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Abstract

In this work, we give a short and important introduction to the fractional and
stochastic calculus, then we present some different examples for the fractional and
stochastic differential problems. Finally, we prove some qualitative properties (i.e.,
existence and uniqueness and asymptotic separation between two solutions) of the
solutions of FSDEs, then we give an example to illustrate our main results.

Keywords: fractional calculus, stochastic calculus, fractional differential
problems, stochastic differential problems, Banach fixed point theorem.

Résumé

Dans ce travail, nous donnons une introduction courte et importante au calcul
fractionnaire et stochastique, puis nous présentons quelques exemples différents pour
les problémes différentiels fractionnaires et stochastiques. Enfin, nous prouvons
quelques propriétés qualitatives (c’est-a-dire 1’existence, ['unicité et la séparation
asymptotique entre deux solutions) des solutions des EDSF, puis nous donnons un
exemple pour illustrer nos résultats principaux.

Mots-clés: calcul fractionnaire, calcul stochastique, problémes différentiels
fractionnaires, problémes différentiels stochastiques, théoréme du point fixe de
Banach.
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['(z) : the Gamma function.

B(z,w) : the Beta function.

E, : the Mittag-Leffler function with a single parameter.

E, 3 : the Mittag-Leffler function with two parameters.

¢D¢ : the fractional derivative in the sense of Grunwald-Letnikov.

I2f @ left-sided fractional integral of Riemann-Liouville of f of order «.
I f : right-sided fractional integral of Riemann-Liouville of f of order «.
D¢ : the fractional derivative in the sense of Riemann-Liouville of order a.
°D¢ : the fractional derivative in the sense of Caputo of order a.

v.a : random variable.

fx : probability density.

FX : natural filtration.

N : set of natural numbers.

p.s. : almost surely.

N* : set of non-zero natural numbers.

R : set of real numbers.

R, : set of positive real numbers [0, 4+00].

C : set of complex numbers.

) : sample space of a random experiment.

F . o-algebra.

B(R™) : Borel g-algebra of R™.

P : probability measure.

(Q, F,P) : probability space.

NOTATIONS



X : random variable.

Fx : cumulative distribution function of the random variable X.
E(X) : expected value of the random variable X.

0(X) : o-algebra generated by the random variable X.

I : identity operator.

M.B : Brownian motion.



INTRODUCTION

It is generally accepted that the concept of fractional calculus stems from a question
posed in 1695 by the Marquis de L’Hopital (1661-1704) to Gottfried Wilhelm Leibniz (1646-
1716), who sought to understand the meaning of Leibniz’s currently popular notation, ZZ—Z{, for
the nth derivative when n is a real number. L’Hépital wondered what would happen if n took

on a fractional value, such as % or even 1—12

n

In his response on September 30, 1695, Leibniz wrote to L’Hopital: "... It is an apparent

paradox from which, one day, useful consequences will be drawn..."

Subsequently, references to fractional derivatives were made by mathematicians such as
Euler in 1730, Lagrange in 1772, Laplace in 1812, Lacroix in 1819, Fourier in 1822, Liouville in
1832, Riemann in 1847, Greer in 1859, Holmgren in 1865, Griinwald in 1867, Letnikov in 1868,
Sonin in 1869, Laurent in 1884, Nekrassov in 1888, Krug in 1890, and Weyl in 1917.

Fractional differential equations are equations involving fractional derivatives, i.e., deriva-
tives of non-integer order, and they are often used to model physical, biological, economic, and
social phenomena that exhibit nonlinear and complex behaviors.

The introduction of the stochastic component adds an additional dimension to these equa-
tions as it accounts for uncertainty and random fluctuations present in many real systems.
Stochastic fractional differential equations are therefore used to model phenomena where dy-
namic behavior is influenced by both deterministic and random factors.

In this thesis, in the first chapter we give a short introduction and history of the notion
of stochastic fractional differential equation of the Caputo type. This is achieved through a
progression with step-by-step concepts.

Chapter 01: We introduced basic concepts that help us understand and solve a stochastic
fractional differential equation. We discussed specific functions like the Gamma function, Beta
function, and some properties of Laplace transforms. Additionally, we explored the fixed-
point theory (Banach), we addressed fractional calculus which includes definitions of fractional
derivatives such as Caputo, Riemann-Liouville, and fractional differential equations (FDEs)
with examples.

Chapter 02: We began with basic definitions of stochastic calculus, which includes general
reminders on probability, expectation, conditional expectation, etc. We also covered Brownian
motion and stochastic integrals, along with some examples of stochastic equations.

Chapter 03: In this section, we give the equivalent integral equation ( the solution) of a
fractional stochastic differential problem of Caputo type, the existence and uniqueness of the
solution is proved by the Banach fixed point theorem. Asymptotic separation between solutions
of Caputo fractional stochastic differential equations are showed. Then we give an example on
FSDE of Caputo type to illustrate our results.



CHAPTER 1

FRACTIONAL CALCULUS AND FRACTIONAL
DIFFERENTIAL EQUATIONS

The concept of fractional calculus constitutes a discipline within analysis focusing on the study
of integration and differentiation operations of non-integer order. Several definitions of frac-
tional derivatives exist, yet regrettably, they are not all equivalent. In this chapter, the most
commonly used definitions are presented, including those of Riemann-Liouville, Liouville, Ca-
puto, and Grunwald-Letnikov.

Fractional calculus

1.1 fractional Derivation in the Grunwald-letnikov ov sense

this definition is based on the calculation of derivatives using finite differences [14].

let f:R — R™ for h > 0, denote the 7, left translation operator :

T f(t) = f(t—h) (1.1)

thus, we have

F(6) = lim 5 (F(2) — (2~ b)) = Jim — (id — ) £ (1)

h—0 h h—0

By denoting 77 = 73, o 71, we have : 72 f(t) = f(t — 2h).

Regarding the second derivative

f'(t) = lim (% (id — Th)) f(t)
_ Ilg%% (id — 27, — 77) f(t)
= lim 2 (F(1) — 2 (¢ — ) + f(t — 21)



e

More generally,the derivative n™¢ of f is given by

1 )(t) = hmh— (id — )" f(t)

h—0 Q™

n

—tim > ) (=m)* £

k=0

_ }1%%2(_1)’@ ( " > £t — kh)

where

< n ) _ k:!(nni - n(n — 1)..1;:!(n—k+1)

L —

It is possible to extender to k > n, by setting < " ) = 0. the formula (2.1) then becomes:

k
700 = fim e S ) stk

the generalization of this formula using the Gamma function, for a non integer (with 0 <

n—1<a<n) by setting for « € RT/N et k£ € N, Note that ( Z > =0evenif k > «
G po (t):nmii(—nk “) £t — kh)
“ h—0 h = k

According to proposition 1.6, we have

(=1)° ( k ) - r(kriklgr?)—a)

this gives us:

CDOF(E) = lim — i Pk—0) g

and
o

D7 f(t) = lim ;F(g(fj)?ga)f(t_kh)

1

~ a7 [ =

if f is of class C™ then using integration by parts, we obtain :

can = [P ()t — @)t 1 t pbal oo
el f@)_zko Tk+a+1) F(n—l—a)/a(t_T)Jr O r)dr
and also :
o i s fB(@)(t —a)f 1 ! et
GDaf(t)—kEZO Th—atl) +F(n_a)/0(t—7) ™ (r)dr

10



Example 1.1.1

the derivative f(t) = (t — a)? in the sense of Grunwald-Letnikov. let p be non integer and

0<n—-1<a<mnwithp>n—1 then we have : f*(a) =0 for k = 0,1,...

f™(r) = F(I;)(f;l&) (1 —a)P™" thus:
I'(p+1)

Dyt —a) = I'n—a)l(p—n+

¢

_ \n—n—1 . \p—n
0 /a (t—1) (1 —a)P"dr
Taking 7 = a+ s(t — a) we have :

dﬁ@—@p_rm_£$&?n+wa—avﬂA(1—$%ﬁ%%ws

_ Fp+1)pn—a,p—n+1)
Fn—a)ll(p—n+1)

Fp+1)I'(n—a)l'(p—n+1)

(t —a)P™@

~ T —alp-nt D —arp "
_ F(p + 1) (t _ a)p*n
CT(p—a+1)

Remark 1.1.1

,n—1 and

the derivative of a constant function in the sense of Grunwald-letnikov is neither zero mor

constant.
if f(t) = C and o is non integer we have : f®(t) =0 fork=1,2,...,n

n—1 k) _ Nk—a
GDgf(t):—C t—a) “+Zf )t =a)
k=1

I'l—a) I'(k —a+1)
1 ' n—a—1 rn
+ T —a) /a (t—r) f (T>di
¢ —a
T

1.1.1 Composition with derivatives of integer order

Proposition 1.1.1 /28]

for m a positive integer and o non integer with :

O (CDas) = Dy 1 (1)
And . - o
Proof
For m positive integer and « non integer with (n — 1 < o < n) we have :
5 O/ (0) = T f“”Ez“iailZ)i“S’") A ey

H.

. (t )n-i-m (p+m)—1fn+m7_d7.

11



then :
dm

prs (“Daf(t)) = “Drref(t)
but :
op (2 pp) oS LTP@E = T e g
(dt_m U)_M = +F(n_p))/a< — 7)ot () dr
S W@ — e
c~ D(k—(a+m)+1)
1 ¢ _ \m+m—(p+m)—1 rn+m
+Fn+m—(p+m))/a( A
) a)(t — a)k—(atm)
=Tk (a+m)+1)
n—1
G pymeta f® (@) (t = a)f—om
_Gpm+ (t)—Z:: NEr——y
Remark 1.1.2

It is deduced that fractional differentiation and conventional differentiation commute only
if: f*®(a) =0 for allk=0,1,2,...,m — 1.

1.1.2 composition with fractional derivatives

Proposition 1.1.2

1. if o/ <0 and o € R then :

D3 (DL (1)) = Dt (1) (1.4)
2. if0<m-—1<a <mand a <0 then :

D3 (D (f(1)) = D3t f (1) (1.5)

only if f®(a) =0 for allk=0,1,2,...,m — 2

3. 850<m-1<ad <mand0<n—1<a<n then :

“Dg (“Da(f (1) = “Dg (“Da(f(1)))

D () o

only if f*)(a) =0 for all k=0,1,2,...,7 — 2 with r = max(m,n)

Proof

12



1. if o < 0 and o < 0 then :

D (D 0) = 1 / oy (GDZ'(f(T>)) ir

/ s [ (e 5ty

:F< (Oé_|_oé))/av(t_>aa f()
=Dy f(t)

ifo/ <0and 0 <n—1<a<nwehave @ =n+ (o —n)with (& —n) < 0 then :

5oz (D (7)) = o (D (605 (r) )

d" a’+a—n
= g (O ()
=Dy f(1)

for0<m—1<d <m and a < 0 we have :

1

m— (k) — a)k- a’ t )
“pef pr i) AP )/(t—T)m“If(m)(t)dT

p —a +1) '(m—ao

and (¢t — a)*~* they have non integrable singularities then D2 (“D%(f(t))) only exists
fuy(a) =0forall k=0,1,2,...,m — 2 this case we have :

, (m—1) _ S, \m—1—ao ,
g o) = T epy ey

then :

/ (m=1)(g)(t — q)m—1-o'~a /
°g (402 (1(0)) = A ey

Fr=D(a)(t — a)m—l—(a/—l-a)
'(m—ad —a)
1 1 t _ ym—(ata)=1 (0, -
+F(m—(a/+a))r(m_a/)/a(t ) f(m)(t)d
= GDZWra’f(t)

3. for0§m—1<a’<mand0§n—1<a<nwehave'
5D (6D (10)) = 4 {SD" (DA (1)}

Si f®)(a) =0forall k=0,1,2,...,m — 2 then :
“py (DL (f(1)) = Dt (1)

therefore : o
“D(“DJ(f(1)) = WDZW_"JC@)

= ODs (1

13



1.1.3 the Laplace transform of fractional derivative in the sense of
Grunwald-Letnikov

let f be a function that has the Laplace transform F(s). for 0 < a < 1 we have :

G D f(t) = Ff(f)_t; . (nl_ = /0 (t— 7)" f (r)dr (1.7)
then :
LIEDGF0) () = T2 1 L [sP ()~ £(0) .
= s"F(s)

for a > 1 there does not exist a Laplace transform in the classical sense, but in the sense of
distributions, we also have:

L [CDF f(1)] () = s°F(s) (19)

1.2 Riemann-Liouville Fractional Integral

This section introduces the elementary definitions and some properties of the Riemann-Liouville
fractional integral.

Let f be a real, continuous, and integrable function on the interval [a,b]. We consider the
integral

fvmszmw
I?f(t) :/ I f(u)du

(Lo
_ /: (/t du) f(s)ds

t
- / (t — 5)f(s)ds
By repeatedly applying this process n times, we obtain, according to Cauchy’s formula:

1

") = o= / (t— $)""Lf(s)ds (1.10)

And, using the generalization of the factorial function via the Gamma function: I'(n) =
(n — 1)!. Riemann realized that the right-hand side could make sense even when n takes on
non-integer values. He defined the fractional integral as follows:

Let f € Cla,b],« € R,. The Riemann-Liouville fractional integral of f of order a, denoted
by I, f, is defined by:

Definition 1.2.1 [27/
let f € Cla,b],a € Ry, we it the Riemann-Liouville fractional (left-sided) integral off of order
a,denoted by I f the function defined by :

2 0) = gy [ =9 s (1.11)

14



the right-sided Riemann-Liouville fractional integral of the function f of order a, denoted
by IX f the function defined by :

1

b
B0 = s [ = s (1.12)

Remark 1.2.1

For the remainder of this work, we will exclusively utilize the left-sided integral and employ
the notation «.
throughout what follows, we will only use the left-sided integral and denote it as I2.

Example 1.2.1
let f(t) =" with B > —1 we have :

I3 f(t) = Iot?

by setting s = tu, (2.3) becomes

I f () = ﬁ /0 (t0)?(1 — tu)°tdu

Using the definition of the Beta function from (1.2) and Proposition 1.7, we obtain:

thte

I f(t) = o) /0 uP (1 — u)* tdu

thta

= F(Oé)ﬁ(ﬂ + 1,@)

r'p+1)
La+B+1)

Proposition 1.2.1 [12]
Let f be an integrable and bounded function, and let o and o' be two strictly positive real
numbers. Then

12 |12 p )] = 12t ro) (1.13)

Proof
! 1 t_a !
13 [[éx f(t)} = T@)/o sT T f(t — s)ds

= m /Ota s 1ds /ats(t — 5 —u)* 1 f(u)du
— m /: fu)du /at_a 7t —u— 8)* s

let s=uv(t—u)
Then ds = (t —u)dv

15



Hence, it follows that:
L t 1 Ay — ot —u)* Nt — u)dv
= s [ =) e == o= ) =
1 t

:W/a (t—U)a"'o‘_ f(U)du/O v (1_U)a— dv

! t ate’ =N duf (o,
W/a(t—u) flu)dup (o', )
1 ! a+a’'—1
:m/a (t—U) f(u)du
_ 1 1)

Proposition 1.2.2
let f, g be two continuous and integrable function over [a,b], I2° is linear, that is:

VY, AeR a>0 ona IJNf(t)+vg9(t)]=NIf(t)+~vIg(t) (1.14)

Proof

I2AF(E) +g(t)] = ﬁ / (t — )" "N (s) + 7g(s)]ds

1 ¢ a—1 L t — 8 a—l1 s)as
:/\m/a (t —s) f(s)dsmr(&)/G(t )* " g(s)d
= MG f(t) +15g(t)

Proposition 1.2.3 [27/
the Laplace transform of the Riemann-liouville fractional integral for a = 0 of a function f,that
has the Laplace transform F(s) in the half-plane Re(s) > 0, is given by:

L(I°f) (s) = s F(s) (1.15)

1.3 fractional derivative in the sense of Riemann-Liouville

Definition 1.3.1 [10]
let f be an integrable function over [a,b] then the fractional derivative of order o (with
n—1<a<n,neN*)in the sense of Riemann-Liouville D*f is defined by :

wpp . Lodm [t f(s)
Daf(t)_r(n—_a)%/a = (1.16)

this fractional order deriwvative can also be written as follows :

m

DE() = S {1 ()} (117)

Example 1.3.1

The Riemann-Liouville fractional derivative of f(t) = (t — a)?. Let o be a non-integer with
0<n—1<a<nandp>—1, then we have:

Dgf(t) = Dga(t —a)?
B 1 dt [t (r—a)P
- T ), T

16



By changing the variable T = a + s(t — a) we have :

n 1
Do (t — a)P — ﬁ%@ _ a)re-e /0 (1= )12
_Tn+p—a+1)pn—-ap+1)
F'n—a)l(p—a+1)
Tn+p—a+1)Bn—a,p+1)I'(p+1)

(t —a)P@

C I'n—a)(p—a+DI(n+p—a+1) (t—af™®
~ Tlp+1) (t— ayre
CT(p—a+1)

Proposition 1.3.1 [21]
if o =n € N we have :

DLf(t) = f(t), Dif(t) = f@,.... Dy f(t) = f™(t) (1.18)
Remark 1.3.1 [26]

The non-integer order derivative of a constant function in the Riemann-Liouville sense is
neither zero nor constant, However, we have:

C

D0 = ——
¢ 'l —a)

(t—a)™® (1.19)
On note g—: by D™.
1.3.1 Composition with the fractional integral

Proposition 1.3.2
let « >0 etn=|a]+1 then for every integer m € N* we have:

Df(t)y =D (I™f(t), m>a (1.20)

Proof
as m > n, we have :

= DI ()
= DLf(t)

Lemma 1.3.1
let « >0 and f € L'a,b], then the equality:

DRIZf(t) = (1) (1.21)
is true almost every t € [a, b]

Proof
Using the definition, we have :

DIIgf(t) = D"~ 13 f(t)
= D"1; f(t)
= f(t)
Theorem 1.3.1
let ,>0andn—1<a<nm-—1<a<m such that (n,m € N) then :

17



1. ifa> B3>0, then for f € L'a,b] the equality :
D7 (I°f) (t) = I*7P£(2) (1.22)
is valid almost everywhere on [a,b].
2. if there exist a function ¢ € L'[a,b] tel such that f = I%¢ then :
LD () = f(#) (1.23)
for almost every x € [a,b].
3. 81> a>0 and the fractional derivative D~ f exist, then :
Dy (I3f) (t) = D~ f (1) (1.24)
Proof
Using definition 2.2 and proposition 2.3 we obtain:
1. for a > 8 > 0, then for all n > m, we have :
D, (I3) f(t) = D"I"7 (1) f(t)
= D" (I;777) f(t)
= D" (1 (1777) £
=177 f(t)

f(t)

almost for every ¢ € [a, D]

2. by relation 2.5, we obtain :
13D f(t) = I (DG Igo(t))
= Igo(t)
= f(t)
3. ona:
Dy (I7) f(t) = DI P IS f(t)
= pm =B f(¢)
= D7 f(t)

Exist fori —1<p—a<ieti<m

1.3.2 Composition with integer order derivatives

Theorem 1.3.2
let ,>0andn—1<a<nm-—1<a<m such that (n,m € N) then: for a >0, k € N*.
if the fractional derivatives D f and D***f exist, then :

D* (D3 f(t)) = Dyt f(1) (1.25)

Proof

On a :
D*[Dg f(t)] = D*D"I;~* f(t)

— Dk+nlk+n—a+k—kf(t)
_ Dk+n[§+n7(a+k)f(t>
= Dy f(x)

Hence the result.
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Proposition 1.3.3 26/
for a > 0,n € N*. if the fractional derivative D" f and 1 < k <n — 1 exist, then

F9a)t = a)f e
M'k—a—n+1)

Dg (D" f(t)) = (Dg*f(t) E: (1.26)

Remark 1.3.2
Fractional differentiation and conventional differentiation commute only if: f*(a) = 0 for all
k=0,1,2,.. . n—1.

1.3.3 composition with fractional derivatives

Proposition 1.3.4 [26/
foralln—1<a<nandm—1< <m we have :

m _ \—a—k
D2 (PRS0) = D550 = Y0 10,y Y 2
k=1

Proposition 1.3.5 [26/
foralln—1<a<nandm—1<p <m we have:
D2 (D (1) = D35 - 3 (Do), , (129
a a a a t,ar(_ﬁ_k_i_l) .

k=1

assume that if « = B and [DI7Ff(t)],_ for all k = 1,2,...,m and [D3*f(t)]  for all
k=1,2,...,n

Fractional Derivative in the sense of Caputo

1.4 Fractional Derivative in the Caputo sense

In mathematical modeling, the use of Riemann-Liouville fractional derivatives involves
initial conditions containing the limit values of fractional derivatives at the lower bound ¢ = a.
Mr. Caputo proposed a solution to this issue. This section provides a definition and some
properties of the Caputo fractional derivative. This section provides a definition and some
properties of the Caputo fractional derivative.

Definition 1.4.1 [76]
for any « , a strictly positive real number,the caputo fractional derivative DS f of order a on

[a,b], is defined as :
| M)
Dgf(t) = Tn — a) /a (t— S)a—n+1d8 (1.29)

— 1)

Example 1.4.1
the caputo derivative of f(t) = (t —a)P . let a be non integer 0 <n—1<a <n andp > —1
then we have :
‘D f(t) = “Dg(t —a)’
_ I(p+1)
CT(n—a)l(p—n+

1) /at(T —a)r (=) dr
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Taking T = a + s(t — a) we get :

I'lp+1)
Fn—a)ll(p—n+1
_Tp+1)Bn—ap-—n+1) (t — a)r—o

I'n—a)l(p—n+1)
F'p+1I'(n—a)l'(p—n+1)

‘Di(t—a)l = )(t — a)p_o‘/o (1— s)”_o‘_lsp_”ds

“Th—aTp—az ooz’ ¥
o F(p + 1) (t _ a)p—a
- T(pa+1)

1.4.1 composition with the fractional integral
Theorem 1.4.1 ([26],]27])

let « >0, and f is a continuous function on [a,+00) in R we have :

n—1 (k) a _a k
1 D2 () = ft) — 3 L= a)

] (1.30)
k=1
Theorem 1.4.2 [23]
let « >0 and f be a continuous function on |a,+00) in R we have :
“Dg (15 f) (1) = f(t) (1.31)

Remark 1.4.1
the Caputo derivative operator can be considered as a left-inverse of the fractional integration
operator, but it does not constitute a right-inverse.

Remark 1.4.2
the conclusion of theorem 2.1} indicates that differentiating a function f in the Caputo is
equivalent to a fractional derivative of the remainder in the Taylor expansion of f.

Theorem 1.4.3 /2]
Siao=n €N we have :

‘Dyf(t) = f(t) (1.32)
that is to say :
DLf(t) = f(6),“Daf(t) = fP,....Dpf(t) = (1) (1.33)

1.5 Relationship between the Riemann-Liouville Fractional
Derivative and the Caputo Fractional Derivative

The following theorem establishes the connection between the Caputo fractional and Riemann-
Liouville fractional derivatives.

Theorem 1.5.1 ([24],]27])

let « >0 (withm—1<a <n and m € N*) if f has m — 1 derivatives at and if °DS f and
Do f exist, then : for almost every t € [a,+00) :

m—1 —a

“DLf(1) Y A o) (1.34)

J=1
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Proof
we have :

1) = s 0+ i [ (- 9
(=0
— @)+ 1)

2 £ leQZiﬁﬁf:; FO @) + 13+ (1)

Setting n = m and a« = m — a we find :

m—ao 2m—a £(m) = (t — a)m_a+j (9)
g = e = Y p T o
j=1
then
d_m m—o _ d_m m—a (m) = (t — a)m ot )
dtm[“ f(t)}_dtm ) +j:1 F(m—oz+1+])fj(a)
_ d_m m—a £(m) — (t B a’)]ia ()
dtm [ ] + — D(-a+1 +])f ")
m—1 ;
_ gm—a £(m) (t a)]_a (4)
_[a (t)—i_;r‘(—@—i—l—'—j)f (a)
Therefore B A
DYf(t) = <D™ f(t <t — a)]_a (4)
0= DO+ w o @
j=1

Corrolaire 1.5.1 [29/
for a > 0, we deduce that if f*)(a) = 0for k=0,1,2,...,n—1,(n = [a] + 1) then we will have

Dgf(t) =“Dg f(t) (1.35)

1.6 General properties of fractional derivatives

1.6.1 Linearity
Proposition 1.6.1 ([9],[25])

let f,g be two continuous functions on [a,b], Fractional differentiation is a linear opera-
tion,i.e., for any: Yy, A € R,a > 0, we have

DAAf(t) +yg(t)] = ADf(t) +~D%g(t) (1.36)
Where D% denotes any sense of fractional derivative.

Example 1.6.1 [25/
- the linearity of fractional derivative in the sense of Grunwald-Letnikov:
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let a, B € C we have :

DS 0) +99(0)] = Jim 1 S (-0 () M 8) 4 20t~ k)]
“\lim S (1) ( . ) £t~ k)
1< -
bt S0 () ate k)

=D f(t) +7°Dygl(t)

- the linearity of fractional derivative in the sense of Riemann-Liouville:
Let o, § € C we have :

DY)+ 000] =y o | o

A I
:F(n—a) dt"/a (t— )a ntl

I'(n—a) dt"/a t—sa ntl
DS F(t) + 7D (1)

1.6.2 Leibniz Rule

for an integer n we have

0 =3 (1) o (1.37)

the generalization of this formula gives us
D(90) = Y- () O a0 + R (1.38)

k=0

where n > o + 1 and

R(0) = s [ =) (mar [0 - orde (1.39)

with lim, ., RS(t) =0
if f and g are continuous on [a, t] include all their derivatives ,the formula becomes :

n

D(sa0) = 3 () O a0 + R (1.40)

k=0
D* is the fractional derivative in the sense of Grunwald-Letnikov and in the sense of Riemann-
Liouville.

Definition 1.6.1
leta>0,a¢Nn=I[a]+1and f: ACR? = R, then:

Dy(t) = f(t,y(1), (1.41)
18 called a Riemann-Liouville fractional differential equation.
Similarly,

“Dy(t) = f(t,y(t)), (1.42)

15 called a Caputo fractional differential equation.
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1.7 Riemann-Liouville fractional differential equation

Starting with the homogeneous Riemann-Liouville type equation.

Lemma 1.7.1

let « > 0. If we assume that v € C(0,1) N L(0,1), then the Riemann-Liowville fractional
differential equation is:
Dgru(t) =0, 0<t<1, (1.43)

admits a unique solution
u(t) = Crt* 4 Cot™ 2 4 .+ Cpt ™™
where C,, € R, with m=1,2,...,n

Proof
Let a > 0. According to Remark (222227777), we have:

Dy t* " =0, with m=1,2,...,n
Then, the fractional differential equation (3.5) admits a particular solution, such as
u(t) = Cpt™™™,  with m=1,2,...n. (1.44)

where C,, € R.
Thus, the general solution of (3.5), given as a sum of particular solutions (3.6), i.e

u(t) = Ot '+ Cot* 2+ ..+ Cpt™ ™™,
where C,, e R, with m=1,2,...n

Lemma 1.7.2
Suppose that
uwe C(0,1)NL0,1), and D§ueC(0,1)NLO,1).

Then:
& DS u(t) = u(t) + Crt ' + Cot* 2 + .+ Cpt™™™, (1.45)

where C,,, € R, with m=1,2,...,n

Proof
Let a > 0. For all w € C'(0,1) N L(0, 1)(Proposition 2.2.3), we have:

20§ B

k=1

(Zyr u"=)(0) oy | (Z5Tu2)(0) s (Z57u)(0) 0y
_“(t)_{ o) Ma—1) | T Ta—n+D'

(T =) 0)

fi - _
We define C,, Tla—m+ 1)

€ R, for each m =1,2,...,n, we find the equality (|1.45].
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Lemma 1.7.3
Let 1 < a <2 andy € C([0,1]).
Then the unique solution to the boundary value problem

(1.46)

(1.47)

Dyru(t) +y(t) =0, 0<t<1
u(0) =u(1l)=0
18 given by:
1
ut) = [ 6ol
0
such as:
_ a—1 _ _ a—1
tl=s)] (t=s) L if 0<s<t<l1
_ [(a)
G<t7 S) - a—1
(1 —s)]
) if 0<s<t<1
()
Proof
Applying Z§,, to equation we obtain:
0. [DG.u(t) + y(t)] = 0 > T8 Dgult) + I y(t) = 0.
According to Lemma [1.7.2 for 1 < a <2 (n = [a] + 1 = 2), we have:
T8 Dgu(t) = u(t) + Cit* '+ Cot* 2, C1,Ch € R
Thus,
u(t) + Opt* '+ Cot*? + I¢y(t) = 0
which implies
u(t) = =I5y (t) — Crt* " — Cot™ ™%,
Therefore, the general solution of equation [1.46|is given by:
1 ' 1 1 2
u(t) = ——/ (t —s)* y(s)ds — Ot — Cot*~. (1.48)
I'(a) Jo
The boundary conditions imply that:
U(O) =0=0=-0-0- limtﬁo Cgta_2 = OQ = 0,
1 1 a— 1 1 a—
u(l)=0=0= (o) Jo (X =s)*"ty(s)ds —C, = Cy = “T(a) Jo (A= s)*"1y(s)ds

The integro-differential equation is equivalent to:

u(t) = _ﬁ/o (t—s)a_ly(s)ds—f—f—a/o (1—8)*ty(s)ds
L t a-l A — 5)* Yy(s)ds et — ) Ly(s)ds
=~ | =+ i [0 tes+ s [y

L [t —s5) — (t = s)* y(s)ds A — ) y(s)ds
= [ = = = s + s [ 1= 9 ()

t _g)e-1 _ (4 — g)(@-D) 1 _ g\t
[ [,

a)

The proof is complete.
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1.8 Caputo fractional differential equation

Starting with the homogeneous Caputo-type equation.

Lemma 1.8.1
Let o > 0. If we assume that u € C(0,1) N L(0,1), then the Caputo-type fractional differential
equation 1s:

“Dgu(t) =0, (1.49)

admits a unique solution
u(t) = Co + Ort + Cot® + -+ Cp " .
where C,, € R, with m =0,1,2,...,n— 1.

Proof
let & > 0. According to Remark 2.2.4, we have:

D " =0, for m=0,1,2,...,n—1.
So the fractional differential equation admits a particular solution, such as
u(t) =Cpt™, for m=0,1,2,...,n— 1. (1.50)

where C,, € R.
The general solution of [[.49] given as a sum of particular solutions [I.50] i.e.,

u<t) = CO + Clt —+ 02t2 4+ 4 Cn_ltn—l'

Lemma 1.8.2
Assume that uw € C™([0,1]). then:

T8 + ODgu(t) = u(t) + Co + Cit + Cot* + ... + Cpy g™ (1.51)
where C,, € R, withm =10,1,2,... n—1.

Proof
Let a > 0. for all uw € C"([0,1]) (Proposition 2.2.4) we have

n—1 k

0)

I Dmu = u(t Zu(
k=0

k!
u//(()) u(nfl)(o)
=u(t) — "0Vt 4+ —2t2 4+ . 4 —— !
u(t) [u(O)—i—u(O) + 5 + +(n—1)!
u(ﬂ%)(()) ) .
We pose C,,, = — € R, for each m =0,1,2,...,n — 1,We easily find the equality [1.51
m)!
Lemma 1.8.3

letl <a <2, andy e C([0,1]).
Then the unique solution to the boundary value problem is:

Dy u(t) =y(t), 0<t<1
{ u(0) +v'(0) z 0, u(1) + /(1) =0" (1.52)

= /01 G(t,s)y(s)ds

(-0(-9)* 14 (=) | (-n(1-92
—+ 1 I<s<t<1
Glt,s) = { /

15 given by:

such as:

F(Oc) F(Oc—l - - - (153)

(1-t(1=s)*=! | (A-t)(1—s)*"2 .
T(a) R Y if 0<t<s<1
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Proof
Applying Zg, , to equation we obtain:

5, [“Dfu(t) — y(t)] =0 & I3, “Dgult) — Ig,y(t) = 0.
According to Lemma [1.8.2] for 1 < o < 2 (n = [a] + 1 = 2),we have:
78,.°Dg u(t) = u(t) + Co + Cit, Co, C1,Cy € R,

thus,
u(t) + Co + Cit — I, y(t) =0,

which implies
u(t) = Ig,y(t) — Co — Cit,

Therefore, the general solution of equation [1.52is given by:

u(t) = ﬁ/o (t —s)* ty(s)ds — Cy — Cit.

The boundary conditions imply that:

{ uw(0)+4'(0)=0 =Co+C; =0
u(l) +u'(1) =0 = Co+ 20 = (Zg,y)(1) + (Zgyy)'(1)
thus

(Co=—( o+y)(1) (Z54y)'(1)
)/ (1—s5)"y ds—ﬁ/o (1 — )" ?y(s)ds
=(Zy: )(1) L y)'(1)
\ r(l)/ (1 )1 (s)ds—i—ﬁ/ﬂ (1= 5)"2y(s)ds

The integro-differential equation [L.52is equivalent to:

u(®) :ﬁ /0 (t—s)aly(s)ds+ﬁ /O (1— $)*y(s)ds
L 1 a=2 b 1 — 5)* Yy(s)ds
e [ s = s [ =9 (s

e [ e
:ﬁ /Ot(t — )" 'y(s)ds + (;(_a;) /Ot(l — 8) Ny (s)ds
+ (1F(—a;f> /t 1(1 — 5)* y(s)ds + % /O t(l )y (s)ds
% /tl(l — 5)*y(s)ds

(t—s)""+

[ (1=t —=s)*  (1-1)
_/0 [(a) * [(a—1)
)

[ [ o

- [ cttswisyis

The proof is complete.
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1.9 Existence and uniqueness of the solution

This section constitutes a preliminary part in which fundamental concepts and results of the the-
ory of functional analysis are recalled (Banach contraction principle, equicontinuity, Schauder’s
theorem, Arzela-Ascoli theorem,...). Subsequently, the question of existence and uniqueness
of the solution for the boundary value problem of fractional order differential equation will be
addressed.

1.9.1 Some fixed point theorems

Definition 1.9.1  Let (E,d) be a complete metric space and F : E — E be a continuous
function.

1. We say that s € E is a fized point of F' if f(u) = u.

2. We say that F is a contraction mapping if it is Lipschitz with Lipschitz constant 0 < L <
1,i.e., if there exists 0 < L < 1, such that

Vu,v € E, d(F(u), F(v)) < Ld(u,v), 0<L<1

Theorem 1.9.1 (Arzela—Ascoli)
Let A be a subset of C(J; E); A is relatively compact in C(J; E) if and only if the following
conditions are satisfied:

1. The set A is bounded, i.e., there exists a constant k > 0 such that:

|fll <k for every x € J and f € A.

2. The set A is equicontinuous, i.e., for every € > 0, there exists 6 > 0 such that

[t —ta| <6 = ||f(t1) — f(t2) <€ for every t1,ta € J and f € A.

3. for every x € J the set {f(x), f € A} C Elis relatively compact.

Theorem 1.9.2 (Banach)

Let X be a Banach space, and let F : X — X. be a contraction operator. Then F admits a
unique fized point.

1.e., Au € X such that Fu = u The second fixed point theorem that we will state is the Schauder
Fized Point Theorem.

1.10 Cauchy problem fractional order differential equation

The existence and uniqueness of the solution to a Cauchy problem for fractional-order differ-
ential equations (using the Caputo derivative) will be studied, where the problem is given in
the following form:

{ Dy(t) = flty(t)) tefo,T), 0<a<l (1.55)

y(0) = w0, yo €R
tell that f:[0,7] € R — R is a continuous function.
Lemma 1.10.1

Let 0 < o < 1 and let h : [0,T] — R be a continuous function. A function y is a solution to
the Cauchy problem
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1 t
y(t) =y +—/ t —5)* 'h(s)dx. (1.56
() = o F<a)0( ) h(s) )
Proof
We apply operator Z® to equation and we find

oD Dy = TOF(t) = y(t) + co = T°h(t)
= y(t) =Zh(t) — co

The initial condition gives

y(0) = (Zh)(0) — co = —co = co = —Yo-

Thus,
y(t) =Zn(t) — (vo)
1 ! a—1
= m/0 (t—5)* " h(s)dz + yo.
in return

1 t
y(t) = w —I——/ t —5)* 'h(s)dx
( ) 0 F(O./) o ( ) ( )
= Iah(t) + Yo.
we apply “D® to the integral equation m
“Dy(t) = “DUIh)(t) + “D(yo)
= h(t).

Thus, it remains to verify that y(0) = yo,
y(0) = Z°h(0) +yo = 0+ yo
= Yo-
Then y is a solution to the problem [1.56]

Theorem 1.10.1
Let 0 < a <1 and f:[0;T] x R — R and satisfies the following Lipschitz condition:

[f(ty) = ft,2)| < kly — 2|, Yt €[0,T], and y,z € R.

kT
['(a+1)
There exists a unique solution to the Cauchy problem [1.55

<1,

Proof
We use the Banach fixed point theorem [1.9.2]
We transform problem into a fixed point problem (Lemma [1.10.1]), considering the

operator
F:C([o,T],R) = C([o,T],R)

v PO -+ [ (¢ = ) (s, y(s))d

where C([o, T],R) is the Banach space of continuous functions y defined on [0, T| in R, equipped
with the norm

|yl = sup |y(t)|.
telo, T
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It is clear that the fixed points of the operator F' are the solutions to problem [1.55] F'is well
defined, indeed: if y(t) € C([o, T],R), Then Fy(t) € C([o,T],R).

To show that F' has a fixed point, it suffices to demonstrate that F' is a contraction; indeed, if
y1,y2 € C([o,T],R),t € [0, T] By using the Lipschitz condition, we obtain:

1 t
P = Fonl = |y [ 006 (6D) = (Floomle) e = 9~
I'(a) Jo
1 t
< — _ _ ool
< a7 [ (53 (6) = (st = 97 s
k t 1
< — —5)*
Fr [ ) = (o) = 5) s
k
] A
kT
< = _
< F(a—i—l)Hyl Yal|
k [0}
It states that due to the property m < 1, F'is a contraction, and according to Banach’s

Fixed Point Theorem, F' has a unique fixed point, which is the solution to problem (3.17).
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CHAPTER 2

STOCHASTIC CALCULUS AND STOCHASTIC
DIFFERENTIAL EQUATIONS

2.1 probability Basics

2.1.1 probability space

Definition 2.1.1
A sigma-algebra (or o-algebra) the probability space € is defined as a family F of subsets of §2
(called events) satisfying the following properties :

1. the empty set & belongs toF .
2. if an event A is in F, then its complement A€ is also in F.

3. if (A,)22, is a sequence of events belonging to F, then the union of all these events,

U~ An, is also in F.

Definition 2.1.2
the probability measure on the probability space (2, F) is defined as a function P de Fto the
interval [0, 1], satisfying the following conditions :

1. the probability of the certain event, P(Q2), is equal to 1.

2. for any sequence of events A, belonging to F and pairwise disjoint, the probability of the
union of these events, P (U, ~, An), is equal to the infinite sum of individual probabilities,

2o P(An).

Definition 2.1.3
A probability space is defined as a triplet (2, F,P) where : - Q is a set, - F is a sigma-algebra
(or o-tribe) on 2, - P is a probability measure defined on (€2, F).

2.1.2 Random variable

Definition 2.1.4
let (2, F,P) be a probability space. A random variable on (Q, F,P) , is any function X : Q@ — R
such that :

{weQ: X(w)e B} ={X € B} ¢ F,VB € B(R) (2.1)
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2.1.3 Expectation of a Random variable

Definition 2.1.5 (cumulative distribution function)
the cumulative distribution function of a random variable X defined on (2, F,P) is the function
Fx(x) defined on R by :

Fx(z)=P(X <z)=P{weQ: X(w) <z}) (2.2)

Definition 2.1.6
If the cumulative distribution function Fx(x) is differentiable, the derivative of this function,
denoted fx(x), is called the probability density function of the random variable X . :

8FX (.CC)

“or = fx(x) (2.3)

Definition 2.1.7
the mathematical expectation or mean, denoted E(X),is defined as follows:

1. Discrete case, when the random variable X takes discrete values (i.e., integers) in a
given interval, whether bounded or unbounded.

E(X) =) axP(X = k) (2.4)

2. continuous case Si X is a real-valued random variable (absolutely continuous)

E(X) = /_ (@) (2.5)

[e.9]

Definition 2.1.8
let X andY defined:

Var(X,Y) = E (X ~ E(X))?) 26
=E(X?) -E(X)?>0 '
Cov(X,Y) = E((X = E(X))(Y - E(Y))) 2.7)
=E(XY)-E(X)E(Y) '
conditional Expectation
1. conditioning with respect to an event B € F:
let Ae F: B(AN B)
N
P(A/B) = ——— 2.
(A1B) = ~55 (23)
let X be an integrable random variable defined E(|X]) < o0 ) :
P(X1p) .
E(X/B) = P(B 2.
(X/B) = =575y S B(B) #0 (29)
2. conditioning for a random variable ( taking values in the countable set):
let X be an integrable random variable:
E(X/Y) = %(Y) (2.10)
where
(y) =E(X/Y =y),yeD (2.11)
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3. Conditioning with respect to a sigma-algebra F;
let X be an integrable random variable defined on (2, F,P) and F; be a sub-sigma-algebra
of F:

Definition 2.1.9
the conditional expectation of X with respect to Fi. denoted E(X/F1) is any random
variable Z such that E(|z|) < oo that satisfies:

i) Z is a random variable Fi-measurable.
it) B(XU) = E(ZU),for all bounded YU measurable random variables F;.

Proposition 2.1.1
let X andY be to integrable random variables and F; C F, then:

2. If X <Y then E(X/F) <E(Y/F).
3. E(E(X/F)) =E(X) (taking A = Q in the definition).

4. If X is independent of Fy then E(X/Fy) = E(X), meaning that in the absence of any
iformation about X ,the best estimate of X is its expectation.

5. If X is Fy measurable, then E(X/F;) = X. this expresses the fact that Fy already
contains all the information about X.

6. If X is F1— measurable and E(|XY]) < 400, then E(XY/F,) = XE(Y/F).
7. If Fi C Fo CF, then E(E(X/F) /F1) =E(X/F1).

2.1.4 Convergence of sequences of random variables

let (X,),~, be a sequence of random variables and X another random variable, all defined on
(Q, F,P). there are several ways to the sequence (X,,) to X.

e Convergence in probability:

P

X,—= X si :Ve>0,limPweQ: X, (w)—X(w)>e =0 (2.12)

n—o0 n—00

e Almost sure convergence:

X, — > Xpssi :P (w €N: lim X, (w) = X(w)) =1 (2.13)

n—o0 n—oo

e Convergence in mean (or convergence in L' ):

lim E (| X, — X|') =0 (2.14)

n—oo

e Quadratic convergence (or convergence in L?):

lim E (|X, — X|*) =0 (2.15)

n—oo
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2.2  Filtration and Stochastic Processes

2.2.1 Filtration

Definition 2.2.1
A filtration the context of a probability space (2, B,P), is defined as an increasing sequence
(Fn)n>0 sub-sigma algebras of B, i.e., F; is contained in Fy for all t < s.

Definition 2.2.2 [79/
Given a measurable space (2, F) ,a real-valued random variable X is said to be a measurable
function from (2, F) to R if :

XY(B)e F VBEeB(R) (2.16)

Definition 2.2.3 [1§/

the sigma algebra generated by a family of random wvariables (X;,t € [0,T]) is the smallest
sigma algebra containing the sets X, "(B) for all t € [0,T] and B € B(R). It is denoted as
o(Xy,t<T)

Definition 2.2.4
let (Fi),s¢ is said to be right continuous if :

Fi=()Fire?t >0 (2.17)

e>0

It is left-continuous if :

]:t:0< U Fs) vt >0 (2.18)

0<s<t

the same sequence of filtration is termed complete with respect to a probability measure P
when Fy includes all subsets of F with probability measure zero according to P.

Definition 2.2.5
A filtrated probability space,denoted as (2, F,{F;,t > 0} ,P),is the probability space (Q, F,P)
equipped with the compatible filtration {F;,t > 0}.

Definition 2.2.6
A filtration (Ft)t > 0 is said to satisfy the usual conditions if it is both right-continuous and
complete.

2.2.2 stochastic process

In this section, we explore some fundamental concepts related to stochastic processes and
begin by defining them.

Definition 2.2.7
let T' be anon-empty subset of R. A stochastic process (Xi),.p n R"™ is a family of random
variables taking values in R™ indexed by T. for fited w € Q t — Xy (w) is called trajectory.

Definition 2.2.8 ( natural filtration)[18/
the natural filtration of a stochastic process X = {X;,t > 0}, denote by FX, is the increasing
family of generated sigma-algebras generatedby{ X (s),0 < s <t}. t >0 that is :

F¥ ={F} =0({X(s),0< s <t}),t >0} (2.19)
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Definition 2.2.9
A process X = (X))o s measurable if the mapping :

X:RxQ—R"
(t,w) — Xi(w)
is measurable with respect B (R*) @ F and B (R"™)

Definition 2.2.10
A process (Xy),or is said to be continuous if for almost every w € Q,t — Xy(w) is continuous
(i.e., the trajectories are continuous ).

2.3 Brownian motion

2.3.1 Gaussian vector

In all that follows, (€2, F,P) denotes a complete probability space.

Definition 2.3.1 [10/
A random variable X defined on (2, F,P) is said to be a Gaussian or normal random variable
with parameters (m,o?) (m eR,oe Ri) if its density function fx is given by:

fx = L e(_%(%)z)

o2

In this case, its law Px is given by
VA€ B(R) Py(A) = / Fa(@)da
f

And it is noted
X ~ N (m,o?)

If m =0, the vector X is said to be centered.
Remark 2.3.1
When the standard deviation o is zero, the random variable X is constant, meaning that X is
almost surely equal to the mean m, i.e., P.
Proposition 2.3.1 [20/
A random variable X following the normal distribution N (m,o?) has:

e Expected value: E[X] = m.
e Variance: Var(X) = o2,
e Cov (X, X¢) =min(s,t) YO<s,t<T.

Definition 2.3.2

X = (X1, X, ..., Xy) is a Gaussian random vector if all linear combinations of its compo-
nents are Gaussian, that is, for any choice of coefficients aq,...,a, € R, the random variable
Yor o a; X is Gaussian.

Definition 2.3.3

A process X = (Xy)ier is a Gaussian process if all its finite-dimensional distributions are

Gaussian, i.e., for all n > 1 and for any choice of times t; < ty < ... < t, € T, the vector
(X4, ..., Xy,) is Gaussian.

Proposition 2.3.2 [22]

If the random vector (X1, Xs) is Gaussian, then the random variables X, and Xy are indepen-
dent if and only if their covariance Cov(Xy, Xs) is zero.

Proposition 2.3.3 [22]

Any vector of independent Gaussian random variables is a Gaussian vector.
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2.3.2 Brownian motion

Brownian motion derives its name from the chaotic trajectories first observed by Robert Brown
in 1827, when he witnessed the irregular movement of pollen particles suspended in a liquid.
This movement, resulting from random collisions between the pollen particles and the molecules
of the liquid, leads to the dispersion or diffusion of pollen in the liquid.

Definition 2.3.4 (Standard Brownian Motion)

A standard Brownian motion in dimension d over a time interval T = [0,T] or over the set
of positive real numbers RT is a continuous process with values in R, denoted by (W;)
(th, e Wtd)teT, which satisfies the following properties:

- Wo = 0 almost surely. - For all 0 < s <t in T, the increment Wy — Wy is independent of
the information up to time s, o (Wy,u < s). - For all0 < s <t in T, the increment W; — W
follows a centered normal distribution, with a variance-covariance matriz (t — s)lq, where Iy is
the identity matrixz of size d.

teT —

Definition 2.3.5 (Brownian motion with respect to a filtration)
A wvectorial Brownian motion in dimension d over a time interval T = [0,T] or over the set
of positive real numbers R with respect to a filtration F = (F;),cp s a continuous process
F-adapted taking values in RY, denoted by Wi)per = (th, . .,Wtd) which satisfies the
following properties:

Wo = 0 almost surely. For all0 < s <t in T, the increment Wy — W is independent of F.
For all 0 < s <t inT, the increment Wy — Wy follows a centered normal distribution, with a
variance-covariance matriz of (t — )1y, where 1y is the identity matriz of size d.

teT’

Remark 2.3.2
Un mouvement brownien standard est un mouvement brownien par rapport a sa propre filtration
naturelle.

Remark 2.3.3 [17/
From this definition, it follows that fort > s > 0,

Wy — Wy ~ Wiy ~ N(0,t — s)

which means:

E(W;—W,) =0 etE((W,—W,)?) =t—s

Proposition 2.3.4 [10/
Let W = (Wy) 5, be a Brownian motion defined on a probability space (2, F,P). Then:

1. Symmetry: The process (=W) = (=W,),5, is also a Brownian motion.

2. Scale Change: For all X > 0, the process W = (VV{\)
Brownian motion.

1o defined by W2 =(5) WX isa

3. Simple Markov Property: For all s >0, if Fs := o (W,,u < s) and Wt(s) =Wt+s—W;,
then the process W) = (VV,f)t20 18 a Brownian motion independent of Fy.

Total, Quadratic, and Bounded Variation

Definition 2.3.6 [30/
The infinitesimal variation of order p of a process X; defined on the interval [0,T] associated
with a subdivision I1,, = (t7,...,t") is defined by:

" p
VR = 37 | Xy — X,

i=1
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If VE(IT) has a limit in a certain sense (almost sure convergence, LP convergence) when
T = [l = max |ty — 7] =0

The limit does not depend on the chosen subdivision, and we then call it the order p variation
of Xy on [0,T]. In particular:

e if p=1, the limit is called the total variation of X; on [0,T].

e if p = 2, the limit is called the quadratic variation of Xy on [0,T] and is denoted by
< X >r.

Definition 2.3.7 [30/
A process X, is a process with bounded variation over [0, T) if it has bounded variation trajectory
by trajectory, meaning that

supz !Xti — XtH} <00 a.s
™ =1

Remark 2.3.4
If the total variation of a process exists almost surely, then it is defined as:

n

VP = sup Z X, — Xo|  as

TeP i—1
where P is the set of possible subdivisions of the interval [0,T].

Proposition 2.3.5 [30/
The quadratic variation over the interval [0,T) of the Brownian motion exists in L*(Q) and is
equal to T'. Furthermore, if the subdivision I1,, satisfies >~ | m, < 0o, then there is almost sure

convergence, and thus:
<W >r=T

Lemma 2.3.1
For any v,t >0 and o € [%, 1], the following inequality is true:

t
g o - N
NT_U/O (t = 8)** ?Eaqcr (v8°* ") ds < Eaqy (712*7)

Lemma 2.3.2
Foru,v € H> and 0 < c < 1:

ull* <

1
< ——flu— ol + - ol

2.4 Stochastic Integral

Let’s start by defining the integral for elementary processes. Then, we extend the definition to
adapted processes having a second-order moment, using a result on complete spaces. Finally,
we look at the Itd formula, as well as the integral with respect to an 1t6 process.
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2.4.1 Definition

Definition 2.4.1 (Wiener Integral)[31)]
The Wiener integral is simply an integral of the type

t
/ X5 dW;
0

where X; processes are defined for t € [0,T] on C. With C being the set of functions
X :]0,T] x Q = R, continuous and stochastic, and a),b),c) are satisfied, where

(a) X is B([0,t]) x F-measurable
(b) X(t,-): Q— R is F-measurable

(¢c) X(t,) € L) and E [fo X (¢, |2dt} < 00, Qe X € L2([0,T] x Q)

2.4.2 propriete of stochastic integral
Additivity in Time For 0 < s <'t,

/OtgtdB:/OSgtst+/:gtB

Itd’s Isometry For an adapted process € in L?,
| el

|([con) |-
Martingale Property : If (X;) is an adapted process such that ( fot X2 ds) is finite for all ¢,

where W is a standard Wiener process.

then the integral (fo X, st) is a martingale.

Adaptedness and Measurability The stochastic integral [ £ dB is adapted and measurable
with respect to the filtration with which B is adapted.

2.4.3 Ito’s Formulas

A new class of processes will be introduced, in relation to which a stochastic integral will
be defined: this is the family of Itd6 processes. This class allows the establishment of several
practical formulas that form the basis of stochastic differential and integral calculus. We begin
with the first formulation of It6’s formula.[30]

2.4.4 Ito6 process

Definition 2.4.2 An [Ito process or stochastic integral is a stochastic process on (2, F,P)
adopted to F; which can be written in the form

t t
Xt:X0+/Usds+/V;dBS, 2)
0 0
where U,V € Ly. As a shorthand notation, we will write (2) as
dX; = Uy dt + V, dBy.
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Thus B? is an Ito process:
¢ t
B} = / ds + 2/ B,dB, or d(B})=dt+2B;dB;.
0 0

Note the difference from the usual differentiation: d(x?®) = 2z dz. The additional term dt arises
because Brownian motion B is not differentiable and instead has quadratic variation.

1st It6 Formula:

Let X, be a Ito process, and let f € C?, then:
t 1 t
A0 = F0) + [ OGax.+ 5 [ e ),
0 0

2nd Ité6 Formula

Let (X;) be a Itd process, and f € C? be a function of two variables, then for all ¢ > 0, then:

Lo
2 ), 0z?

of

Ft, X)) :f(O,X0)+/O %(S,XS) ds+/0 7o (5, X:) dX, + (s, X,) d(X),

3rd It6 Formula:

Let X; and Y; be Ito processes, then for all £ > 0, then:

t t t
XY, = XoYp + / Y,dX, + / X,dY, + / d(X,Y),
0 0 0

2.5 Stochastic differential equations (SDE)

2.5.1 definition

Definition 2.5.1 A stochastic differential equation on R® with drift coefficient b and diffusion
coefficient o is given in the form:

dXt = b(t, Xt)dt + U(t, Xt)th Vit € [0, T]
Xo=¢

where

o T is a strictly positive real number.
e b:[0,T] x R" = R" and o : [0,T] x R* — R"™*¢ are two Borel functions.
o (Wy)i>0 is a standard Brownian motion on R? defined on a filtered space (Q, F, (Ft)i>0, P).

e & is an arbitrary random variable independent of the Brownian motion, belonging to R™.

We will specify the notions of existence and uniqueness of solutions to a stochastic differential
equation (SDE).
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2.5.2 Existence and Uniqueness of Solutions (SDEs)

Theorem 2.5.1 [10/
Suppose that the coefficients b and o satisfy the following two conditions: Assume there exists
a positive constant K such that for allt >0, X, Y € R":

- H1 Lipschitz Condition:

‘b(taX> - b<t7Y>’ + ’O-<t7X> - 0<t7Y)’ < K|X - Y‘
- H2 Linear Growth Condition:
b(t, X)| < K(1+[X]), |ot X)| < K(1+[X])

Then the SDE admits, for any square-integrable initial condition & (E(|¢[*) < 00), a strong
solution (X)icjo,1], almost surely continuous. This solution is unique and furthermore satisfies:

E ( sup \Xt|2) < 00
0<t<T

Proof.: See [10]

Example 2.5.1
Let’s consider the following SDE:

dX; = a(b— X;)dt + odW (t)
We need to verify:
Lo oz, t) = b(y, )] + la(z, 1) — aly, t)] < K|z —y|,vt > 0
2. |b(x, )2+ |a(z, 0))? < K? (1 +2%),Vt >0

3. B[X?] < o0
We have:
b(z,t) = b(y, )| + |a(z,t) —a(y,t)| = |a(b — x) —a(b —y)| + |0 — o
= |al|lz — y|
since:
. 2 : <
2] < 12 ?f]x\gl < 1+ ?f|x|_1
z® if |z > 1 1+2% ifjz| >1

thus

bz, )* + |a(z, )" = |a(b — 2)* + |of*
a*(b—z)* + o?
= a? (b2 2bx + x2) + o?
a® (b° + 2|b|z| + z%) + o
a® (b° + 2|b| (l—l—m )+ 2%) + o
=a® (b° +2[b]) + o + (2[b] + 1)z?
< max (a® (b* + 2[b|) + o?(2[b| + 1) (1 + z?)

<
<

So let’s set K = max (|a|, Va2 (02 +2[b]) + a2, \/2|b] + 1).
Since the initial condition wasn’t specified, we only need to choose X, to be square-integrable
to fulfill condition (3).
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Ornstein-Uhlenbeck Process as a Solution to the Langevin Equation

The Langevin equation 4V = —yV + L(t) in the It6 formalism can be written as:

AV, = —~V,dt + odB,
V(O) = Vo

which has a solution according to theorem
Here, dB; replaces a mathematically ill-defined random force L(t). So we have:

dVy = —yV,dt + L(t)

For each trajectory Vi(w), we would use the method of variation of constants. This method is
compatible with our formalism. By setting

C, = Vet
we have, applying 1t6’s formula to f(¢,z) = ¢"'a:
dC; = yCidt + e (= Vidt + 0dB;) = "odB;
and thus

t
V, = e My + / e =) 5dB,
0

Application to Finance: Geometric Brownian Motion and the Black-Scholes Model

In this model, the price of a stock is governed by the SDE

S[):SO

We set:
Y, = 10g(St)

As we have no guarantee that S; does not vanish, we will perform a formal calculation without
justification. We apply 1to’s formula with the function f(t,z) = logz. We get

dlog (S;) = (udt + 0dBy) — o*dt = (p — 0 /2) dt + odB,
By integrating both sides, we obtain

Y; =log (so0) + (n—0%/2) t+ 0B, or S = seelno/2)ttoB
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CHAPTER 3

LASYMPTOTIC SEPARATION BETWEEN SOLUTIONS OF
CAPUTO FRACTIONAL STOCHASTIC DIFFERENTIAL
EQUATIONS

3.1 Introduction

Consider a Caputo fractional stochastic differential equation (for short Caputo FSDE) of order
a € [%, 1} of the following form:
dW (t)
dt -’
where b, 0 : [0,00)R?Y — R? are measurable and (WW;); € [0, 0] is a standard scalar Brownian
motion on an underlying complete filtered probability space (2, F,F = {F;}icp,),P). For
each t € [0,00), let X; := L2*(Q, F;,P) denote the space of all F; -measurable, mean square
integrable functions f = (fi,..., f4)* : Q — R? with

S E(£?) = VEITP,

where R? is endowed with the standard Euclidean norm.A process X : [0,00) — L(Q, F,P) is
said to be F—adapted if X(t) € X, for all t > 0.For each € A}, a F-adapted process X is
called a solution of (3.1]) with the initial condition X (0) = 7 if the following equality holds for
t € [0, 00]

;ww:n+fé5(K@—TVAMnX@wmw:[@—TWAﬁﬂxu»ﬂm) (3.2)

where T'(« fo 7 L exp(—7)dr is the Gamma function. In the remain- ing of the article,
we assume that the coefficients b and o satisfy the following standard conditions:

(H1) There exists L > 0 such that for all z,y € R% ¢ € [0, 00)
[1o(t, 2) = bt )| + [lo(t, 2) — ot y)|| < Lz = yl|.

(H2) o(',0) is essentially bounded,i.e.

D& X (1) = b(t, X(8)) + o(t, X(¢)) (3.1)

[ llms =

llo(",0)||oo :=ess sup ||o(7,0)| < o0
T€[0,00)
and b(-,0) is L2 integrable, i.e.

/ 1b(r, 0)|2dr < oc
0

41



Our first result in this article is to show the global existence and uniqueness solutions of
when (H1) and (H2) hold. Furthermore, we also show the continuity dependence of solutions
on the initial values.

We need this lemma: Here, the weight function is the Mittag—Leffler function Es, 1()
defined as:

FEon_1(t) := f 11teR.
2a-1(1) ;;F((Qa—l)k—l—l) oralte

For more details on the Mittag—Leffler functions, we refer the reader to the book [?, d2| The
following result is a technical lemma which is used later to estimate the operator 7.

Lemma 3.1.1 For any o > % and v > 0, the following inequality holds:

t
Y 2a—2 20—1 2a—1
_ t— FEou_1(7t dr < Eon_1(Vt .

Proof. Let v > 0 be arbitrary. Consider the corresponding linear Caputo fractional differential
equation of the following form:
‘DI (t) = ya(2). (3.3)

The Mittag—Leffler function Fy,_1(7t**!) is a solution of , see, e.g., |7, d4] Hence, the
following equality holds:

t
By (112071 = 1 g / t— )22, (2 Yd

which completes the proof.

Theorem 3.1.1 [3/
(Global existence and uniqueness and Continuity dependence on the initial values of solutions

of Caputo FSDE). Suppose that (H1) and (H2) hold. Then

(i) for any n € Xy, the initial value problem with the initial condition X (0) = n has a
unique global solution on the whole interval [0, 00) denoted by ¢(,n);

(ii) on any bounded time interval [0, T], where T' > 0, the solution (', n) depends continuously
onn, i.e.
lim sup {[p(t,C) = ¢ (t,1)|lms = 0
=1 ¢e0,T)

Our next result is to establish a lower bound on the asymptotic separation between two distinct

solutions of

Theorem 3.1.2 [1
Let n, ¢ € Xy such that n # (. Then, for any e >0

. 20 4.
hinsuptl—a'ir lo(t,m) — @(t, C)|lms = 00
—00
Finally, we give an application of the main results concerning the mean square Lyapunov
exponent of non-trivial solutions to a bounded bilinear Caputo FSDE. To formulate this result,
we consider the following equation:

AW (t)

“Dialt) = ADa(t) + BE)a(t) =,

(3.4)
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where A, B : [0, 00) — R4 are measurable and essentially bounded, i.e.,

esssup ||A(t)||, esssup||B(t)|| < o0
t€[0,00)] te[0,00)]

By virtue of theorem [3.1.1] for each n € X \ {0}, there exists a unique solution of [3.4] denoted
by ®(-,n), satisfying the initial condition X (0) = 1. The mean square Lyapunov exponent of
®(,n) is defined by

. 1
)\ms(q)(7n)) = thUPZIOgH@@ﬂ?)Hms (35)

t—o00

see, e.g., [11]. In the following corollary, we show the non-negativity of the mean square Lya-
punov exponent of an arbitrary non-trivial solution.

Corrolaire 3.1.1 (Non-negativity of mean square Lyapunov exponent for solutions of linear
Caputo fsde). The mean square Lyapunov exponent of a nontrivial solution of 15 always
non-negative, i.e.,

Ams(®(,m)) >0 for all ne Xy \ {0}

Proof
Let n € &y \ {0} be arbitrary. Using theorem we obtain

lim supt%+€| [9(t,m)||ms = 00

t—o00

where € > 0 is arbitrary. Hence, there exists 7" > 0 such that
||¢(tv n)Hms > t_<12_7a0‘+6) fO’l“ all t > T,

which together with [3.5] implies that

1 [e]
)\ms(q)(., 7])) Z hm sup ; log (t_(laia—’—e)) — O

t—o00

3.2 Existence and uniqueness results

3.2.1 Existence, uniqueness, and continuity dependence on the initial
values of solutions

Our aim in this subsection is to prove the result on global existence, uniqueness, and continu-
ity dependence on the initial values of solutions to the equation [3.1I In fact, in order to prove
Theorem M(l) it is equivalent to show the existence and uniqueness solutions on an arbitrary
interval [0, T'], where T' > 0 is arbitrary. In what follows, we choose and fix a T > 0 arbitrarily.
Let H?([0,T]) be the space of all the processes X which are measurable, Fr-adapted, where
Fr := {F}cpo,r), and satisfies that

[ X[lm2 == sup [[X(2)||ms < 00
0<t<T

Obviously, (H?([0,T1),|.||s2) is a Banach space. For any n € X, we define an operator T, :
H2([0,77) — H([0, T) by

T,E(t) :==n+ ﬁ (/Ot(t — 1) (r, E(T)dT + /Ot(t — 1) to(r, f(T))dWT) . (3.6)

The following lemma is devoted to showing that this operator is well-defined.

Lemma 3.2.1 For any n € Xy, the operator T, is well-defined.
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Proof
Let £ € H?([0,77]) be arbitrary. From the definition of 7,,¢ as in (3.6 and the inequality
|z +y+ 2|> < 3(||z|> + |yl|> + ||z]|?) for all z,y, 2z € RY we have for all ¢ € [0, 7]

) (3.7)

00 < 3l + B (H [e=nrviremar

(H/ )20 (7, £(7)) AW, 2).

By the Holder inequality, we obtain

E(\ ) < [irpsirm ([ 1ot coppar)

/0 (t — 1) b(r, £(r))dr

s (3.8)
= 5—E (/Hb HdT).
From (H1), we derive
Io(r, &(r)II* < 2(/[b(7, (7)) = b(7, 0)[|* + [[b(7, 0)[|*)
< 2L2)|&(7)|1* + 2[b(r, 0)*.
Therefore,
E tb, 2dr ) <2L°E t 2d 2tb,02d.
([ wrsenear) < 2w ([ el 7)+ [ 1o opar
2
< 2L°T t:{%l;] (1€(2) +2/ |b(7, 0)]
which together with [3.8 implies that
t 2 2L2T2a 2T2a 1 T
E(\ [ = tnerar ) LIl + 5o [ lropar. (39
0 0

Now, using It0’s isometry (see e.g., [?, p. 87]), we obtain

E ( 2) -y E ( /0 . T)a—lai(T,g(T))dWT)

1<i<d

-y ]E(/ 71292 g (7, £(7 ))|2d7>.

1<i<d

=E — 722 ||o (7, £(T)) ||PdT ) .
([ =i totrerpipar)
From (H1), we also have

lo(m, E(rDII* < 2L2[|g(r)|1* + 2llo (7, 0)I1* < 2L|E(T)[1* + 2o (-, 0) |2
Therefore, for all ¢ € [0,T] we have
2)

<28 ([ (1= lerPar ) + 2o O [ (0=

T2a71 2T2a71 T
<22 (o) + / lo (-, O)|I%.
20— 1 BT o0—1 ),

2

[ = otr o

[ 6= otr conaw
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This together with[3.7/and (3.9|implies that ||7},{||m2 < oo. Hence, the map T}, is well-defined. To
prove existence and uniqueness of solutions, we will show that the operator T;, defined as above
is contractive under a suitable temporally weighted norm (cf. [?], Remark 2.1) for the same
method to prove the existence and uniqueness of solutions of stochastic differential equations).
Here, the weight function is the Mittag—Leffler function Fs, () defined as:

Eoa- for all t € R,
2a-1( ;F 2a—1 er1) rAE

For more details on the Mittag-Lefller functions, we refer the reader to the book [II, p. 16]. The
following result is a technical lemma which is used later to estimate the operator T,,.

Lemma 3.2.2 For any o > % and v > 0, the following inequality holds:

¢
g 20—2 2a—1 2a—1
_— t — Eon_1(vt dr < Eoq_1(Vt .

Proof of theorem Let T" > 0 be arbitrary. Choose and fix a positive constant ~y

such that
3L2(T + DHI'(2a — 1)

3.10
Ty (3.10)
On the space H?([0,T]), we define a weighted norm || - ||, as below
B(IX(0)[2) :
X||, = sup /| =——=—~ forall X € H(|0,T]). 3.11
1], = sup \/ Tt (0.7) (3.11)
Obviously, two norms || - ||g2 and || - ||, are equivalent. Thus, (H?([0,T7), ] -|,) is also a Banach
space.
(i) Choose and fix n € Ap. By virtue of Lemma the operator T), is well-defined. We
will prove that the map T;, is contractive with respect to the norm || - [|,.

For this purpose, let &, & € H2([0,T]) be arbitrary. From [3.6/and the inequality ||z + y||? <
2(||z||* + [Jy||?) for all z,y € R, we derive the following inequalities for all ¢ € [0, T7:

)

(H/ ) o (7, (7)) — o(7,E(r)))dW,

t

(¢ =7)* 7 (b(r, £(7)) = b(r, £(7)))dr

E (IT,60) - TEDI?) < (Z)QE (

2)
Using the Holder inequality and (H1), we obtain

“

2 t
) < LQt/ (t = 7)***E([l€(r) — &()|1*)dr.
0
On the other hand, by Itd’s isometry and (H1), we have

_E ( [ = lotre(r) - ot 5(7))|!2dr)
<1 / (t — 7% 2R(|¢(r) — E(r)|P)dr

/0 (t — 1) (b(r, £(r)) — b(r. £(r)))dr

/0 (t — 1) o(r,&(7)) — o7, é(T)))dWT
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Thus, for all ¢t € [0,7] we have

B (I15,60) - TEOIF) < i [ e P lg(r) - €l

which together with the definition of || - ||, as in (3.11) implies that

B (IT60) ~ TéOIP) _ 202+ 1) filt = 72 By (972 L
E2a_1<7t2a71) - F(a)2 Eza_1(’yt2a*1) v
In light of Lemma [3.2.2 we have for all ¢ € [0, 7]
B (I ~ Té®IP) _ar(a— nrT+ 1) €2
2 = Sl

Eha-1 (vt - [()*y

Consequently,

2T (20 — 1)L2(T + 1)
[(a)?y?

1756 = Tl < mll€ = €]l where  w:= \/

By (3.10]), we have & < 1 and therefore the operator T}, is a contractive map on H2([0,T7), |- |-
Using the Banach fixed point theorem, there exists a unique fixed point of this map in H2([0, T]).
This fixed point is also the unique solution of with the initial condition X (0) = n. The
proof of this part is complete.

(ii) Choose and fix T' > 0 and n,{ € Xy. Since ¢(+,n) and ¢(+, () are solutions of it
follows that

p(t,n) —p(t, Q) =n—C+ ﬁ /0 (t = 1)* b7, (7, m) = b(7, ¢(7,())) dr
1/ -
+ @/0 (t —7)* o(r, (,m) = o(1,(7,())) dW..

Hence, using the inequality ||z +y + 2[|* < 3(||z||* + ||y||* + ||2]|?) for all z,y, 2 € RY, (H1),
the Holder inequality and It6’s isometry (see Part (1)), we obtain

3LAt+1) [
B (lott.) — o0t O1%) < e [ (= r ot = e(r QP dr
+3E(l — C[1).
By definition of || - ||,, we have

Eza—1(7t2a71) 3L2(t + 1) /t 20—2 20—1
< t— 7)) “FEoq_ I d
['(a)?~2 [(«)? 0 ( ) 20-1(77 )dr

x lle(,m) = @, OIS + 3E(lln — ¢II*)-

E (lle(t,n) — ¢(t, 0)|?)

By virtue of Lemma [3.2.2] we have

3LA(T + 1)I'(2a — 1)
Y ()?

le(om) = o Ol < le(m) = @ O + 3lIn — ¢l

Thus, by (3.10) we have

3L4(T + 1)I'(2a — 1)
Y (@)?
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Hence,

lim sup |¢(t,n) —@(t,¢)|lms =0
=€ tel0,7]

The proof is complete.
We conclude this section with a discussion on the gap in the proof of global existence of solutions
for Caputo fractional stochastic differential equation in |3.3]

Remark 3.2.1
For a € [%, 1}, we consider a Caputo fractional stochastic differential equation on a Banach
space X of the following form

Dir(t) = (t, x(t)) + o(t, x(t))dWi,

where t € [0,T], b,o : [0,T] x L*(€; X) — L*(Q; X) are measurable functions satisfying the
following conditions:

(i) there exists a constant L > 0 such that for all t € [0,T] and x,y € L?
E([[b(t, ) = 0(t, y)II*) + E(llo(t, ) — o(t,y)[*) < LE(|z — y[|*);

(ii) the functions b,o are bounded, i.e. for some xo € L*(Q; X) and b > 0, there exists a
constant M > 0 such that

E(|lo(t, )|I*) < M?, E(|lo(t,=)||*) < M
for all (t,z) € Ry :={(t,x) : 0 <t < T, E(||x — zo||*) < b?}.

3.2.2 A lower bound on the asymptotic separation of two distinct
solutions
Proof of Theorem [3.1.2 Suppose a contradiction, i.e. there exists a positive constant
A > %= such that
limsup t*[|o(t,7) — @(t, O)llms < o0, (3.12)

t—o00

for some n, ( € Ay, n # (. Then, there exist constants 7' > 0 and K > 0 such that
lp(t,n) = @t Ollns < Kt forall t > T. (3.13)

From [3.2] and the inequality ||z +y + z||> < 3(||=||> + |Jy||*> + ||2]|?) for all z,y,z € R?, we have

2

||77 - C”Q < 3”90(257 77) - Sp(t’ C)HQ + P(i)g /0 (t - 7—)&_1(0—(7—7 @(7—7 77)) - U(T7 QO(T’ g))) dw.
3 t - 2
+ o / (t — 1) (b(r o)) — b o, () dr

Taking the expectation of both sides and using the [td’s isometry, (H1), we obtain

312 2

+ 22 ([ -t - ot Ol

3L ! 202 2
+ W/o (t—1) lo(m,m) — (7, O)llms 7

From (83.13)), we derive that lim, ., E(||l¢(t, 1) — p(t,¢)||?) = 0. Hence, to derive a contradiction
and therefore to complete the proof it is sufficient to show that

In = ¢lI5s < 3E(le(t,n) — ¢ (t,)II")

lim [;(t) =0, where [1(t) :=E (/Ot(t — 1) Yplr,n) — o1, )| dT) (3.14)

t—o00
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and

t
tlim I(t) =0, where I1(t) := / (t — 1) 2|l o(r,n) — (1, |2, dr. (3.15)
—00 0

To prove 1) choose and fix 9 € (%, I_TO‘) Note that the existence of such a ¢ comes from

the fact that ¢ < 152 (equivalently, A > 22). For t > max{T"/°, 1}, we have

é

+2E(/0

Using the Holder inequality, we obtain

nos (/ (=gt ) — ol dT)Q

(t —7)* e(r,n) — (1, Q) dT) :

)

Lty <2 / (t— )2 dr / lo(r,m) — o(r, Ol dr

0
t t
w2 [e-rpar [ etnm - o Qludr
t t

8

Since S S
t té t (t _ t6)204—1
t _ 2a—2 d < . t _ 200—2 d <
/0 (t=7)" dr < (t — 19)20-2 /0 (t=m)™ dr < =

it follows together with (3.13) that

< 2t25 Sup720 ”SD(Ta 77) - 90(7_7 C)H?’ns + 2K(t - t5)2a71 /t
t

—2A
L(t) < =) 51 TN T

8

_ 20 sup o llp(rm) = (7, Olln, | 2K(t— 1)
— (t _ t6)272a (20& _ 1)1526)\7204'
By definition of §, we have 2§ < 2 — 2« and 2a < 20\. Hence, letting ¢ — oo in the preceding

inequality yields that lim; o, I1(¢) = 0 and thus (15) is proved. Concerning the assertion (16),
let ¢ > T be arbitrary. By (3.13)), we have

T t
h(t) < /0 (t =7 lle(r,m) — @7, Oll5, dr + K/T (t — )22 P dr

T : o
< o s lle(nn) — ¢l OI1%. +K/ (t— r)2 2y,
= T
Therefore,

t
limsup I5(t) < K lim sup/ (t — 7)22727~ 2\ g7,

t—o00 t—o0 T

Note that for ¢ > 27T we have

t t/2 t
/ (t — 1) 222 dr = / (t —7)% 2722 dr + / (t —7)% 222 dr

T T t/2

222 t/2 o " =2\ pt -
< - TN + (—) / (t — 7') a=2dr
t2—2cx /T 2 +/2
- 22—2aT—2/\+1 N 1 ¢ 2a—1—2A
= (e — 122 T 20 —1\2 ’

which together with (17) and the fact that o € (%, 1) A > 12_—aa — %, implies that lim;_, I2(t) =
0.
The proof is complete.
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3.2.3 Example

Consider the following fractional Caputo stochastic differential equation:

X, +3 tan X, , te(0,1],

CD§+X(t) _ { sin X, } {cosxl } dl/zt(t)

o { ‘51 ] | (3.16)

where: « € (3;1) and Where

-0 ()

e W (t) is a Brownian motion

o b(t, X (1)) = { igl ‘_)?3 } yo(t, X (1) = [ E;)ISI))?Q } . are measurable functions

Then,
by the above lemma and theorems, the problem has a unique solution.
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CONCLUSION

In this thesis, we have studied several fractional Caputo differential equations. Subsequently,
we extended them by adding the stochastic term, transforming them into fractional Caputo
stochastic differential equations. We proved the existence and uniqueness of solutions by the
Banach fixed point theorem.

As future perspectives, these equations can be further developed and explored or using the
numerical methods.
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