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ABSTRACT

This thesis focuses on event-triggered state estimation problems within the context of cyber-physical
systems (CPSs), aiming to develop new event-triggered estimators for nonlinear and Gaussian/non-
Gaussian systems. Event-triggered state estimation has been a prominent area of systems research
for several decades, with successful applications in diverse fields such as signal processing, target
tracking, and navigation systems. This approach offers a promising solution to data traffic congestion
by facilitating aperiodic, event-triggered information exchange between sensors and estimators.
The motivation for this research stems from the resource limitations inherent in CPS applications,
such as wireless sensor networks, and the increased computational burden associated with calculating
optimal state estimates under event-triggering conditions. In this work, we address several practical
challenges encountered in the field and endeavor to advance the state of the art in event-triggered
state estimation.

In the first part, we provide a brief introduction to the problem of systems under event-triggering
conditions and outline the main theory using probabilistic inference, where the problem is addressed
with Bayesian state estimation.

In the second part, we present the necessary theory for event-triggered state estimation, where the
Gaussian assumption are discussed to approximate the posterior Probability Density Function (pdf).
Here, the problem is reduced to one of the approximated nonlinear type of Kalman filters.

In the next part of this research, we assume that the posterior pdf is no longer to be Gaussian.
Therefore, we develop an event-triggered particle filter to approximate the non-Gaussian posterior.
The pdfs are approximated based on Monte Carlo simulations using a set of particles and weights.
However, computing the particle weights based on the event trigger condition can lead to a compu-
tational burden. To address this issue, a Bayesian constraint is developed.

Finally, we study the effect of packet dropouts on the performance of state estimators, specifically
focusing on particle filters. Packet dropouts, caused by imperfect communication channels, are
unavoidable when information is transmitted through a communication network. We first develop a
nonlinear particle filter to reduce the estimation error. Using a special form of the sequential Monte
Carlo algorithm, the posterior distribution is approximated, and the corresponding minimum mean-
squared error is derived. By contrasting the error covariance matrix with the posterior Cramér-Rao

lower bound, the estimator’s performance is assessed.



Keywords: Event Trigger, Remote estimation, Particle filter, Gaussian distribution, Nonlinear

filtering, Packet Dropout.
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1.1 Overview

This chapter will first describe the broad problem domain addressed by the body of work presented
in this thesis. After this, a compact literature overview of related work in the field is given. Finally, a
summary of the specific contributions of the work presented in this dissertation as well as a overview
of the thesis itself is provided.

1.2 Cyber-physical systems

Cyber-Physical Systems (CPSs) are often regarded as "smart" systems that interact with humans
through various interfaces, enhancing the physical world by integrating communication, computa-
tion, and control. Essentially, CPSs can be envisioned as (wireless) networked systems comprising
numerous distributed, interconnected, and autonomously functioning nodes, all managed and reg-
ulated by computer-based algorithms within the cyber realm. In other words, CPSs represent a

seamless integration of physical components, computational processes, software elements, and net-

working technologies, each functioning on a distinct scale.

Communication Channel

A

Decision- maker Layer

(b)

Figure 1.1: Cyber-Physical Systems (a) Societal-Scale CPS and indistry 4.0 [4] (b) Networked group of
drones as CPS.

CPSs are revolutionizing networks of physical and computational components, playing a pivotal
role in the design and development of next-generation airplanes [1], fully autonomous vehicles [2],
and hybrid vehicles [3]. On the other hand, a specialized branch known as human-in-the-loop CPSs
is being explored, where brain signals control physical objects to deliver futuristic smart services,
potentially enhancing various aspects of our quality of life.

In the near future, CPSs are expected to permeate every facet of our world, bringing about
unmistakable and significant changes. Just as the rapid advancement of the internet has transformed
our interaction with information, CPSs will further extend the boundaries of information technology
through their interactions between the physical world and humans. The impact of CPSs on social
structures, the economy, and society is undeniable, as they represent a new generation of systems
that combine computing and communication efficiencies with physical and engineered systems.

However, these exciting benefits come with a downside: the effects on the physical world are

uncertain, presenting numerous challenges and research opportunities within the CPS domain.
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Recent advancements in distributed signal processing techniques for CPSs are swiftly integrating
into various aspects of our daily lives. A notable innovation in this field is the production of
small, affordable electronic devices (sensors) with various modalities, capable of measuring a wide
range of physical characteristics, such as light intensity, temperature, optical back scatter (OBS),
seismic activity and fluorescence. These advanced sensors can communicate with each other and
other devices, enable them to efficiently collect and store data for subsequent processing as required.
Depending on the application, these sensors can transmit their observations through wired or wireless
means.

By integrating numerous local processing nodes (sensors), networked systems such as sensor
networks, agent networks (AN) [5], Robotic Networks [6], Camera Networks [7] and Networks of
Unmanned Aerial Vehicles (UAV) [8] the CPS system are created, see in figure 1.1. These evolving
sensor technologies play a crucial role in the design and functionality of these networks, facilitating
their growth and enhancing their capabilities. Cyber-physical systems typically facilitate informa-
tion exchange between physical and cyber components via wired or wireless communication channels.
Wireless communication offers advantages like reduced wiring costs but necessitates careful man-
agement of communication resources. Generally the cps system can be structured from three layer.
The physical layer that contain the physical system with sensor that sense the variation state of the
system and actuator that apply any control. The second layer is the layer of transport, which rep-
resent communication channel with wired or wireless network and different nodes. the last layer is
the Decision maker layer where the observation treated and the signal Processed and state estimate

to um with system decision and intelligent control as presented in figure 1.2.

Monitoring Control
Decision- maker Signal Prqces;mg, Systgm Decision,
State Estimation Intelligent Control
Layer -t l—
Node Node
Real-time \ 4
data acquisition Real-time
And Channel system
Transport Layer ing X S
P Y processing 7 decision and
Node Node

control

VPNV ISR f ____________________ l ________ | I —

W Control
Sensor
Command

Data Executing
Acquisition Agency

Physical Layer

Physical System , Robots, UAV, Industrial Production.

Figure 1.2: The block diagram of the CPS layer.

For instance, in the physical layer, the energy management is critical due to the wireless sensors
and processors often operate on limited battery energy. Additionally, in the cps system, the state
of the system tracked by one or N sensor. Thus, a large amount of data is transmitted from
sensor to the decision layer via transport layer, using band-limited networks for communication
between sensors, state estimators, controllers, and actuators can pose challenges such as transmission
delays and packet dropouts. In the traditional approach, signals are transmitted periodically or
according to a time-triggered schedule, meaning activities occur at predetermined intervals. While
this approach is straightforward to implement, it often have the following drawbacks, the sensor
periodically transmit the senor measurement consumes the power resources. In addition the amount

of sensor data transmitted excessive bandwidth for limited communication channel which can lead
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Communication Channel

A

Save power resources ?

(9

Pécket dropout
acclyy, e

*Communication
Channel

Physical System
Limited
communicatio
n channels?

Decision- maker Layer

Figure 1.3: Block diagram for CPS drawbacks.

to measurement delay and packet dropout see figure 1.3.

To address the aforementioned problem and its drawbacks, communication should occur only
when necessary information needs to be exchanged between system components. This can be
achieved by using intelligent sensors to reduce data, thereby saving power and communication re-
sources. Additionally, a new estimation technique needs to be designed to manage the challenges
associated with reduced data see figure 1.4. Event-triggered data transfer and state estimation

presents a promising solution to optimize communication efficiency in such scenarios.

Monitoring Packet dropout

Signal Processing, accurs?

Decision- maker g
State Estimation

Nod: D es | g n
Real-time : 5
data acquisiion @ effective filter

And
Transport Layer | processing  /*

I N - Save power resources ?
Sensor Limited communication
Physical Layer . L channels?

Acquisition

Intelligent sensor
with event trigger

Figure 1.4: CPS with intelligent sensors.

1.3 Event-trigger State Estimation

An Event-Trigger State Estimation (ETSE) approach has been developed to address real-time com-
munication and power constraints (such as limited bandwidth, limited battery capacity, and time
delays [13,14]). Unlike the traditional time-based approach where the sensor communicate its obser-
vation periodically, in event-trigger approach the sensors measurement transmitted if the specified
triggering conditions are violated which significantly reduce the number of transmission tasks. This
approach not only enhances efficiency but also optimizes resource utilization in CPS. The ETSE is
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constructed from two categories: the first is the event trigger approach in the physical layer, which
focuses on developing an event trigger mechanism for intelligent sensors. In this approach, the mea-
surement transition is judged by an event trigger condition as shown in figure 1.5. Recently, several
event-triggered sampling techniques have been developed in the literature, including [9-12]: Innova-
tion Level Based Event Trigger (IBT), Send On Delta (SOD), covariance-based, stochastic, among
others. The second category is the event trigger estimator in the decision maker layer, which provides
an estimated state with acceptable performance.The integration of event-based sampling with state
estimation techniques, termed as Event-based State Estimation (EbSE), introduces several design
constraints. These include effectively managing missing information and addressing induced non-

linear behaviors. Over the past decade, ETSE has garnered significant attention in the literature.

* l

Plant —> Sensor

Figure 1.5: Intelligent sensor with an event trigger mechanism.

For instance, Ribeiro et al. [15] derived an optimal estimator using a binary indicator bit based
on the measurement’s sign to approximate Root Minimum Mean Square Error (RMSE). Sijs and
Lazar [16] developed a stochastic state estimator adaptable to different event-sampling strategies.
The work in [10] presents an event-based sensor data scheduler that balances communication rate
and estimation quality effectively. Additionally, an innovation-based event-triggered communication
algorithm for maximum likelihood state estimation is proposed in [21]. In this thesis, our work
focuses on the first category, where we develop a new event trigger estimator under certain system
constraints and environmental assumptions. We consider constrained CPS systems with limited
bandwidth and power resources. Specifically, we address the challenge of how the remote estimator
can accurately estimate the true state, such as determining the position and orientation of a mobile
robot.

To estimate the true state under these constraints, we design a remote estimator based on
information about the system state and the data provided by the sensors. We formulate the system
model as a problem with a dynamic state space model representing the CPS system. By employing
probability theory, we reason about the true state under conditions of uncertainty with measurements

and the information of the trigger mechanism.

1.4 Problem formulation

We consider the nonlinear dynamic state-space model of a CPS system
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Tpt1 = f(xg) + wi (1.1)
zr = g(zg) + v (1.2)

With zy, is the state vector where the initial state xo sampled from 7, zx is the sensor measurement,
f(.) and g (.) are nonlinear functions for the state and observation, wy and vy are uncorrelated white

noises that follows sampled from p,, and p,, respectively.

1.4.1 Event trigger mechanism

We consider the constraint system with limited communication and power resources. Thus, an
event-triggered mechanism [9] equipped in the sensor to reduce the communication burden and
energy consumption as illustrated in figure 1.5. Explicitly, after the measurement is collected by the
sensor, an event trigger condition decides whether the sensor communicate its measurement into the

located remote estimator. Let «; be the decision variable

1, the measurement is transmited
Ve = (1.3)
0, the measurement is not transmited.

If v = 1, the sensor transmit the current measurement to the located remote estimator. Otherwise,
no measurement is transmitted. Therefore, the triggered measurement in the estimator y; can be

represented as

T w=t (1.4)

{2z € Zx}, % =0.
Where zj, is the measurement in the sensor, and =} is the trigger information (condition), For the
non trigger case ( yx = 0), the remote estimator have knowledge that the current measurement 2z
belongs to the trigger condition =} that falls within the set of all possible measurement values of the
sensor at time instance k that satisfy the non trigger case. Here, Z represents the last transmitted
measurement. The commonly used deterministic event triggered conditions that define the trigger

set = are given as following sections.

1.4.1.1 Send-on-Delta event trigger

The SOD condition stands as the most frequently employed event-triggered condition. However,
in SOD condition the sensor measurement z; only triggered if the distance between the current
measurement z; and the last transmitted one zZ more the threshold . This concept of the SOD

condition can be formulated as described in (1.5).
Zr ={yr e R™|(z1, — Z)T(Zk —Z)< ¢} (1.5)

1.4.1.2 Innovation level based event trigger

The IBT the sensor trigger its measurement, if a disparity between the current observation zj and its

one-step prediction E[yg|y1.x—1], reflecting the level of innovation within the current measurement.
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Hence, the mathematical representation of the IBT is delineated in (1.6).
Zr = {2 € R™|(zr — Elyklyrn-1])" (2 — Elyrlyrr—1]) < &} (1.6)

In the literature, both the SOD and IBT mechanisms exhibit certain drawbacks. The SOD mech-
anism imposes stringent requirements on the system, potentially failing to meet high accuracy de-
mands for state estimation. Conversely, the IBT mechanism necessitates data return from the
remote filter to the sensor, thereby increasing communication bandwidth. However, this issue can
be mitigated by equipping the sensor with a local filter. Using local filter on the sensor can solve the
problem of feedback from the remote estimator but require more computation resources and more
cost. Thus, in our thesis we assume that the CPS unit computation is limited and we only use the
SOD mechanism as the sensor trigger condition, and we design our filter based in this triggering
strategy.

By using one of the SOD event trigger mechanism , all the information received at the remote

estimator become as follow
Y1:k = {7121, YRRk V1 ~~~7'Yk} (1-7)

In next section, using the probabilistic inference will compute the information about the state xy

given all the observation y;.-

1.4.2 Probabilistic Inference

Using probability theory, the ETSE problem can be considered a special case of estimating the
hidden variables of the system in an optimal and consistent manner, given noisy observations. This
is illustrated in Figure 1.6, which shows the system when the measurement is triggered, and Figure
1.7, which shows the system when the measurement is not triggered. In the context of sequential
(recursive) probabilistic inference within discrete-time nonlinear dynamic systems, the hidden system
state xy, initialized with a probability density p(zo), evolves over time. Here, k represents the
discrete time index, and the system state evolves as an indirectly or partially observed first-order
Markov process, following the conditional probability density p(xg|zix—1). The observations yy are
conditionally independent given the state and are generated according to the conditional probability
density p(yr|zk). The state transition density p(xg|zr—1) is determined by the function f and the
process noise distribution p(wy), while the observation likelihood p(yx|xy) is fully determined by

the function h and the observation noise distribution p(vg). The problem statement of sequential

Yk—2 Yk—1 Yk

observed

Unobserved

p(l’k|1’k71)

Figure 1.6: Black diagram of probabilistic dynamic state-space model with noisy measurement.

probabilistic inference in the Dynamic State-Space Model (DSSM) framework, as discussed above,
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2K € =k
*
observed Pz € Silw)
Unobserved I
(zx|vE-1)

Figure 1.7: Black diagram of probabilistic dynamic state-space model with non trigger measurement.

can now be framed as follows: How do we optimally estimate the hidden system variables in a
recursive fashion as incomplete and noisy observations become available online? This issue lies at
the heart of numerous real-world applications in various fields such as engineering, bioinformatics,
environmental modeling, statistics, finance, econometrics, and machine learning. In a Bayesian
framework, the posterior filtering density is updated recursively to incorporate new observations and
provide the best possible estimate of the hidden variables. In other word, the posterior described as
p(zx|y1.x) which is the pdf of the state xj given all the observation y1.5x = {y1, Y2, .-, Y }

The posterior filtering density constitutes the complete solution to the sequential probabilistic
inference problem. It allows us to calculate any "optimal" estimate of the state, such as the con-
ditional mean, by recursively updating the probability distribution of the hidden variables as new,
incomplete, and noisy observations become available. This approach ensures that the most accurate

and up-to-date estimates of the state are maintained over time with conditional mean

Ty = Elze|yre] =/ rep(Tr|y1x)dey (1.8)
RTL

The problem statement can thus be reformulated as: How do we recursively compute the posterior

density as new observations arrive online?

1.5 Recursive Event-Triggering Bayesian estimation

In this section, we introduce the recursive event-triggering Bayesian estimation as an optimal solution
to the event trigger posterior pdf. However, with the dynamic state-space model of the system and
Bayes’ rule, the arrived observations and the information contained in the event trigger condition

are used to update the recursive pdf.

1.5.1 Recursive Bayesian estimation

We assume that the state vector xj and the measurement y;, are Markovian, as detailed in Appendix
2. The recursive update of the posterior density can be expanded and factored into the following
form [32, p. 5]:
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p(y1:k|wr)p(Tk)

P\ZTk|Y1:k) =
(=l ) P(Y1:x)
_ Pk, yrk—1ler)p(er) (1.9)
P(Yks Y1:6-1)
_ P(klya:e—1, w)p(er)p(yrek—1|er)
P(Yklyrr—1)p(y1:r—1)
Using of Bayes rule (see Appendix A.1) to the last rights term in equation we have,
~ pWrlyrk—1, TR)p(2R)p(Tr|Y1e—1)P(Y1:k—1)
p(xk|yl:k) =
PYk|y1:e—1)P(Y1:e—1)p(zk) (1.10)
_ P(Wklyr:e—1, 2k)p(k|yre—1)
P(Yrly1:e-1)
Then using the conditional independence of the observation given the state,
PUYk | Tk )P\ Tk |Y1:k—
p(eilyss) = PURERIP(TEY 1) (1.11)

P(Yk|Y1:k—1)

Considering the previous posterior pdf p(xx—_1|y1.x—1) has been obtained at time & — 1, then the a

prior conditional pdf is derived as,

p(l'k|y1:k—1):/ p(zk|re—1)p(Tr—1|y1:8—1)dTR—1- (1.12)
Here, p(yg|xr) is the likelihood of the observation given the state, and p(zp|zi—1) is the state
transition density specifies the knowledge of the model (2.1). The integral represent the prior
density updated with the new observation yi. the pdf p(yx|y1.x—1) is normalizing factor given by,

p(yk|y1:k—1):/ P(yr|zr)p(Tr|y1e—1)dxy. (1.13)

R™

We note that the derivation of the Recursive Bayesian estimation can be obtained recursively in
two stages; (I) the time update where we suppose we have the pdf p(xx_1|y1.x—1) at time k—1 , based
on the system model in 2.1 the prior density can obtained. (II) the second stage of measurement
update can obtained based on the prior in time update and the available measurement ¥ and the

information based on event trigger z;, € =) and the process model in (2.1).

1.5.2 Event-Triggering Bayesian estimation

In this section, the recursive Bayesian equations with of event trigger are presented as time update

and measurement update.
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1.5.2.1 Time Update

We note that the prior pdf p(zg_1|y1.k—1) does not depend on the measurement zj at time k. Thus

we derive the prior pdf as similar to equation 1.12,

P($k|y1:k71)=/ P(@k|zp—1)p(Xp—1|Y1:—1)dT_1. (1.14)

n

1.5.2.2 Measurement update

In the presence of an event trigger scheduler as described in (1.3), the measurements z; are not
available to the estimator at all time instants k. Thus, the update of the equation depends on
whether or not the current sensor measurement z; has been communicated.

When the event trigger condition is met, the measurement zj is transmitted, and the posterior
density is updated accordingly. However, when the condition is not met, the estimator must rely
solely on the predicted state from the time update step and the trigger information. The posterior

density update can thus be expressed in two cases:

(a) if 7, = 1 the sensor measurement z; transmitted to the located remote estimator. The
observation y.; is updated to y1.x = y1.k—1 U {2k}, using Bayesian rule, the posterior can

be updated as,

p($k|y1;k) = p(xk|y1:k—17yk)
_ pCekler)p(er|yrn—1)
p(2r|y1:e—1)

(1.15)

(b) if v = 0 the measurement is non triggered, the posterior update based on the information in

the trigger condition where {z; € 5} }. Consequently,

p(xkly1:k) = p(Tk|Y1:6—1, {2k € Zx})

_ p({z € Z(2)}zr)p(wrlyre—1) (1.16)
p({yr € Ertyrn—1) '
where
(2 € Silag) = ﬁ p(zp|zr)d2g. (1.17)

Zk

The multi-dimensional integrals integral equation in (1.9) to (1.13) can be solved and the optimal
recursive solution can be tractable. However, for linear and Gaussian system, the Kalman Filter (KF)
is the most closed-form recursive solution for this problem. For nonlinear constrained system with
event trigger, the system no longer to be Gaussian. Thus, the equation of multi-dimensional integrals
of the event trigger recursive solution as in equation (1.14) to (1.16), are intractable and approximate
solutions must be used. Next we review various the approximate approach for finding the optimal

Bayesian recursive solution.
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1.6 Event-Triggering numerical approximation

Over the past few decades, various approximate solutions have emerged to address the event-
triggering recursive Bayesian estimation problem across multiple disciplines. These approaches can

be broadly categorized into three main groups:

* Event-Triggering Gaussian Approximation: based on Gaussian assumptions for the con-
ditional distributions of the states given the available hybrid measurement information, the
posterior state estimate can be approximated using an event-trigger mechanism. This approx-
imation approach utilizes linearization with the Extended Kalman Filter Extended Kalman
Filter (EKF), Unscented Kalman Filter (UKF), or Cubature Kalman Filter (CKF).

- Event Trigger Extended Kalman Filter (ETEKF), is a variation of the EKF, which
is used for state estimation in nonlinear systems. The ETEKF incorporates an event-
triggered mechanism that decides when to perform updates based on specific events or
conditions, rather than at regular time intervals. This approach aims to reduce com-
putational and communication burdens by only processing measurements that provide

significant new information about the system’s state [17].

- Event Trigger Unscented Kalman Filter (ETUKF) is an adaptation of the UKF
that incorporates an event-triggered mechanism to determine when to perform updates.
This approach can significantly reduce computational and communication overhead, es-
pecially in systems with limited resources [18,19].

- ETCKF is an adaptive estimation technique used in CPS and other domains where sensor
data is intermittent or triggered by specific events rather than transmitted continuously.
It extends the principles of the CKF to optimize state estimation under event-triggered
conditions, reducing communication and computational burdens by only updating es-
timates when triggered by significant events or changes in the system. This approach
is valuable in systems with limited resources or where continuous data transmission is

impractical or costly [20].

* Event-Triggering sum Gaussian Approximation : by approximating the uniform distri-

bution with the sum of a finite number of Gaussian distributions [16].

* Event-Triggering Sequential Monte-Carlo Approximation : is an adaptation of the
Particle Filter (PF) that incorporates an event trigger technique and uses the Monte Carlo
method to approximate the posterior distribution of the state variables with particles and
weights [32, 35, 36].

1.7 Research Objectives and Work Overview

Over last decade, the new developed remote estimator based event trigger are required in constraint
CPS system. However, under reduced data, this last can guaranteed the estimation performance and
save the communication and power resources. In [10], an event trigger Kalman filter for linear system
based IBT, where the pdf of the system computed under the Gaussian assumption. The authors

in [12], proposed an event-triggered RMSE filter to mountain Gaussian characteristics . However, in
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real time CPS application the most of system are nonlinear, thus nonlinear event trigger estimator
are required. An event-triggered based EKF distributed resilient filter are proposed in [17]. Using
the structure of the CKF, an event-triggered nonlinear estimator is proposed in [20]. Furthermore,
under the Gaussian assumption and in both linear and nonlinear systems, researchers aim to balance
communication constraints and estimation accuracy using different event-trigger estimators with
various strategies [22-30].

The Gaussian filters mentioned above can achieve acceptable accuracy in systems with deter-
mined non-linearity. However, in highly non-linear CPS applications, the accuracy of these filters
degraded. Furthermore, when using event-triggered sensor scheduling algorithms [31], the Gaussian
assumptions no longer hold.

In addressing the aforementioned shortcomings, PF have proven to be highly effective [32]. based
on Monte Carlo Simulation (MCS) method, these filters perform a numerical approximation for the
nonlinear filtering problem.

In the realm of event-trigger state estimation, PF have received attention from researchers, par-
ticularly in addressing missed measurements during non-triggering instances and without Gaussian
assumption of the posterior pdf. Reference [33] explores the application of event-trigger approach in
nonlinear filtering and illustrates it through the use of a particle filter. Sid and Chitraganti expand
on this concept with an event-trigger particle filter [34], and further refine it for Bayesian constrained
posterior [35], where likelihood computation involves numerical integration. Davar and Mohammadi
developed an event-trigger linear particle filter specifically designed with SOD condition [36]. Liu et
al. [37] employ the PF as a central event-trigger estimator, using simpler local estimators to manage
sensor triggering conditions. In [38], an event-based auxiliary PF is introduced, utilizing the likeli-
hood approximation similar to that in [16], but with improved performance compared to bootstrap

filter implementations.

However, packet loss is a typical communication constraint that must be considered in estimation
design [39,40] The uncertainties arising from packet loss can significantly degrade the performance of
Networked Systems and, in certain scenarios, destabilize system precipitate. Thus, it is imperative to
thoroughly evaluate the impact of these uncertainties on the entire system. There has been limited
study on the performance of event-trigger estimators under packet loss. In [41], an enhanced EKF
under event-trigger sampling and packet loss approximating the non-linear pdf’s through a first-order
Taylor series around the current mean and covariance. However, the event trigger EKF effectiveness
is most pronounced in scenarios with moderate non-linearity.Another approach, the Discrete-time
Event-triggered Unscented Kalman Filter (ETUKF), builds upon the Unscented Kalman Filter
(UKF) as detailed in [42]. The UKF avoids the limitations of local linearization by approximating
statistical properties using carefully chosen points, known as sigma points. Nevertheless, when the
system dimension exceeds a certain threshold (typically n > 3), the central sigma point can acquire
a negative weight, potentially leading to non-positive definite covariance matrices and filtering di-
vergence. To address this issue, the Discrete-time Event-triggered Cubature Kalman Filter with
Packet Dropout (ETCKFPD) is proposed in [43]. the ETCKFPD employs a set of deterministic
weighted points where all weights are positive and equal, ensuring numerical stability suitable for
high-dimensional state space models. However, both ETCKFPD and Event Trigger Unscented
Kalman Filter with Packet Dropout (ETUKF) algorithms are constrained by their reliance on uni-
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modal distribution systems and the assumption of Gaussian pdf. In the presence of packet dropout,
where sensor measurement information may be incomplete, these estimators may fail to update
effectively, resulting in non-Gaussian posterior distributions. Nevertheless, previous studies have
neglected to investigate the behavior of event-trigger non-Gaussian posterior of nonlinear systems
under packet loss. This oversight has motivated our research, which seeks to bridge this gap in the
literature. Specifically, our study aims to tackle the challenging task of approximating non-Gaussian
posterior distributions in the presence of event triggering and packet dropout. Building on the
discussions mentioned earlier, in this thesis we first aim to combine and compare the recent event
trigger Gaussian and non-Gaussian estimator as the state of the art, then we extend our study for
investigate the same problem event trigger particle filter setting as discussed in [37], but with an

additional focus on the occurrence of packet loss between the sensor and the estimator.

1.8 Contributions and Thesis Outline

The following three main objectives of this thesis were identified:
- Comparative study between recent event trigger Gaussian filters

- An event trigger particle filter for non-Gaussian and nonlinear system is discussed, this filter

be alternative to the event trigger Kalman filters based Gaussian assumption.

- We study the effect of the packet loss during data transmission from the system to the remote
state estimator in the communication channels, and we design an event-triggered PF with

packet loss.

In Chapter 2 an optimal Gaussian approximation for event trigger recursive Bayesian estimation,
introduces the most Gaussian filter based Kalman filter. This chapter covers much of the introduc-
tory motivation of why a better solution than the Gaussian filter based Kalman filter is needed in
the case of event trigger.

In Chapter 3 a non-Gaussian event-triggered approximation based Particle filter approach for
nonlinear state space model is developed. take into account the in the presence that the Gaussian
no longer be saved, the multi-dimensional integrals integral equation of the posterior density are
approximated by Sequential Monte-Carlo Approximation, We show the advantages of employing
particle filter over the more established and more explored extended Kalman filters and unscented
Kalman filters, frequently used in the literature, to estimate the nonlinear systems. We argue that
better estimates can be obtained using the PF and justify our claims in our simulations.

In Chapter 4 a non-Gaussian event-triggered approximation based Particle filter approach for
nonlinear state space model with packet loss is developed. Where the SOD mechanism is proposed.
random variables obeying the Bernoulli distribution model the packet loss. Subsequently, a spe-
cialized form of the sequential Monte Carlo algorithm is employed to approximate the posterior
distribution and derive the corresponding minimum mean-squared error. The performance of the
estimator is assessed by contrasting the error covariance matrix with the posterior Cramér-Rao lower
bound.

In chapter 5 concludes the thesis and future research work.
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1.10 Conclusion

In this chapter , we discussed a brief introduction about CPS and event trigger state estimation.
However, the event trigger state estimation problem assumed as recursive probabilistic problems
as posterior distribution. The recursive posterior simplified using Bayesian method into weighted

integral which will be approximated using Gaussian /non-Gaussian approaches in this thesis.
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2.1 Introduction

In this chapter, we will first discuss the event trigger Bayesian problem based Gaussian approxi-
mation that reduced to event trigger Kalman filters. Then, we review the Gaussian approximate
kalman filters where the update step computed based different event trigger strategy. However,
the obtained Gaussian weights will computed based on the proposed approximation method for the
system model and we sum up with event trigger Kalman filters algorithm. Finally, we validate the

discussed Gaussian filters with simulation experiment.

2.2 Problem Statement

Recalling from chapter 1, the event trigger system with nonlinear system model as follows,

Tp1 = fzg) + wy 2.1)

zr = g(zk) + k.

= Zk, e =1, (2.2)
{zr € Zx}, Y =0.

With xj, is the state vector where the initial state xy sampled from 7, zj is the sensor measurement,
f () and g (.) are nonlinear functions for the state and observation, wy and vy are white Gaussian
noises. The SOD [9] are proposed to save the communication channel and power resources. The
objective of this chapter is to approximate the event trigger posterior pdf of the state xj given
all the measurement and information y;.; at the remote estimator (p(zk|y1.x)) under the Gaussian
assumption as a normal distribution with expected mean 2y, and covariance Py, where the posterior

pdf approximated as p(zx|y1:x) = N(2r|Tk)k, Prjk)-
Next we review the Gaussian approximation for the event trigger posterior pdf, where the mean
and covariance are computed based on the event trigger condition and the approximated Gaussian

weights approach.

2.3 Event-Triggering condition

In probabilistic terms, the prior pdf of the state in (1.14) and measurement in (1.16) are assumed

to be Gaussian and given as,

p(rrlyre—1) = N(@k|Trjk—1, Prjk—1) (2.3)

P(Ykly1x) = N(Z/k@k\kfhp;f‘k_l)-

where &y x_1, Prjr—1 and Jgjr_1, P,f‘k_l are the prior state and measurement mean and covariance

with state and measurement model given as,

p(ak|er—1) = N(xk|fr—1(r-1), Qr—1)

(2.4)
p(zklrr) = N(2k|gr(zr-1), Ri—1)-
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Based on the Gaussian assumption, the posterior pdf of the state xj given all measurements yi.x

follow the Gaussian distribution, and it can be expressed as,

p(zrlyrn) = N(zk| Tk, Prk)- (2.5)

The approximation of the posterior problem in (2.5) depend on the approximation of the prior
pdf p(zk|y1.k—1) and the likelihood pdf p(yg|zx). The approximate of the prior distribution and
predictive likelihood densities are in general difficult, thus, we solve that by approximate the joint

density of xj and y; given all measurement y1.;_1 as follows,

p(33k7yk|yl:k—1) = P(yk|$k)p($k|y1:k—1)

) (2.6)
~ N( [ k] ; [Mk(xk—l)vpk(xk—l)] )-
Yk

Where pg(xg—1), Px(xk—1) are the mean and covariance in function of x_1 for the joint distribution.
Before proceeding the Gaussian approximation for Eq. (2.6), a useful lemma is recalled from [38].

Lemma 1 Given the joint distribution of two correlated Gaussian distributed variables x € R"™ and

y e R,
x| |p| [Pin P2
p('ra y|y1:k—1> = N( 5 ) ) (27)
y| |p2| [Par P22
The conditional distribution becomes,
p(zly) = N(z|p, P). (2.8)
p=pl+ Pia(Pa2)" 1y — p2) (2.9)
P = Py, — Piy(Py) ' PL. (2.10)

First, the posterior p(zx—1|y1.k—1) is calculated at time k& — 1 from the belief earlier and assumed as

Gaussian given as follows,

P(@r-1lyn—1) & N(Th-15 Ek—1j5—1, Poe1jp—1)- (2.11)

Where #_1/r_1, Pp_1/k—1 are the estimated mean and covariance at time k — 1. Then, the joint

distribution of xy, xr_1 given yi1.,—1 can be computed as,

p(xk—lakal:k—l) :p(ﬂﬂk—1|y1:k—1)p($k|$k—1)

~ N (@13 Er-1jk—1, Peo1jpo—1) N (@r; f(@r-18-1), Q)

~ N( Tr—1| |Tr_1/k-1 Py 1/k—1 Drjp—
i || Trrea (Drj-1)" Prjp—1

(2.12)

)

Where Zp_1/k—1, Pr—1/k—1 are the estimated mean and covariance at time k£ — 1. The predicted
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mean Ty/;_, and covariance Py 1 given as,

Tr/k—1 :/f(»’ﬂk—l)N(ﬂfk—lsfﬂk—l/k—hPk—1/k—1)d$k—1
(2.13)
Pyjr_1= /f(xkfl)f(ifkfl)TN(fkfl;ik—l/k—la Py_1jp—1)dxg_1 — ‘%k/k—1£5/k71 + Qk

With the cross covariance Dy, ;1 defined as,

Dyjr—1 = /(mk—l — 1) (f(@r=1) = Trpp1) " N(@h—13 851 /0-15 Pt /p—1)dzp—1  (2.14)

By the marginalization over state xy_1, the prior distribution p(xg|y1.x—1) can be approximated as

a normal distribution with predicted mean % /,_; and covariance P}/, as follow,
p(@klyrr—1) = N(@x; Epp_1, Prjp—1)- (2.15)

Next, the approximation of the likelihood function depend on the event trigger cases as in (2.2).
When v; = 1, the measurement is triggered. The approximation of the joint distribution of

and yg given yp.5_1 as follow,

P(»Tk,yk, \y1:k71) ~ P(yk\ﬂfk—l)]ﬂ(iﬂk \ y1;k71)

~ N( rk] ; F’“/’” Pepr By (2.16)
Ye | | Ok/k—1 (P;ff;/c/kq)T Pkyzl/kfl

Where &,/,—1 and P/, defined in (2.13), and the estimated measurement mean and covariance

ék\kfl and P’é/y

17 with cross-covariance szfkq are given as,

Uk/k—1 = /h(xk)N(-eri’k/kflapk/kfl)dxk
Pl = /(h(xk) = G yi—1) (M(@r) = Erpi—1)" N (@ G k-1, Proji—1)dor + R (2.17)
P 1= /(xk — & yi—1) (M) = Drjo—1)" N (@r; &1, Posp—1)da.

Using the Gaussian conditioning Lemma 1, by the marginalization over the state yi given y1.x_1,

the posterior can be approximated as,
P(Tr|Yr, Y1:e—1) = N(2k; Tk, Pry)- (2.18)
with the mean and covariance &y, Py can be obtained recursively by,

T/ = Thjp—1 + Ki(Ye — Jr/p—1),

. (2.19)
Puji = Pojeor — Ky Pl KT
Where Ky, §i/k—1 is defined as ,
Ky =P (P (2.20)
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When ~, = 0, in this case the data transmission is absent, and the filter lacks direct knowledge
of the measurement. However, it is aware that the measurement at the current time instance is
included in the information set based on the event trigger condition that proposed. Thus, the filter
can update its state based on this available information. In this we review two Gaussian process

update based on the trigger condition.

2.3.1 Send-on-Delta approximation

Under this event trigger strategy, the sensor decide to transmit the current measurement if SOD
condition satisfied. Thus, the prior distribution will approximated as same in (2.13). However, with
the lack of measurement , the posterior density is approximated based on the event trigger SOD,
condition as presented in (1.5). This process is clearly discussed in [20] where the posterior density
is approximated as Gaussian p(zg|71.x) = N(2k; gk, Pk|k) with estimated state and covariance are

given as follows,

1 = Tpprpe + Ker1 (T — Jegipn)
T
Poy1=(1+a1) (I - Kk+1(P;ﬁ1)TP{f1|k) X Pk (I - Kk+1(P;ff1)TPk_f1‘k> (2.21)

+ (1 + a9) Kyp1 R iy + (1 a7t 4 a5 ) K1 ETK

where  is the last transmitted measurement and the parameters a; and as can be chosen appropri-

ately to reduce such conservatism [44, p. 19], and the filter gain,

K1 =(1+a1) Yy x [(1+ al)(PIf—iy-l)Tpk__t,_lukPkI-i?{l + (1+ az) R4

2.22
+ (1 +art +ax e (222

The state estimation during the measurement update process is influenced by the most recent trans-
mitted measurement, even in its absence. However, the error covariance matrix of the system state

incorporates variables a and threshold &, which are associated with the design of the SOD condition.

2.3.2 Innovation based approximation

In this event trigger strategy, the sensor decide to transmit the current measurement if the IBT
condition satisfied. Thus, the prior distribution will approximated as same in (2.13). Furthermore,
the IBT strategy involves computing an intermediate quantity for determining the trigger variable
vx. During the update process, it is crucial to compute the one-step prediction measurement and
error covariance matrix as shown in (2.17), and subsequently compute the posterior distribution.
When v, = 0, indicating that the remote filter does not receive the measurement, the update process
adjusts the measurement based on the information provided in (1.6), as discussed in detail in [17].

Thus, the posterior density in the update process can be approximated as follows:

p(@k|ve = 0,y1:6—1) = N(zk; Tk, Pr) (2.23)
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Where 2y, Py, computed recursively by,

T = Tp/p—1

Py = Pyjp1 — V(O Ke P KL, (2.24)

-1
Ky = Py (Pli—1) ™

with U(&) is defined as
2

2 ¢ .
Tate 5L - D (2.25)

where D() is the @ function of standard Gaussian distribution.

V() =

2.4 Filter design

We note that to evaluate the Gaussian filter we need to compute the Gaussian weighted integrals
in (2.13) and (2.17), If the dynamic function of the system process fi(.) and measurement g (.) are
linear, linear transformations can be used to compute this Gaussian weighted integrals. The Gaussian
filter reduces to the linear Event Trigger Kalman Filter (ETKF) . However, if the dynamic function of
the system is nonlinear. The GA filter is mainly theoretical, as its direct practical application is often
challenging. The presence of model non-linearity makes it infeasible and computationally intractable
to analytically compute the integrals in equations (2.13) and (2.17). Due to this limitation, certain
techniques are necessary, such as linearizes the model or numerical techniques such as unscented
transformation, and the three-degree spherical-radial Cubature rule.

Let the system in (2.1) is Gaussian linear state space model where the process transition function
f(xg) = Axp and the measurement function g(zx) = Cxg. In probabilistic terms the model is
described as,

p(r|rr—1) = N(Tk|Ar—12K-1, Qk—1);

(2.26)
p(ze|zr) = N(2k|Crag—1, Ri—1).

Then the parameters of the distributions in (2.15) and (2.16) can be computed with the following

even trigger Kalman filter prediction and update steps,

e The prediction step

1 = A1k

Prji-1 = Ap1 Py 1Al + Q1.
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e When ~;=1, the update step,

PYL, = OPLytO7 4 R

T T
Py = Pr/eaC
Ky =P (P )™ (2.27)

Tk = Tryp—1 + Ki(ye — Copyp—1),
Py = Prjp—1 — KkP,f‘iflK;{.

e When =0, the update step is given as,

— Update the filter based on the SOD using (2.21) and (2.22).
— Update the filter based on the IBT using (2.24) and (2.25).

2.4.1 Linearization based design

As stated in section 2.3, the optimal recursive solution for the Bayesian filtering problem can be
reduced to ETKF under the assumption of all densities are Gaussian and the DSSM is linear.
However, in the real time system the most of all system are typically nonlinear. Therefore, to
approximate the posterior distribution for nonlinear DSSM we linearized the nonlinear system model
for the prediction step, where the measurement update step is similar to ETKF. The ETEKF
uses the first-order Taylor series expansion to approximate the nonlinear function where the Taylor
expansion is carried out over the system function f(x) and observation function h(z) at Zj and
Zp|k—1, Tespectively, to compute the state estimate. The nonlinear function can be expressed as,

flxw) = f(@r) + Hi(zp — ) + @@, 1) (2.28)

9(xx) = 9(Zpp—1) + Gr(or — Trpp—1) + X(@k, Trjp—1)- (2.29)
where the matrices Ay and Cj represent the computed Jacobean of the nonlinear model given as,

_of _oh
=G Gp = . (2.30)

x .
Lk T=Tk|k—1

Hy,

The ETEKF design consists of two parts: the fist pat we linearizes the nonlinear function and
compute the approximation of the prior distribution as in ETKF where the nonlinear function

replaced with expression in (2.28). Thus, the integrals in (2.17) approximated as,

Trjp—1 = f(@r-1)

; (2.31)
Pyjp—1 = Hip1Pe 1 Hy y + Qp—1.

with predicted measurement,
Jr/k—1 = Gr(Zr—1). (2.32)

For the update process of ETEKF, corresponding to the event triggered sampling strategy de-
signed above, be similar as the derivation of update process for event ETKF. When ~; = 1, the

observation yy is received at the remote center so that the update process of ETEKF is the same
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as presented in (2.27). When 7, = 0, yx is not received at the remote center so that the update
follow the approximated posterior p(zk|vx = 0,y1.6—1) ~ N(xg;Zk, Pr) with parameter mean and
covariance based on SOD update using (2.21) and (2.22), or IBT update using (2.24) and (2.25).
As a result, the filtering steps can be summarized as in Algorithm 2.1.
Algorithme 2.1 : Event trigger Extended Kalman filter ( ETEKF)
[21, Pe]:=ETKF (241, Pr—1, 2k, Rk, Qk, &)
e Prediction Step:

— Compute the predicted state mean covariance Zj;_1, Pyr—1

of

A1 = ox
Tk

Tpip—1 = f(Tr-1)

Pyjj—1 = Ap—1 P Al + Qy,

— Compute the predicted state mean covariance g x—1, P]i’l";ﬁl
oh
C]g = 87
x Trp—1

Urik—1 = 9(Tr—1)
Pl = CPeaCy + Ry,

e Update Step:

— When =1,
*x Update the filter using (2.27)

— When =0,
* Update the filter based on the SOD using (2.21) and (2.22).
* Update the filter based on the IBT using (2.24) and (2.25).

2.4.2 Unscented transform based design

The ETEKF based on linearization approach can approximate the event trigger posterior density
and aims to communication burden by performing updates of the state estimate and covariance using
the information contained in the trigger rule when non triggering case. This is particularly useful in
networked systems where resources are limited. However, the ETEKF linearizes the system model
around the current state estimate, which can introduce errors and , and requires the computation
of Jacobean matrices for both the system and measurement models, which can be computationally
intensive, especially if the system is highly nonlinear. In situations where the linearization is poor,
the ETEKF may not provide accurate estimates. To overcome this issue, in this section we consider
the ETUKF to approximate the event trigger posterior density [18]. In the ETUKF the nonlinear

function approximated using the Unscented transform rule, where the Gaussian weighted integrals
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in (2.13) and (2.17) can be transformed into weighted sum of sigma point 1) € R"*?" given as,
2n ) )
Elg(zn)] ~ Y Wig(). (2:33)
i=0

2.4.2.1 Unscented transform
The unscented transform forms the Gaussian approximation with the following procedure,
e form a set of sigma point
W =p
V=p+Vn+AVP; i=1,..n, (2.34)
VI = —Vn+ AVP; i=1,..,n,
where [.]; denotes the ith column of the matrix, and X given as A = a?(n + ) —n

e After propagation with wzf @ _ f;) , we compute the Estimates of the mean and covariance

as follows:
2n
Elg(a)] =&~ S Wiyo!®
i=0
~ 2n _ (235)
Corlglew)] = P~ >- Wiy (6 — )] — )",
i=0
where the constant weights W are given as,
A
0 _
Wi =5
A
Wl = ——— +1-\ '
© = a " +5, (2.36)
7 _ i o A .
Wiy =Wiey = 55053 F= L™

Where § denote parameter that can be used for incorporating prior information.

2.4.2.2 ETUKTF filter

Then by implementing the Unscented transformation steps as in (2.14) to (2.16) for each Gaussian
weighted integral in (2.13) and (2.17), all the integral weights are approximated. Thus, we can some
up with an approximate filtering ETUKF which presented in the following step:

o Prediction
Firstly, the following Sigma points are generated according to the state estimation at the last

time instance and error covariance matrix.

1#271 =Tr_1
Vi =g+ VNSl i=1,..,1, (2.37)
7/)1?;7{ =Zk—1—Vn+ A Sk-1]i i=1,..,n,
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where Sy, 1 computed by factorize Py_jj5—1 = Sk,1|k,15111|k71. After that we propagate
the sigma point through the system state function @/}2’@71 = f(d),i_l). Then, we compute the
predicted state mean and covariance &1, Prx—1 as as follows,

2n
A _ 0 i, f
Thlk—1 = Z Wiy k-1
i=0
2n

P11 = Z W(Oc) (%’(;_1 _ ik\kﬂ)(%’(z_l — Zpp-1)" + Q.
i=0

(2.38)

e Time update

we compute the new sigma point based on the predicted state,

0 oA
¢k|k—1 = Tklk—1

"/}Iic|k71 = Tpp—1 +VN+ )\[m]i i=1,..,n, (2.39)
'(/J;::le :i‘k|k71 _m[1/5k|k,ﬂi 1= 1,...,77,.
where Sy|_1 computed by factorize Py, = Sk|/c—1SkT|k_1- After that we propagate the sigma

point through the system measurement function z/),i’lgk_l = 9(1% x_1)- Then, we compute the

predicted measurement mean and covariance,

2n
N 0
Ye|lk—1 = Z W(m)l/hl@ﬁc,l
i=0

o (2.40)
B = Wiy (Wi = 1) Wy — Gnn—1)" + Ba
i=0
and the cross covariance,
2n ) )
P;fﬁ%l = ZW(OC) (¢Z"J;€,1 - ffk|k—1)(1/’;i"gk,1 — Gpp—1) " (2.41)
i=0

e When =1,
— Update the filter using (2.27)
e When v;,=0,

— Update the filter based on the SOD using (2.21) and (2.22).
— Update the filter based on the IBT using (2.24) and (2.25).

Algorithm 2.2, summarizes all the steps of the proposed event-triggered unscented Kalman filter.
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Algorithme 2.2 : Event trigger Unscented Kalman filter (ETUKF)
[Zrik> Prje:=ETUKF (Jx, Rk, Qk, o, §)

e Prediction Step:

— define from P,_; = Sk,ng_l

Yooy = Ep1
Vi =2k VR ANSk 1) i=1,..,n, (2.42)
litq =Tp_1 — \/m[ Sk—1]i i=1,..,n,

Uk = fWio) i=0:n,
N 2n 7,
= Bpp-1 =220 W(Om)zbmjl;q
> 2n i, -~ i, ~
- Pk\k—l = Ei:o W((Jc)(d)k'\];,l - $k|k—1)(1/);€‘];;,1 - $k|k—1)T + Qk

with Sk\kfl for Pk|k71 = Sk‘k,155k71

0 S
wk|k71 = Tklk—1

D1 = Trppor + Vo + A/ Skp—li = 1,.m, (2.43)
wllj—q = Tgk—1 — Vn+ A[\/Sklk—l]i 1=1,...,n,

- @Z’Z\Zﬂfl = g(d’;\k—l)

D Pt W(Om)?!};i’ﬂ,l

- Plzj\gilcﬂ = Z?zo W(Oc) (’l/}i;‘gk—l - Qk|k—1)(¢;i’|£;7c,1 — Jkje—1)" + Ry

- Plf\gllcfl = Z?zo W(OC)(wQ\];fl - fﬁk|k—1)(¢2’&,1 - gk|k71)T

e Update Step:

— When =1,
x Update the filter using (2.27)

— When =0,
* Update the filter based on the SOD using (2.21) and (2.22).
* Update the filter based on the IBT using (2.24) and (2.25).

2.4.3 Spherical Cubature rule based design

The ETUKF based on Unscented transformation can approximate the event trigger posterior density
and aims to communication burden by performing updates of the state estimate and covariance using
a punch of sigma points. However, the ETUKF limited to such condition as the scaling parameter
% which defined as kK = n — 3 that determines the spread of the sigma points around the mean of the
state around the current state estimate.This scaling parameter can lead the covariance matrix to be

not positive definite if the system model dimension increases (n > 3). In situations may not provide
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accurate estimates and lead to filtering divergence. To overcome this issue, in this section we consider
the ETCKF to approximate the event trigger posterior density [43]. In the ETCKF the nonlinear
function approximated using the spherical Cubature rule, where the Gaussian weighted integrals
n (2.13) and (2.17) can be transformed into an expectation over the unit Gaussian distribution
N(¥;0,1) where I € R"*™ is the unit matrix and the sigma point 1) € R"*?" given as,

) ne;, 1=1,..,n,
W= vn (2.44)

—vnei_n, i=n+1,..,2n.

Where e; denotes a unit vector. Using third-degree spherical Cubature integration the Gaussian

weighted integrals [ f(z)N(x;Z, P)dz, can be approximated as following,

/ F@)N (@: 7, P)dx ~ % ; F(@ + Vv (2.45)

Then by implementing the Spherical Cubature Integration in (2.44) and (2.45) for each Gaussian
weighted integral in (2.13) and (2.17), all the integral weights are approximated and presented in
the following step,

e Time update
Initially, Sigma points are generated based on the state estimation from the previous time

instance and the corresponding error covariance matrix,

{Uf k11 = Sk—1ppe1?¥’ + Epoape-1}in (2.46)

Where Si_1)x—1 computed by factorize P_q ;1 = Sk—llk—lslz—uk—l' After that we propagate
the sigma point through the system state function,

Wl = Ff )i (2.47)

Then we compute the predicted state mean and covariance Zyr—1, Prjr—1 as follows,

2n
X 1 (@)
Tilk—1 = n Zrlv[}i,ldk—l
i=1

) (2.48)
1 ¢ . A
Pyjp—1 = o~ Z(% W1 = S ) (O] = Ere) T + Qe
i=1
e Time update
We compute the new sigma point based on the predicted state,
{07 1 1jko1 = Sk—1je—10" + Trjp—1}iz1- (2.49)

Where Si|r—1 computed by factorize Py, = Sk|k_155k_1. After that we propagate the
sigma point through the system measurement function,

{wzgkw\,?c 1 =9 o) i (2.50)
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Then, we compute the predicted measurement mean and covariance,

yk|k71 - sz k|lk—1°

. (2.51)
1 & . X
Pl = 5 D — k- )Wy — Guie—1)” + R
=1
And the cross covariance,
1 2n
P;fﬁc 1= Z(wlf%ﬁk 1 fk\k—l)(l/}f,(;jz,l — pi—1) " (2.52)

e When v;=1,
— Update the filter using (2.27),
e When v;,=0,

— Update the filter based on the SOD using (2.21) and (2.22),
— Update the filter based on the IBT using (2.24) and (2.25).

Algorithm 2.3, summarizes all the steps of the proposed event-triggered Cubature Kalman filter.
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Algorithme 2.3 : Event-triggered Cubature Kalman filter ( ETCKF)
[Zr|k, Prjr]:=ETCKF (yx, Ri, Qr, o, &)

e initial Step:
vne;, 1=1,..,n,
—V/Ne€i—pn, i=n+1,..,2n

_ T
= Pyooajk—1 = Sk—1k-1 1151

— define ' =

— Generate sigma points ¢, | = Sp—tjp—1? + Tp_1p—1 i=1:2n.
e Prediction Step:

qﬁbszg\ﬁl)c 1 f(wfk,uk,l) i=1:2n.
— Bt = 5 Zin wlfglc,)c )
N N TR I Y
_ %Zk\k 1= Sk|k71w + Tgpp—1 = 1:2n, with Spp_q for Pyr_1 = Skp— 1Sk|k .
Uiy = 9T )
= Uklh—1 = ﬁZfﬁl fgj?ﬂ .
- Plz:ﬁc 17 an1(1/1f§f|k 1~ k|- 1)(1/’?,%3@—1 — Jp—1)" + R
a Plf\qllc L= o ?nl(wszx“)c 1~ Thjk— 1)(1#?,(,5271 — Grpe—1)"

e Update Step:

— When =1,
x Update the filter using (2.27)

— When v;,=0,
* Update the filter based on the SOD using (2.21) and (2.22).
* Update the filter based on the IBT using (2.24) and (2.25).

2.5 Comparison study of the proposed filter

The comparison among ETEKF, ETUKF, and ETCKF revolves around their utilization of event-
triggering mechanisms to reduce computational cost while maintaining accurate state estimation in
dynamic systems.

Event-triggering is a strategy where the filter updates are triggered only when specific conditions,
such as measurement or prediction errors exceeding a threshold, are met. In the case of ETEKF,
it employs the EKF for state estimation and updates the filter selectively based on predefined
thresholds. While EKF is effective for moderately nonlinear systems, its reliance on linearization
can lead to inaccuracies in highly nonlinear scenarios.

In contrast, ETUKF utilizes the unscented transform, which avoids linearization and provides

more accurate estimates for highly nonlinear systems compared to ETEKF. The ETUKF also
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Figure 2.1: Tracking results for different communication rate (a) 90% (a) 80% (a) 60%.

-—-true state|

incorporates event-triggering mechanisms to reduce computational burden, ensuring updates occur
only when necessary. However, the UKF’s use of the unscented transform for sigma point generation
can be computationally intensive.

Similarly, The ETCKF employs the CKF, which, like UKF, avoids linearization by directly
propagating a set of Cubature points through the nonlinear functions. This approach offers accuracy
comparable to UKF while maintaining computational efficiency. The ETCKF, like the other filters,
updates the filter based on event triggers to strike a balance between accuracy and computational
cost.

In summary, the choice between ETEKF, ETUKF, and ETCKF depends on the specific char-
acteristics of the dynamic system being modeled and the available computational resources. While
ETUKF and ETCKF offer advantages over ETEKF in terms of accuracy for highly nonlinear sys-
tems, the ETCKF might be preferred when computational efficiency is critical. Each filter variant
aims to strike a balance between accuracy and computational cost through the strategic use of

event-triggering mechanisms.

2.6 Simulation results

In this simulation, the effectiveness of the discussed filters is tested by the nonlinear model as in
(2.1) with f(xx) = 0.9995z) — 0.0004z7 and measurement function g(zy) = x7 + 3 the system
noise is set as the Gaussian white noise, with system noise wy sampled from wy ~ N(x;0,0.01)
and measurement noise sampled from v ~ N(x;0,0.09). In order to study the estimation rsult for
each discussed algorithm, The simulation of the motioned algorithms consists of two experiment |,
in the first part we run the simulation of three algorithms with SOD condition and we compare the
state estimation for different communication rate. where the number of data transmission for the
system without event-triggered mechanism, £ = 0, is 150 which reduces significantly to 110, 84, and
68 for £ = 0.07, £ = 0.7 and £ > 1, respectively. Figure 2.1 show the estimate state of the system
for differ communication rate for the three filters, as a result we show that the three filter close to
the true state.

In order to show the accuracy and efficiency of the proposed algorithms, the root mean square
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Figure 2.2: RMSE for with different different communication rate (different thresholds) (a) 90% (a) 80%
(a) 60%.

error (RMSE) is chosen as performance metric given as

runs

1 N
P Z () — &3 (2.53)
=1

1=

RMSE), =

Where ), and Iy, are the true and state estimate computed by 2.1, 2.2 and 2.3 for 20 runs. The

result of simulation are shown in figure 2.2 and table 2.1 .

Tableau 2.1: The average RMSE of different filters for various communication rate.

RMSE
Communication rate CKF ETEKF ETUKF ETCKF
90% 0.0130 0.0136 0.0134 0.0134
80% 0.0168 0.0236 0.0231 0.0231
60% 0.0267 0.0744 0.0738 0.0714

As illustrated in Table 2.1 and Fig.2.2, when the communication rate is reduced to 90% , all
filters exhibit a consistent level of estimation accuracy, with RMSE values closely to the CKF at full
communication rate. However, for reduced communication rate 80% the average of the proposed
ETCKEF is almost same as the ETUKF and perform better then ETEKF. As the communication
rate decreases to 60%, the performance of the filtering techniques begins to deteriorate, leading to
divergence in estimation results. This is evidenced by the increase in RMSE values across all filters,
indicating a potential degradation in performance under lower communication efficiency. In general,
according to the simulation analysis in Figs.2.1 | 2.2 and the result of table 2.1, it can be found that
in the proposed the ETCKF has the robustness and more performance for reduced data and different
change of the communication rate. It is inferred that the spherical-radial Cubature and unscented
transformation rule in ETCKF and ETUKF can capture the posterior mean and covariance of the
nonlinear state with a second order accuracy while the linearization in ETCKF can only achieve the

first order.
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2.7 Conclusion

This chapter introduces the approximation of the event trigger Bayesian problem under the assump-
tion that the posterior distribution is Gaussian. First, we review the derivation of the Bayesian
problem based on the event trigger condition SOD and IBT. Then, we observe that if the system
is linear, the problem has a closed-form solution introduced by ETKF. For nonlinear systems, we
approximate the integral weight using linearization and sum up with ETEKF. However, due to
the limitation for high non-linearity, we review the Unscented transformation and conclude with
ETUKEF. Finally, we implement the ETCKF to tackle the problem of semi-definite using the spher-
ical Cubature rule. According to the simulation experiment the proposed filters can guaranteed a
good estimation accuracy for low communication and the ETCKF are good reference for comparison

in our work.
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Event-Triggered Particle filter
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3.1 Introduction

In Chapter 2, we saw that the posterior PDF was approximated based on a Gaussian assumption and
reduced to event-triggered Kalman filters. However, in real time system and with an event-triggering
approach, the Gaussian assumption collapsed and the Gaussian filter no longer be applicable. In
this chapter !, we present an event-triggered Particle Filter approach that designed for nonlinear
and non-Gaussian systems, where the SOD mechanism is adopted to save the communication and
power resources and the particle filter proposed to tackle the non Gaussian posterior.

The remainder of this chapter is as follows. In section 3.2, the problem formulation where the
nonlinear system model is introduced with the SOD event-triggered. In section 3.3, the particle
filter is discussed and the event trigger posterior approximated based particle filter. We illustrate

our results using a simulated example in section 3.4.

3.2 Problem formulation

Recalling from chapter 1, the nonlinear system with intelligent sensor equipped with an event trigger
strategy based on the SOD event trigger condition to save the power and communication resources.

As shown in Fig.3.1 the non-linear system model is given as

event-trigger

Zk
T e |
, \ | |
i ! ! X
Xk ‘ / ! | Network Yk Remote Xklk
Plant Sensor i i
7 I | Estimator
( e TTTTTT T T T T

Figure 3.1: Black diagram of event-based state estimation.

Tpr1 = f(zk) + wi, (3.1)
2 = g(xk) + k. (3.2)

where f(.) and g (.) are known nonlinear functions, xj is the state vector, y; is the sensor
measurement, wy and v are Gaussian noises sampled from the probability density functions p,, and
Pw, respectively. Based on the SOD trigger strategy decision variable v, all the measurement at

the remote estimator y1.x = y1.,-1 U {yk}, where y;, are given as,

2k, e =1
Yk = _ (33)
2 € 2k, V= 0.

IThe results of this chapter has been accepted for publication in the conference paper: E. Gasmi,M. A. Sid,
O. Hachana, “Event-Triggered State Estimation Using Particle Filtering Approach,” IEEE Conference on Advanced
Electrical Engineering (ICAEE), 2022.
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Due to the event trigger strategy, the posterior density no longer to be Gaussian. Thus, new approach

based Particle filter are proposed to tackle the non-Gaussian problem.

3.3 Nonlinear event-trigger state estimation using particle fil-

ter

In this section, the nonlinear event trigger posterior are approximated based on the particle filter
approach [32].

3.3.1 Particle filter

At time instant k, the particle filter computes the set of the particles,
{2 Wi =1,2,3,..., M} (3.4)

Where the z,(j) is the particle state and o.;,(;) is the importance weights. The set of particles approx-

imate the posterior distribution as,

plexlyrr) Zw D6 (ap — 2y (3.5)

The particle filter is designed based on an update rule for each particle by updating the particles

states and weights from time k — 1 to k,
NOJRO

w,(c)l —>w()

(3.6)

Where the update rule used all the observed measurement y;., based on the state and measurement
model with their transition probability. After the computation of the posterior distribution in (3.5),
the state mean and covariance can be approximated as follows,

El 2k |y1:5] Zwk xk (3.7)

To implement the particle filter we need to compute the probability density function of the all state

1., given all the measurement and information y;.,

p(xlzk|y1:k) (38)
Where the all state and measurement are given as,

T1:k = {3317332,203, -~-,3?1c}

Y1:k = {217 225 235 «ey Zk}

We note that computing the probability density function allow as to estimate all state x1, x2, x3, ..., Tk,

by knowing the mathematical form for all of them.
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We consider the expectation of the all state involving the full state posterior density,
Blawalin = | sup(oilna)do (3.9

The expectation above can be approximated based on the importance Sequential Importance Sam-
pling Resampling (SIR). However, in the SIR we define new density as proposal density q(:lc1 k\zl k)

and the expectation in can be approximated as,

E[z1.k]y1.x] Zwk $1‘k (3.10)

Where the particle state acﬁc are sampled from the proposal density and the importance weights are
given as,
w](ci) — (‘Tl k|y1 k) (311)
(x1 5 |Y1k)

The general form of the importance weights are fined as,

p(x1:k|y1:k)

Wk —
Q($1:k‘y1:k)

(3.12)

The goal of the particle filter rather then to directly derive the full posterior density we derive the
recursive form of the general importance weights wy. In order to derive the importance weights first

we write the full posterior density as follow,

p($1:k|2k7y1:k—1)- (313)
Then, by using bayes’ rule, we have

p(2k|$k)p($k|$k—1)p(xlzk—l |y1:k—1)

@1kl 2k, Y1:k—1) = P EA T (3.14)
We derive the full proposal density q(z1.x|2k, y1:k—1) as,
q(z1:k]28, Y1—1) = ¢(Tk, Trk—1]Y1:1)- (3.15)
Then, by using bayes’ rule, we have,
q(@1:86|Yk, Y1:6-1) = q(Tr|T1:0—1, Y1:6) 9 (T1:6—1|Y1:0—1)- (3.16)
Since the proposal density is not strictly related to the dynamical system, we assume,
q(zk|T16-1, Y1) = @(Tk|T128-1). (3.17)
As result we obtain
q(x1:|2k, Y1:6—1) = q(TE]T1:0-1) 0 (T1:6—1]Y1:k—1)- (3.18)

Now we can substitute the equation (3.14) and (3.18) in the general imporatce weights equation in
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(3.12) we obtain,

Cp(2k|$k)p($klwk—1) P(@1k—1|Y1:k—1)

WEp = s
g Q(kakfl) Q($1:k71|y1:k71)
_oPllzop(zelee-y) - (3.19)
Q(l‘k|33k—1)
p(zk|7r)p(wk|TE—1)
q(xg|er—1) a

Where C' is defined as C' = 1/p(zx|y1.xk—1) we note that the computation of the full importance
weights depends only for the information in the state xy,xy_1, measurement z; and the weights
wg—1 at time k — 1. Thus we can derive the weights for approximate the posterior density.

In the SIR filter we define the proposal density as q(xg|zr—1) = p(zk|zr—1), then the particle
weights become as follows,

wi X p(zg|TE)W—1. (3.20)

This implies that for particle state x,(f), the weight w,(:),

wl(f) o p(zﬂm?)w,@l (3.21)

We define 17),(:) as a normalized weights given as,

(@)
~ (%) Wi
>im1 wl(;)
Consequently, the computed particle states and weights can approximate the posterior given in (3.5)

with estimate state at iteration & and its associated covariance matrix Py, as follows,

M M
Ty = ZLDI(CZ)xI(cZ)v Py =~ Z@(J)(xl(;) — ) (@) — Eagp) " (3.23)
=1 i=1

After several iteration of the particle filter algorithm we will have one or few particles with non
negligible weights, this mean most of particle weights have very small value, effectively this means
that the weights of this particles are equal to zero this so called degeneracy problem in particle
filtering, since the time propagation o every particles consumes computational resources, we waste
computational resources bu propagate the particles with very small weights. Thus , one of the
effective approach to deal with this problem is re sample particles. In resampling we generate new
set of particles from original set by selecting N set of particles with replacement and the probability
of selecting the samples x% with index i is proportional to its weights w?.

The particle filter approach can be summarized in the fallowing steps,

e Step 1: according to the computed particle state x,(jll or i = 1,..., M at the previous time
k — 1, we compute the particle state x,(;) for i« = 1,..., M based on the probabilty density

function of the transition model p(mﬂx,@l),

2~ plaglal) ). (3.24)
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e Step 2: based on the computed weights w,(jl 1 at time k£ — 1 and the observed measurement y;,

, we compute the update of the particles weights w,(:) based on the probabilty density function
of the measurement model,

w,(:) o p(yk|x§j))w,(le. (3.25)

e Step 3: we normalize the weights as,

(4) Wi
>zt wl(c)

e Step 4: we resample the article if the weights satisfied the following condition,

1
Zi:l(wl(;))2
then if Neyp < M/3 we re sample new set of particles,
{wg),w,(f) = } Resownple(nc,(€ , (1)) i=1,.., M. (3.28)

3.3.2 Event-trigger particle filter

In this section, we apply the particle filtering approach in section 3.3.1 to approximate the event
trigger posterior p(xk|y1.x). However, the particle filter approximate the posterior distribution based
on the computation of particles state and weights in the presence of an event-triggered mechanism.

The event trigger particle filtering approach implements the filtering recursions by propagating
the particles to approximate the prior distribution then use the measurement and trigger information
to update that weights and approximate the posterior pdf. Let the already computed particles state
x,(ﬁl and weights ,w,(fll for i = 1: M. Therefore, the posterior p(zx_1|y1.x—1) at time k — 1 can be
approximated as,

M
plana|Veon) = Y wl 8wy — o). (3.29)

From (3.19), the importance weights satisfy,

|-le 1, Y1:k—1

p(@1gly1k)

(

(x (Iug 1Y1k-1) (3.30)
q($k|5€1k 1, Y1:k—1
(=

(

)

(%k 1|y1k )

)
)
bz |331k 1, Y1:k— 1)
gkl TR—1, Y1k 1)

Then, we generate the state particles azg)from the proposal density q(xx|rg—1,y1.5—1), the prior

distribution can be approximated as,

p(zk|Yi—1) Zwk)15 xk—x ) (3.31)
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Where the predicted particle l‘](:) is computed by propagate the particles xgll through the equation

model in (3.1) with sampled particle noise {u,(:il}i]‘il from p,. The predicted particle is computed
as,

o) = a2+ uf) 3

The posterior distribution P(zk|y1.x) can be approximated as p(xg|y1.x) = Zf\il w,(f)é(xk — ac,(;))

with particle state xff) computed by (3.32) and weights o.),(j) presented in the following theorem.

Theorem 1 Consider the system (3.1) along with the triggered measurement in (3.3). The particle
filter weights are given by:

wf = w p(rla)) + (1= ye)me (@ wl? vy ) (3.33)

In this cases the m.(.) are the judgment variable given as,

1, y,(:) € =
0, y) ¢ =

My (xg), w,(j), vi) = (3.34)

Proof 1 To compute the particle weights, we follow the same derivation in particle filter steps as
in (3.12) with posterior pdf is similar to the derivation in (1.15) and (1.16) where two cases are
considered: the measurement yy, is sent to the estimator (v, = 1) and otherwise (v, =0).

We consider the following two cases (see section 1.5.2.2).

e Case 1: If v, = 1 the measurement is transmitted to the remote estimator. Thus, the particle
filter uses the particle state generated from the proposal density q(xg|zi—1) to compute particle
state x,(;) and the particle weights is computed based on the likelihood pdf which reduced to

sensor likelihood function p(zk|w,(f)). Consequently, using (3.25) the importance weights can be

derived as,
w,(;) = w,(jzlp(zﬂx,(;)). (3.35)
e Case 2: if v = 0 the measurement z; is non triggered. Therefore, using the trigger

information(Zy), the likelihood function can be specified as p(zx, € E|x§f)). Thus, the im-
portance weights can be updated as follows,

wp) = w? p(a € Zlaf). (3.36)

The computation of p(zi € E|x§j)) involves solving the following integral,

p(z € S)al?) = / e )dz,. (3.37)

We note that in (3.37), the specified likelihood function is computed based on the integration
over the set = for each particle state J;,(:). Which is hard for computation in real time system
and lead to computation burden. For numerical method the computation for each particle is
too heavy to sustain and one feasible method is to introduce the Bayesian constrained method

in [37], where the posterior distribution is assumed as constraint posterior Problem.
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Lemma 2 If the system satisfies the constraint,

The posterior of constraint system at time k — 1 is approximated as ,

p(Tr—1ly1:5-1) Zw,(c)lé (xg— 1ka 1) (3.39)

The importance weights can be updated as,
w = i L p e | ). (3.40)

(@)

where x;’ generated from the prior distribution p(zk|x 1) and L(x,(:)) is judgment variable

satisfies,

L") = € 0 (3.41)

From 2, we define ¢*(xp_1,wk,vy) be the system constraint where,

(zr) = ¢(f(wk-1) +wk) = ¢ (Tp—1, Wk, Vk)- (3.42)

Let the particles noises w,(f), vk , and the predicted state x,(c) = f(x,(;) D)+ w,(:). From 2 and

following [46], L (ask),w,(c),v,(C )) is the decision variable,

, N 1, ¢*(xg—1,wk,v) €
L@, u®, o) ¢*( k=1, Why Uk) € 2 (3.43)
07 ¢ (xk—lawkvvk) ¢ Q

Thus, the importance weight obtained as,
wi) = 0 L wy o p (). (3.44)
Let zy, is taken as the measurement of the system state constraint given as
o7 (Tk—1, Wi, v) = h(f(Tr—1) + wi) + v = 2. (3.45)
Due to the event trigger measurement the posterior distribution p(xg|yi.x) can be assumed

as constrained Bayesian state estimation problem. Thus, following lemma 2, we define non

triggered measurement zi, as the state constraint ¢3 (xy, wy, vy) where,

(f{ (’J}k, Wi, 'Uk) = h(f(:ck_l) + wk) + v = Zk. (346)
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For each particle,

o1l w o) = h(f (@) + w) + o) =20, (347)

With system state particles x,(f) and the observation particle z,(j) can be obtained as,
x,(f) = f(xgzl) + w,(:), (3.48)
z,(ci) = h(a:,(j)) + v,(j). (3.49)

Then, we define the trigger condition =y as the constraint set Q. Consequently, the corre-

sponding judgment variable in (3.43) can be rewritten as,

(Z) =

i i i i 1, € =g
L) = ma (@ w o) = 0 . (3.50)

0, Zk §é :k

Finally, the constraint importance weights become,
(4) () - =
8 (s w.’ ., oz €EE
wf = W im(a o) = § T (3.51)
O, Zk ¢ =k

The Bayesian constraint step are clearly discussed in figure 3.2.

sensor time k Remote estimator 7, = 0
klk—1 ff( ko) + MT'* the constrained Bayesian ’
1 A1
Ter-1 @ Zpor @
§ 72 [ ) 1S (7t —2) > ¢ p(zk € Elyrr-1)
“k|k—1 1
| Li=0
3 2
Thpo1 @ Zio1 @
| (-2)<¢ Lt=1 \\\\\\\T>
2 @ T —
4 4 . . —z) < L=
-1 @ Zeh—1 @ Py - \
o | & —
- | . A /
a o
non-triggered ; ® Y Y )
M _ M _ 5
measurement " ‘ M“ | L =0 (%' —2)>¢
Thlk—1 | Zk|k—1 ,
i

{Thpa} ZIic|K—1 = h(l‘;c\k—l) +j,

Figure 3.2: Black diagram of event-trigger Bayesian constraint approximation.

After computing (3.35) and (3.51), we obtain ,

w = wi [iplailel”) + (1= y)ma (e wi, op ). (3.52)

The proof is completed.
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We note that to approximate the posterior distribution under the non-Gaussian assumption we follow
the same steps for particle derivation with modified weights which depend on the computation of the
likelihood cases based in the measurement received and the information of the trigger mechanism.
The pseudo-code of event trigger particle filtering approach is provided in the algorithm 3.1.

Algorithme 3.1 : Event trigger Particle Filter (ETPF)
[film p]ﬁ {ﬂﬁg) ) wl(:)}izll::ETPF(yh {mglp w](;ll g\ilv Rka Qk7 5)
e initial Step:

— Draw xéi) ~ Dao(To|Po) , fori=1:M,

e Prediction Step:

)

— Compute the w;: ~pu(wg), fori=1:M

— Compute , m,(f) = f(x,(jzl) + w,(f) , fori=1:M,
— Compute the predicted state estimate

5, ~ N\ M ~(1)  (4)
* Tplp—1 Dy W 1Ty,

Update Step:
— Compute the importance weight G),(Ci) in (3.33) and (3.34), fori=1:M,

— Normalize the importance weight: wf:) in (3.26), fori=1:M,

Estimate Step: Estimate the posterior (MMSE) state and covariance
— Ik = Z?il w,ii)x,ii),
~ P XM ol @) = a7

Resampling Step: if N.yy < M/3 we re sample new set of particles

- [al?, 0" M :=RESAMPLE ({z\", 0w} M),

3.4 Simulation results

In this section, simulation experiments are developed to evaluate the performance of the proposed
Algorithm 3.1. The two link robot arm example are proposed as nonlinear system as presented in
|7

figure 3.3 , where the joint angles 0, = [0k 10k 2]" is the state vector and the measured vector is the

end effector of the robot arm. The state space model of the nonlinear system given as,

Op+1 = Op + g

l1cos(01 ) + lacos(601, + O2.1) (3.53)
Y = , , + vg
lysin(01 1) + lasin(61,r + O2.1)

The parameter I; = 1, [ = 2 are the length of the links, the state and measurement noises
are given as Gaussian with u; ~ N(0,[0.01,0.1]) and vg ~ N(0,0.005I) , respectively. We define
the number of particles as M = 1000 and we simulate the system for different event-triggered
threshold ¢ = 0.01,0.05,0.1 for different communication rate 63%, 18% and less than 18%. The
simulation results in figure 3.4 and 3.5 shows the estimated result of the position of the end effector

(x,y), we can see that the both estimate states are clearly close and follow the actual state for
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Figure 3.4: Tracking results of the position x of a system with the event-triggered.

reduced communication rate with threshold £ = 0.01,0.05. however when event-triggered threshold
increased more then £ = 0.1 the quality of the tracking start to deteriorates due to the lack of data
transmission.

To compare the filter performance we compute the RMSE of the state for 20 runs. The simulation
result are given in figure 3.6 under different communication rate, it can be shown that the estimation
quality are very close to the full rate particle filter which improve the performance of the event trigger
particle filter algorithm. However, the increase the event trigger threshold the estimation quality
would be degraded. By the further comparison from Fig. 3.7 the performance of the ETPF is more
accurate than that of the ETCKF due to the benefits of using the particle filter approximation.

3.5 Conclusion

This chapter introduces the approximation of the event trigger Bayesian problem under the assump-

tion that the posterior distribution is Non-Gaussian. First, we review the derivation of the particle
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Figure 3.5: Tracking results of the position y a system with the event-triggered.
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Figure 3.6: RMSE results of ETPF for the different event-triggered.
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Figure 3.7: RMSE results of ETPF compared with ETCKF the event-triggered.

filter approach to approximate the Bayesian problem based on particles and weights. Then, we re-
formulate the likelihood unction based on the event trigger condition SOD and we derived the event
trigger particle filter algorithm where the weights is approximated based on Bayesian constraint to
reduce the computation burden. Finally, the implemented ETPF Algorithm validated through sim-
ulation experiment and compared with the Gaussian ETCKF where ETPF provide more accuracy
result to the Gaussian filter.
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4.1 Introduction

In this chapter!, as extension to the developed algorithm in chapter 3, we present a novel event-
triggered Particle Filter algorithm designed for nonlinear dynamic systems where packet loss occurs
during data transmission in communication channels. The packet loss is modeled as Bernoulli
distribution random variables. The Particle Filter, utilizing the Monte Carlo method, approximates
nonlinear and non-Gaussian probability density functions (pdfs) and SOD condition mechanism to
save the communication resources.

Demonstrating the effectiveness of the event-triggered strategy, we reveal a reduction in data
transmission between sensors and the state estimator. By carefully selecting an event-triggered
threshold and tuning both the event-triggered mechanism and packet loss rate, our approach min-
imizes data transmission while ensuring filtering accuracy. Furthermore, we utilize a specialized
MCS algorithm to derive the approximated posterior with corresponding RMSE. The performance
of the estimator is assessed by comparing the error covariance of Posterior Cramér-Rao Lower
Bound (PCRLB).

The remainder of this chapter is as follows. In Section 4.2, the problem formulation where
the nonlinear system model is introduced with the SOD event-triggered and the packet loss. In
Section 4.3, the designed event-trigger particle filter under packet loss algorithm. In Section 4.4,
Performance analysis of the ETPF under packet loss based on the PCRLB. We illustrate our results

using a simulated example in in Section 4.5.

4.2 Problem formulation

Recalling from Chapter 1, the nonlinear system model,

Tyl = f(CL'k) —+ wg (4.1)
zr = g(zg) + v (4.2)

As shown in Fig.4.1, to save the communication resources the sensor equipped with an event trigger

scheduler v, where the triggered measurement y; given as

2k, =1

Yk (4.3)

2k €k, =0
with =% obey the SOD condition. The triggered measurement transmitted via a network which is

unreliable where the packet loss can be occurs.

4.2.1 Packet loss

The unreliable communication channel is modeled by the random variable of packet loss A\;. When
Ar = 1, the measurement is received by the remote estimator; otherwise (A = 0), the measurement

is lost. Following conventions in [42,43], we define P(vg|Ax), the noise distribution which depends

IThe results of this chapter have been accepted for publication in the article: E. Gasmi, M. A. Sid, O. Hachana,
“Nonlinear event-based state estimation using particle filter under packet loss,” ISA Transactions October 2023.
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Figure 4.1: Black diagram of event-based state estimation with packet loss.

on A, as follows,
N(07 Rk)7 >\k' =1

P(Uk|)\k) = 9 .
N(0,0%I,,), A\e=0

where 0 — 0o and Ry, is the covariance following the system dimensions.

Remark 1 The remote estimator is aware of v, and A,. Thus, the following cases occur at the
remote estimator: the measurement is received (v, = 1, A\p = 1); the measurement is not received
in two cases: when it is non-triggered (v, = 0) or when triggered but there is packet loss (v = 1,
A =0).

Based on the event trigger scheduler and packet loss, we define all the received measurement at
the remote estimator as yi.x 2 v 57} {ro, -+, Ak }s 20, -5 2k - The objective in this chapter to
approximate the posterior distribution x; given all the measurement y;.; under the event trigger

and packet loss (p(2k|y1:x)), the we compute the expected state @y, as,

Tk SF [Tk |y1:k] (4.5)

and covariance Py, as,
A N .
Py 2 E [(z — @xpp) (@r — Zxp) " |yrar] - (4.6)

4.3 Event-trigger particle filter under packet loss

In this section, we derive the nonlinear filtering problem with the event-triggered mechanism under
packet loss. The approximation based particle filtering method is implemented to form the posterior
distribution based on particle state and importance weights in the following discussion.

We assume in our study that the remote estimator have the well knowledge A\x and i, while
the packet dropout occurs only if the measurement z, is transmitted from sensor to the remote
estimator. According to this assumption, if the measurement is transmitted and no packet drops
the derivation of the importance weights follow the same derivation of event trigger particle filter,
otherwise the posterior approximated based the information depends on the information of the
trigger and packet loss. Recalling from Chapter 3, the particle filter derivation in section 3.3.1 and
the importance weights in theorem 1. We define the set = as all the trigger measurement z; where
2 ¢ E%. Thus, similar to the derivation of the posterior distribution in Chapter 3, three cases need
to be considered, the measurement is triggered, a packet loss occurs (A = 0) and measurement is

triggered and received at the remote estimator (vx = 1, Ay = 1) or not triggered (v = 0).
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(a) if v = 1 and Ay = 1, measurement zj is transmitted and received. The observation in the
remote estimator yi.; is updated to y1.x = y1.6—1 U {2 }. We apply Bayesian the theorem, the

posterior pdf become

p(xklyie) = p(Tr|y1e—1,Yk),
p(zk|$k)p($k|y1:k—1) (4-7)
P(2k|y1:6-1) '

(b) if v, = 1 and A\ = 0 the measurement zj is triggered and packet loss occurs, we update the
posterior using the new set zj satisfy the condition =) where the measurement triggered and
lost during the transmission {z; € Z}}. Consequently,

p(klyie) = p(@klyin—1, {2k € Sk} A = 0),
_ pz € Sl = 0, 20)p(elyrn-1) (4.8)
p({zr € Zk}Hyie—1) '

where
p(zk S ékp‘k = O,ZL‘k) = L p(Zk‘)\k = 0,{Ek>dyk. (49)

(c) if v = 0 the posterior updated based on the event trigger set {z;, € Z}%}. Consequently,

p(xr|y1e) = p(@k|yr—1, {2k € Zk}),

_ Pz € Sitlen)p(zrlyin-1) (4.10)
p({zx € Zx}Hyre-1)
where,
p(zr € Zx(2)|zr) = /: (Y |k )dyg. (4.11)

The posterior distribution p(xg|y1.x) with event trigger and packet loss can be approximated as,

p(xk|y1:k) Zw )6 k—x ) (4.12)

(@)

Where the particle state x;’ are generated from prior distribution p(zx|y1:x—1) and the importance

weights are given in the following theorem,

Theorem 2 Consider the system (4.1) along with the current transmitted measurement (measure-
ment transmitted under the event-triggered mechanism) -(4.3) and the packet dropout parameter \.
Under this conditions, the particle filter weights are given by:

o _ o Jaelle) + 0= ML o) =1

W = Wr 4
ma(z, p?) o)

0 (4.13)
Ve =
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In this cases the m.(.), L.(.) are the judgment variable given as,

1 *(4) c =

() - =
i 1) Yg € =k Yk —k
ma(ay), p) k) = 0 S0 es Lo(z(), ) w3y = 0 0 g (4.14)
v Yg =k y Y =k

Proof 2 The derivation of the importance weight depends on the event trigger cases and packet loss

variable \j.

e Case 1: If \y = 1,7, no packet loss occurs, the observation yi.x is y1.x.—1 with the triggered
or non-trigger measurement zy. Thus, the posterior derivation obey the event trigger particle

filter. Consequently, using (3.25) the importance weights can be derived as,

()
) ) T =1
W — o p(yklzy”) . =1 (4.15)
m*(xk 14, ,vk ) vk =0
where L. (.) is the judgment variable given as
() o =
i i 1, y.' €=k
M (331(@)7/*1(@)7“1@) I(ci) . (4.16)
Oa Y ¢ Zk

e Case 2: if \y =0 and v, = 1: the measurement zy, is triggered and packet loss occurs. The
importance weights computed on the non trigger set with packet loss =y, where the distribution
of noise follows v, ~ N(0,0°L,,), by substituting (4.10) in (3.30) the importance weight is
given by

wk = w,i)lp(yk €=\ = O,:z:,(j)). (4.17)

The computation of the probability integral in equation (4.17) presents a significant challenge,
as discussed in chapter 3. Similar to section 3.3.2 we define ¢%(xy_1,uy,vy) is a the state
constraint for triggered measurement with packet loss. However, the new constraint computed

based on the system noise v, under packet loss is given as follows,

v ~ p(vg| A = 0) = N(0,0°L,). (4.18)

*(2)

For each particle in equation (4.18), the particle noise v, are generating corresponding to

packet loss A\, = 0. Consequently,

o1 | oy = i = n(a?) + 0. (4.19)

Remark 2 Note that the state constrained ¢} (z,(;) 1,u§;),vk(z))
)

(i

is computed based on the par-

ticle measurement y;. and the particle noise v, given Ay = 0.

i) @ ())

Using lemma 2, y! is the state constraint ¢} (x,; 1My Vg and wy, is trigger set =, Thus,
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the judgment variable can be defined as,

*(2) =

i 1, Y € Zk
Loz, u\D o) = 0,0 g5, (4.20)

) yk Zk

Finally, the importance weight obtained as,
(@) (1) - =
_ . . «(i wk , yk € =
ol = a0, p ) = 5 e =k (4.21)
07 yk ¢ flm

After computing the equations (3.35) and (4.21), we obtain (4.13) the proof completed.

Using the predicted particle x ) and the importance weights w in Eq (4.21), The posterior distri-

bution p(zk|y1.x) can be approximated as

M
p(klyrn) = pler|Yi) = ZW](:)5<$I€ — 2. (4.22)
=1

4.3.1 Convergence study

In this section, we study the conference of the ETPF under packet loss in algorithm 4.1, according

to the posterior approximation we have,

S

1
p(zk|y1:e) = D(zklyik) Z §(zp — I;(g ))- (4.23)

i=1

Where the importance weights computed in theorem 2. However, the study of the convergence can
be done sing to the expectation of the posterior according the cases depends for trigger variable

and packet loss Ax as in section 4.3. Thus, we have,

(a) if v, = 1, Ay = 1, then,

0 < E(p(yx|z(")) < oo, (4.24)
(b) if Ye = 0, then,
0 < E(m. (wlg),u,(;),v,(:))) <1 < oo, (4.25)
(C) if Ye = 1, A = 0, then,
0 < B(L.(z!”, p? 0r)) <1 < o0, (4.26)

Hence, 0 < p(zk\x,(;)) < 00.
The approximated p(zk|y1.x) posterior p(zk|y1.k) in (4.23) approaches to the true posterior, with
p(zx|zr—1) < 0o and the above three step are satisfied for M — oo as in Theorem 1 in [47].

lim p(zx|Yi) = p(2e|Yy). (4.27)
T—00
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Algorithme 4.1 : Event Trigger Particle Filter (ETPF) under packet loss

e [nitialization:

— For ¢ =1: M, Draw x[()i) ~ mo, Set w(()i) =4

e while £k <T

e Time update
— For i = 1: M, Draw x,(:) ~ p,c(xk\xﬁl)

e Measurment update:

— For i =1: M, Draw ,u,(:) ~ pu(), v,(:) ~pu(.), vz(i) ~ Doy, (Vk| Ak = 0)

if v, =1and \y =1 then
wi = w p(yelzl?),
else if 7, =1 and A\, =0 then

wl(cl) = wlii)li’* (xl(»cl) ’ /’LS)7 UZ(Z))7

else
o =l 2,0,
end if
: w®
— For i = 1: M, Calculate the normalized weight JJ,E” = ="
MLy wy,
e Resampling:

—Fori=1: M

samples :r,(cj) according to Pr(wi = .CU,(:)) = (D](:),

set {x,(;),d)f;)} = {x,(j), =h

Estimation:

M ~() ()
Bppp R DL O Ty

Poe = XM a0 (2 — ) (2 — i),

set k=k+1

e end while

4.4 Performance analysis

In this section, the performance of the proposed filter in algorithm 4.1 is evaluated by the PCRLB.
However, due to the system’s non-linearity and non-Gaussian, the upper bound for error covariance
for PF sill a open challenge . Deriving an analytical expression for the pdf by eliminating intermediate
variables is difficult, necessitating some form of approximation for nonlinear filtering. Although a
closed-form solution for nonlinear PF is not available, The PCRLB provides the best achievable
limit on the mean square error matrix [32]. However the PCRLB has gained significant popularity
due to its efficient implementation where adopted and further refined through a recursive technique
inspired by the same reference. To proceed the PCRLB, let X; = {x¢, 0,20, ..., 21} define all
the state to time k, and observation set yi.; and yq.x 2 v 7%} { Ao, Ak}, 20 -, 2k }, define
hybrid observation set. Let the distribution pg 2 p(Xk, Yi) as the joint pdf of the all state X}, and
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observation yi.x. The covariance Py has a PCRLB J‘,I‘,_k1 where,
E{(zx — Zap) (@r — )"} > J,, (4.28)
where J;, (Fisher information matrix) is defined as,
Juy, = —E[AZ} log pi].

where Al is the second partial derivative operator defined as AL = Ay AL with A, = [72- 2. 52|

*Dam
for a = [ajas...a,,])7. Let the decompose of the state X = {X},27}T to compute J,,, then J,,

can be accordingly decomposed as,

A DBy
BF ¢y

—E[AZ; 1 logpr]  —E[AZ; 7 log pi]
~E[Az; " logpr]” —E[AZ log py]

A

Iy = (4.29)

As a result,
ka =C — Bg(Ak)_l — By.

Note that the computation of J,, requires the approximation of all matrices A, B, and Cy. Where
the anthers in [32, p. 68], employed such method to be calculate this matrices recursively. following
the proposed solution’s for general .J,, that computed in [32, p. 68], we calculate the event-trigger
PCRLB for the state x.

Assuming that the PCRLB J,, has already been computed at time k. Following the same
approach as in the previous sections and the work in [32, p. 68|, we consider three cases: (I) When
the measurement triggered an received at the estimator without loss (y4+1 = 1) and (Ax4+1 = 1), (I)
measurement is triggered with packet loss (yx+1 = 1) and (Agy1 = 0). (IIT) When the non-trigger
case (yr4+1 = 0).

The following theorem summarize the recursive form of the PCRLB.

Theorem 3 given the assumption in appendiz A.2 and considering the joint pdfpkﬂ P(Xkt1, Y1:k+1)
then, the RMSE of the state x4, is bounded with J_' where,

Tk+1

Py = Zw(i) "= (@) = )™ > T (4.30)

where Jy, ., (Fisher information matriz) is defined as,

J.

Th+1

=D - D#(J,, + DY)t — D2 (4.31)
where,

Dyt = —E[Ar log pe(zg41 7)),
Dj? = —E[AE+ log pu(wka |2i))], (4.32)
DRt = (DT

and D?? is defined as the following cases :
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((l) ’Zf’yk = 1, >\k =1:

D = —E[A%+1 log py (xp41|21)] — E[AZ 1 log py (Yr+1]2r)]-

Th41 Tr41
) ifve=1, =0and v =0 :

Di? = —E[A71 log po (w1 |2x)].

Proof 3 Consider, the PCRLB J,, is computed at time k, we compute the PCRLB of Py, ac-

cording to the definition all of pdf given in section 1.5.2.2. For each case we have

(a) Yi41 =1, Agy1 = 1o All the observation at k+1 is given as y1.x+1 = {Yk, Ve+1 = 1, Met1, Zk+1}-

Thus, we have,

Prt1 = P(Xng 1, Yikr1) = P(Xng 1|1k Zo11, Ak 41),
= p( Xk, Y1:k)Pa (Th1|2k) Pz (21t 1| Th) 5 (4.33)

= PPz (Tht1]Tk) Py (Yrt1|2k)-

Then, the following recursion can be obtained as in [34],

J,

Tr41

=D}* — Di'(Ja, + DE) ™' = D2 (4.34)
where,

Dil _ _E[Aiz log po(Tr41|zk)],

D}? = —E[AZ+1 log py (w41 |zr)],

D' = D",

Di? = —E[AZ log pa (zh1|wx)] — E[ATH log pe (21 ]ak)]-

Tk+1 Th+1

(4.35)

Using the particle filter approzimation in section 38.3.1, all the expectation in (4.35) can be

computed approximated and the recursive PCRLB J, in (4.34) is obtained.

k+1

(b) Ye+1 = 1, Agy1 = 0: the measurement si triggered with packet loss Yr11 = {y1.6, Ak +1 =

0, zk+1}, using equation in section 3,

Pt = P(Xit1, Yikr1) = P(Xeg 1Yk 241, A1)

= p(Xk, y1:k)pm($k+1|$k)/ 0 p(zeg1| A1 = 0,2k, Y1k ) d2eg (4.36)
Zk+1€5 k41 :
= pkpx(l‘k+1|$k)/ Pk M1 = 0,28, Y1k ) dzk 1
Z2h+1€5k41

Then, similar to the case A above, Jy, , can be obtained as

J.

Tr+1

= D2 - D#(J,, + D)™t — D}? (4.37)
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where D,il, DiQ and D,%l similar as in equation (4.35), while D,%z is obtained as follows,

Di? = — E[AZF log py (zh41]21)]

Tk+4+1
i (4.38)
— E[AZ 10g/ P2k 1] Aer1 = 0, 2p, Yi)dzp 1]

Zk+1€-:;k+1

Due to the non trigger set of measurement zj, € Zy11. the integral fz;c+1€:;k+1p(yk+1|)‘k+1 =
0, zk, y1.k)dzK1+1 approzimated to a constant number. Therefore, its gradient is 0. As a conse-

quence, the equation (4.38) become,
D32 = —E[A;ﬁjﬁ log pr (Txt1|2k)]- (4.39)

Similar to the case A, the recursive PCRLB matriz J,
modified D32.

w1 Still have the same form, but with a

(¢) Vik+1 =0, VAgt1: the measurement is non-triggered, the observation become, y1.x+1 = Y1:.k—1U

{vk = 0}. Similar to the derivation equation in the case B,

Pyl = Pk%(%ﬂ\%)/ P(2ht1|Th; Y1k)d2zptr (4.40)
EIASICH

Due to the trigger set of measurement zpinZy. the integral in (4.40) reduced constant number.

Therefore, its gradient is 0. As a consequence, the equation (4.38) become,

[)]%2 = —E[AZ log po (k41 ]2k),

Tri1
—E[AZ log/ P(Yk+1lTr, Yi)dzg11], (4.41)
Zp4+1 €5 k41

= —E[ATE 1 log pe(Try1]7r)]-

Thk41
The computation of D* gives the same form as in the Case B,

Finally, from equation (4.35) and D?2 from (4.39) and (4.41) the recursion form in equation (4.34)

can be computed and the proof is completed.

Remark 3 The PCRLB form the best achievable of ETPF for nonlinear and non-Gaussian system

by approzimate the recursive form (4.31) in theorem 3.

Remark 4 The presence of an event trigger scheduler and packet loss, leads to a non-Gaussian pos-
terior density. Fully characterizing non-Gaussian distributions requires high-order moments. While
the PCRLB provides the best achievable lower bound, it does not fully capture the performance of
nonlinear filtering algorithms such as Algorithm 4.1. The boundedness of the RMSE depends on
the boundedness of the expected PCRLB, which is challenging to determine directly. To obtain all
bounds for the expected PCRLB, researchers have considered and researchers have examined specific

restricted nonlinear systems [48,49].



Chapter 4: Simulation results 54

4.5 Simulation results

In this section, simulation experiments are conducted to evaluate the performance of the proposed
ETPF, as outlined in Algorithm 1. Drawing from recent literature on event-based state estimation,
we use the example of an air traffic control system [43]. The state of the target is represented by
Xk =[xk, Tk, Yk, Yk, wg], where 2 and y denote the position coordinates along the x-axis and y-axis,
respectively, and & and y denote their corresponding velocities. The term wy represents the turn
rate. Observations from the sensor are denoted by zy = [ry, 0k], where 7, represents the range and
0 represents the bearing. The nonlinear model for the kinematics of the turning motion is expressed

as follows:
1 %"f”) 0 %ﬁ:ﬂ’w) 0
0 cos(wiTin) 0 —sin(wpli,) O
Xppr = [0 Azeslenlin) g sinlwlin) g | X 4 gy, (4.42)
0 sin(wgTin) 0 cos(wpTin) O
0 0 0 0 1
)
=)= ‘/x"lTy’“ + vk (4.43)
0y, tan— %Z

The time-interval is T;,, = 1s, the covariance of process noises are given as Q = diag(q1 M, 1 M, ¢2T),

and for the measurement R = diag(c?, o) where,

A i
M={2 2].
(T; T)

Where ¢ = 10 and the parameters ¢; = 0.1ms™!, ¢ = 1.75 % 107%s73. The radar fixed in
[20000, 20000] in meters to measure the the bearing 6; and range r;. The time sample in this
simulation is given N = 500, for full communication rate, and simulation scenarios are discussed,

Case 1 : In this scenario, the initial state x = [10%m, 150ms~1,
3.5 x 10*mOms~!,—3s7'] with initial covariance P, = diag[10>m?,10m?s =2
10%m?2,10ms=20.1rad?s~2], To test the performance of the ETPF algorithm. with /Without packet
loss, the communication rate reduction by (70%,30%, and 15%), for different thresholds £ ( 100,
400, and 800), respectively. The number of particles M = 1000 and in the simulation result we refer
to the ETPF with loss as ETPF and the ETCKF with loss as ETCKf as in Fig. 4.4a.

As result of simulation in the 4.4a, the estimate state of proposed ETPF Algorithm follow
the trajectory even if the communication rate reduced. Let the simulation runs with packet loss
rate («=0.2 and 0.5) as in Figure 4.4b and 4.4c. its shown that estimation performance remains
guaranteed for the same communication rate and in the presence of the packet loss rate

Case 2: we set the initial state with zq = [103m,300ms~1,103m,0ms~1, —3s71] with initial
covariance Py = diag[10°m?,
10m?s7210%m?,10ms~20.1rad?s~2]. First, we set without packet loss (o = 0) and event-triggered
thresholds (100, 400) . Second, we compare ETPF and ETCKF from [43] for different packet loss
rates (o = 0.2, 0.5), fixed threshold for (¢ = 400). As result of simulation in figure 4.3, both the

ETEKF and [43] provide good estimate for low communication rate and packet loss. However,
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we shown that from 4.3, the ETPF performer with good state estimate compared to ETCKF for
communication rate reduced to 30% and 20% of packet loss, if the communication rate reduced more
and packet loss increased both filter start to degraded.

The tracking results of the ETEKF and ETUKF are not mentioned in this simulation experiment.
Due to the ETEKF may introduce the large error induced by the linearization of the nonlinear system
model. In addition, in chapter 3 the [43] illustrates a comparison of estimation errors between
ETCKF and ETUKEF, revealing superior results for ETCKF over ETUKF.

To study the error performance of the proposed ETPF with packet loss, the RMSE is calculated

as

RN

1 NG NG
RMSE; = \| 7 S = w02+ ) — i) (4.44)
1=1

with true and state estimate x,(:), yl(f) and ;%,(:‘)k, g],(cll)k computed via ETPF Algorithm. The RMSE is
computed for the simulation of the state as in figure 4.3b for independent Monte Carlo runs RN = 20
and the result are presented in in Table 4.1 and Fig. 4.4.

Figure 4.4 and Table 4.1 demonstrates that performance declines as the packet dropout rate
increases. From time ¢t = 0 to ¢ = 40, both filters provide good performance. However, at t > 40, the
state transition becomes highly nonlinear, making it difficult for the ETCKF with packet loss [43]
to track changes in the system state accurately. This degradation in filtering accuracy is due to
the lack of transmitted information. In contrast, the ETPF continues to deliver acceptable filtering
performance under reduced communication and increased packet loss rates, ensuring the robustness
of the proposed algorithm.

In Figure 4.5, the RMSE error performance of the ETPF is illustrated for different particle
numbers: 500, 1000, and 2000, with an event-triggered threshold of 100 and a packet loss rate of 0.2.
For comparison, the error curves for the PCRLB and the ETCKF with packet loss are also shown.
It is observed that the ETPF performs better and approaches the PCRLB limit as the number of
particles increases, thereby improving the accuracy of the ETPF algorithm.

Because the ETPF inherits the high accuracy advantage of the PF, it offers greater precision
and accuracy compared to the ETCKF with packet loss. Therefore, the proposed ETPF algorithm
presents a viable alternative for state estimation in event-triggered nonlinear systems experiencing

packet loss.

Tableau 4.1: Estimation performance with packet dropout

packet loss rate(a) | ETCKF (RMSE) | ETPF (RMSE)
0%(a—0) 141 92.73
20%(0=0.2) 189.71 126.53
50%(a=0.5) 362.74 183.35

4.6 Conclusion

In this chapter, a discrete-time event-trigger Particle Filter for a nonlinear dynamic system with
packet dropout is investigated. Initially, an event-trigger strategy is developed as an SOD event
mechanism, which reduces the number of data transmissions between the sensors and the state es-
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timator in the presence of packet dropout. The proposed ETPF algorithm provides a good approx-
imation of the posterior distribution for the nonlinear, non-Gaussian system with packet dropout.

Secondly, the corresponding filtering algorithm is enhanced to specifically include a recursive
RMSE estimator, and a lower bound for the PCRLB with packet loss is derived. The findings
confirm that the ETPF has superior performance compared to the ETCKF under the same com-
munication constraints and can still perform effectively even when the communication rate is low.
Performance evaluation shows that the root mean square estimation error of the ETPF under dif-
ferent communication rates is closer to the PCRLB than that of the ETCKF.
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Figure 4.2: State estimation ETPF case 1 (a) Without packet loss (o = 0) (b) With packet loss (o = 0.2)
(c) With packet loss (a = 0.5).
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State estimation is a highly active research area with a substantial body of existing work. For
linear time-invariant systems, Kalman filters are the gold standard, serving as an essential tool for
estimating the system state while minimizing the variance of the estimation error. However, many
applications involve nonlinear systems, necessitating the development of appropriate nonlinear filters
for accurate estimation.

Traditionally, sensor information is directly available for processing in estimation formulations.
However, in recent years, systems and control have increasingly relied on wireless communication
networks to interconnect various system components, requiring careful management of communica-
tion resources.

In this thesis, we address the development of nonlinear event-based state estimators to tackle the
challenges mentioned. The primary goal is to reduce data transmission between different components
of the networked system while maintaining comparable performance under varying conditions. We
consider a discrete-time nonlinear system with additive Gaussian noise and focus on the problem of
sequentially estimating the state using Bayes’s rule. In this context, the posterior density cannot be
represented by a finite number of statistics, necessitating an approximation.

To solve this, we develop event trigger non-Gaussian filter based particle filters, which provide a
flexible and powerful solution to the nonlinear state estimation problem. Unlike Gaussian Kalman
filters , particle filters do not assume that the predictive density of the joint state-measurement
random variable is Gaussian. Instead, particle filters approximate the posterior distribution using
a set of weighted particles, representing possible states of the system. This approach allows for
the accurate representation of a wide range of distributions, making particle filters particularly
well-suited for nonlinear and non-Gaussian estimation problems. By using a resampling mechanism,
particle filters effectively address the issue of particle degeneracy and maintain a robust and accurate
state estimation.

The outcomes of our research attempts are further summarized as follows:

o First, assuming a Gaussian conditional distribution of the state within an event-triggered
mechanism, we study an event-based state Gaussian estimator, specifically the discrete-time
event-triggered extended, unscented and cubature Kalman filter, for nonlinear systems. This
filter utilizes the "send on delta" event-triggered mechanism, which minimizes the number of
feedback communications between sensors and the estimator. Additionally, it reduces mea-
surement transmissions between the sensors and the remote state estimator while ensuring the

maintenance of estimation performance.

e Second, Assuming a non-Gaussian conditional distribution of the state within an event-triggered
mechanism, we develop an event-triggered particle filter, where the probability density function
is approximated using a Monte Carlo approach. Bayesian constraints are proposed to address

the computational burden associated with calculating the likelihood in of the non-trigger case.

e Finally, we investigate the impact of packet dropouts during data transmission in communica-
tion channels on state estimation and we devolved an event trigger particle filter for nonlinear
system with packet dropout. and we study the performance of developed filter using Cramér-

Rao lower bound.

The research results, provided in this thesis can be extended and pursued in the following areas:
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¢ Event trigger sum of Gaussian filter in the second chapter we discussed a different event
trigger filter under the Gaussian assumption, and we proposed the non-Gaussian particle filter
to tackle the problem on non-Gaussianity. The particle filter performance based on the in-
creased number of particle ,which no longer to be applicable in such limited real time system
. Thus we propose as a future work, to approximate the non Gaussian pdf based on sum of

gaussian.

¢ Event trigger particle filter with one step delay measurement the one step or randomly
delayed measurement is inevitable in networked control system, we propose to extend the work

of event trigger particle filter to tackle the problem of system with one step delay.

e distributed Event trigger particle filter in our research we discussed the event trigger
problem for single sensor. However, in real CPS application most of the system based on multi
sensor or distributed system . Thus we propose to extend this work for multi agent and multi

sensor.



Appendix A

Appendix A

A.1 Bayes rule

p(A|B) = p(B|A)p(A)/p(B)

A.2 DMarkov assumption

Assumption 1 The state vector xy is assumed to be Markovian, i.e: py(Try1|To.k) = Pu(Tpr1|Tr),

the measured output of the sensor zj and the state xy, are given by p,(zk|To.k, Y1:k—1) = D= (2k|Tk)-
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Appendix B

Appendix B

B.1 Event trigger Gaussian approximation

B.1.1 Event trigger EKF

function [x_est,P est,Kgain,gamt]| = etekf(y,X0,P0,Q,R, del)

n_iter=size (y,1)

)

dt = 0.01; %seconds

%Filter
x_est
x_pred
y_pred
P _est

P pred
innov

R innov

Kgain

%Filter
x_est(1)
P _est(1)
zbar =0;
%Noise

Rww_fil
Rvv_fil
for k =

Arrays
= 7zeros
= zeros
= zeros
= zeros
= 7eros
= zeros
= zeros
= zeros

(
(
(
(
(
(
(
(

initial

= X0; %original 2.(
= P0; %original 0.C

= Q;

2:n_iter

%Prediction
x_pred(k) =
y_pred(k) =
A = (1-0.05%dt) + 0.08+dt*x_pred(k);
C = 2xx_pred(k) + 3x(x_pred(k)"2);

P pred(k) = AxP_est(k—1)*A + Rww_fil;

n_iter,1); %state estimate

n_iter,1); %state estimate prediction
n_iter,1); %measurement prediction
n_iter,1); %state covariance estimate
n_iter,1); %state covariance prediction
n_iter,1); %innovation

n_iter,1); %innovation covariance
n_iter,1); %gain

conditions

[

x = (1-0.05%dt)*x + 0.04xdt*(x"2);
f(x_est(k—1),dt);
x_pred(k)"2 + x_pred(k) ~3;
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Appendix B: Event trigger Gaussian approximation

%Innovation

innov (k) = y(k) — y_pred(k);
R_innov(k) = C«P_pred(k)*C + Rvv_fil;
pxXy =P pred(k)=C;

%triger schedular
%trigger
if (y(k) — zbar) ’s(y(k)— zbar) > del

gamt (k) = 1;
zbar = y(k);
else
gamt (k) = 0;
end

alpl = 0.3; % 0.02 In Li Li paper
alp2 = 0.35; % 0.02;

if gamt(k) =— 1
%Update

%Kalman Gain

Kgainl(k) = P_pred(k)*C/R_innov (k) ;

x_est(k) = x_pred(k) + Kgainl(k)=*innov(k);
P_est(k) = ( 1 — Kgainl(k)*C )*P_pred(k);

else

%Kalman Gain

Kgain(k) =(1 + alpl)spxy=*inv ((1 + alpl)xpxyxinv(P_pred(k))*pxy+(1 +

alp2)*Rvv_fil+(1 + 1/alpl+ 1/alp2)xdel);
x_est(k) = x_pred(k) + Kgain(k)*(zbar— y_ pred(k));

P est(k) = (1 + alpl)x (1-Kgain(k)*pxy*inv (P_pred(k)))*P _ pred(k)=*(1—
Kgain (k) *pxy*inv (P_pred(k)))+(1 + alp2)xKgain(k)*Rvv_fil*Kgain (k
)+ (1 + 1/alpl+ 1/alp2)*Kgain(k)*del«xKgain (k) ;

end

end

B.1.2 Event trigger UKF

function [x_est,P est,Kgain,gamt] = etukfg(y,X0,P0,Q,R, del)
n_iter=size(y,1l);

dt = 0.01; %seconds

%Filter Arrays

x_est = zeros(n_iter,1); %state estimate

x_pred = zeros(n_iter,l); %state estimate prediction
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Appendix B: Event trigger Gaussian approximation

y_pred = zeros(n_iter,l); %measurement prediction
P_est = zeros(n_iter,l); %state covariance estimate
P pred = zeros(n_iter,1); %state covariance prediction
innov = zeros(n_iter,1); %innovation

R_innov = zeros(n_iter,1); %innovation covariance

Kgain = zeros(n_iter,1); %gain

%Filter initial conditions

x_est (1) = X0; %original 2.

o

P_est(1) = P0; %original 0.01

n=1;
zbar =0;
%Noise
Rww_fil = Q;
Rvv_fil = R;
for k = 2:n_iter
Y%%Prediction state
% s1 = chol (P _est, ’lower’);
[xhat3 ,ppril] = UTx(x_est(k—1),P_est(k—1),dt);
x_pred (k) = xhat3;
P _pred(k)=ppril+Rww_fil;
Y%%Prediction measurement
[ypril ,pypril ,pxy|] = UTy(xhat3,P_ pred(k) ,dt);
%Innovation
innov (k) = y(k) — ypril;
R _innov(k) = pypril + Rvv_fil;
%triger schedular
%trigger
if (y(k) — zbar) 's(y(k)— zbar) > del
gamt (k) = 1;
zbar = y(k);
else
gamt (k) = 0;
end
alpl = 0.3; % 0.02 In Li Li paper
alp2 = 0.35; % 0.02;

if gamt(k) — 1
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%Update
%Kalman Gain
Kgainl(k) = pxy/R_innov(k);
) + Kgainl(k)*innov (k) ;
) — Kgainl (k) *R_innov(k)*Kgainl (k) ’;

x_est(k) = x_pred

P est(k) = P_pred

else

%Kalman Gain

Kgain (k) =(1 + alpl)spxy*inv ((1 + alpl)xpxyxinv (P _pred(k))s*pxy+(1 +
alp2)*Rvv_fil+(1 + 1/alpl4 1/alp2)=*del);

x_est(k) = x_pred(k) + Kgain(k)*(zbar— ypril);

P _est(k) = (1 + alpl)* (1—Kgain (k)=*pxy*inv (P _pred(k)))*P _ pred(k)x*(1—
Kgain (k) *pxy*inv (P_pred(k)))+(1 + alp2)*Kgain(k)*Rvv_fil*Kgain (k
)+ (1 + 1/alpl+ 1/alp2)x*Kgain (k)*del*Kgain (k) ;

end

(k
(k

end
the unscented transformation:

function [xhat3,SigX3] = UTx(x_est,P est,dt)
nxa = 1;

col=2xnxa-+1;

alp = 0.2;
kepa = 3—nxa;
beta = 2;

lambda = alp ~2x(nxatkepa)—nxa;

alphaml = lambda/(nxa+lambda) ;

alphamk = 1/(2x(nxatlambda));

alphacl = lambda/(nxatlambda)+(1—alp~2+beta);

1/(2%(nxat+lambda)) ;

alpha mean = [alphaml alphamk (:,ones(1,2%nxa))]’
I

alphack

)
7.
?

alpha cov = [alphacl alphack(:,ones(1,2%nxa))
sl=sqrt (P _est);
xhat aug — x_est;
X = xhat_aug(:,ones([1 col]))+sqrt(nxat+lambda) *[zeros(nxa,1), sl
,—sl];
X x =f(X,dt);
xhat3 = X x*alpha mean;
square_ X = (X _x(:,2:end) — xhat3(:,ones(1,2x«nxa)))*sqrt(alphack)
square_ X1 =X x(:,1)—xhat3;
SigX3 = square Xsxsquare X'’+4alphaclxsquare Xlsxsquare X1;
end
%
% k = 3—n;
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Appendix B: Event trigger Gaussian approximation F

% lamda=(a"~2) *(n+k)—n;

% col=2xn-+1;

% Dm= zeros (1, col);

% W= zeros (2, col);

% W(1,1)= lamda)\ (lamda+n) ;

% W(2,1)=lamda\ (lamda+n)+(1—a"2+b) ;
% for i=2:n+1

% Dm(i)=sqrt (lamda+n) ;

% Dm(i+n)=-sqrt (lamda+tn) ;

% W(:,i)=lamda\ (2x*(lamda+n) ) ;

% W(:,i+n)=lamda\ (2x*(lamda+n)) ;
%

% end

function [xhat3,SigX3,SigXy]| = UTy(x_est,P est,dt)
nxa = 1;

col=2xnxa+1;

alp = 0.2;
kepa = 3—nxa;
beta = 2;

lambda = alp ~2x(nxatkepa)—nxa;

alphaml = lambda/(nxa+lambda) ;

1/(2%(nxatlambda)) ;

alphacl = lambda/(nxa+lambda)+(1—alp~2+beta) ;

alphack = 1/(2#(nxat+lambda));

alpha mean = [alphaml alphamk(:,ones(1,2*nxa))]’;
|

alphamk

alpha cov = [alphacl alphack (:,ones(1,2%«nxa))]’;
sl=sqrt (P _est);
xhat _aug = x_est;
X = xhat_aug(:,ones([1 col]))+sqrt(nxat+lambda) *[zeros (nxa,1l), sl
;—s1];
X x =h(X,dt);
xhat3 = X xxalpha mean;
square_X = (X_x(:,2:end) — xhat3(:,ones(1,2%«nxa)))*sqrt (alphack)
square_y = (X(:,2:end) — x_est(:,ones(1,2«nxa)))*sqrt (alphack);
square_ Xy =X(:,1)—x_est;
square_ X1 =X x(:,1)—xhat3;
SigX3 = square Xsxsquare X'’+4alphaclxsquare Xlsxsquare X1;
SigXy

square _yxsquare X’'+alphaclxsquare Xy=xsquare X1;

end
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Appendix B: Event trigger Gaussian

approximation

B.1.3 Event trigger CKFF

function [x_est,P est,Kgain,gamt]

n_iter=size(y,1);
dt = 0.01; %seconds

%Filter Arrays

Xx_est = zeros(n_iter,1);
x_pred = zeros(n_iter,1);
y_pred = zeros(n_iter,l);
P _est — zeros(mn_iter,l);
P pred = zeros(n_iter,1);
innov = zeros(n_iter,1);
R_innov = zeros(n_iter,1);
Kgain = zeros(n_iter,1);
%Filter initial conditions
x_est (1) = X0; %original 2.
P est(1) = PO; %original 0.
n=1;

zbar =0;

%Noise

Rww_fil = Q;

Rvv_fil = R;

for k = 2:n_iter

Y%%Prediction

sl = chol (P _est,

state

%

: %state

etckfg (y,X0,P0,Q,R, del)

%state estimate
%state estimate prediction
Y%measurement prediction

Y%state covariance estimate
covariance prediction
%innovation
%innovation covariance

%gain

01

"lower ) ;

[xhat3 ,ppril] = CUTx(x_est(k—1),P_est(k—1),dt);

x_pred (k) xhat3;

P _pred(k)=ppril+Rww_fil;

Y%Prediction measurement

[ypril ,pypril, pxy]

%Innovation

= CUTy(xhat3 ,P_pred(k) ,dt);

innov (k) = y(k) — ypril;

R_innov (k)

%triger schedular

%trigger

pypril + Rvv_fil;

if (y(k) — zbar) 'x(y(k)— zbar) > del

gamt (k) = 1;
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Appendix B: Event trigger Gaussian approximation H

zbar = y(k);
else
gamt (k) = 0;
end

alpl = 0.3; % 0.02 In Li Li paper
alp2 = 0.35; % 0.02;

if gamt(k) = 1
%Update
%Kalman Gain
Kgain (k) = pxy/R_innov(k);
x_est(k) = x_ pred(k) + Kgain(k)=*innov (k) ;
P est(k) = P _pred(k) — Kgain(k)*R _innov(k)=*Kgain (k) ’;
else
%Kalman Gain
Kgain (k) =(1 + alpl)spxy=*inv ((1 + alpl)=*pxyxinv(P_pred(k))*pxy+(1 +
alp2)*Rvv_fil+(1 + 1/alpl4+ 1/alp2)=xdel);
x_est(k) = x_pred(k) + Kgain(k)*(zbar— ypril);
P _est(k) = (1 + alpl)* (1—Kgain (k)s*pxyx*inv (P _pred(k)))*P _pred(k)x*(1—
Kgain (k) *pxys*inv (P_pred(k)))+(1 + alp2)*Kgain(k)*Rvv_fil*Kgain (k
)+ (1 + 1/alpl+ 1/alp2)x*Kgain (k)*del*Kgain (k) ;
end

end
the Cubature transformation:

function [xhat3,SigX3] = CUTx(x_est,P est,dt)
nxa = 1;
col=2xnxa;
alphack = 1/(2*(nxa));
alpha mean = [alphack (:,ones(1,col))]’;
sl=sqrt (P _est);
xhat aug — x_est;
X = xhat_aug(:,ones([1 col]))+sqrt(nxa)=*[ sl,—sl];
X x =f(X,dt);
xhat3 = X xxalpha mean;
square_ X = (X_x — xhat3(:,ones(1,2xnxa)));
SigX3 = (alphack) x(square Xsxsquare X’);
end
%
% k = 3—n;
% lamda=(a"~2) *(ntk)-n;
% col=2xn-+1;
% Dm— zeros (1, col);
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% W= zeros (2, col);

% W(1,1)= lamda\ (lamda+n) ;

% W(2,1)=lamda\ (lamda+n)+(1—a"2+b) ;
% for i=2:n+1

% Dm(i)=sqrt (lamda+n) ;

% Dm(i4n)=-sqrt (lamda+n) ;

% W(:,i)=lamda\ (2% (lamda+tn)) ;

% W(:,i+n)=lamda\ (2 (lamda+n)) ;
%

% end

function [xhat3,SigX3,SigXy] = UTy(x_est,P_est,dt)
nxa = 1;
col=2xnxa;
alphack = 1/(2%(nxa));
alpha _mean = [alphack (:,ones(1,col))]’;
sl=sqrt (P _est);
xhat _aug = x_est;
X = xhat_aug(:,ones([1 col]))+sqrt(nxa)=*[ sl,—sl];
X x =h(X,dt);
xhat3 = X xxalpha mean;
square_ X = (X_x — xhat3 (:,ones(1,2%nxa)));
square_y = (X — x_est(:,ones(1,2xnxa)));
SigX3 =(alphack)x( square Xsxsquare X’);
SigXy = (alphack) x(square_yx*square X'’);

end

B.2 Event trigger non-Gaussian approximation
function [X,W,xhat,Zold ,LL] = etpfUpdate (X,W,z,Zold, delta)

global R;
global Q;
%

%%

%% Genrate a set of Cubature Points
%

YWStrigger sesor

[LL, Zold]|=triger (Zold ,z, delta);
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10 %

I

1 M =size (X,2); % No. of particles

12 if LL==

13 e — repmat(z,1 ,M) — MstEq(X) ; % Here y_k is available we compute y_ k—
E[ly_k|I_{k—1}] by making use of y k

e WAW.x((2 % pi) ~ (— 5 / 2) %= det(R) ~ (—0.5) #(exp(—0.5%sum(e.x(inv (R)=xe

16 else

17 yt = repmat(Zold,1 ,M) — MstEq(X); % Here y k is not available ,
so we compute y k-E[y k|I {k—1}] using predicted particles

18 old=zeros (1,M);

19 for i=1:20

20 y _diff = yt+(chol (R)*randn(2,M)); % y_k-E[y_k|I_{k—1}] for each
of the particle x k™1 stacked columnwise

21 y_diff =(sum((y_diff).~2,1).7(1/2));

22 y _diff (find (y _diff==0)) = 1;

23 y _diff (find (abs (y_diff)>delta)) = 0;

24 y _diff(find (y _diff™=0)) = 1;

25 old=y diff+old;

6 % sum (old)

27 end

28 WAW. % old ;

20 end

s0 WEW. /sum (W) ;
si Neff =1 ./ sum(W."2);

32 if Neff <= M/3

33 index = sysresample (W) ; % 4.
Resample

34 X= X(:,index);

35 W= (1/M).x ones(1, M);

36 end

a7 xhat= sum(repmat (W,2,1) .xX,2) ;
ss X— Xt+chol (Q)*randn (2 ,M) ;
The trigger function :

1 function [LL, Zold]=triger (Zold,z,delta)

3 e=z—Zold ;
a f=(e’xe);

5 d=norm ((e));
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if d <=delta
LL = 0;
else

LI= 1;

Zold = z;

end

end
The resampling function:

function i=sysresample(q)

gc=cumsum (q) ; Melength (q) ;
u=([0:M-1]+rand (1)) /M;
i=zeros (1 ,M); k=1;
for j=1M

while (qc(k)<u(j))

k=k+1;

end

i (j)=k;
end

end
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