KASDI MERBAH UNIVERSITY
OUARGLA /N" d’ordre :

\ N° de série :

Faculty of Mathematics and Matter Sciences

Department of Mathematics
THESIS
Presented to obtain the degree of
LMD Doctorate
In: MATHEMATICS
Speciality: Mathematical Analysis and Applications
Presented by: Tourkia Bendob

in : 06/10/2024

Theme:

On the study of Bifurcations in Marguerre-von Karman equations I

Jury members:

Djamal Ahmed Chacha Prof. Kasdi Merbah University-Ouargla President
Abderrezak Ghezal Prof. Kasdi Merbah University-Ouargla Supervisor
Ismail Merabet Prof. Kasdi Merbah University-Ouargla Examiner
Abdallah Bensayah Prof. Kasdi Merbah University-Ouargla Examiner
Djamel Benterki Prof. Ferhat Abbas University-Setif 1 Examiner

Ammar Youkana Prof. Mustapha Ben Boulaid University-Batna2 Examiner



Dedication

To the one who supported me throughout my life, my dear mother
To the one who was the reason for my existence and taught me freedom, my dear father
To all my brothers, sisters and friends who helped me

To all my honorable teachers who did not spare me anything, especially my supervisor Pr. Abderrezak
Ghezal

I dedecated this humble work.

tourkia bendob.



Acknowledgments

Firstly and foremost, I thank Allah very much that has enabled me to complete and present
this work after great trouble and effort.
I would like to express my deep gratitude to Professor Ghezal Abderrezak, for supervisor
constructive criticism, help and guidance and for his patience with me until this moment.

I also thanks my teachers and Examiners Professor: Djamal Ahmed Chacha, Ismail Merabet
and Abdallah Bensayah, also , many thanks to the Professor: Ammar Youkana and Djamel
Benterki for accepting and discussing my thesis.

I also do not forget all of friends and family who helped me such as my uncles Professor:
Abdallah Bendob and Professor Ali Bendob

II



Abstract

Many mechanical phenomena are mathematically modeled as partial differen-
tial equations. Among these equations are the Marguerre-von Karman equa-
tions, which constitute a mathematical model for the buckling of Marguerre-
von Karman shallow shells.

This work aims to study the bifurcation of solutions to the Marguerre-von
Karman equations, which are a system of semilinear elliptic equations of the
fourth order. More precisely, we reduce the Marguerre-von Karmén equa-
tions to a single cubic operator equation; its second member depends on the
function that defines the middle surface of the shallow shell and the applied
forces to it. Next, we prove the general existence theorem of the reduced
equation using the main theorem for pseudomonotone operators. We then
study the bifurcation of the solution in the reduced equation, with the second
member being small, in the neighborhood of the simple characteristic value
of the linearized problem. Finally, using the mixed finite element scheme of
Hermann-Miyoshi, the existence and convergence of the approximate branch
of non-singular solutions were studied, and error estimates were obtained.

Key words

Marguerre-von Karman equations, Bifurcation theory, Nonlinear elasticity,
Buckling of shallow shells, Perturbation methods, Finite element methods.
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Résumé

De nombreux phénomenes mécaniques sont modélisés mathématiquement
sous forme d’ équations aux dérivées partielles. Parmi ces équations, les
équations de Marguerre-von Karméan, qui constituent un modele mathématique
pour le flambement des coques peu profondes de Marguerre-von Kdrman.

Ce travail vise a étudier la bifurcation des solutions des équations de
Marguerre-von Karman, qui sont un systeme des équations elliptiques quasi
linéaires du quatrieme ordre. Plus précisément, nous réduisons les équations
de Marguerre-von Kdarmén a une seule équation avec un opérateur cubique,
son deuxieme membre dépend de la fonction qui définit la surface moyenne
de la coque peu profonde et des forces qui lui sont appliquées. Ensuite, nous
prouvons le théoreme d’existence général pour I’équation réduite, en utilisant
le théoreme principal sur les opérateurs pseudomonotone. Nous étudions en-
suite la bifurcation des solutions dans 1’équation réduite, dont le deuxieme
membre est petit, au voisinage de la valeur caractéristique simple du probleme
linéarisé. Enfin, en utilisant le schéma d’éléments finis mixtes de Hermann-
Miyoshi, I'existence et la convergence de la branche approchée des solutions
non singulier ont été étudiées avec des estimations d’erreurs obtenus.

Mots clés :

Equations de Marguerre-von Karméan, théorie de bifurcation, élasticité non
linéaire, flambage des coques peu profondes, méthodes de perturbation, méthode
des éléments finis.
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Notations and Definitions

» w: connected bounded open subset of R? with a Lipschitz-continuous boundary
» v = Ow: boundaryof w,0 € v

» w: closure of a set w.

» dv: thelength element along v

» 7(y): the arcjoining 0 to the point y € v

» 0,: the outer normal operator along the boundary ~y

» v, : The unit outer normal vector

» ¢ > 0 : designates a parameter approaches zero

» p' > 1: the conjugate exponent of pie — + — =1
p p

» C,: constant depends of a.
» f(.), f(.,.): function of one variable, two variable ...
» f(.,b): partial mapping x — f(x,b).
» f|q: restriction of a function f to the set (2.
O = 0 Oap = >
P Oa = Org’ 02,075
» A =0,, the Laplace operator
» A? = AA = 9,,033: the biharmonic operator
» [: Identity operator
» B: bilinear operator
» C: cubic operator
» A~ the inverse operator of A
» D(A): the domain of A
» p(A): the resolvent set of the operator A
» ker A = {z € D(A); Az = 0}.
» card (2: number of elements of a set (2
» DA: first Fréchet derivative of an operator A .
» D™ A: m'™ Fréchet derivative of an operator A .
» ¢ (Q) : space of function m times continuously differentiable on (2.
» Z(X,Y): space of all continuous linear mappings from normed vector space X onto a
normed vector space Y.
» Z(X)=2(X,X)
» X' = Z(X,R): dual space of X
» (.,.): duality pairing between a space and its dual.
» suppf: supportof f = {z € X; f(z) # 0}
> 2(Q2) ={f € €°(Q); supp f is compact }
> LP(Q) = {f; [, |fIPdQ < co}: the usual space of measurable whose p th power is Lebesgue
integrable

: partial derivative
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» WmP(Q) ={f e LP(Q);0*f € LP(N)for all |a| < m},1 < p < oo: usual Sobolev space
> H™(Q) = W™2(Q)
> W (Q) = (WP(Q)) : dual of W™?(Q)
» (.,.)a: scalar product in H¢
» ||.|ls,: thenormin W*P(.), se R,p > 1
» |.|sp: seminormin W*P(.),s € N
> ||.lls = ||l-lls2 and |.|s = |.|52: the norm and the semi norm in L?
> XY ={r+y;reX,yecY}where XNY = {0}.
»—: continuous embedding.
»—: strong convergence .
»—: weak convergence.
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Introduction

The Bifurcation theory is of mechanical origin, dating back to the mid eighteenth century, work
by Euler and Bernoulli on equilibrium of elastic beams. The mathematical treatment of this
theory starts with Poincaré at the late of the nineteenth century on celestial mechanics. The
literature on this theory is quite large, and bifurcation theory is used to solve a wade variety of
problems related to bifurcation in science and engineering. In particular, applications are made
for variety of PDEs, see, e.g., Rabinowitz [64], Chow and Hale [19], Bruter et al. [15], Kielhofer
[50].

Scientific and technological advances gave rise to many models of mathematics. Model of
structural mechanics in this. These structures have been mostly used in plates, and shells; in
particular, a shallow shell where the initial shell circumference is assumed to be small. Intro-
duces mathematical formulation of these problems to a system of partial differentiation and
boundary conditions with complex geometric shapes such as those in many shells.

In the first half of the last century, Marguerre [57], von Karmén and Tsien [69] presented
a system of fourth-order semilinear elliptic equations, a two-dimensional equation for nonlin-
early elastic shells a simple with plate subjected to boundary conditions [70]. In terms of both
stability and energy, the von Kdrméan and Marguerre-von Karman equations have attracted
considerable mathematical and engineering interest. They play an important role in applied
mathematics, with applications in many areas of complex engineering and have applications
to many fields of solid mechanics. More detailed examples are the numerical models associ-
ated with these equations, can be found in, e.g., Ciarlet and Rabier [29], Ciarlet and Paumier
[28], Ciarlet [23], Gratie [39], Ciarlet and Gratie [30] and Chueshov and Lasiecka [20]. In this
direction, we refer to the works of Ghezal [4, 17,33, 35] for generalized Marguerre-von Kdrmén
equations. In addition, we refer to [58] and the references therein for linearly elastic shallow
shells.

A very interesting phenomenon associated with the Marguerre-von Karmén and von Kar-
man equations is the appearance of the buckling. This situation is reflected in the multiplicity of
solutions to the boundary value problems associated with these equations, which were math-
ematically treated as bifurcation problems besides Ciarlet and Rabier [29], many authors have
studied bifurcation in von Kdrman equations, e.g., Antman [2], Brilla [10, [11]

Berger [5] 7], Chien and Chen [18], Chow and Hale [19], Vanderbauwhede [68], Holder and
Schaffer [43], Janczewska [45, 46]]. Topological methods are among the most important meth-
ods for studying bifurcation problems. For results in this area, we refer to Goeleven et al. [38]],
Gratie [40,41], Janczewska [44] and Kesaven [49]. Indeed, in recent years, the nonlinear govern-
ing equations concerning the transverse deflections of the shell and Airy stress function are able



to characterize large shell deformations that are of primary interest in industrial applications.
Notably, in the seminal work, Ciarlet and Rabier [29] have studied perturbed bifurcation in the
von Kdrmdn equations for plates the details are summarized in [23]. We therefore propose to
extend this study further Marguerre-von Karman detailed Geometry of Shallow Shells.

For numerical analysis, numerous works have been devoted to von Karman equations. Fi-
nite element approaches have been successfully used, have taken on a variety of different types,
see, e.g., [12} 126} 47,155,156, 63] for conforming, nonconforming and hybrid FEMs. Especially, we
refer to [13} 14, 48] 59, 167] about mixed FEMs. More recently, we quote the work of Carstensen
and Nataraj [16] for adaptive Morley FEMs. The FEMs for Marguerre-von Karmdan equations
have been analyzed in [36, 34].

In fact, the approximation of branch of nonsingular solutions of von Karméan equations for
the buckling of a nonlinearly thin elastic plates has been studied using the mixed finite element
scheme of Heltan-Hermann-Johnson by Brezzi et al. [13]. Next, Reinhart [67] used the general
results of Brezzi et al. [13] to approximate the branch of nonsingular solutions of von Karman
equations using the mixed finite element scheme of Hermann-Miyoshi. Limited studies were
done about bifurcation in Marguerre-von Karmén equations, see Rao [66], Léger and Miara [53]
and Ghezal [34,37].

The objective of this thesis is to study the bifurcating the trivial solution of the Marguerre-
von Karman equations in the neighborhood of simple characteristic value of the linearized
problem. For this reason, we extend the results of Ciarlet [29] from plate to more general geom-
etry shallow shell, i.e., from von Kdrmdn to Marguerre-von Kdrman equations under certain
condition for the function . the second main results of this thesis is to study the existence and
the convergence of the approximate branch of non singular solutions, by applying the tech-
nique of Brezzi et al. [13]].

Now, we present the organization of this thesis:
In the first chapter, we have recalled the most important theories, lemmas, and propositions,
found mostly in Haim Bresis [9] and Ciarlet [22], as well as the characteristic value, the compact
operator, and its most important characteristics, which we need to study later in the coming
chapters.

In the second chapter, we present the classical Marguerre-von Karman equations and how
they were transformed into equations in a simpler and less complex form. Then we converted
the letter into a cubic operator equation with one unknown, and for that, we used special oper-
ators found at the beginning of this chapter. After that, the existence and regularity of the so-
lution are proved by the main theorem of minimization problems and the embedding Sobolev
space.

In the third chapter, we have developed a general introduction to the bifurcation theory
from bifurcation points and some conditions of their existence, such as the implicit function
theorem and the Krasnoselsk’ii theorem, whose form applies to the bifurcation problem in
Marguerre-von Karman equations, and based on it, we set the first condition in this the-
sis for study. Then we present the bifurcation problem in Marguerre-von Karman equations,
and in the same way as before, we reduce it to the cubic operator equation of the bifurcation
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in Marguerre-von Kdrman. Then we study the general existence result for the cubic operator
equation by applying the main theorem on pseudomonotone operators. From the condition
and Krasnoselsk’s theorem, we defined the form of bifurcation points. After that, we
studied the bifurcation for a homogeneous problem using the Kikuchi method. These results
were found without proof in [32].

The first main result of this thesis is determining the solutions of the perturbed bifurcation
in Marguerre-von Karman equations by extending the study of Ciarlet and Rabier [29] for
perturbed bifurcation in von Kdrmdn equations for plates to the more general geometry of
Marguerre-von Kdrmén shallow shells.

In the fourth chapter, we present the biharmonic problem and the mixed formulation and
the most important results related to the regularity of its solution and we define the discrete
problem which converge to the continuous problem. based on mixed formulation of bihar-
monic problem we introduce the mixed formulation of bifurcation in Marguerre-von Karman
and their continuous operator equation, by utilizing the mixed finite element scheme of Hermann-
Miyoshi we present the discrete problem and its discrete operator equation. The last main re-
sults of this thesis is the study of existence of a branch of solutions for the discrete operator
equation which approximates the branch of nonsingular solutions of the continuous operator
equation, for this, we based on the methods and technics of Reinhart ([67]) and Brezzi et al.
[13].



Chapter 1

Preliminaries

In this chapter of the thesis, we have recalled the most important Theories, Lemmas and Propo-
sitions found mostly in [9], which we need to study later in the coming chapters

1.1 Spectrum and the resolvent

Definition 1.1.1. [9] Let X, Y be two Banach spaces and let A : X — Y is a bounded linear mapping
(A e Z(X.,Y)), then the resolvent set p(A) is defined by:

p(A) = {X € C; (A — X)is bijective from X onto Y } .

We recall that (A — \I) is bijective means that (A — A\J) has a bounded inverse (A — \I)~' €
Z(Y, X))

Definition 1.1.2. [9] the spectrum of A denoted by o(A), is the complement of the resolvent set, i.e
0(A) = C —{p(A)} This definition equivalent to

0(A) =C —p(A) ={\ € C;(A — \) has’t a bounded inverse } .

Following [61]] the spectrum o(A) is decomposed into three disjoint sets P,(A), Cy(A) and R,(A) with
the following properties:

o P,(A) is the set of complex or real numbers X for which (A — A\I) does not have an inverse, P,(A) is
called the point spectrum of A.

o(C,(A) is the set of complex or real numbers X for which (A — \I) has a discontinuous inverse with
domain dense in X; C,(A) is called the continuous spectrum of A.

o R, (A) is the totality of complex or real numbers X for which (A — AI') has an inverse whose domain is
not dense in X; R,(A) is called the residual spectrum of A.

Definition 1.1.3. [61] A point A\ € C is called an eigenvalue of the operator A if there is a nonzero
n € X such that:

A(n) = An,
that is, the space ker(A — \I) is at least one dimensional. Any n € ker(A — A1) is called an eigenvector.

1 -
o If )\ is an eigenvalue of the operator A, then X is called a characteristic value of the operator A

Proposition 1.1.1. [61] Let A be a linear bounded operator, then Ny € P,(A) if and only if Ay is an
eigenvalue of A.



1.2 Spectrum of compact and self adjoint operator

1.2.1 Compact operator

Definition 1.2.1. [22] Let X and Y be two Banach spaces. A linear operator T : X — Y is said to be
compact if the image under A of any bounded subset of X is a relatively compact subset of Y, in other
words, whenever B is bounded in X, then A(B) is compactin'Y.

Following H. Bresis [9] we denote by (X, Y') the set of all compact operators from X into
Y.

Proposition 1.2.1. [9] Let X,Y, and Z be three Banach spaces. Let T € £(X,Y)and S € K(Y,Z)
[resp. T € K(X,Y)and S € Z(Y,Z) ]. Then

SoT € K(X, Z).

Theorem 1.2.1. [9] Let T' € K(X) ,i.e, ( T be a compact operator) with dim X = oo, then we have:
(a) 0¢€a(T),
Eb) o(T)\ {0} = Po(T)\ {0},

c) one of the following cases holds:

o(T) =0,
o(T)\0 is a finite set ,
o(T)\0 is a sequence converging to 0 .

1.2.2 Sequentially compact operator

Definition 1.2.2. [72] Let X and Y be Banach spaces, a bounded linear operator T : X — Y is called
sequentially compact if
x, — z, then T(x,) — T(x).

Remark 1.2.1. [7] A compact linear operator is sequentially compact. If X is reflexive Banach spaces
then a sequentially compact operator is compact.

Definition 1.2.3. [49] Let T : Q — X be a compact mapping. We set
A=1-T

A is called a compact perturbation of the identity.

1.2.3 Self adjoint operator

Theorem 1.2.2. [22] Let (X, (.,.)x) and (Y, (.,.)y) be two complex Hilbert spaces and let the operator
A e Z(X,Y) (bounded and linear) be given.
a) There exist a unique operator A* € £ (Y, X), called the adjoint of A, that satisfies

(Az,y)y = (x, A"y)x forallz € X,y eY

The mapping A € Z(Y, X) — A* € L(Y, X) defined in this fashion is semilinear. Besides,



Al zoxyy = (1A% 20 x).
b) The following relations hold:

(ImA)* =ker A* and (ImA*)*" = ker A,
Y =kerA*®ImA and X =kerA® ImA*.

Definition 1.2.4. [22]] Let (X, (.,.)x) be an inner-product space. A linear operator A : X — Xis
self-adjoint if it coincides with its adjoint A*, i.e., if it satisfies

(Az,y)x = (2, Ay)x  forallz,y € X

Theorem 1.2.3. [22]] Let (X, (.,.)x) be an inner-product space, and let A : X — X be a self-adjoint
linear operator.

(a) For any x € X, the scalar (Ax, x)x is real.

(b) Let X be any eigenvalue of A. Then X is real. Moreover, A > 0 if A is nonnegative-definite, and X\ > 0
if A is positive-definite.

(¢) Eigenvectors corresponding to distinct eigenvalues are orthogonal.

(d) If A € Z(X), the operator norm of A, viz., || A|| := up”H H” is also given by
Az, x
4] = sup 252 |
20 ]

1.2.4 Spectral Theory for compact self-adjoint operators

Theorem 1.2.4. [9] Let X be a separable Hilbert space and let A be a compact self-adjoint operator. Then
there exists a Hilbert bases composed of eigenvectors of A.

Theorem 1.2.5. [22]] Let (X, (., .)x ) be an infinite- dimensional inner-product space and let A : X — X
be a compact and self-adjoint linear operator with an infinite-dimensional range. Then:

a) There exist an infinite sequence (\,,) of eigenvalues of A and an infinite sequence (P,,) of corresponding
eigenvectors that satisfy

I A= 1AIL [A 2] A2 > o> A >, Aw#Oforalln > 1, lim A\, =0
n—o0

Ap, = \ppy, foralln > 1 and (pg,p1) = g, forall k1 > 1.

| /\1 |: | (Apbpl) ’ — su ’ (Al',l‘) ’
[[p1 ]2 w20 |2
| (Apn, pn) | | (Az, ) |
| A\n |= —||P E = Si%) —||$||2 foralln > 2.

(z,pp)=0, 1<k<n-—1

b) For any vector x € X,

Az = Mz, pa)p
n=1



c) Let X\ be any nonzero eigenvalue of A. then, there exists n > 1 such that \,, = ). Besides, the set
I(A) :=={n > 1; \, = A} is finite, and

{p € X; Ap = Ap} = Span(pn)ner(n)

d) the kernel of A is also given by
ker A = {Span(p,)}*

1.3 Orthogonality and Orthogonal Projection Operator

1.3.1 Orthogonality

Definition 1.3.1. [22]] Let (X, (., .)x) be a real or complex inner-product space. two vectors x € X and
y € X are said to be orthogonal if

(z,y)x =0,
and the orthogonal complement of any nonempty subset Z of X is the subset of X defined as
7+t ={re X;(x,z) =0forall z € Z} .

Theorem 1.3.1. [22]] Let Z be a nonempty subset of an inner-product space X. Then the set Z* is a
closed subspace of X. Besides, (Z)* = Z+ ,and ZNZ+ ={0}if0€ Zand ZNZ+ = ¢ if0 ¢ Z.

1.3.2 Direct sum Theorem and Orthogonal Projection Operator

Theorem 1.3.2. [22] Let X be a real or complex Hilbert space and let M be a closed subspace of X. Then
the space X is the direct sum
X=MeoM,

i.e., any element x € X can be written as
r=m+m> withm € M and m* € M+,
and such a decomposition is unique. In fact,
m=Px and mt =Pz,
where & : X — M denotes the projection operator from X onto M, and
Pr=1-2P
is the projection operator from X onto M.

Lemma 1.3.1. [22]

i) Any orthogonal projection map & on a closed subspace M of Hilbert space X is self adjoint with
P? =P || 2| =1,and ||(1— P)z| = d(x, M). Conversely, any self-adjoint operator Q with Q* = Q
is the orthogonal projection of X onto Q(X).
it) An orthogonal projection operator & of X onto M is compact if and only if dimM < oo.



1.4 Differentiability

Let ¢ (X,Y) denote the set of continuous mappings between the topological spaces X and Y.

Definition 1.4.1. [7] f € €(X,Y) is Fréchet differentiable at x, if there is a linear operator A €
L(X,Y) such that in a neighborhood U of x,

1f () = f(z0) = A(z — zo)hl| = ol[lx — ol]). (1.4.1)

In this case we write A = f'(x), and f'(xo) is called the Fréchet derivative of f at x,. If the mapping
x— f'(z) of X — L(X,Y) is continuous at o, f is called €* at .

If we put h = x — xy, where zy + h € U, (1.4.1) become

1f (o + h) = f (o) — f'(zo) Il = o([|]])

Definition 1.4.2. [/] f € €(X,Y) is Gateaux differentiable at x, if there an operator D f(xo, h) €
€ (X x X,Y) such that

lim | f(zo +th) — f(x0) — tD f(xo, h)|| =0

for (xo + th) € U, a neighborhood of x,. Furthermore, D f(xo, h) is called the Gateaux derivative of f
at xq, and we write

 Fwo-+ th)lizo = Df (o, )

Lemma 1.4.1. [7] If f is Gateaux differentiable at o + th, (0 <t < 1)

flxo+h) — f(xo) :/o Df(xg + th, h)dt.

The following theorem gives the relationship between Gateaux and Fréchet differentiability

Theorem 1.4.1. [7] If f € €(X,Y) is Fréchet differentiable at x,, it is Gateaux differentiable at x.
Conversely, if the Gateaux derivative of f at xo, D f(xo, h), is linear in h, i.e., Df(x,.) € L(X,Y) and
is continuous in x as a map from X — L(X,Y), then f is Fréchet differentiable at . In either case we
have the formula f'(x¢)y = D f(x0,y).

Lemma 1.4.2. [[/] The Fréchet and Gateaux derivatives are unique.

1.5 Definition and some Properties of L” Space

Definition 1.5.1. [9] Let (2, M, i) denote a measure space, We denote by L*($, ), or simply L'(Q)
(or just L) the space of integrable functions from Q into R . and

Il = 171 = [ 1f1di = [ 11
Definition 1.5.2. [9] Let p € R with 1 < p < oo; We set

LP(Q) = {f: Q= R; f is measurable and | f|" € L'(Q)} .
with

1l = 1l = [ / \f(x)\pdu] "
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for p = oo we have the following definition

Definition 1.5.3. [9]

L) = f:9Q — R, fismeasurable and there is a constant C
B such that |f(z)] < C on Q

with
[fllzee = [[flloc = Inf {C; [f(z)| < Con Q}.
1

1
We recall that p’ is the conjugate exponent of pif — + — =1, forany p,p’ > 1
p D

Young Inequality
Lemma 1.5.1. [9] For all a,b > 0 and for all p,p’ > 1, were p' is the conjugate exponent of p we have
a? b
ab < — + —
p p

Holders Inequality

Theorem 1.5.1. [22] Assume that f € LP(2) and g € L¥' (Q) with 1 < p < co and p' is the conjugate
exponent of p. Then fg € L' (Q) and

/ 1< 1 llgly
Q

Reflexivity and dual space of L

Theorem 1.5.2. [9] L7 is reflexive for any p, 1 < p < oo and separable for 1 < p < oo and the dual
space of L? is L¥ , i.e, (LP) = L*'
1.6 Sobolev Spaces, Definition and some Properties

Let 2 C R" be an open set and let p € R with 1 < p < 0.
Definition 1.6.1. [9] The Sobolev space W?(Q) is defined by

X we LP(Q); g1, ga...gy € LP(Q) such that
WHP(Q) = 0
1) fQua—f:—ngigp Vo e CX(Q)Vi=1,2,..N

We set
HY(Q) = WH(Q)

The space W' (Q) is equipped with the norm

N
lullus = flallp + 3112
1.2 p —1 8$Z b
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or sometimes with the equivalent norm

N P 1/p
[ .
lulliz = <||u||§ + Yl ||§) if1<p<oo
i=1 v

Definition 1.6.2. [9] Let m > 2 be an integer and let p be a real number with 1 < p < oco. We define
by induction

ou
(9:@

Wme(Q) = {u € Wm=Ip(Q); =2 € Wr=p(Q) Vi=1,2,..N }

Theorem 1.6.1. [22]The space W™ ?(Q) satisfies:
1. The space W™P($) is Banach space,
2. WmP(Q)is separable if 1 < p < oo,
3. WmP(Q) is reflexive if 1 < p < oo
4. H™(Q)) = W™*(Q) is Hilbert space.

Corollary 1.6.1. [9] Let Q C R" be an open set of class C* with T' = 9 bounded or else that Q = RY
Let 1 < p < oo. We have

1 1 1
Lr(Q) LP*(Q here — = - — —, 14 N
WHP(Q) — (Q), werep>l< SN if p<
WP (Q) — LYQ) Vg €[p,+<) ifp=N
WP(Q) — L>®(Q) if p>N

and all these injections are continuous. Moreover, if p > N we have, for all u € W'(Q),
| u(e) —uly) |< Cllullwir |2 =y [ 2,y €
witha =1 — % and C depends only on 0, p, and N. In particular, WP(Q) C C(Q)

Theorem 1.6.2 ([9] Rellich-Kondrachov). Suppose that  is bounded and of class €. Then we have
the following compact injections:

1 1
WhP(Q) — L), Vq€[l,px), where — =

- — =, ifp< N

px p N
WhP(Q) < L1(Q) Vq € [p, +00) ifp=N
WP (Q) — C(Q) ifp>N

In particular, WP (Q) — LP(Q) with compact injection for all p (and all N ).
In general case as in [29] we have the following compact injection

1 1
W™P(Q) — L), V1< q<px, where—:——@, if mp <N
px p N
WmP(Q) — L1(Q) Vg € [p,+oo| if mp=N
W™P(Q) — C(Q) if mp> N
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and the injection

1
W™P(Q) — LP*(R2), where — =

1
- if mp< N
px p

m
N
is continuous
Lemma 1.6.1. [9] The space W™ (2) equipped with the norm
lall,op = > 1Dl
0<|a|<m

is a Banach space.
where a = (o, aa, ..., ay ) is the standard multi-index, with o; an integer,

Remark 1.6.1. [9] if 2 is smooth enough with v = OS2 bounded, then the norm on W"P(Q) is equivalent

to the norm
lull, + > 1D,

la|=m

Lemma 1.6.2. [9] The space H™(Q2) = W™2(Q) equipped with the scalar product

(u,v)gm = Z (D%, D) 2

0<|a|<m
is a Hilbert space.

Theorem 1.6.3. [22]
(a) Let €2 be an open subset of R™. Then

(]2 = A0y, forallv e H3(),

(b) If Q2 is of finite width, the semi-norm v — ||Av||, , becomes a norm over the space Hg (), equivalent
to the norm ||v||,, .

1.7 Minimization Problem

Definition 1.7.1. [49] Let J : Q@ C X — R be a functional defined on a subset <) of a Banach space X.
We say that .J is coercive if J(x,,) — +oo whenever we have x,, € Q such that ||x,| — 400

Definition 1.7.2. [49] Let X be a Banach space and let Q) C X. We say that J : Q0 — R is weakly lower
semi-continuous (weakly Ls.c.) if J~*((—oo, C]) is weakly closed for all C' € R.

We say that J is weakly sequentially l.s.c. if whenever a sequence x,, in §) converge weakly to x € Q we
have

J(z) < lim inf J(z,)

n—o0

Remark 1.7.1. [49] Obviously, a weakly l.s.c. functional in X is weakly sequentially l.s.c.

Theorem 1.7.1. [[7] Suppose J(u) is a bounded functional defined on a (sequentially) weakly closed and
nonempty subset M of a reflexive Banach X . Then if J(u) is coercive on M (in the sense that J(u) — oo
whenever ||u|| — oo with u € M), and in addition J(u) is weak lower semi-continuous on M, then
C = inf J(u) over M is finite and attained at a point uy € M.

In particular, if M = X and J(u) is €, then J'(ug) = 0 so that C = J(uo) is a critical value of
J(u), and any element in J~*(C) is a critical point of J(u).
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Chapter 2

Classical Marguerre-von Karman equations

Before presenting the Marguerre-von Karmén equations, we will need to determine some defi-
nitions and operators and their properties.

2.1 The bracket [£, 7]

Definition 2.1.1. [23] for any £, € H?(w) we define the brackets [, ] as follows:
[57 7]] = éa:xrr]yy + gyyna:x - 2§wy7]my‘ (211)
It is clearly that the bracket [¢, 1] has the following property:

Lemma 2.1.1. [29] the brackets |., .| is bilinear and symmetric form.

Corollary 2.1.1. [31] for £, n € H?*(w) we have:

[€,n] = %A(fﬁﬁ) — S1(£51m) — 255(£S5m).

Where for n € H?*(w)
1/0%n 0™ 0?1
Si(n) = 5 (@ - 8_y2> , Sa(n) = 020y’

Lemma 2.1.2. [31]] for any £ € €*(w) and for n € €*(w), we have

[€,n] = <§nyy)mx + (£nzm)yy —2 (fnmy>;py
[&:m) = (&ayy), + (fynm)y - (gxnxy)y — (&yMay),

Lemma 2.1.3. [29] The following mapping

Tz@fm)éﬂﬂw»*+/K£MMa (2.12)

is trilinear continuous form; furthermore, if at least one of the three arquments , & and n is in H3(w),
then the mapping T will be a symmetric, so in this case we get

/thw)SC!Chﬂéhdnh4 (2.13)

12



Proof. [29] From the definition of bracket [.,.] we get for (,{ € H*(w),[(,¢] € L'(w) and from
the embedding H?(w) < ¢°(w) we conclude that there exists a constant C' such that

[ €

Hence the mapping 7' is continuous.

< CICE oal M 0.00< C | C 22] € 2.2 IM]]2:2

Let the functions ¢, ¢ and 7 be in > (@), then we have

/[Qf]ﬁdw = / 1 (011€02€ + 092 011§ — 2012€0126) dw
Z/ (77811C822§ - 77312<3125) dw
+ / (10226 011€ — 1012 12€) dw

we set:

I = / (1011€022€ — 1012 0128) dw

I, = / (1022€011€ — nO12€0128) dw

with simple calculation we get:

. / By (1O1CORE — nD1aCONE) dio — / D6, (ndhC) duw + / 010y (1015C) dow

w

I = / Oy (10s3COnE — 1raCORE) duo — / OnEDL (nDoaC) deo + / D (10150) dov

If at least one of the functions 7, ( and ¢ is in Z(w) , then

/ Oy (N01CORE — nD1aCOhE) dio = O

and
[ 01 tnduacons — noracong) o =0
then
]1 = — / 82582 (77811{) dw + / 81582 (77812{’) dw
]2 = — / 81581 (7’]822(:) dw + / 82581 (7’]812(:) dw
SO,

L+ 1, = / 01£05 (n012€) dw + / 02601 (n012€) dw — / €05 (n011€) + 01£01 (nD2() dw
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hence

/ ¢, &l =1 + 1,
w 2.1.4)

— [ 0t (Orgoun + ugom do ~ [ (Guco0m + BracorcO)
We have € (w) = H%(w) and Z(w) = H2(w), then the relation (2.1.4) remains true if the func-
tions ¢, ¢, and 7 belong to H?(w) , and one of them belong to H3(w). We have both sides of
are continuous trilinear forms on H?(w)?, with respect to ||.||2.2, (we recall that H?(w) — W(w)
); hence the inequality holds. The mapping T becomes symmetric in this case: The left-
hand side of is unaltered if ¢ and £ are exchanged and likewise, the right-hand side is
unaltered if £ and 7 are exchanged.

[
Corollary 2.1.2 ([23], [29]). Let n € HZ(w) satisfies:
[7.m] =0.
Then, n = 0.
Proof. [23], [29] If [, n] = 0, for n € HZ(w) then for any x € H*(w)
/ [, nlxdw =0
by the symmetry of 7" established in (2.1.2), we get
/[n,n]xdw = /[n,x]ndw =0
: 1 2 2
choosing x(z1,z2) = 5(3:1 + 23), we get:
[n:x] = An
So,
/[n,x]ndw = / nAndw = nl7,, =0
Thus, n =0 [

2.2 The Bilinear operator "B"

Definition 2.2.1. [23]], [29] for each pair ({,n) € H?*(w) x H?(w), we define the operator B as follows
B: H(w) x H?(w) — HA(w),
the unique solution of the problem
{AQB(& n=[&n inw
B(&,n) € Hi(w)
Furthermore, we have:

(&m) € (H*(w))* = €] € L' (w) = H*(w)
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Lemma 2.2.1. [23]], [29] The operator B : (H*(w))* — (H3(w))? is bilinear, symmetric and continu-
ous.

Proof. [29] The bilinearity and the symmetry of B is immediately consequence of bilinearity
and symmetry of the brackets ., .].
For the continuity we have the inverse biharmonic operator:

(A% H?(w) — Hj(w)
is continuous, from the definition of B, and the continuous embedding
LY(w) — H?(w) (2.2.1)

we get:
A*B(&,m) = [€,7]

equivalent to
B(&,m) = (A%)7'[g,n]

and
IB(&,m) |22 = IA%)7HE n]ll22 < ClIIE )l 2.2

the continuous embedding (2.2.1) gives

1B, m) 2.2 < CJIEnlll-22 < ClI§;n]lox

finally, the definition of brackets [., ] gives:

IBE 22 < ClIEnllor < Clélz2 [ 1 |22
therefore, the continuity of the operator B is proven. O
Lemma 2.2.2. [23]29] Let
€ = [ Acanas

be an inner product over the space Hj(w),
and let

|f|A = HASHOQ = ‘512,2

is a norm over the space HE (w), which precisely corresponds to the inner product (., .)a. Then
(B(&m),x)a = (B(&x),ma  ¥(&mn,x) € H*(w) x H(w) x H(w),
and for all (§,m,x) € H*(w) x H*(w) x HE(w)

(B(&m):x)a < CLEl 4l 4 lxla -

Hence
[B(E,n)[x<C |€|1,4 |77|1,4 : (2.2.2)
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Proof. [23],129]
(BE.0) \)a = / AB(€n)Aydew = / A?B(E,n)xdi = / €, nxdw

by the symmetry of T (2.1.2)), we fined

/[Syn]xdw = /[&X]ndw Z/AQB(&X)ndw Z/AB(S,XMndw = (B(£,x),m)a

Since, (B(£,m), xX)a = /[5, n)x dw, and from (2.1.3) we get

[

(B(&n), x)a <

<C |§|1,4 ’77|1,4 X

furthermore (B 1))
y 1)y X)A
|B(&,n)|n = sup < C|£’1,4 |77’1,4'
x#0 |X|A
er3<w)

]

Lemma 2.2.3. [29] The operator B : (H*(w))* — (Hi(w))? is sequentially compact, hence a fortiori
continuous in the sense that (as usual, strong and weak convergences are noted — and — respectively)

(&ns i) = (&) in (H?*(w))? = B(&n,nn) = B(&,n) in Hj(w)

Proof. [29] Let (&,,,m,) — (&,n) in H*(w) x H?*(w);
using the bilinearity of B, we may write

B(&n, ) — B(&,m) = B(§n — &m) + B(& 1m0 — 1) + B(§ — &£, — 1)

and thus, by the inequality (2.2.2),

[B(&ns ) — B(Em)|a =1B(& —&m) + B(&na —n) + B(& — &m0 — 1)
<C([&n — 5’1,4 |77’1,4 + ’§|1,4 |1 — 77’1,4
+ |€n - 5‘1,4 |77n - 77’1,4)

The compact embedding H?(w) < W'*(w) then shows that B(&,,n,) — B(&,n) in H(w) ;
hence, the operator B is sequentially compact. O
2.3 The linear operator "L"

Definition 2.3.1. For fixed ny € H?(w), we define the operator L : Hi(w) — Hi(w) as follows:

L(§) = B(no, £)-
From the properties of the operator B we conclude

Proposition 2.3.1. The operator L : H3(w) — HZ(w) is linear continuous, sequentially compact and
self adjoint operator
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Proof. The linearity of L is immediately consequence of bilinearity of the operator 5.
On the other hand by the continuity of B we get

L) llz.2 = 1B (10, ) ll2.2 < | BllImoll22l€ll2.2 < Cll€]]2,2 (2.3.1)

hence L is continuous operator
Also for all {,n € H{(w) and from the Lemma(2.2.2) we get

(L(&);ma = (B(no: &), m)a = (B(no,n),&)a = (L(n),&)a = (§, L(n))a (2.3.2)

so, L is self-adjoint.
Finally, we will prove that the operator L is sequentially compact
By the same way as in proof of the Lemma (2.2.3) and for &, — ¢ in Hj(w), we find

1L(n) — L(E)l22 = |1 L(&n — El22 = |1 B(10,En — ) ll2.2
< |IBllnoll1allgn — E)l1.4
S CH&% - €)||1,4

So, from the compact embedding H?(w) < W'(w) then shows that L(&,) — L(£) in H3(w);
hence the operator L is sequentially compact.
O

As a result of Theorem (1.2.5) we conclude:

Corollary 2.3.1. the spectrum of the operator L consist only by the set of real eigenvalue.

24 The cubic operator "C"
Definition 2.4.1. [23] For n € HZ(w), we consider the operator C defined by:

C:ne Hg(w) — Hg(w)
n — C(n) = B(B(n,n),n).

From the properties of the operator B we get:

Proposition 2.4.1. [29] The operator C : H3(w) — HZ(w) satisfies the following properties:
a) The operator C'is a cubic operator in that

C(an) = a*C(n) forall « € R, and n € H{(w)

b) The operator C': Hi(w) — H§(w) is continuous, and sequentially compact operator.

Proof. [29] a) Using the bilinearity of B we get:

C(an) = B(B(an, an), an)
= B(a?B(n,n), an)
= o*B(B(n,n), an)
= o* (B(B(n,n),n)) = &*C(n)
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b) It is clear that the operator C' is continuous because it is a composition of continuous opera-

tors B

For the sequentially compact of B we have
Let &, — ¢ € HZ(w), from the Lemma(2.2.3), we conclude that

B(&n,&n) = B(&,€)

applying the operator B again, we find

B(B(&n:&n), &) = B(B(£,€),€)

hence

C(&n) — C(8)

Proposition 2.4.2. [29] a) for any n € H3(w),

(Cna n)A Z 07

(Cnyma=0<n=0.

and
IC)|l < IBI*[Inl®

b) for any (&,n) € HE(w)?* we have
(C(&) = Cn), & —m)a < |IBII* max {[I]*, [InI* } g —nll*,

and

IC(€) = C)ll < 3] BII* max {[[]I*, [n*} 1€ = nll-

Proof. [29]
a) from the Lemma (2.2.2) we get:

(Cn,m)a = (B(BMm:m),m),1m) A
:(B(nv ( ))777>A
=(B(n,n), B(n,n))a = |Bn,n)|% >0

the bilinearity and the continuity of B show that
(Cnym)a=0< B(n,n) =0<n=0.

ICI = 11B(B(& &), mll < IBINBE IIBI < 1BI*1&]f
b) for any h € Hj(w) we have

(C(€) — Cn).€ — n)a = / (DO(E + 1€ —m).(€ — 1), h)a dt

18
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for any &, € H3(w) and for any h € HZ(w) we have

C(&o+h) =B(B(§ + h, & + h),& + h) = B(B(&, &) + B(h, h) +2B(&, h), & + h)
=B(B(&0,%0), &) + B(B(80,%0), h) + B(B(h, h),&) + B(B(h, h), h) (24.7)
+2B(B(E. h).&) + 2B(B(E, ). 1)

then
C(& +h) — C(&) =B(B(&,%0), h) + B(B(h, h),&) + B(B(h, h), h)

T 2B(B(&, ), &) + 2B(B(0. 1), 1) (248)

therefore

DC(&)-h = B(B(&0:&0): h) + 2B(B(&o, 1), &o)
on the other hand and from the Lemma (2.2.2) we have:

(DC(&0)-h, =h) 5 = —=(B(B(&0, ), 1), h)a = 2(B(B(&o, 1), &0), h)a
= — (B(&, &), B(h.h))5 — 2| B(&, h)|I” (24.9)
< — (B(&, &), B(h, h)) A
Substitution h by £ — n and &, by £ + th in the relation we get

(DCE+E—n)-E=n)n—Ea < —(BE+UE—n), E+E—n)), B(E—n,§— 77))? |
2.4.10
and from (2.4.6) we get

<c<s>—c<n>,n—s>A:—/o (B(E+H(E — ), € +H(€ — ). BE —n.€ — ), dt
g/o |BE +1(6 — n).€ + 1€ — )| de||BE —n.€ — )]

1
< I1BI 1€ - nl? / € + (6 — )| de
0

as a result of convexity of the square of the norm in the last inequality we conclude the relation
(2.4.4)

For any (¢,7,) € (H3)’ we have

IC(&) = C)ll = Hzlulgl(C(é) —C),9)a

and from bilinearity of the operator B and the Lemma (2.2.2) we get

(C(€) = Cn),¢)a = (B(E —n, B(§,€) + B(&n) + B(1,1)), )
< IBIFIIE = nll L€ + €N lnll + Nall*] Nl
< IBIP llg = nll [3max {[l¢]*, 17l }] o]

hence

IC(&) = C(n)l| = @1\151(0(5) —C(n),9)a < 3|BI” € — n| [max {[|€]]*, In)1*}]
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2.5 Classical Marguerre-von Karman equations

Let w be a bounded and simply-connected open subset of R?* with a Lipschitz-continuous
boundary 7, w being locally on a single side of v, we assume 0 € v and we denote by ~(y)
the arc joining 0 to the point y € v. The unit outer normal vector and the outer normal operator
along the boundary ~ are denoted respectively by (v,) and 9,. As shown in [28], the classical
Marguerre-von Karman equations are written as

s NG =2[p, G+ 0] +ps inw,

A2(,0 = —%[C&, <3 + 2(9] in W,
(3=0,(3=0 on 7,
¢ =poand J,p = ¢, on 7,

where
wo(y) = —?/1/ hodry + 592/ hydry +/ (w1he — w2hy)dy, y € v,
() v(y) ()

o1(y) = —Vl/ hodry + V2/ hady, y € 7,
v(y) ()

[0, €] = 011M022€ + D92m011€ — 2012m012€.

0 be a known function that defines the middle surface of the shell, p; is also a known function
that defines resultant of the vertical forces acting on the shell. The functions ¢, and ¢, are
known functions of the appropriately density (h,) : v — R? of the resultant of the horizontal
forces acting on the lateral face of the shell. The constant £ represent the Young modulus, and
the constant v represent the Poisson coefficient of the elastic material constituting of the shell.
The unknown (3 : @ — R is the vertical component of the displacement field of the middle
surface of the shell and the unknown ¢ : @ — R is the Airy function.

Now, we will write the classical Marguerre-von Kdrmén equations in a simpler form, using
the following relations:

So, the classical Marguerre-von Karman equations become

1A% = 1 [@, €+ 0]+ finw,
(2@ = —po[€, € + 20] in w,

(2.5.1)
§ = a1/5 =0on e
@ = @0 and a1/4;5 = 951 on v,
Where ) , .
= (‘3<_1 - v2)) Eoand e =g (252
and . .
$o=—¢o and @ =—¢; (2.5.3)
H2 H2
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Since p; and p» different from zero, we infer that the unknowns (¢, ) satisfy the Marguerre-von
Karman equations

A% =[p,6+0]+f inw,

2~ _ " .
A% = —[£,€ + 20 inw, (2.5.4)
£E=0,£=0 on 7,
p=¢oand 0,p =¢1 onvy
with
(Go,71) € H*?(7) x H'?(y) and f € H*(w). (2.5.5)

Then by the classical elliptic theory, there exists a unique function 6, be a solution of the bound-
ary value problem

2 . .
{A n=0inw, (2.5.6)

1N = ¢o and 9,n = p1 on .
and there exists a unique function F'such that

{NF =S inw (2.5.7)

F € HE(w)
We set
o=+ 0.
Therefore

®=0,2=00nn.
So, from the definition of the function 6, we find:
A2G = A*(D + 6p) = A?D + A%y = A*®
Thus, the Marguerre-von Kédrmén equations becomes:
A2 = [® 40y, 4 0] + A2F  inw,
A2 = —[€,€ + 26] in w,

£E=0,£=0 on 7,
®=0,2=0 on 1.

(2.5.8)

2.6 Cubic operator equation for Marguerre-von Karman equa-
tions

We transform the Marguerre-von Kdrméan equations which represent in the system (2.5.8) onto

single cubic operator equation

Theorem 2.6.1. [66] Assume that § € H2(w). Then the unknowns (&, @) satisfies the Marguerre-von
Kdrmdn equations if and only if the function & satisfies the cubic operator equation

§=La(§) L+ CO - F =0 (26.1)
where € = € + 0 € H3(w). And the airy function ® is given by:
¢ = B(0,0) - B(£,€)
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Proof. [66] With a new unknown ¢, the system 1i becomes

A% —0) = [® + 6, €] + A2F in w,
A2 = —[£—0,E+0]inw,
§=0,{=00nv,
®=09,2=00nn.

(2.6.2)

Using the bilinearity of A% and the bracket [., .], the first and second equation of (2.6.2) become
A*(E) = [®,€] + [0o, ] + A*(F +0) inw, (2.6.3)

A2D = [0,0] — [€,€] inw. (2.6.4)
the definition of the bracket |., .| and the definition of the operator B gives

A2(E) = A2B(®,€) + A%B(6y, &) + A2(F + 6) (2.6.5)
A0 = A’B(6,6) — A’B(E,€) (2.6.6)
which implies that:
A%(E) = A% (B(®,8) + B(0y,€) + (F + ) (2.6.7)
A2 = A2 (B(é, 4) — B(, g”)) (2.6.8)

Since ®,¢, B(n,n) and F + 6 are in HZ(w) and since the bi-Laplacian A? operator is an iso-
morphism between the spaces H3(w) and H?(w), we deduce that

£ =DB(®,&) + B0, &) + (F+0) (2.6.9)

® = B(6,0) — B(E,€) (2.6.10)
Substituting equation (2.6.10) into equation (2.6.9)

o o B (2.6.11)
=B (B(0.0),€) - B (B(£,9).£) + B0, + (F +9)
Then ~ ~ . .

€= La(§) = Li(O) + C(§) =F =0 (2612)

Where . O

L1(§) =B (B(0.6).€
L2(é:) =B(6, ) o (2.6.13)

C(€) =B (B(9).€)

F=F+0

O
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2.7 Existence and regularity of solution

2.7.1 Existence of solution

Let we consider the following functional .J defined on Hf(w) by

J(n) = % (Inllx = (La(m),m) s = (La(n),m)5) + 1 (Cm)n)s = (1) (27.1)

Theorem 2.7.1. [66] Assume that § € H3(w). Then any solution of equation is a critical point
of the functional J which defined in (2.7.1)

Proof. [66] Since the bilinear operator B is continuous from the space (H?*(w))? into the space
H3(w) . We get the operators Ly, Ly and C are continuous, furthermore the functional J is of
class ¢ (w), and since § = F' + 0 € HZ(w), then for all h € HZ(w) we have

T+ 0) =5 {ln+ bl = (L + B)n+ by = (Lol 1), 0+ ) ) 72

1 -

Using the bilinearity of scalar product and the linearity of operators L, and L, we get:

In+ Bz = lInlla + [1Al[2 +2 (., h)
(Li(n+h)m+h)x =(Li(n),n)a + (Li(h), h) A + 2 (L1(n), h) o
(La(n+h),m+h)x =(La(n),n)a + (L2(h), h) A + 2 (La(n), h) o

(& n+h)a =F.na+ F h)a

(2.7.3)

And

(Cn+h),n+h)x =B+ h,n+h)|[A = (Bn+h,n+h), Bln+ h,n+ h)),

= (B(n,n) + B(h,h) +2B(n, h), B(n,n) + B(h,h) +2B(n, h)) A

(B( n): B(m,n)a + (B(h, h), B(h,h)) s +4(B(n, h), B(n, h)) 5
2(B(n,m), B(h,h))x +4(B(h,h), B(n,h))x +4(B(n,n), B(n,h))a

:HB<77777)HA+||B(hah)||2A+4HB<n>h I3 +2(B(n,n), B(h, h))
+4(B(h,h), B(n,h)) o +4(B(n,n), B(n,h))a

We have 7, h and B(.,.) are in HZ(w), then from the Lemma (2.2.2) we conclude:

~—

A~ ~—

(2.7.4)

(B<h7 h)? B(nv h))A - (777 B(B<h7 h)7 h))A - (O(h)v n)A
(B(n,m), B(n,h))a = (h, B(B(n,1),n))a = (C(n), h) A
So, the equation becomes

(2.7.5)

(C(n+h),n+h)x =Bl + |B(hh)|[A + 4] B(n, h)|3

(2.7.6)
+2(B(n,n), B(h,h)) s +4(C(h),n) +4(C(n), h)a
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Substitution of (2.7.3) and (2.7.6) into (2.7.2) gives

1 1
T+ h) =5 Il + 5 NI + ()

5 (L)) s — 5 (La(h), )y — (L), )
— % (La(n),m) A — % (La(h), h) o = (L2(n), k) s (2.7.7)
n i 1B, A + i 1B(h, )3 + 11B(n, bl

1

2

+ 5 (B(n,n), B(h,h)) o + (C(h),n)a + (C(n), h)a
—(§n)a— (& h)a

So that . .
J(n+h) = Jn) =5 A& + (., h)a = 5 (La(h), h)a = (La(m), h) 5
— 2 (L), H) 5 — (Ealm),h)s + 7 BB .
45 (Bl ), B )+ (C(), ),
+ (O, h)s + 1B DI = . h)a.
Hence
T4 1) = 01) = 1, ) = (), )y = (Rl s+ (O )y = G s +o0)
= (1= Liln) = Lon) + C) = §,h) _+o(h?) "
then yields )
J'(n) =n—Li(n) — L2(n) + C(n) — § (2.7.10)
]

Lemma 2.7.1. [66]] The functional J coercive on the space H3(w).
In order to prove the coerciveness of functional ./, we need the following Lemma.

Lemma 2.7.2. [3]] If one of the arquments ¢, &, n belongs to HE (w), then

(B(¢,€),m)a = (B(n:€), a. (2.7.11)

This Lemma is found in the Lemma (2.2.2) in the case when ({, £, ) € H?*(w)x H3 (w) X H3 (w),
by the same argument and since the mapping 7" defined in (2.1.2) is symmetric if one of three
arguments ¢, £, 7 belongs to Hj(w), then we conclude that the Lemma (2.7.2) is verified.

Proof the Lemma Let 1, be a sequence in HZ(w), such that ||n,|| — oc.
We set J(n) = 2J(n), then we get:

1 ~

J() = 1malla = (L1(0a), ) A = (L2(0n), ) + = (C(0n), ) A — 2(F, 0)
1 i

3
= llnlls = (B(B,6), 1), 1) = (B(0o, 1), 1) s + 5 (BB (s 1), 1), o) s = 2(8 1) a
2.7.12)
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From the Lemma (2.7.2)), we show that

Consequently for any € > 0, by the Cauchy-Schwarz and Young inequality

2 € 2 1 3 N2 ¢ 2 L5 e
J(nn) > Hnn”A - §||B(nn’nn)”A - ZHB(&Q)HA - §||B(nmnn)”A - %HQOHA

1 .
+ 5 1B, ma)llA = 218 allnala

- 1 é€+e€ 1 ~ 1, -
> n n —2 ) a8 B ny 'In A— = Beae A= 0 2
>l (Il = 203012) + (5 = <3 ) 15013 = 5 1BG.HIE - 516l

choosing € + ¢ = 1, we find that

~ ~ 1 ~ 1 ~
> _9 — B@,O)|E = ——— 6o
T) 2 Il (s = 20 ) = 5 1B@0IA - 57— 1003,
then
Tm) 2 Il (Il = 208 = 3 1BEB) Il = 55— 1ol
= 2¢ ’ A 2(1—e) Al
thus )
lim J(n,) = oco. (2.7.14)
[l [ =00
]
Remark 2.7.1. B.Rao in [66l], proved the coerciveness of the functional J by contradiction.
Theorem 2.7.2. [66] Assume that § € H3(w). Then there exists at least one & € H2(w) such that
J() = inf J(n) (2.7.15)

nEHG (w)
Proof. [66] we see that the terms appearing in (2.7.1) such as
(Li(m),n)a = (3(3(9,9),77) (L2(n),m)a = 19(90777),77)A and (C(n),n)5 = B3, are

A Y
weakly continuous in HZ(w), while the term ||n||% being strongly continuous and convex in
HZ(w), is weakly lower semi-continuous. We have thus proved the weak sequential lower semi-

continuity of the functional J, and since the functional J is coercive, the existence of a function

€ € H3(w) satisfying (2.7.15) is a consequence of the Theorem (1.7.1).

O]
2.7.2 Regularity of solution
Proposition 2.7.1. Assume that
0y € H'(w) and § = (A*) 7' f + 0 € (HZ(w) N H*(w)) . (2.7.16)
Then all solutions of Marguerre-von Kdrmdn equations have the regularity
(£, ®) € (H2(w) x H'(w))? (2.7.17)
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Proof. We use the same argument as in Ciarlet [29] and Rao [66] we have

2(¢) — 3 N, & 2 0) ;
A2(E) = 2.6+ 00, €] + A%(F +0) inw, 0718
§ € Hj(w)
From the condition we get:
2(¢) — & . & 2 N in 71
A2(E) = [®,8] + [fo, € + A2(F +0) in L' (w), 0719
§ € Hy(w)
From a classical result of Peetre, we have:
LYw) c H' 7 (w) VYe>0
that is .
2 : —1—¢
ANE) in A= (w), (2.7.20)
§ € Hij(w)
A2%€ in H'~¢(w) implies that £ in H3>“(w). So
£ € HY(w) N H>¢(w). (2.7.21)

Clearly that from (2.7.21), the second derivatives of £ belong to H'~¢(w) which is contained in
L?(w) then

[£,¢] € LY(w)
where
1 1 1
a = ? + 2 =€
that is o 1
€, €] € Le(w) (2.7.22)

So, a suitable choice of ¢ (0 < ¢ < 1) we get
£.{) € L'w) Vg>1 (2.7.23)

On the other hand, since § € (H3(w) N H*(w)) C (H2(w) N H*(w)), then by the same arguments
we get s
0,0] € LY (w) Vg>1 (2.7.24)

It follows from (2.6.4)),(2.7.23)) and (2.7.24) that

A2D = —[£, €] +[0,0] in L > 1
6.8+ 10,0 in L9(w), ¢ 0729
® € Hi(w)
wich implies that
d e H(w)NWH(w) Vqg>1 (2.7.26)
In particular for ¢ = 2 we conclude that
® € Hi(w)N HY(w) (2.7.27)
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So,

£, 9] € L*(w) (2.7.28)
then 3 . o .
A%(€) = [@,&] + [0, ] + A*(F + 0) in L*(w), (2.7.29)
¢ € Hi(w)
which imply that
£ e Hi(w) N H(w) (2.7.30)
O

Remark 2.7.2. Rao [66] proved this regularity of solutions to these equations in the case when 6 &
H(w)
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Chapter 3

Bifurcation Problem

3.1 Introduction to the Bifurcation theory

Let X,Y and Z be three Banach spaces. We consider the following continuous mapping

F . XxY —~>Z

(A z) = F(\x) 31.1)

Assume that
F (N, 0)=0forall A € X (3.1.2)

3.1.1 Bifurcation point

Definition 3.1.1. [49] A point (A\o,0) € X x Y is said to be a bifurcation point if every neighborhood
of this point in X x Y contains a solution (A, x),x # 0 of the equation

F(p,x)=0 (3.1.3)

Remark 3.1.1. [49] Note that, essentially, only small neighborhoods count. The definition en-
sures the existence of a sequence {(\,,x,)} of nontrivial solutions such that \, — X and z,, — x as
n — oQ.
It does not guarantee the existence of a continuous branch of solutions (A, z(\)) with x(\) — 0 as
A — Ao

The following theorems, give some necessary conditions for the existence of bifurcation
point.

Theorem 3.1.1 (Implicit Function Theorem [7]). Let X, Y, and Z be Banach spaces. Suppose .7 (x,y)
is a continuous mapping of a neighborhood U of (xo,y0) € X x Y into Z, F(x9,y0) = 0, and
0y F (x0, o) exists is continuous in X and is a linear homeomorphism of Y onto Z. Then there is a
unique continuous mapping g defined in a neighborhood U, of xy, g : U — Y, such that

g(xo) = yo and F(x,g(x)) =0 for z € U.

Corollary 3.1.1. [[/] If, in addition to the hypothesis of the implicit function theorem 0pF (x,y)
exists and is continuous for (x,y) near (xo,yo), then the function g(x) is continuously differentiable for
x e U,and

J'(2) = = [0,F (x,9(2))] " 0.7 (2, 9()).
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The following Proposition is a consequence of the implicit function Theorem

Proposition 3.1.1. [49] Let .% : X x Y — Z be differentiable. If (Ao, z9) € X x Y is a bifurcation
point, then 0,.F (Ao, xo) : X — Z is not an isomorphism.

Remark 3.1.2. The condition given in the precedent Proposition is only necessary not sufficient. For
that we have the following counter-example.

Example 1. [49] Let X = Z =R?*>and Y = R. Let

F\x)=(1-\) +
3

With x = (z1, 22)
We have 0,.% (), 0) = (1 — ) I which fails to be an isomorphism, only for A = 1. Howeuver, (1,0) is not
a bifurcation point. Indeed it is immediate to see that if (X, z) is a solution to , then

F(\x)=0

equivalent to
{zl —)\zl—i-zg’:()

29— Az — 28 =0

which equivalent to
2129 — Az120+ 25 = 0
—2921 + A2921 + 21 =0

Thus

4 4 _
25 +21 =0

Hence
21 = RZ9 = 0

Therefore, the trivial solutions are the only solutions to this equation and thus (1,0) is not a bifurcation
point.

Theorem 3.1.2. [49] Let .7 : R x X — Y be a mapping of class €™ for some m > 2. Assume that
F (Ao, 0) = 0. Assume further that

a) O\F(Xo,0) =0
b) ker (0x.7 (o, 0)) is 1-dimensional and spanned by xo € X
c) Rang (0x.% (N, 0)) = Y, which has one codimension.

d) With the obvious identifications,

0>\,\g;(/\0, 0) ey, and a)\xﬁ()\o, O)Qfo ¢ Y:.
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Then, (Ao, 0) is a bifurcation point and the set of solutions to .F (A, x) = 0 near (Ao, 0) consists of
two €™2 curves T'y and Ty cutting only at (X\o, 0). Moreover, if m > 2, T'y is tangent to the \-axis at
(Mo, 0) and can be parametrized by \; i.e

Iy ={(2(V) ;A <€}

I’y can be parametrized as
Iy = {(swo + 22(s), A(s)) s [s] < €}

with x5(0) = 0, 25(0) = 0and A\(0) = A,.
Remark 3.1.3. [49] If # (\,0) = 0 forall X\ € R, then Iy is the \- axis itself

3.1.2 Krasnoselsk’ii theorem

The theorem of Krasnoselsk'ii is interested in determining the bifurcation points for the equa-
tions of the following form:
F(An) =n—ALn+g(An). (3.1.4)

Where L : X — X be a compact bounded linear operator on the Banach space X.
We assume that there is a known branch of solutions to the equation:

F(A\n)=n—ALn+g(\,n)=0. (3.1.5)
Before the Krasnoselsk’ii theorem we have the following theorem:

Theorem 3.1.3. [29] Assume that the mapping g satisfies the following assumptions:
g(\,0)=0. (3.1.6)

and
g\, 0)|[x = o(][ullx) (3.1.7)

uniformly with respect to in the bounded interval of R.
Then, (Mo, 0) is a bifurcation point of the trivial solution, only if Ay is a characteristic value of L.

The reciprocal of the precedent theorem is false in general case. For that Krasnoselsk’ii gave
a necessary and sufficient conditions in the following theorem

Theorem 3.1.4 (Krasnoselsk’ii[49]). Assume that the mapping g is compact, furthermore satisfies the
equations and . Then ()Xo, 0) is a bifurcation point if and only if Ao is a characteristic value
of odd algebraic multiplicity of L.

The proof It is based on topological degree methods.

3.1.3 Structure of solutions

After determining the bifurcation points, now in this paragraph we will present some important
results that describe to us the structure of the set of solution of a nonlinear equation near a
bifurcation point.
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Theorem 3.1.5 (Morse Lemma [49]). Let f : R* — R be a mapping of class €™ , for some m > 2.
Assume that f(0) = 0, and f'(0) = 0 and that f"(0) is a non-singular matrix. Then, in a neighborhood
of the origin, there exists a change of coordinates x — y(x) which is a mapping of class €™ 2 such that
y(0) =0,y (0) = I and

1

f(z) = 5 (f"(0)y(x), y(z)).

Corollary 3.1.2. [49] Let n = 2 and let f be as in the preceding theorem. If f”(0) is an indefinite matrix
then the set of solutions to the equation f(x) = 0 near the origin is a pair of curves which intersect only
at the origin. If m > 2, these curves are €' and they cut transversely.

3.2 Bifurcation Problem in Marguerre-von Karman equations

We recall that the classical Marguerre-von Kdrman equations are represented as follows:

3(1252)A2C3 =2[p, 3+ 0] +p; inw,

A2(p: —%[Cg,(g—{—Qe] inw,
C3 = 8I/C3 =0 on 7,
© =g and J,p = ¢ on -,

Where the unknown (3 : @ — R is the vertical component of the displacement field of the mid-
dle surface of the shell and the unknown ¢ : @ — R is the Airy function.
Details about these equations are in section 2.5

We consider here, the buckling of a nonlinearly thin elastic shallow shell under the com-
pressive forces of von Kdrman’'s type applied on its lateral face, such that, before deformation
this forces is collinear to the normal of 7, and A > 0 is a parameter measuring the magnitude of
this forces, denotes the intensity of the lateral compression.

In this case, the Airy function be given by ¢ + A\0,, where the function A\, is the unique
solution of the boundary value problem

A%n =0 inw,
n=yoand d,n =¢; onn~.

The classical Marguerre-von Karman equations becomes

%AQQ =2[p, 3+ 0] + 2[00, (3 + 0] +p3  inw,

A’p = —g[Cs, G in w,
CS = 81/C3 =0 on 7,
p=0,p=0 on 7.

Next, we write the classical Marguerre-von Karmdan equations in a simpler form, using the
following relations:

1 15
G = (3(1302))257 Y= ﬁ‘ba 0 = (ﬁ)ﬁa

5 3
o = 3(TEU2)007 p3 = (m)Qf-
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Then, we find that the unknowns (£, @, \) satisfy the bifurcation Marguerre-von Karman
equations

A% =[0,64 0]+ Nbo,§ + 0]+ f  inw,

2 _ e .
AP = —[€, &+ 20] inw, (32.1)
£E=0,£=0 on 7,
®=0,2=0 on 7.

3.3 Cubic operator equation

We transform the Bifurcation Problem in Marguerre-von Karman equations which represent in
the system (3.2.1) onto single cubic operator equation

Lemma 3.3.1. [3] Assume that § € HZ(w). Then the unknowns (X, ¢, ®) satisfies the Bifurcation
Problem in Marguerre-von Kdrmdn equations if and only if the function £ satisfies the cubic
operator equation

§—ALo(§) — Li(§) +C()) =75 (33.1)

where £ = € 4+ 0 € H3(w). And the airy function ® is given by:
® =y — B(£,€), wherex = B(6,0). (3.3.2)
Proof. We follow the same method as is the proof of Theorem (2.6.1) O

Now, we define the variational problem of the Marguerre-von Karman equations.
Let ¥ € HZ(Q) be a test function, multiplying the first equation in (3.2.1) by ¥ € HZ(12), then by
integrating we get

/ (A%€)Vdw — / ([2,& + 0] + Alfo, & + 0] + f)Ydw = 0. (3.3.3)

Since £ = ¢ + 6, and by using the two relations (3.3.2) and (2.6.13), we fined

/ (AZ%E)Ydw — /[B(é, 0), ]9dw + /[B(g”, £), £]9dw

- A / 0o, £]0dw — / (A%(F — 0))ddw = 0. (3.3.4)

Using the definition of operator B and its relationship to brackets [.,.] we obtain

/ (A2 +6)) Vdw — / (42B(B(0,0),€) ) vdw + / (8%B(B(£,6),€) ) vdw
-\ / (A2B(6,€))Vdw — / (A%)Pdw = 0. (3.3.5)
Since £ = ¢ + 6, and by integration by parts we get

/ AEAYAS) — / AB(B(0,0),€) Addw + / AB(B(£,£),£) Avdw

—\ / AB(y, &) Addw — / AFAYdw = 0. (3.3.6)
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From (2.6.13)), we obtain

/w AEADdw — / ALy (&) Addw + /w AC(€) AYdw

w

— A / ALy (&) Addw — / AFAYdw = 0. (3.3.7)

Then we conclude that the operator equation (3.3.1) is equivalent to the following variational
problem

. ~ 2
{Fmd (A, €) € R x H3(Q) such that, (3.3.8)

(€ = ALs(€) + C(€) — Li(§) — §.0) , = O forall ¥ € HZ(Q),

The cubic operator equation (3.3.1) generalizes an operator equation originally introduced
by Berger and Fife [6] and also Berger [5] . Details about this may be found in [30].

3.4 General existence result

3.4.1 Pseudomonotone operator

Definition 3.4.1. [72]] Let <7 : X — X' be an operator from the real reflexive Banach space X into its
dual space, <7 is called pseudomonotone if and only if for u,, — win X as n — oo and

lim sup(«/u,, u, —u) <0

n—oo
implies
(Fu,u—w) < lim inf(Fu,,u, —w) forallw e X.

n—oo

Proposition 3.4.1. [72] Let o7/, % : X — X' be two operators defined on the real reflexive Banach space
X. Then:

a) If o/ is monotone and hemicontinuous, then <f is pseudomonotone.

b) If o is strongly continuous, then </ is pseudomonotone.

c) If o is continuous and dim X < oo, then </ is pseudomonotone.

d) Additivity. If o/ and 98 are pseudomonotone, then o/ + % is pseudomonotone.

e) If o is monotone and hemicontinuous and A is strongly continuous, then <7 + 9 is pseudomono-
tone.

1) If o is pseudomonotone and 9 is monotone and hemicontinuous, then </ + 98 is pseudomonotone.

g) If & is pseudomonotone and 2 is strongly continuous, then o/ + 9 is pseudomonotone.
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The Main Theorem on Pseudomonotone Operators

We consider the operator equation
du=0> ueclX, (3.4.1)
along with the Galerkin method
(Aup, —bywg) =0, wu, €X,, k=1,..,n, (3.4.2)
where X,, = span{w, ..., w,}

Theorem 3.4.1 (Brezis (1968) [72]]). Assume that:

(i) the operator o7 : X — X' is pseudomonotone, bounded, and coercive on the real, separable, and
reflexive Banach space X with dim X = oo.

(13) Let {wq,w,...} be a basis in X.

Then the following hold:

a) Existence. For each b € X', the original equation has a solution.

b) Galerkin method. For fixed b € X' and for each n € N, the Galerkin equation has a solution w,,.
There exists a subsequence (u,,) which converges weakly to a solution of the original equation (3.4.1).
If the operator </ satisfies (S)., then (u,s) converges strongly to a solution of equation (3.4.1).

If equation has a unique solution u, then the total sequence (u,,) converges to u

3.4.2 Existence result

In order to prove the existence result of Marguerre-von Karman equations, we will use the main
Theorem on Pseudomonotone operators, so we will need to recall the most important proper-
ties of the operators L, L, and C as follows:

From the Proposition .(b) the operator C' is strongly continuous, also from the Propo-
sition (2.3.1) we have the two operators L, and L, are strongly continuous. Hence the three
operators L, L, and C are strongly continuous.

Let we consider the operator «7 : Hi(w) — Hi(w) be defined by
of =1— ALy +C — Ly. (3.4.3)
We have
Lemma 3.4.1. [3] <7 is bounded and pseudomonotone operator.

Proof. [3] Since the operators Ly, L, and C are strongly continuous, then the operator </ is a
strongly continuous perturbation of the identity. According to Proposition (3.4.1).(b) , < is
pseudomonotone and bounded. O]

Lemma 3.4.2. [3] The operator < is coercive.

Proof. [3] We have

(AE,E)a = (€= ALof + CE — L1€,€)a
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From the Lemma (2.7.2)), we show that

(€8s = €A~ MBE).0)a + (BE. BEH)a— (BE D). B
= IR — NBE.6),0o)s + | BEIA — (BEE), BO.0)a.

Consequently for any € > 0, by the Cauchy-Schwarz and Young inequality

(0.0))a

(A68a > IEIA~ SIBEEIR — e IGlA + IBESIR - SIBESI
~ S IB@.OIX
> 168+ (5 ) IBEOIR - 21414 - S1BG.DIE,
choosing \e = 1, we find that

S - A2 . 1 S
(€, )a = €A = S ll6oll2 = S11B@, O,

then o )
AE, S DR
TEOA 5 8a — L aolAIENR — 21BE.HIANEIR (3.4.4)
1] a 2 2
hence o
lim %—’QA = (3.4.5)
I€ll—oo  ||€]|A
Since o
. o
| (@)l > L8 (3.4.6)
1]
we conclude that
Hglulm |7 (£)]]a = oo. (3.4.7)
O

Theorem 3.4.2. [3] (Existence) The operator equation , has a solution for every fixed A > 0 and
every § € HZ(w).

Proof. [3] From the Lemmas (3 and (3.4.1), the operator </ is coercive, pseudomonotone
and bounded. Hence, the main theorem on pseudomonotone operators (Theorem (3.4.1) ) is
due to Brezis (1968), it shows that, The operator equation &/ f = ¥, has a solution.

For more details about the generalized problern for the von Karman plate equations, see
e.g., Theorem 65.A in [72]. H

3.5 Bifurcation Point for Marguerre-von Karman equations

We consider the following operator equation corresponding to the homogeneous bifurcation
problem in Marguerre-von Kdrméan equations which represent in (3.3.1):

£~ ALy(§) — L1(€) + C(€) = 0 (3.5.1)
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From the previous paragraph, we found that the equation has a solution. Since C'(0) =0
and the operators L, L, are linear we get for any )y € R we have ()\y,0) € R x H(w) be a
solution of the equation (3.5.1)).

In the following Proposition we determine a Bifurcation Point of the trivial solution under
certain conditions

Proposition 3.5.1. [3] Assume that

ICE = Lig]la = o([I€]l), (H1)
in a neighborhood of \o. Then (), 0) is a bifurcation point of the trivial branch of solutions of
only if \g is a characteristic value of L.

Proof. For the proof we use the same arguments as in Theorem 2.4-1 in [29].

We have (), 0) is a Bifurcation Point of the trivial solution that is there exist £ # 0 solution of
(3.5.1)).

Assume that )\, is not a characteristic value of the operator L,, since L, is compact so from the

Theorem (1.2.1) we get:

I — XLy € Isom(HZ(w)) (3.5.2)
and there exist a positive consent M/ independent of ), such that
17 = XoLa) Y pmzy < M (3.5.3)

From (3.5.1) we find

§— )\Lz(ﬁ) = Ll(f) - C(f)

(I = AL2)E = Li(€) = C(¢)
So, from (3.5.2) and (3.5.3), and he assumption we get

€= (I = ALy) ' (Li(€) = C(9) (35.4)

and ) ) i )
1€lla < M|CE = Liélla = o([I]la) (3.5.5)
which is absurd with € # 0. Thus ), is a characteristic value of the operator Ls. [

since the operators C' and L, are compact, the operator C' — L; is compact. Under the as-
sumption (1)), the Krasnosel’skii Theorem (Theorem (3.1.4)) proves the following Proposition
which is a partial converse of Proposition (3.5.1)

Proposition 3.5.2. [3]] (Ao, 0) is a bifurcation point of the equation if and only if Ay is a charac-
teristic value of odd algebraic multiplicity of L.

Since the operator L, is linear, compact, self-adjoint and positive definite we conclude that
from the Theorem (1.2.5) L, has an infinite number of distinct characteristic values \; > 0, each
of finite multiplicity, such that

D<A < <. << ...

Where

. ”77||A
A= inf —————
! UGHg(W)(L2nu77)A
n#0

36



3.6 Kikuchi method for homogeneous Marguerre-von Karman
equations

In this section we will present the results of Ghezal which found in [34] in more detail.
We assume that 0 € Hi and § = F + 60 = 0 (i.e., (A?)"'f = —0) So, the operator equation of
bifurcation problem in Marguerre-von Karman equations which represent in (3.3.1) becomes:

£~ ALy(€) — L1 () + C(€) =0 (3.6.1)

we have from the Proposition (3.5.2)), (Ag,0) € R x Hj(w) is a bifurcation point of Marguerre-

von Karman equations (3.6.1)
We want here to apply the Kikuchi method to find the solutions of equation (3.6.1)) in the neigh-

borhood of (), 0) . .
The principle of Kikuchi method is based on finding the solution (X, ) of (3.6.1), with \ in the
neighborhood of )y and ¢ of the form

£=edo+V, (3.6.2)

with Hf HA is small , € > 0 is a parameter approaching to zero, ¢, be a normalized eigenfunc-
tion of the operator L, corresponding to the simple eigenvalue )\, in the sense that

¢o = AoL2¢o, and (Lago, po)a =1
Thus, finding the solution e HZ(w) turns into the finding v € {gbO}J‘

Theorem 3.6.1. [34] Let € > 0 and (), &) € H2(w) x R, with

§=cpo+V;V € {do}" (3.6.3)
Then (X, €) be solution of the operator equation if and only if
V = ST.(§), (3.6.4)
and )
A=+ =(C() = Ln(€), do)a (3.6.5)
Where .
Ten = —(C(n) = Li(n), d0)aLa(n) = C(n) + La(n) (3.6.6)

and the mapping S : H2 — {¢o}™ be defined by

(I — AoL2)Sn = Fon; (3.6.7)
such that Py is the orthogonal projection in H2(w) onto {¢o}" .
Proof. Let ¢ of the form &€ = e¢y + V be a solution of the equation , then

edo +V — ALa(edo + V) — Li(edo + V) + Cledo + V) = 0 (3.6.8)
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the scalar product of the equation (3.6.8) with ¢, gives

(€do +V — ALy(epg + V) — Li(epg + V) + C(epo + V), do) 5
= (epo +V,00) o — A (L2(edo + V), 00)p — (Li(edo + V), d0)a
+ (C(ego + V), d0)p =0

we have

(edo +V,¢0)p = €(d0, Do) a + (V, d0) A

= elléolla = eXo

and
—A(La(epo + V), o) o = —A(La(eo), po) o — A (La2(v), o) A

= —Ae(La(do), do)p — A (V, La(90)) A

B %\ _ A

= aeA (1) = rem v,
= —Xe

then the equation (3.6.9) become

eXo — e — (Li(edo + V), d0) A + (C(edpo + V), o), = 0

which equivalent to

Yo = A== (Laledo + V), o) — (Cledo + V), 6u))

So
A=A+ % (Clego +V) — Li(epo + V), do) o

1 - -
=X+~ (€)= Lr(d). 00) -
The projection orthogonal of the equation (3.6.8) in HZ(w) onto {¢o} " gives
v — )\LQ(U) — P0L1(€¢0 + V) + P()C(Eqbo + V) =0
which equivalent to

v — )\QLQ(U) + )\OLQ(U) — )\LQ(U) — P()Ll <€¢0 + V) + P00(6¢0 + V) =0
~ (] — )\0L2) v = ()\ — /\0) LQ(’U) + P()Ll(egf)() + V) - P()O(Egbo + V)

(3.6.9)

(3.6.10)

(3.6.11)

(3.6.12)

(3.6.13)

(3.6.14)

(3.6.15)

(3.6.16)

by applying the operator S which defined in (3.6.7) to both sides of the equation (3.6.16) we

find
S (] — )\0L2) v = (/\ — )\0) SLQ(U) + SP()Ll(Equ + V) - SP()C(Egb() + V)

the definition of the operator S and since P} = P, ( see the Lemma (1.3.1) ) we get

SPyLy(eg+ V) = SLy(egpy + V)

and
SP,C(epg+ V) = SC(eppg + V)
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hence, the relation (3.6.17) implies that

Substitute the value of A\ — A\ from the equation (3.6.14) into (3.6.18) we get
1
v=>5 [E (Clego + V) — Li(edo + V), ¢o)a L2(v) + Li(€go + V) — Clego + V)

SHCGE

we have SLy(¢g) = A

thus

v = ()\ — )\0) SLQ(’U) + SL1(€¢0 + V) - SC(€¢0 + )%
= S[(A = Xo)La(v) + Li(ego + V) — Clegp + V)]

615% =0, then

SLy(v) = SLa(v) + SLa(¢o)

Li(§). ¢0) , La(v) + L1(§) -

Li(§). 90) L&) + L&) = C()

c(é)]

= SLy(epg + V)

The existence results is based on the following Lemma

Lemma 3.6.1. [34]] We let the operator A, : H3(w) — R be defined by

such that

1

Ton = (Aen — o) La(n) —

and we assume here that:

10]|a < ce

Then, there exists a constant c independent of €, such that

1.

Ly (77)» ¢0>A

1Snlla < cllnlla, ¥ € Hy(w)

1161 —

IC(G) —

|Aegl -

LiGalla < c€®l|¢1 =

CZ”A?VC’L' € Ue

C(G)la < cl|¢1 — Glla, V¢ € U

|Ae< - >\0|§ CEQ,VC € Ue

AECQ|§ CGHCI
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— Golla, VG € Ue

)

|

C(n) + Li(n), Vn € H{(w)

(3.6.18)

(3.6.19)

(3.6.20)

(3.6.21)

O

(3.6.22)

(3.6.23)

(3.6.24)

(3.6.25)

(3.6.26)

(3.6.27)

(3.6.28)

(3.6.29)



IT.Cl|a < ce®,¥¢ € UL (3.6.30)
7.
ITeCy = TeGalla < c®[[C1 = Galla, VG € U (3.6.31)
Where
U. = {e¢o + ViV € V. ) (3.6.32)
Vi=1{V € H}(w); ||v]la < ce}. (3.6.33)

Proof. 1. the first relation (3.6.25)) is immediate from the continuity of the operator S.

2. we have L;(¢) = B(B(8,6), () then from the condition (3.6.24) we get

1L1¢1 — LiGolla = | L1(G — &)lla = |IB(B(8,0), ¢ — &)lla

< |IBJAlIOIA G — ¢2)lla (3.6.34)
< cé?||¢1 = Gol|as V¢ € UL

3. using the relation (2.4.5) we get

1C(¢1) = C(G)lla < 3IIBIANG = ¢)lla [max {1 IR, 62 1A}]
<3|BIAlIG — ¢&)lla (ce)? (3.6.35)
< e’ = Gllas VG € U

4. using definition of operators L;, C' and the condition (3.6.24), we get
M&—Adzﬁﬂﬂo—LﬂO¢dM

1C(Q) = La(O)la lolla]

IC@ s + 1 E1(O)lla] lldoll

Mmmum&ﬂwﬁwﬁmomw%m

[1B[a(ce)* + [ Bl[a(ce)*] lIdolla
< ce?, V¢ € U,

(3.6.36)

mlel»—tml)—lml»—t

5. using definition of /A, and the two relations (3.6.26) and (3.6.27) we get

L(OG) = L), d0)a — H(O(G) ~ L) do)a

€

|/16C1 - A6C2| =

[(C(G1) — C(C2) + L1(C2) — La(C1)s ¢o)al
(1C(¢) = C(G)lla + [ L1(¢2) = L1(Ci)lla) [[Polla

(e[| — Glla + €[ = Galla) llolla
< cel|G1 — Gf|a, VG € U

(3.6.37)

r‘hlb—‘ml}—‘(‘hIH

<
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6. By using the definition of 7.(, C and L, and the relations (3.6.28), (3.6.24) we fined

1Tl a = (Aep — Xo)La(n) — C(n) + Li(n)
<AL = Aol [[L2(O)[a + IC O + L) || a
< c€|| B||allfollall¢lla + IBIZNCIA + IBIZNOIANC] A
< cé®,V( € U,

(3.6.38)

7. Finally, the definition of 7.¢ and the relations (3.6.26)),(3.6.27),(3.6.28) and (3.6.29) we get

1TeC1 — TeCalla =[[(AcCi — Xo) L2(C1) — C(C1) + La(C1) — (AcCa — Ao)La(C2) + C(C2)

= Li(G)a

=[(AeCi — Ao) Lo (1) + (Al — Xo) Lo(G — () — (C(G) — C(&))
+ (L1(G1) — L1(62)) | a

<|[(Aly — A || allL2(C)]|a + [[(AcCe — M) ||al| L2(& — &) || (3.6.39)
+1(C(G) = CleNla + 1(L1(61) = La(G)) | a

<cel|lG = GllallLalllGlla + e[| L2l — Galla
+cél|Gr = Galla + c€®[IG — Glla

<cé[|¢1 = Calla

]

Theorem 3.6.2. [34] For e is small enough, then there exists a unique solution (\,€) to the operator
equation , with € is of the form € = ey + V;V € {¢o}" NV, such that

£#0,[I€la = O(e), | = Ao|= O(e?). (3.6.40)

Proof. The proof is immediately from the fixed point theorem and the Lemma (3.6.1). ]

3.7 Perturbed Bifurcation Problem in Marguerre-von Karman
equations

3.7.1 Setting of the problem

In this section, we present the results of the article [3].
We then consider the following operator equation, corresponding to perturbed bifurcation
problem in Marguerre-von Karmén equations

§ = ALxf + C€ — Li€ = 35, (\.€) €R x Hi(w), (65)
where || is sufficiently small.
Proposition 3.7.1. (Necessary bifurcation condition [3]) If (Ao, &) is a bifurcation point of (&3), then

I — XLy +C'& — Ly ¢ Tsom (HZ(w)) . (3.7.1)

41



This follows immediately from the implicit function Theorem (Theorem ).

According to Proposition (3.5.2), we deduce that ();,0) is a bifurcation point for equation
(&) if and only if ); is a simple characteristic value of the operator L.

Next, we want to study the set of solutions of the operator equation (&;), in the neighbor-
hood ();,0) € R x Hi(w), that satisfy the following property

I — ALy + C'éy — Ly ¢ Isom (HZ (w)) . (3.7.2)

where \; > 0 is the i"* simple characteristic value of the operator L,, with normalized eigen-
function ¢; (i.e., ||¢i]|a = 1).
Let

the eigen-space generated by the fixed normalized eigenfunction ¢;.
We consider the following equation in the neighborhood of (;, 0, 0) satisfies

§= Aol + CE — 1§ = 6§ =0, (M, &,0) € R x Hj(w) x R. (&)

The equation (&5) is different than the equation (&), such that ¢ is fixed parameter in the first
equation, but it is unknown in the second equation . In the sense that (), &,0) € R x H2(w) x R
(resp. the couple (A, £) € Rx H2(w))is & -singular solution of the equation (&) (resp. &5) if (A, £,0)
(resp. (A, €) ) is solution of the equation (&) (resp. &5), and the condition ([3.7.2)) is realized.

3.7.2 Reduction of the problem

We clearly have the two operators L, and L, € .# (HZ(w)) are compact, and since the cubic
operator C is strongly continuous, then from the results of Krasnosel’skii in [52] we find that
the operator C’¢ € £ (H3(w)) is compact. Then we conclude that the necessary bifurcation
condition (3.7.2)) is equivalent to the following compact perturbation of the identity

[ - AL+ C'é— L € £ (H3(wW)), (3.7.4)
is not injective.

In all the following we will use the same approach in the von-Karméan equation, and we
keep the same formula with adding the new operator represented in L;.

Let U; subset of R? be an open neighborhoods to ();, 0), and let I4; subset of R x H3(w) be an
open neighborhoods to ();,0)

that will be defined later, I3 an open neighborhood of 0, and let V; be a mapping define from
U; x I3 such that V;(\;,0,0) = 0.

We will define the following mapping of class €"*°:

RiiuiXIg—>R,

as follows

Ri(A\€,6) = (1 — /%) e+ (C (ep; + Vi(N€,0)), Pi)a

— (L1 (e¢hs + Vi(A,€,0)) . di)a — 6(5, di)a.

(3.7.5)
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We consider the equation (£) which consist to determine the triples (A, ¢,0) € U; x I3, such
that:
Ri(A€,d) =0. (E)

For fixed ¢ € I3, the equation (Ej;) corresponds to determine the couples (A, ¢) € U; such
that:
Rz(/\7 €, 5) = 0. (E5)

We note that the triple (), €,0) € U; x I3 (resp. the couple (), €) € U;) is e-singular solution of
the equation (&) (resp. Ej5) if (A, €,0) (resp. (A, €)) is solution of the equation (£) (resp. E5), and
the following condition

ORi(A€,0) =0, (3.7.6)

is realized.
Let the mapping &; € € be defined as
@i MZ X[g —>Z/72 XIg,
()‘7 €, 5) — (/\7 €¢i + Vz()‘a €, 5)7 5)

For fixed § € I3, let &, 5 € € the mapping be defined as

@i,ﬁ : Uz — Z;[i,
()‘7 6) — (>\7 G(bi + Vl<)‘7 €, 5)) :
Theorem 3.7.1. [3] The e—singular solution of the equatzon (E) inU; x I3 (resp. (Es) in U, for fixed

§ € I3) and - smgular solution of the equation (&) in U; x I3 (resp. (&) in U;, for fixed 6 € I3) are
bijective by the mapping &; (resp. &; s).

The proof of this Theorem is based on the following two Lemmas
Lemma 3.7.1. [3] There exist a neighborhood U; of (\;,0) € R x H3(w) and a mapping ©; € €
O, : U; — K, (3.7.7)
with
Oi(Ai,0) = [I = A\iLy — PiLy] ' PiL1 ¢y,
where P; denotes the orthogonal projection operator onto Ki-, such that the two following conditions are

equivalent

(N E) €U, T — MLy + C'€ — Ly ¢ Isom (HE(w)), (3.7.8)

A

)
-+ (CE. (qbi + @i(/\,é)) o)A — (L (qﬁi Lo, é)) Li)a = 0. (3.7.9)

where C'(§).(n) denotes the evaluation of the Fréchet derivative of C at § on n. Moreover, the ker(I —
ALy + C'€ — Ly) has an 1-dimensional and generated by the vector ¢; + ©;(\, €).

Proof. [3] Let h € HE(w) \ {0} such that:
h — ALyh + C'€.h — Lih = 0. (3.7.10)

Using the decomposition of the Hilbert space HZ(w) in the direct sum of spaces K; and K;-;
HZ(w) = K; ® i, we have
h=a¢ +n; a €R, ne K. (3.7.11)
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So that

(h — ALgh + C"€.h — Lih, ¢i)a = (1 — 3)04 + a(C'E.¢5, di)a + (C'EM, d3)

Ai
7.12
— a(Li6, 61)a = (Lin, &) (G712
=0.
Let P, denote the orthogonal projection operator onto K.
From (3.7.10) and the operator P, we find that
(I — ALo)n + P,C'é.n + aP,C'€.¢; — PiLin — aP Ly = 0. (3.7.13)

Since the operator L, is compact and self-adjoint, by using the spectral theory (Theorem (I.2.1).(b)),
we conclude that the restriction of the operator I — );L, on the space Kj- is an isomorphism in
IC;, and since the set Isom(K;) is open, then by the continuity, there exist a neighborhood U/; of
(M, 0) such that for any (), €) € U;, we have

I — ALy 4+ P,C'¢€ — P,L, € Isom(K}). (3.7.14)
Taking into account (3.7.13)), for any (A, 3 ) € U, we find that
n=a6;(\§) € €™, (3.7.15)

where ) ) )
;N\, &) = —[I — ALy + P,C'¢ — BL,] ' [P.C'¢ — P, L] ¢i. (3.7.16)

Since C’(0) = 0 implies
0;(X;,0) = [1 — \Ly — Pz‘Lﬂ_IPiLl@-

Substitution of (3.7.15) into (3.7.12) gives

(1- %)a +a(C'e.¢s, ¢i)a + a(C'E.0;, 1) a — Ly, di)a — a(L1O;, ¢i)a = 0. (3.7.17)

Inserting (3.7.15) into (3.7.11)) gives
h = a(e; + 65). (3.7.18)
Since h € Hg(w) \ {0} implies that a # 0. Hence we infer from (3.7.17) that

A !¢ I¢
1 - SVl (C°€.01, 9i)a + (C'E.0, i) a — (Lidy, ¢i)a — (L16i, ¢i)a = 0, (3.7.19)
this immediately implies the equivalence between the conditions (3.7.8) and (3.7.9).
Then we conclude that

ker(I — ALy 4+ C'€ — Ly)
has an 1-dimensional and generated by the vector ¢; + ©;(), ). O
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Lemma 3.7.2. [3|] There are an open interval I, ; containing \;, two open intervals Iy, I3 containing 0,
a connected open neighborhood V; of 0 in the Ki- space, and a unique mapping V; € €°°:

VZ':[LZ'XIQX[g—)V;C,Cj_,

with V;(\;,0,0) = 0, such that by canonically identifying the open product I, x V; to an open neighbor-
hood of 0 € Hi(w), the two following conditions are equivalent

(N, &,0) € I; x (12 x V;) x I3 solution of the equation (&), (3.7.20)
(A, €,0) € I; x Iy x I3 solution of the equation (E). (3.7.21)
Moreover
AVi(A;,0,0) =0 € KCF, (3.7.22)
05Vi(Xi,0,0) = (I — N Ly — PLy) ' P§ € K, (3.7.23)
OVi(\,€,6) = O; (A, eds + Vi(\,€,0)) € K-, (3.7.24)

forany (N, €,0) € I;1 x Iy x I3, and in particular
dVi(Ai,0,0) = [I — \iLy — P,Ly] ' PLi¢; € K. (3.7.25)
Finally, the mapping &; € €°°:

g@iijlﬂ'XIQXIg—)[l,iX(IQXW)XI&

(A €,8) — (A ey + Vi(\€,6),0), (3.7.26)

isan immersion at (\;, 0,0), injective in Iy ;X Iy x I3 and realized a bijection between the triples (), €, 6) €
I, ; x Iy x I3 which is solutions of the equation (E) and the triples (X, €,0) € I1; x (12 x V;) x I3 which
is solutions of the equation (&).

Proof. [3] Let the triple (), £,8) € R x H2(w) x R be a solution of the equation (&). Using the
decomposition of the space HZ(w) in the direct sum of spaces K; and K;-, we obtain

E=ep;+V; €cR, Ve

The projection of the equation (&) on the spaces K; and K- by P, gives the following equiv-
alent equations

(1- %)e +(Clepi + V), 0i)a — (Li(edi + V), di)a — 6(F, :)a = 0, (3.7.27)
(I = AL2)V + P,C(e¢i + V) = PiLi(edi + V) = 0PF = 0. (3.7.28)

Since I — ALy + P,.C'¢ — P.L, € I som(K;), we can apply the implicit function theorem in the
neighborhood of (), 0,0) € RxK;- xR. We conclude that there exist a connected open neighbor-
hood V; of 0 in K;-, an open neighborhood I, ; containing );, two open intervals /5, I3 containing
0 and a unique mapping V; of class ¢">:

Villlﬂ‘X]gXIg—)V;,

45



satisfies V;()\;,0,0) = 0 (since A = \;,e = 0,6 = 0,V = 0 is solution of the equation (3.7.28)),
such that in the open I ; x I, x V; x I5 the equation (3.7.28) is equivalent to the conditions

()\,6,5) € Il,i X Iy X I3, (3729)
V=Vi(\e,8) € Vi (3.7.30)

Substitution of (3.7.30) into (3.7.27) gives the equivalence between the conditions (3.7.20)

and (3.7.21). Since we have the possibility of taking the open 1 ; x (I> x V;) is contained in the
open U;. Then if we replace v in the equation (3.7.28) with the mapping V;, we obtain

(I — AL3) Vi(\,€,0) + PC (e¢h; + Vi(\,€,0)) — PLy (e + Vi(\,€,8)) —dPF =0.  (3.7.31)

Using the partial derivatives of (3.7.31) with respect to the variables ), § and e respectively,
we obtain

[I — ALy + P.C" (¢ + Vi(\, €,8)) — PLi] WVi(\ €,6) = Ly (Vi(\, €, 6)) . (3.7.32)

Since V;(\;,0,0) = 0 implies (3.7.22).
BsVi(\, €,8) = [I — ALy + BiC" (e + Vi(\, €,8)) — PBLi] ' P§.

Since V;(A;,0,0) = 0 and C’(0) = 0 imply (3.7.23).

OVi(\ €,8) = — [I — ALy + P,C" (e + Vi(A, €,0)) — BiLy] " [BC! (egb;
+ Vl(/\, 6, 6)) — Ple]Qﬁl
- @z ()\7 €¢i + Vz<)\a €, 5)) .

Since V;();,0,0) = 0 and C’(0) = 0 immediately imply (3.7.25).
Now we will prove the properties of the mapping ;.
Assuming that

gzz(/\, €, (5) = 9@'()\/7 6,, (5,),

for (A, €,0), (N,€,0") € I1; x Iy x .

Then the definition of the mapping &7; implies that

A= N,
5=1¢
€¢Z’ + VZ()\, €, 5) = 6/(251' + Vi()\/, 6/, (5/)

Since V; € K, then the projection of the two terms of the last equation on K; gives € = ¢, which
proves the injectivity of &;.

Moreover the equivalence between the and shows that the image of the
mapping &; constitute the solution of the equation (&) in the open I ; x (I3 x V;) x I3. Therefore
the injectivity of &; yields the bijectivity of Z;.

From the explicit form of the derivative of ; at (\;,0,0), we obtain

‘@;()‘27 07 0)(]}, Ca y) = gzl<)\z + x, C, y) — «@Z<)\Z, O, 0)
= (2, Cpi + OVi(Ni, 0,0)x + 0 Vi(Ai,0,0)¢ (3.7.33)
+ a(ﬂ/l()\%? 07 0)y7 y)
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Use of (3.7.22),(3.7.23)) and (3.7.25) in (3.7.33) gives

‘@'LI()\”L? 07 0)([E, Ca y) - (l’, C(¢Z + [I - ALQ - ]DiLl]_l -PZL1¢Z>
+y[l — MLy — L] 'P§,y).

So that Z7/()\;, 0, 0) is injective, which immediately implies that the application &; is immersion
at (X;,0,0). O

The Lemma 1} remains valid if we restricted the open U arbitrary, and for this reason,
we can assume that

Z/Ii = ]171‘ X (]2 X ‘/z), (3734)

and we pose
Z/{i = [1’1' X [2. (3735)

Similar arguments as in the Lemma (3.7.2) show that for fixed ¢ € I3 the mapping &5 is a
bijection between the solution of the equation (Ej;) in 4; and the solution of the equation (&;) in
U.

Proof of the Theorem [3]

Let (A, €,6) € U; x I3 be the e—singular solution of the equation (E).

Using (3.7.5) and (3.7.6), we obtain

aﬁRi()\7 €, 6) =1- )\i + (Cl (E@ + VZ(Aa €, 6)) . (¢Z + aevl<>‘a €, 5)) 7¢i)A

— (I, (e + Vi( A, €,0)) . (¢ + OVi( N, €,0)) , i) a (3.7.36)
Taking into account (3.7.24) and since L, is a linear operator, we have
A
ORi(A€,0) =1~ X + (C' (et + Vi(\, €,0)).(¢; + Os(\, €gi + Vi(\, €,0))), di)a
Z (3.7.37)

— (L1 (¢; + O; (N, €0 + Vi(\, €,0))), di)a
= 0.

Accordingly to the Lemma (3.7.1) we deduce that the solution
‘@1()\7 €, 6) = (/\7 €¢i + Vz()\v €, 5)7 5) )

of the equation (&) is éi —singular.
Reciprocally, if (A, &,0) € U; x I3 is solution of the equation (&). Accordingly to the Lemma

(3.7.2), we have )
(Aaga 6) = 1@1()\7 €, 5)7

with e = (£, ¢i)a.
Moreover if (), &, d) is € —singular solution, applying Lemma , it follows from (3.7.9)
that holds, which yields that (), €, §) € U; x I3 is e—singular solution of the equation (F).
Of course, we immediately obtain that e—singular solutions of equation (Ej) in /; and &-
singular solutions of equation (&) in U; are bijective by the mapping 2, ;. O
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3.7.3 Study of e—singular solutions of equations (F) and (Ejs)

According the definition of the mapping R; and the equation (E), also from the equivalence
between (3.7.8) and (3.7.9), we conclude that, the e— singular solutions of the equation (E) are
the set of triples (A, €,0) € U; x I3 which satisfies:

{Ri()\,e,é) —0,

3.7.38
867-\),1‘()\,6,5) =0. ( )

We will introduce the mapping S; of class ¢
Si U x Iy — R,

defined by
Sz' = (RZ()\, €, 5), 8672,2()\, €, 5)),

so that the system (3.7.38) can be written as follows
Si(Ae,0) =0. (3.7.39)

We recall that, we need to study the non trivial solutions bifurcating from the trivial solution
at neighborhood of A;.

Clearly, R;(\;,0,0) = 0. But 0.R;(\;,0,0) = 0 implies that, the operator L; satisfies the
following necessary condition

Ly (¢i +6;(\i, 0)) € K& (ice., (L1 (¢ + Oi(N\;,0)),65)a = 0). (C1)

Lemma 3.7.3. [3] Assume that the following conditions

(L1 (0sVi(Ai,0,0)) , di)a + (§, di)a # 0, (C2)
and '
X + (L1 (020i(Ai,0)) , 9i)a # 0, (C'3)

and the condition are realized. Then the set of solutions of the system (3.7.38)) in the open U; x I3 is
a curve of class € parametrized by e.

Proof. [3]

We prove that the mapping S, is submersion in (A;,0,0) € U; x Is.
The Jacobian matrix of S; at ()\;,0,0) is as follows

O\Ri(X:,0,0) ORi(N;,0,0) 35731‘0\@‘,0,0))

Jac SZ()\Z, 0, O) =
8)2\67?’1()‘17 0, 0) 66257—‘)’1()‘27 0, O) 66267?’1<>‘17 0, O)

We have .
8722 )\,6,(5 = —— + C/Ei—i—Vi )\,6,5 81/2 )\,6,(5, i
VR ) N (C" (e ( )) - O\Vi( ) $i)a (37.40)

- (Ll (8/\)}1(/\7 €, 5)) ) ¢i)Aa
since 0\V;(\;,0,0) = 0 it follows that

\Ri(Ni, 0,0) = 0. (3.7.41)
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From (3.7.37) and the condition (C'1), and since C’(0) = 0, we obtain
8.Ri(\i, 0,0) = 0. (3.7.42)

85Ri()\7 €, 5) = (Cl (€¢l + VZ()‘a €, 5)) 85V1()‘7 €, 5)7 ¢1)A
— (L1 (0Vi(A,€,6)) s di)a — (8, ¢i)a,
since C’(0) = 0 it follows that

O5Ri(Ai,0,0) = —(L1 (0sVi(Ni, 0,0)) , di)a — (3, ¢i)a. (3.7.43)
Also, we have
8§€Rl()\7 €, 5) = _)\l + (a)\vz()‘7 €, 5)0”(6¢i + VZ(/\7 €, 5))(¢2 + @Z(/\a Egbi + VZ()\) €, 5)))

+ Cl(€¢i + Vl()\a €, 5))8)\81()\7 €¢i + Vz<>\7 €, 5))7 ¢1)A
- (L1 (8>\@Z ()\7 €¢i + VZ(/\u €, 5)))7 ¢i)A7

since C'(0) = 0 and C"(0) = 0 and also 0,V;(\;,0,0) = 0, it follows that

86267?’1()\7 €, 5) = (((ﬁz + 86V7,<)\, €, 5))6’”(6@251 + Vz()\, €, 5))(¢Z + @Z()\, €p; + VZ<)\, €, 5)))
+ C,(E¢i + Vz()\, €, 5))8681()\7 E¢i + Vl<>\7 €, 5))7 ¢1)A (3745)
— (L1(0:05(A, €di + V(A €,0))), di)a,
since C'(0) = 0 and C”(0) = 0 it follows that
OZRi(Xi,0,0) = —(L1 (0:0;(Ai, 0)) , d:) . (3.7.46)
DI Ri(A €,0) = (0sVi( N, €,0)C" (es + Vi( N, €,0)).(¢s + Os(\, €0 + Vi(\, €,)))
+ Cl(€¢i -+ Vl(/\, €, 6))85@2()\, 69252' + Vz<)\, €, 5)), (bz)A
- (Ll(atsel (>‘7 €¢i + VZ()‘v €, 5)))7 ¢i)Aa
since C'(0) = 0 and C"”(0) = 0 it follows that
93 Ri(Xi,0,0) = — (L1 (050:(\i, 0)) , di)a. (3.7.47)

It remains for us to determine the partial derivatives of ©;(\, ep; + V;(\, €, 0)) with respect to the
variables ), € and § in order to complete the computation the Jacobian matrix of S; in (\;, 0,0).

From (3.7.16) we obtain

[I — ALy — P,Ly + P,C' (e¢hi + Vi(\, €,0))] ©; (N, €0 + Vi(\, €, 0))

+ P,C" (e + Vi(\, €,0)) . — PiLyp = 0. (3.7.48)

The partial derivatives of (3.7.48)) with respect to the variables ), € and § respectively, and by
using the relations C’(0) = 0 and C”(0) = 0, we get

02O0i(\i,0) = [I = \iLy — P,Ly] "' Ly (6;(N\;,0)), (3.7.49)
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[I — \iLy — PiL1] 0.0;(\;, 0) = 0, (3.7.50)

then yields
0.0;(\;,0) =0, (3.7.51)
thus
0eeRi(Xi,0,0) = 0. (3.7.52)
Next, we have
[[ — Aily — PiLl] 8591'()\1‘, 0) =0, (3-7-53)
then yields
0560;(A\i,0) =0, (3.7.54)
thus
05¢Ri(Ai, 0,0) = 0. (3.7.55)

We deduce From the previous computations, we conclude that the Jac S;(\;,0,0) is as fol-
lows

0 0 —(L1(9sVi(Xi,0,0)),0:)a — (F, 0i)a

= (L@EA0)0)s 0 0
The previous two conditions and prove that the rank of Jac S;(\;,0,0) is 2, hence
S, is submersion at ();,0,0). Also, in the neighborhood of (\;,0,0) € U; x I3, and From the
implicit function theorem we conclude that, the ensemble of solution to the equation is
a submanifolds of class €*° of one dimensional. This curve parametrized by ¢ in the neighbor-
hood of 0, which implies that in the neighborhood of 0 there exist two functions );(¢) and d; (¢)
of class ¢, such that the equation is equivalent to the following relations

A= X\(€), 6 =20i(e) with X;(0) =), and 6,(0) = 0. (3.7.56)
]
Lemma 3.7.4. [3] Assume that the conditions (CT), and the following condition

(3. 61)a #0, (C4)
are realized. Then we have
(N(0) =0,
6;(0) =0,
g\/%’(((()); j (?)\i(c (di +O;(Xi,0)) , di)a, (3.7.57)
({(3)(0) _ _12(0 (i + (i)z'()\z‘, 0)),%i)a
\ z (87 ¢Z)A

Proof. [3] Substituting A and & by \;(e) and d;(¢) respectively in the second equation of (3.7.38)
we get

%()\ ML= (L6 4 O,((6). o+ V(o). .5,(0). )}
= (C"(e¢hs + Vi(Nil€), €,0:(€))) {bi + Oi(Nile), et + Vi(Nile), €,8: ()}, di)a,
50
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forall e € I,.
Dividing (3.7.58) by €* # 0 and since the mapping C’ : H3(w) — Z(Hi(w),R) is homoge-
neous of degree two we fined

1 /- - _ .
=5 </\i(6) — A{ 1 = (L1(¢ + Bi(Nile), e + Vi(Ai(e), €, 05(€)))), ¢i)A}>
i ) ) (3.7.59)
, Vi(Ai(€), €, 0:(€)) < - .
= (C"(¢i + . )-(¢i + Oi(Nile), €ps + Vi(Ni(€), €,6i(€)))), d4) A
We have
lim v, (Xi(e), ¢, 5i(e)> = N(0)0Vi(Ai, 0,0) + 8 Vi( M, 0,0) + 8/(0)35Vi(Xi, 0,0).  (3.7.60)
e—0 €
Using the condition and the relations (3.7.22), (3.7.23) and (3.7.25), we obtain
li Ade) = h _ C'(¢; 4+ O;(\;, 0) + 84(0)(I — \iLy — P,Ly) ' PF
61_13(% 2\ _( (¢Z+ 2( i )+ z( )( b2 T 4 1) ( ) (3761)
(@i +6i(Xi,0)) , di)a.
Using the Taylor expansion of \;(¢) at 0, we conclude that
X(0) =0, (3.7.62)
and 1 / N —-1p~
AL(0) = 20 (C'(¢s + Oi(Ni, 0) + 0:(0)(I — \;Ly — P;L1) ™ P§) (37.63)

Similarly, replacing A and & by \;(¢) and 4;(¢) respectively in the first equation of (3.7.38) we
find that

0;(€) (T, di)a = —)\%. <65\z’(€) — Xi{e— (Li(eg; + Vz’(S\i(E)aE,Si(E))),qbi)A}>
+ (€ (0 +VilAi(),e,0:()) ) )

Dividing (3.7.64) by €* # 0 and since the operator C' is homogeneous of degree 3 we obtain

(3.7.64)

A

di(e€) (§7 bi)a = 1 (5\2(6) — Ai{l — (L1(¢s + Vi(Ai(e);@ 6i(6)))7 ¢z‘)A}>

€3 3
Passing to the limit in (3.7.65), using Taylor expansion at 0 of ¢;(¢) and taking into account
(3.7.60), (CT1) and (C2) show that

(8, 0i)a + (Li((I = ALy — P;L1)7'P§), ¢i)a
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- - (3.7.65)
Vi(Ni(e), €, 0;(e
+ <c<¢i+ e £ >>>,¢i> ,
A
Then the condition (C'4) implies that the limit of does exist.




and

07(0) = 0. (3.7.67)
Use of 0/(0) = 0 in gives
X(0) = 2X:(C” (¢ + 65(Xi,0)) . (¢ + Oi(Ni, 0)) , 1) a. (3.7.68)

Taking into account the following relation (C' is homogeneous operator of degree 3)

(C"(di + 6i(Xi, 0)) . (¢ + Os(Xi,0)) , ¢i)a = 3(C (i + Oi(Xi,0)) , D), (3.7.69)
this gives the third relation in (3.7.57).
We have ~ _
. 0i(e) . 0(0) | T

hence -

53 () = __O O\ Vo i O A

5i (O) - (§’ ¢1)A (C (¢z + @z()\zao))agbz)A lg% 62)\i (3771)
It follows from that

590) = =0 [(C (65 + O\ 0)) . d)a — (C' (dn + Oi(A:, 0

i (0) Goon [(C (o (Ai0)), di)a — (C" (& (i, 0)) (37.72)

Use of (3.7.69) in (3.7.72) gives the last relation in (3.7.57).

Proposition 3.7.2. [I3] Assume that the following condition

(C(¢i + Oi(Ai,0)) , di)a # 0, (C5)

and the conditions (C1),(C2),(C3) and(C4) are realized. Then, the equation (Ey) has a unique e—singular
solution in U, for fixed 6 € I3, denoted (X (6), €;()). Moreover, we have

A(0) = N, €(0) = 0. (3.7.73)

For & € I;\{0}, we have
sign (¢;(9)) = —sign (3(F, 61)a x (C (91 + ©:(X,0)), d1)a ) (3.7.74)
sign (X{(8) = A)) = sign ((C (¢ + ©:(A\i,0)) . é1)a) (3.7.75)

Proof. [3] The condition implies that the mapping §; satisfies

5P(0) £ 0. (3.7.76)
Taylor expansion at 0 of () gives
5i(e) = %S§3>(0)63 (1+ R(e), (3.7.77)



where R(¢) : [y — R is a > function satisfies
R(e) = 0(e), (3.7.78)

in the neighborhood of € = 0. )
The characteristic of mapping d;(¢) in Lemma (3.7.4) shows that, the finding an e—singular
solution of the equation (E5) in; for fixed 6 € I5 is equivalent to solving the following equation

di(e) = 4. (3.7.79)
From (3.7.77) and the last relation in (3.7.57), we obtain
O3, ¢1)a
e (14 R(e) = — ’ : 3.7.80
( (€) 2(C (¢ + ©i(Ni,0)) , @i)a ( )
Let
g(e) =€ (1 + R(e)), (3.7.81)

is a function of class ¥ and strictly increasing function in the neighborhood of ¢ = 0. For e € I,
and 0 € I3 are small enough, the equation (3.7.80) has a unique solution, denoted ¢} (d) which

satisfies (3.7.74)).

Also, the characteristic of mapping \,(.) in Lemma (3.7.4) shows that, the e—singular solu-
tion of the equation (Ey) is the following couple

(A7 (6),€/(9)),
where \*(8) = \; (1(6)).

Taylor expansion of \;(¢) in the neighborhood of € = 0 gives
Ai(€) = N + 30(C (05 4 6;( N, 0)) , di)a€ + o). (3.7.82)
We can choose the interval /, a small enough such that
Xi(€) = Xi = 3X(C (¢ 4+ Os(\i,0)) , ) a2 (3.7.83)
Since \; > 0 (see Theorem (3.4.2)), we obtain
sign (xi(e) - )\Z-> = sign ((C (¢ + Oi(Mi, 0)), d:)a) (3.7.84)

for all e € I,. Then, we obtain (3.7.75).

We give the following definition due to Ciarlet and Rabier [29].

Definition 3.7.1. [3] Let 6 € I3 and let (\}(5),€;(5)) € U; be the e—singular solution of the equation
(Es). The point (A\f(0),€5(9)) is called a nondegenerate turning point of the equation (Ej) if

DR (AH(0), €X(6),8) 2 0, (3.7.85)
2R (A (6),€(6),0) #0. (3.7.86)
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Proposition 3.7.3. [3] Assume that the conditions (C'1),(C2),(C3),(C4) and are realized. Then the
e—singular solution (\;(6), €/ (0)) of the equation (Es) is nondegenerate turning point of this equation

(2

forall 6 € I3\{0}. Furthermore

sign (R (A7 (9), €:(0),0))

) 1

= sign <5(C (¢i +0i(Xi,0)), di)a X ((L1 (05Vi(M\i, 0,0)) i) a + (5, ¢Z)A)> ’ (3.7.87)
sign (ORi (A;(0), € (9),6)) =
—sign (5(@, i) X ()\i + (L1 (056:(N;, 0)), ¢1)A)) . (3.7.88)

Proof. From the relations (3.7.57), the Taylor expansion of the functions X;(e) and §'(¢) in the
neighborhood of € = 0 gives

N(€) = M (0)e + o(€?), (3.7.89)
5(e) = %5@)(0)62 +o(é). (3.7.90)
So, we can assume that the interval I, is small enough such that for any e € 1,\{0}, we have
N(e) #0, () #0, (3.7.91)
and
sign (X;(@) — sign (X;’(O)e) : (3.7.92)
sign (5;(@) — sign (S§3>(o)) . (3.7.93)
The functions );(¢) and §;(¢) satisfying
R (S\i(e), ¢, Es’i(e)) —0, (3.7.94)
O.R, (5\1(6), €, 51-(6)) —0, (3.7.95)
Using the derivative of and taking into account the relation (3.7.95), we obtain
- - < < 0i(e
AR, ()\Z-(e),e,éi(e)> — _O5R, (Ai(e),e,&-(e)) AL@)) (3.7.96)
for e € I,\{0}.
From and we have
O5Ri(X,0,0) = —(L1 (9Vi(Xi,0,0)) , ¢i)a — (3, &) # 0. (3.7.97)

We next deduce from the continuity with the assumption that the interval I, is small enough
such that

sign (=05R; (Mle),e,8,(6)) ) = sign ((La (BsVi(0,0,0)) . 6)a + (F.00a ), (3.7.98)
for e € I,.
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From (3.7.92), (3.7.93) and (3.7.96)) we obtain
sign (@Ri (S\i(e), ¢, Si(e)))

i 5(3) (3.7.99)
= sign ((L1 (05Vi(Ai,0,0)) , ¢i)a + (3, ¢1)A> X sign (515\2158§6> ’
for e € I,\{0}.
From and since \; > 0 we have
sign ((%Ri (5\2(5)7 €, Sz(€>)>
~ 3.7.100
o ((Ll(&;]}i()\i, 0,0)), é1)a + (5. qﬁi)A) < sign(e). ( )
(S? (bz)A

For a fixed 0 € I3\{0}, if (A;(6),€(d)) is the e—singular solution of the equation (£;) and
taking into account (3.7.74), (C2), and (C3), the last relation (3.7.100) becomes
sign (W Ri (A;(9), €/ (6),6))

)1

~ vign <<L1 (5V:(X,0,0)), 60) + (§, 60)a

) x sign(€l ()

(%7 ¢Z>A
(L1 95V, 0,0)) , 6i)a + (T, . -
— sign ( LMD o £ 8B o ign (565,60 x ((C (64 + Oul1.0)). 61)a)
(37 (bz)A
= sign (3(C 60+ 0:0,0) 6 x (L1 V00,00 605+ (F605)) 70
# 0.
Now using the derivative of (3.7.95) and dividing it by € # 0, it follows that
13626731' (5\1(6)7 € 51(@)
¢ 510 50 (3.7.102)
~ ~ i€ ~ ~ i€
= —8§€Rz ()\Z(E), €, 5Z(€)> . — 8(?57?’2 <)\,<€), €, 5z(€)> X .
Passing to the limit in (3.7.102}), we obtain
lim 262 R, (A(e),.6,(6) ) =~ Ry (1,0,0) M (0) — 2R, (A,,0,0)87(0). (3.7.103)
e—0 €
Using (3.7.44) and (3.7.57), we obtain
lir% 166257?'1‘ <5\l(e), €, 51(6))
e (3.7.104)

=0 (5 + (L GO0, s ) % (€ (01 + 6,00 0) 0.
Since \; > 0, we obtain
sign (afeni (Xi(@, €, Si(e)))
) (3.7.105)

7

55



For a fixed 6 € I3\{0}, if (A\; (), €/ (6)) is the e—singular solution of the equation (£j;) and taking
into account (3.7.74), (C3), and (C95), the last relation (3.7.105) becomes

sign (0 Ri (N1 (8), €5(6),8)) =

7

—sign (€61 + 6,050,805 x (1 + (L 0:00.0). 6 ) )

1

x sign (5, 6:)a % ((C (65 + 64(X,0)) ,61)a) (3.7.106)
. ~ 1
— —sign (85 00a x (5 + (L1 @100 0)) 003 ) )
£ 0.
L]

3.7.4 Solution set of the equation (Ej)

In this section we determine the solutions of the equation (£j) in the case § # 0.

Lemma 3.7.5. [3]] Assume that the following assumptions

(C(¢i + Oi(Xi,0)) , di)a > 0, (H2)
sign ((Ll (05Vi(Xi,0,0)) , di)a + (%, ¢i)A>

sign ((§.00a x (5 + (11 @00:05.0).80s ) ) >0,

and the condition are realized. Then in the neighborhood of the e—singular solution (\; (), €;(6)),
the solution set of the equation (Ej) contains one curve of class €.

(H3)

*
7

Proof. [3] Since e—singular solution (A} (4), €
(Ej5), we obtain

(0)) is nondegenerate turning point of the equation

Ri (X (0),€(8),0) = 0, and O\ R; (A (0), €;(0),6) # 0.
Then by the implicit function theorem we conclude that in the neighborhood of (A} (6), €(9)) in

[

U;, the set of solutions of equation (Ej) is given by a function \; 5(€) of class ¥ satisfying

So that
Ri(Nis(e),e,0) =0. (3.7.107)

Using the derivative of (3.7.107)) with respect to the variable ¢, we get

MR (Nis(e),€,0) )\;75(6) + 0Ri (Nis(e),€e,0) =0, (3.7.108)
Taking € = €/ (0) in (3.7.108), we obtain
N5 (€1(8)) = 0. (3.7.109)
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Again, using the derivative of (3.7.108)) with respect to the variable € and taking into account
the relation (3.7.109), we get

aeeRi (A;k (5)7 6:<5)’ 5)

" (€5(0)) = — ) 711
A X A ORAOR G710
From the relations (3.7.87) and (3.7.88) and the conditions (H2) and (H3)), we obtain
i5(€) >0, (3.7.111)

in the neighborhood of € (9).
Finally, use of (3.7.109) and (3.7.111), which means that the function \; 5(.) is strictly convex,
and the strict minimum is attained at €/ ().

]

The previous lemma does not represent all solutions of the equation (Ej;) in ¢; but only in
the neighborhood of turning point (A (), €;(0)). To determine the other solutions we need the
following analysis.

We assume that the interval I, is bounded and the mapping R, is defined on I; ; x I x I.

From (3.7.42) and (3.7.52) we have

8{7?4()\1, 0, 0) — 8626732()\“ 0, O) - O

From (3.7.45) we obtain

BRi(A €,0) = (Vi A, €,0)C" (e + Vi(A, €,9)) + (¢ + OVi(\, €, 6))?
x C"(ei +Vi(A,€,0))).(0i + Oi (N, €¢i + Vi, €,0)))
+ (s + V(N €,0))C" (eps + Vi(A, €,0)).0.0;(\, €d; + Vi (A, €,0))
+ (¢ + 0Vi( N, €,0))C" (e; + Vi(N, €,0)).0.0;( N, €; + Vi (N, €,0))
+ C'(ed; + Vi(A, €,0)).0.0:(\, €0 + Vi(\, €,0)), di)a
— (L1(0:O; (A, €9 +Vi(A, €,0))), d5) .-

Since C'(0) = 0 € £ (H3(w)), C"(0) = 0 € % (H(w)) and C' is homogeneous operator of
degree 3, using (3.7.24) we have
aeeeRi<>\i7 07 O) = 6(0 (¢z + @z(Au 0)) ) ¢2)A - (Ll (aeeei(kzﬁ 0)) ) ¢i)A7 (37112)
where
0ecOi(Ni, 0) = [I — \iLy — B;Ly] ™" (63 + ©i(Ni, 0))?
X (P;C"(0).0;(\;,0) + B,C"(0).¢)),

it follows from the relations (3.7.48) and (3.7.51).
If we assume that

92 Ri(A\;,0,0) #0, (H4)

€EE

and the interval I, is small enough, the Taylor expansion of the function R;()\;, .,0), shows that
the following equation
Rz<)\zv €, O) = 07

has only the trivial solution ¢ = 0 in the compact interval Is.
We will need the following definition due to Ciarlet and Rabier [29].
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Definition 3.7.2. [3] Let 0I, = I,)\I is a reduced set to two points. The neighborhood U; x I3 is
called an adapted neighborhood if the equation (Ej) has no solution in I, ; x 01y, for fixed § € I3, where
Z/li = Il,i X IQ.

For ¢ € I3y and X € I, ;, we define
TN 0) ={e € ly; Ri(\€,d)=0}. (3.7.113)

Accordingly to the local inversion theorem, we deduce that T(\,0) is a finite set, for any
d € Iyand any A € [y ; such that A # X\ (§). Therefore we can consider

card Y (A, §) € N.
For any § € I5, we define the following open subintervals
I50) ={ e his A< A (9)},

I50) ={x e Lz A > X/(0)},

so that
Ly = I,(0) U{N (0)} U I(9).

The same arguments as in [29] show that the following Proposition.

Proposition 3.7.4. [3] Assume that the neighborhood U; x I5 is adapted and the conditions (C1),(H2),(H3)
and are realised. Then

card Y (A, 6) =1, (3.7.114)

ford € Iyand \ € 1, ,(6),
card Y (A, §) = 3, (3.7.115)

ford € Isand X\ € IT;(9),
card T (\(6),6) = 2, (3.7.116)

o€ Ig\{O}

3.8 Solution set of the bifurcation Marguerre-von Karman equa-
tions

3.8.1 Unperturbed case
Here we are interested in the solution set of the following equation
£ = AL+ CE— Li =0, (A, §) € R x Hy(w). (&)
Clearly, Proposition is incorrect for 0 = 0, because
R (i, 0,0) = 02R; (M, 0,0) = 0.

Before giving the solution set of (&), we will need to give the solution set of (Ej).
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Lemma 3.8.1. [3|] Assume that the conditions and are realized. Then, in a neighborhood of
(A, 0), the solution set of the equation (Ey) is a pair of €>° curves which intersect only at (\;,0) and
they cut transversally, one of which is the A—axis.

Proof. [3] From the Jacobian matrix of S; in (\;, 0, 0), the Hessienn matrix of the mapping R,(., ., 0)
at (\;, 0) may be written as

03\ Ri(Xi,0,0) 93 Ri(A;,0,0)
( BR:(X,0,0)  2Ry(A:,0,0) ) |
From the partial derivative of with respect to \, we obtain
ORi(A €,0) = (O\Vi(\, €,0)C" (e + Vi(\, €,0)) .0\Vi( A, €,0) + C' (e
+Vi(A €,0)).00Vi(A €,0), 9i)a — (L1 (BaVi(A, €,0)) , di)a.
On the other hand, using the partial derivative of with respect to the A\, we get

[ = ALy + P.C’ (e + Vi(\, 6,8)) — BiLi] 9uVi(h, 6,8) + 9Vi(\, 6, 6)
x PC" (edi + Vi(A, €,0)) .0\Vi(N, €,0) = Ly (WVi(A €, 9)) -
It follows from that 9,,V;(\;,0,0) = 0, which implies that
RN, 0,0) = 0.
From the Jacobian matrix of S; in ();,0,0), we get
0uRi(N,0,0) = RN, 0,0) = 1 — (L1 (361(A, 0)) 60)a,

1

and
aeeRi<)\i7 07 0) = 0.

So that, the Hessainn matrix of the mapping R;(.,.,0) in (\;, 0) can be written as

1

0 v (L1 (02Oi(i, 0)) , di)a
1
=3~ (L1(0x8i(Ai, 0)), 6i)a 0
The condition (C3), implies that
1 2
Hessy, 0 (Ri(.,.,0)) = — (y + (L1 (0,0;(X\i,0)), ¢i)A> < 0.

Accordingly to the Morse lemma we deduce that the solution set of the equation (E)) in the
neighborhood of ();, 0) consists of two € curves cutting each other transversally. This in turn
implies that (\;,0) € U, is a bifurcation point.

Since V; is uniquely determined as in Lemma and v = V;(),0,0) = 0 satisfies the
equation (3.7.28), we conclude that the trivial branch (), 0) € U; is one of the two branches of
solutions of (Ey).

[l
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Theorem 3.8.1. [3] Assume that the conditions (C1)), and the assumption are realized. Then,
the equation (Ey) has a unique trivial solution for A < \; and has three distinct solutions for A > \;.

Proof. [3] The equation (Ey) can be written as

(1 — %) € — (Li(eds + Vi(A,€,0)), 9i) 5 + (C (eds + Vi(A,€,0)) , ¢i) o = 0. (3.8.1)

Since the operator C' is homogeneous of degree 3, for ¢ # 0, the equation (3 reads as

follows \
(1 - )\—) — (L1(gi +

Taking into account

Vi()\,E,O> ()\ € O)

), di)a + €(C(¢; + ), ¢i)a = 0. (3.8.2)

lim VZ()\, €, 0)

e—0 €

— 9.Vi(\,0,0),

and since 0.V;(),0,0) = ©;(A,0), by continuity of the mapping 0.V;, we can choose the neigh-
borhood U4; a small enough such that

(1 - %) — (Ly (¢ + 6:;(M,0)), 5) o + €2 (C (¢ + Os(N,0)), hi) , = O. (3.8.3)

From the conditions (C'1) and (H2), we deduce that, there are no nontrivial solutions for A <
Ai, while there are two nontrivial solutions given by the parabola bifurcating from the trivial
branch at (\;, 0), symmetric with respect to the A—axis. O

We now give the set solution of the equation (&p) by using the bijective mapping & .

Theorem 3.8.2. [3] Assume that the conditions (C1), (C3) and the assumption (H2) are realized. Then,
there exists a neighborhood U; of (\;,0) in R x HZ(w) such that, the equation (&) has a unique trivial
solution for X < \; and has three distinct solutions for A > ;.

3.8.2 Perturbed case

Now we are interested in the solution set of the following equation
E—ALpl+CE—LiE— 05 =0, (M\E)eRx HZ(w), #£0 (&)

According to Proposition (3.7.4), we immediately establish the following main results about
the set solution of the equation ((%) by using the bijective mapping &, ;.

Theorem 3.8.3. [3] We assume that the conditions (C1) and the assumptions (H2),(H3),(H4) are re-
alized. Then, there exists \}(0) > \; and a neighborhood U; of (\s,0) in R x H3(w) such that, for any
d € I3\{0}, all the solutions of the (&5) in U; lie on two distinct continuous curves, one of them having

)

distinct solutions if X = \:(8), one of which is £(0), and three distinct solutions if X > \(5).

a nondegenerate turning point <)\;‘(6), é*(é)) Furthermore, the solution is unique if A < X\ (0), two

To complete this study, it remains to give the following diagram represent the solution set
of the bifurcation in Marguerre-von Karman equations. (3.1).
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Iy

Figure 3.1: Bifurcation diagram for Marguerre-von Karman equations. Unperturbed bifurca-
tion diagram represented with a dashed line; and perturbed bifurcation diagram represented
with a solid line, under the assumption that sign (0(3, ¢;)a) > 0.
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Chapter 4

Mixed finite element approximation

4.1 The biharmonic problem (The model problem)

Let w be abounded and open subset of R? with a Lipschitz-continuous boundary ~. We consider
the following Dirichlet problem for the biharmonic operator:
Find ¢ in H(w) satisfying:

A =Ff inw,

S PP (4.1.1)

We know that the operator A? is an isomorphism from H ?(w) to HZ(w), So the biharmonic

problem (4.1.1) has a unique solution for any f € H *(w).
The corresponding variational formulation of the model problem (4.1.1), which is classical
when dealing with elasticity problems in linear plate theory, consists in

Find ¢ € H3(w) such thatQ, 41.2)
au(fﬂ?) = (fﬂ?)» Vn € H0<w)'
Where a, (., .) is bilinear form defined by
o6 = [ (Bedn— (1= v nds
w (4.1.3)

= / {ALAN — (1 = v) (011£022n + 022£0111 — 201260121 } d,

with 0 < v < 1is the Poisson ratio of the plate.
(f,n) is linear form defined by:

(f) = / fod.

4.1.1 Mixed Formulation of the model Problem
Let w € H:(w), we define (0,) = ((0w)ij, 1 <14,7 < 2) by

9*w

<O.U))i7j - 8$i81’j’
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So that

[€,n] = [log, 0]] = (06)11(00)22 + (0¢)22(0)11 — 2(0¢)12(0 )12,
with this notation, we get

Proposition 4.1.1. [67] Let 0 < v < 1. Then the problem is equivalent to the mixed problem:
Find (0,€) € ¥ x ¥ satisfying :

Vr e, A(o,7)+ B,(1,§) =0, (4.1.4)
Yve N, —B,(o,v) = / fudz. 4.1.5)
Where:
g — O'g
Y= {O’ = <0ij)7 1 S Z,] S 27Uij c L2(W),0'12 = 0'21} = (L2((A))>;1,
v = Hj(w),

A(o,7) = / ({001 + 022) (111 + 2) — (1 = ) [[o, 7]} d

B (U (% /{ 011 + 0'22) Av — (1 — I/)(O'llaQQ’U -+ 0228111) — 2012612@)}6[1’
62
03318:1:]

For the regularity of solution, we have the following Proposition:

With 8,‘]‘1) =

Proposition 4.1.2. [67] Let w be a domain with a Lipschitz continuous boundary ~y. For f in L*(w), the

solution of - satisfies
¢ € H(w) N Hy(w),
oy € H'(w), Vi,j 1<i,j<2

Proof. see [51] H

As a result of this regularity of solution, where an integration by parts is used, we have the
following Proposition which gives a new Mixed formulation of the problem (4.1.2):

Proposition 4.1.3 ([67]). Under the assumptions of Proposition , the unique solution of (4.1.4)-
4.1.5) is also the unique solution of:

Find (0,€) € ¥ x ¥ such that:
VreX, Ao, 1)+ B,(1,£) =0

. . 4.1.6)
Yoe ¥, —B,(o,v) = / fudz.
Where: ~
Y= (H'(w); ={o=(0y),1<4,j < 2,05 € H(w), 012 = om},
¥ =Hj(w),
B (o,v) {01011811’ + v(01022010 4 02011020) + 02099050

+ (1 — y)(81012(92v + (92012811})}0!95.
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4.1.2 Mixed approximation

Assuming that w is a convex polygonal domain. For each value of a real parameter 4 > 0 which
tends to zero, we let (.73,) be a regular triangulations family of @, in the sense of Reinhart [67],
i.e., every triangle K € .7, contains a circle with radius Cyh and is contained in a circle with
radius C, ' h.

For each integer £ > 1, we shall denote by PP, the space of all polynomials of degree < k. Let
us introduce the two finite-dimensional spaces

2 = {on € €°@) ;YK € T, va|€ Pr}, 4.17)
2, = 2 nHy = {v, € 235 v =00n 7} (4.1.8)

We set
Y= 2, %= (20 (4.1.9)

The Herrmann-Miyoshi scheme is defined by:
Find (o4, &) € 35 X 4, such that

V71 € X, A, (Th, o) + B, (1h, &) = 0,

N (4.1.10)
Yoy, € Y, —B,(op,vp) = / fopdax.

Since any solution corresponding homogeneous problem is necessarily equal to zero, we con-
clude that these finite dimensional problems have a unique solution.

4.1.3 Convergence of the Approximate Solutions for the Model Problem

In this paragraph, we will recall the most important results of the approximations to the Model
Problem, through which we reach of the convergence of the operator 7}, which will be define
later

In the following, we consider (c,§), (oy, &) are the unique solution of the problems (4.1.5)
and (4.1.10) respectively, then we have the following estimates

L? Error Estimates

If the unique solution (o, ) of the model problem (4.1.5) satisfies { € H*(w), the following error
estimates hold:

Lemma 4.1.1 (estimate of o — oy, |[0.2).
lo = onllon < ChY?|log hl[|€]la, (4.1.11)
Proof. see [67] O
Lemma 4.1.2 (estimate of ||{ — &xlo.2)-
1€ = &nllg., < Chllog h” (1]l (4.1.12)

Proof. see [67] ]
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As a result of the two Lemmas (4.1.1) and (4.1.2) we find

Theorem 4.1.1.
1€ = &ullo2 + hlloghlllo — onllo2 < Chllog A*[|€]]a,2 (4.1.13)

Proof. see [67] ]

Corollary 4.1.1. The error between the exact solution & and the approximate solution &, may be esti-
mated in the H' norm by:

1€ = Enlla < Chi|logh|3[|€]|4s- (4.1.14)
Proof. see [67] H

L Error Estimates

Theorem 4.1.2. If ¢ € H*(w), the error estimate in the L> norm is:
1€ = &nllo,o, < Chllog hl?[[€]|az- (4.1.15)
Proof. see [67] ]

Remark 4.1.1. In the case of piecewise quadratic approximation (k = 2), Rannacher in ([65]) prove the
following estimate

Theorem 4.1.3. [65]] if ¢ € H3(w) N HE(w) and if 0 < v < 1 we have
1€ = &nll2 + hllo = anlloz < CR?[E]ls,2 (4.1.16)
if, in addition £ € H*(w) N W3 (w) then

1€ = &nllvoe + Allo = onllo.ce < CH[log b2 {[1€lls.2 + 11€]14.2} (4.1.17)

4.2 Mixed formulation of Marguerre-von Karman equations

For simplicity in notation, we write ¢! and ¢* instead of £and @, respectively. So the bifurcation
problem in Marguerre-von Karman equations becomes

A2t = [92, '] + Ao, 9] + fin w,
A*p? = =t ] + [0, 0] in w,

Yt = 9,4t =0on~,

? = 0,4% = 0on~.

(4.2.1)
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421 Weak formulation

As is well known, any smooth solution of the boundary value problem (4.2.1) also satisfies the
following variational problem

Find (A, ¥!,9?) € R x H3(w) x Hg(w) such that,
[ {a0t = ) = Ao v - F} i =0, vt € HEw) 422)
] {A%? + ' 9 = [0,0]} ndw = 0, Vi* € Hi (w).

Therefore, the previous variational problem take the particularly short forms

Find (\, 9!, 9?) € R x H3(w) x HZ(w) such that,
a, (V' nt) + by, 9%n') + L(n') = 0, Vn' € Hf(w), (4.2.3)
a, (Y, 1%) + be(', n?) = 0, V> € Hi(w),

where

a(Cm) = / (ACA — (1 - )[C )dw
b(Cy ) = / (L €] + Alfo, ¢]) o,

w

bo(C.) = / (16.¢] — [6.6]) ndw,

— / @ndw.
4.2.2 Mixed formulation
Letn € H*(w), we define (0,)) = ((0,)as,1 < a, 8 < 2) by

0%n
ayoa ayﬂ ‘

(On)ap =

Use analogous arguments as in Proposition due to Reinhart [67] for the biharmonic
equation, we show

Proposition 4.2.1. Let 0 < v < 1. Then the problem is equivalent to the following mixed
problem

( Find ((o*, "), (62,4?)) € (X x ¥)* such that,

A, (o, T)+B (T, @/}1)—0 VT e 3,
B n) = = [, {[lo% ")) + Alow,, 0']) + § } n'do, W' € ¥, (4.2.4)
,,(02,7') (T@D)—O VTEE,

(Bu(0?, %) = = [, {-] + [log, oo]]} n?dw, V* € ¥,
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where
2= (LQ(W))g = {U = (0a); 1 S, 8 < 2,045 € LQ(W),CHQ = 021} )

¥ = Hj(w),
Ay(o,7) = / {(o11 + 022) (111 + T22) — (1 = v)[[o, 7]} duw,

By(07 77) = / {(011 + 022)A77 - (1 - 1/)(01182277 + 02281177 - 2012(9127])} dw,
[0, 7]] = 011722 + 022711 — 20712T12.
Next, we obtain

Proposition 4.2.2. Assume that the following conditions
0 € Hi(w) N H(), (g0, 1) € H(7) x H(y) and f € L*(w), (425)

are realized. Then the mixed formulation of Marguerre-von Kdrmdn equations (4.2.4) may be equiva-
lently written as

Find ((o!, 1), (0%,94?)) € (i X 77>2 such that,

A,,(UI,T> + B,(1,9') =0, V7 € 3,

B0t ') = = [, {{l0% ")) + Mo, o)) + §} n'deo, Vit € 7, (4.2.6)
A,,(a2,7) B,(t,9?) =0, Vr e,

B, (0% 11°) = — [, {=llo*, ")) + [log, o0]]} n*dew, ¥* € ¥,

N

where ~
Y= (Hl(w ): = {a = (0u), 1 <, 8< 2,0, € H' (W), 015 = 021},

(‘7 n) /{810118177 + v(01092011 + O201109m) + 0209205
+ (1 — l/)(810'128277 + 820'12817’])}6&0.

Proof. The conditions (4.2.5) imply that (09).s € H'(w) and (0g,)as € H'(w). On the other hand,
since H! — LP(w),V 1 < p < oo, hence

[[o%, 0] + Allog,. o']] +§ and — ([0, 0] + [[o9, 0]}

arein L*(w). Accordingly to Proposition (4.1.3), which is related to the regularity of the solution
to the mixed formulation for the biharmonic equation due to Kondrat’ev [51]. Hence we obtain
the required equivalent with 0! = o1 and 0% = 7. O

4.2.3 Continuous operator equation
Now, in this paragraph, will be reduce the mixed formulation ((4.2.6))) to continuous operator

equation form.

1 1
and let ¢ denote the conjugate exponent (i.e, — + — = 1).
p q

. 2
Foragivene > 0,letp = 1
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We define the following two spaces

Y = (WyP(w))? x (L)) (4.2.7)
W =W (W) (4.2.8)
Let us introduce the following mapping
Go: (M X = ((W'9?),(0",0%)) ER XX — Gy(\, X) €, (4.2.9)
defined by
G, X) = (=Allow, '] = 16,07 = F, [[o", 0 ]] = [[o0, 0] ). (4.2.10)

The special notation Gy, indicates that Gy also depends on 6.
Also, we consider the following linear continuous operator

T:g=(g"9") € (H?*W)) — Tg=(n"n*),(r', 7)) € (Hj(w))* x (L*(w)))*,  (42.11)

s

defined by
AZnn — gn in w,
Nt = OV%’; = 0 on 7, k=12 (4.2.12)
Ui
ko =——— 1< <2
Ta,B ayaayﬁq = Q, 5 = 4

We have by the Sobolev embedding Theorem, H3(w) «— W, ”(w) with completely continu-
ous embedding, so (W, ”(w))" C (H3(w))' thatis W14(w) ¢ H%(w).Then we get:

Lemma 4.2.1. [67]
T e ZLW;%) iscompact operator . (4.2.13)

Finally, the mixed formulation (4.2.6) is reduced to a continuous operator equation, as fol-
lows

{Fmd (A, X) € R x & such that, (4.2.14)

F(\X) =X +TGy(\ X) =0.
4.3 Discrete problem

In this paragraph, we use the same finite-dimensional spaces that we defined in (4.1.2) for
discrete problem of biharmonic operator

2 = {m € €°(@);VK € T, mn|xe€ Pr} (4.3.1)

200 = 20 A gl (w) = {nh e 2;";vI node of 1 € v, (I) = 0} : (4.3.2)

Where, (:7,) be a regular triangulations family of &, every triangle K € .7, contains a circle with
radius Cyh and is contained in a circle with radius C 'h, h > 0 which tends to zero.
[P, the space of all polynomials of degree less than or equal to k.
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We set
V=200 5, = (), (43.3)
and
W, = V2 x 33 (4.3.4)

Therefore, the mixed Herrmann-Miyoshi scheme of (4.2.6) is defined as

( Find ((0}, 1), (02,47)) € (X, x #,)° such that,
A (3, Th) + By (Th, ¥y) = 0, Y7, € Xy,
By(oknb) = = [ {1lo2, ol + Allow,, o] + &} nidw, v € 7, (435)
A, (02, 7) + By(Th,wz) =0, V1, € 24,

(B (0h ) = — [, {=llohs o] + [loe, o6ll} midw, Vi € Y.

We define the following linear operator
Th:g9=(9"9") € (H (@) — Tug = (1), (74, 7)) € Zh, (4.3.6)

where T},g is the unique solution of

Al/(gthh) + Blj<gh7lr]h) = 07v§h S Eh; o — 1,27 (437)
BV(T;:?Ch) =—< gl{7<h >7\V/Ch S 7/}1,

where < .,. > is the duality pairing between H!(w) and H;(w).
We infer from the definitions of the operators 7}, and Gy that the scheme (4.3.5) is equivalent
to the following discrete operator equation

{Find (A Xn = (¥}, %7), (o}, 07))) € R x %, such that, (4.3.8)

Fh(/\,Xh) = Xh -+ ThGQ()\7Xh) = 0.

4.4 Approximation of a branch of nonsingular solutions:
General case

In this section, we will remember the main Theorems that proven by F. Brezzi et al in [13]], which
relate to the existence and the convergence of the approximate problem of the following form:

F(\u) = u+ TG\ u). (4.4.1)

Where G : A x V' — W is mapping of class ¢, with A be a compact interval of R, V and W be
two Banach spaces.
The operator 7' : W — V be a linear continuous mapping (ie 7" € Z(W;V)).

In all the sequel, We assume that:

(i) for all (A\,u) € A x V, the operator T'D,,G(\, u) € Z(V; V') is compact
(ii) there exists a branch { (A, u()\)); A € A} of nonsingular solutions of the equation

F(\u) = 0. (4.4.2)
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The nonsingular solutions of the equation (4.4.2), in the sense of Brezzi et al. [13], means that:

A — u()) is a continuous function from A into V
F(Au(N) =0, (4.4.3)
D, F(X, u())) is an isomorphism of V,

So, the implicit function theorem show that the mapping A € A — u(\) isa ¢ function from

Ainto V. o
Let us introduce three Banach spaces V', W and Z such that

Z <V <V, W < W with continuous embeddings, (4.4.4)

We assume that, for u € Z, DG(), u) may be extended as an operator of .Z(R x V; W) with the
following properties:
(i) for (A, u) € A x Z, the operator

TD,G(\ u) € £ (V;V)is compact (4.4.5)

(i) the mapping (\,u) € A x Z — DG(\,u) € Z(R x V;W) is Lipschitz continuous on the
bounded subsets of A x Z , i.e. there exists a function L : RT x R — R* monotonically
increasing with respect to each variable such that for all A\, \x € A, and all u,ux € Z

. . . . (4.4.6)
< LN+ [l 2 s (AL Tlull2) (A" = Al 4 [lu” =l )
Moreover, we suppose that for any A € A, u(\) belongs to Z and the function
A — u(\) is a continuous function from A into Z. (4.4.7)

Now, we define the approximate problem of (4.4.1)
Let V}, be a finite-dimensional subspace of the space Z, where . > 0 is a real positive parameter
which will tend to zero and an operator 7}, € .2 (W, V},). We set:

Fh(/\, uh) = up + ThG()\, uh). AENu, eV, (4.4.8)

So, the approximate problem consists in finding a pair (A, us) € A x V}, solution of the equation

The following Theorems show the existence of a branch (A, u;(A)); A € A of solutions of the
equation (#.4.9)) which approximates the branch of nonsingular solutions of under spe-
cific assumption:

We assume that the following inverse inequality holds

[vnllz < Ch7"||unlly (4.4.10)

for some r > 0 and for all v, € V},, with C' > 0 be a constant independent of i and .
Moreover, we suppose that there exists a function IIu : A — II,u(\) € V}, such that

|pu(X*) = Hpu(N) ||y < CIA" = A forall A, \* € A (4.4.11)
and
lim sup||u(A) — Ipu(A)||z =0 (4.4.12)
h—0 xeA
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Theorem 4.4.1. Assume the hypotheses (4.4.5), (4.4.6), (4.4.7), (4.4.10), (4.4.11) and (4.4.12). Assume
in addition that:

Then, under the condition
lim suph ™" || Ff, (A, Hpu(N)) ||y = 0, (4.4.14)
h—0 AEA

and for h < hqg small enough, there exists a constant b > 0 independent of h and a unique €' mapping
A€ A — up(N) €V, such that forall A € A

Fh()\, uh()\)) = 0,

4.4.15
Jun(X) — Tau(W) g < bh” (419
Moreover, we have for some constant K, > 0 independent of h and \:
un(N) = w) g < Ko {lud) = Ty + 1T = TGO u())p (4.4.16)
Proof. see [13] ]

Remark 4.4.1. [13] We can replace the condition (4.4.14) in Theorem with the following relation
tiag sup h [u(A) = Hpu(A) [y =0,

4417
lim sup h™"||(T}, — T)G(\, u(XN))|ly = 0. ( )
h—0 xeA
Corollary 4.4.1. [13] As a result of Theorem , we obtain
lim sup||up(A) — u(N)||y =0 (4.4.18)
h—0 xeA

The next Theorem proves the approximate of the first derivative u/(\) of the function u()),
for that, let we introduce the following mappings:

FOAX V2V,
GV AX V=W, (4.4.19)
FV A X VE 5V
where
FU (2,9,9V) = Dof(a,y) + Dy f (2,y) y
We introduce a function IT,u’ : A € A — TI,u/(\) € V), and we assume that

lim sup A" ||’ () — IL,u'(N) ]|y = 0, (4.4.20)
h—0 xeA

Then we get:
Theorem 4.4.2. Assume that the assumption (4.4.20) and the hypotheses of Theorem are realized.

Then, we have for some constant K, independent of h and A
[, (A) = ' Wy < Bl [lu(A) = Tu) g + 1T = T) GO, u(N) ]
+ [[u(A) = Mhu(N|z + [lv'(A) = ' (V)] (4.4.21)
+ (T = TG (X u(V), w'(V)lly)
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Proof. see [13] H

Corollary 4.4.2. [13] Under the additional hypothesis and using (4.4.12) and (4.4.20), and as
a consequence of the Theorem we obtain

lim sup||up(A) — u(A)||y =0 (4.4.22)

h—0 xeA

Finally, it remains for us to prove the approximation of the m‘* derivative u(™ () of u()\);
for this purpose, we suppose that the mapping:

GAxV =W
(A u) = G(A )

is a ™ mapping, for m > 2. So, the function u : A € A — u(\) is of class 4™, and we suppose
that, for u € Z, the I"" derivative D'G(\,u) € Z(R x V;W),2 < | < m, may be extended as a
l-linear continuous operator of (R x Z)"~* x (R x V) into W, such that for all \, \* € A and all
u,u* € Z

HDIG()\*, u*) — DlG()\a u) H,ZL(RXZ,‘..RXZ,RXV;W)

. . . . (4.4.23)
S LA [Hlullz A T +Hlullz) (A=A [ +Hlu" —ullz), 2<T<m.
Moreover, we assume that
the function A — w()) is of class €™ ' from A into Z (4.4.24)

As in (4.4.19) we introduce the following mappings, which define by induction
FO A VT SV,
GO A x VI W,
FV:AX VY 5V, 2<i<m

Where +1 1 +1 l 1 l
f(”(x,y,y”,---,y”))zl?f”(:vyy” y“)

+ Dy fO (2,5, 4V, . y0) y + ZDymf 2,9,y oy )yt

We introduce a function IT,u : A € A — ,u()\) € V},, 2 <1 < m and we suppose that

lim sup [|uP(N) = uP(N)|z=0 1<I<m-—1
h—0 xeA

L@\ e —
Jiap, sup [u®(X) = u®(A)|ly =0

(4.4.25)

So, we get

Theorem 4.4.3. Assume that the hypotheses (4.4.23), (4.4.24), and (4.4.25) hold. In addition, we assume
that all the hypotheses of Theorem are realized. Then, A — uy(\) is a function of class €™ from
A into V}, and we have for some constant K,, > 0 independent of A and h
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uy™ () = u™ M\ l5 < KB ([[u(N) — Muu(N)[|¢ + 1T = TGO, (V)|
+ AU (X)) = u(N) | 2

£ 3RO ([ () = T W) + (T = TGN ! A p)
i=1 (4426)
Proof. see [13] .

4.5 Approximation of a branch of nonsingular solutions for
Marguerre-von Karman equations

In the third chapter of this thesis, we concluded that there are two branches of solutions to
the bifurcation problem in Marguerre-von Karman equations, and this for A in the neighbor-
hood of the characteristic value )\, of the linearized problem and for small second side (i.e
(A2)1 f + 0|2 is small). one of these branches is a branch of singular solutions and the other
is a branch of nonsingular solutions.

We rememeber that in the sense of Brezzi et al. [13] {(\, X (A)); A € A} is branch of nonsin-
gular solutions of the operator equation (4.2.14), i.e.,

A — X () is a continuous function from A into %/,
FAX(N) =0, (4.5.1)
Dx F(\, X (A)) is an isomorphism of %/,

under the assumptions that
A is a compact of R. (4.5.2)

Therefore, we want to prove the existence of a branch {(\, X,,(\)); A € A} of solutions of the
discrete operator equation (4.3.8) which approximates the branch of nonsingular solutions of
the continuous operator equation (4.2.14). For that purpose we will check the conditions of the
Theories (4.4.1), (4.4.2), (4.4.3).

Let we define the following spaces

Y = (Hyw))? x (L2w)y)*, # =(H'W)? 3=Wp"(w)) x (L*w))?, (4.5.3)

satisfying )
3—=% =%, W — W with continuous embeddings, (4.5.4)

2
where p = e with ¢ > 0, arbitrary small.

—€

Throughout this Section, we always denote by C' > 0 a generic constant independent of A
and h.

We assume that

A — X ()) is a continuous function from A into 3. (4.5.5)
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We gather in the next lemmas some auxiliary results, which are essential for the proof of

Theorem

We begin with the following approximation properties of the operator 7},. This result was
proven by Reinhart in [67] based on the results of approximation properties of the biharmonic
problem that where found in the previous paragraph.

Lemma 4.5.1. [[67)] Forall g € W , we have the estimates
(T —Ti)gll; < ChY?|loghl|gll (piecwise lineare element). (4.5.6)

(T —Th)gll; < Chligll,, (piecwise quadratic element), (4.5.7)

where
lglly = (19" 1210 + l9°1121.) "% with g = (g', g%),

Yz = (' + 17?13, + 1750 + 1721801 with Y = (", 7?), (7', 7%)) € .

Now, we will check some properties the mapping DGy(\, X).

From We have
G9()‘7 X) = <_/\[[090701]] - [[01702]] - f, [[01701“ - [[09709]]> . (458)
clearly that

Dy\Go(\, X)) = (—[[og,, 0], 0),
and for all X = ((v'},¢?), (¢!,0%))and Y = ((n',n?), (7}, 7?)), we have

DxGs(\, X) Y = Go(A\, X +Y) — Gy(\, X)

= (Allow: 0" + 7] = [l0" + 7, 0% + 7] = £, [l6" + 7", 0" +7']] = [[ow, o]
= (<Allooy, ') = [l 0% = £, [l 0"]] = [[o0, o]}
= (~[Moa, 7 H [ ol = [lo', 1), [ o+ (e, )
= (=[og, + o 7 = [0, 7], 2([o", 7))
(4.5.9)
Consequently, we get the following two Lemmas.
Lemma 4.5.2. For (A, X) € A x 3, we have
TDxGe(\, X) € L(¥, %) compact. (4.5.10)

Proof. From (4.5.9) we have:
DXG@()VX) Y = (_H)‘U@o + 0-277-1]] - [[017T2]]7 2[[01771]]) )

The condition (4.2.5) imply that oy, € H'(w) C (LP(w)?), thenIf X € 3and Y € %, we have

11 1
DxGy(\, X)-Y € L*(w)?, where -~ =~ + 3 (s>1)
s p
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thatis DxGo(\, X) - Y € L7 (w)?, so by the Sobolev embedding theorem we get:

DxGy(\,X) Y € H ' (w)?

. By the same argument for (0y,) € (LP(w)?) we get Di\Gy(A, X) € L*(w)?, (s = 7%).
Hence, for X € 3, DGy(\, X) € Z(R x %, #') and

1DGo(X X)| pxa ) < C X5

and since T € L (#,%) is compact, then from the Proposition (1.2.1) we conclude that the
operator TDxGy(\, X) € L (¥, %) is compact for X € 3. O

On the other hand, we have the mappings X — DxGy(A, X) and A — D,Gy(A, X) are
linear continuous mappings, we conclude the following Lemma

Lemma 4.5.3. The mapping
AMX)eRX3 = DGN\X)e ZRx Y, ¥), (4.5.11)
is Lipschitz continuous on the bonded subset of A x 3, that is there exist a constant C' such that

IDGy(A, X) = DGo(N", X7) | gmuar iy < CHIA= A+ [ X = XI5},
YA € A2 V(X,X*) €32 (45.12)

Moreover, since D*>Gy does not depend on \ and X, then this implies that
D™Gy is Lipschitz continuous for m > 1. (4.5.13)

Remark 4.5.1. We have
DGy(\, X) = DGo(X, X) = DG(), X), (4.5.14)

where DG (X, X)) is defined in [671, as follows
G()‘7 X) = (_)‘[[0907 Ul]] - [[017 02]] - f7 [[017 Ul]]) : (4515)

Now, we consider a uniformly regular family of triangulations .7,. Therefore, the following
inverse inequality is valid

21 (k)
Innllkp < Che™ |Innllke, Yon € 25 (4.5.16)

This implies
1Y ulls < Ch5[[Y s

7, VY, € %, (4.5.17)
Let 7, be the classical interpolation operator defined by

™ Y = (n,7) € (H(w) N Hy(w))* x (H'(w)g)* — mY = (nmy, 70) € %h, (45.18)

where the function 1, € ¥;? interpolates n at the usual finite element nodes and 7, is the

orthogonal projection in (L?*(w)?*)? of T onto the space X7.
Finally, we will also need the following result.
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Lemma 4.5.4. [67] If n € (H*"'(w))? and T € (H"(w)?)?. Then
1Y = mY ||y + 2[Y = 7Y |5 < ChM{[nllesiw + |17 [lew}- (4.5.19)

We now give the main result of this chapter.

Theorem 4.5.1. Assume that the hypothesis (4.2.5) and (4.5.2) hold, and that {(\, X (\)); A\ € A} isa
branch of nonsingular solutions of the Marguerre-von Kdrmdn equations (4.2.14). Then, for all ¢ > 0
sufficiently small, there exists a constant b. > 0 independent of h and, for h < ho small enough, a unique
branch {(\, X,(X)); X € A} of solutions of the discrete operator equation such that

sup|| X (\) — Xa (N5 < bohe (4.5.20)

A€A

Furthermore, \ — X1, () is a function of class € from A into %,. If, in addition, (', ¢?) € (H*(w))?,
we obtain the error estimates

195 () = Y™ W) |2z + 105 0) = ™ N2y < C-L(R), (4.5.21)

where the exponent (m) means the derivative of order m with respect to X\, ¢ = (Y*,4?), o = (o', 0?),
C: > 0 is a constant independent of h and X\, and

L (h) = hz=™ |logh|  (linear elements),
S VA (quadratic elements).

Proof. We Want to apply Theorems (4.4.1), (4.4.2) and (4.4.3).

First, use (4.5.6) and (£.5.7) gives

i ([T =Tl 7 ) = 0. (4.5.22)

It follows from that G, is a mapping of class €, so that we have
A — X (M) is a function of class € from A into %/ (4.5.23)
Using the continuity of the mapping A — X (), we get
[ X (A) = T X (N[l S C A= A", VA A" € A, (4.5.24)

From (4.5.19) with k = 1, we obtain

sup { [ X () = mX W)l + BEIX () = mX )5} < C,

AEA
YAe A,m >0, (4.5.25)
where X © stand for X.
Then, the above relation implies that
lim sup || X™(\) — 7, X™ ()3 =0, (4.5.26)
h—0 AEA
lim sup | X™(\) — 1 X™ ()| = 0, (4.5.27)
h—0 AEA

76



lim sup h || X ™ (\) — 1, X™ (N5 = 0. (4.5.28)

h—0 xeA

Taking into account the Lemma we obtain

lim sup h™°||(T" — 15)Go(A, X (N))]|.7 = 0. (4.5.29)

h—0 xeA

On the other hand, we have

[FR(A mn X (M)l < CHIX(N) = mX (M)l + (T = Th)GA, X (A))]5} (4.5.30)
hence it follows from (4.5.28) and (4.5.26)) that
lim sup b= F,(\, . X (\))||,5 = 0. (45.31)
h—0 xeA

In conclusion, for (4.5.12), 4.5.5), (¢.5.17), (4.5.24), (4.5.26), (4.5.22), (4.5.31), (4.5.27), (4.5.13)
and (4.5.23)), we check all the assumptions of Theorems (4.4.1), (4.4.2) and (4.4.3), with r = «.

Then, we show that there exists a constant b. > 0 independent of i and, for h < hy(e) small
enough, a unique function of class €*: A € A — X ,(\) = (¢,(A), o1(N)) € %, such that

Fu(A\, Xn(N\) =0, VA € A. (4.5.32)

Furthermore, (4.5.20) and (4.5.21) hold. l
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Conclusion and perspectives

In this thesis, the problem of bifurcation in the Marguerre-von Karman equations was treated,
starting from the bifurcation points and moving to the branches of the bifurcated solutions
from the trivial solution. We also treated the perturbed bifurcation problem in these equations;
finally we arrive at the existence of two branches of the solution, one of which is a branch of
non-singular solutions and the other is a branch of e—singular solutions, and we based our
study on generalizing the results of Ciarlet [29] from the plate to shallow shells under some
assumptions on the function #, which defines the middle surface of the shallow shell. In the
second work of this thesis, based on the methods and techniques are due to Reinhart [67] and
Brezzi et al. [13], we studied the numerical approximation of the branch of nonsingular solu-
tions of Marguerre-von Karmén equations for nonlinearly elastic shallow shells; Also Under
some assumptions on the function 6.

If we restrict our attention to the important case where function § = 0 in w, the shallow shell
becomes a plate. Then we recover the numerical approximation for the branch of nonsingular
solutions of the von Karman equations, which was done by Reinhart [67]. Also, we recover the
bifurcation problem in von Kdrman equations, which was done by Ciarlet [29].

In our future work, we shall study the numerical approximation of the branch of singular

solutions with a turning point and a bifurcation point for the Marguerre-von Kdrmdan equations.
Then we study the numerical experiments that justify these theoretical results.
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