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Notation
Ω : bounded domain in R2

∇u : gradient of u.

∆u : Laplace of u.

D(Ω) : distribution space.

Ck(Ω) : space of functions k-times continuously differentiable in Ω.

Lp(Ω) : space of functions p-th power integrated on with measure of dx.

∥f∥p =
( ∫

Ω
|f |p
) 1

p
.

W 1,p = {u ∈ Lp(Ω),∇u ∈ Lp(Ω)}.

H: Hilbert space.

H1
0 (Ω) = W 1,2

0 (Ω).

If X is a Banach space

LP (0, T,X) =
{
f : (0, T ) −→ X is measurable :

∫ T

0
∥f(t)∥pXdt <∞

}
.

L∞(0, T,X) =
{
f : (0, T ) −→ X is measurable : ess− supt∈[0,T ] ∥f(t)∥

p
X <∞

}
.

Ck([0, T ];X) :Space of functions k times continuously differentiable from [0, T ] −→ X.

D([0, T ];X): space of functions continuously differentiable with compact support in
[0, T ].
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Introduction

In recent decades, viscoelastic wave equations with acoustic boundary conditions have
garnered significant attention from many researchers. It is well-known that viscoelastic
materials exhibit memory effects, where their mechanical response is influenced by the
history of the materials themselves. Mathematically, these damping effects are modeled
using integro-differential operators. Consequently, differential equations that incorporate
memory effects have become a vibrant area of research in recent years. We can mention
some works [1, 3, 4, 6, 8, 11, 12]. The logarithmic nonlinearity is of great interest in physics
due to its natural occurrence in various fields such as inflation cosmology, supersymmetric
field theories, quantum mechanics, and nuclear physics [14, 19]. In this thesis, we details
the work published by Al-Gharabli et al in 2019 see[1], that is the existence and stability
solution of viscoelastic wave equation:

utt +∆2u+ u−
∫ t

0

g(t− s)∆2u(s)ds = ku ln |u|, in Ω× (0,∞) (1)

with the boundary condition:

u =
∂u

∂ν
= 0, in ∂Ω× (0,∞) (2)

and the initial condition:

u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω. (3)

where Ω is a bounded domain in Rn, n ∈ N, with a smooth boundary ∂Ω = Γ, ν is
the unit outer normal to ∂Ω and k is a small positive real number. The kernel g is a
positive nonincreasing function defined on R+. (u0, u1, ) are the initial data belonging to
a suitable function space. In [17] Messoudi studied the following equation

utt +∆2u+ |ut|m−2ut = |u|p − 2u, in Ω× (0, T ) (4)

with the boundary condition:

u =
∂u

∂ν
= 0, in ∂Ω× (0,∞) (5)

and the initial condition:

u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω. (6)

5
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established an existence result and showed that the solution continues to exist globally if
m ≥ p, and blows up in finite time if m < p and the initial energy is negative. Santos
and Junior in [20] studied the following system:

utt +∆2u = 0, in Ω× (0,∞),

u = ∂u
∂ν

= 0, on Γ0 × (0,∞),

−u+
∫ t

0
g1(t− s)β1u(s)ds = 0, on Γ1 × (0,∞),

∂u
∂ν

+
∫ t

0
g2(t− s)β2u(s)ds = 0, on Γ2 × (0,∞),

u(0, x) = u0(x), ut(0, x) = u1(x), in Ω,

(7)

where
β1u = ∆u+ (1− µ)B1u and β2u =

∂∆u

∂µ
+ (1− µ)

∂B2u

∂η

with

B1u = 2ν1ν2uxy − ν21uyy − ν22uxx and B2u = (ν1 − ν2)uxy + ν1ν2 (uyy − uxx) .

Liu and Sun in [11] considered the equation

utt −∆u+ α(t)

∫ t

0

g(t− s)∆u(s)ds = 0, in Ω× (0,∞)

with a homogeneous Dirichlet condition on a portion of the boundary and acoustic bound-
ary conditions on the rest of the boundary. The authors established a general decay result,
which depends on the behavior of both α and g, by using the perturbed energy functional
technique.Cavalcanti et al. [7] considered the equation

|ut|ρutt −∆u−∆utt +

∫ t

0

g(t− s)∆u(s)ds− γ∆ut = 0, in Ω× (0,∞)

subject to Dirichlet boundary conditions. Taking 0 ≤ ρ ≤ 2
n−2

if n ≥ 3 or ρ > 0 if
n = 1, 2 and assuming that the kernel g decays exponentially, the authors obtained global
existence of solutions in the case γ ≥ 0. They also proved that the solution energy decays
exponentially when γ > 0. In [9] Górka studied The existence of global solution for the
wave equation :

utt − uxx + u = εu log |u|2, x ∈ Ω, t ∈ [0, T ),

with the boundary condition

u(x, t) = 0, on ∂Ω× (0, T )

and the initial condition

u(x, 0) = u0, ut(x, 0) = u1 in Ω,

where Ω = [a, b] is a one-dimensional interval, (u0, u1) ∈ H1
0 × L2 and ε ∈ [0, 1].In [5],

Cazenave and Haraux considered

utt −∆u = ku ln |u|, in R3

and established the existence and uniqueness of the solution for the Cauchy problem.
The body of this thesis is organized as follows:
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• In chapter 1, we present some notations and material needed for our work.

• In chapter 2, by using the Faedo-Galerkin method we establish the local existence
of the solutions of the problem then by using the energy of the problem we showed
the global existence.

• In chapter 3, we study the stability result.



Chapter 1

Preliminaries

In this chapter, we present the elementary symbols, definitions and provide many tools
on the basic concepts of inequalities and spaces, we will use later.

1.1 Banach Spaces

We first review some basic facts from calculus in the most important class of linear spaces
the "Banach spaces".

Definition 1.1.1 A Banach space is a complete normed linear space X. Its dual space
X

′ is the linear space of all continuous linear functional f : X −→ R.

Proposition 1.1.2 X
′ equipped with the norm

∥f∥X′ = sup {|f (u)| : ∥u∥X ≤ 1} ,

is also a Banach space.

Definition 1.1.3 Let X be a Banach space, and let (un)n∈N be a sequence in X. Then
un converges strongly to u in X if and only if

lim
n−→∞

∥un − u∥X = 0,

and this is denoted by un −→ u, or lim
n−→∞

un = u.

Definition 1.1.4 A sequence (un) in X is weakly convergent to u if and only if

lim
n−→∞

f (un) = f (u) ,

for every f ∈ X
′and this is denoted by un ⇀ u.

8



1.2. FUNCTIONAL SPACES 9

1.2 Functional spaces

1.2.1 The Lp spaces

Definition 1.2.1 [2] Let Ω be a domain in Rn(n ∈ N),for 1 ≤ p <∞, the Lebesgue space
Lp(Ω) is defined by:

Lp(Ω) = u : Ω −→ R, u is measurable and
∫
Ω

|u(x)|pdx <∞,

with the norm
∥u∥p =

(∫
Ω

|u(x)|pdx
) 1

p
,

In addition ,we define L∞(Ω) by:
L∞(Ω) = u : Ω −→ R, u is measurable and ∃ c > 0 such that|u(x)| ≤ c a.e on Ω, equipped
with the norme

∥u∥∞ = ess sup
x∈Ω

|u(x)| = inf{c : |u(x)| ≤ c, a.e on Ω}.

1.2.2 Hilbert spaces

Definition 1.2.2 An inner product on a complex linear space X is a map

(., .) : X ×X −→ C.

Such that ,for all x,y,z ∈ X andλ, µ ∈ C : (a)(x, λy+ µz) = λ(x, y) + µ(x, y)(linear in the
second argument):
1.(x, x) ≥ 0(nonnegative);
2.(x,x)=0 if and only if x=0(positive definite).
we call alinear space with an inner product a pre-Hilbert space. If X is a linear space with
an inner product(.,.)then we can define an norm in X by:

∥x∥ =
√
(x, x).

A Hilbert space is a complete inner product space.

Definition 1.2.3 A Hilbert space is a complete inner product space.

Remark 1.2.4 The spaces Lp([a, b]) are Banach spaces but they are not Hilbert spaces
when p ̸= 2.

1.3 Lp(0, T,X) Spaces

Definition 1.3.1 Let X be a Banach space,denote by Lp(0, T,X) the space of measurable
functions

f :]0, T [−→ X

t −→ f(t),
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such that ∫ T

0

(∥f(T )∥pX)
1
pdt <∞

If p = ∞
∥f∥L∞(0,T,X) = sup

t∈]0,T [

ess∥f(t)∥X .

Theorem 1.3.2 The space Lp(0, T,X)is a Banach space.

1.4 Sobolev space

Definition 1.4.1 [13]

For k∈ N and 1≤ p ≤ ∞ . We define the sobolev space

W k,p(Ω) = {u ∈ Lp(Ω), Dαu ∈ Lp(Ω)∀α ∈ Nn with |α| ≤ k},

equipped with the norm

∥u∥k,p =
( ∑

|α|≤k

∥Dαu∥pp
) 1

p
, 1 ≤ p <∞

∥u∥k,∞ = max
|α|≤k

∥Dαu∥∞,

where Dαu is the α-th weak derivative of u which is defined as∫
Ω

u(x)Dαφ(x) = −1|α|
∫
Ω

v(x)φ(x),∀φ ∈ C∞
c (Ω),

|α|=α1 + ...+ αn,and

v = Dαu =
∂|α|u

∂x1α1...∂xnαn

.

. The space W k,2(Ω) is denoted by Hk(Ω), which is a Hilbert space with respect to the
inner product

(u, v)Hk =

∫
Ω

∑
|α|≤k

Dαu(x)Dαv(x)dx,∀u, v ∈ Hk(Ω).

Definition 1.4.2 [13]
We denote by W k,p

0 (Ω) the closure of C∞
c (Ω) in W k,p(Ω).

Proposition 1.4.3 [18](Green’s formula)

Let Ω be an open subset of Rd, with a Lipschitz boundary. Then for all u, v ∈ H1(Ω),∫
Ω

(
∂u

∂xi
v +

∂v

∂xi
u)dx =

∫
∂Ω

γ0(u)γ0(v)ηids, i = 1, ..., d

Where ηi is the i-th component of the outward normal vector η.
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1.5 Some inequalities

Theorem 1.5.1 (Cauchy-Schwarz inequality)
Let u ∈ L2(Ω) and v ∈ L2(Ω),then uv∈ L1(Ω) and

∥uv∥1 ≤ ∥u∥2∥v∥2.

Theorem 1.5.2 (Höldr’s inequality)
Let 1 ≤ p ≤ ∞,if u ∈ Lp(Ω) and v∈ Lq(Ω), then u v ∈ L1(Ω) and

∥uv∥1 ≤ ∥u∥p∥v∥q,

where
1

p
+

1

q
.

Theorem 1.5.3 (Young’s inequality)
Let 1 ≤ p ≤ ∞ ,and a, b > 0.Then for any ϵ > 0,we have

uv ≤ ϵup + Cϵv
q

where
Cϵ =

1

q(ϵp)
q
p

.

For p = q = 2, we have

uv ≤ ϵu2 +
v2

4ϵ
.

Theorem 1.5.4 (Poincare inequality) Assume that Ω is a bounded connected open set
of Rd and that Σ is a (non-empty)Lipschitz continuous subset of the boundray ∂Ω.Then
there exists a constant CΩ > 0 such that∫

Ω

v2(x)dx ≤ CΩ

∫
Ω

|∇v(x)|2dx,

for each v ∈ H1
Σ(Ω).

Theorem 1.5.5 [2](Fubini)
Assume that F ∈ L1(Ω1 × Ω2).Then for a,e x ∈ Ω1.
F (x, y) ∈ L1

y(Ω2) and
∫
Ω2
F (x, y)dµ2 ∈ L1

x(Ω1). Similarly,for a,e.y ∈ Ω2,
F (x, y) ∈ L1

x(Ω1) and
∫
Ω1
F (x, y)dµ1 ∈ L1

y(Ω1). Moreover,oneb has∫
Ω1

dµ1

∫
Ω2

F (x, y)dµ2 =

∫
Ω2

dµ2

∫
Ω1

F (x, y)dµ1 =

∫ ∫
Ω1×Ω2

F (x, y)dµ1dµ2.

Theorem 1.5.6 [2] ( Jensen’s inequality.)
Assume |Ω| < ∞. Let j : R −→ (−∞,+∞) be a convex l.s.c. function, j ≇ +∞. Let
f ∈ L1(Ω) be such that f(x) ∈ D(j)a.e. and j(f) ∈ L1(Ω).then

j
( 1

|Ω|

∫
Ω

f
)
≤ 1

|Ω|

∫
Ω

j(f)
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Lemma 1.5.7 (Sobolev-Poincare inequality)
Let q be a number with

2 ≤ q <∞, (n = 1, 2), 2 ≤ q ≤ 2n

n− 2
(n ≥ 3),

then there exists aconstant Cs = cs(Ω, q) such that

∥u∥q ≤ c∥∇u∥2, for u ∈ H1
0 (Ω).

Lemma 1.5.8 (Logaritmic sobolev inequality)
Let u be any function in H1

0 (Ω) and a be any positive real numbre .Then∫
Ω

u2 ln |u|dx ≤ 1

2
∥u∥22 ln ∥u∥22 +

a2

2π
∥∇u∥22 − (1 + ln a)∥u∥22. (1.1)

Corollary 1.5.9 Let u be any function in H2
0 (Ω) and a be any postive real numbre .Then∫

Ω

u2 ln |u|dx ≤ 1

2
∥u∥22 ln ∥u∥22 +

cpa
2

2π
∥∆u∥22 − (1 + ln a)∥u∥22 (1.2)

Lemma 1.5.10 (Logaritmic Gronwall inequality).Let c>0,γ ∈ L1(0, T ;R+) and assume
that the function ω : [0, T ] −→ [1,∞) satisfies

ω(t) ≤ c
(
1 +

∫ t

0

γ(s)ω(s) lnω(s)ds
)
, 0 ≤ t ≤ T. (1.3)

Then

ω(t) ≤ c exp
(
c

∫ t

0

γ(s)ds
)
, 0 ≤ t ≤ T. (1.4)

Lemma 1.5.11∫ t

0

g(t−s)(∆u(s),∆ut(t))ds = −1

2
g(t)∥∆u∥22+

1

2
(g′◦∆u)(t)−1

2

d

dt

{
(g◦∆u)(t)−

(∫ t

0

g(s)
)
∥∆u∥22

}
where

(g ◦∆u)(t) =
∫ t

0

g(t− s)∥∆u(s),∆ut(t)∥2ds.

We considre the following hypotheses:
(A1) g : R+ −→ R+ is aC1− nonincreasing function satisfying

g(0) > 0 and 1−
∫ ∞

0

g(s)ds = l > 0 (1.5)

(A2) There exist a nonincreasing differentiable function ξ : R+ −→ R+ ,with ξ(0) > 0,and

a constant 1 ≤ p <
3

2
such that

g′(t) ≤ −ξ(t)gp(t), ∀t ∈ R+. (1.6)
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(A3) The constant k in (1,1)satisfies0 < k < k0 ,wherek0 is the positive real number
satisfying √

2πl

k0cp
= e

−3
2
− 1

k0 (1.7)

. and cp is the smallest positive number satisfying

∥∇u∥22 ≤ cp∥∆u∥22, ∀u ∈ H2
0 (Ω)

where ∥.∥2 = ∥.∥L2(Ω)

Remark 1.5.12 The function f(s) =

√
2πl

scp
− e

−3
2
− 1

s is a continuous and decreasing

function on (0,∞), with lims−→0+ f(s) = ∞ and lims−→0+ f(x) = −e− 3
2 . Then, there

exists a unique k0 > 0 such that f(k0) = 0. Moreover,

e
−3
2
− 1

s <

√
2πl

scp
, ∀s ∈ (0, k0). (1.8)



Chapter 2

Local and Global existence of solution

2.1 Local existence.

In this section. we state and prove the local existence result for problem (1)-(3).

Definition 2.1.1 Let T > 0 a function

u ∈ C([0, T ], H2
0 (Ω)) ∩ C1([0, T ], L2(Ω)) ∩ C2([0, T ], H−2(Ω))

is called a weak solution of ( (1)-(3)) on [0,T] if, for any ω ∈ H2
0 (Ω) and t ∈ [0,T],

∫
Ω
utt(x, t)ω(x)dx+

∫
Ω
∆u(x, t)∆ω(x)dx+

∫
Ω
u(x, t)ω(x)dx

−
∫
Ω
∆ω(x)

∫ t

0
g(t− s)∆u(s)dsdx =

∫
Ω
u(x, t)ω(x) ln |u(x, t)|kdx

u(x, 0) = u0(x), ut(x, 0) = u1(x).

(2.1)

Lemma 2.1.2 let u be a solution of ( (1)-(3)) then the modified energy of this problem is
defend by:

E(t) =
1

2

(
∥ut∥22 +

(
1−

∫ t

0

g(s)
)
∥∆u∥22

k + 2

2
∥u∥22

)
− 1

2

∫
Ω

|u|2 ln |u|kdx+ 1

2
(g ◦∆u)(t). (2.2)

the energy E(t) is nonincreasing because,

E ′(t) =
1

2
(g′ ◦∆u)(t)− 1

2
g(t)∥∆u∥22 ≤

1

2
(g′ ◦∆u)(t) ≤ 0. (2.3)

Proof. Let us replace ω by ut in (2.1) and integrate by parts to obtain:

∫
Ω

uttutdx+

∫
Ω

∆u∆utdx+

∫
Ω

uutdx−
∫
Ω

∆ut

∫ t

0

g(t− s)∆u(s)dsdx =

∫
Ω

uut ln |u|kdx.

14
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So

1

2

d

dt

∫
Ω

u2tdx+
1

2

d

dt

∫
Ω

(∆u)2dx+
1

2

d

dt

∫
Ω

u2dx− g(t)∥∆u∥22 +
1

2
(g′ ◦∆u)(t)

− 1

2

d

dt

{
(g ◦∆u)(t)−

(∫ t

0

g(s)
)
∥∆u∥22

}
=

1

2

d

dt

∫
Ω

u2 ln |u|kdx− k

4

d

dt

∫
Ω

u2dx,

implies

1

2

d

dt
∥ut∥22 +

1

2

d

dt
∥∆u∥22 +

1

2

d

dt
∥u∥22 − g(t)∥∆u∥22 +

1

2
(g′ ◦∆u)(t)

− 1

2

d

dt

{
(g ◦∆u)(t)−

(∫ t

0

g(s)
)
∥∆u∥22

}
=

1

2

d

dt

∫
Ω

u2 ln |u|kdx− k

4

d

dt
∥u∥22.

Thus

1

2

d

dt

{
∥ut∥22 + ∥u∥22 + (g ◦∆u)(t) +

(
1−

∫ t

0

g(s)
)
∥∆u∥22 −

∫
Ω

u2 ln |u|kdx+ k

4
∥u∥22

}
= −1

2
g(t)∥∆u∥22 +

1

2
(g′ ◦∆u)(t),

then

E(t) =
1

2

(
∥ut∥22 +

(
1−

∫ t

0

g(s)
)
∥∆u∥22

k + 2

2
∥u∥22

)
− 1

2

∫
Ω

|u|2 ln |u|kdx+ 1

2
(g ◦∆u)(t).

(2.4)

Theorem 2.1.3 Assume that (A1) and (A2) hold and let (u0, u1) ∈ H2
0 (Ω)× L2(Ω)

Then the problem ( (1)-(3)) has a weak solution

u ∈ C([0, T ], H2
0 (Ω)) ∩ C1([0, T ], L2(Ω)) ∩ C2([0, T ], H−2(Ω)). (2.5)

Proof. . The demonstration is based on the Faedo-Galarkin method which consist of
carrying out the following

let {ωj}∞j=1 be orthogonal basis of the "separable" space H2
0 (Ω) which is orthonormal

in L2(Ω).

let Vm = span{ω1, ω2...ωm} and let the projection of the initial on the finite dimen-
sional subspace Vm be given by

um0 (x) =
m∑
j=1

ajωj(x), and um1 (x) =
m∑
j=1

bjωj(x).

where
um0 → u0 in H

2
0 (Ω), and um1 → u in L2(Ω). (2.6)

Search for an apporoximate solution



2.1. LOCAL EXISTENCE. 16

um(x) =
m∑
j=1

hmj ωj(x)

of the approximate problem in Vm :
∫
Ω
umttωj +∆um∆ωj + umωj −

∫ t

0
g(t− s)∆um(s)ds∆ωjdx

=
∫
Ω
ωju

m ln |um|kdx ,∀ωj ∈ Vm,

um(0) = um0 =
∑m

j=1(u0, ωj)ωj,

umt (0) = um1 =
∑m

j=1(u1, ωj)ωj.

(2.7)

This leads to a system of ODEs unknown functions hmj (t). Based on standard existence
theory for ODE,one can obtain functions

hj : [0, tm)→ R j=1,2,...,m,

which satisfy (2.7) in a maximal interval [0, tm), tm ∈ (0, T ].
Next, we show that tm=T and that the local solution is uniformly bounded independent

of m and t.
d

dt
Em(t) ⩽

1

2
(g′ ◦∆um)(t) ⩽ 0, (2.8)

where

Em(t) =
1

2

(
∥umt ∥22+

(
1−
∫ t

0

g(s)
)
∥∆um∥22

k + 2

2
∥um∥22

)
−1

2

∫
Ω

|um|2 ln |um|kdx+1

2
(g◦∆um)(t).

(2.9)
From(2.8) we get

d

dt
Em(t) ⩽ 0,

so ∫ t

0

d

dt
Em(t) ⩽ 0,

then
Em(t)− Em(0) ⩽ 0,

thus
Em(t) ⩽ Em(0),

therefore
2Em(t) ≤ 2Em(0) := C.

The last inequality with (1.5) and the Logarithmic Sobolev inequality (1.2), we get

∥umt ∥22 + (g ◦∆um)(t) +
(
l − kα2cp

2π

)
∥∆um∥22 +

(k + 2

2
+ k(1 + lnα)

)
∥um∥22

≤ C +
k

2
∥um∥22 ln ∥um∥22, (2.10)
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where C = 2Em(0). Choosing

e
3
2
− 1

k < α <

√
2πl

kcp
, (2.11)

will make
l − kα2cp

2π
> 0 and

k + 2

2
+ k(1 + lnα) > 0.

this selection is possible thanks to (A3). So, we get

∥umt ∥22 + (g ◦∆um)(t) + ∥∆um∥22 + ∥um∥22 ⩽ c
(
1 + ∥um∥22 ln ∥um∥22

)
. (2.12)

Let us note that

um(., t) = um(., 0) +

∫ t

0

∂um

∂s
(., s).

Then using Cauchy Schwarz’s inequality and Fubini, we get

∥um(t)∥22 ≤ 2∥um(0)∥22 + 2∥
∫ t

0

∂um

∂s
(s)∥22 (2.13)

≤ 2∥um(0)∥22 + 2∥
(∫ t

0

1ds
) 1

2
(∫ t

0

(umt )
2ds
) 1

2∥22 (2.14)

≤ 2∥um(t)∥22 + 2T

∫ t

0

∥umt (s)∥22ds,

hence, inequality (2.12) gives

∥um∥22 ⩽ 2∥um(0)∥22 + 2cT
(
1 +

∫ t

0

∥um∥22 ln ∥um∥22ds
)
. (2.15)

If we put C1 = max{2cT, 2∥um(0)∥22} (3.11) leads to

∥um∥22 ⩽ 2C1

(
1 +

∫ t

0

∥um∥22 ln ∥um∥22ds
)
.

Without loss of generality,we takeC1 ⩾ 1,which gives

∥um∥22 ≤ 2C1

(
1 +

∫ t

0

(
C1 + ∥um∥22

)
ln
(
C1 + ∥um∥22

)
ds
)
.

Applying the Logarithmic Gronwall inequality to the last inequality, we obtain the
following estimate :

∥um∥22 ⩽ 2C1e
2C1T := C2.

Where 
w(t) = ∥um∥22,
γ(t) = 1 =⇒

∫ t

0
1ds = T,

c = 2C1.
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Hence from inequality (2.12) it follows that:

∥umt ∥22 + (g ◦∆um)(t) + ∥∆um∥22 + ∥um∥22 ⩽ c
(
1 + C2 lnC2

)
:= C3. (2.16)

where C3 is a positive constant independent of m and t, and since
∥umt ∥22 ⩾ 0,

∥∆um∥22 ⩾ 0,

∥um∥22 ⩾ 0,

(g ◦∆um)(t) ⩾ 0.

(2.17)

Then(2.16) give us
∥umt ∥22 ⩽ C3,

∥∆um∥22 ⩽ C3,

∥um∥22 ⩽ C3.

=⇒


supt∈(0,tm) ∥umt ∥22 ⩽ C3,

supt∈(0,tm) ∥∆um∥22 ⩽ C3,

supt∈(0,tm) ∥um∥22 ⩽ C3.

So,
sup

t∈(0,tm)

∥umt ∥22 + sup
t∈(0,tm)

∥∆um∥22 + sup
t∈(0,tm)

∥um∥22 ⩽ 3 C3. (2.18)

And we have 
supt∈(0,tm) ∥umt ∥22 ⩾ 0,

supt∈(0,tm) ∥∆um∥22 ⩾ 0,

supt∈(0,tm) ∥um∥22 ⩾ 0.

(2.19)

So, {
supt∈(0,tm) ∥umt ∥22 ⩽ 3C3 <∞,

supt∈(0,tm) ∥um∥22 ⩽ 3C3 <∞.
(2.20)

Then, {
umis unformly bounded,
umt is unformly bounded..

there fore , we can ewtend tm to T .Moreover, we obtain from (2.20){
um is uniformly bounded in L∞(0, T ;H2

0 (Ω)),

umt is uniformly bounded inL∞(0, T ;L2(Ω)).
(2.21)

Which implies that there exists a subsequence of (um) (still denoted by (um)), such
that 

um ⇀ u weakly * in L∞(0, T ;H2
0 (Ω)),

umt ⇀ ut weakly * in L∞(0, T ;L2(Ω)),

um ⇀ u weakly in L2(0, T ;H2
0 (Ω)),

umt ⇀ ut weakly in L2(0, T ;L2(Ω)).

(2.22)
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Making use of Aubin-Lions theorem ,we getH2
0 (Ω) the embedding compact in L2(Ω) than

um −→ u strongly in L2(0, T ;L2(Ω)).

And
um −→ u a.e in Ω× (0, T ).

Since the map s −→ ln |s|k is continuous on R, we have the convergence

um ln |um|k −→ u ln |u|ka.e.in Ω× (0, T ).

Using the embedding of H2
0 in L∞(Ω)(sine Ω ⊂ R2 ),it is clear that um ln |um|k is bounded

in L∞(Ω×(0, T )).Next, taking into account the Lebesgue bounded convergence theorem(Ω
is bounded),we get

um ln |um|k −→ u ln |u|kstrongly in L2(0, T ;L2(Ω)). (2.23)

Now we integrate (2.7) over (0,t) for every ωj ∈ Vm to obtain,∫ t

0

∫
Ω

umttωjdxds+

∫ t

0

∫
Ω

∆um(s)∆ωjdxds+

∫ t

0

∫
Ω

um(s)ωjdxds

−
∫ t

0

∫
Ω

∫ τ

0

g(τ − s)∆um(s)∆ωjdsdxdτ

=

∫ t

0

∫
Ω

ωju
m(s) ln |um(s)|kdxds,

so

∫
Ω

∫ t

0

umttωjdsdx+

∫ t

0

∫
Ω

∆um(s)∆ωjdxds+

∫ t

0

∫
Ω

um(s)ωjdxds

−
∫ t

0

∫
Ω

∫ τ

0

g(τ − s)∆um(s)ds∆ωjdxdτ

=

∫ t

0

∫
Ω

ωju
m(s) ln |um(s)|kdxds,

then

∫
Ω

umt ωjdx−
∫
Ω

um1 ωjdx+

∫ t

0

∫
Ω

∆um(s)∆ωjdxds+

∫ t

0

∫
Ω

um(s)ωjdxds

−
∫ t

0

∫
Ω

∫ τ

0

g(τ − s)∆um(s)ds∆ωjdxdτ

=

∫ t

0

∫
Ω

ωju
m(s) ln |um(s)|kdxds. (2.24)

Convergences (2.6) ,(2.22) and (2.23) are sufficient to pass to the limit in (2.24) , as
m→ +∞, and get,for any ω ∈ Vm and m≥ 1,
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∫
Ω

utωjdx =

∫
Ω

u1ωjdx−
∫ t

0

∫
Ω

∆u(s)∆ωjdsdx−
∫ t

0

∫
Ω

u(s)ωjdxds

+

∫ τ

0

∫
Ω

∆ωj(x)

∫ t

0

g(τ − s)∆u(s)dsdxdτ

+

∫ t

0

∫
Ω

ωju(s) ln |u(s)|kdsdx, (2.25)

Which implies that (2.25) is valid for any ω ∈ H2
0 (Ω). Using the fact that the terms in the

right-hand side of (2.25) are absolutely continuous since they are functions of t defined
by integrals over(0,t) ,hence it is differentiable for a.e.t ∈(0,T) and any ω ∈ H2

0 (Ω),

∫
Ω

utt(x, t)ωj(x)dx+

∫
Ω

∆u(x, t)∆ωj(x)dx+

∫
Ω

u(x, t)ωj(x)dx

−
∫
Ω

∆ωj(x)

∫ t

0

g(t− s)∆u(s)dsdx =

∫
Ω

ωj(x)u(x, t)) ln |u(x, t)|kdx. (2.26)

To handle the initial conditions, we note that

um ⇀ u weakly in L2(0, T ;H2
0 (Ω)) and umt ⇀ ut weakly inL2(0, T ;L2(Ω)). (2.27)

SinceH2
0 (Ω) the embedding compact in L2(Ω) thus, using Lion’s Lemma, we obtain

um −→ u in C([0, T ];L2(Ω)). (2.28)

Therefore,um(x, 0) makes sense and

um(x, 0) −→ u(x, 0) in L2(Ω).

Also, we have
um(x, 0) = um0 (x) −→ u0(x) inH2

0 (Ω).

since the limit unique so
u(x, 0) = u0(x).

Now, multiply (2.7) by ϕ ∈ C∞
0 (0, T )and integrate over (0, T ),we obtain , for anyω ∈ Vm,

−
∫ T

0

∫
Ω

umt ωjϕ
′dxdt = −

∫ T

0

∫
Ω

∆um(t)∆ωjϕ dxdt−
∫ t

0

∫
Ω

um ωjϕdxdt

+

∫ T

0

∫
Ω

∫ t

0

g(t− s)∆um(s)ds∆ωjϕ dxdt+

∫ T

0

∫
Ω

ωjϕu
m ln |um|kdxdt, (2.29)

As m −→ ∞, we have, for any ω ∈ H2
0 (Ω) and any ϕ ∈ C∞

0 (0, T ),

−
∫ T

0

∫
Ω

utωjϕ
′dxdt = −

∫ T

0

∫
Ω

∆u(t)∆ωjϕ dxdt−
∫ t

0

∫
Ω

u ωjϕdxdt

+

∫ T

0

∫
Ω

∫ t

0

g(t− s)∆u(s)ds∆ωjϕ dxdt+

∫ T

0

∫
Ω

ωjϕu ln |u|kdxdt, (2.30)
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This means
utt ∈ L2([0, T ], H−2(Ω))

. Recalling that ut ∈ L2([0, T ], L2(Ω)), we obtain

ut ∈ C([0, T ], H−2(Ω)).

So, umt (x, 0) makes sense and

umt (x, 0) −→ ut(x, 0) in H−2(Ω).

But
umt (x, 0) = um1 (x) −→ u1(x) in L2(Ω).

Hence
ut(x, 0) = u1(x).
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2.2 Global existence

In this section, we state and prove a global existence result under smallness conditions on
the initial data (uo, u1). For this purpose,we introduce the following functions:

J(t) =
1

2

((
1−
∫ t

0

g(s)ds
)
∥∆u∥22+∥u∥22+(g ◦∆u)(t)−

∫
Ω

u2 ln |u|kdx
)
+
k

4
∥u∥22, (2.31)

and

I(t) =
(
1−

∫ t

0

g(s)ds
)
∥∆u∥22 + ∥u∥22 + (g ◦∆ u)(t)− 3

∫
Ω

u2 ln |u|kdx. (2.32)

Lemma 2.2.1 The following inequalities hold:

−kd0
√

|Ω|c3∗∥∆u∥
3
2
2 ≤

∫
Ω

u2 ln |u|kdx ≤ kc3∗∥∆u∥32, ∀u ∈ H2
0 , (2.33)

where d0 = sup0<s<1

√
s| ln s|, |Ω| is the lebegue ofΩand c∗is the smallest embedding con-

stant (∫
Ω

|u|3
) 1

3 ≤ c∗∥∆u∥2, ∀u ∈ H2
0 (2.34)

(c∗ exists thanks to the embedding of H2
0 (Ω) in L∞)

Proof. Let

Ω1 = {x ∈ Ω : |u(x)| > 1} and Ω2 = {x ∈ Ω : |u(x)| ≤ 1}

So,using (2.33), we have

∫
Ω

u2 ln |u|kdx =

(−)︷ ︸︸ ︷∫
Ω2

u2 ln |u|kdx+
∫
Ω1

u2 ln |u|kdx

≤
∫
Ω1

u2 ln |u|kdx

= k

∫
Ω1

u2 ln |u|dx

≤ k

∫
Ω1

|u|3dx because ln |u| ≤ |u|

≤ k

∫
Ω

|u|3dx

≤ kc3∗∥∆u∥32, by(2.34).

Then ∫
Ω

u2 ln |u|kdx ≤ kc3∗∥∆u∥32 ∀u ∈ H2
0 (Ω).
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On other hand,

−
∫
Ω

u2 ln |u|kdx =

(+)︷ ︸︸ ︷
−
∫
Ω2

u2 ln |u|kdx

(−)︷ ︸︸ ︷
−
∫
Ω1

u2 ln |u|kdx

≤
∫
Ω2

u2 ln |u|kdx

≤ −k
∫
Ω2

u2 ln |u|dx

≤ k

∫
Ω2

u2| ln |u||dx because ln |u| ≤ | ln |u||

≤ k

∫
Ω2

|u|
3
2 |u|

1
2 | ln |u||dx

≤ k

∫
Ω2

|u|
3
2 sup
0≤|u|≤1

|u|
1
2 | ln |u||dx

= k

∫
Ω2

|u|
3
2d0dx

≤ kd0

∫
Ω

|u|
3
2dx

≤ kd0∥1∥2∥u
3
2
1 ∥ using Hölder inequality

= kd0
√

|Ω|
(∫

Ω

(
|u|

3
2

)2) 1
2

= kd0
√

|Ω|
(∫

Ω

|u|3
) 1

2

≤ kd0
√

|Ω|c
3
2
∗ ∥∆u∥

3
2
2 by(2.34)

≤ kd0
√

|Ω|c3∗∥∆u∥
3
2
2 .

Then,

−kd0
√

|Ω|c3∗∥∆u∥
3
2
2 ≤

∫
Ω

u2 ln |u|kdx.

Lemma 2.2.2 Assume that (A1)-(A2). Let (u0, u1) ∈ H2
0 (Ω)× L2(Ω)such that

I(0) > 0 and
√
54kc3∗

(E(0)
l

) 1
2
< l. (2.35)

Then
I(t) > 0 ∀t ∈ [0, T ). (2.36)

Proof. From (2.32)∫
Ω

u2 ln |u|kdx =
1

3

(
1−

∫ t

0

g(s)ds
)
∥∆u∥22 +

1

3
∥u∥22 +

1

3
(g ◦∆ u)(t)− 1

3
I(t). (2.37)
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Substitute (2.37) in (2.31), we find

J(t) =
1

3

((
1−

∫ t

0

g(s)ds
)
∥∆u∥22 + ∥u∥22 + (g ◦∆ u)(t)

)
+
k

4
∥u∥22 +

1

6
I(t). (2.38)

Since I(0) > 0 and Iis continuous on [0, T ] , there exists t0 ∈ (0, T ]such that I(t) > 0, for
all t ∈ [0, t0) .Let us denote by t0 the biggest real number in (0, T ] such that I > 0 on
[0, t0). if t0 = T , than (2.36) is satisfied. We assume by contradiction that t0 ∈ (0, T ).Thus
I(t0) = 0 and

∥∆u(t)∥22 ≤
3

l
J(t) ≤ 3

l
E(t) ≤ 3

l
E(0) ∀t ∈ (0, t0], (2.39)

in deed by (A1) and (2.38) we have

J(t) =
l

3
∥∆u∥22+

1

3
∥u∥22 +

1

3
(g ◦∆ u)(t) +

k

4
∥u∥22 +

1

6
I(t),︸ ︷︷ ︸

(+) because I,k and g are positive

∀t ∈ (0, t0]

l

3
∥∆u∥22 ≤ J(t),

E(t) =
1

2
∥u∥22 + J(t) ≤ E(0),

0 ≤ E(t)− J(t) ≤ E(0),

J(t) ≤ E(t) ≤ E(0),

then
l

3
∥∆u∥22 ≤ J(t) ≤ E(t) ≤ E(0).

If ∥∆u(t0)∥22 = 0, then (2.33) and (2.34) give
|u(t0)| ≤ 0 =⇒ u(t0) = 0 , (g ◦∆ u)(t0) = 0 and

∫
Ω
u2(t0) ln |u(t0)|kdx = 0, then

0 = I(t0) = (g ◦∆ u)(t0) =

∫ t0

0

g(s)∥∆u(s)∥22ds. (2.40)

Consequently, if g > 0 on[0, t0) ,we get ∥∆u(s)∥2 = 0 ∀s ∈ [0, t0).
Then

I(t) = 0,∀t ∈ [0, t0),

which is not true since I > 0 on [0, t0). If g is not positive on [0, t0) , then let t1 ∈
[0, t0] the smallest real number such that g(t1) = 0. Because g(0)>0 and g is positive
,nonincreasing and continuous on R+(condition (A1) ),then t1 > 0and g = 0on [t1,∞)
.Therefore, from (2.40), we deduce that

0 =

∫ t0

0

g(s)∥∆u(s)∥22ds =
∫ t1

0

g(s)∥∆u(s)∥22ds,

then ∥∆u(s)∥2 = 0, for any s ∈ [0, t1), which implies thatI(t) = 0,for any t ∈ [0, t1) .As
before , this is a contradiction with the fact that I > 0 ,on [0, t0) . Than we conclude
that ∥∆u(t0)∥ > 0.On The other hand , we have

I(t0) ≥ l∥∆u(t0)∥22 − 3

∫
Ω

u2(t0) ln |u(t0)|kdx.
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By using (2.39) and lemma (2.2.2) we have

I(t0) ≥
[
l − 3kc3∗

(6E(0)
l

) 1
2
]
∥∆u(t0)∥22.

By recalling (2.35), we arrive at I(t0) > 0, which contradicts the assumption I(t0) = 0.
Hence,t0 = T and then

I(t) > 0, ∀t ∈ [0, T ).

Theorem 2.2.3 (Global existence) Under the assumption of lemma (2.1.2) the local so-
lution of (1)-(3) is global solution .

Proof. after the definition of E(t) we have

E(t) =
1

2
∥ut∥22 + J(t).

and

E(t) ≤ E(0).

So

∥ut∥22 + 2J(t) ≤ 2E(0) := C.

such that C is independent of t, implies{
∥ut∥22 ≤ C

2J(t) ≤ C

which established the proof of the theorem (2.2.3).



Chapter 3

Stability result

3.1 Some necessary lemmas

We start by establishing several lemmas needed for the proof of the our main result.

Lemma 3.1.1 Assume that g satisfies (A1).Then,for u ∈ H2
0 (Ω),we have∫

Ω

(∫ t

0

g(t− s)(u(t)− u(s))ds
)2
dx ≤ c(g ◦∆u(T )),

and ∫
Ω

(∫ t

0

g′(t− s)(u(t)− u(s))ds
)2
dx ≤ c(g′ ◦∆u(T )).

Proof. We can simplify ∫
Ω

(∫ t

0

g(t− s)(u(t)− u(s))ds
)2
dx

to

=

∫
Ω

(∫ t

0

√
g(t− s)

√
g(t− s)(u(t)− u(s))ds

)2
dx.

by applying Cauchy-Schwarz’s inequalities

≤
∫
Ω

(∫ t

0

(√
g(t− s)

)2
ds
) 1

2
(∫ t

0

(√
g(t− s)(u(t)− u(s))ds

)2
dx
) 1

2

≤
∫
Ω

(∫ t

0

g(t− s)ds
) 1

2
(∫ t

0

(
g(t− s)(u(t)− u(s))2ds

)2
dx
) 1

2 (3.1)

≤ (1− l)
(∫ t

0

g(t− s)ds
)∫

Ω

(u(t)− u(s))2dx

by applying Poincare’s inequalities

≤ (1− l)c
(∫ t

0

g(t− s)ds
) ∫

Ω

(∆u(t)−∆u(s))2dx

= (1− l)c(g ◦∆u)(t)
≤ c(g ◦∆u)(t).

26
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Lemma 3.1.2 Assume that g satisfies (A1) and (A2).Then∫ ∞

0

ξ(t)g1−σ(t)dt <∞, ∀ σ < 2− p. (3.2)

Proof. Using (A1) and (A2),we easily see that , for any σ < 2− p ,

ξ(t)g1−σ(t) = ξ(t)g1−σ(t)gp(t)g−p(t) ≤ −g′(t)g1−σ−p(t).

Integrate the lest inquality over (0,∞) ,we obtain∫ ∞

0

ξ(t)g1−σ(t)dt ≤ −
∫ ∞

0

g′(t)g1−σ−p(t)dt =
[
− 2− p− σ(t)

2− p− σ

]∞
0
<∞.

Lemma 3.1.3 Assume that (A1)-(A3) and (4,5)hold and u is a solution of ( (1)-(3)).
Then, for any 0 < σ < 1 we have

(g ◦∆u)(t) ≤ c
[( ∫ ∞

0

g1−σ(t)dt
)
E(0)

] p−1
p−1+σ

(gp ◦∆u)
σ

p−1+σ (t).

By taking σ =
1

2
, we get

(g ◦∆u)(t) ≤ c
(∫ t

0

g
1
2 (s)ds

) 2p−2
2p−1

(gp ◦∆u)
1

2p−1 (t). (3.3)

and for any ϵ0 ∈ (0, 1)

(g ◦∆u)
1

1+ϵ0 (t) ≤ c
1

1+ϵ0

(∫ t

0

g
1
2 (s)ds

) 2p−2
(2p−1)(1+ϵ0) (gp ◦∆u)

1
(2p−1(1+ϵ0)) (t). (3.4)

Corollary 3.1.4 Assume that (A1)-(A2) and (2.35)hold any u is a solution of ( (1)-(3)).
Then

ξ(t)(g ◦∆u)(t) ≤ c(−E ′(t))
1

(2p−1) , (3.5)

and, for anyϵ0 ∈ (0, 1)

ξ(t)(g ◦∆u)
1

1+ϵ0 (t) ≤ cϵ0(−E ′(t))
1

(2p−1)(1+ϵ0) , (3.6)

Proof. Multiply both sides of (3.3) by ξ(t) and use (3.2) and (2.3) to obtain

ξ(t)(g ◦∆u)(t) ≤ c ξ
2p−2
(2p−1) (t)

(∫ t

0

g
1
2 (s)ds

) 2p−2
2p−1

ξ
1

2p−1 (t)(gp ◦∆u)
1

2p−1 (t)

≤ c
(∫ t

0

ξ(s)g
1
2 (s)ds

) 2p−2
2p−1

(ξgp ◦∆u)
1

2p−1 (t) (3.7)

≤ c
(∫ t

0

ξ(s)g
1
2 (s)ds

) 2p−2
2p−1

(g′ ◦∆u)
1

2p−1 (t)

≤ c(−E ′(t))
1

2p−1 .

For the proof (3.6) using (3.5) and because ξ is nonincreasing we obtain

ξ(t)(g ◦∆u)
1

1+ϵ0 (t) = ξ
ϵ0

1+ϵ0 ξ(t)(g ◦∆u)
1

1+ϵ0 (t) ≤ c(E ′(t))
1

(2p−1)(1+ϵ0) . (3.8)
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Lemma 3.1.5 Assume that (A1)-(A3)and (2.35) hold. Then The functional

ψ(t) =

∫
Ω

uutdx,

satisfies, along the solutions of ( (1)-(3))

ψ′(t) ≤ ∥ut∥22 −
l

2
∥∆u∥22 − ∥u∥22 +

∫
Ω

u2 ln |u|kdx+ c(g ◦∆u)(t). (3.9)

Proof. We have
ψ′(t) =

∫
Ω

uttudx+ ∥ut∥22.

we multiply Eq ((1)-(3)) by u and we integrate over Ω we get,∫
Ω

uttudx = ∥∆u∥22 − ∥u∥22 +
∫
Ω

u

∫ t

0

g(t− s)∆2u(s)dsdx) +

∫
Ω

u2 ln |u|kdx,

by using green formula we find∫
Ω

uttudx = ∥∆u∥22 − ∥u∥22 +
∫
Ω

∆u

∫ t

0

g(t− s)∆u(s)dsdx) +

∫
Ω

u2 ln |u|kdx.

Then

ψ′(t) = ∥ut∥22 − ∥∆u∥22 − ∥u∥22 +
∫
Ω

∆u

∫ t

0

g(t− s)∆u(sdsdx) +

∫
Ω

u2 ln |u|kdx. (3.10)

we use Yong’s inequality for any µ > 0 ,to obtain∫
Ω

∆u(t)
(∫ t

0

g(t− s)∆u(s)ds
)
dx

≤ µ

2

∫
Ω

(∆u)2(t)dx+
1

2µ

∫
Ω

(∫ t

0

g(t− s)∆u(s)ds
)2
dx.

we add then term ∆u(t)−∆u(t) we get:∫
Ω

∆u(t)
(∫ t

0

g(t− s)∆u(s)ds
)
dx

≤ µ

2

∫
Ω

(∆u)2(t)dx+
1

2µ

∫
Ω

(∫ t

0

g(t− s)[(∆u(s)−∆u(t)) + ∆u(t)]ds
)2
dx

=
µ

2

∫
Ω

(∆u)2(t)dx+
1

2µ

∫
Ω

(∫ t

0

g(t− s)[∆u(s)−∆u(t)]ds
)2

+ (

∫ t

0

g(s)∆u(t)ds
)2
dx

=
µ

2

∫
Ω

(∆u)2(t)dx+
1

2µ

∫
Ω

(∫ t

0

g(t− s)[∆u(s)−∆u(t)]ds
)2
dx+ (1− l)∥∆u∥2

≤ (1− l +
µ

2
)∥∆u∥2 + 1

2µ
(1− l)(g ◦∆u)(t).
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So∫
Ω

∆u(t)
(∫ t

0

g(t− s)∆u(s)ds
)
dx ≤ (1− l +

µ

2
)∥∆u∥22 +

1

2µ
(1− l)(g ◦∆u)(t). (3.11)

By choosing µ = l

ψ′(t) ≤ ∥ut∥22 − ∥∆u∥22 − ∥u∥22 + (1− l

2
)∥∆u∥22 + c(g ◦∆u)(t) +

∫
Ω

u2 ln |u|kdx. (3.12)

So we find (3.9).

Lemma 3.1.6 Assume that (A1)-(A2) and (2.35) hold. Then the functional

χ(t) = −
∫
Ω

ut

∫ t

0

g(t− s)(u(t)− u(s))dsdx,

satisfies, along the solutions of ( (1)-(3)) and for any ϵ0 ∈ (0, 1) and δ > 0

χ′(t) ≤ δ∥∆u∥22 +
c

δ
(−g′ ◦∆u)(t) + c

δ
(g ◦∆u)(t)

+
(
δ −

∫ t

0

g(s)ds
)
∥ut∥22 + cϵ0,δ(g ◦∆u)

1
1+ϵ0 (t). (3.13)

Proof. We have

χ′(t) = − d

dt

(∫
Ω

ut

∫ t

0

g(t− s)(u(t)− u(s))dsdx
)

= −
∫
Ω

d

dt

(
ut

∫ t

0

g(t− s)(u(t)− u(s))dsdx
)

= −
∫
Ω

utt

(∫ t

0

g(t− s)(u(t)− u(s))ds
)
dx−

∫
Ω

ut
d

dt

(∫ t

0

g(t− s)(u(t)− u(s))ds
)
dx,

and we have∫
Ω

ut
d

dt

(∫ t

0

g(t− s)(u(t)− u(s))ds
)
dx =

∫
Ω

ut

∫ t

0

g′(t− s)(u(t)− u(s))dsdx

+

∫
Ω

ut

∫ t

0

g(t− s)utdsdx

=

∫
Ω

ut

∫ t

0

g′(t− s)(u(t)− u(s))dsdx

+

(∫ t

0

g(t− s)ds

)∫
Ω

u2tdx.

we put y = t− s then s = t− y ⇒ ds = −dy s1 = 0 ⇒ y1 = t, s2 = t⇒ y2 = 0∫ t

0

g(t− s)ds =

∫ 0

t

g(y)(−dy)

= −
∫ 0

t

g(y)dy

=

∫ t

0

g(y)dy

=

∫ t

0

g(s)ds.
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So,∫
Ω

ut
d

dt

(∫ t

0

g(t−s)(u(t)−u(s))ds
)
dx =

∫
Ω

ut

∫ t

0

g′(t−s)(u(t)−u(s))dsdx+
(∫ t

0

g(s)ds
)∫

Ω

u2tdx,

then

χ′(t) =−
∫
Ω

utt

(∫ t

0

g(t− s)(u(t)− u(s))ds
)
dx−

∫
Ω

ut

∫ t

0

g′(t− s)(u(t)− u(s))dsdx

−
(∫ t

0

g(s)ds
)∫

Ω

u2tdx.

We multiply ((1)-(3)) by
∫ t

0
g(t− s)(u(t)− (s))ds and we integrate over Ω then

−
∫
Ω

utt

(∫ t

0

g(t− s)(u(t)− u(s))ds
)
dx

=

∫
Ω

∆u

∫ t

0

g(t− s)(∆u(t)−∆u(s))dsdx

+

∫
Ω

u

∫ t

0

g(t− s)(u(t)− u(s))dsdx

+

∫
Ω

∫ t

0

g(t− s)(∆u(t)−∆u(s))ds

∫ t

0

g(t− s)∆u(s)dsdx

−
∫
Ω

u ln |u|k
∫ t

0

g(t− s)(u(t)− u(s))dsdx,

then

χ′(t) =

∫
Ω

∆u

∫ t

0

g(t− s)(∆u(t)−∆u(s))dsdx+

∫
Ω

u

∫ t

0

g(t− s)(u(t)− u(s))dsdx

+

∫
Ω

∫ t

0

g(t− s)(∆u(t)−∆u(s))ds

∫ t

0

g(t− s)∆u(s)dsdx

−
∫
Ω

u ln |u|k
∫ t

0

g(t− s)(u(t)− u(s))dsdx

−
∫
Ω

ut

∫ t

0

g′(t− s)(u(t)− u(s))dsdx

−
(∫ t

0

g(s)ds
)∫

Ω

u2tdx. (3.14)

Similarly to (3.10), we estimate the eight-hand side terms of (3.14). So, by using Young’s
inequality, the first term gives, for any δ > 0,∫
Ω

∆u

∫ t

0

g(t− s)(∆u(t)−∆u(s))dsdx ≤ δ

4
∥∆u∥22 +

1

δ

∫
Ω

(

∫ t

0

g(t− s)(∆u(t)−∆u(s))ds)2dx

≤ δ

4
∥∆u∥22 +

c

δ
(g ◦∆u)(t). (3.15)
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Using Lemma (3.1.1) .Young,s and Poincaré’s inequality, the second and fifth terms lead
to∫
Ω

u

∫ t

0

g(t− s)(∆u(t)−∆u(s))dsdx ≤ δ

4
∥u∥22 +

1

δ

∫
Ω

(

∫ t

0

g(t− s)(∆u(t)−∆u(s))ds)2dx

≤ δ

4
∥∆u∥22 +

c

δ
(g ◦∆u)(t), (3.16)

and

−
∫
Ω

ut

∫ t

0

g′(t− s)(∆u(t)−∆u(s))dsdx ≤ δ∥ut∥22 −
c

δ
(g′ ◦∆u)(t). (3.17)

Similarly, the third term can be estimated as follows∫
Ω

∫ t

0

g(t− s)(∆u(t)−∆u(s))ds

∫ t

0

g(t− s)∆u(s)dsdx (3.18)

≤ 1

δ

∫
Ω

(∫ t

0

g(t− s)(∆u(t)−∆u(s))ds
)2

+
δ

4

∫
Ω

(∫ t

0

g(t− s)∆u(s)ds
)2
dx (3.19)

≤ δ

4
∥∆u∥22 + c

(
1 +

1

δ

)
(g ◦∆u)(t). (3.20)

Let ϵ0 ∈ (0, 1) and f(s) = sϵ0(| ln s| − s). Notice that f is continuous on (0,∞) and its
limit at 0 is 0, and its limit at ∞ is −∞.Then f has a maximum dϵ0 on [0,∞), so the
following inequality holds:

s| ln s| ≤ s2 + dϵ0s
1−ϵ0 , ∀s > 0. (3.21)

By applying this inequality (3.21) and we have H2
0 (Ω) is embedding in L∞(Ω) =⇒∫

Ω
u2dx ≤ c1

∫
Ω
|u|

and using young’s inequality s.t q =
2

1 + ϵ0
, q∗ =

2

1− ϵ0∫
Ω

u ln |u|k
∫ t

0

g(t− s)(u(t)− u(s))dsdx

= k

∫
Ω

u ln |u|
∫ t

0

g(t− s)(u(t)− u(s))dsdx

≤ k

∫
Ω

(u2 + dϵ0|u|1−ϵ0)
∣∣∣ ∫ t

0

g(t− s)(u(t)− u(s))dsdx
∣∣∣

= k

∫
Ω

u2
∣∣∣ ∫ t

0

g(t− s)(u(t)− u(s))dsdx
∣∣∣+ k

∫
Ω

dϵ0|u|1−ϵ0
∣∣∣ ∫ t

0

g(t− s)(u(t)− u(s))dsdx
∣∣∣

≤ c

∫
Ω

|u|
∣∣∣ ∫ t

0

g(t− s)(u(t)− u(s))ds
∣∣∣dx

+ δ1

∫
Ω

u2dx+ cϵ0,δ1

∫
Ω

∣∣∣ ∫ t

0

g(t− s)(u(t)− u(s))ds
∣∣∣ 2
1+ϵ0 dx

≤ cδ1∥∆u∥22 +
c

δ1

∫
Ω

∣∣∣ ∫ t

0

g(t− s)(u(t)− u(s))ds
∣∣∣2dx

+ cϵ0,δ1

∫
Ω

∣∣∣ ∫ t

0

g(t− s)(u(t)− u(s))ds
∣∣∣ 2
1+ϵ0 dx,
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such that c = kc1 and δ1 = kdϵ0 then,puting
δ

4
= cδ1 and using Holder’s inequality and

Lemma (3.1.1),we find∫
Ω

u ln |u|k
∫ t

0

g(t− s)(u(t)− u(s))dsdx

≤ δ

4
∥∆u∥22 +

c

δ
(g ◦∆u)(t) + cϵ0,δ1(g ◦∆u)

1
1+ϵ0 (t). (3.22)

The above inequalities imply (3.13).

Lemma 3.1.7 Assume that (A1)-(A3)and (2.35) hold and let ϵ0 ∈ (0, 1).Then , for k
small enough, there exist two positive constant ε1, ε2 such that the functional

L(t) = E(t) + ε1ψ(t) + ε2χ(t),

satisfies
L ∼ E (3.23)

and ,for any t0 > 0, there exists a positive constant m such that

L′(t) ≤ −mE(t) + c(g ◦∆u)(t) + cϵ0(g ◦∆u)
1

1+ϵ0 (t), ∀t ≥ t0. (3.24)

Proof. For the proof of (3.23) we have

ψ(t) =

∫
Ω

uutdx ≤
∫
Ω

u2dx+

∫
Ω

u2tdx

≤
∫
Ω

∆u2dx+

∫
Ω

u2tdx

≤ ∥∆u∥22 + ∥ut∥22,

and we have

χ(t) = −
∫
Ω

ut

∫ t

0

g(t− s)(u(t)− u(s))dsdx ≤ −
∫
Ω

u2tdx−
∫
Ω

(

∫ t

0

g(t− s)(u(t)− u(s))ds)2dx

≤ −∥ut∥2 + c(g ◦∆u)(t). (3.25)

then we see that using similar calculations as before,

|L(t)− E(t)| = |ε1ψ(t) + ε2χ(t)|

= |ε1
∫
Ω

utudx− ε2

∫
Ω

ut

∫ t

0

g(t− s)(u(t)− u(s))dsdx|

≤ ε1

(
∥∆u∥22 + ∥ut∥22

)
+ ε2

(
∥ut∥2 + c(g ◦∆u)(t)

)
≤ c(ε1 + ε2)

(
∥ut∥22 + ∥∆u∥22 + (g ◦∆u)(t)

)
,

there for, from (2.36) and (2.38), we obtain

|L(t)− E(t)| ≤ c(ε1 + ε2)
(1
2
∥ut∥22 + J(t)

)
= c(ε1 + ε2)E(t),
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because
1

2
∥ut∥22 + J(t) = E(t)

then
−c(ε1 + ε2)E(t) ≤ L(t)− E(t) ≤ c(ε1 + ε2)E(t).

So
(1− c(ε1 + ε2))E(t) ≤ L(t) ≤ (1 + c(ε1 + ε2))E(t).

Hence, for ε1, ε2 > 0 satisfying

(1− c(ε1 + ε2)) > 0, (3.26)

the equivalence (3.23) holds. Now ,we prove inequality (3.24) .Since g is positive and
g(0) > 0 then , for any t0 > 0, we have∫ t

0

g(s)ds ≥
∫ t0

0

g(s)ds = g0 > 0, ∀t ≥ t0.

We haveL′(t) = E ′(t) + ε1ψ
′(t) + ε2χ

′(t)
So when we add and subtract mE(t) to obtain

L′(t) = −mE(t) +mE(t) + E ′(t) + ε1ψ
′(t) + ε2χ

′(t).

By using (2.3),(3.9) (3.13) and the definition of E(t), then ,for t ≥ t0 and any m > 0, we
have

L′(t) ≤ −mE(t)−
(
ε2(g0 − δ)− ε1 −

m

2

)
∥ut∥22

−
( l
2
ε1 − ε2δ −

m

2

)
∥∆u∥22 −

(
ε1 −

(k + 2)m

4

)
∥u∥22

+
(
kε1 − k

m

2

)∫
Ω

u2 ln |u|dx+
(
cε1 + ε2

c

δ
+
m

2

)
(g ◦∆u)(t) (3.27)

+
(1
2
− cε2

δ

)
(g′ ◦∆u)(t) + ε2cϵ0,δ(g ◦∆u)

1
1+ϵ0 (t).

Using the Logarithmic Sobolev inequality, for 0 < m < 2ε1, we get

L′(t) ≤ −mE(t)−
(
ε2(g0 − δ)− ε1 −

m

2

)
∥ut∥22

−
( l
2
ε1 − ε2δ −

m

2
− k
(
ε1 −

m

2

)cpa2
2π

)
∥∆u∥22

−
(
ε1 −

(k + 2)m

4
+ k
(
ε1 −

m

2

)
(1 + ln a) + k

(m
4
− ε1

2

)
ln ∥u∥22

)
∥u∥22

+
(
cε1 + ε2

c

δ
+
m

2

)
(g ◦∆u)(t) (3.28)

+
(1
2
− cε2

δ

)
(g′ ◦∆u)(t) + ε2cϵ0,δ(g ◦∆u)

1
1+ϵ0 (t).

At this point we choose δ so small that

g0 − δ >
1

2
g0 and δ <

lg0
16
.
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Whence δ is fixed, the choice of any twe positive constants ε1 and ε2 satisfying
g0
4
ε2 < ε1 <

g0
2
ε2, (3.29)

will make
k1 := ε2(g0 − δ)− ε1 > 0 and k2 :=

l

2
ε1 − ε2δ > 0.

Then ,we choose ε1 and ε2 so small so that (3.26)and (3.29) remain valid and,further
1

2
− cε2

δ
> 0.

L′(t) ≤ −mE(t)−
(
k1 −

m

2

)
∥ut∥22

−
(
k2 −

m

2
− k
(
ε1 −

m

2

)cpa2
2π

)
∥∆u∥22

−
(
ε1 −

(k + 2)m

4
+ k
(
ε1 −

m

2

)
(1 + ln a) + k

(m
4
− ε1

2

)
ln ∥u∥22

)
∥u∥22

+ c(g ◦∆u)(t) + cϵ0,δ(g ◦∆u)
1

1+ϵ0 (t).

Then, using (2.11)and selecting m and k so small that

α1 := k1 −
m

2
> 0, α2 := k2 −

m

2
− k
(
ε1 −

m

2

)cpa2
2π

,

and
α3 := ε1 −

(k + 2)m

4
+ k
(
ε1 −

m

2

)
(1 + ln a) + k

(m
4
− ε1

2

)
ln ∥u∥22 > 0.

Therefore, we arrive at the desired result (3.24).
Remark 3.1.8 Using(1.5) ,(2.2),(2.31),(2.36), and(2.38), we have

E(t) = J(t) +
1

2
∥ut(t)∥22 ≥ J(t) ≥ l

6
∥∆u(t)∥22,

then ,using (2.3)

∥∆u(t)∥22 ≤
6

l
E(t) ≤ 6

l
E(0). (3.30)

So from (2.3) and using Young’s inequality ,we get

|E ′(t)| = 1

2
g(t)∥∆u(t)∥22 −

1

2
(g′ ◦∆u)(t)

≤ 1

2
g(t)∥∆u(t)∥22 −

∫ t

0

g′(t− s)(∥∆u(t)∥22 + ∥∆u(s)∥22)ds (3.31)

≤ 1

2
g(t)∥∆u(t)∥22 −

∫ t

0

2g′(t− s)E(t)ds (3.32)

≤ 1

2
g(t)∥∆u(t)∥22 − 2E(t)

∫ t

0

g′(t− s)ds

≤ 1

2
g(t)∥∆u(t)∥22 − 2E(0)

∫ t

0

g′(t− s)ds

≤ 6

l

(1
2
g(t) + 2g(0)− 2g(t)

)
E(0)

≤ cE(0).
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3.2 Main result

Theorem 3.2.1 Let (u0, u1) ∈ H2
0 (Ω) × L2(Ω), ϵ ∈ (0, 2p − 1) and t0 > 0.Assume that

(A1)-(A3) and (4,5) hold. Then, for k small enough, there exists a positive constant K
such that the solution of ( (1)-(3))satisfies

E(t) ≤ K
(
1 +

∫ t

0

ξ2p−1+ϵ(s)ds
) −1

2p−2+ϵ1 , ∀t ≥ t0. (3.33)

Moreover, if there exist ϵ1 ∈ (0, 2p− 1)and t0 > 0 such that∫ ∞

t0

(
1 +

∫
t0

tξ2p−1+ϵ1(s)ds
) −1

2p−2+ϵ1 dt <∞, (3.34)

then, for any ϵ ∈ (0, p) and t0 > 0,there exists a positive constant K ′ such that the solution
of ( (1)-(3)) satisfies

E(t) ≤ K ′
(
1 +

∫ t

0

ξp+ϵ(s)ds
) −1

p−1+ϵ1 , ∀t ≥ t0. (3.35)

Proof. We multiply (3.24) by ξ(t) and use (3.5) , (3.6) and (3.31)to get, for any t ≥ t0,

ξ(t)L′(t) ≤ −mξ(t)E(t) + c(−E ′(t))
1

2p−1 + c(E ′(t))
1

(2p−1)(1+ϵ0)

≤ −mξ(t)E(t) + c(−E ′(t))
ϵ0

(2p−1)(1+ϵ0) (−E ′(t))
1

(2p−1)(1+ϵ0) (3.36)

+ c(−E ′(t))
1

(2p−1)(1+ϵ0)

≤ −mξ(t)E(t) + c(−E ′(t))
1

(2p−1)(1+ϵ0)

(
1 + (−E ′(t))

ϵ0
(2p−1)(1+ϵ0)

)
︸ ︷︷ ︸

<∞

, ∀t ≥ t0.

≤ −mξ(t)E(t) + c(−E ′(t))
1

(2p−1)(1+ϵ0) . ∀t ≥ t0 (3.37)

Multiply the lest inequality by ξ(t)γ(t)Eγ(t),whereγ = 2(p − 1)(1 + ϵ0) − 1, and notice
that ξ′ ≤ 0 to obtain

ξγ+1Eγ(t)L′(t) ≤ −mξγ+1(t)Eγ+1(t) + c(ξE(t))γ(−E ′(t))
1

γ+1 ,∀t ≥ t0.

Use of Young’s inequality, with q = γ + 1 and q∗ =
γ + 1

γ
, gives for any ε′ > 0,

ξγ+1(t)Eγ(t)L′(t) ≤ −mξγ+1(t)Eγ+1(t) + c(ε′ξγ+1(t)Eγ+1 − cε′E
′(t))

= −(m− ε′c)ξγ+1(t)Eγ+1(t)− cE ′(t), ∀t ≥ t0.

We then choose 0 < ε′ <
m

c
and recall that ξ′ ≤ 0andE ′ ≤ 0,to get, for c1 = m− ε′c,(

ξγ+1EγL(t)
)′

=
(
(ξγ+1)′EγL(t)

)
+
(
ξγ+1(Eγ)′L(t)

)
+
(
ξγ+1EγL′(t)

)
So, (

ξγ+1EγL(t)
)′

≤ ξγ+1(t)Eγ+1(t)L′(t) ≤ −c1ξγ+1(t)Eγ+1 − cE ′(t), ∀t ≥ t0.
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which implies

(ξγ+1EγL+ cE)′(t) ≤ −c1ξγ+1(t)Eγ+1(t) ∀t ≥ t0,

Let F = ξγ+1EγL+ cE. Then F ∼ E (thanks to(3.23)) So

F ′(t) ≤ −c1ξγ+1(t)Eγ+1(t)

≤ −cξγ+1(t)F γ+1(t) = −cξ(2p−1)(1+ϵ0)(t)F (2p−1)(1+ϵ0)(t) ∀t ≥ t0.

Integrating over (t0, t) and using the fact that F ∼ E we obtain (3.33) with ϵ = (2p−1)ϵ0.
To establish (3.35), we use the idea of Messaoudi and Al-Khulaif[16] let

η(t) =

∫ t

0

∥∆u(t)−∆u(t− s)∥22ds.

Using (3.30), we get

η(t) ≤ 2

∫ t

0

(∥∆u(t)∥22 + ∥∆u(t− s)∥22)ds by use inequality(a− b)2 ≤ 2a2 + 2b2

≤ 12

l

∫ t

0

(E(t) + E(t− s))ds

≤ 24

l

∫ t

0

E(s)ds

<
24

l

∫ ∞

0

E(s)ds <∞. by use (3.33), (3.34)

This implies that
sup
t>0

η1−
1
p (t) <∞. (3.38)

Assume that η(t) > 0. Then because ξ is nonincreasing,we find

ξ(t)(g ◦∆u)(t) ≤ η(t)

η(t)

∫ t

0

(ξp(s)gp(s))
1
p∥∆u(t)−∆u(t− s)∥22ds.

Applying Jensen’s inequality to get

ξ(t)(g ◦∆u)(t) ≤ η(t)
( 1

η(t)

∫ t

0

ξp(s)gp(s)∥∆u(t)−∆(t− s)∥22ds
) 1

p
.

The mention that g′(t) ≤ −ξ(t)gp(t), (3.38), we obtain

ξ(t)(g ◦∆u)(t) ≤ η1−
1
p (t)
(
ξp−1(0)

∫ t

0

ξ(s)gp(s)∥∆u(t)−∆(t− s)∥22ds
) 1

p

≤ η1−
1
p (t)
(
ξp−1(0)

∫ t

0

−g′(t)∥∆u(t)−∆(t− s)∥22ds
) 1

p

≤
(
η(t)ξ(0)

)1− 1
p
(∫ t

0

−g′(t)∥∆u(t)−∆(t− s)∥22ds
) 1

p

≤ c(−g′ ◦∆u)
1
p (t),
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and then, according to (2.3),

ξ(t)(g ◦∆u)(t) ≤ c(−E ′(t))
1
p (3.39)

So since ξ is nonincreasing,

ξ(t)(g ◦∆u)
1

1+ϵ0 (t) = (ξϵ0(t)ξ(t)(g ◦∆u)(t))
1

1+ϵ0

≤ (ξϵ0(0)ξ(t)(g ◦∆u)(t))
1

1+ϵ0 (3.40)

≤ cξ(t)(g ◦∆u)(t))
1

1+ϵ0

≤ c(−E ′(t))
1

(2p−1)(1+ϵ0) . by(3.6)

If η(t) = 0,then s −→ ∆u(s) is a constant function on [0, t].Therefore

(g ◦∆u)(t) = 0,

and hence (3.39)and (3.40) hold.
Now, multiplying (3.24) by ξ(t) and using (3.31),(3.31) ,(3.39) and (3.40) to find,for any
t ≥ t0 (as for,(3.36))

ξ(t)L′(t) ≤ −mξ(t)E(t) + c(−E ′(t))
1
p + c(E ′(t))

1
p(1+ϵ0)

≤ −mξ(t)E(t) + c(−E ′(t))
ϵ0

p(1+ϵ0) (−E ′(t))
1

p(1+ϵ0) + c(−E ′(t))
1

p(1+ϵ0)

≤ −mξ(t)E(t) + c(−E ′(t))
1

p(1+ϵ0) , ∀t ∈≥ t0. (3.41)

Inequality (3.36) with 2p − 1 replaced by p is exactly (3.41). Then the proof of (3.35)
can be completed as for the one of (3.33)(by taking γ = p(1 + ϵ0)− 1 and ϵ = pϵ0). This
completes the proof of our main result.
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ڲڪٌۘ
ඌ൷اڤ اूेڲܙاج ႞႐دո֔ڲ ຒݫݻل وا۰׫ؠۑار وـܙد ؼܙل ո۰ּؠ١ درا١۰ و෕ຸح ᇆᆪׂؠ׿ ᅽᅰا ༓۰׫܋ۑق اिऻ׾ଯଔة ٢׾ه ᆃᅞ
١ຐܙჸ૏ૉ ቞ቘؠոرى ۰רؠ׿م اڤץ׿ا١ֵ ᆃᅞ ؼמ֛ اݾশ܋ܧ જੴ຋ ֵߕߣ ڤܙո຋ر ຒ׿ ᅽᅰا ١ؔո܇ջּ واिऻۑو١ֿ ١ຖۏو቞ቘا ຒ׿ ࣷ࣬ຐ ส്׫ܙي
്ࣽ࣬৭ ୹୴ຒ ׂؠץڞ ႞႐ոۻिऻا ان ۰ר୹୴ؼ܄ ᇆᆺ اिऻ׾ଯଔة, ᆃᅝոּ ᆃᅞ ոـ٤ո۰רٍ׫ ඒ൷اڤ واڤءո۠ءات واજઁिऻاոཚৌت اिऻء٢ո߈ߣ ڲڷ
ոּڤ׫ءۢמڞ ۰רؠ׿م જੴຑेूا ᆃᅞو ոຐم, ຒڞ ٢ܙ اݾষڞ ቬቘذ ان ໪༘ץ֙ ቬቘذ ּ֔׿ Galerkin ֵؠ١ ܈ۑ ۰ոּ׫ຢ׿ام

.႞႐ոۻिऻոּ ١۝ոশاݾ ١ؓոاڤ܋ ۰ոּ׫ຢ׿ام اݾষڞ ا۰׫ؠۑار درا١۰

.١ؓոاڤ܋, ا۰ेू׫ؠۑار واڤո֔م, ࣽ࣬ୢୠଡ଼ا ,اڤܙـܙد ۰ܙּܙूेف ո۠ؔءات ڲء׫ոؼמ١: ոஈ࿦྾ت



Abstract

In this thesis, we will present and explain a previous study on the existence
and stability of solutions to the wave equation that includes terms for viscosity
and elasticity, along with a nonlinear logarithmic term. We will begin by
introducing the reader to a set of concepts, inequalities, and spaces that will
be needed throughout the rest of the paper. Then, we will show that the
problem admits a local solution using the Galerkin method, after which we
will prove that this solution is indeed a global solution. Finally, we will provide
a detailed study of the solution’s stability by using the energy associated with
the problem.

Key words : Sobolev spaces, Local and Global existence, Stability, Energy.

Résumé

Dans cette mémoire, nous présenterons et expliquerons une étude antérieure
sur l’existence et la stabilité des solutions de l’équation des ondes, qui in-
clut des termes de viscosité et d’élasticité, ainsi qu’un terme logarithmique
non linéaire. Nous commencerons par introduire au lecteur un ensemble de
concepts, d’inégalités et d’espaces nécessaires pour le reste du document. En-
suite, nous montrerons que le problème admet une solution locale en utilisant
la méthode de Galerkin, après quoi nous prouverons que cette solution est
effectivement une solution globale. Enfin, nous réaliserons une étude détaillée
de la stabilité de la solution en utilisant l’énergie associée au problème.

Mots Clé : Espaces Sobolev , Local et Globale existence, Stabilité, Énergie.


