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Notation

Q : bounded domain in R?

Vu : gradient of u.

Awu : Laplace of u.

D(Q) : distribution space.

C* () : space of functions k-times continuously differentiable in 2.

LP(2) : space of functions p-th power integrated on with measure of dx.
1

11 = (fol£17)"

WP = {u e LP(Q),Vu € LP(Q)}.

H: Hilbert space.

HL(Q) = W2(9).

If X is a Banach space

T

L0, T,X) = {f :(0,T) — X is measurable : [, || f(t)|/%dt < oo}.
L>(0,T,X) = {f 1 (0,T) — X is measurable : ess — sup,¢(o 71 || f(£) [ < oo}.
C*([0,T]; X) :Space of functions k times continuously differentiable from [0, 7] — X.

D([0,T]; X): space of functions continuously differentiable with compact support in
[0, T7.
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Introduction

In recent decades, viscoelastic wave equations with acoustic boundary conditions have
garnered significant attention from many researchers. It is well-known that viscoelastic
materials exhibit memory effects, where their mechanical response is influenced by the
history of the materials themselves. Mathematically, these damping effects are modeled
using integro-differential operators. Consequently, differential equations that incorporate
memory effects have become a vibrant area of research in recent years. We can mention
some works [1, 3,4, 6, 8, 11, 12]. The logarithmic nonlinearity is of great interest in physics
due to its natural occurrence in various fields such as inflation cosmology, supersymmetric
field theories, quantum mechanics, and nuclear physics [14, 19]. In this thesis, we details
the work published by Al-Gharabli et al in 2019 see|1], that is the existence and stability
solution of viscoelastic wave equation:

t
Uy + A+ u — / g(t — s)A%u(s)ds = kuln|ul, in Q x (0, 00) (1)
0
with the boundary condition:

w=2% 0, in 90 x (0, 00) 2)

==
and the initial condition:
u(z,0) = ug(x), u(x,0)=wu(z), in Q. (3)

where () is a bounded domain in R",n € N, with a smooth boundary 02 = I, v is
the unit outer normal to J€2 and k is a small positive real number. The kernel g is a
positive nonincreasing function defined on R, . (ug,uy, ) are the initial data belonging to
a suitable function space. In [17] Messoudi studied the following equation

Uy + AP+ |ug) " 2wy = Jul? - 2u, in Qx(0,7) (4)

with the boundary condition:

u:%zo, in 09 x (0, 00) (5)
and the initial condition:
u(z,0) = ug(x), u(x,0)=wu(z), in Q. (6)
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established an existence result and showed that the solution continues to exist globally if
m > p, and blows up in finite time if m < p and the initial energy is negative. Santos
and Junior in [20] studied the following system:

(utt+A2u=O, in  x (0, 00),
uz%:(), on [’y x (0, 0),
—u+ fot g1(t — s)pru(s)ds =0, on I'; x (0,00), (7)
Qu 4 f(f go(t — s)Pau(s)ds =0, on I'y x (0, 00),
U(O, I) - UO<$), ut(07 I) = ul(‘r)7 in Q,

where IA 9B
u u
bru=Au+ (1 —p)Biu and fou= e +(1—p) 8;

with
2 2
Biu = 201 09Uyy — Vilyy — ViUy,  and  Bou = (14 — V) Ugy + V1102 (Uyy — Ugy) -

Liu and Sun in [11] considered the equation
t
uy — Au + a(t)/ g(t — s)Au(s)ds =0, in 2 x (0, 00)
0

with a homogeneous Dirichlet condition on a portion of the boundary and acoustic bound-
ary conditions on the rest of the boundary. The authors established a general decay result,
which depends on the behavior of both « and ¢, by using the perturbed energy functional
technique.Cavalcanti et al. [7| considered the equation

t
[ug|Puge — Au — Ay + / g(t — s)Au(s)ds — yAu, = 0, in Q x (0, 00)
0

subject to Dirichlet boundary conditions. Taking 0 < p < % ifn>3o0rp>0if
n = 1,2 and assuming that the kernel g decays exponentially, the authors obtained global
existence of solutions in the case v > 0. They also proved that the solution energy decays
exponentially when v > 0. In [9] Gorka studied The existence of global solution for the
wave equation :

Uy — Uge + u = culog ul?, retel0T),

with the boundary condition
u(x,t) =0, on 082 x (0,7
and the initial condition
u(z,0) = ug, w(z,0) =wy in €,

where © = [a,b] is a one-dimensional interval, (ug,u;) € Hi X Ly and € € [0,1].In [5],
Cazenave and Haraux considered

uy — Au = kuln |ul, in R?

and established the existence and uniqueness of the solution for the Cauchy problem.
The body of this thesis is organized as follows:
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e In chapter 1, we present some notations and material needed for our work.

e In chapter 2, by using the Faedo-Galerkin method we establish the local existence
of the solutions of the problem then by using the energy of the problem we showed
the global existence.

e In chapter 3, we study the stability result.



Chapter 1

Preliminaries

In this chapter, we present the elementary symbols, definitions and provide many tools
on the basic concepts of inequalities and spaces, we will use later.

1.1 Banach Spaces

We first review some basic facts from calculus in the most important class of linear spaces
the "Banach spaces".

Definition 1.1.1 A Banach space is a complete normed linear space X. Its dual space
X' is the linear space of all continuous linear functional f : X — R.

Proposition 1.1.2 X' equipped with the norm

1fllx = sup {|f (w)] - fJullx <13,

1s also a Banach space.

Definition 1.1.3 Let X be a Banach space, and let (uy), .y be a sequence in X. Then
u, converges strongly to u in X if and only if

i [y — uly =0,

and this is denoted by u, — u, or lim w, = u.
n—-—ao0

Definition 1.1.4 A sequence (u,,) in X is weakly convergent to u if and only if

lim f (un) = [ (u),

n—=oQ

for every f € X and this is denoted by u, — u.
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1.2 Functional spaces

1.2.1 The L? spaces
Definition 1.2.1 /2] Let Q be a domain in R"(n € N),for 1 < p < 0o, the Lebesgue space
LP(Q) is defined by:

LP(Q) =u:Q — R, u is measurable and/ |u(x)|Pdr < oo,
0

full = ( [ (o)’

In addition ,we define L>(2) by:
L>®(Q) =u:Q — R, u is measurable and 3 ¢ > 0 such that|u(x)| < ca.e on ), equipped
with the norme

with the norm

|u]| o = esssup |u(z)| = inf{c: |u(zx)| < ¢, a.e on Q}.
e

1.2.2 Hilbert spaces

Definition 1.2.2 An inner product on a complex linear space X is a map
(L): X xX —C.

Such that ,for all z,y,z € X and\,u € C: (a)(z, \y + pz) = Mz, y) + p(x, y) (linear in the
second arqument):

1.(xz,x) > 0(nonnegative);

2.(x,x)=0 if and only if z=0(positive definite).

we call alinear space with an inner product a pre-Hilbert space. If X is a linear space with
an inner product(.,.)then we can define an norm in X by:

2]l = v/ (z, z).
A Hilbert space is a complete inner product space.
Definition 1.2.3 A Hilbert space is a complete inner product space.

Remark 1.2.4 The spaces LP([a,b]) are Banach spaces but they are not Hilbert spaces
when p # 2.

1.3 LP(0,T,X) Spaces

Definition 1.3.1 Let X be a Banach space,denote by LP(0,T, X) the space of measurable
functions
f:0,T[— X

t— f(t),
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such that

/0 (D)%) Pdt < oo

Ifp=oc
[fllzoeor.x) = sup ess|| f(£)]x.
t€]0,T'|

Theorem 1.3.2 The space LP(0,T, X )is a Banach space.

1.4 Sobolev space
Definition 1.4.1 [135]

For ke N and 1< p < oo . We define the sobolev space
WhP(Q) = {u € LP(Q), D*u € LP(Q)Va € N" with |a| < k},
equipped with the norm
ey = (3 ID7ul) "1 < p < o0
|| <K
[ ][ 5,00 = max [[ D%,

la| <k

where D%u 1s the a-th weak derivative of u which is defined as

/Q u(z)Dp(z) = 11 / v(2)p(a). YV € C=(9),
Ja]=cq1 + ... + ap,and

olely
axloq..ﬁman'
The space W*2(Q) is denoted by H*(Y), which is a Hilbert space with respect to the
inner product

v= D% =

uka:/ZDa v(x)dx,Yu,v € H*(Q).

|| <k

Definition 1.4.2 [15]
We denote by WEP(Q) the closure of C(Q) in WhP(Q).

Proposition 1.4.3 [18/(Green’s formula)

Let Q be an open subset of R, with a Lipschitz boundary. Then for all u,v € H*(Q),

ou ov '
/Q<aa;iv + axi“)dx = /m Yo(u)yo(v)mids, i=1,...d

Where n; is the i-th component of the outward normal vector 7.
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1.5 Some inequalities

Theorem 1.5.1 (Cauchy-Schwarz inequality)
Let uw € L*(Q) and v € L*(Q),then uwve L'(Q) and

[wolly < fullzflv]lz.

Theorem 1.5.2 (Holdr’s inequality)
Let 1 < p < o00,if u € LP(Q) and ve LY(Q), then u v € LY(Q) and

Juv|ly < [Jullpllv]lg,
1
where — + —.
P q

Theorem 1.5.3 (Young’s inequality)
Let 1 < p < oo ,and a,b> 0.Then for any ¢ > 0,we have

w < eu? + Cf

where

1
C.= 7
q(ep)?
For p=q =2, we have
s ¥
< —.
uv < eu” + 1

Theorem 1.5.4 (Poincare inequality) Assume that 2 is a bounded connected open set
of R and that ¥ is a (non-empty)Lipschitz continuous subset of the boundray 0. Then
there exists a constant Cq > 0 such that

/QUQ(:c)deC’Q/Q|VU(JJ)\2dx,

for each v € HL(Q).

Theorem 1.5.5 [2/(Fubini)

Assume that F € L*(Qy x Q). Then for a,e x € €.

F(z,y) € L, (Q) and sz F(x,y)dus € LL(). Similarly,for a,e.y € Qa,
F(z,y) € LL(S) and le F(z,y)du € L, (). Moreover,oneb has

/ d/n/ F(x,y)dﬂzz/ duz/ F(z,y)dpm :// F(z, y)dpdps.
Q Qo Q2 QU Q1 %0

Theorem 1.5.6 /2] ( Jensen’s inequality.)
Assume || < co. Let j : R — (—00,4+00) be a convex l.s.c. function, j 2 +o0o. Let
f e LYQ) be such that f(x) € D(j)a.e. and j(f) € L*().then

i L) < |30
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Lemma 1.5.7 (Sobolev-Poincare inequality)
Let q be a number with

2n

n —
then there exists aconstant Cs = c5(2,q) such that
lully < el Vullz, — foru e Hy().

Lemma 1.5.8 (Logaritmic sobolev inequality)
Let u be any function in HY(Q) and a be any positive real numbre . Then

1 a?
[t wlulde < Sl ful} + 519l - (14 laul?; (1)
Q s
Corollary 1.5.9 Let u be any function in H2(Q2) and a be any postive real numbre . Then
2 Lo ) | Gpa’ 2 2
@ nfulde < SlulzInflull; + =l Aul; = (1 + na)ful; (1.2)

Lemma 1.5.10 (Logaritmic Gronwall inequality).Let ¢>0,y € L*(0,T;RT) and assume
that the function w : [0, T] — [1,00) satisfies

w(t) < c(l + /Oty(s)w(s) lnw(s)ds>, 0<t<T. (1.3)
Then .
w(t) < cexp(c/o ’y(S)dS), 0<t<T. (1.4)

Lemma 1.5.11

| att=s)But). uts = ~So(oll sulf o) 05 4 { rod=( [ o(s)) 1]z}
where

(g0 Au)(t) = / gt — )| Au(s), Auy(b)]Pds.

We considre the following hypotheses:
(A1) g: RT — R is aC'— nonincreasing function satisfying

g(0) >0 and 1-— /°° g(s)ds=1>0 (1.5)

(A2) There exist a nonincreasing differentiable function £ : RT — R* with £(0) > 0,and

3
a constant 1 < p < 5 such that

g(t) < =E(t)g"(t),  VLeR (1.6)
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(A3) The constant k in (1,1)satisfies0 < k < ko ,whereky is the positive real number
satisfying

27l —3_ 1
— =2 & 1.7
e =T (1.7)

. and ¢, is the smallest positive number satisfying
IVull < cpllAullz,  Vu € Hy(Q)
where ||.|[2 = ||.[[22(0)

[ 2wl _
Remark 1.5.12 The function f(s) = I _ 3% s a continuous and decreasing
5Cp

Njw

function on (0,00), with lim, o+ f(s) = oo and lim, o+ f(z) = —e Then, there

exists a unique ko > 0 such that f(ko) = 0. Moreover,

-3 1 2ml
e? s < l, Vs € (0, ko). (1.8)
\/ sc,



Chapter 2

Local and Global existence of solution

2.1 Local existence.
In this section. we state and prove the local existence result for problem (1)-(3).

Definition 2.1.1 Let T > 0 a function

u € C([0, 7], Hy () N C([0, T, L*(Q)) N C*([0, T], H~*(%2))

is called a weak solution of ((1)-(3)) on [0,T] if, for any w € HZ(Q) and t € [0,T],

Jo un(z, tyw(z)de + [, Au(z, t) Aw(z d:L’+fQ Jw(x)dz
— Jo Aw(z fo (t — s)Au(s)dsdx = [, u(z, t)w(z ) ln]u(:c,t)|kd:c (2.1)
U(ZE,O) (ZE), Ut(l’,O) = ul(x)

Lemma 2.1.2 let u be a solution of ((1)-(3)) then the modified energy of this problem is
defend by:

B(0) =5 (Il + (1= [ 066130852 ul)
—%/Q|u]21n|u|kda:+%(goAu)(t). (2.2)

the energy E(t) is nonincreasing because,

| =

(1) = 5’ o Au)(t) — 90| dull3 < 3o 0 u)(1) < 0. 23)

2 -2

Proof. Let us replace w by u; in (2.1) and integrate by parts to obtain:

t
/uttutdx+/AuAutd:U+/uutd:v—/Aut/ g(t—s)Au(s)dsda::/uutln|u|kdx.
Q Q Q Q 0 Q

14
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So
1d 1d 1d

1
—_—— —_—— 2 JR—
i [, e 5 [ (e o 5| e — o) Aulf + (o 0 Au) (1)

1d ‘ 1d kd
. Au)(t) — A In|ulfde — ~— [ w2
th{(go u)(t) (/0 ())H uH} th/u nful*de — 72— | wde,

implies

1 2 1d 2 1
34 5 Al 42l — gl Al + 3 (o 0 Au)()
1d ! 1d k d
- A o A 2 _ 21 k = 2.
s o800 = ([ o) 18u) - 35 / u? nul*dz — 7 ull

Thus

1d 2 2 ! 2 / 2 k k 2
- Au)(t 1— A — | d -
2 el + ull3 + (9 0 Au)(e) + ( /Og<s))|| alf = | i fulde + gl

- _lg( £)| Aul|2 + 1(g o Au)(t),

then

B) = 5 (Il + (1= [ o)) IAulE™ 52 1ulg) = 5 [ o nfulds + 5 (g0 Au)o
" (2.4)

|

Theorem 2.1.3 Assume that (A1) and (A2) hold and let (ug,ui) € HZ(2) x L*(2)
Then the problem ((1)-(3)) has a weak solution

u € C([0,T), H3(Q)) N CH([0,T], L*(2)) N C*([0,T], H*()). (2.5)

Proof. . The demonstration is based on the Faedo-Galarkin method which consist of
carrying out the following

let {w;}52, be orthogonal basis of the "separable" space Hg(€2) which is orthonormal
in L?(Q).

let V,,, = span{wy,ws...w,} and let the projection of the initial on the finite dimen-
sional subspace V,,, be given by

=Y awi(x), and  uP(z) = bw(x)
j=1 Jj=1

where
ul" — ug in H2(S2), and  u" — win L*(Q). (2.6)

Search for an apporoximate solution
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= Z hi'w;(z)
j=1

of the approximate problem in V,,

Jo ufiw; + AumAw; + umw; — [ g(t — 8)Au™(s)dsAw;dx
= JowjumIn|umFdz Yw; € Vi,
u™(0) = ug' = >0, (ug, wj)wy,

u(0) = it = 37 (U, wy)wj

(2.7)

This leads to a system of ODFE, unknown functions h}*(t). Based on standard existence
theory for ODFE one can obtain functions

h; :[0,t,)— R j=12,..m

which satisfy (2.7) in a maximal interval [0, t,,), t,, € (0,T].
Next, we show that ¢,,,=T and that the local solution is uniformly bounded independent
of m and t.

d 1
—E™(t — A < 2.
S (1) < 50’0 M) (1) <O 2.9
where
57 (0) = 5 (I (1= [ 90 18520 8) = [ o n a5 go ) o)
(2.9)
From(2.8) we get
d
LEm1) <o,
CEm(1) <0
SO ¢ p
LEme <o,
| e
then
E™(t) — E™(0) < 0,
thus
(1) < B7(0),
therefore

2E™(t) <2E™(0) :=C.
The last inequality with (1.5) and the Logarithmic Sobolev inequality (1.2), we get

m ka’c m k+2 m
13 + (g 0 Aum)(8) + (1= =2 ) [ A3+ (5= + k(L +Ina) )™

k m m
<Ot lum Bl (210
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where C' = 2E™(0). Choosing

27l
Foa< | (2.11)
kcp

will make b _
% and L—1—/{(1—i—lnoz)>0.
27 2

this selection is possible thanks to (A3). So, we get

l

13 + (9.0 Aum)(t) + 1 Au™ 3+ 1§ < o1+ Ju™[31n u™ ). (2.12)

Let us note that
u(. =u"(. + — (.. 5).
) b 0 98 )

Then using Cauchy Schwarz’s inequality and Fubini, we get

m m taum
O < 2l )1 +21 [ (618 (2.13)
’ t 1 t 1
<2+ 21 [ 1ds)"( [ ryias) g (214)
0 0
t
< 2 (01 +27 | (s) s,
hence, inequality (2.12) gives
t
o1 < 2 O + 267 (1+ [ o §1n " [3ds). (2.15)
0
If we put C; = max{2cT, 2||u™(0)||3} (3.11) leads to

t
g <26, (1+ [ s )
0

Without loss of generality,we takeC}; > 1,which gives

lu™|3 < 201(1 + /Ot (01 + ||um||§) In (01 + ||um||§)ds).

Applying the Logarithmic Gronwall inequality to the last inequality, we obtain the

following estimate :
|u™|3 < 2C1e*MT = Cy.

Where
w(t) = [lu™|3,
7(t):1:f(;1ds:T,
c=2C".
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Hence from inequality (2.12) it follows that:

13+ (g 0 Au) (&) + [ Au 3+ I} < o(1+ C2ln Cy) 1= C

where (5 is a positive constant independent of m and t, and since

Then(2.16) give us

luill3 < Cs, SUPye 0,0m) [|ui”" |13 < Cs,
[AwmE < Gy, = < supyeiom I1AU" 3 < Cs,
[u™]|3 < Cs. SUDP¢e(0,tm) [u™[|3 < Cs.

So,

sup [uy"[l3+ sup [JAuT|3+ sup [lu™[|3 <3 Cs.

te(0,tm) te(0,tm) te(0,tm)

And we have
SUD¢e(0,tm) ||u;n||% 2 0,
SUPte(0,tm) HAumHg 20
SUPye 0,6m) [0 (|3 = 0.

So,

3C5 < 00,

SUP¢e (0,tm) Ju[|5 <
< 305 < 0.

SUP¢e(0,tm) [Ju™ ”2
Then,
{umis unformly bounded,

uy"is unformly bounded..

there fore , we can ewtend t,, to 7" .Moreover, we obtain from (2.20)

u™ is uniformly bounded in L>(0,T; H3(Q2)),
uf™is uniformly bounded inL>(0, T; L*(Q)).

18

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Which implies that there exists a subsequence of (u™) (still denoted by (u™)), such

that
u™ — u weakly * in L>(0,T; H3()),
u — uy weakly * in L>(0,T; L*(Q)),
u™ — u weakly in L?(0,T; H3(Q)),
u™ — u; weakly in L2(0,T; L*(Q2)).

(2.22)
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Making use of Aubin-Lions theorem ,we getHZ(Q2) the embedding compact in L?(Q2) than
u™ — u strongly in L*(0,T; L*(2)).

And

u™ — wa.ein Q x (0,7).
Since the map s — In |s|* is continuous on R, we have the convergence
™ In |[u™|" — wln|ulFa.ein Q x (0, 7).

Using the embedding of H2 in L>(Q)(sine Q C R? ),it is clear that v™ In [u™|* is bounded
in L>(22x(0,7T)).Next, taking into account the Lebesgue bounded convergence theorem(2
is bounded),we get

u™ In [u™ ¥ — wln |u|*strongly in L*(0,T; L*(9)). (2.23)

Now we integrate (2.7) over (0,t) for every w; € V;, to obtain,

//uttw]dxds—i-/ /Aum Aagdzds%—// s)w;dxds
0o Jo

/ g(1 — s)Au"(s) Aw;dsdxdr

0

wiu™(s) In [u™(s)|[Fdxds,

O\#O\
S~— 3

SO
//uttw]dsdz—l—/ /Aum ijdxds~|—// s)w;dxds
aJo 0o Jo

/ / g(17 — s)Au™(s)dsAw;dzdr
0o JaJo
/ /wju YIn |u™(s)|*dxds,
0 Jo
then

/u;”wjdx—/ul w]dx+/ /Au AdeIL‘dS—’—/ / s)w;dxds
Q
—/ // g(17 — s)Au™(s)dsAw;dzdr
/ /w] s)In [u™(s)|*dxds. (2.24)

Convergences (2.6) ,(2.22) and (2.23) are sufficient to pass to the limit in (2.24) | as
m — +oo, and get,for any w € V,,, and m> 1,
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t t
/utwjdx:/uledx—/ /Au(s)ijdsd:U—/ /u(s)wjdxds
Q Q 0 Ja 0 Jo

+ /0 ' /Q Aw;(x) /0 47— s)Au(s)dsdudr
N /O t /Q wiu(s) In Ju(s)|*dsde, (2.25)

Which implies that (2.25) is valid for any w € H3(Q2). Using the fact that the terms in the
right-hand side of (2.25) are absolutely continuous since they are functions of t defined
by integrals over(0,t) ,hence it is differentiable for a.e.t €(0,T) and any w € HZ(Q),

/Qutt(x,t)wj(x)da:+/QAU(:B,t)ij(x)dx+/Qu(x,t)wj(:v)dx
— w;(w t — 8)Au(s)dsdr = | w;(z)u(z,t))In|u(z,t)|"dz. .
[ aest@) [ att=duisde = [ wy@ue )@ (220)

To handle the initial conditions, we note that
u™ —u  weakly in L*(0,T; H3(2)) and u]® — u; weakly inL*(0,T; L*(Q2)). (2.27)
Since HZ(2) the embedding compact in L*(€) thus, using Lion’s Lemma, we obtain
u™ — uin C([0,T); L*(£2)). (2.28)
Therefore,u™(z,0) makes sense and

u™(z,0) — u(x,0) in L*().

Also, we have
u™(z,0) = ug'(z) — up(w) in H3(S2).

since the limit unique so
u(z,0) = up(x).

Now, multiply (2.7) by ¢ € C§°(0,T)and integrate over (0,7"),we obtain , for anyw € V,,,

T T t
—/ /u;”quﬁ’da:dt: —/ /Aum(t)ij¢ dxdt—/ /um wjpdrdt
o Ja o Jo 0 Jo
T ¢ T
+/ // g(t — s)Au™(s)ds Aw;¢ dxdt—i—/ /wj¢umln|um|kdxdt, (2.29)
o JaJo o Jo

As m — oo, we have, for any w € HZ(Q2) and any ¢ € C5°(0,T),

T T ¢
—/ /utwj¢’dwdt: —/ /Au(t)ij¢ da:dt—/ /uwj¢dxdt
o Ja o Jo 0 Jo

T ¢ T
+/ / / g(t — s)Au(s)ds Aw;¢ dxdt + / / w;duIn |ulFdzdt, (2.30)
o JaJo o Jo
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This means

U € L2<[07 T]7 H72<Q))
. Recalling that u; € L*([0,T], L*(Q2)), we obtain

uy € C([0,T), H2(2)).
So, u}*(x,0) makes sense and

u(x,0) — w(x,0) in H ().

But
ul"(z,0) = u*(z) — ui(x) in L*(£2).

Hence
ur(z,0) = up ().
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2.2 Global existence

In this section, we state and prove a global existence result under smallness conditions on
the initial data (u,,u1). For this purpose,we introduce the following functions:

10 -5((- " g(s)ds) | Aul + full + (g0 Au)(®) - [ vt mlultar) + Tl 231
and
1 = (1 —/Otg(s)d:s)HAuH%—i— lull2 + (g 0 A w)(t) —3/Qu21nyu|kdx. (2.32)

Lemma 2.2.1 The following inequalities hold:
3
—kdo\/|Qc3||Aul|2 < / u? In fu|*dz < kcl|| Aulf3, Vu € H§, (2.33)
Q

where dy = supgs1 /S| Ins|, |2 is the lebeque ofland c.is the smallest embedding con-
stant

(/Q \u|3>é <cAulls,  Vue H? (2.34)
(c. exists thanks to the embedding of HZ(QY) in L>)
Proof. Let
Q={xeQ:|ulx) > 1} and Qo ={r e Q:|u(z) <1}
So,using (2.33), we have

-)

e ™~

/u2ln]u|kda::/ u2ln]u|kdm+/ u? In u|Fda
Q Qs o
§/ w? In |u|*da
1951

:k/ u? In |u|dx
951

< k/ |u|®dx because In |u| < |u|
951

< k/ |u|*dx
Q

< kS|Aull,  by(234)

Then
/ w? In [ulfdx < k3| Aull Vu € H3(Q).
Q
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On other hand,

+) -)

e 7~ ™~

—/uQIH\u|kd:c:—/ u2ln|u|kd:c—/ w? In |u|Fda
Q Qo 951

g/ w? In |u|"da

Q2

S—k/ u? In |u|dx
Qo

< k/ u?| In ul|dz because In |u| < |In|ul|
Qo

<k [ Jultfultnfuldo
Q2

<k [ |ul> sup |ul?|In|ul|de
Q2 0<u|<1

= k:/ |u| 2 doda
Q2

< kdo/ lu| 2 dz
Q
3
< kdo||1]]2]|wi || using Holder inequality
2\ 1
= kdo/( [ (1))’
Q
= kdy/ |Q|</ |u|3>2
Q
3 3
< kdo /10| Auli by(2.34)
< kdo+/003]| Al 3.
Then,
3
— kdo/JOIS A2 §/u21n]u|kdx.
Q
| ]

Lemma 2.2.2 Assume that (A1)-(A2). Let (ug,u1) € HZ(Q) x L*(Q)such that

100)>0  and \/ﬁkci<@)é<z.

Then
I(t)>0  Vtel0,T).

Proof. From (2.32)

/ u? In ulFde = 1(1 — /tg(s)ds> | Aul|3 + 1Hu||2 + 1(g o Au)(t) — 1I(zf).
0 3 0 20302 g 3

23

(2.35)

(2.36)

(2.37)
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Substitute (2.37) in (2.31), we find

1 ! k 1
ﬂﬂ=§«ﬁ—/g@%NMW?HWﬁ+@oAW®>+Zwﬁ+gﬂw (2.38)
0
Since I(0) > 0 and [is continuous on [0, 7] , there exists ¢ty € (0, T|such that I(t) > 0, for
all t € [0,9) .Let us denote by ¢, the biggest real number in (0,7 such that I > 0 on
[0,2). ifto = T', than (2.36) is satisfied. We assume by contradiction that t, € (0,7).Thus
I(tp) = 0 and

8wl < 20) < 2B < SEO) Vi€ (0,t], (2.39)
in deed by (A1) and (2.38) we have
l , 1o, 1 |
T0) = Il Sl + 3o o Aw(n) + 3l + 210),  Vie (0

~
(+) because Lk and g are positive

l
Slaul} < 7).

B(t) = gl + () < B(),
0< B(t) - J(t) < BO),
I1) < B(#) < B(),
then l
SIAulE < 7)< B() < B(O).

If [|Au(to)||3 = 0, then (2.33) and (2.34) give
lu(to)] < 0= u(ty) =0, (g0 Au)(ty) =0 and [, u*(to)In|u(ty)|"dz = 0, then

0=1(to) = (90 Au)(ty) = /0 0 9(s)[1Au(s)|3ds. (2.40)

Consequently, if ¢ > 0 on|0,ty) ,we get |[Au(s)|l2 =0 Vs € [0, ).
Then
I(t) =0,Vt € [0,t),

which is not true since I > 0 on [0,%y). If g is not positive on [0,%) , then let t; €
[0,%0) the smallest real number such that g(¢#') = 0. Because ¢g(0)>0 and g is positive
,;nonincreasing and continuous on R*(condition (A1) ),then ¢; > Oand g = Oon [t1,00)
.Therefore, from (2.40), we deduce that

to t1
0 :/0 9(s)l1Au(s)l2ds :/0 9(s)l| Au(s)|[3ds,
then [[Au(s)||a = 0, for any s € [0,¢;), which implies that/(t) = 0,for any t € [0,t;) .As

before , this is a contradiction with the fact that I > 0 ,on [0,#5) . Than we conclude
that ||Au(tp)|| > 0.0On The other hand , we have

I(ty) > I||Aulto)||? —3/Qu2(to) In |u(ty) |Fdz.
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By using (2.39) and lemma (2.2.2) we have

1) > 1= 3k () T aut

By recalling (2.35), we arrive at I(t;) > 0, which contradicts the assumption 1(¢y) = 0.
Hence,ty = T" and then
I(t)>0, Vtel0,T).

Theorem 2.2.3 (Global existence) Under the assumption of lemma (2.1.2) the local so-
lution of (1)-(3) is global solution .

Proof. after the definition of E(t) we have

B(t) = 5 Jull3 + ).

and

E(t) < B(0).

So

|we||2 + 2J(t) < 2E(0) := C.
such that C is independent of ¢, implies
luell3 < €
2J(t) <C
which established the proof of the theorem (2.2.3). m



Chapter 3

Stability result

3.1 Some necessary lemmas

We start by establishing several lemmas needed for the proof of the our main result.

Lemma 3.1.1 Assume that g satisfies (A1). Then,for v € HZ()),we have

/Q </0t9(t —5)(u(t) — u(s))ds>2dx < c(g o Au(T)),

and
/Q ( /0 gt — s)(u(t) — u(s))ds>2dx < ¢(g o Au(T)).

Proof. We can simplify

/Q (/Otg(t —s)(u(t) — u(s))ds)de

= / ( / Al /al ) - u(s))ds) dr.

by applying Cauchy-Schwarz’s inequalities

- /Q (/Ot (\/M)st)%(/ot < gt = s)(u(t) - U(S))db“)Qd:U)é
< /Q (/Otg(t — s)d3>%</0t (g(t — ) (ult) — U(S))2d5>2dx)5

<(1- l)(/otg(t — s)ds) /Q(u(t) — u(s))*dx

by applying Poincare’s inequalities

< (1—l)c</otg(t—s)ds> /Q(Au(t) — Au(s))2dx

= (1 =1De(g o Au)(t)
< (g o Au)(t).

to

26

(3.1)
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Lemma 3.1.2 Assume that g satisfies (A1) and (A2). Then
/ E(t)g' 7 (t)dt < oo, Vo<2-—p. (3.2)
0

Proof. Using (A1) and (A2),we easily see that , for any 0 <2 —p |
E()g' 7 (t) = E()g' 7 (g (g P (t) < —g'(t)g' 7P (2).

Integrate the lest inquality over (0,00) ,we obtain
o N o0 o 2—p—o(t)y>
t)g' 7 (t)dt < — 'Og' T P(t)dt = | - ———7—= :
| e < - [* g o] L
]
Lemma 3.1.3 Assume that (A1)-(A3) and (4,5)hold and u is a solution of ((1)-(3)).
Then, for any 0 < o < 1 we have

p—1

(g0 Au)(t) < e ( /OOO g7 ()dt) B(0)] 7 (g7 0 Aw)rTE (1),

1
By taking o = g7 we get

o du)(t) <o [ g 6)as) (g0 o (33)

and for any €y € (0,1)
2p—2

1 1 t Cp—D(i+eg) S —
(970 Au)™a (1) < e ( / g4 (s)ds) ™V (g7 0 Awy D (1), (3.4)
0

Corollary 3.1.4 Assume that (A1)-(A2) and (2.35)hold any u is a solution of ((1)-(3)).
Then

E(t)(g 0 Au)(t) < o(—E' (1))@, (3.5)
and, for anyey € (0,1)

E(1) (g 0 M) (1) < ey (B (1)) 0, (36)
Proof. Multiply both sides of (3.3) by £(¢) and use (3.2) and (2.3) to obtain

g(t)(gom)(chég%()(/ g*(s)d >22152”11(t)(9p0Au)2p11(t)

/ ()9 (s)ds) T (€ 0 Ay (1) (3.7

/5 15) (g o Ay 1)
()7,

For the proof (3.6) using (3.5) and because ¢ is nonincreasing we obtain

£(6)(g 0 Au) T (1) = £ £(1)(g 0 Au)Tra () < o(E'(t)) B0 (3.8)

l\.’)\»—t
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Lemma 3.1.5 Assume that (A1)-(A3)and (2.35) hold. Then The functional

Ww(t) —/uutdaj,
Q
satisfies, along the solutions of ((1)-(3))
(1) < llwrll? = 1 Aul = Jul ?In |ul*d A 3.9
Y(t) < Nluellz = 1 Aully = fullz + L nful*dz + (g o Au)(t). (3.9)

Proof. We have
¢m=/wm+m@
Q

we multiply Eq ((1)-(3)) by u and we integrate over {2 we get,

¢
/uttuda: = ||Aul|3 — ||ul? + / u/ g(t — 8)A*u(s)dsdx) + / u? In |u|Fdz,
Q o Jo

Q

by using green formula we find

¢
/uttudx = [|Aul|? — [|Jul]3 + / Au/ g(t — s)Au(s)dsdx) + / w? In u|Fdz.
Q Q 0

Q

Then

t
P(t) = |Jugl|3 — || Aul|2 — [Ju]|2 + / Au/ g(t — s)Au(sdsdx) + / w?In julfdz.  (3.10)
0 0 v

we use Yong’s inequality for any p > 0 ,to obtain

/Q Au(t) ( /0 t gt — s)Au(s)ds)dx

< g/ﬂ(Au)Q(t)dx + % i (/Otg(t - s)Au(s)ds)zdx.

we add then term Au(t) — Au(t) we get:

<P /Q(Au)Q(t)dx + i A (/0 g(t — 9)[(Au(s) — Au(t)) + Au(t)]ds>2dx
4 /Q (Au)%t)dm—ki [ ( /0 gt — 5)[Au(s) — Au(t))ds) -+ ( /0 o(s)Au(t)ds ) d
_ %/Q(Au)Z(t)d:c + i (/0 gt — 5)[Au(s) — Au(D)]ds) do + (1~ 1) Au?

H g, 1
<(1-1+5)A —
<-4 Slaul? + o
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So
/ Au(t)(/tg(t - 3)Au(s)ds>d:p <1-1+% )HAu||2 + Lo D(ge Au)). (3.11)
Q 0 2p
By choosing =1
z
O (1) < [l = [|Aullz = [Jull3 + (1 - §)HAUH§ + (g 0 Au)(t) +/Qu2 In ful*dz. (3.12)

So we find (3.9). m
Lemma 3.1.6 Assume that (A1)-(A2) and (2.35) hold. Then the functional

/ut/ (t— 5 (s))dsda,

satisfies, along the solutions of ((1)-(3)) and for any €y € (0,1) and 6 >0
X' (t) < 0| Aull; + ( g o Au)(t) + 5(90Au)( )

t 1
4 (5= [ glo)ds) 3 + cqslg 0 By ), (313
0
Proof. We have

_%(/Q“t /Otg(t—s)(u(t)—u(s))dsda:>
__ /Q %(W /0 t gt — 5)(u(t) — u(s))dsdz)
_ —/Qutt</otg(t—s)(u(t)—u(s))ds)dx—/Qut%</otg(t—s)(u(t)—u(s))ds)dx,

and we have

/Qut%(/otg(t — s)(u(t) — u(s))ds) dx =

t

g (t — 8)(u(t) — u(s))dsdx

S~
S~

+

Ut
t
g(t — s)wdsdx
t

oo
— [ [ g9
( /Otg —s)ds) /Q 2.

weputy=t—sthens=t—y=ds=—-dys1=0=y1=t,59=1t= 1y =0

[ate=9is = [ s

2
S—

u(t) — u(s))dsdx

2
=)

_|_
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So,

/Qut(jt(/ot (t— ds dx = /ut/ (t—s) dsdm%—(/otg(s)ds)/gzufd:v,

then
Lmt/ ))ds) da — /W/ (t - 5)( ))dsda
~(f >/w
We multiply ((1)-(3)) by [ g(t — s)(u(t) — (s))ds and we integrate over © then
/m(/}u s)(ult) - <”“Vx
l/zm{/ (t — 8)(Au(t (5))dsda
/ / (t - 5) ))dsdz
/Q /0 - ~ Au(s))ds /0 " o(t — $)Au(s)dsdz

_/Qulnyu\k/otg(t—s)(u(t)—u(s))dsda:,

—/Au/t t — 8)(Au(t) — Au(s dsder// (t—s) ))dsdx
// (t — 8)(Ault )ds/ g(t — s)Au(s)dsdz

/umMW/g@ $)(u(t) — u(s))dsda

/ " / (t - s) ))dsdz
- </0 g(s )ds)/gutdx (3.14)

Similarly to (3.10), we estimate the eight-hand side terms of (3.14). So, by using Young’s
inequality, the first term gives, for any § > 0,

then

/Au/ (t — s)(Au(t) — Au(s))dsdx < — HAuH2 5// — 5)(Au(t) — Au(s))ds)*dx

”AuHZ (9 o Au)(t). (3.15)
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Using Lemma (3.1.1) .Young,s and Poincaré’s inequality, the second and fifth terms lead

to
/Qu/o g(t — s)(Au(t) — Au(s))dsdx < gHuH% + % /Q(/O g(t — s)(Au(t) — Au(s))ds)*dx
< Sl1aul + £(g 0 Au)(r), (3.16)
and
—/Qut/o (1 5)(Ault) — Au(s))dsdr < dllul ~ $(o' 0 Au)(). (3.17)
Similarly, the third term can be estimated as follows
/Q/O g(t — s)(Au(t) — Au(s))ds/o g(t — s)Au(s)dsdx (3.18)
< /Q ( /0 ot — 5)(Du(t) — Au(s))ds) -+ g /Q ( /0 ot — ) du()ds) dz (319)
< gHAuH% + c(1 + %)(g o Au)(t). (3.20)

Let ¢ € (0,1) and f(s) = s°(|Ins| — s). Notice that f is continuous on (0, 00) and its
limit at 0 is 0, and its limit at oo is —oo.Then f has a maximum d,, on [0,00), so the
following inequality holds:

s|Ins| < 8%+ d,s' 7, Vs > 0. (3.21)
By applying this inequality (3.21) and we have HZ(Q) is embedding in L>®(Q2) =
Jow?dr < 1 [ |ul

2
and using young’s inequality s.t ¢ = *

1 :1—60

1+e€
/Quln|u\k/0tg(t—s)(u(t) _ u(s))dsdz

= [umlal [ ot = 5)u(t) - ats))dsdo
< k/ﬁ(u%dgolull‘“’) t
:k/Qu2 /Otg(t—s)(u(t) ~ u(s))dsde] +k/9d60|u]1€°
< [ ] [ ote = o)t = uts))is|

+ 6y /Q w2dz + coy s, /Q ) /0 ot — $)(ult) — u(s))ds
<anlauli+ £ [ | [ ote— )t —usis|'do
e [ | [ ot =)t~ utspas

/ g(t — s)(u(t) — u(s))dsd:p’

0

/0 g(t — 8)(ult) — u(s))dsdx

2
1+€q dl’

2
O g
)
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)
such that ¢ = ke and 0, = kd,, then,puting 1= ¢, and using Holder’s inequality and
Lemma (3.1.1),we find

/Quln |u|k/0 g(t — s)(u(t) — u(s))dsdx
< Al + S(g.0 Bu)(t) + e (9 0 Du) T (1), (3.22)

The above inequalities imply (3.13). =

Lemma 3.1.7 Assume that (A1)-(A8)and (2.35) hold and let ey € (0,1).Then , for k
small enough, there exist two positive constant €1,e9 such that the functional

L(t) = E(t) + e19(t) + eax(t),

satisfies

L~E (3.23)

and ,for any ty > 0, there exists a positive constant m such that
L'(t) < —mE(t) + clg o Au)(t) + (g0 Au) T (£), V> . (3.24)

Proof. For the proof of (3.23) we have

z/z(t):/uutdxg/u2dx+/ut2dx
Q Q Q
§/Au2dm+/ut2dx
Q Q

< [ Aull3 + [l
and we have
t t
_ / ut/ gt — $)(u(t) — u(s))dsdz < — / W2z — /(/ gt — $)(u(t) — u(s))ds)2da
o Jo Q o Jo
< —Jluel® + (g o Au)(t). (3.25)
then we see that using similar calculations as before,

[L(t) = E@)] = [e19(t) + e2x(1))]

|51/utuda:—52/ut/ (t—s)( — u(s))dsdx|

< ea (1Al + full3) + 2 (lull? + (g o Au)(t))
< efer + &) (Jlall3 + 1 Aull3 + (9 0 Au)(1))

there for, from (2.36) and (2.38), we obtain

L(1) ~ B(0)| < cler +22) (g lull3 + 1(1)) = eler + ) (1),
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because ]
gHutHg +J(t) = E()
then
—c(e1+e)E(t) < L(t) — E(t) < c(eg +e9)E(t).
So

(1 —cler +e2)) E(t) < L) < (1 + e +2)) E(1).

Hence, for 1,9 > 0 satisfying
(1 —c(eg +e2)) >0, (3.26)

the equivalence (3.23) holds. Now ,we prove inequality (3.24) .Since g is positive and
g(0) > 0 then , for any ¢y > 0, we have

t to
/ g(s)ds > / g(s)ds = go > 0, Yt > to.
0 0

We havelL/(t) = E'(t) + 10 (t) + 2/ (¢)
So when we add and subtract mE(t) to obtain

L'(t) = —mE(t) + mE(t) + E'(t) + e1¢'(t) + eax/(t).

By using (2.3),(3.9) (3.13) and the definition of E(t), then ,for ¢ > ¢, and any m > 0, we
have

L(t) < —mE(t) = (2200 — ) =1 = 5 ) el

T PR (= T

! 2 cym
+ <k€1 kQ)/Qu In |uldz + <C€1+825+ 2>(goAu)(t) (3.27)

+ <§ — T> (¢ o Au)(t) + eaces(g 0 Au)ﬁ(t)

Using the Logarithmic Sobolev inequality, for 0 < m < 2e1, we get
m
L'(t) < —mE(t) — (52(90 —0) —e1— 5) [l
[ m m. Cpa
(e = T k(e - T 2D A
k+2)m
_G_l__L+M&—EM+m@+MZ——NMW)MB

4
+ (e + ezg + %) (g0 Au)(t) (3.28)

1 CE9

+ (5 — T) (¢' o Au)(t) + €2€c0,5(g © Au)ﬁ(t).

At this point we choose § so small that

lgo

1
—0> = d ¢
90 > 5d0 an <z 16
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Whence ¢ is fixed, the choice of any twe positive constants £, and e satisfying
9o 9o

Z€2 <egr < 562, (329)

will make

[
ki = 82(90 — (S) —e1>0 and ko := 581 — 625 > 0.

Then ,we choose €1 and €5 so small so that (3.26)and (3.29) remain valid and,further

% _ %82 > 0.
L'(t) < —mE(t) — </€1 - %) 3
m. C Cl
<k2 -5 - k(e — 5 ) £ )HAUHQ
k+2)m
(- % k(e - 3)“ #na) + (] — ) ul3) ul}

T (g 0 Au)(t) + caslg 0 Au) T (8),

Then, using (2.11)and selecting m and k so small that
2

m m my Cpa
a1::k1—§>07 a2—k2_§_k(51 2);71"
and I+ 2)m
+
ag;:51_%+k(51_5)(1+lna)+kz(z——)1n||u||§>0-

Therefore, we arrive at the desired result (3.24). =
Remark 3.1.8 Using(1.5) ,(2.2),(2.31),(2.36), and(2.38), we have

B(1) = () + 5lhu(0)]3 > 1) > [ Aud]

(@)

then ,using (2.3)
|8u(t)l < TE() < S BO) (3.30)

So from (2.3) and using Young’s inequality ,we get

E(0)] = 5o Audl} ~ 54’ o Au)(r)
< JoOIAOIE — [ o6 - )18l +IuR)s (331
< JoOIAu01; - [ 2 - 9B (332
< oAU - 280) [ ot s)is
< JoOIAu01 - 2E0) [ 16— )i
< 7 (5900 +20(0) — 29(0)) E(0)

IN
O e~
&
=
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3.2 Main result

Theorem 3.2.1 Let (ug,u;) € HZ(Q) x L*(Q),e € (0,2p — 1) and ty > 0.Assume that
(A1)-(A3) and (4,5) hold. Then, for k small enough, there exists a positive constant K
such that the solution of ((1)-(3))satisfies

t -1
E(t) < K(1 + / €2p’1+6(3)d3> P>y, (3.33)
0
Moreover, if there ezist €, € (0,2p — 1)and to > 0 such that
/ (1 + / t£2p’”61(s)ds> T < o0, (3.34)
to to

then, for any e € (0,p) and ty > 0,there exists a positive constant K' such that the solution

of ((1)-(3)) satisfies
Et) < K'(1 P*(s)d ﬁ, Vit > tp. 3.35
0 <1+ [ ereisas) = (3.35)
Proof. We multiply (3.24) by £(t) and use (3.5) , (3.6) and (3.31)to get, for any t > to,
EOL(E) < ~mEWB() + o(~E' (1) + e(E'(t) 0050
< —mE(t)E(t) + c(~ E'(1)) @0t (— F' (1)) woas) (3.36)
+ e(~E(t)) oo
< —mé(t)E(t) + c(—E’(t))m (1 - (—E’(t))W?Heo)), Yt > .

J/

~
<00

—mEME(t) + c(—E' (1) m 00, V> ¢ (3.37)

IN

Multiply the lest inequality by &(¢)7(¢) E7(t),wherey = 2(p — 1)(1 + ¢) — 1, and notice
that ¢ < 0 to obtain

EHEIRL () < —m& T (OB (E) + c(€B () (— B (1) 77,V > to.

. . . +1 .
Use of Young’s inequality, with ¢ =~ + 1 and ¢* = L, gives for any ¢’ > 0,
y

EHOE (L (t) < —m&T O ETH () + (€ (BT — e EN (1))
= —(m— )BT L) — cE'(t), Yt >t

m
We then choose 0 < ¢’ < — and recall that & < 0andE’ < 0,to get, for ¢; = m — €'c,
c

(e m1w) = (€Y BLm) + (€EYLD) + (0B T0)
So,

<§7+1E7L(t)), < OB L) < —afTI BT — cE'(t), V>t
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which implies
(OTEVL 4+ cE) () < — T OB ) Yt > ¢,
Let F = ¢ EYL + cE. Then F ~ E (thanks to(3.23)) So

F'(t) < =i () ETTH(2)
< _ngJrl(t)F'erl (t) — _c€(2p71)(1+eo)(t)F(prl)(lJreo)(t) Yt > to.

Integrating over (o, t) and using the fact that F' ~ E we obtain (3.33) with e = (2p—1)¢
To establish (3.35), we use the idea of Messaoudi and Al-Khulaif[16] let

t
_ / | Au(t) — Ault — 5)|2ds.
0
Using (3.30), we get

t
n(t) < 2/ (JAu(@®) |5 + [|Au(t — s)||3)ds by use inequality(a — b)* < 2a* + 2b>
0

12

< =

=7,
24 [t

< — | E(s)ds
L Jo

24 [
<7 E(s)ds < co. by use (3.33), (3.34)

0

t(E(t) + E(t — s))ds

This implies that

Jun

supn' 7 (t) < oo. (3.38)

t>0

Assume that n(t) > 0. Then because ¢ is nonincreasing,we find

n(t)
n(t)

Applying Jensen’s inequality to get

§(t)(g 0 Au)(t) < /0 (£(5)97(5))7 | Au(t) — Au(t — 5)]3ds.

6090 20)0) < 0(0) (= [ @B Ai—)fas)”
The mention that ¢'(t) < —§(t)gp(t), (3.38), we obtain
{090 20)(0) < ' H0) (70 [ €)@ dutt) - B - 5)13ds)”
< 1<>@p1<)A <MAu@w—Aa—-ﬂﬁd9;

1

(r0g0) ™ ([~ 01300 500 )
<c(—g o Au)r(t),

IN
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and then, according to (2.3),

E(t)(g 0 Au)(t) < o(—E'(1))7 (3.39)
So since £ is nonincreasing,
£(8)(g 0 Au) T (1) = (£2(1)E(1) (g 0 Au)(t)) T
< (E°(0)(1)(g 0 Au)(t) % (3.40)
< c€(t)(g 0 du)(1)
< o(—F'(t)) @0, by(3.6)

If n(t) = 0,then s — Au(s) is a constant function on [0, ¢].Therefore

(9 0 Au)(t) =0,

and hence (3.39)and (3.40) hold.
Now, multiplying (3.24) by £(¢) and using (3.31),(3.31) ,(3.39) and (3.40) to find,for any
t > to (as for,(3.36))

=

(1) < —mEW)B(t) + co(—E'(1))7 + c(E' (1))
< —mE(t)B(t) + o(—E'(£)) 70 (— ' (£) 70 + o~ B (1) 7w
< —mERER) + c(—E'(@)T, Yt e> to. (3.41)
Inequality (3.36) with 2p — 1 replaced by p is exactly (3.41). Then the proof of (3.35)

can be completed as for the one of (3.33)(by taking v = p(1 4 ¢) — 1 and € = pey). This
completes the proof of our main result. m
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Abstract

In this thesis, we will present and explain a previous study on the existence
and stability of solutions to the wave equation that includes terms for viscosity
and elasticity, along with a nonlinear logarithmic term. We will begin by
introducing the reader to a set of concepts, inequalities, and spaces that will
be needed throughout the rest of the paper. Then, we will show that the
problem admits a local solution using the Galerkin method, after which we
will prove that this solution is indeed a global solution. Finally, we will provide
a detailed study of the solution’s stability by using the energy associated with
the problem.

Key words : Sobolev spaces, Local and Global existence, Stability, Energy.

Résumé

Dans cette mémoire, nous présenterons et expliquerons une étude antérieure
sur l’existence et la stabilité des solutions de I’équation des ondes, qui in-
clut des termes de viscosité et d’élasticité, ainsi qu’un terme logarithmique
non linéaire. Nous commencerons par introduire au lecteur un ensemble de
concepts, d’inégalités et d’espaces nécessaires pour le reste du document. En-
suite, nous montrerons que le probléme admet une solution locale en utilisant
la méthode de Galerkin, aprés quoi nous prouverons que cette solution est
effectivement une solution globale. Enfin, nous réaliserons une étude détaillée
de la stabilité de la solution en utilisant ’énergie associée au probléme.

Mots Clé : Espaces Sobolev , Local et Globale existence, Stabilité, Energie.



