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Abstract 

          In this work, we give a short and important introduction to the fractional and 
stochastic calculus, then we present some different examples for the fractional and 
stochastic differential problems. Finally, we prove some qualitative properties (i.e., 
existence and uniqueness and asymptotic separation between two solutions) of the 
solutions of FSDEs, then we give an example to illustrate our main results. 

          Keywords: fractional calculus, stochastic calculus, fractional differential 
problems, stochastic differential problems, Banach fixed point theorem. 

Résumé 

          Dans ce travail, nous donnons une introduction courte et importante au calcul 
fractionnaire et stochastique, puis nous présentons quelques exemples différents pour 
les problèmes différentiels fractionnaires et stochastiques. Enfin, nous prouvons 
quelques propriétés qualitatives (c’est-à-dire l’existence, l’unicité et la séparation 
asymptotique entre deux solutions) des solutions des EDSF, puis nous donnons un 
exemple pour illustrer nos résultats principaux. 

         Mots-clés: calcul fractionnaire, calcul stochastique, problèmes différentiels 
fractionnaires, problèmes différentiels stochastiques, théorème du point fixe de 
Banach. 

ملخص 

           في ھذا العمل، عرضنا مقدمة قصیرة ومھمة في الحساب الكسري والعشوائي، ثم طرحنا بعض الأمثلة 
المختلفة لمشاكل التفاضل. الكسري والعشوائي. وأخیرًا، أثبتنا بعض الخصائص النوعیة (أي الوجود والوحدانیة 

والفصل التراكمي بین حلین مختلفین) لحلول معادلات التفاضل الكسري والعشوائي، ثم قمنا بطرح مثالاً 
لتوضیح نتائجنا الرئیسیة. 

          الكلمات المفتاحیة: الحساب الكسري، الحساب الكسري، الحساب العشوائي، مشاكل التفاضل الكسري، 
مشاكل التفاضل العشوائي، نظریة النقطة الثابتة لباناخ. 
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NOTATIONS

• Γ(z) : the Gamma function.

• β(z, w) : the Beta function.

• Eα : the Mittag-Leffler function with a single parameter.

• Eα,β : the Mittag-Leffler function with two parameters.

• cDα
a : the fractional derivative in the sense of Grunwald-Letnikov.

• Iαa f : left-sided fractional integral of Riemann-Liouville of f of order α.

• Iαb f : right-sided fractional integral of Riemann-Liouville of f of order α.

• Dα
a : the fractional derivative in the sense of Riemann-Liouville of order α.

• cDα
a : the fractional derivative in the sense of Caputo of order α.

• v.a : random variable.

• fX : probability density.

• FX : natural filtration.

• N : set of natural numbers.

• p.s. : almost surely.

• N∗ : set of non-zero natural numbers.

• R : set of real numbers.

• R+ : set of positive real numbers [0,+∞[.

• C : set of complex numbers.

• Ω : sample space of a random experiment.

• F : σ-algebra.

• B(Rn) : Borel σ-algebra of Rn.

• P : probability measure.

• (Ω,F ,P) : probability space.
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• X : random variable.

• FX : cumulative distribution function of the random variable X.

• E(X) : expected value of the random variable X.

• σ(X) : σ-algebra generated by the random variable X.

• I : identity operator.

• M.B : Brownian motion.

7



INTRODUCTION

It is generally accepted that the concept of fractional calculus stems from a question
posed in 1695 by the Marquis de L’Hôpital (1661-1704) to Gottfried Wilhelm Leibniz (1646-
1716), who sought to understand the meaning of Leibniz’s currently popular notation, dny

dxn , for
the nth derivative when n is a real number. L’Hôpital wondered what would happen if n took
on a fractional value, such as 1

2
or even 1

12
.

In his response on September 30, 1695, Leibniz wrote to L’Hôpital: "... It is an apparent
paradox from which, one day, useful consequences will be drawn..."

Subsequently, references to fractional derivatives were made by mathematicians such as
Euler in 1730, Lagrange in 1772, Laplace in 1812, Lacroix in 1819, Fourier in 1822, Liouville in
1832, Riemann in 1847, Greer in 1859, Holmgren in 1865, Griinwald in 1867, Letnikov in 1868,
Sonin in 1869, Laurent in 1884, Nekrassov in 1888, Krug in 1890, and Weyl in 1917.

Fractional differential equations are equations involving fractional derivatives, i.e., deriva-
tives of non-integer order, and they are often used to model physical, biological, economic, and
social phenomena that exhibit nonlinear and complex behaviors.

The introduction of the stochastic component adds an additional dimension to these equa-
tions as it accounts for uncertainty and random fluctuations present in many real systems.
Stochastic fractional differential equations are therefore used to model phenomena where dy-
namic behavior is influenced by both deterministic and random factors.

In this thesis, in the first chapter we give a short introduction and history of the notion
of stochastic fractional differential equation of the Caputo type. This is achieved through a
progression with step-by-step concepts.

Chapter 01: We introduced basic concepts that help us understand and solve a stochastic
fractional differential equation. We discussed specific functions like the Gamma function, Beta
function, and some properties of Laplace transforms. Additionally, we explored the fixed-
point theory (Banach), we addressed fractional calculus which includes definitions of fractional
derivatives such as Caputo, Riemann-Liouville, and fractional differential equations (FDEs)
with examples.

Chapter 02: We began with basic definitions of stochastic calculus, which includes general
reminders on probability, expectation, conditional expectation, etc. We also covered Brownian
motion and stochastic integrals, along with some examples of stochastic equations.

Chapter 03: In this section, we give the equivalent integral equation ( the solution) of a
fractional stochastic differential problem of Caputo type, the existence and uniqueness of the
solution is proved by the Banach fixed point theorem. Asymptotic separation between solutions
of Caputo fractional stochastic differential equations are showed. Then we give an example on
FSDE of Caputo type to illustrate our results.

8



CHAPTER 1

FRACTIONAL CALCULUS AND FRACTIONAL
DIFFERENTIAL EQUATIONS

The concept of fractional calculus constitutes a discipline within analysis focusing on the study
of integration and differentiation operations of non-integer order. Several definitions of frac-
tional derivatives exist, yet regrettably, they are not all equivalent. In this chapter, the most
commonly used definitions are presented, including those of Riemann-Liouville, Liouville, Ca-
puto, and Grunwald-Letnikov.

Fractional calculus

1.1 fractional Derivation in the Grunwald-letnikov ov sense
this definition is based on the calculation of derivatives using finite differences [14].

let f : R → Rn. for h > 0, denote the τh left translation operator :

τhf(t) = f(t− h) (1.1)

thus, we have

f ′(t) = lim
h→0

1

h
(f(t)− f(t− h)) = lim

h→0

1

h
(id− τh) f(t)

By denoting τ 2h = τh ◦ τh, we have : τ 2hf(t) = f(t− 2h).

Regarding the second derivative

f ′′(t) = lim
h→0

(
1

h
(id− τh)

)2

f(t)

= lim
h→0

1

h2
(
id− 2τh − τ 2h

)
f(t)

= lim
h→0

1

h2
(f(t)− 2f(t− h) + f(t− 2h))

9



More generally,the derivative nime of f is given by

f (n)(t) = lim
h→0

1

hn
(id− τh)

n f(t)

= lim
h→0

1

hn

n∑
k=0

(
n
k

)idn−k

(−τh)k f(t)

= lim
h→0

1

hn

n∑
k=0

(−1)k
(
n
k

)
f(t− kh)

where (
n
k

)
=

n!

k!(n− k)!
=
n(n− 1) . . . (n− k + 1)

k!

It is possible to extender to k > n, by setting
(
n
k

)
= 0. the formula (2.1) then becomes:

f (n)(t) = lim
h→0

1

hn

∞∑
k=0

(−1)k
(
n
k

)
f(t− kh)

the generalization of this formula using the Gamma function, for α non integer (with 0 ≤

n− 1 < α < n ) by setting for α ∈ R+/N et k ∈ N, Note that
(
a
k

)
= 0 even if k > α

GDa
af(t) = lim

h→0

1

hα

∞∑
k=0

(−1)k
(
α
k

)
f(t− kh)

According to proposition 1.6, we have

(−1)k
(
α
k

)
=

Γ(k − α)

Γ(k + 1)Γ(−α)

this gives us:
GDα

a f(t) = lim
h→0

1

hα

∞∑
k=0

Γ(k − α)

Γ(k + 1)Γ(−α)
f(t− kh)

and

GD
−α
a f(t) = lim

h→0

1

h−α

∞∑
k=0

Γ(k + α)

Γ(k + 1)Γ(α)
f(t− kh)

=
1

Γ(α)

∫ t

a

(t− τ)α−1f(τ)dτ

if f is of class Cn then using integration by parts, we obtain :

GD
−α
a f(t) =

n−1∑
k=0

f (k)(a)(t− a)k+α

Γ(k + α + 1)
+

1

Γ(n+ α)

∫ t

a

(t− τ)n+α−1f (n)(τ)dτ

and also :

GDα
a f(t) =

n−1∑
k=0

f (k)(α)(t− a)k−α

Γ(k − α + 1)
+

1

Γ(n− α)

∫ t

a

(t− τ)n−α−1f (n)(τ)dτ

10



Example 1.1.1
the derivative f(t) = (t − a)p in the sense of Grunwald-Letnikov. let p be non integer and
0 ≤ n − 1 < α < n with p > n − 1 then we have : f (k)(a) = 0 for k = 0, 1, . . . , n − 1 and
f (n)(τ) = Γ(p+1)

Γ(p−n+1)
(τ − a)p−n thus:

GDα
a (t− a)p =

Γ(p+ 1)

Γ(n− α)Γ(p− n+ 1)

∫ t

a

(t− τ)n−n−1(τ − a)p−ndτ

Taking τ = a+ s(t− a) we have :

GD
α
a (t− a)p =

Γ(p+ 1)

Γ(n− α)Γ(p− n+ 1)
(t− a)p−α

∫ 1

0

(1− s)n−a+1sp−nds

=
Γ(p+ 1)β(n− α, p− n+ 1)

Γ(n− α)Γ(p− n+ 1)
(t− a)p−α

=
Γ(p+ 1)Γ(n− α)Γ(p− n+ 1)

Γ(n− α)Γ(p− n+ 1)Γ(p− α + 1)
(t− a)p−a

=
Γ(p+ 1)

Γ(p− α + 1)
(t− a)p−n

Remark 1.1.1
the derivative of a constant function in the sense of Grunwald-letnikov is neither zero nor
constant.

if f(t) = C and α is non integer we have : f (k)(t) = 0 for k = 1, 2, . . . , n

GDa
af(t) =

C

Γ(1− α)
(t− a)−a +

n−1∑
k=1

f (k)(a)(t− a)k−α

Γ(k − α + 1)︸ ︷︷ ︸
0

+
1

Γ(n− α)

∫ t

a

(t− τ)n−a−1fn(τ)dτ︸ ︷︷ ︸
0

=
C

Γ(1− α)
(t− a)−a

1.1.1 Composition with derivatives of integer order

Proposition 1.1.1 [28]

for m a positive integer and α non integer with :

dm

dtm
(
GDa

af(t)
)
= GDm+a

a f(t) (1.2)

And
GDα

a

(
dm

dtm
(f(t))

)
= GDm+α

a f(t)−
m−1∑
k=0

f (k)(a)(t− a)k−α−m

Γ(k − α−m+ 1)
(1.3)

Proof
For m positive integer and α non integer with (n− 1 < α < n) we have :

dm

dtm

(
GDα

a f(t)
)
=
∑m−1

k=0
f (k)(a)(t−a)k−(a+m)

Γ(k−(α+m)+1)
+ 1

Γ(n+m−(p+m))

×
∫ t

a
(t− τ)n+m−(p+m)−1fn+mτdτ

11



then :
dm

dtm
(
GDa

nf(t)
)
= GDm+a

a f(t)

but :

GDa

(
dm

dtm
f(t)

)
=

m−1∑
k=0

f (m+k)(a)(t− a)(k−a)

Γ(k − α + 1)
+

1

Γ(n− p))

∫ t

a

(t− τ)n−α−1fn+m(τ)dτ

=
m+m−1∑

k=0

f (k)(a)(t− a)k−(α+m)

Γ(k − (α +m) + 1)

+
1

Γ(n+m− (p+m))

∫ t

a

(t− τ)m+m−(p+m)−1fn+m(τ)dτ

−
n−1∑
k=0

f (k)(a)(t− a)k−(a+m)

Γ(k − (α +m) + 1)

=GDm+a
a f(t)−

n−1∑
k=0

f (k)(a)(t− a)k−α−m

Γ(k − α−m+ 1)

Remark 1.1.2

It is deduced that fractional differentiation and conventional differentiation commute only
if: f (k)(a) = 0 for all k = 0, 1, 2, . . . ,m− 1.

1.1.2 composition with fractional derivatives

Proposition 1.1.2

1. if α′ < 0 and α ∈ R then :

GDa
a

(
GDa′

a (f(t))
)
= GDa+a′

a f(t) (1.4)

2. if 0 ≤ m− 1 < α′ < m and α < 0 then :

GDa
a

(
CDa′

a (f(t))
)
= GDa+a

a
′f(t) (1.5)

only if f (k)(a) = 0 for all k = 0, 1, 2, . . . ,m− 2

3. Si 0 ≤ m− 1 < α′ < m and 0 ≤ n− 1 < α < n then :

GDa
a

(
GDa

a(f(t))
)
= GDa

a

(
GDa

a(f(t))
)

= GDa+a′

a f(t)
(1.6)

only if f (k)(a) = 0 for all k = 0, 1, 2, . . . , r − 2 with r = max(m,n)

Proof

12



1. if α < 0 and α < 0 then :

GDα
a

(
GDa′

a (f(t))
)
=

1

Γ(−α)

∫ t

a

(t− τ)−a−1
(
GDa′

a (f(τ))
)
dτ

=
1

Γ(−α)Γ (−α′)

∫ t

a

(t− τ)−α−1dτ

∫ t

a

(τ − s)−a′−1f(s)ds

=
1

Γ(−α)Γ (−α′)

∫ t

a

f(s)ds

∫ t

a

(τ − s)−a′−1(t− τ)−a−1dτ

=
1

Γ (− (α + α′))

∫ t

a

(t− s)−a−a′−1f(s)ds

= GDn+α′

a f(t)

if α′ < 0 and 0 ≤ n− 1 < α < n we have α = n+ (α− n)with (α− n) < 0 then :

GDa
a

(
GDa′

a (f(t))
)
=

dn

dtn

{
CDa−n

a

(
GDa′

a (f(t))
)}

=
dn

dtn

(
GDa′+a−n

a (f(t))
)

= GDa+a′

a f(t)

2. for 0 ≤ m− 1 < α′ < m and α < 0 we have :

GDa′

a f(t) =
m−1∑
k=0

f (k)(a)(t− a)k−a′

Γ (k − α′ + 1)
+

1

Γ (m− α′)

∫ t

a

(t− τ)m−a′−1f(m)(t)dτ

and (t − a)k−a they have non integrable singularities then GDa
a

(
GDa

a(f(t))
)

only exists
f(k)(a) = 0 for all k = 0, 1, 2, . . . ,m− 2 this case we have :

GDa′

a f(t) =
f (m−1)(a)(t− a)m−1−α′

Γ (m− α′)
+ GDα′−m

a fm(t)

then :

GDα
a

(
GDa′

a (f(t))
)
=
f (m−1)(a)(t− a)m−1−α′−α

Γ (m− α′ − α)
+ GDa+a′−m

a fm(t)

=
f (m−1)(α)(t− a)m−1−(a′+a)

Γ (m− α′ − α)

+
1

Γ (m− (α′ + α))

1

Γ (m− α′)

∫ t

a

(t− τ)m−(a+a′)−1f(m)(t)dτ

= GDα+a′

a f(t)

3. for 0 ≤ m− 1 < α′ < m and 0 ≤ n− 1 < α < n we have :

GDα
n

(
GDα′

n (f(t))
)
=

dn

dtn
{
GDa−n

∼
(
GDa

n(f(t))
)}

Si f (k)(a) = 0 for all k = 0, 1, 2, . . . ,m− 2 then :

GDa−n
a

(
GDa′

a (f(t))
)
= GDa+a′−m

a f(t)

therefore :
GDa

a

(
GDa

′(f(t))
)
=
dnG

dt2
Da+a′−n

a f(t)

= GDa+a′

a f(t)

13



1.1.3 the Laplace transform of fractional derivative in the sense of
Grunwald-Letnikov

let f be a function that has the Laplace transform F (s). for 0 ≤ α < 1 we have :

GDα
0 f(t) =

f(0)t−α

Γ(n− α)
+

1

Γ(n− α)

∫ t

0

(t− τ)−af ′(τ)dτ (1.7)

then :
L
[
GDα

0 f(t)
]
(s) =

f(0)

s1−a
+

1

s1−α
[sF (s)− f(0)]

= sαF (s)
(1.8)

for α ≥ 1 there does not exist a Laplace transform in the classical sense, but in the sense of
distributions, we also have:

L
[
GD∞

0 f(t)
]
(s) = saF (s) (1.9)

1.2 Riemann-Liouville Fractional Integral
This section introduces the elementary definitions and some properties of the Riemann-Liouville
fractional integral.

Let f be a real, continuous, and integrable function on the interval [a, b]. We consider the
integral

I1f(t) =

∫ t

a

f(τ)dτ

I2f(t) =

∫ t

a

I1f(u)du

=

∫ t

a

(∫ u

a

f(s)ds

)
du

=

∫ t

a

(∫ t

s

du

)
f(s)ds

=

∫ t

a

(t− s)f(s)ds

By repeatedly applying this process n times, we obtain, according to Cauchy’s formula:

Inf(t) =
1

(n− 1)!

∫ t

a

(t− s)n−1f(s)ds (1.10)

And, using the generalization of the factorial function via the Gamma function: Γ(n) =
(n − 1)!. Riemann realized that the right-hand side could make sense even when n takes on
non-integer values. He defined the fractional integral as follows:

Let f ∈ C[a, b], α ∈ R+. The Riemann-Liouville fractional integral of f of order α, denoted
by Iaa+f , is defined by:

Definition 1.2.1 [27]
let f ∈ C[a, b], α ∈ R+, we it the Riemann-Liouville fractional (left-sided) integral off of order
α,denoted by Iaa+f the function defined by :

Iαα+f(t) =
1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds (1.11)
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the right-sided Riemann-Liouville fractional integral of the function f of order α, denoted
by Iabf the function defined by :

Iab−f(t) =
1

Γ(α)

∫ b

t

(t− s)a−1f(s)ds (1.12)

Remark 1.2.1

For the remainder of this work, we will exclusively utilize the left-sided integral and employ
the notation α.

throughout what follows, we will only use the left-sided integral and denote it as Iaa .

Example 1.2.1

let f(t) = tβ with β > −1 we have :

Iααf(t) = Iαα t
β

=
1

Γ(α)

∫ t

a

sa(t− s)α−1ds

by setting s = tu, (2.3) becomes

Iααf(t) =
1

Γ(α)

∫ 1

0

(tu)β(1− tu)α−1tdu

Using the definition of the Beta function from (1.2) and Proposition 1.7, we obtain:

Iαa f(t) =
tβ+α

Γ(α)

∫ 1

0

uβ(1− u)a−1tdu

=
tβ+a

Γ(α)
β(β + 1, α)

=
Γ(β + 1)

Γ(α + β + 1)

Proposition 1.2.1 [12]
Let f be an integrable and bounded function, and let α and α′ be two strictly positive real
numbers. Then

I α̇a

[
Iα

′

a f(t)
]
= Iα+a′

a f(t) (1.13)

Proof

Iαa

[
Iα

′

a f(t)
]
=

1

Γ(α)

∫ t−α

0

sα
′−1Iαa f(t− s)ds

=
1

Γ(α)Γ (α′)

∫ t−a

0

sα
′−1ds

∫ t−s

a

(t− s− u)α−1f(u)du

=
1

Γ(α)Γ (α′)

∫ t

a

f(u)du

∫ t−α

a

tα
′−1(t− u− s)α−1ds

let s = v(t− u)
Then ds = (t− u)dv

15



Hence, it follows that:

=
1

Γ(α)Γ (α′)

∫ t

a

f(u)du

∫ 1

0

(v(t− u))α
′−1(t− u− v(t− u))α−1(t− u)dv

=
1

Γ(α)Γ (α′)

∫ t

a

(t− u)α+α′−1f(u)du

∫ 1

0

vα
′−1(1− v)α−1dv

=
1

Γ(α)Γ (α′)

∫ t

a

(t− u)α+α′−1f(u)duβ (α′, α)

=
1

Γ (α + α′)

∫ t

a

(t− u)α+α′−1f(u)du

= I(α+α′)
a f(t)

Proposition 1.2.2
let f, g be two continuous and integrable function over [a, b], I∞a is linear, that is:

∀γ, λ ∈ R α > 0 on a Iαa [λf(t) + γg(t)] = λIaaf(t) + γIaag(t) (1.14)

Proof

Iαa [λf(t) + γg(t)] =
1

Γ(α)

∫ t

a

(t− s)α−1[λf(s) + γg(s)]ds

= λ
1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds+ γ
1

Γ(α)

∫ t

a

(t− s)α−1g(s)ds

= λIαa f(t) + γIαa g(t)

Proposition 1.2.3 [27]
the Laplace transform of the Riemann-liouville fractional integral for a = 0 of a function f ,that
has the Laplace transform F (s) in the half-plane Re(s) > 0, is given by:

L (Iαf) (s) = s−αF (s) (1.15)

1.3 fractional derivative in the sense of Riemann-Liouville
Definition 1.3.1 [16]
let f be an integrable function over [a, b] then the fractional derivative of order α (with

n− 1 < α < n, n ∈ N∗ ) in the sense of Riemann-Liouville Da
af is defined by :

Dα
a f(t) =

1

Γ(n− α)

dn

dtn

∫ t

a

f(s)

(t− s)α−n+1
ds (1.16)

this fractional order derivative can also be written as follows :

Dα
a f(t) =

dm

dtn
{
In−α
a f(t)

}
(1.17)

Example 1.3.1

The Riemann-Liouville fractional derivative of f(t) = (t− a)p. Let α be a non-integer with
0 ≤ n− 1 < α < n and p > −1, then we have:

Dα
a f(t) = Dα

a(α(t− a)p

=
1

Γ(n− α)

dt

dtn

∫ t

a

(τ − a)p

(t− τ)α−n+1
dτ
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By changing the variable τ = a+ s(t− a) we have :

Dα
a (t− a)p =

1

Γ(n− α)

dtn

dtn
(t− a)n+p−α

∫ 1

0

(1− s)α−n+1spds

=
Γ(n+ p− α + 1)β(n− α, p+ 1)

Γ(n− α)Γ(p− α + 1)
(t− a)p−α

=
Γ(n+ p− α + 1)β(n− α, p+ 1)Γ(p+ 1)

Γ(n− α)Γ(p− α + 1)Γ(n+ p− α + 1)
(t− a)p−α

=
Γ(p+ 1)

Γ(p− α + 1)
(t− a)p−α

Proposition 1.3.1 [21]
if α = n ∈ N we have :

D0
af(t) = f(t), D2

af(t) = f (2), . . . , Dn
af(t) = f (n)(t) (1.18)

Remark 1.3.1 [26]

The non-integer order derivative of a constant function in the Riemann-Liouville sense is
neither zero nor constant, However, we have:

Da
aC =

C

Γ(1− α)
(t− a)−a (1.19)

On note dm

dm
by Dn.

1.3.1 Composition with the fractional integral

Proposition 1.3.2
let α > 0 et n = [α] + 1 then for every integer m ∈ N∗ we have:

Dα
a f(t) = Dm

a

(
Im−αf(t), m > α (1.20)

Proof
as m ≥ n, we have :

Dm
a I

m−αf(t) = DnDm−nIm−nIn−af(t)

= DnIn−af(t)

= Da
af(t)

Lemma 1.3.1
let α > 0 and f ∈ L1[a, b], then the equality:

Dα
a I

α
a f(t) = f(t) (1.21)

is true almost every t ∈ [a, b]

Proof
Using the definition, we have :

Dα
a I

α
a f(t) = DnIn−α

a Iαa f(t)

= DnIna f(t)

= f(t)

Theorem 1.3.1
let α, β > 0 and n− 1 ≤ α < n,m− 1 ≤ α < m such that (n,m ∈ N) then :
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1. if α > β > 0, then for f ∈ L1[a, b] the equality :

Dβ
a (I

αf) (t) = Iα−βf(t) (1.22)

is valid almost everywhere on [a, b].

2. if there exist a function φ ∈ L1[a, b] tel such that f = Iαa φ then :

IαaD
α
a f(t) = f(t) (1.23)

for almost every x ∈ [a, b].

3. Si β ≥ α > 0 and the fractional derivative Ds−a
α f exist, then :

Dβ
a (I

α
a f) (t) = Dβ−α

a f(t) (1.24)

Proof
Using definition 2.2 and proposition 2.3 we obtain:

1. for α > β > 0, then for all n ≥ m, we have :

D3
a (I

α
a ) f(t) = DnIn−β (Iα) f(t)

= Dn
(
In+α−β
a

)
f(t)

= Dn
(
Ina
(
Iα−β
a

)
f(t)

= Iα−β
a f(t)

almost for every t ∈ [a, b]

2. by relation 2.5, we obtain :

IαaD
α
a f(t) = Iαa (Dα

a I
α
a φ(t))

= Iαa φ(t)

= f(t)

3. on a :
Dβ

a (I
α
a ) f(t) = Dm

a I
m−β
a Iαa f(t)

= DmIm−(β−α)f(t)

= Dβ−α
a f(t)

Exist for i− 1 ≤ β − α < i et i ≤ m

1.3.2 Composition with integer order derivatives

Theorem 1.3.2
let α, β > 0 and n− 1 ≤ α < n,m− 1 ≤ α < m such that (n,m ∈ N) then: for α > 0, k ∈ N∗.
if the fractional derivatives Dα

a f and Dk+a
a f exist, then :

Dk (Dα
a f(t)) = Dk+a

a f(t) (1.25)

Proof
On a :

Dk [Dα
a f(t)] = DkDnIn−α

a f(t)

= Dk+nIk+n−a+k−k
a f(t)

= Dk+nIk+n−(a+k)
a f(t)

= Dk+a
a f(x)

Hence the result.
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Proposition 1.3.3 [26]
for α > 0, n ∈ N∗. if the fractional derivative Dn+α

a f and 1 ≤ k ≤ n− 1 exist, then

Dα
a (D

nf(t)) =
(
Dn+α

a f(t)
)
−

n−1∑
k=1

f (k)(a)(t− a)k−α−n

Γ(k − α− n+ 1)
(1.26)

Remark 1.3.2
Fractional differentiation and conventional differentiation commute only if: f (k)(a) = 0 for all
k = 0, 1, 2, . . . , n− 1.

1.3.3 composition with fractional derivatives

Proposition 1.3.4 [26]
for all n− 1 ≤ α < n and m− 1 ≤ β < m we have :

Dα
a

(
D3

af(t)
)
= Dα+β

a f(t)−
m∑
k=1

[
Dj−k

a f(t)
]
t=a

(t− a)−α−k

Γ(−α− k + 1)
(1.27)

Proposition 1.3.5 [26]
for all n− 1 ≤ α < n and m− 1 ≤ β < m we have:

Dβ
a (D

α
a f(t)) = Dα+β

a f(t)−
n∑

k=1

[
Dα

a
kf(t)

]
t−a

(t− a)−β−k

Γ(−β − k + 1)
(1.28)

assume that if α = β and
[
Dj−k

a f(t)
]
t=a

for all k = 1, 2, . . . ,m and
[
Da−k

a f(t)
]
tma

for all
k = 1, 2, . . . , n

Fractional Derivative in the sense of Caputo

1.4 Fractional Derivative in the Caputo sense
In mathematical modeling, the use of Riemann-Liouville fractional derivatives involves

initial conditions containing the limit values of fractional derivatives at the lower bound t = a.
Mr. Caputo proposed a solution to this issue. This section provides a definition and some
properties of the Caputo fractional derivative. This section provides a definition and some
properties of the Caputo fractional derivative.

Definition 1.4.1 [16]
for any α , a strictly positive real number,the caputo fractional derivative cDα

a f of order α on
[a, b], is defined as :

cDα
a f(t) =

1

Γ(n− α)

∫ t

a

fn(s)

(t− s)α−n+1
ds

= In−α
a f (n)(t)

(1.29)

Example 1.4.1
the caputo derivative of f(t) = (t− a)p . let α be non integer 0 ≤ n− 1 < α < n and p > −1
then we have :

cDα
a f(t) =

cDα
a (t− a)p

=
Γ(p+ 1)

Γ(n− α)Γ(p− n+ 1)

∫ t

a

(τ − a)p−n(t− τ)n−α−1dτ
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Taking τ = a+ s(t− a) we get :

cDα
a (t− a)p =

Γ(p+ 1)

Γ(n− α)Γ(p− n+ 1)
(t− a)p−α

∫ 1

0

(1− s)n−α−1sp−nds

=
Γ(p+ 1)β(n− α, p− n+ 1)

Γ(n− α)Γ(p− n+ 1)
(t− a)p−α

− Γ(p+ 1)Γ(n− α)Γ(p− n+ 1)

Γ(n− α)Γ(p− α + 1)Γ(p− α + 1)
(t a)p−α

=
Γ(p+ 1)

Γ(pα + 1)
(t− a)p−α

1.4.1 composition with the fractional integral

Theorem 1.4.1 ([26],[27])
let α > 0, and f is a continuous function on [a,+∞) in R we have :

Iαa (cDα
a f(t)) = f(t)−

n−1∑
k=1

f (k)(a)(t− a)k

k!
(1.30)

Theorem 1.4.2 [23]
let α > 0 and f be a continuous function on [a,+∞) in R we have :

cDα
a (I

α
a f) (t) = f(t) (1.31)

Remark 1.4.1
the Caputo derivative operator can be considered as a left-inverse of the fractional integration
operator, but it does not constitute a right-inverse.

Remark 1.4.2
the conclusion of theorem 2.14 indicates that differentiating a function f in the Caputo is
equivalent to a fractional derivative of the remainder in the Taylor expansion of f .

Theorem 1.4.3 [21]
Si α = n ∈ N we have :

cDα
a f(t) = f (n)(t) (1.32)

that is to say :
cD0

af(t) = f(t), cD2
af(t) = f (2), . . . , cDn

af(t) = f (n)(t) (1.33)

1.5 Relationship between the Riemann-Liouville Fractional
Derivative and the Caputo Fractional Derivative

The following theorem establishes the connection between the Caputo fractional and Riemann-
Liouville fractional derivatives.

Theorem 1.5.1 ([24],[27])

let α ≥ 0 (with m− 1 ≤ α < n and m ∈ N∗) if f has m− 1 derivatives at and if ◦Dα
a f and

Da
af exist, then : for almost every t ∈ [a,+∞) :

cDa
af(t) = Da

af(t)−
m−1∑
j=1

(t− a)j−a

Γ(−α + 1 + j)
f (j)(a) (1.34)
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Proof
we have :

Iαa f(t) =
(t− a)α

Γ(α + 1)
f(a) +

1

Γ(α + 1)

∫ t

a

(t− s)αf ′(s)ds

=
(t− a)α

Γ(α + 1)
f(a) + Iα+1

a f ′(t)

Iαa f(t) =
m−1∑
j=1

(t− a)α+j

Γ(α + 1 + j)
f (j)(a) + Iα+n

a fn(t)

Setting n = m and α = m− α we find :

Im−α
a f(t) = I2m−α

a f (m)(t) =
m−1∑
j=1

(t− a)m−α+j

Γ(m− α + 1 + j)
f (j)(a)

then

dm

dtm
[
Im−α
a f(t)

]
=

dm

dtm

[
I2m−α
a f(t)(m) +

m−1∑
j=1

(t− a)m−α+j

Γ(m− α + 1 + j)
f (j)(a)

]

=
dm

dtm
[
I2m−α
a f (m)(t)

]
+

m−1∑
j=1

(t− a)j−α

Γ(−α + 1 + j)
f (j)(a)

= Im−α
a f (m)(t) +

m−1∑
j=1

(t− a)j−α

Γ(−α + 1 + j)
f (j)(a)

Therefore

Dα
a f(t) =

cDα
a f(t) +

m−1∑
j=1

(t− a)j−α

Γ(−α + 1 + j)
f (j)(a)

Corrolaire 1.5.1 [29]
for α > 0, we deduce that if f (k)(a) = 0for k = 0, 1, 2, . . . , n− 1, (n = [α] + 1) then we will have

Dα
a f(t) =

cDα
a f(t) (1.35)

1.6 General properties of fractional derivatives

1.6.1 Linearity

Proposition 1.6.1 ([9],[25])

let f, g be two continuous functions on [a, b], Fractional differentiation is a linear opera-
tion,i.e., for any: ∀γ, λ ∈ R, α > 0, we have

Dα[λf(t) + γg(t)] = λDαf(t) + γDαg(t) (1.36)

Where Dα denotes any sense of fractional derivative.

Example 1.6.1 [25]
- the linearity of fractional derivative in the sense of Grunwald-Letnikov:

21



let α, β ∈ C we have :

GDα
a [λf(t) + γg(t)] = lim

h→0

1

hα

n∑
k=0

(−1)k
(
α
k

)
[λf(t− kh) + γg(t− kh)]

=λ lim
h→0

1

hα

n∑
k=0

(−1)k
(
α
k

)
f(t− kh)

+ γ lim
h→0

1

hα

n∑
k=0

(−1)k
(
α
k

)
g(t− kh)

=λGDα
a f(t) + γGDα

a g(t)

- the linearity of fractional derivative in the sense of Riemann-Liouville:
Let α, β ∈ C we have :

Dα
a [λf(t) + γg(t)] =

1

Γ(n− α)

dn

dtn

∫ t

a

[λf(s) + γg(s)]

(t− s)α−n+1

=
λ

Γ(n− α)

dn

dtn

∫ t

a

f(s)

(t− s)α−n+1

+
γ

Γ(n− α)

dn

dtn

∫ t

a

g(s)

(t− s)α−n+1

=λDα
a f(t) + γDα

a g(t)

1.6.2 Leibniz Rule

for an integer n we have

dn

dtn
(f(t)g(t)) =

n∑
k=0

(
n
k

)
fk(t)gn−1(t) (1.37)

the generalization of this formula gives us

Dα(f(t)g(t)) =
n∑

k=0

(
α
k

)
fk(t)Dα−kg(t) +Rα

n(t) (1.38)

where n ≥ α + 1 and

Rα
n(t) =

1

n!Γ(−α)

∫ t

a

(t− τ)−α−1g(τ)dτ

∫ t

τ

f (n+1)(τ − ξ)n(ξ)dξ (1.39)

with limn→∞Rα
n(t) = 0

if f and g are continuous on [a, t] include all their derivatives ,the formula becomes :

Dα(f(t)g(t)) =
n∑

k=0

(
α
k

)
fk(t)Dα−kg(t) +Rα

n(t) (1.40)

Dα is the fractional derivative in the sense of Grunwald-Letnikov and in the sense of Riemann-
Liouville.

Definition 1.6.1
let α > 0, α /∈ N, n = [α] + 1 and f : A ⊏ R2 → R, then:

Dαy(t) = f(t, y(t)), (1.41)

is called a Riemann-Liouville fractional differential equation.
Similarly,

CDαy(t) = f(t, y(t)), (1.42)

is called a Caputo fractional differential equation.
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1.7 Riemann-Liouville fractional differential equation
Starting with the homogeneous Riemann-Liouville type equation.

Lemma 1.7.1

let α > 0. If we assume that u ∈ C(0, 1) ∩ L(0, 1), then the Riemann-Liouville fractional
differential equation is:

Dα
0+u(t) = 0, 0 < t < 1, (1.43)

admits a unique solution

u(t) = C1t
α−1 + C2t

α−2 + ...+ Cnt
α−n.

where Cm ∈ R, with m = 1, 2, ..., n.

Proof
Let α > 0. According to Remark (22222????), we have:

Dα
0+t

α−m = 0, with m = 1, 2, ..., n.

Then, the fractional differential equation (3.5) admits a particular solution, such as

u(t) = Cmt
α−m, with m = 1, 2, ..., n. (1.44)

where Cm ∈ R.
Thus, the general solution of (3.5), given as a sum of particular solutions (3.6), i.e.

u(t) = C1t
α−1 + C2t

α−2 + ...+ Cnt
α−n,

where Cm ∈ R, with m = 1, 2, ..., n.

Lemma 1.7.2
Suppose that

u ∈ C(0, 1) ∩ L(0, 1), and Dα
0+u ∈ C(0, 1) ∩ L(0, 1).

Then:
Iα0+D

α
0+u(t) = u(t) + C1t

α−1 + C2t
α−2 + ...+ Cnt

α−n, (1.45)

where Cm ∈ R, with m = 1, 2, ..., n.

Proof
Let α > 0. For all u ∈ C(0, 1) ∩ L(0, 1)(Proposition 2.2.3), we have:

Iα
0+Dα

0+u(t) = u(t)−
n∑

k=1

(In−α
0+ un−k)(0)

Γ(α− k + 1)
tα−k

= u(t)−
[
(In−α

0+ u(n−1))(0)

Γ(α)
tα−1 +

(In−α
0+ u(n−2))(0)

Γ(α− 1)
tα−2 + ...+

(In−α
0+ u)(0)

Γ(α− n+ 1)
tα−n

]

We define Cm = −
(In−α

0+ u(n−m))(0)

Γ(α−m+ 1)
∈ R, for each m = 1, 2, ..., n, we find the equality (1.45).
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Lemma 1.7.3
Let 1 < α ≤ 2, and y ∈ C([0, 1]).
Then the unique solution to the boundary value problem{

Dα
0+u(t) + y(t) = 0, 0 < t < 1

u(0) = u(1) = 0
(1.46)

is given by:

u(t) =

∫ 1

0

G(t, s)y(s)ds,

such as:

G(t, s) =


[t(1− s)]α−1 − (t− s)α−1

Γ(α)
, if 0 ≤ s ≤ t ≤ 1

[t(1− s)]α−1

Γ(α)
, if 0 ≤ s ≤ t ≤ 1

(1.47)

Proof
Applying Iα

0+ , to equation 1.46, we obtain:

Iα
0+ [Dα

0+u(t) + y(t)] = 0 ↔ Iα
0+Dα

0+u(t) + Iα
0+y(t) = 0.

According to Lemma 1.7.2, for 1 < α ≤ 2 (n = [α] + 1 = 2), we have:

Iα
0+Dα

0+u(t) = u(t) + C1t
α−1 + C2t

α−2, C1, C2 ∈ R

Thus,
u(t) + C1t

α−1 + C2t
α−2 + Iα

0+y(t) = 0

which implies
u(t) = −Iα

0+y(t)− C1t
α−1 − C2t

α−2,

Therefore, the general solution of equation 1.46 is given by:

u(t) = − 1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds− C1t
α−1 − C2t

α−2. (1.48)

The boundary conditions imply that:u(0) = 0 ⇒ 0 = −0− 0− limt→0C2t
α−2 ⇒ C2 = 0,

u(1) = 0 ⇒ 0 = − 1

Γ(α)

∫ 1

0
(1− s)α−1y(s)ds− C1 ⇒ C1 = − 1

Γ(α)

∫ 1

0
(1− s)α−1y(s)ds.

The integro-differential equation 1.48 is equivalent to:

u(t) = − 1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds+
tα−1

Γ(α)

∫ 1

0

(1− s)α−1y(s)ds

= − 1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds+
tα−1

Γ(α)

∫ t

0

(1− s)α−1y(s)ds+
tα−1

Γ(α)

∫ 1

t

(1− s)α−1y(s)ds

=
1

Γ(α)

∫ t

0

[tα−1(1− s)α−1 − (t− s)α−1]y(s)ds+
tα−1

Γ(α)

∫ 1

t

(1− s)α−1y(s)ds

=

∫ t

0

[t(1− s)]α−1 − (t− s)(α−1)

Γ(α)
y(s)ds+

∫ 1

t

[t(1− s)]α−1

Γ(α)
y(s)ds

=

∫ 1

0

G(t, s)y(s)ds.

The proof is complete.
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1.8 Caputo fractional differential equation
Starting with the homogeneous Caputo-type equation.

Lemma 1.8.1
Let α > 0. If we assume that u ∈ C(0, 1) ∩ L(0, 1), then the Caputo-type fractional differential
equation is:

CDα
0+u(t) = 0, (1.49)

admits a unique solution

u(t) = C0 + C1t+ C2t
2 + · · ·+ Cn−1t

n−1.

where Cm ∈ R, with m = 0, 1, 2, . . . , n− 1.

Proof
let α > 0. According to Remark 2.2.4, we have:

CDα
0+t

m = 0, for m = 0, 1, 2, . . . , n− 1.

So the fractional differential equation 1.49 admits a particular solution, such as

u(t) = Cmt
m, for m = 0, 1, 2, . . . , n− 1. (1.50)

where Cm ∈ R.
The general solution of 1.49, given as a sum of particular solutions 1.50, i.e.,

u(t) = C0 + C1t+ C2t
2 + · · ·+ Cn−1t

n−1.

Lemma 1.8.2
Assume that u ∈ Cn([0, 1]). then:

Iα
0+ + CDα

0+u(t) = u(t) + C0 + C1t+ C2t
2 + ...+ Cn−1t

n−1. (1.51)

where Cm ∈ R, with m = 0, 1, 2, . . . , n− 1.

Proof
Let α > 0. for all u ∈ Cn([0, 1]) (Proposition 2.2.4) we have

Iα
0+

CDα
0+u(t) = u(t)−

n−1∑
k=0

uk(0)

k!
tk

= u(t)−
[
u(0) + u′(0)t+

u′′(0)

2
t2 + ...+

u(n−1)(0)

(n− 1)!
tn−1

]

We pose Cm = −u
(m)(0)

m!
∈ R, for each m = 0, 1, 2, ..., n− 1,We easily find the equality 1.51

Lemma 1.8.3
let 1 < α ≤ 2, and y ∈ C([0, 1]).
Then the unique solution to the boundary value problem is:{

CDα
0+u(t) = y(t), 0 < t < 1

u(0) + u′(0) = 0, u(1) + u′(1) = 0
, (1.52)

is given by:

u(t) =

∫ 1

0

G(t, s)y(s)ds,

such as:

G(t, s) =

{
(1−t)(1−s)α−1+(t−s)α−1

Γ(α)
+ (1−t)(1−s)α−2

Γ(α−1)
if 0 ≤ s ≤ t ≤ 1

(1−t)(1−s)α−1

Γ(α)
+ (1−t)(1−s)α−2

Γ(α−1)
if 0 ≤ t ≤ s ≤ 1

(1.53)
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Proof
Applying Iα

0+, to equation 1.52 we obtain:

Iα
0+

[
CDα

0+u(t)− y(t)
]
= 0 ⇔ Iα

0+
CDα

0+u(t)− Iα
0+y(t) = 0.

According to Lemma 1.8.2, for 1 < α ≤ 2 (n = [α] + 1 = 2),we have:

Iα
0+

CDα
0+u(t) = u(t) + C0 + C1t, C0, C1, C2 ∈ R,

thus,
u(t) + C0 + C1t− Iα

0+y(t) = 0,

which implies
u(t) = Iα

0+y(t)− C0 − C1t,

Therefore, the general solution of equation 1.52is given by:

u(t) =
1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds− C0 − C1t. (1.54)

The boundary conditions imply that:{
u(0) + u′(0) = 0 ⇒ C0 + C1 = 0
u(1) + u′(1) = 0 ⇒ C0 + 2C1 = (Iα

0+y)(1) + (Iα
0+y)

′(1)

thus 

C0 =− (Iα
0+y)(1)− (Iα

0+y)
′(1)

=− 1

Γ(α)

∫ 1

0

(1− s)α−1y(s)ds− 1

Γ(α− 1)

∫ 1

0

(1− s)α−2y(s)ds

C1 =(Iα
0+y)(1)− (Iα

0+y)
′(1)

=
1

Γ(α)

∫ 1

0

(1− s)α−1y(s)ds+
1

Γ(α− 1)

∫ 1

0

(1− s)α−2y(s)ds

The integro-differential equation 1.52 is equivalent to:

u(t) =
1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds+
1

Γ(α)

∫ 1

0

(1− s)α−1y(s)ds

+
1

Γ(α− 1)

∫ 1

0

(1− s)α−2y(s)ds− t

Γ(α)

∫ 1

0

(1− s)α−1y(s)ds

− t

Γ(α− 1)

∫ 1

0

(1− s)α−2y(s)ds

=
1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds+
(1− t)

Γ(α)

∫ t

0

(1− s)α−1y(s)ds

+
(1− t)

Γ(α)

∫ 1

t

(1− s)α−1y(s)ds+
(1− t)

Γ(α− 1)

∫ t

0

(1− s)α−2y(s)ds

+
(1− t)

Γ(α− 1)

∫ 1

t

(1− s)α−2y(s)ds

=

∫ t

0

[
(t− s)α−1 + (1− t)(1− s)α−1

Γ(α)
+

(1− t)(1− s)α−2

Γ(α− 1)

]
y(s)ds

+

∫ 1

t

[
(1− t)(1− s)α−1

Γ(α)
+

(1− t)(1− s)α−2

Γ(α− 1)

]
y(s)ds

=

∫ 1

0

G(t, s)y(s)ds.

The proof is complete.
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1.9 Existence and uniqueness of the solution
This section constitutes a preliminary part in which fundamental concepts and results of the the-
ory of functional analysis are recalled (Banach contraction principle, equicontinuity, Schauder’s
theorem, Arzela-Ascoli theorem,...). Subsequently, the question of existence and uniqueness
of the solution for the boundary value problem of fractional order differential equation will be
addressed.

1.9.1 Some fixed point theorems

Definition 1.9.1 Let (E, d) be a complete metric space and F : E → E be a continuous
function.

1. We say that s ∈ E is a fixed point of F if f(u) = u.

2. We say that F is a contraction mapping if it is Lipschitz with Lipschitz constant 0 < L <
1,i.e., if there exists 0 < L < 1, such that

∀u, v ∈ E, d(F (u), F (v)) ≤ Ld(u, v), 0 < L < 1.

Theorem 1.9.1 (Arzelà–Ascoli)
Let A be a subset of C(J ;E);A is relatively compact in C(J ;E) if and only if the following
conditions are satisfied:

1. The set A is bounded, i.e., there exists a constant k > 0 such that:

||f || ≤ k for every x ∈ J and f ∈ A.

2. The set A is equicontinuous, i.e., for every ϵ > 0, there exists δ > 0 such that

|t1 − t2| < δ ⇒ ||f(t1)− f(t2) ≤ ϵ for every t1, t2 ∈ J and f ∈ A.

3. for every x ∈ J the set {f(x), f ∈ A} ⊂ Eis relatively compact.

Theorem 1.9.2 (Banach)
Let X be a Banach space, and let F : X → X. be a contraction operator. Then F admits a
unique fixed point.
i.e., ∃!u ∈ X such that Fu = u The second fixed point theorem that we will state is the Schauder
Fixed Point Theorem.

1.10 Cauchy problem fractional order differential equation
The existence and uniqueness of the solution to a Cauchy problem for fractional-order differ-
ential equations (using the Caputo derivative) will be studied, where the problem is given in
the following form: {

CDαy(t) = f(t, y(t)) t ∈ [o, T ], 0 < α < 1
y(0) = y0, y0 ∈ R (1.55)

tell that f : [0, T ] ∈ R → R is a continuous function.

Lemma 1.10.1
Let 0 < α < 1 and let h : [0, T ] → R be a continuous function. A function y is a solution to
the Cauchy problem
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y(t) = y0 +
1

Γ(α)

∫ t

0

(t− s)α−1h(s)dx. (1.56)

Proof
We apply operator Iα to equation 1.55 and we find

IαCDαCDαy = Iαf(t) ⇒ y(t) + c0 = Iαh(t)

⇒ y(t) = Iαh(t)− c0

The initial condition gives

y(0) = (Iαh)(0)− c0 = −c0 ⇒ c0 = −y0.

Thus,
y(t) = Iαh(t)− (y0)

=
1

Γ(α)

∫ t

0

(t− s)α−1h(s)dx+ y0.

in return

y(t) = y0 +
1

Γ(α)

∫ t

0

(t− s)α−1h(s)dx

= Iαh(t) + y0.

we apply CDα to the integral equation 1.56.

CDαy(t) = CDα(Iαh)(t) + CDα(y0)

= h(t).

Thus, it remains to verify that y(0) = y0,

y(0) = Iαh(0) + y0 = 0 + y0

= y0.

Then y is a solution to the problem 1.56.

Theorem 1.10.1
Let 0 < α < 1 and f : [0;T ]× R → R and satisfies the following Lipschitz condition:

|f(t, y)− f(t, z)| ≤ k|y − z|, ∀t ∈ [0, T ], and y, z ∈ R.

kTα

Γ(α + 1)
< 1,

There exists a unique solution to the Cauchy problem 1.55.

Proof
We use the Banach fixed point theorem 1.9.2.

We transform problem 1.55 into a fixed point problem (Lemma 1.10.1), considering the
operator

F : C([o, T ],R) → C([o, T ],R)

y → F (y)(t) = y0 +
1

Γ

∫ t

0

(t− s)α−1f(s, y(s))dx.

where C([o, T ],R) is the Banach space of continuous functions y defined on [o, T ] in R, equipped
with the norm

||y|| = sup
t∈[o,T ]

|y(t)|.
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It is clear that the fixed points of the operator F are the solutions to problem 1.55. F is well
defined, indeed: if y(t) ∈ C([o, T ],R), Then Fy(t) ∈ C([o, T ],R).
To show that F has a fixed point, it suffices to demonstrate that F is a contraction; indeed, if
y1, y2 ∈ C([o, T ],R), t ∈ [o, T ] By using the Lipschitz condition, we obtain:

|Fy1 − Fy2| =
∣∣∣∣ 1

Γ(α)

∫ t

0

(f(s, y1(s)))− (f(s, y2(s)))(t− s)α−1ds

∣∣∣∣
≤ 1

Γ(α)

∫ t

0

(|f(s, y1(s)))− (f(s, y2(s)))|(t− s)α−1ds

≤ k

Γ(α)

∫ t

0

|y1(s)− y2(s)|(t− s)α−1ds

≤ k

Γ(α)
||y1 − y2||

∫ t

0

(t− s)α−1ds

≤ kTα

Γ(α + 1)
||y1 − y2||

It states that due to the property
kTα

Γ(α + 1)
< 1, F is a contraction, and according to Banach’s

Fixed Point Theorem, F has a unique fixed point, which is the solution to problem (3.17).
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CHAPTER 2

STOCHASTIC CALCULUS AND STOCHASTIC
DIFFERENTIAL EQUATIONS

2.1 probability Basics

2.1.1 probability space

Definition 2.1.1
A sigma-algebra (or σ-algebra) the probability space Ω is defined as a family F of subsets of Ω
(called events) satisfying the following properties :

1. the empty set ∅ belongs toF .

2. if an event A is in F , then its complement Ac is also in F .

3. if (An)
∞
n=1 is a sequence of events belonging to F , then the union of all these events,⋃∞

n=1An, is also in F .

Definition 2.1.2
the probability measure on the probability space (Ω,F) is defined as a function P de F to the
interval [0, 1], satisfying the following conditions :

1. the probability of the certain event, P(Ω), is equal to 1.

2. for any sequence of events An belonging to F and pairwise disjoint, the probability of the
union of these events, P (

⋃∞
n=0An), is equal to the infinite sum of individual probabilities,∑∞

n=0 P(An).

Definition 2.1.3
A probability space is defined as a triplet (Ω,F ,P) where : - Ω is a set, - F is a sigma-algebra
(or σ-tribe) on Ω, - P is a probability measure defined on (Ω,F).

2.1.2 Random variable

Definition 2.1.4
let (Ω,F ,P) be a probability space. A random variable on (Ω,F ,P) , is any function X : Ω → R
such that :

{ω ∈ Ω : X(ω) ∈ B} = {X ∈ B} ∈ F ,∀B ∈ B(R) (2.1)
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2.1.3 Expectation of a Random variable

Definition 2.1.5 (cumulative distribution function)
the cumulative distribution function of a random variable X defined on (Ω,F ,P) is the function
FX(x) defined on R by :

FX(x) = P(X ≤ x) = P({ω ∈ Ω : X(ω) ≤ x}) (2.2)

Definition 2.1.6
If the cumulative distribution function FX(x) is differentiable, the derivative of this function,
denoted fX(x), is called the probability density function of the random variable X. :

∂FX(x)

∂x
= fX(x) (2.3)

Definition 2.1.7
the mathematical expectation or mean, denoted E(X),is defined as follows:

1. Discrete case, when the random variable X takes discrete values (i.e., integers) in a
given interval, whether bounded or unbounded.

E(X) =
∞∑

K=1

xKP (X = xK) (2.4)

2. continuous case Si X is a real-valued random variable (absolutely continuous)

E(X) =

∫ +∞

−∞
xfX(x)dx (2.5)

Definition 2.1.8
let X and Y defined:

Var(X, Y ) = E
(
(X − E(X))2

)
= E

(
X2
)
− E(X)2 ≥ 0

(2.6)

Cov(X, Y ) = E((X − E(X))(Y − E(Y )))

= E(XY )− E(X)E(Y )
(2.7)

conditional Expectation

1. conditioning with respect to an event B ∈ F :

let A ∈ F :
P(A/B) =

P(A ∩B)

P(B)
(2.8)

let X be an integrable random variable defined E(|X|) <∞ ) :

E(X/B) =
P (X1B)

P(B)
si P(B) ̸= 0 (2.9)

2. conditioning for a random variable ( taking values in the countable set):
let X be an integrable random variable:

E(X/Y ) = ψ(Y ) (2.10)

where
ψ(y) = E(X/Y = y), y ∈ D (2.11)
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3. Conditioning with respect to a sigma-algebra F1

letX be an integrable random variable defined on (Ω,F ,P) and F1 be a sub-sigma-algebra
of F :

Definition 2.1.9
the conditional expectation of X with respect to F1. denoted E(X/F1) is any random
variable Z such that E(|z|) <∞ that satisfies:
i) Z is a random variable F1-measurable.
ii) E(XU) = E(ZU),for all bounded ∀U measurable random variables F1.

Proposition 2.1.1
let X and Y be to integrable random variables and F1 ⊂ F , then:

1. E (aX + Y/F1) = aE (X/F1) + E (Y/F1).

2. If X ≤ Y then E (X/F1) ≤ E (Y/F1).

3. E (E (X/F1)) = E(X) (taking A = Ω in the definition).

4. If X is independent of F1 then E (X/F1) = E(X), meaning that in the absence of any
information about X,the best estimate of X is its expectation.

5. If X is F1 measurable, then E (X/F1) = X. this expresses the fact that F1 already
contains all the information about X.

6. If X is F1− measurable and E(|XY |) < +∞, then E (XY/F1) = XE (Y/F1).

7. If F1 ⊂ F2 ⊂ F , then E (E (X/F2) /F1) = E (X/F1).

2.1.4 Convergence of sequences of random variables

let (Xn)
∞
n=1 be a sequence of random variables and X another random variable, all defined on

( Ω,F ,P). there are several ways to the sequence (Xn) to X.

• Convergence in probability:

Xn

P−→−−−→
n→∞

X si : ∀ϵ > 0, lim
n→∞

P (ω ∈ Ω : Xn(ω)−X(ω) > ϵ) = 0 (2.12)

• Almost sure convergence:

Xn
−→−−−→

n→∞
X p.s si : P

(
ω ∈ Ω : lim

n→∞
Xn(ω) = X(ω)

)
= 1 (2.13)

• Convergence in mean (or convergence in L1 ):

lim
n→∞

E
(
|Xn −X|1

)
= 0 (2.14)

• Quadratic convergence (or convergence in L2):

lim
n→∞

E
(
|Xn −X|2

)
= 0 (2.15)
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2.2 Filtration and Stochastic Processes

2.2.1 Filtration

Definition 2.2.1
A filtration the context of a probability space (Ω, B,P), is defined as an increasing sequence
(Fn)n≥0 sub-sigma algebras of B, i.e., Ft is contained in Fs for all t ≤ s.

Definition 2.2.2 [19]
Given a measurable space (Ω,F) ,a real-valued random variable X is said to be a measurable
function from (Ω,F) to R if :

X−1(B) ∈ F ∀B ∈ B(R) (2.16)

Definition 2.2.3 [18]
the sigma algebra generated by a family of random variables (Xt, t ∈ [0, T ]) is the smallest
sigma algebra containing the sets X−1

t (B) for all t ∈ [0, T ] and B ∈ B(R). It is denoted as
σ (Xt, t ≤ T )

Definition 2.2.4
let (Ft)t≥0 is said to be right continuous if :

Ft =
⋂
e>0

Ft+e∀t ≥ 0 (2.17)

It is left-continuous if :

Ft = σ

( ⋃
0<s<t

Fs

)
∀t > 0 (2.18)

the same sequence of filtration is termed complete with respect to a probability measure P
when F0 includes all subsets of F with probability measure zero according to P.

Definition 2.2.5
A filtrated probability space,denoted as (Ω,F , {Ft, t ≥ 0} ,P),is the probability space (Ω,F ,P)
equipped with the compatible filtration {Ft, t ≥ 0}.

Definition 2.2.6
A filtration (Ft) t ≥ 0 is said to satisfy the usual conditions if it is both right-continuous and
complete.

2.2.2 stochastic process

In this section, we explore some fundamental concepts related to stochastic processes and
begin by defining them.

Definition 2.2.7
let T be anon-empty subset of R. A stochastic process (Xt)t∈T in Rn is a family of random
variables taking values in Rn indexed by T . for fixed ω ∈ Ω t 7−→ Xt(ω) is called trajectory.

Definition 2.2.8 ( natural filtration)[18]
the natural filtration of a stochastic process X = {Xt, t ≥ 0}, denote by FX , is the increasing
family of generated sigma-algebras generatedby{X(s), 0 ≤ s ≤ t}. t ≥ 0 that is :

FX =
{
FX
t = σ({X(s), 0 ≤ s ≤ t}), t ≥ 0

}
(2.19)
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Definition 2.2.9
A process X = (X)t≥0 is measurable if the mapping :

X : R× Ω → Rn

(t, ω) 7→ Xt(ω)

is measurable with respect B (R+)⊗F and B (Rn)

Definition 2.2.10
A process (Xt)t∈T is said to be continuous if for almost every w ∈ Ω, t → Xt(w) is continuous
(i.e., the trajectories are continuous ).

2.3 Brownian motion

2.3.1 Gaussian vector

In all that follows, (Ω,F ,P) denotes a complete probability space.
Definition 2.3.1 [10]
A random variable X defined on (Ω,F ,P) is said to be a Gaussian or normal random variable
with parameters (m,σ2) ,

(
m ∈ R, σ ∈ R∗

+

)
if its density function fX is given by:

fX =
1

σ
√
2π
e

(
− 1

2(
x−m

σ )
2
)

In this case, its law PX is given by

∀A ∈ B(R) PX(A) =

∫
F
fX(x)dx

And it is noted
X ∼ N

(
m,σ2

)
If m = 0, the vector X is said to be centered.

Remark 2.3.1
When the standard deviation σ is zero, the random variable X is constant, meaning that X is
almost surely equal to the mean m, i.e., P.

Proposition 2.3.1 [20]
A random variable X following the normal distribution N (m,σ2) has:

• Expected value: E[X] = m.

• Variance: Var(X) = σ2.

• Cov (Xs, Xt) = min(s, t) ∀0 ≤ s, t < T .

Definition 2.3.2
X = (X1, X2, . . . , Xn) is a Gaussian random vector if all linear combinations of its compo-
nents are Gaussian, that is, for any choice of coefficients a1, . . . , an ∈ R, the random variable∑n

i=1 aiXi is Gaussian.

Definition 2.3.3
A process X = (Xt)t∈T is a Gaussian process if all its finite-dimensional distributions are
Gaussian, i.e., for all n ≥ 1 and for any choice of times t1 < t2 < . . . < tn ∈ T , the vector
(Xt1 , . . . , Xtn) is Gaussian.

Proposition 2.3.2 [22]
If the random vector (X1, X2) is Gaussian, then the random variables X1 and X2 are indepen-
dent if and only if their covariance Cov(X1, X2) is zero.

Proposition 2.3.3 [22]
Any vector of independent Gaussian random variables is a Gaussian vector.
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2.3.2 Brownian motion

Brownian motion derives its name from the chaotic trajectories first observed by Robert Brown
in 1827, when he witnessed the irregular movement of pollen particles suspended in a liquid.
This movement, resulting from random collisions between the pollen particles and the molecules
of the liquid, leads to the dispersion or diffusion of pollen in the liquid.

Definition 2.3.4 (Standard Brownian Motion)
A standard Brownian motion in dimension d over a time interval T = [0, T ] or over the set
of positive real numbers R+ is a continuous process with values in Rd, denoted by (Wt)t∈T =(
W 1

t , . . . ,W
d
t

)
t∈T , which satisfies the following properties:

- W0 = 0 almost surely. - For all 0 ≤ s < t in T , the increment Wt −Ws is independent of
the information up to time s, σ (Wu, u ≤ s). - For all 0 ≤ s < t in T , the increment Wt −Ws

follows a centered normal distribution, with a variance-covariance matrix (t− s)Id, where Id is
the identity matrix of size d.

Definition 2.3.5 (Brownian motion with respect to a filtration)
A vectorial Brownian motion in dimension d over a time interval T = [0, T ] or over the set
of positive real numbers R+ with respect to a filtration F = (Ft)t∈T is a continuous process
F-adapted taking values in Rd, denoted by (Wt)t∈T =

(
W 1

t , . . . ,W
d
t

)
t∈T , which satisfies the

following properties:
W0 = 0 almost surely. For all 0 ≤ s < t in T , the increment Wt −Ws is independent of Fs.

For all 0 ≤ s < t in T , the increment Wt −Ws follows a centered normal distribution, with a
variance-covariance matrix of (t− s)Id, where Id is the identity matrix of size d.

Remark 2.3.2
Un mouvement brownien standard est un mouvement brownien par rapport à sa propre filtration
naturelle.

Remark 2.3.3 [17]
From this definition, it follows that for t ≥ s ≥ 0,

Wt −Ws ∼ Wt−s ∼ N (0, t− s)

which means:
E (Wt −Ws) = 0 et E

(
(Wt −Ws)

2) = t− s

Proposition 2.3.4 [10]
Let W = (Wt)t≥0 be a Brownian motion defined on a probability space (Ω,F ,P). Then:

1. Symmetry: The process (−W ) = (−Wt)t≥0 is also a Brownian motion.

2. Scale Change: For all λ > 0, the process W λ =
(
W λ

t

)
t≥0

defined by W λ
t =

(
1
λ

)
Wλ2t is a

Brownian motion.

3. Simple Markov Property: For all s ≥ 0, if Fs := σ (Wu, u ≤ s) and W (s)
t = Wt+ s−Ws,

then the process W (s) = (W s
t )t≥0 is a Brownian motion independent of Fs.

Total, Quadratic, and Bounded Variation

Definition 2.3.6 [30]
The infinitesimal variation of order p of a process Xt defined on the interval [0, T ] associated
with a subdivision Πn = (tn1 , . . . , t

n
n) is defined by:

V p
T (Π) =

n∑
i=1

∣∣∣Xtni
−Xtni−1

∣∣∣p
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If V p
T (Π) has a limit in a certain sense (almost sure convergence, Lp convergence) when

πn = ∥Πn∥∞ = max
i≤n

∣∣tni+1 − tni
∣∣→ 0

The limit does not depend on the chosen subdivision, and we then call it the order p variation
of Xt on [0, T ]. In particular:

• if p = 1, the limit is called the total variation of Xt on [0, T ].

• if p = 2, the limit is called the quadratic variation of Xt on [0, T ] and is denoted by
< X >T .

Definition 2.3.7 [30]
A process Xt is a process with bounded variation over [0, T ] if it has bounded variation trajectory
by trajectory, meaning that

sup
πn

n∑
i=1

∣∣Xti −Xti−1

∣∣ <∞ a.s

Remark 2.3.4
If the total variation of a process exists almost surely, then it is defined as:

V p
T = sup

π∈P

n∑
i=1

∣∣Xti −Xti−1

∣∣ a.s

where P is the set of possible subdivisions of the interval [0, T ].

Proposition 2.3.5 [30]
The quadratic variation over the interval [0, T ] of the Brownian motion exists in L2(Ω) and is
equal to T . Furthermore, if the subdivision Πn satisfies

∑∞
n=1 πn <∞, then there is almost sure

convergence, and thus:
< W >T= T

Lemma 2.3.1
For any γ, t > 0 and α ∈ [1

2
; 1], the following inequality is true:

γ

Γ(2α− 1)

∫ t

0

(t− s)2α−2E2α−1

(
γs2α−1

)
ds ≤ E2α−1

(
γt2α−1

)
Lemma 2.3.2
For u, v ∈ H2 and 0 < c < 1:

∥u∥2 ≤ 1

1− c
∥u− v∥2 + 1

c
∥v∥2

2.4 Stochastic Integral
Let’s start by defining the integral for elementary processes. Then, we extend the definition to
adapted processes having a second-order moment, using a result on complete spaces. Finally,
we look at the Itô formula, as well as the integral with respect to an Itô process.
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2.4.1 Definition

Definition 2.4.1 (Wiener Integral)[31]
The Wiener integral is simply an integral of the type∫ t

0

Xs dWs

where Xt processes are defined for t ∈ [0, T ] on C. With C being the set of functions
X : [0, T ]× Ω → R, continuous and stochastic, and a), b), c) are satisfied, where

(a) X is B([0, t])×F-measurable

(b) X(t, ·) : Ω → R is Ft-measurable

(c) X(t, ·) ∈ L2(Ω) and E
[∫ T

0
|X(t, ·)|2dt

]
<∞, i.e., X ∈ L2([0, T ]× Ω)

2.4.2 propriete of stochastic integral

Additivity in Time For 0 ≤ s ≤ t,∫ t

0

ξt dB =

∫ s

0

ξt dBs +

∫ t

s

ξtBs.

Itô’s Isometry For an adapted process ξ in L2,

E

[(∫ t

0

ξ dBs

)2
]
= E

[∫ t

0

ξ2 dt

]
,

where W is a standard Wiener process.

Martingale Property : If (Xt) is an adapted process such that
(∫ t

0
X2

s ds
)

is finite for all t,

then the integral
(∫ t

0
Xs dBs

)
is a martingale.

Adaptedness and Measurability The stochastic integral
∫
ξ dB is adapted and measurable

with respect to the filtration with which B is adapted.

2.4.3 Itô’s Formulas

A new class of processes will be introduced, in relation to which a stochastic integral will
be defined: this is the family of Itô processes. This class allows the establishment of several
practical formulas that form the basis of stochastic differential and integral calculus. We begin
with the first formulation of Itô’s formula.[30]

2.4.4 Itô process

Definition 2.4.2 An Ito process or stochastic integral is a stochastic process on (Ω,F ,P)
adopted to Ft which can be written in the form

Xt = X0 +

∫ t

0

Us ds+

∫ t

0

Vs dBs, (2)

where U, V ∈ L2. As a shorthand notation, we will write (2) as

dXt = Ut dt+ Vt dBt.
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Thus B2
t is an Ito process:

B2
t =

∫ t

0

ds+ 2

∫ t

0

Bs dBs or d(B2
t ) = dt+ 2Bt dBt.

Note the difference from the usual differentiation: d(x2) = 2x dx. The additional term dt arises
because Brownian motion B is not differentiable and instead has quadratic variation.

1st Itô Formula:

Let Xt be a Itô process, and let f ∈ C2, then:

f(Xt) = f(X0) +

∫ t

0

f ′(Xs)dXs +
1

2

∫ t

0

f ′′(Xs)d⟨X,X⟩s

2nd Itô Formula

Let (Xt) be a Itô process, and f ∈ C2 be a function of two variables, then for all t ≥ 0, then:

f(t,Xt) = f(0, X0) +

∫ t

0

∂f

∂t
(s,Xs) ds+

∫ t

0

∂f

∂x
(s,Xs) dXs +

1

2

∫ t

0

∂2f

∂x2
(s,Xs) d⟨X⟩s

3rd Itô Formula:

Let Xt and Yt be Itô processes, then for all t ≥ 0, then:

XtYt = X0Y0 +

∫ t

0

YsdXs +

∫ t

0

XsdYs +

∫ t

0

d⟨X, Y ⟩s

2.5 Stochastic differential equations (SDE)

2.5.1 definition

Definition 2.5.1 A stochastic differential equation on Rd with drift coefficient b and diffusion
coefficient σ is given in the form:{

dXt = b(t,Xt)dt+ σ(t,Xt)dWt ∀t ∈ [0, T ]

X0 = ξ

where

• T is a strictly positive real number.

• b : [0, T ]× Rn → Rn and σ : [0, T ]× Rn → Rn×d are two Borel functions.

• (Wt)t≥0 is a standard Brownian motion on Rd defined on a filtered space (Ω,F , (Ft)t≥0,P).

• ξ is an arbitrary random variable independent of the Brownian motion, belonging to Rn.

We will specify the notions of existence and uniqueness of solutions to a stochastic differential
equation (SDE).
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2.5.2 Existence and Uniqueness of Solutions (SDEs)

Theorem 2.5.1 [10]
Suppose that the coefficients b and σ satisfy the following two conditions: Assume there exists
a positive constant K such that for all t ≥ 0, X, Y ∈ Rn:

- H1 Lipschitz Condition:

|b(t,X)− b(t, Y )|+ |σ(t,X)− σ(t, Y )| ≤ K|X − Y |

- H2 Linear Growth Condition:

|b(t,X)| ≤ K(1 + |X|), |σ(t,X)| ≤ K(1 + |X|)

Then the SDE admits, for any square-integrable initial condition ξ (E(|ξ|2) <∞), a strong
solution (Xt)t∈[0,T ], almost surely continuous. This solution is unique and furthermore satisfies:

E
(

sup
0≤t≤T

|Xt|2
)
<∞

Proof.: See [10]

Example 2.5.1
Let’s consider the following SDE:

dXt = a(b−Xt)dt+ σdW (t)

We need to verify:

1. |b(x, t)− b(y, t)|+ |a(x, t)− a(y, t)| ≤ K|x− y|,∀t ≥ 0

2. |b(x, t)|2 + |a(x, t)|2 ≤ K2 (1 + x2) ,∀t ≥ 0

3. E [X2
0 ] <∞

We have:

|b(x, t)− b(y, t)|+ |a(x, t)− a(y, t)| = |a(b− x)− a(b− y)|+ |σ − σ|
= |a||x− y|

since:

|x| ≤

{
1 if |x| ≤ 1
x2 if |x| ≥ 1

≤

{
1 + x2 if |x| ≤ 1

1 + x2 if |x| ≥ 1

thus

|b(x, t)|2 + |a(x, t)|2 = |a(b− x)|2 + |σ|2

= a2(b− x)2 + σ2

= a2
(
b2 − 2bx+ x2

)
+ σ2

≤ a2
(
b2 + 2|b||x|+ x2

)
+ σ2

≤ a2
(
b2 + 2|b|

(
1 + x2

)
+ x2

)
+ σ2

= a2
(
b2 + 2|b|

)
+ σ2 + (2|b|+ 1)x2

≤ max
(
a2
(
b2 + 2|b|

)
+ σ2(2|b|+ 1

) (
1 + x2

)
So let’s set K = max

(
|a|,
√
a2 (b2 + 2|b|) + σ2,

√
2|b|+ 1

)
.

Since the initial condition wasn’t specified, we only need to choose X0 to be square-integrable
to fulfill condition (3).
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Ornstein-Uhlenbeck Process as a Solution to the Langevin Equation

The Langevin equation d
dt
V = −γV + L(t) in the Itô formalism can be written as:

dVt = −γVtdt+ σdBt

V (0) = v0

which has a solution according to theorem
Here, dBt replaces a mathematically ill-defined random force L(t). So we have:

dVt = −γVtdt+ L(t)

For each trajectory Vt(ω), we would use the method of variation of constants. This method is
compatible with our formalism. By setting

Ct = Vte
γt

we have, applying Itô’s formula to f(t, x) = eγtx:

dCt = γCtdt+ eγt (−γVtdt+ σdBt) = eγtσdBt

and thus

Vt = e−γtv0 +

∫ t

0

e−γ(t−s)σdBs

Application to Finance: Geometric Brownian Motion and the Black-Scholes Model

In this model, the price of a stock is governed by the SDE

dSt = St(µdt+ σdBt)

S0 = s0

We set:
Yt = log(St)

As we have no guarantee that St does not vanish, we will perform a formal calculation without
justification. We apply Itô’s formula with the function f(t, x) = log x. We get

d log (St) = (µdt+ σdBt)− σ2dt =
(
µ− σ2/2

)
dt+ σdBt

By integrating both sides, we obtain

Yt = log (s0) +
(
µ− σ2/2

)
t+ σBt or St = s0e

(µ−σ2/2)t+σBt
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CHAPTER 3

ASYMPTOTIC SEPARATION BETWEEN SOLUTIONS OF
CAPUTO FRACTIONAL STOCHASTIC DIFFERENTIAL

EQUATIONS

3.1 Introduction
Consider a Caputo fractional stochastic differential equation (for short Caputo FSDE) of order
α ∈

[
1
2
, 1
]

of the following form:

cDα
0+X(t) = b(t,X(t)) + σ(t,X(t))

dW (t)

dt
, (3.1)

where b, σ : [0,∞)Rd → Rd are measurable and (Wt)t ∈ [o,∞] is a standard scalar Brownian
motion on an underlying complete filtered probability space (Ω,F ,F := {Ft}t∈[0,∞),P). For
each t ∈ [0,∞), let Xt := L2(Ω,Ft,P) denote the space of all Ft -measurable, mean square
integrable functions f = (f1, ..., fd)

T : Ω → Rd with

||f ||ms :=

√√√√ d∑
i=1

E(|fi|2) =
√
E||f ||2,

where Rd is endowed with the standard Euclidean norm.A process X : [0,∞) → L(Ω,F ,P) is
said to be F−adapted if X(t) ∈ Xt for all t ≥ 0.For each η ∈ X0, a F-adapted process X is
called a solution of (3.1) with the initial condition X(0) = η if the following equality holds for
t ∈ [0,∞]

X(t) = η +
1

Γ(α)

(∫ t

0

(t− τ)α−1b(τ,X(τ))dτ +

∫ t

0

(t− τ)α−1σ(τ,X(τ))dWτ

)
(3.2)

where Γ(α) :=
∫∞
0
τα−1 exp(−τ)dτ is the Gamma function. In the remain- ing of the article,

we assume that the coefficients b and σ satisfy the following standard conditions:

(H1) There exists L > 0 such that for all x, y ∈ Rd, t ∈ [o,∞)

||b(t, x)− b(t, y)||+ ||σ(t, x)− σ(t, y)|| ≤ L||x− y||.

(H2) σ(., 0) is essentially bounded,i.e.

||σ(., 0)||∞ := ess sup
τ∈[0,∞)

||σ(τ, 0)|| <∞

and b(., 0) is L2 integrable, i.e. ∫ ∞

0

||b(τ, 0)||2dτ <∞
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Our first result in this article is to show the global existence and uniqueness solutions of (3.1)
when (H1) and (H2) hold. Furthermore, we also show the continuity dependence of solutions
on the initial values.

We need this lemma: Here, the weight function is the Mittag–Leffler function E2α−1(·)
defined as:

E2α−1(t) :=
∞∑
k=0

tk

Γ((2α− 1)k + 1)
for all t ∈ R.

For more details on the Mittag–Leffler functions, we refer the reader to the book [?, d2] The
following result is a technical lemma which is used later to estimate the operator Tη.

Lemma 3.1.1 For any α > 1
2

and γ > 0, the following inequality holds:

γ

Γ(2α− 1)

∫ t

0

(t− τ)2α−2E2α−1(γt
2α−1)dτ ≤ E2α−1(γt

2α−1).

Proof. Let γ > 0 be arbitrary. Consider the corresponding linear Caputo fractional differential
equation of the following form:

cD2α−1
0+ x(t) = γx(t). (3.3)

The Mittag–Leffler function E2α−1(γt
2α−1) is a solution of 3.3, see, e.g., [?, d4] Hence, the

following equality holds:

E2α−1(γt
2α−1) = 1 +

γ

Γ(2α− 1)

∫ t

0

(t− τ)2α−2E2α−1(γt
2α−1)dτ,

which completes the proof.

Theorem 3.1.1 [3]
(Global existence and uniqueness and Continuity dependence on the initial values of solutions
of Caputo FSDE). Suppose that (H1) and (H2) hold. Then

(i) for any η ∈ X0, the initial value problem 3.1 with the initial condition X(0) = η has a
unique global solution on the whole interval [0,∞) denoted by φ(., η);

(ii) on any bounded time interval [0, T ], where T > 0, the solution φ(., η) depends continuously
on η, i.e.

lim
ζ→η

sup
t∈[0,T ]

||φ(t, ζ)− φ(t, η)||ms = 0

Our next result is to establish a lower bound on the asymptotic separation between two distinct
solutions of (3.1)

Theorem 3.1.2 [1]
Let η, ζ ∈ X0 such that η ̸= ζ. Then, for any ϵ > 0

lim sup
t→∞

t
2α
1−α

+ϵ||φ(t, η)− φ(t, ζ)||ms = ∞

Finally, we give an application of the main results concerning the mean square Lyapunov
exponent of non-trivial solutions to a bounded bilinear Caputo FSDE. To formulate this result,
we consider the following equation:

cDα
0+x(t) = A(t)x(t)) +B(t)x(t)

dW (t)

dt
, (3.4)
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where A,B : [0,∞) → Rd×d are measurable and essentially bounded, i.e.,

ess sup
t∈[0,∞)]

||A(t)||, ess sup
t∈[0,∞)]

||B(t)|| <∞

By virtue of theorem 3.1.1, for each η ∈ X0 \ {0}, there exists a unique solution of 3.4, denoted
by Φ(., η), satisfying the initial condition X(0) = η. The mean square Lyapunov exponent of
Φ(., η) is defined by

λms(Φ(
., η)) := lim sup

t→∞

1

t
log ||Φ(t, η)||ms (3.5)

see, e.g., [11]. In the following corollary, we show the non-negativity of the mean square Lya-
punov exponent of an arbitrary non-trivial solution.

Corrolaire 3.1.1 (Non-negativity of mean square Lyapunov exponent for solutions of linear
Caputo fsde). The mean square Lyapunov exponent of a nontrivial solution of 3.4 is always
non-negative, i.e.,

λms(Φ(
., η)) ≥ 0 for all η ∈ X0 \ {0}

Proof
Let η ∈ X0 \ {0} be arbitrary. Using theorem 3.1.2, we obtain

lim sup
t→∞

t
2α
1−α

+ϵ||ϕ(t, η)||ms = ∞

where ϵ > 0 is arbitrary. Hence, there exists T > 0 such that

||ϕ(t, η)||ms ≥ t−(
2α
1−α

+ϵ) for all t ≥ T,

which together with 3.5 implies that

λms(Φ(
., η)) ≥ lim sup

t→∞

1

t
log
(
t−(

2α
1−α

+ϵ)
)
= 0.

3.2 Existence and uniqueness results

3.2.1 Existence, uniqueness, and continuity dependence on the initial
values of solutions

Our aim in this subsection is to prove the result on global existence, uniqueness, and continu-
ity dependence on the initial values of solutions to the equation 3.1. In fact, in order to prove
Theorem 3.1.1(i) it is equivalent to show the existence and uniqueness solutions on an arbitrary
interval [0, T ], where T > 0 is arbitrary. In what follows, we choose and fix a T > 0 arbitrarily.
Let H2([0, T ]) be the space of all the processes X which are measurable, FT -adapted, where
FT := {F}t∈[0,T ], and satisfies that

||X||H2 := sup
0≤t≤T

||X(t)||ms <∞

Obviously, (H2([0, T ]), ||.||H2) is a Banach space. For any η ∈ X0, we define an operator Tη :
H2([0, T ]) → H2([0, T ]) by

Tηξ(t) := η +
1

Γ(α)

(∫ t

0

(t− τ)α−1b(τ, ξ(τ)dτ +

∫ t

0

(t− τ)α−1σ(τ, ξ(τ))dWτ

)
. (3.6)

The following lemma is devoted to showing that this operator is well-defined.

Lemma 3.2.1 For any η ∈ X0, the operator Tη is well-defined.
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Proof
Let ξ ∈ H2([0, T ]) be arbitrary. From the definition of Tηξ as in 3.6 and the inequality
∥x+ y + z∥2 ≤ 3(∥x∥2 + ∥y∥2 + ∥z∥2) for all x, y, z ∈ Rd, we have for all t ∈ [0, T ]

∥Tηξ(t)∥2ms ≤ 3∥η∥2ms +
3

Γ(α)2
E

(∥∥∥∥∫ t

0

(t− τ)α−1b(τ, ξ(τ))dτ

∥∥∥∥2
)

+
3

Γ(α)2
E

(∥∥∥∥∫ t

0

(t− τ)α−1−σ(τ, ξ(τ))dWτ

∥∥∥∥2
)
.

(3.7)

By the Hölder inequality, we obtain

E

(∥∥∥∥∫ t

0

(t− τ)α−1b(τ, ξ(τ))dτ

∥∥∥∥2
)

≤
∫ t

0

(t− τ)2α−2dτE
(∫ t

0

∥b(τ, ξ(τ))∥2dτ
)

=
t2α−1

2α− 1
E
(∫ t

0

∥b(τ, ξ(τ))∥2dτ
)
.

(3.8)

From (H1), we derive

∥b(τ, ξ(τ))∥2 ≤ 2(∥b(τ, ξ(τ))− b(τ, 0)∥2 + ∥b(τ, 0)∥2)

≤ 2L2∥ξ(τ)∥2 + 2∥b(τ, 0)∥2.
Therefore,

E
(∫ t

0

∥b(τ, ξ(τ))∥2dτ
)

≤ 2L2E
(∫ t

0

∥ξ(τ)∥2dτ
)
+ 2

∫ t

0

∥b(τ, 0)∥2dτ.

≤ 2L2T sup
t∈[0,T ]

E(∥ξ(t)∥2) + 2

∫ T

0

∥b(τ, 0)∥

which together with 3.8 implies that

E

(∥∥∥∥∫ t

0

(t− τ)α−1b(τ, ξ(τ))dτ

∥∥∥∥2
)

≤ 2L2T 2α

2α− 1
∥ξ∥2H2 +

2T 2α−1

2α− 1

∫ T

0

∥b(τ, 0)∥2dτ. (3.9)

Now, using Itô’s isometry (see e.g., [?, p. 87]), we obtain

E

(∥∥∥∥∫ t

0

(t− τ)α−1σ(τ, ξ(τ))dWτ

∥∥∥∥2
)

=
∑
1≤i≤d

E
(∫ t

0

(t− τ)α−1σi(τ, ξ(τ))dWτ

)2

=
∑
1≤i≤d

E
(∫ t

0

(t− τ)2α−2|σi(τ, ξ(τ))|2dτ
)
.

= E
(∫ t

0

(t− τ)2α−2∥σ(τ, ξ(τ))∥2dτ
)
.

From (H1), we also have

∥σ(τ, ξ(τ))∥2 ≤ 2L2∥ξ(τ)∥2 + 2∥σ(τ, 0)∥2 ≤ 2L2∥ξ(τ)∥2 + 2∥σ(·, 0)∥2∞.

Therefore, for all t ∈ [0, T ] we have

E

(∥∥∥∥∫ t

0

(t− τ)α−1σ(τ, ξ(τ))dWτ

∥∥∥∥2
)

≤ 2L2E
(∫ t

0

(t− τ)2α−2∥ξ(τ)∥2dτ
)
+ 2∥σ(·, 0)∥2∞

∫ t

0

(t− τ)2α−2dτ

≤ 2L2 T
2α−1

2α− 1
∥ξ(t)∥2H2 +

2T 2α−1

2α− 1

∫ T

0

∥σ(·, 0)∥2∞.
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This together with 3.7 and 3.9 implies that ∥Tηξ∥H2 <∞. Hence, the map Tη is well-defined. To
prove existence and uniqueness of solutions, we will show that the operator Tη defined as above
is contractive under a suitable temporally weighted norm (cf. [?], Remark 2.1) for the same
method to prove the existence and uniqueness of solutions of stochastic differential equations).
Here, the weight function is the Mittag–Leffler function E2α−1(·) defined as:

E2α−1(t) :=
∞∑
k=0

tk

Γ((2α− 1)k + 1)
for all t ∈ R.

For more details on the Mittag–Leffler functions, we refer the reader to the book [1, p. 16]. The
following result is a technical lemma which is used later to estimate the operator Tη.

Lemma 3.2.2 For any α > 1
2

and γ > 0, the following inequality holds:

γ

Γ(2α− 1)

∫ t

0

(t− τ)2α−2E2α−1(γt
2α−1)dτ ≤ E2α−1(γt

2α−1).

Proof of theorem 3.1.1. Let T > 0 be arbitrary. Choose and fix a positive constant γ
such that

γ >
3L2(T + 1)Γ(2α− 1)

Γ(α)2
. (3.10)

On the space H2([0, T ]), we define a weighted norm ∥ · ∥γ as below

∥X∥γ := sup
t∈[0,T ]

√
E(∥X(t)∥2)
E2α−1(γt2α−1)

for all X ∈ H2([0, T ]). (3.11)

Obviously, two norms ∥ · ∥H2 and ∥ · ∥γ are equivalent. Thus, (H2([0, T ]), ∥ · ∥γ) is also a Banach
space.

(i) Choose and fix η ∈ X0. By virtue of Lemma 3.2.1, the operator Tη is well-defined. We
will prove that the map Tη is contractive with respect to the norm ∥ · ∥γ.

For this purpose, let ξ, ξ̂ ∈ H2([0, T ]) be arbitrary. From 3.6 and the inequality ∥x+ y∥2 ≤
2(∥x∥2 + ∥y∥2) for all x, y ∈ Rd, we derive the following inequalities for all t ∈ [0, T ]:

E
(
∥Tηξ(t)− Tη ξ̂(t)∥2

)
≤ 2

Γ(α)2
E

(∥∥∥∥∫ t

0

(t− τ)α−1(b(τ, ξ(τ))− b(τ, ξ̂(τ)))dτ

∥∥∥∥2
)

+
2

Γ(α)2
E

(∥∥∥∥∫ t

0

(t− τ)α−1(σ(τ, ξ(τ))− σ(τ, ξ̂(τ)))dWτ

∥∥∥∥2
)
.

Using the Hölder inequality and (H1), we obtain

E

(∥∥∥∥∫ t

0

(t− τ)α−1(b(τ, ξ(τ))− b(τ, ξ̂(τ)))dτ

∥∥∥∥2
)

≤ L2t

∫ t

0

(t− τ)2α−2E(∥ξ(τ)− ξ̂(τ)∥2)dτ.

On the other hand, by Itô’s isometry and (H1), we have

E

(∥∥∥∥∫ t

0

(t− τ)α−1(σ(τ, ξ(τ))− σ(τ, ξ̂(τ)))dWτ

∥∥∥∥2
)

= E
(∫ t

0

(t− τ)2α−2∥σ(τ, ξ(τ))− σ(τ, ξ̂(τ))∥2dτ
)

≤ L2

∫ t

0

(t− τ)2α−2E(∥ξ(τ)− ξ̂(τ)∥2)dτ.
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Thus, for all t ∈ [0, T ] we have

E
(
∥Tηξ(t)− Tη ξ̂(t)∥2

)
≤ 2L2(t+ 1)

Γ(α)2

∫ t

0

(t− τ)2α−2E(∥ξ(τ)− ξ̂(τ)∥2)dτ.

which together with the definition of ∥ · ∥γ as in (3.11) implies that

E
(
||Tηξ(t)− Tη ξ̂(t)||2

)
E2α−1(γt2α−1)

≤ 2L2(t+ 1)

Γ(α)2

∫ t

0
(t− τ)2α−2E2α−1(γτ

2α−1) dτ

E2α−1(γt2α−1)
∥ξ − ξ̂∥2γ.

In light of Lemma 3.2.2, we have for all t ∈ [0, T ]

E
(
||Tηξ(t)− Tη ξ̂(t)||2

)
E2α−1(γt2α−1)

≤ 2Γ(2α− 1)L2(T + 1)

Γ(α)2γ2
∥ξ − ξ̂∥2γ.

Consequently,

∥Tηξ − Tη ξ̂∥γ ≤ κ∥ξ − ξ̂∥γ, where κ :=

√
2Γ(2α− 1)L2(T + 1)

Γ(α)2γ2
.

By (3.10), we have κ < 1 and therefore the operator Tη is a contractive map on H2([0, T ]), ∥·∥γ.
Using the Banach fixed point theorem, there exists a unique fixed point of this map inH2([0, T ]).
This fixed point is also the unique solution of (3.1) with the initial condition X(0) = η. The
proof of this part is complete.

(ii) Choose and fix T > 0 and η, ζ ∈ X0. Since φ(·, η) and φ(·, ζ) are solutions of (3.1) it
follows that

φ(t, η)− φ(t, ζ) = η − ζ +
1

Γ(α)

∫ t

0

(t− τ)α−1(b(τ, φ(τ, η))− b(τ, φ(τ, ζ))) dτ

+
1

Γ(α)

∫ t

0

(t− τ)α−1(σ(τ, φ(τ, η))− σ(τ, φ(τ, ζ))) dWτ .

Hence, using the inequality ∥x+ y + z∥2 ≤ 3(∥x∥2 + ∥y∥2 + ∥z∥2) for all x, y, z ∈ Rd, (H1),
the Hölder inequality and Itô’s isometry (see Part (i)), we obtain

E
(
∥φ(t, η)− φ(t, ζ)∥2

)
≤ 3L2(t+ 1)

Γ(α)2

∫ t

0

(t− τ)2α−2E(∥φ(τ, η)− φ(τ, ζ)∥2) dτ

+ 3E(∥η − ζ∥2).

By definition of ∥ · ∥γ, we have

E
(
∥φ(t, η)− φ(t, ζ)∥2

) E2α−1(γt
2α−1)

Γ(α)2γ2
≤ 3L2(t+ 1)

Γ(α)2

∫ t

0

(t− τ)2α−2E2α−1(γτ
2α−1) dτ

× ∥φ(·, η)− φ(·, ζ)∥2γ + 3E(∥η − ζ∥2).

By virtue of Lemma 3.2.2, we have

∥φ(·, η)− φ(·, ζ)∥2γ ≤ 3L2(T + 1)Γ(2α− 1)

γΓ(α)2
∥φ(·, η)− φ(·, ζ)∥2γ + 3∥η − ζ∥2ms.

Thus, by (3.10) we have

∥φ(·, η)− φ(·, ζ)∥2γ ≤ 3L2(T + 1)Γ(2α− 1)

γΓ(α)2
∥φ(·, η)− φ(·, ζ)∥2γ + 3∥η − ζ∥2ms.
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Hence,
lim
η→ζ

sup
t∈[0,T ]

∥φ(t, η)− φ(t, ζ)∥ms = 0.

The proof is complete.
We conclude this section with a discussion on the gap in the proof of global existence of solutions
for Caputo fractional stochastic differential equation in 3.3.

Remark 3.2.1
For α ∈

[
1
2
, 1
]
, we consider a Caputo fractional stochastic differential equation on a Banach

space X of the following form
cDα

0+x(t) = b(t, x(t)) + σ(t, x(t))dWt,

where t ∈ [0, T ], b, σ : [0, T ] × L2(Ω;X) → L2(Ω;X) are measurable functions satisfying the
following conditions:

(i) there exists a constant L > 0 such that for all t ∈ [0, T ] and x, y ∈ L2

E(∥b(t, x)− b(t, y)∥2) + E(∥σ(t, x)− σ(t, y)∥2) ≤ LE(∥x− y∥2);

(ii) the functions b, σ are bounded, i.e. for some x0 ∈ L2(Ω;X) and b > 0, there exists a
constant M > 0 such that

E(∥b(t, x)∥2) ≤M2, E(∥σ(t, x)∥2) ≤M2

for all (t, x) ∈ R0 := {(t, x) : 0 ≤ t ≤ T,E(∥x− x0∥2) ≤ b2}.

3.2.2 A lower bound on the asymptotic separation of two distinct
solutions

Proof of Theorem 3.1.2. Suppose a contradiction, i.e. there exists a positive constant
λ > 2α

1−α
such that

lim sup
t→∞

tλ∥φ(t, η)− φ(t, ζ)∥ms <∞, (3.12)

for some η, ζ ∈ X0, η ̸= ζ. Then, there exist constants T > 0 and K > 0 such that

∥φ(t, η)− φ(t, ζ)∥2ms ≤ Kt−2λ for all t ≥ T. (3.13)

From 3.2 and the inequality ∥x+ y + z∥2 ≤ 3(∥x∥2 + ∥y∥2 + ∥z∥2) for all x, y, z ∈ Rd, we have

∥η − ζ∥2 ≤ 3∥φ(t, η)− φ(t, ζ)∥2 + 3

Γ(α)2

∥∥∥∥∫ t

0

(t− τ)α−1(σ(τ, φ(τ, η))− σ(τ, φ(τ, ζ))) dWτ

∥∥∥∥2
+

3

Γ(α)2

∥∥∥∥∫ t

0

(t− τ)α−1(b(τ, φ(τ, η))− b(τ, φ(τ, ζ))) dτ

∥∥∥∥2 .
Taking the expectation of both sides and using the Itô’s isometry, (H1), we obtain

∥η − ζ∥2ms ≤ 3E(∥φ(t, η)− φ(t, ζ)∥2) + 3L2

Γ(α)2
E
(∫ t

0

(t− τ)α−1∥φ(τ, η)− φ(τ, ζ)∥ dτ
)2

+
3L2

Γ(α)2

∫ t

0

(t− τ)2α−2∥φ(τ, η)− φ(τ, ζ)∥2ms dτ.

From (3.13), we derive that limt→∞ E(∥φ(t, η)−φ(t, ζ)∥2) = 0. Hence, to derive a contradiction
and therefore to complete the proof it is sufficient to show that

lim
t→∞

I1(t) = 0, where I1(t) := E
(∫ t

0

(t− τ)α−1∥φ(τ, η)− φ(τ, ζ)∥ dτ
)2

(3.14)
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and

lim
t→∞

I2(t) = 0, where I2(t) :=
∫ t

0

(t− τ)2α−2∥φ(τ, η)− φ(τ, ζ)∥2ms dτ. (3.15)

To prove (3.14), choose and fix δ ∈
(
α
λ
, 1−α

2

)
. Note that the existence of such a δ comes from

the fact that α
λ
< 1−α

2
(equivalently, λ > 2α

1−α
). For t > max{T 1/δ, 1}, we have

I1(t) ≤ 2E
(∫ t

tδ
(t− τ)α−1∥φ(τ, η)− φ(τ, ζ)∥ dτ

)2

+ 2E

(∫ tδ

0

(t− τ)α−1∥φ(τ, η)− φ(τ, ζ)∥ dτ

)2

.

Using the Hölder inequality, we obtain

I1(t) ≤ 2

∫ tδ

0

(t− τ)2α−2 dτ

∫ tδ

0

∥φ(τ, η)− φ(τ, ζ)∥2ms dτ

+ 2

∫ t

tδ
(t− τ)2α−2 dτ

∫ t

tδ
∥φ(τ, η)− φ(τ, ζ)∥2ms dτ.

Since ∫ tδ

0

(t− τ)2α−2 dτ ≤ tδ

(t− tδ)2α−2
·
∫ tδ

0

(t− τ)2α−2 dτ ≤ (t− tδ)2α−1

2α− 1

it follows together with (3.13) that

I1(t) ≤
2t2δ supτ≥0 ∥φ(τ, η)− φ(τ, ζ)∥2ms

(t− tδ)2−2α
+

2K(t− tδ)2α−1

2α− 1

∫ t

tδ
τ−2λ dτ

≤
2t2δ supτ≥0 ∥φ(τ, η)− φ(τ, ζ)∥2ms

(t− tδ)2−2α
+

2K(t− tδ)2α

(2α− 1)t2δλ−2α
.

By definition of δ, we have 2δ < 2− 2α and 2α < 2δλ. Hence, letting t→ ∞ in the preceding
inequality yields that limt→∞ I1(t) = 0 and thus (15) is proved. Concerning the assertion (16),
let t ≥ T be arbitrary. By (3.13), we have

I2(t) ≤
∫ T

0

(t− τ)2α−2∥φ(τ, η)− φ(τ, ζ)∥2ms
dτ +K

∫ t

T

(t− τ)2α−2τ−2λ dτ

≤ T

(t− T )2−2α
sup
τ≥0

∥φ(τ, η)− φ(τ, ζ)∥2ms
+K

∫ t

T

(t− τ)2α−2τ−2λ dτ.

Therefore,

lim sup
t→∞

I2(t) ≤ K lim sup
t→∞

∫ t

T

(t− τ)2α−2τ−2λ dτ.

Note that for t ≥ 2T we have∫ t

T

(t− τ)2α−2τ−2λ dτ =

∫ t/2

T

(t− τ)2α−2τ−2λ dτ +

∫ t

t/2

(t− τ)2α−2τ−2λ dτ

≤ 22−2α

t2−2α

∫ t/2

T

τ−2λ dτ +

(
t

2

)−2λ ∫ t

t/2

(t− τ)2α−2 dτ

≤ 22−2αT−2λ+1

(2α− 1)t2−2α
+

1

2α− 1

(
t

2

)2α−1−2λ

,

which together with (17) and the fact that α ∈
(
1
2
, 1
)
, λ > 2α

1−α
− 1

2
, implies that limt→∞ I2(t) =

0.
The proof is complete.
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3.2.3 Example

Consider the following fractional Caputo stochastic differential equation:

CD
4
5
0+X(t) =

[
sinX1

X2 + 3

]
+

[
cosX1

tanX2

]
dW (t)

dt
, t ∈ (0, 1],

X(0) =

[
4
5

]
,

(3.16)

where: α ∈ (1
2
; 1) and Where

• X(t) =

(
X1(t)
X2(t)

)
• W (t) is a Brownian motion

• b(t,X(t)) =

[
sinX1

X2 + 3

]
, σ(t,X(t)) =

[
cosX1

tanX2

]
. are measurable functions

Then,
by the above lemma and theorems, the problem 3.16 has a unique solution.

49



CONCLUSION

In this thesis, we have studied several fractional Caputo differential equations. Subsequently,
we extended them by adding the stochastic term, transforming them into fractional Caputo
stochastic differential equations. We proved the existence and uniqueness of solutions by the
Banach fixed point theorem.

As future perspectives, these equations can be further developed and explored or using the
numerical methods.

50



BIBLIOGRAPHY

[1] B. A. BELHOUT Ali. Équation différentielle stochastique et application. Mémoire soutenu,
2017.

[2] A. DJILLALI, A. SLAMA, et al. Sur l’existence et la stabilité de solution d’équations
différentielles stochastiques d’ordre fractionnaire. PhD thesis, Université Ahmed Draïa-
Adrar, 2017.

[3] A. SALIM et al. Equations différentielles fractionnaires : Analyse et stabilité. PhD thesis,
2021.

[4] A. Yacine. Introduction Aux Calcul Fractionnaire Et Application. PhD thesis, Université
Mohamed Boudiaf-M’sila, 2021.

[5] H. Ye, J. Gao, and Y. Ding. A generalized gronwall inequality and its application to a
fractional differential equation. Journal of Mathematical Analysis and Applications, 328(2)
:1075–1081, 2007.

[6] T. S. Doan, P. T. Huong, P. E. Kloeden and Hoang The Tuan (2018): Asymptotic sepa-
ration between solutions of Caputo fractional stochastic differential equations, Stochastic
Analysis and Applications, DOI: 10.1080/07362994.2018.1440243

[7] Cong, N. D., Doan, T. S., Tuan, H. T. (2014). On fractional Lyapunov exponent for solu-
tions of linear fractional differential equations. Fract. Calculu Appl. Anal. 17(3):285–306.

[8] Gorenflo R, Kilbas AA, Mainardi F, Rogosin SV. Mittag-Leffler functions, related topics
and applications. Berlin: Springer-Verlag; 2014.

[9] Abd Elouahab, M., Les systèmes chaotiques à dérivées fractionnaires, Mémoire magistère,
Université Mentouri-Constantine, 02-03-2009.

[10] Abi Ayad, I., Introduction aux équations différentielles stochastiques, Mémoire Master,
Université Abou Bekr Belkaid-Tlemcen, 2012.

[11] Allaire, G. and Benaïm, M., Optimisation et contrôle stochastique appliqués à la finance.

[12] Belakroum, K., Existance et positivité de la solution d’un problème aux limites fraction-
naire, Université Bordj Mokhtar Annaba, Département de Mathématiques, Faculté des
Sciences, 2013.

[13] Byszewski, L., Existence and uniqueness of mild and classical solutions of semilinear func-
tional differential evolution nonlocal Cauchy problem, Selected problems of mathematics,
25-33, 50, Anniv. Cracow Univ. Technol. Anniv. Issue, 6 Cracow Univ. Technol, Krakow,
1995.

51



[14] Dubois, F., Galucio, A. C., and Point, N., Introduction à la dérivation fractionnaire,
Techniques de l’Ingénieur AF. 13, 23, 5-10-2010.

[15] Halim, A., Mouvement Brownien Exité, Mémoire Magistère, Université 20 Août 55 de
Skikda, 2009-2010.

[16] Hammouche, S., Identification d’un modèle fractionnaire à l’aide de réseaux de neurones,
Mémoire Magistère, Université Mouloud Mammeri, Tizi-Ouzou, 26-6-2012.

[17] Haneche, M., Processus stochastiques et équation aux dérivées partielles, Mémoire Mag-
istère, Université M’Hamed Bougara Boumerdès, 29-6-2009.

[18] Jacky, C. and Isabelle, G., Contributions au calcul des variations et au Principe du Max-
imum de Pontryagin en calculs time scale et fractionnaire, Thèse de doctorat, Université
de Pau et des pays de l’Adour, 18-6-2013.

[19] Jeanblanc, M., Cours de calcul stochastique, Master 2IF Evry, 9-2006.

[20] Jean-Christophe, B., Processus stochastique, M2 Mathématiques, Université de Rennes 1,
12-20013.

[21] Kilbas, A. A., Srivastava, H. M., and Trujillo, J. J., Theory and applications of fractional
differential equations, North-Holland Mathematical Studies 204, Ed Van Mill, Amsterdam,
2006.

[22] Maaz, M., Introduction à la théorie du filtrage stochastique, Université Mohamed Khider
Biskra, 2011-2012.

[23] Medjekal, H., Existence et unicité de la solution d’une équation différentielle fractionnaire
impulsive de temps infini dans un espace de Banach, Mémoire de doctorat, Université de
Badji Mokhtar Annaba, 2015.

[24] Mokhtari, S., Analyse fractionnaire appliquée aux systèmes différentiels non linéaire, Mé-
moire Magistère, Université Badji Mokhtar Annaba, 2012.

[25] Podlubny, I., Fractional Differential Equation, Mathematics in Science and Engineering,
Volume 198, 1999.

[26] Rahou, H., Problème aux limites pour équations différentielles fractionnaires, Mémoire
Master, Université Abou Bekr Belkaid-Tlemcen, 6-2015.

[27] Zaidour, F., La résolution numérique des équations différentielles d’ordre fractionnaire,
Mémoire Master, Université de Djilali Bounaâma Khemis Miliana, 21-06-2015.

[28] Kheireddine, B., Existence et positivité de la solution d’un problème aux limites fraction-
naire, Thèse Doctorat, Université Baddji Mokhtar Annaba, 2013.

[29] Wellbeer, M., Efficient numerical methods for fractional differential equations and their,
Analytical Background, D. Univ Braunschweig, 2010.

[30] Ndongo, C., Processus aléatoires et applications en finance, Mémoire Master, Université
du Québec à Trois-Rivières, 2012.

[31] Zitouni, M., Discrétisations et résolutions numériques des équations différentielles stochas-
tiques rétrogrades, Mémoire Magistère, Université M’hamed Bougara-Boumerdes, 2009-
2010.

52


	Notations
	Introduction
	Fractional Calculus and Fractional Differential Equations
	fractional Derivation in the Grunwald-letnikov ov sense
	Composition with derivatives of integer order
	composition with fractional derivatives 
	the Laplace transform of fractional derivative in the sense of Grunwald-Letnikov

	Riemann-Liouville Fractional Integral
	 fractional derivative in the sense of Riemann-Liouville
	Composition with the fractional integral
	Composition with integer order derivatives
	composition with fractional derivatives

	Fractional Derivative in the Caputo sense
	composition with the fractional integral

	Relationship between the Riemann-Liouville Fractional Derivative and the Caputo Fractional Derivative
	General properties of fractional derivatives 
	Linearity
	Leibniz Rule

	Riemann-Liouville fractional differential equation
	Caputo fractional differential equation
	Existence and uniqueness of the solution
	Some fixed point theorems

	Cauchy problem fractional order differential equation

	Stochastic Calculus and Stochastic Differential Equations 
	 probability Basics 
	 probability space
	Random variable 
	Expectation of a Random variable
	Convergence of sequences of random variables

	 Filtration and Stochastic Processes
	 Filtration
	stochastic process 

	Brownian motion
	Gaussian vector
	Brownian motion

	Stochastic Integral
	Definition
	propriete of stochastic integral
	Itô's Formulas
	Itô process

	Stochastic differential equations (SDE)
	definition
	Existence and Uniqueness of Solutions (SDEs)


	Asymptotic separation between solutions of Caputo fractional stochastic differential equations 
	Introduction
	Existence and uniqueness results
	Existence, uniqueness, and continuity dependence on the initial values of solutions
	A lower bound on the asymptotic separation of two distinct solutions
	Example


	Bibliography

