 Let f,g € S, and let Y, = /deV, Zy = /gdW and A; = /fsgsds, M, =
0 0
YiZ, — Ay.Then Y, Z, M are (F )-martingales.

Proof. By linearity property (1.16) and the fact that sum of martingales is a martin gale,
suffices to prove the lemma in the following two cases :

Case 1: 0 < s < r and
Jt = aysq(t), g = bisy(t), a, bare Fy-measurable.
Case 2: 0<s<r<wu<wand

fr=aT@n (1), 9¢ =0 1wy (1), ais Fe-measurable and b is F,-measurable.
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Here in both cases, a, b are assumed to be bounded. In both the cases, Y; = a(Wir, — Wins)-
That Y is a martingale follows from Theorem(3.8)). Thus in both cases, Y is an (F.)-martingale

and similarly, so is Z. Remains to show that M is a martingale. In case 1, writing N; = W2—t

Mt = ab((WtM - Wt/\S)Q - (t AT —1TANA S))
= ab((WfM — Wt2/\s) — (t AT —1tANA S) — 2Wt/\s(Wt/\r — Wt/\s))

— N,

tAs

= ab(N,

tAT

) - 2abWt/\s(Wt/\r - Wt/\s)

Recalling that N, W are martingales, it follows from Theorem (3.8)) that M is amartingale
as

abWt/\s(Wt/\r - Wt/\s) = abWs(Wt/\r - Wt/\s)

In case 2, recallingd < s < r < u < v, note that

M, = G(th - Wt/\s>b<Wt/\v - Wt/\u)

= a(Wr - Ws)b(Wt/\v - Wt/\u)
as M; = 0 if t < u. Proof is again completed using Theorem ([3.8)).

t t
Théoréme 1.7 Let f € S, M, = /de and N; = M? — /des.Then M and N are (F.)-
0 0

martingales. Further, for any T < oo,

¢ 2 T

E [sup /de < 4E /ffds : (1.17)

t<T
o 0

|

Proof. The fact that M and N are martingales follows from Lemma (|1.2). As a consequence

E [N;] and hence

t

E (/de)2 =E /Tffds : (1.18)

o
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Now the growth inequality ([1.17)) follows from Doob’s maximal inequality, Theorem applied
to M and using (1.18). m

Lemme 1.3 Let f be a predictable process such that
T
E /ffds < oo VT < o0. (1.19)
0

Then there exists a continuous adapted process Y such that for all simple predictable processes

h €S,

t T

E |(sup |Y;— /de 2| <4E /(fs — hs)ds| VT < oc. (1.20)
0<t<T /

Further, Y and Z are (F;)-martingales where
T
z:n—/ﬁ@
0

Proof. For r > 0, let y, be the measure on (Q,P) defined as follows : for P measur able

bounded functions ¢

/gdﬂr =K /gst )

a 0
and let us denote the L2 norm on y,. By Theorem(3.9)), S is dense in y, for every r > 0 and

hence for integers m > 1, we can get f™ € S such that

If = f"lly,, <2777 (1.21)
Using |||l < [l-ll5,,, for r < s it follows that for k > 1

s =y, <27 (1.22)
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Denoting the L'(Q ,B, P) norm by |||, ,, the growth inequality (1.17) can be rewrit ten as,

forgeS,m>1,
t

sup /gdW < 2||glly,,,, -
0<t<m
0 2,p

t

Recall that f* € S and hence / fEdW is already defined. Let Y} = / fdW. Now using

and (?7), we conclude tha,t for k > 1

sup }Yerk Y;m }

0<t<m

< 2 mtl (1.23)
2,p

Fix an integer n. For m > n, using ([1.23)) for k = 1 we get

sup ‘Y;m+1 o Y;m|

0<t<n

<2 Mt (1.24)
2,p

and hence
m+1 m m—+1 m
|| ]| < 3= g e ]|
2,p = P
o0
< Z —m+1
< Q.
Hence,
> { sup |Y;" — th|] < 00 a.s.P. (1.25)
m=n Ost=n 2,p
So let

Nn = {w ZOOZ { sup [V — Y?”(Lp = OO}

0<t<n
m=n

and let N = U | N,. Then N is a P null set. For w ¢ N, let us define

Yi(w) = lim V" (w),

m—e
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and for w € N, let Y;(w) = 0. It follows from ({1.25)) that for all 7' < oo, w ¢ N

sup [¥/™(w) = Yy(w)| — 0.

0<t<T

ThusY is a process with continuous paths. Now using (??) for f —h € S we get
t T
E |( sup th—/de 2| <4E /(fm—h)st

0<t<T
0 0

In view of ([1.21)), the right-hand side above converges to

T
E (.fs - hs)QdS
/

(1.26)

(1.27)

Using Fatou’s lemma and (|1.26)) along with P(N) = 0, taking lim inf in (1.27]) we conclude

that ((1.20]) is true. From these observations, it follows that ¥;™ converges to Y; in L?(IP) for

each fixed ¢. The observation |.[,, < ||, for r < s and (1.21) implies that for all r,

If = f™lly,, — 0 and hence for all ¢

B /t(fs—fén)zds — 0.

0

As a consequence,
t
E / ()2 = (Fm)2]ds| — 0
0

and hence

E O/(f?)zds—o/ffds — 0.

By Theorem (|1.7)), we have Y™ and Z™ which are martingales where Z;" = (Y;")? — / (f™)%ds.

0
As observed above Y;" converges in L!(P) to Y;, and Z converges in L'(P) to Z; for each

tand hence Yand Z are martingales. m
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T
Définition 1.7 For a predictable process f such that E /ffds < oo VT < 00, we define
0

t
the Ito’s integral / fdW; to be the process Y that satisfies (1.20).
0

The next result gives the basic properties of the Ito’s integral / fdW ; most of them have

essentially been proved above.

Théoréme 1.8 Let f, g be predictable processes satisfying . Then

t

/(af + bg)dW = a/tde = b/gdW. (1.28)

0 0

t

t

t
Let M; = /de and Ny = M}? — /fszds. Then M and N are (F )-martingales. Further, for
0

0
any T < o0,

t<T

t 2 T
E |sup / fdWw| | <4E / fids| . (1.29)
0 0

Proof. The linearity follows by linearity for the integral for simple functions observed
in Lemma and then for general predictable processes via approximation. That M, N are
martingales has been observed in Lemma . The growth inequality follows from
(1.20) with h =0. m

1.5 Itd6 Formula [11]

1.5.1 Formula for Brownian motion

We want a rule to "differentiate" expressions of the form f(W(t)), where f(z) is a differen-
tiable function and W (t) is a Brownian motion. If W (t) were also differentiable, then the

chain rule from ordinary calculus would give

SV () = POV (@)t
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which could be written in differential notation as

df(W(t)) = f(W@)W(t)dt = (W (t))dW (t).

Because W has nonzero quadratic variation, the correct formula has an extra term, namely,

df(W(t)) = f(W(2))dW(t) + %f”(W(t))dt- (1.30)

This is the 1t6-Doeblin formula in differential form. Integrating this, we obtain the 1t6-Doeblin

formula in integral form :

t

SOV (1) — FW(0)) = / PV (u)dW () + / £ (W (w))du. (1.31)

(]

1.5.2 Formula for It6 processes

Définition 1.8 Let W(t),t > 0, be a Brownian motion, and let :F'(t), t > 0, be an associated

filtration. An Ité process is a stochastic process of the form

X(t)=X(0)+ /A(u)dW(u) + /H(U)du, (1.32)

where X (0) is nonrandom and A(u) and 0(u) are adapted stochastic processes.
In order to understand the volatility associated with It processes, we must determine the rate

at which they accumulate quadratic variation.

Lemme 1.4 The quadratic variation of the Ito process 18

(X, X] = / A?(u)du. (1.33)

0

t

t
Proof. We introduce the notation I(t) = / A(u)dW (u), R(t) / 0(u)du. Both these processes

0 0
are continuous in their upper limit of integration ¢. To determine the quadratic variation of
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X on [0,¢t], we choose a partition IT = {to,t1,....,t,} of [0,t] (i.e.,0 =1ty < t; < ... <t, =1)

and we write the sampled quadratic variation.

1 n—1

[ (tjen) = I(t;)] %Z [R(tj+1) — R(t;)]

i
L

n

(X (tj1) = X (1)) =

(]

J=0 J=0 J
n—1
+2) [I(tjm) = 1(t)] [R(tj4a) — B(E))] -
j=0
n—1
As ||IT|| — 0, the first term on the right-hand side, Z [I(tj41) — I(t;)]?, converges to the qua-
=0
dratic variation of I on [0, ¢], which according to Theorem (3.10)) (vi) is [, ] ( / A?(u

The absolute value of the second term is bounded above by

-1 t]+1
ptnax [R(tp) — Z |B(tjer) = R{)| = max [R(tr) — B(te)] - ZO
0|,
n—1 tit
< o Ritw) = Rie| 3 [ 1ol an
J=V

— max |R(tps1) — R(t)| - Z / )| du,

0<k<n—1

and as ||[TI|| — 0, this has limit 0 - / |6(u)| du = 0 because R(t) is continuous. The absolute
0
value of the third term is bounded above by

t

2 max [I(te) - Z\R ) = B < 2 max [H(be) ~ 1(00] - [ 16(0)] o

0<k<n—1 0<k<n
0

and this has limit 0 - / 0(u)|” du = 0 as ||TI|| — 0 because I(t) is continuous. We conclude
that [X, X] (¢) / A%(u
0
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Théoréme 1.9 (Ito’s formula for an Ité process).Let X (t),t > 0, be an Ité process as
described and let f(t,z) be a function for which the partial derivatives fi(t,x), f.(t,x), and

fue(t, x) are defined and continuous. Then, for every T > 0,

FTX(T) = FO.X(O)} + [ At X()dt+ [ (e XONAX () + 5 [ Fualt, X)X, X0
(1.34)
= F(0.X(O) + [fit. XN+ [ £t X()ADAW (D)
+ [ Rt X+ 5 [ L x@)2%0 (1.35)

Proof. However, it is easier to remember and use the result of this theorem if we recast it

in differential notation. We may rewrite as
df (t, X (t)) = fi(t, X (t))dt + fs(t, X (t))dX () + %fm(t, X(t)dX (t)dX(t). (1.36)

The guiding principle here is that we write out the Taylor series expansion of f(t, X (¢)) with
respect to all its arguments, which in this case are t and X (¢). We take this Taylor series
expansion out to first order for every argument that has zero quadratic variation, which in
this case is t, and we take the expansion out to second order for every argument that has
nonzero quadratic variation, which in this case is X ().

We may reduce to an expression that involves only dt and by using the differential
form of the It6 process (i.e., dX (t) = A(t)dW (t) + 0(t)dt) and the formula

dX ()dX (t) = AX)dW ()dW (£) + 2A(E)0(L)dW (t)dt + 0 (¢)dtdt

= A%(t)dt.

For the rate at which X (¢) accumulates quadratic variation (i.e., dX (t)dX (t) = A?(t)dt.).
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This is obtained by squaring the formula for dX (¢) and using the multiplication table
dW (t)dW (t) = dt, dtdW (t) = dW (t)dt =0, dtdt = 0.
Making these substitutions in , we obtain
df (t, X (t)) = fe(t, X (¢))dt+ f.(t, X () A(t)dW (t)+ f.(t, X(t))@(t)dW(t)%fm(t, X (t))A%(t)dt.

It6 calculus is little more than repeated use of this formula in a variety of situations. m
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Chapitre 2

Stochastic Differential Equations

2.1 Existence and uniqueness solution of stochastic dif-
ferential equation

We are going to consider stochastic differential equations (SDE) of the type
dXt = O'(t, Xt)th + b(t, Xt)dt (21)

Equation (2.1)) is to be interpreted as an integral equation :

t t
X, = Xo+ /U(S,Xs)dWs + /b(s,Xs)ds. (2.2)

0 o
Here W is an R? -valued Brownian motion, X, is an R? -valued F, measurable ran dom
variable, o : [0,00) X R™ +— L(m,d) and b : [0,00) x R™ - R™ are given functions, and one
is seeking a process X such that (2.2)) is true. The solution X to the SDE ({2.1]), when it

exists, is called a diffusion process with diffusion coefficient co* and drift coefficient b. We
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shall impose the following conditions on o,b :

o :]o,00) x R™ +— L(m,d) is a continuous function (2.3)

b:[o,00) x R™ — R™ is a continuous function
VT < oo 3C < oo such that for all t € [0, 7], x!, 22 € R?

|o(t,z) — a(t,2?)?|| < Crp 2" — 2

, (2.4)

|o(t, z') = b(t,2%)*|| < Cr |2" — 27|.

Since t +— o(t,0) and ¢ — b(t,0) are continuous and hence bounded on[0, 7] for every T' < oo,
using the Lipschitz conditions (2.4]), we can conclude that for each T < oo, IKr < oo such

that

lo(t, )| < Kp(1+ |z)), (2.5)

16Ct, )| < Kz (1 + [x]).

We will need the following lemma, known as Gronwall’s lemma, for proving unique ness of

solution to (2.2)) under the Lipschitz conditions.

Lemme 2.1 Let 5(t) be a bounded measurable function on [0,T] satisfying, for some 0 <

a < 00,0<b< o0,
t

B(t) Sa—i—b/ﬁ(s)ds,OgtST. (2.6)

Then

Proof. Let
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Chapitre 2. Stochastic Differential Equations

Then by definition, g is absolutely continuous and

t

g(t) = e "B(t) — bebt/ﬁ(s)ds. a.e.

0

Where almost everywhere refers to the Lebesgue measure on R. Using ([2.6)), it follows that

g(t) < ae™™ ae.

Hence (using g(0) = 0 and that g is absolutely continuous) g(t) < %(e~" —1) from which we

get
t

/ﬁ(s)ds < g(e_bt -1).

0

The conclusion 3(t) < ae® follows immediately from (2.6). m

Lemme 2.2 Let Y, Z €k, and let ( = A(Y') and n = A(Z). Then for 0 <t <T one has

t

E {sup = nﬂ < 3E [[Yo — Zo|*] +3C3(4 + T)/E [[Ys — Z,?] ds.
0<s<t
0

Proof. Let us note that

t t

Ct — Nt = }/0 - ZO + / [0<S7 )/s) - 0(87 Zs)] dWS + / [b(S, }/s) - b(S, Zs)] ds (28)

and hence this time using the Lipschitz condition along with the growth inequality we

now have

t

t
E [Sup |<s—ns|2} < 3E[|Yo - Zof?] +4E /||0(8,Y5) (s, Z,)|Pds| + B (/|b(s,Y5) ~ b(s, Z.)| ds
0<s<t

0 0

t
<3E|[|Y; — Zo*] +3C%(4 + T)/E [|Ys = Z,[?] ds.

0
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Corollaire 2.1 Suppose Y, Z € k,, be such that Yy = Zy. Then for 0 <t < T

E | sup |[A(Y), —A(Z)ﬂ <3CL(4+T) /E Y, — Z|?]
0

0<s<t

We are now in a position to prove the main result of this section.

Théoréme 2.1 Suppose o,b satisfy conditions and and Xo 15 a Fy measurable
T
R™-valued random variable with & [\Xo\g] . Then there exists a process X such that E / | X, ds

0o and
t t

X, = Xo+ / o (s, X)dW, + / b(s, X, )ds. (2.9)

0 o

2
ds| < oo forall T < oo and

T
Further if X is another process such that X;Xo, B / ’f(
0

t t
X, =X+ /O’(S,Xs)dws + /b(s,XS)ds

0 o
then X = X, i.e. P(X; = X, Vt) = 1

Proof. Let us first prove uniqueness. Let X and X be as in the statement of the theorem.

Then, using Corollary ([2.1)) it follows that

u(t) =E [sup

s<t

satisfies for 0 <t < T' (recalling X, = )~(0)

u(t) = 3C2(4 + T)/]E UX - X,

0

2
} ds.
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Hence u is bounded and satisfies

u(t) = 303( 4+T/u )ds, 0 <t < T.
0
By (Gronwall’s) Lemma ({2.1)), it follows that u(t) = 0,0 <t < T for every T < oc.

Hence

X =X.

We will now construct a solution. Let X! = X, for all # > 0. Note that X' € k,,. Now define
X" inductively by
X" = A(X™).

Since X} = X for all t X3 = X,

t t

X2 - X! = /J(S,XO)dWS + /b(s,Xo)ds

0 o

and hence

[sup | X2 - X;ﬂ < 2KZ(4+T)(1 +E [|Xo|*])t. (2.10)

s<t
n o __ 1 _ 1
Note that X = Xj = X, for all n > 1 and hence from Lemma (2.2)) it follows that for n > 2,

for0<t<T,

E {sup | X X;ﬂ < 3C2(4+T) / |Xo — X;Hﬂ ds
0

s<t

Thus defining for n > 1, u, = E {sup ]XEH — Xgﬂ we have forn > 2, for 0 <t < T,
s<t

t

u, () < 3CTH(4 + T)/un_l(s)ds. (2.11)

0
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As seen in ([2.10)),
ur(t) < 2K2(4+ T)(1 + B [| Xo[*] )t

and hence using (2.11]), which is true for n > 2, we can deduce by induction on n that for a
constant O = 3(C2 + K2)(4+ T)(1 + E [|Xo[*])

(Cr)"t

un(t) < "

, 05t < T

Thus Y /u,(T) < oo for every T' < oo which is same as

| 2

sup | X[ — X7

s<T

< 00 (2.12)
2

)
n=1

| Z]|, denoting the L?(IP) norm here. The relation (2.12)) implies

S Ssup | X0 - X0 < oo (2.13)
s<T
n=1"= 2
as well as
sup {sup | X7+ — X;ﬂ < sup Zsup | X7+ — X]| (2.14)
k>1 || Ls<T = == ,
< Z sup | X7t — X7 ] — 0 as n tends to oco.
j=1

SST 2

Let N = Uy, {w: Sosup | X (w) — XM (w)] = oo}. Then by (2.13), P(N) = 0 and for

n=1s<T
w ¢ N, X7 (w) converges uniformly on [0, 7] for every T' < co. So let us define X as follows :

Xi(w) = lim X' (w) if w € N°

n—oo

Xi(w)=0ifwe N°¢
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By definition, X is a continuous adapted process (since by assumption N € Fy) and X"

converges to X uniformly in [0, 7] for every T" almost surely. Using Fatou’s lemma and ([2.14))

we get
n—+k
{sup | Xs — Xg\} < lim inf Zsup | X7+ — X7 (2.15)
s<T 2 j:nSST )
< [Z sup | X7+ — X7| ] — 0 as n tends to oco.
In particular, X € k,,. Since A(X™) = X"*! by definition, ([2.15] also implies that
lim ‘ {sup | X — A(X”)Sq =0 (2.16)
n—00 s<T 9
while (2.15)) and Corollary (2.1]) (remembering that X§ = X for all n) imply that
lim [sup IA(X)s — A(X”)S|] =0. (2.17)
n—00 s<T 9

From ([2.16) and (2.17) it follows that X = A(X) or that X is a solution to the SDE ([2.9)).
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PSDERB with non-Lipschitz

coefficients : Existence and uniqueness

Let (Q,F,{Fi}1=9,P) be a complete probability space with a filtration {F},., satis-
fying the usual conditions (i.e., it is increasing and right continuous, while F; contains all
P-null sets). Let B: = (B(t))o<t<r be a standard one-dimensional Brownian motion, defi-

ned on the probability space (2, F,P) Let £2([a,b];R) denote the family of F;-measurable,
t
R-valued processes f(t) = {f(t,w)}.,t € [a,b] such that /|f(t)|2dt < 0o a.s. Where the

0
coefficient o € [0, 1], and §3 is a Borel-measurable functions from [0, 7] — (0, 1].

Here (8(¢)L?;0 < B(t) < 1) denotes the local time at 0 for the time ¢ of the semi-martingale
X. Its role is to push upward the process X in order to keep it above 0, that is, to have the

condition X > 0 satisfied. One of the possible ways to define it is through the limit,

t

1
L?(X> = hr%Q_g 1[—5,5] (Xs)d <X>5 , 02> 0.
0

t
as it satisfies, for example, L?(X) = / T(x.=oy dLY(X), see [[10], Proposition [3.2].

0
Now, we define the sequence of the Carathéodory approximate solutions X": |—1,7] — R.
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For all n > 1, we define

(
X"=13y=0,-1<t<0.
t

X7 = 2o 4 /U(S,X”(s ~1))dB(s) + /b(s,X”(s ~1))ds + amaxX"(s — 1)+ A()L(X"),

0<s<t
0

tel0,7].

X" > 0,29 >0 for all t > 0.

\

(3.1)

According to Skorokhod’s equation [[I0], Chapter VI, Lemma 1.3], and PSDERB (1), we get

S

0 ”—Lmax max | — o(u, X (u u | u, X (u))du + amax X" (u
Ly(X™) = B(t) 0’se[o,t] X(O)—i_[ B >+[b( e OSUSSX "

We assume that the discretization of the local time (LY(X)) is the local time of the Cara-

théodory approximation (L?(X™)) Therefore. the Carathéodory approximation, of (LY(X™))

is given by
_ . ;
X(0) + /U(U,X”(u — %))dB(u)
1
LY(X™) < ——max |0, max | — 0
((X7) = B(t) s€(0.] t
—l—/b(u, X"(u—2))du+ amax X"(u— 1)
0<u<
| 0 J

Note that X"(t) can be calculated step by step on the intervals, [0, %), [l 2) , ...etc.
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3.1 PSDERB with non-Lipschitz coefficients : Existence
and uniqueness

Let us consider the following perturbed SDE with reflecting boundary, defined by

t t

{X(t) = X(0) + /J(S,X(s))dB(s) + /b(s, X(s))ds + ozgnaXX(s) + B(t) LX), X(t) >0,

<s<t
0 0

X(0) = 0,V¢ > 0.
(3.3)

where o € [0,1], and §: [0,7] — (0,1], and b,0 : [0,7] x R — R, are a Borel-measurable
functions, and the initial value X (0) = zq is independent of B and satisfies | |zo|* < co.
To obtain the main results, we give the following conditions.

Assumption For any =,y € R and t € [0, 7] ,there exists a function p(.) such that,

ot 2) —a (L)l Vo 2) = bt y)l < plle —yl).

Where p(u) is a concave non-decreasing continuous function such that p(0) = 0 and [, Zmydu =

.

Remarque 3.1 Since p(.) is concave and p(0) = 0 one can find a pair of positive constants
a and C such that,

p(u) <a+ Cu foru>0.

Assumption For any t € [0,7] and x,y € R, there exists a positive constant C' such
that,|o(t,0)| v [b(t,0)| < C.

Assumption The coefficients satisfy : 0 < a < % where f = min {4(t);t € [0,T]}.

Remarque 3.2 Assumptz’ons mmply that, o € [0, %) .Now, we state our main result.

Théoréme 3.1 Under Assumptions and there exists a unique Fy-adapted so-
lution { X (t)},5, to . Moreover, for any T > 0,

lim E [ sup |X"(t) — X ()|*| = 0.
n—oo | o<t<T
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To prove Theorem , we will need the following Lemma.

Lemme 3.1 Under Assumptions[3.1, and there exists a constant C > 0, which does
not depend on n, such that

E [ sup yX"(t)\Q] <C.

0<t<T

Proof. For any t € [0,7] we have
| X" (1)

n 0<s<t

_ /a(s,xn<s ))dB(s +/b 5, X" (s — 2))ds + amax X" (s — %) + B LO(X™)

(3.4)

/J(S,X”(s — %))dB(s) + /b(s,X”(s n))ds + amax X" (s — % + |B)LY(X™)].

0<s<t

IN

0 0

Equation (I.1)) implies that,

Ly (X™)
1 t
1
< - n n _ . .
< 5(75)0213%(5 /o(u X"(u— —))dB(u) + /b u, X"( ))du—l—ozorgz}i(sX (u n) (3.5)
0 0
By using (3.4) and (3.5 we obtain,
t 1 1
1
n < ni,, _ - ni,, - ni, -
| X" (t)] %gﬁ}; /a(u,X (u n))dB(u)—i— b(u, X" (u n))du—l—ozorggécs)( (u n)

1
b(u, X™(u — —))du + o max X"(u) + amaxX"(u)

n =L<u<0 0<u<s
—<u<

(u, X™(u — —))dB( )+

n

o, X (0 — L)) dB(u) +

1
b(u, X" (u— —))d X" .
- (u, X" (u n)) u+ amax X" (u)

0<u<s

OL-\3“ ok-§ﬁw ok-\§ﬂ

/
z
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Therefore

1

— ” < n Ny — —

(1= 20) max | X" (1) %gfg/ o (u, X" ( ))dB(u)—i—/b(u,X (u==))du| . (3.6)
0 0

By the Holder inequality and the Burkholder —~Davis—Gundy inequality, we get

(1208 | sup (X"

0<t<ty
t1

< 8(SE /

+ SE/ lo(u, 0)|? du + 2TE/ b, 0)[2 du).

t1

2 2

du+2TE/‘b(u,X”(u—1))—b<u,o) du

n

o (u, X" (1 — 1)) — o(u, 0)

n

By Assumptions [3.1] and

t1

(1 - 20)2E [ sup |X"(t)]2] < 8(2(T+4)E/p2(

0<t<ty

(-1

n

Ydu +2(T + 4)TC).

Then the Jensen inequality implies that,

t1

12
(1-2a)°E { sup |X”(t)|2} < 8(2(T + 4)/p2((E ‘X”(u — ) 2D)du+2(T + 4)Te).
0<t<t; n
Let, h(x) = p?(x2); it follows that,

16(T+4)TC’ 16(T + 4) 1.7
E X)) < hE )| )d 3.7
R R / -2 ae @)

0
Slnce ) and ¢’y (x) are non-negative, nonincreasing functions, we have that

1

W, (@) = 2~ bola

M\H

)P+( z).

is a non-negative, nonincreasing function which implies that A is a non-negative, non-decreasing
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concave function. Note that p(0) = 0, then h(0) = 0, and there exists a pair of positive
constants a and ¢ such that,

h(u) < a+ Cu for u > 0.

We therefore have,

16(T + 4T 2 6(7T +4)
E| sup [xo(0))] < L EHTCH2) | 16T+ < X”u——) oy
0<t<t1 (1 — 2@)2 1 — 204
16(T+4)T(C + a) 6(7 +4) g
< E X"™(t)| dt.
e e B B X0

Set,

E[sup X7(t)

0<t<ty

2| 16(T +4)T(C + a) e
- (1—2a)?

one can have

E [ sup ]X"(t)ﬂ <C
0<t<ty
for any n > 1. This completes the proof. m

Lemme 3.2 Under Assumptions and [3.1], for any 0 < s < t < T, there exists a

constant C' > 0, which does not depend on n, such that

E|X"(t) — X"(s)|> < C(t — s).
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Proof. For alln > 1, and 0 < s <t < T, we have

[ X"(1) = X"(s)]

t t

0<u<t
s s

—amax X"(u — %) + B(s)L2(X™)

< | [t X = B + b X7~ )|+ [BOLIX) - B LX)
oo - o D).

/J(u,X"(u — 1))dB(u) + /b(u, X"(u—2))du + omax X" (u — ) + B(t)L)(X™)

(3.8)

(3.9)

Applying the inequality max{a,b} = 1[a+b+ |a—1b|] for a,b € R, and the inequality
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1b|]| < |a — 0], Equation (3) implies that

lla] -
[B(t)LY(X™) = B(s)Ly(X™)]
0, rgai(( / (u, X" (u — +))dB(u) /b(u X"(u—1))du
max | 0SS ) 9
—amax X"(u — 1))
_ w 0<u<v n w
0, max (— /J(U,X”( ))dB(u /bu X"(u—1))du
0<w<s
— max ) )
— iy — 1
BN )
1 _ n n _ n 1
A —|—OII§15%( /a(u,X (u /b u, X™(u— 2))du aorggich (u—+))
0
+ O—ggaict(—/a(u X™"(u /bu X"™(u )du—ozorgach”( =)
= w 0 w
—3(0 4+ max ( /auX" /qu" )du—ozmaXX”(u—%
0<w<s 0<u<w
0 0
— 10 — max ( —/auX” - /qu” — 3))du — o max X"(u — 1+
0<w<s 0<u<w
0 0
1 . n _ n _ n _ 1
12 | s / o (u, X" (u — 1))dB(w) / b, X (u — 1)) — e X (u — 1)
_ 0
_1 — n n _ n 1
5(2 Max /O'(U,X (u— /b u, X™(u— 2))du a01<nua<}§UX (u
0 0
max —/a(u X"(u—+))dB(u /bu X"(u— 1))du — a max X" (u — +)
0<v<t 0<u<v
_ 0 0
Max /a(u,X (u—))dB(u) /b(u,X (u—2))du Ozor<nua<>§UX (u— )
0 0
Ongaé(—/a(u, X(u — 1))dB(u) — /b(u,X”(u ~ 1)y
0 0
_ niy — 1
. o T “))w
— max —/a(u,X"( - /qu” — 2))du
0<u<v
0 0
_ n(y — l
a01<nua<XwX ( n)

)

)
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Let,

v

V7)== [ ofu, X" = 2)AB) ~ [ b X" = 1))du— aguax X" - 7).

This implies,

max Y"(v) — max Y"(u)
0<v<t 0<v<s

{maxY”(v}, maXY”(v)] maxY"(v)| .

0<v<s s<v<t 0<v<s

Applying the inequality max {a,b} = 1 [a + b+ |a —b|] for a,b € R, we get

max Y"(v) + maxY"(v)

0<v<s s<v<t

1
maxY"(v) = 3 [max Y™"(v) + maxY"(v) +

0<v<t 0<v<s s<v<t

|

If maxY"(v) < maxY"(v), then
s<v<t 0<v<s

max Y"(v) — max Y"(v)
0<v<t 0<v<s

=0.

If maxY"(v) < maxY"(v), then
0<v<s s<v<t

= |maxY"(v) — max Y"(v)|.

max Y"(v) — max Y"(v)
s<v<i 0<v<s

0<v<t 0<v<s

3 n < n n < n
Since, OrélgésY (v) S}g&}gY (v) and Y"(s) < Orggmng (v), we get

max Y"(v) — max Y"(v)
0<v<t 0<u<s

max Y"(v) — Y"(v)

s<v<t

< max [Y"(v) = Y"(s)|.

T os<w<t
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Therefore,
r 1 r 1
BOLX™) = 8(5) LX) < max | [, "= DB~ [bu X" = 1))
s<v< n n
(3.10)
X"(o = )= X5~
—|—a5123%<t v o) - s—n).
Equations (3.8)) and (3.10) imply that,
X"(t) — X" <2 / X" l dB vb X" l d
X(0) X7 ()] < 2max | [, X7~ D)aB) + (b0, X7 D))
1 1
+2amax [ X"(v——) — X"(s — —)
s<v<t n n
<2 / X" 1 dB vb X" ! d
< 2max | [ ol X"(u— 1)dB) + [b, X" (0~ 1))
1 1
+2amax | X"(v — =) — X"(s — —)| .
s<v<t n n

We therefore have,

[ X"(t1) = X" (51)]

) ] o (o, X"(u — 1))dB(u) + /t b, Xt — 2))du - e X~ 1)+ (1) 4, (X7)
iaogng"(u -2+ ﬁ(sl)SILSl (X™)
(3.11)
< 7 o (u, X — %))dB(u) + /t bu, X" (1 — %))du + 0 ma X" (u %) (3.12)
+ Bt Le, (X™)| + [B(s1) L, (X™)] (3.13)
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Equation (I.1)) implies that,

1B(t) LY (X™)| < /a(u,X”(u — %))dB(u) + /b(u,X”(u - %))du + Ozorgrhang”(u - %)

So,

t1 t1

e D) = X00)] <2 max | [0 X" w— D)aB) + [ X - )du
S1 S1

+20 _max | X" (t1) — X" (s1)]

s<s1<t1

t1 t1

max | X"(t1) — X"(s1)| < L max /a(u, X"(u— l))alB(u) + /b(u,X"(u - l))du )

s<s1<ti<t (1 —2a)s<si<ti<t n n
Hence,
t 2 t 2
4 1
E|X"(t) — X”(s)|2 < 207 E /a(u, X"u—=))dB(u)| + /b(u,X"(u — =))du
« n n
Then Lemma (3.1]) yields,
4 / 1 2 / 1|7
B X" (1) = X"() < g | (= B /b(u,X"(u N 41@/ o, X" (u — )| du
o n n
AT +4)L / 1
+ n
4T +4)L
<Oy - ).

Where L = 2max(a + C,¢) The proof is therefore complete. m
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Now, let us apply the above lemmas to prove theorem [3.1]
Proof. of Theorem [3.1] First, we will show that the sequence {X"(¢)} is a Cauchy sequence

in L2([0, 7] ;R) For any n > m > 1 we get

[ X"(#) = X™(1)]

<| [ |ots X0 = 20 = ot x5 - L ase) + / 6 X7 ) = b5, X7 s = )] s

n m
0

+ U(maxX”(s—l)—maXX (s—l ‘—I—}B NLAX™) — LY(X™)]|.

0<s<t n 0<s<t

Applying the inequality max {a,b} = 1 [a + b+ |a — b|] for a, b € R and the inequality||a| — |b]| <

la — b|, Equation (1.1)) implies that
B (LY(X™) = L{(X™)))|

o<v<t o<u<wv

max |0, —max(/a(u,X”(u — %))dB(u) — /b(u,X”(u ))du —amax X" (u— %)

—max |0, —max(/a(u,Xm(u — 1))dB(u) — /b(u,Xm(u — L))du — omax X™(u — 1)

o<v<t o<u<v m
0 0

[B)(LY(X™) = L{(X™))|

_ n _ n _ — n _1
()rrgliiéct( /a(u,X (u—=))dB(u /b u, X™(u— %))du aorg?gvX (u—+))
< 0 %
—rgaict(/a(u,Xm(u — L1))dB(u) — /b(u,Xm(u — L))du — argaicXm(u )
S0 0
Let
f 1
Y"(U):—/ (u, X”(u—— /bu X”u——))du—argaécX”(u——).
o<u<wv n
0 0
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This implies,

o<u<t osvst | osvst

Therefore

< max | [ o620 = 1) = ot 75— ) ane) + / 005, X7 (5 = 1) = s X (s -
g |X"(s - 2 = X7 (s - )

Then

X7(t) — X7 (1)

<2| [ Jots. X7 = 1) = ats, X5 = 1) dB)

42 /{b( X(s = 1))~ b(s, X —))]d + 20max [X7(s — ) — X7 %)'
- / (5,75 = 1) = (s, X5 = ) as)| 2| [ b5, 075 = 1) = o X
20452352 X —%)—Xm( —%)-I”Xm( _%)_Xm( _%)

32/[0( X5~ 1) s, X" —%))}dB()

] 6 X7 = ) = b5, X7 s = )] s

n m

Xn(s — %) _ X (s — %)

1 1
+2amax [ X™(s — =) — XM (s — —)| .
0<s<t n m

0<s<t
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By using the inequality,

(a+b+c)? <3(a® +b* + ).

For any £ € N, a; € R and ¢ > 0,we obtain that

(1 208 | sup [X"(0) - X0

0<t<t;
2
2 n 1 m 1
<12(e”E | sup [X"(t——)—X"(t——) ]
0<t<t; n m
. 2
[ 1 1
+ E sup / o(s, X"(t—=)) —o(s, X"(t — —))} dB(s)
0<t<t1 L n m
0
. 2
[ 1 1
+ B sup / b(s, X"(t — 1)) — b(s, X™(t — —))} ds| ).
0<t<ty L n m
0

By the Holder inequality and the Burkholder —Davis—Gundy inequality, we get,

(1 2078 | sup X7~ X" (0]

0<t<t1

2

dB(s)

< (8 [ |o(s. X7 = 1)) ~ ol X"~ 1)

+TE f{b(s,X"(t— %)) b, Xt — %))} 2ds

2

XMt — %) ~xmie— .

m

+ o’E sup
0<t<ty

95

(3.14)
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By Assumption [3.1] and the Jensen inequality, we have

(1 207 | sup |X°() - X" (0]

0<t<ty
/ 1 1
<12(4+T)E [ p* — )N = X™(s — —)|)d
< 12+ 7B [ (X7 - ) = X = ) s
0
+ B sup | X™(t — l) — X" (t — l) 2)
Oﬁtgl n m
h | 12
< 12((4+ T)/p2((E 'X”(s — o) =X - ) )3)ds
0
+a’E sup | X™(t — l) — X" (t — i) 2)
Ogtgtl n m’|
Similar to (3.7]), one obtains
E| sup [X"(2) Xm(tﬂ <12 uym /h ’X” )) s - 5 a
u — S — — _ s
A (1 — 2a)? / m
fetE s - Lo xme— L))
o' u - =) - — ).
Uﬁtﬁptl n m
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Since h(.) is concave, we have h(a + b) < h(a) + h(b). Then Lemma 3.2] yields,

(1—20)°E [ sup | X" (t) — Xm(t)ﬁ}
0<t<ty
t1 9

12 1

< g+ D) [ X = 1) - X s

+o4+ T)ih(E ‘Xm(t _ %) _ Xt — %) s

+ aQEoi?gl X" (t — %) — X™(t — %) 2)

<2 / h(E [ - by s - s

" /tlh(C(% ~ 2))ds) + %C(% -, (3.15)

0

Where,

t1

1 1
< [n@Bsup |x"0- 1) = xm0— 1| )a
< [1iE sup X700 1) = X7 (0= ) s
t1
§/h(E sup |X”(v)—Xm(v)|2)ds+E sup |X”(v)—Xm(v)|2)ds
—l<p<s—1L —0<v<s—1
0 n— — n - n
t1
< h(O)T / B(E sup |X7"(s) — X™(s)[)dt. (3.16)
—0<s<t

0
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Inserting (3.15)) into (3.16]), we obtain that

(12078 sup |X(0) - X" (0]

< ?Zf(f ;33 ?f(f éjz) / (B sup X" (s) = X7 (s)")dt + 12C (. m). (3:17)
Where,
2T+ 4)T ., 1 1 a’ 11
Clnm) =45 MG~ Y azap O~ )

By Bahri inéqalities, we get

E [03?3 X"(t) = X" ()] < GHG12C(n,m)) + %)-

t1
Where G(t) = / %. Obviously, GG is a strictly increasing function, then G' has an inverse
0
function which is strictly increasing, and G~*(oc0) = 0 Note that when n,m — oo then
C(n,m) — 0. Recalling /0+% = /O+pZL(s)dS = 00, we have

G(12C(n,m)) — —ooc.

And,
244+ 1T)T

0.
1-2a0?2

G HG(12C(n,m)) +

We therefore have,

limsupE | sup |X”(75)—Xm(75)|2

n,m— 00 0<t<ty

. _ 24(4 4+ T)T
<1 HG(12 i S A
—i,rflnilfG (G(12C(n,m)) + (1= 20y

) =0. (3.18)
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Which implies that (X"(¢)),>1 is a Cauchy sequence. Denote the limit by X(¢). Letting
m — oo in (3.18]) yields,

mE | sup [X"(t) — X ()| = 0.

n—oo | 0<¢<T

Similar to (3.17)), (3.18]), we can show that X (¢) is a unique solution of Equation (nder non-
Lipschitz conditions. Then, the proof is completed.
To see the generality of our results, let us give a few examples of the func tion p(.) let 6 € (0,1)

be sufficiently small, define

0, if u =0,
pr(u) == uy/log(u=1), if u € (0,4],
dy/log(6—1), if u € [0, +o0],

and,

0, if u =0,
p2(u) == uy/log(u=1) loglog(u™t), if u € (0,4],
d+/log(6-1) loglog(671), if u € [§, +o0],

They are all concave non-decreasing functions satisfying, / ng(u)du =00,1=1,2. m

0+
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Conclusion

In this work, we study the carathéodory approximate solution for a class of one-dimensional
perturbed stochastic differential equations with reflecting boundary (PSDERB). We prove
that PSDERB have a unique solution and show that the carathéodory approximate solu-

tion converges to the solution of PSDERB whose both drift and diffusion coefficients are

non-Lipschitz.
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Annex : Some mathematical tools

Théoréme 3.2 (Burkholder—Davis—Gundy Inequality [11]) Let M, be a continuous
local martingale with M, = 0, a.s, and suppose 2 < p < oo. There exists a constant c;

depending on p such that for any finite stopping time T,
E(Mi)p < el EQM)Y

Proof. There is nothing to prove if the left-hand side is zero, so we may assume it is positive.
First suppose M7 is bounded by a positive constant K. Note for p > 2 the function z — |z|P

is C%. By Doob’s inequalities and then Ito’s formula (and the fact that |[Ms| > 0), we have

E[Mz|P < cB|My[?
T

=Bt [l ant, + e [ o - DiaLpta g,
<t [Oayya ),
— CB(Mp)? (M)y)].

(Recall our convention about constants and the letter c.) Using Holder’s inequality with

exponents p/(p — 2) and p/2, we obtain

SAIN)

)P

Nk

E(M7)? < e(E(M7)?)3(E (M)
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Dividing both sides by (E(Mfﬁ)p)%and then taking both sides to the power p/2gives our
result.
We then apply the above to T' A Uy, where Uy = inf{t : |M;| > K},letK — oo, and use

Fatou’s lemm. m

Théoréme 3.3 (Holder Inequality [§)]) Let p and q be conjugate exponents. Then, if f

and g are two measurable functions from E into R,

/ Foldu < 151l

In particular, fg € LN E, A, u) if f € LP(E, A, i) and g € LY(E, A, 11).
Remark In the last assertion, we implicitly use the fact that, if f and g are defined up to a set
of zero p-measure, the product fg (as well as the sum f + g is also well defined up to a set

of zero p-measure.

Proof. If || f||, = 0, we have f = 0, y1 a.e., which implies |fg|du = 0, and the inequality is
trivial. We can thus assume that || f|[, > 0 and [[g||, > 0. Without loss of generality, we can
also assume that f € LP(E, A, ) and g € LY(E, A, ;i) (otherwise | ]|, [lg]l, = oo and there
is nothing to prove).

The case p = 1 and ¢ = oo is very easy, since we have |fg|du < |gl| |f| na.e.,

[ 1sstdn < gl [ gl

In what follows we therefore assume that 1 < p < oo (and thus 1 < ¢ < 00). Let o € (0,1).

which implies

Then, for every

reR 2 —ar<1-—a.

Indeed, define ®, (z) = 2 — ax for z > 0. Then, for z > 0, we have @, () = a(z®t — 1),
and thus®(z) > 0 if z € (0,1) and ®(z) < 0if x € (1, 00). Hence ®,,. attains its maximum at

r = 1, which gives the desired inequality. By applyingthis inequality to x = ¥, where u > 0
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and v > 0, we get

u '™ < au + (1 — a)v,

and this inequality still holds if v = 0. We then take a = %(so that 1 —a = %) and

_@p @)’
1A, gl

u

to arrive at
@) _ 1@P g
£, gll, = 2 1A, a gl

By integrating the latter inequality with respect to p(dx), we get

1 11
SR WP
£, 1l P q

which completes the proof. m

Théoréme 3.4 (Jensen’s Inequality []]) Suppose that  is a probability measure, and let

¢ : R — R, be a conver function. Then, for every f € L'(E, A, )

/@Ofdu > w(/fdu)-

Remark The integral [ o f du is well defined as the integral of a nonnegative measurable

function.

Proof. Set
e, = {(a,b) € R :Vx € R, p(z) > ax + b}.

Then elementary properties of convex functions show that

Ve e R, p(x) = sup (ax +Db).

(a,b)eey,
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Since p o f > af + b for every (a,b) € ¢, we get

[eotinz s [taf+v)du= sup [(a [ s+ = el [ 1.

(avb)eatp (a7b)€a¢

Théoréme 3.5 (Doob’s Maximal Inequality) Let M be a martingale or a positive sub-
martingale. Then, for A > 0, n > 1 one has

1
P( max |Mg| > \) SXE

0<k<n

(3.19)

|A4n|1{

max |Mk|>)\}] '
0<k<n

Further, for 1 < p < 0o, there exists a universal constant C' depending only on p such that

B | (s [M4)7] < CB L)

0<k<n
Théoréme 3.6 (Gronwall Inequality) Let A, B € V* (increasing processes with Ay > 0,
By > 0) and a stopping time T be such that Aqg > 0, B.—- < M. Suppose that for all stopping
times o < T
E[A,-] <a+ FE /AdB
[0,0)

[a]
For a> 0 let C(a) = Zoﬂ. Then we have

J=0

E[A,-] < 2aC(28M).

Lemme 3.3 Let h: RY — R be a continuous, non-decreasing function satisfying h(0) = 0,

and /% = +o00. Let u(.) be a Borel measurable bounded non-negative func tion defined on

[0,T] satisfying,

t

u(t) < wup+ /v(s)h(u(s))ds,t €[0,7].
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where ug > 0 and v(.) is a non-negative integrable function on [0,T]. Then we have

t

u(t) < G(G(ug) + /U(s)ds).

0

t
G(¢) :/du
to
h(u)

particular, if ug =0, then u(t) =0 for allt € [0,T].

where is well defined for some ty > 0 and G~1 is the inverse function of G. In

Proposition 3.1

1. Let f be a nonnegative measurable function on E. There exists an increasing sequence
(fn)nen of nonnegative simple functions such that f,, — f pointwise as n — oo. If f is

also bounded, the sequence (f,),en can be chosen to converge uniformly to f.

2. Let f and g be two nonnegative measurable functions on E and a,b € R, . Then

/(af+bg)du:a/fdu+b/gd,u.

3. Let (fn)nen be a sequence of nonnegative measurable functions on E. Then

/(an)du = Z/fndu-

neN neN

Remarque 3.3 Z fn is an increasing limit of nonnegative measurable functions and thus

neN
also measurable.

Théoréme 3.7 Let P € [1,00).
1. If (E, A, p) is a measure space, the set of all integrable simple functions is dense in
LP(E, A, p).

2. If (F,d) is a metric space, and p is an outer regular measure on (F,B(F)), then the

set of all bounded Lipschitz functions that belong to LP(E, B(E), u) is dense in LP(E,
B(E), u).
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3. If (E,d) is a separable locally compact metric space, and p is a Radon measure on FE,

then the set of all Lipschitz functions with compact support is dense in LP(E, B(E),

)

Théoréme 3.8 Suppose M is an r.c.l.l.(F.)-martingale and o and T are (F.) stopping times

with o < 7. Suppose X s an r.c.l.l adapted process. Let

Nt = XUAt<MTAt - MaAt)-

Then N is a (F.)-martingale if either (1) X is bounded or if (11) B[X?] < oo and M is square

integrable.

Théoréme 3.9 Let F be a o-field on Q, and let Q be a probability measure on (Q,F).
Suppose G C B(2, F) be an algebra such that o(G) = F. Further, 3f" € G such that

fr < ot oand f* converges to 1 pointwise. Then G is dense in L (2, F,Q).

Théoréme 3.10 Let T be a positive constant and let A(t), 0 < t < T, be an adapted

T t
stochastic process that satisfies E/A(t)zdt < 00. Then /A(U)dW(u) defined by
0 0

has the following properties.

(i) (Continuity) As a function of the upper limit of integmtion ¢, the paths of I(¢) are

continuous.

(ii) (Adaptivity) For each ¢, I(t) is F(t)-measumble.
(iii) (Linearity) If I(t) = /A(u)dW(u) and J(t) = /F(u)dW(u), then I(t) £ J(t) =

0 0
t t

/(A(u) + I'(u)) dW (u); furthermore, for every constant cI(t) = /cA(u)dW(u).

0 0
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(iv) (Martingale) J(t) is a martingale.
(v) (Ité isometry) EI%(t) = E/A2(u)du.
0
(vi) (Quadratic variation) [/, ] (t) = /AQ(u)du.

Proposition 3.2 Let H be a separable real Hilbert space. There ezist a propability space (€2,

F,P) and a family X (h), h € H, of random variables on this space, such that

i the map h — X (h) is linear;

ii for each h, the r.v. X (h) is gaussian centered and

E [X(h)?] = ||l -
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ABSTRACT:

In this memory, we are interested about the perturbed stochastic differential equations
with reflecting boundary, we studied the existence and uniqueness of the solution to this
equation based on Carathéodory approximate, where we proved that the Carathéodory
approximate solution for this equation converges to the solution under non-Lipschitz
condition.

Keywords:

Perturbed stochastic differential equations with reflecting boundary; Carathéodory
approximate; non-Lipschitz.

RESUME :

Dans ce mémoire, nous nous intéressons aux équations différentielles stochastiques
perturbées avec des conditions de bord réfléchissantes. Nous avons étudié |'existence et
['unicité de la solution de cette équation en nous basant sur une approximation de
Carathéodory. Nous avons démontré que la solution approchée de Carathéodory pour cette
équation converge vers la solution dans le cas d'une condition non lipschitzienne.

Mot clés :

L'équations différentielles stochastiques perturbées avec un barriér réfléchies;
approximatives de Carathéodory; non lipschitzienne.
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