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Introduction

The Fibonacci sequence is a well-known integer sequence in which each number is the sum of
the two preceding ones, starting from 0 and 1. The sequence begins: 0,1,1,2,3,5,8,13,21,
and so on. It possesses a wide range of applications across different domains, such as math-
ematics, natural sciences, and computer science.

Polynomial Fibonacci sequences extend the concept of Fibonacci numbers by using polyno-
mials instead of integers. In these sequences, each term is obtained by adding the previous
terms, just like in the usual Fibonacci sequence, but the addition is done using polynomial
arithmetic. This means that instead of simply summing the last two terms, the terms are
added using polynomial addition.

For example, the polynomial Fibonacci sequence might start with the polynomials: 0, 1, p, p>+
L p®+2p, pt+3p% +1,0° +4p3 4+ 3p...... , and so on. Each term is obtained by adding the
previous terms using polynomial addition rules.

Polynomial Fibonacci sequences have connections to various areas of mathematics, includ-
ing combinatorics, algebraic geometry, and number theory. They provide a way to explore
more complex relationships between numbers and polynomials, leading to interesting pat-
terns and properties

The tribonacci sequence takes the concept of the famous Fibonacci sequence and adds an
intriguing twist. While the Fibonacci sequence is characterized by the sum of the last two
terms to generate the next, the tribonacci sequence goes a step further. It begins with
three initial terms, and from there, each subsequent term is the sum of the three preced-
ing terms. The tribonacci sequence orginally studied in 1963 by M. Feinberg. For n > 2,
this sequence exhibit a more intricate interplay of numbers, revealing patterns that have

captivated mathematicians and scientists alike.
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Now, let us explore the realm of polynomial tribonacci sequences. Imagine blending
the captivating nature of the tribonacci sequence with the complexity of polynomials. In
polynomial tribonacci sequences, the terms aren’t just ordinary numbers; they take the
form of polynomials. These polynomials are generated by adding the previous terms using
polynomial addition rules, adding an extra layer of sophistication to the sequence.

For instance, consider a polynomial tribonacci sequence that starts with the following
polynomials: For n > 2, p,(p) = p*pu_1(p) + ppn_2(p) + pn_3(p) ,with initial conditions
po(p) =0, pi(p) = 1, and pa(p) = p?, this sequence was introduced in [13]

The first few tribonacci polynomials are : 1, p, p2, p3 + p2, p* +2p3 + p2, p° + 3p* + 3p> + p?,
In[1],[11] [17] ,[22] The authors explored Binet’s formula, various identities, and additional
properties of the tribonacci numbers.

In [25] Ramirez and Sirvent introduced the tribonacci polynomial triangle

In [21], the authors define a generalized tribonacci sequence and they give some properties
of this sequence using matrix methods.

Various studies are linked to the generalized tribonacci numbers and polynomials. In one
such study, presented in [17], the authors introduced the generalized tribonacci numbers
and established an explicit formula for these numbers, even extending it to cover cases
with negative subscripts. In[18]the authors give a new generalization of the tribonacci like
polynomial which are P,(p, 0, @) and L, (r, s,w). So they investigated of Binet’s formula,
some identities and other properties of the tribonacci like polynomials

In 1892, Corrado Segre introduced bicomplex numbers, defined by four elements: 1, i, j, and

ij. These elements are subject to the following properties:

it =1, =—1,ij = ji (1)

However, the Irish mathematician William Rowan Hamilton introduced Quaternions as

an extension of complex numbers. A quaternion ¢ is defined in the form:
q=a+bi+cj+dk

Here, a, b, ¢, and d are real numbers, and ¢, 7, and k are fundamental Quaternions units.
So In [20],[29] the author introduce the bicomplex generalized tribonacci quaternions. Fur-

thermore,describe a Binet’s formula, generating functions, and some proprieties also related
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to a matrix representation.

In this thesis an attempt is made to develop a theory of generalizations of the tribonacci
sequence and polynomials by generalizing initial values. and the general form of this se-

quence.

So in the first chapter we define generalized tribonacci polynomials (p/,(p))nen, Where
Po(p) = P*0lu_1(p) 4 PP (p) +1l_s(p), n = 4, with p1(p) = a, p2(p) = b and ps(p) = cp?, by
using the coefficients P’(n, j) we drive an explicit formula of generalized tribonacci polyno-
mials, Also, we establish some properties of the tribonacci polynomials. Similarly, we study
the jacobsthal polynomials (J,,(2))nen, where J,,(p) = Jo_1(p) +pJn_a(p)+p*Ju_3(p), n = 4,
with Ji(p) = J2(p) = 1, J3(p) = p + 1 and describe some properties.

The primary focus of this research involves the exploration of generalizations of tribonacci
polynomials, aiming to derive a more comprehensive sequence along with its various iden-
tities. The wealth of results in the realm of generalization has sparked our interest and
prompted a thorough investigation into this topic. The objective is to unveil broader pat-
terns and properties within the context of tribonacci-like sequences, contributing to a deeper

understanding of their mathematical structures.



CHAPTER 1
. Preliminaries

1.1 Tribonacci numbers [17]

Definition 1.1 [17] The tribonacci numbers, denoted as (P, )nen, are a sequence of numbers

defined by the following recurrence relation.

P, = n—1+Pn—2+Pn—3anZ4
P=P=1 (1.1)
P3:2

The first tibonacci numbers are 1, 1, 2, 4,7, 13, 24, 44, 81....

1.2 Tribonacci-Lucas numbers [17]

Definition 1.2 [17] The tribonacci Lucas numbers,denoted by (Ly)nen, form a sequence
defined by the following recurrence relation.

(

Ly="Ln 1+ Ly o+ Ln—?nn >4
Ly=3
‘ (1.2)
L=1
L2 - 3

\

The first tibonacci-Lucas numbers are 3, 1, 3, 7,11, 21, 39, ....



1.3. Generalized tribonacci Sequence (G'TS)[5]

1.3 Generalized tribonacci Sequence (GTS)[5]

Definition 1.3 The generalized tribonacci sequence (P))nen , are defined by the following

recurrence relation

(PL=P ,+P, ,+F, on>4
Pl =d
' (1.3)
Pj=e
/
| Bi=f
where d,e, f € Z
The first tribonacci numbers are d, e, f, d4+e+ f, d+2e+2f, 2d+ 3e +4f,....
Theorem 1.1 [5] Let (P))nen denote the nth term of the (GTS). Then we have
P =dP, 3+ e(Pyy+ Py3) + [Pro,n >4
Pl =d
! (1.4)
Pj=e
P =f

where d,e, f € Z

1.4 Generating function [21]

Theorem 1.2 The tribonacci numbers (P, )nen can be expressed using Binet’s formula as
follows:

K,n+1 19”+1 nn—H

=0 —n)  G=—m—m  =rm—9)

where k,9 and n are the distinct the roots of the equation t3 —t> —t —1 =10

P, = (1.5)




1.5. Tribonacci polynomials [17]

1.5 Tribonacci polynomials [17]

Definition 1.4 The tribonacci polynomials, denoted by (pn(p))nen, are a sequence of poly-
nomials defined by the following recurrence relation:

(

Pn(p) = P*Pu—1(p) + pPn—2(p) + Pu-s(p),

J Polp) =0 (1.6)
pi(p) =1
pa(p) = p°

\

Notice that p,(1) = P,, the nth tribonacci number.

The first tribonacci polynomials are :

pi(p) =1

pa2(p) =

ps(p)zp +p

pa(p) = p° +2p* +1
ps(p) = p°* + 3p° + 3p?
pe(p) = p'® +4p" + 6p* + 2p

1.6 Tribonacci-Lucas polynomials [17]

Definition 1.5 The sequence of polynomials, represented by (L,(r))nen, i known as the

tribonacci polynomials and is defined through the following recurrence relation:

Lyy3(p) = p*Luta(p) + pLnti(p) + La(p)

The first tribonacci-Lucas polynomials are
Lo(p) =3
Li(p) = p?



1.6. Tribonacci-Lucas polynomials [17]

Ly(p) = p* +2p

Ly(p) =p*+2p+1
La(p) = p° +3p° +3
Ls(p) = p* + 4p° + 6p°

1.6.1 Tricobsthal polynomials [30]

Definition 1.6 The tricobsthal polynomials are defined by:

=

n(P) = Jn-1(p) + pJn-2(p) + p*Jn-3(p), for n > 4
J1(p) = Jap) = 1 (1.7)
Ja(p) =p+1

The initial conditions for the tribonacci polynomials and the tribonacci numbers satisfy the
property J,(1) = pn(1) = P,, where P, represents the n-th tribonacci number. So The

generalized tricobsthal polynomials can be defined as follows

Definition 1.7 The generalized tricobsthal polynomials are defined by :

/

Jn(p) = Joa(p) + 31 —2(p) + P*T1,5(p), for n > 4
o (p) (1.8)
Ja(p) =
\ J3(p) = c1p+co
where parameters ¢; € Z and d,e,co € Z .
Theorem 1.3 [30] The nth tricobsthal polynomials is given by
R L/ n+1 L/ n+1 L, n+1
Julp) = ) (2) G (1.9)

(V1 —w)(1—t3)  (Wa—=V1)(2—13)  (Va—1)(/s—t2)

where V', V5 and '3 are the distinct roots of the characteristic polynomials of (1.7)
35—t —pt —p* =0 (1.10)

Theorem 1.4 [30] The Binet formula for generalized tricobsthal polynomials defined by
(1.8) is
()= AT A A (1.11)

10



1.7. Generating functions of the tribonacci polynomials [30]

where n is positive integer, v # 0 and

)3
A= (b/l - L’z)(b/l - L/3)
A, — J5(p) — (V1 +1'3)F5(p) + 1331 (p)
(L'2 - L'1)(L'2 - L/3)
A, = Js(p) — (1 +/2)F5(p) + V1¢231(p)
(U3 —=1/1)(V3 —t/2)

where /1, 15,13 are different solutions of characteristic polynomials t> — t*> — pt — p*> = 0 of
(1.8)

When d = e = ¢; = ¢y = 1, then one gets the generating tricobsthal polynomials

1.7 Generating functions of the tribonacci polynomials
[30]

Theorem 1.5 The nth tribonacci Polynomials is given by

Ln—i—l Ln+1 Ln—i—l
. + 2 2 (1.12)
L1 — LQ)(Ll — L3) (L2 — Ll)(LQ — Lg) (Lg — L1)(L3 — Lg)

pn(p) = (
where 11, Ly and 13 are the distinct roots of the characteristic polynomial of (1.6)

B —p*t?—pt—1=0 (1.13)

1.8 (Generalized tribonacci like polynomials and Gen-

eralized tribonacci-Lucas like polynomials

Definition 1.8 the generalized tribonacci-like polynomials are defined by :

;

P.(p,0, @) = pPo_1(p, 0, @) + 0P,—2(p, 0, @) + wP,_3(p, 0,w),n >3
Py(p, 0,) =0

Pl(pu 0, w) =

PQ(pa 0, w) = p.

11



1.8. Generalized tribonacci like polynomials and Generalized tribonacci-Lucas like

polynomials
Definition 1.9 The generalized tribonacci-like polynomials are defined by :
(

Ln(p ) —an 1(/07 0, W )+QLn—2(p7 Quw>+w-[/n—3(p7 Q,W),n > 3
L

o(p, 0,@) = (1.15)
Li(p, 0, @) =
La(p, 0,@) = p* + 20.

The first term of P,(p, o, @) and L, (p, 0, w) are as follows

n| Pu(p, 0, @) Ly(p, 0, @)

010 3

171 p

2|p P>+ 20

3P +0 p® + 3po + 3w

41 p3+2p0+w@ Pt +4p?o + dpw + 20

5| p*+3p%0+ 2pw + ¢ p° +5p°0 + 5p0® + 5p*w + Sow

6 | p°+4p0 + 3po® + 3p?w + 20w | p° + 6pro + 9p? 0% + 6p3w + 12pow + 20° + 3w?

Generating function

The generating function of P,(z,y, z) are

- t
=Y P.(p,owt" = 1.16
nZ:O (p, 0, @) TR —— (1.16)
and
3 — 2pt — ot?
L ( 1.17
Z (p,0,@ Rl g —— (1.17)

The characteristic equation of the recurrences 1.14 and 1.15 is

t3—pt? — ot —w =0 (1.18)

12



1.9. Binet’s formula

1.9 Binet’s formula

Theorem 1.6 Forn > 1 the Binet’s formula for the generalized tribonacci like polynomials

P(p, 0, @) = Gl + o + Ui (1.19)
e (k=)(k—=n) @—=r)@-n) (1—*K)Hn-12)
and
L.(p,0,@)=kK"+9"+n" (1.20)

where k and ¥,n root of the equation
t3—ptP—ot—w=0

Let @ be the matrix define by

= O R
o o g

hence det(()) = w, and

Poii(p,0,@)  o0Pu(p,0,@w) +wP,_1(p,0,w)  wPF,(p, 0, w)
Q"= | Pup,o,w) 0Pi(p,0,w)+w@wP, s(p,0,w) wPr1(p,0 )
Pnfl(pa 0, w) Qpnf2(p7 0, w) +wpn73(p7 0, w) WPnJ(Pa 0, w)

The hypergeometric function They can be describe for |s| < 1 by the hypergeometric

series: .
d)n(e), s”
2 Fi(d, e; i) = Z%g

n=0

The notation (d),, given by

1 sin=20
(d)n:{ .
dd+1)---(d+n—-1) sin>0

13



CHAPTER 2
. Generalized tribonacci sequence

and Polynomials

The tribonacci polynomials are the natural extensions of tribonacci sequence, these polyno-
mials are studied in one variable defined by recurrence relation

Pn(p) = P*Pu-1(p) + pPn—2(p) + Pn—s(p),n = 3 where py(p) = 0,p1(p) = 1,p2(p) = p*. with
property p,(1) = P, is n-th tibonacci number. Another interesting family of such kind

polynomials is Jacobsthal polynomials or generalized Jacobsthal polynomials [30].

2.1 Some Properties of tribonacci sequence

Our main focus will be on presenting the tribonacci and tribonacci-Lucas sequence, by giving

some important results of the tribonacci sequence.

Definition 2.1 Let {H,},, be the sequence defined by

(
Hyyo=H,w+H,+H, 1,n>3
Hy=3
0 (2.1)
H1 = 0
HQ - 2

\

Theorem 2.1 Forn >0, we have
(a) H, = L, — P,

(b) H, =3P,.1 — 3P, — P,

(¢) 9H, 1o — 2H, 1 + 35H,, = 41L,

14



2.1. Some Properties of tribonacci sequence

Proof Parts (a) and (b) follows easily by induction on n

(¢) To prove this we will use (a) :
1L, = 41 (H, + P,)
— (35H, + 6H,) + 41L,
= 35H,, +6(3P,41 — 3P, — P,_1) +41P,
— 35H,, + 18P,,1 + 23P, — 6P,_;
— 35H,, + 18P 1 + 23P, — 6 (Poys — Pus1 — Py)
= 35H, — 6P, 42 + 24P, +29P,
— 35H,, — 6Pyyo + 24Pms1 + 27 (Poys — Pass — Poss) + 2P,
— 35H,, + 27Pyys — 33Pp1s — 3Pys1 + 2P,
— 35H,, — 2(3Puys — 3Pys1 — Po) + 9 (3Pouss — 3Pnss — Post)
— 35H, — 2H, 1 + 9H,.»

as required. W

Corollary 2.1 [3}] for n > 2 we have

(a) L, =P, +2P, 1+ 3P,

(0) X P = 3 (Paga+ B — 1)

(c) Z?:o Py = % (Pops1 + Py, — 1)

(d) 321 Pois1 = 5 (Panga + Poni1)

Proof (a) By induction on n

For (b), using the equation (1.1), we can get the following relations:
Py=P;—P,— P
P=P—P— P
Py,=PFP,—P — P

Pn—2:Pn+1_Pn_Pn—1
Pn—IZPn—l-Q_Pn—l-l_Pn

Pn: n+3_Pn+2_Pn+1

15



2.1. Some Properties of tribonacci sequence

If we add the equations side by side. we get

ZP Pz — P — ZPerl Pz — P — ZP Py —HB+5H

=1

= n+3_Pn+1_PQ‘I'PO_ZPi:Pn+2+Pn_P2+PO_Z]Di

=0 i=1

and so

ZP_— (Pyio+ P, —1)

(iii) the statement (c) and (d) follows similarly m

Lemma 1 Some identities for the tribonacci and tribonacci-Lucas numbers.

1)L—mP—m+s - P—2m+s == LmPs - Pm+s
2)L—mL—m—Q—s - L—2m+s = LyLs — Lm+s

Proof To prove (1) et (2) using Binet’s formulas for the tribonacci and tribonacci-Lucas

numbers |
P'roposz'tz'on 2.2 [34] For n > 0, we have

Z Py = P2n+2 + Popy1)

1
Z Loiv1 = = (Laps+o + Lopt1 — 2)

‘ 2
=0
u 1
ZP?”'“ §(P3n+4_4p3n+1+P3n 2+ 1)
i—0

1

ZPQH-I §(P3n+5 —4Ps40 + P3pq — 1)
1

Z Loyiy1 = = (L3n+4 —4L3p41 + Lap—2 — 4)

Z Loit1 = L3n+5 AL3p40 + L3p—1 — 2)

Theorem 2.2 Let P, be the nth tribonacci number , then forn > 0,k > 2 we have

Poik =P 1P+ (Po—a+ Pi—1) Poy1 + PPyo.

16



2.2. Generating functions of the generalized tribonacci sequence

2.2 Generating functions of the generalized tribonacci

sequence

Theorem 2.3 Let (P))nyen be the nth term of the generalized tribonacci sequence (GTS),
then

(A ) tet frh) 0"t e)d tet fO) " H(d ey tet f)
(k= 0)(k—n) (0 — k) —n) (n—r)(n—1)

Proof By combining the Theorem 1.1 and equation(1.5), we get

P =

P! = fP, o+ e[Py s+ Py s(z)] +dP, 3
PRV A e[ 4 R 4 AR SN A e[0T o+ 9 o don

(k= 9)(k =) (0 = k)W =n)
LS e A ) dit
(n—r)(n—1)
Finally
p At e)etet fr?)  9"(d+e)d et fOP) 0t ((d+e)nt et fir)
" (K —9)(k —n) (¥ = &)V —n) (n—r)(n—1)
|

2.3 Identities on the tribonacci sums [11]

Let S,, be the sums of tribonacci sequence define by

k=0

By adding the initial conditions to the recurrence (1.1) and combining the first n recur-

rence relations, we can obtain a result.
Sn =1+ Sn—l + Sn—2 + Sn—3

where Sy =51 =0, S, =1,

17



2.4. Tribonacci polynomials

Theorem 2.4 Forn >4 and k > 4 we have
(CL) Sn == 2Sn_1 - Sn_4
(0) Spir = —Sk—25n — Sk—3Snt1 — Sk—1Snt2 + Sk—15n+3

Proof (a) we have

Sn =1+ Sn—l + Sn—? + Sn—?)

and
Spe1=1+5,2+ 5,3+ 54
So
Sp+Sn-a=1+ 51+ Sh—2+ Sn_3+ Sn_4
Then

Sn = 2Sn—l - Sn—4

(b) By induction on k =

2.4 Tribonacci polynomials
Theorem 2.5 Forn > 2, we have
Ln(p) = p*Pu(p) + 2pPo1(p) + 3Pua(p),
Theorem 2.6 Forn > 0,we have
1

pa(p) =+ (17 (2 = 13) + 657 (13 — 1) + 57 (11 — 12))

where X = (11 — t2) (11 — t3)(ta — t3) and 1y, 1o , L3 are the distinct roots of the characteristic
polynomial of (1.6)
B —p*tP—pt—1=0

Proof Observe that

0=|Q —tl3] = 1 =t 0 = B+ pt+1

18



2.4. Tribonacci polynomials

and 1, Lo and t3 be the eigenvalues of Q)
Let A define by

2 2 2
1 o 13
A={u © u
11 1
then
2 2
lo—ts 15— 1t5  Latz(te — t3)

2 _ 2
t3—t1 15—ty sty — i)

ATl =

> =

2 2
1 —1ty 15— tita(ty — to)

where X = (11 — t2)(t1 — t3)(ta — t3) Now, let

51 0 O

B = 0 %) 0

0 O L3

Then Q = ADA™!, so we obtain
Q" = (ABA™y"
= AB"A™!
. A vty 00 Lo —t3 12— 1a3(tg —13)
Y R 0 u O L3 — 1 13— 03 t1e3(ts — tq)
1 1 1 0 0 3 b=ty 13— (e — L)
Finally
1
pu(p) =+ (1 (2 = 1) + 57 (13 — 1) + 57 (01— 12))

Remark 2.7 For n > 3 we can extend the sequence (p,(x))n>0 to the negative integers by

Pn(p) = P-m-3)(p) = P*P—(n-2)(P) = PP—(n-1) ()
polp) = p-1(p) = (2.2)
1

19



2.4. 'Iribonacci polynomials

Proposition 2.3 Forn > 3, we have
1) pon(p) = (1+ p*)p-ni3(p) = pp-nsalp)

2) p-n(p) = [Pa-1(p)]” = Pu(p)Pu-2(p)
Proof 1) Using the (2.2), we have

P-n(p) = P—(n-3)(p) — 0229 (n—2)(p) — PP—(n—1)(p)
n—3)(p) — n-2)(P) = PIP-(n-1(p) = P*P—(n-3)(p) — PP—(n—2)(p)]

(1+P) n+3( ) pP—n+4(p)
1
0
0
Indicating that det(P) = 1, and

(pn+1(p) oPu(0) + Pui(p)  Dulp) )

2)
We have [17]

i)

Il
—
o = 3,
=~

Q" =1 palp)  poa-1(p) + Pn-a(p) Pu-1(p)
pnfl(p) PPn— 2( )+pn 3(/0) Pn— 2( )

since Q7" = (Q")fl,z’t follows that

S

P-nt1(p) PP-n(p) +P-n-1(p)  pP-n(p)
Q™= | pulp)  pr—n-1(p) +P-n-2(p) P-n-1(p)
Pn-1(p) pP-—n-2(p) +P-n-3(p) P-n—2(p)

and

Pra2(p)? = Pac1(0)Pu=3(p)  Pa(p)Pa=3(p) — Pu1(P)Pu—2(p) [Pa-1(p)]* = Pu(p)Pu—2(p)

(@)= [pa1(0)]* = Pulp)Pr2(p) Prr1(P)Pu—2(p) = Pu(P)Pu=1(p)  [Pn(P))> = Pus1(P)Pu1(p)

Then
P-u(p) = [Pa-1(p)]* — Palp)Pu2(p)
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[Pn(p)* = Prs1(P)Pr-1(p) Prr2(P)Pn=1(p) = Pus1(P)Pu(p)  [Prr1(p)]* — Prs2(p)Pn(p)



2.5. Properties

2.5 Properties

Definition 2.2 The generalized tribonacci polynomials pl,(p) are defined by recurrence lin-

ear
(

Po(p) = p°p_1(p) + pPh_2(p) + Pl_s(p),n = 4

) polp) =d (2.3)
pi(p) =e
py(p) = fr*.

\

Notice that p,(1) = P..

The fisrt Ten generalized tribonacci polinomilas are:

po(p) =

pi(p) =e

ps(p) = fp?

ps(p) = fp* +ep+d

Pilp) = fo° + (e + f)p’ +dp* +e

p5(p) = fo* + (e +2f)p° +dp* + (2e + f)p* + dp

p(p) = fpl%+ (e +3f)p" +dp® + (3e + 3f)p* + 2dp® + 2ep + d

ph(p) = fp2 + (e +4f)p° +dp® + (de + 6f)p° + 3dp® + (5e + 2f)p> + 3dp* + e
(

po(r) = fri¢+ (e +6£)r'3 + dr'2 + (6e + 15f)r'° + 5dr® + (14e + 16 f)r" + 10drS+
(13e 4+ 6f)r* + 7dr3 + 3er +d

Theorem 2.8 Forn > 4, we have

Ph(p) = fra—2(p) + €lppn—3(p) + Pu-a(p)] + dpn—3(p) (2.4)

Proof Let QQ be the matriz of ordre 3 defined by :

P op 1
Q=100
0 10

such that det@ =1,
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2.5. Properties

So

Then

Prys(p) p*op 1
Pa(p) [=] 1 00
Prs1(p) 0 10
It is well know that (see [17] )
210\ Posi(p) Pu(p) Puca(p)
p 0 1 | =1 ppulp) +Pn1(p) pPa-1(p) + Pu2(p) pPn—2(p) + Pn-3(p)
1 00 pu(r) Pr—1(7) Pna(T)

which implies

Pns(p) Ps1(p)  pPa(p) +Pn1(p)  Pulp) P5(p)
Powap) | =1 Pulp)  por-1(p) + Pr2(p) pn-1(p) Pi(p) |-
( ( (

Pota(p) Pn-1(p)  pPn—2(p) + Pu—3(p) Pn-2(p) Po(p)
Then,
Prs1(p) = 0o (p)Pn—1(p) + Pi(p)[pPn—2(p) + Pu-3(p)] + Po(P)Pr—2(p).
Finally,
Po(p) = F0°Pa-2(p) + elppn—3(p) + Pu-a(p)] + dpn_3(p).
|

Remark 2.9 If v =1, we have
P = fP,o+e[P, 3+ P4 +dP, 3

Proposition 2.4 For every integer n > 6, we have

w

Pl(p) =Py (p) + P5(p) + ps(p) + (0° +p) Y Pilp) + (0> = 1)(®_1(p) + Pl_s(p)) + pPly_s(p)

3

i
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2.6. Generating functions

Proof From the definition of (pn(p)),>,, we have successively

pr(p) = P°pr1(p) + pPl—2(p) + Py —3(p)
Pr1(p) = PP—2(p) + pPl—s(p) + Dip_a(p)
Prs(p) = 0*P_3(p) + pPl_a(p) + Dy—s(p)
Prs(p) = P°Dh—a(p) + PP_5(p) + 1rs(p)

*ps(p) + ppy(p) + pi(p)
5(p) + ppi(p) + po(p)-

summing and simplifying the right hand side, we obtain

pu(p) = Py (p)+05(p)+05(p)+(p*+p) Zp D) (pr—1(p)+0n—2(p))+p(P5(p)+ 1 —2(p))

2.6 Generating functions

Theorem 2.10 The nth generalized tribonacci polynomials satisfies

y o K'T((d+ep)k+e+ fr7) O"3((d+ep)d + e+ fU92) "3 ((a+bp)n+ e+ )
P R R (/NS 1 B B R Py y gy

where k, U and n are the distinct roots of the equation (1.13)
Proof By combining (2.4) with the Eq (1.12), we get

Po(p) = fPu2(p) + elppn—3(p) + pn-a(p)] + dpn_s(p)
B fﬁnfl + 6[pl€n72 + Rn73] + dﬁan f,&mfl + e[p,ﬁn72 + 197173] + dﬁn72

(k—V)(k—n) (0 —r)(W—n)
LT el )
(n = t1)(n =)
Thus
oy BTt en)n e+ fr7) 0P ((d+ep)d + e+ fU?) (A ep)n+ e+ fn)
Pu(p) = (=) (r—7) * (0 — k)0 —n) - (n—r)(n—1)
|
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2.6. Generating functions

Proposition 2.5 Forn > 4, we have

K" = Pa1(p)K + [ppn—2(p) + P-s(p)]k + pu_a(p)
" = pu-1(p) + [pPn-2(p) + Pu-3(p)]V + Pn—2(p)
0" = pu1(p)0” + [pPr—2(p) + Pu=3(p)1n + Pu—2(p)

(2.5)

Proof We proceed by Induction on n, the result it is clear forn =4 and n = 5 by hypothesis

Assume that it is true for i such that 0 < i < k, then

K" = pe1(p)R® + [ppr—2(p) + Pr-3(p)]k + pr_a(r)

So
kFH =k [pk_l(p)HQ + [ppr—2(p) + Pr—3(p)|k + pr— 2(p>]
= pr-1()R° + [ppr—2(p) + Pr-3(p)]5* + pra(p)
= pe-1(p)(0°K* + pk + 1) + [ppr—2(p) + Prs(p)]K* + pr—a(p)k
= [0"Pr-1(p) + ppr—2(p) + pr-sli® + [pps-1(p) + P-2(p)lr + pi-1(p)-
Finally

R = pi(p)? + [rpk-1(p) + pr—2(p)]k + pr1(p)

Thus, the result is true Vn € N.
Similarly, we find that :

0" = pu-1(p)9? + [ppn-2(p) + Pr-3(p)]0 + Po-2(p)

and
0" = pu1(p)0” + [pPu—2(p) + Pu=s(p)]n + Pn—2(p)

Proposition 2.6 For every integer n > 3, we have

(K" + 9" +0") = P (1) + pPn-1(p) + 2Pn—2(p) (2.6)

Proof By using Eq. (1.12) and the Eq. (2.6) and taking in to account that
1= rin
r=—(9n+ 9k + kn).

24



2.6. Generating functions

we get
R prM 25T 9P p 4207 R 4 ot 20
B == e-n T O-nG-n T -nu-0)
n 2 g n 24 p g n 2y 2
:/s (H —|—T+H)+19 (19 + —|—19)+77 (77 + +77>
(k=) (k —n) (0 — k)W —n) (n—r)(n—1)
K" (0 + p+20n) 19”(192+p+2/<m)+77”(772+p+2m9)
(k =) (k —n) (¥ = &) —n) (n—r)(n—1)
_ K" (K2 + p+ 2Un) 9" (9% + p + 2kn) 0" (n* + p + 2k0)
(k2= (=p—md)+dn) (= (=r—nkr)+nx) 0= (—r— k) + KkV)
= K"+ 9" 4"
||

Theorem 2.11 Forn > 1, we have
n 7 n i i
P3n-1(p) = Z Z , ) P Pir-a(p)
i=0 j=0 \ * J

Proof Let v is a root of the equation (1.13 ) . Then
C=p 41

this shows
()" = (F~141)"

n
n

(")
=0
- CL (7 + 1)
=0
- n ‘ i .
= | () , ) (pe)’
=0 t =0 J



2.7. Generating Matrix of the tricobsthal polynomials

If we replace v to k,9,m , and using the equation (1.13). Then we obtain

) [ N
Pon =tV = = —n) T 0 —r) 0 —n) (1 —r)(—1)

1 it P 9iti 771-_,_]-
(J'> ’ <("6—19)(”—77> TN (77—%)(77—19))

( Z > (P)i+jpi+j—1(P)
J

2.7 Generating Matrix of the tricobsthal polynomials

Let Q' be the matrix defind by

B

1

A
Q=11
0

_ O

We can proved that by induction on n

n

P2 Jnt1(p) Jnt2(p) = Jnta(p) T23n<p)
0 = Jnlp)  Tnsrlp) =Julp)  P*Tn-1(p)
0 ) P Inal

1
@)r=11
0 371—1(:0) 371(/)) - 3n—1(p

=R~

Theorem 2.12 For n > 4, we have

Jn(p) = (c1p + ) In-2(p) + e[Fn-1(p) = In-2(p)] + dp*Tn-3(p) (2.7)

where ¢y > 0 and d,e,co € N* .

Proof By using the generating matriz for the sequence (1.8). Then

n

Tns(p) 1 p p? J3(p)
3In+2(ﬂ) = 100 3’2(0)
Vs (p) 010 ) \ 30
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2.7. Generating Matrix of the tricobsthal polynomials

So
Jnys(p) Jni1(p) Jnt2(p) = Jns1(p)  P*Tnlp) J5(p)
Iae) | =1 Julp)  Jnii(p) =Jnlp)  P*Tu-a(p) Js(p)
Jns1(p) Jn1(p)  In(p) =Jna(p)  P*TIn-2(p) J1(p)
Then
Tns1(0) = J5(P)In-1(p) + J5()[Fn(p) = Jn-1(p)] + p°T1(P)In-2(p)
Finally
3.(p) = (c1p + c0)In-2(p) + e[In-1(p) = In—2(p)] + dp*Fn—s(p)
|

Theorem 2.13 For n > 0, we have
~ 1 ! \n+1/,/ / ! \n+1/,/ / ! \n+1/,1 !
dn(l’)ZX[(H) (Vo = d3) + ()" (Vs = 1) + (V3) (L1—L2)]

where N = (V1—19)((1—1'3)({V2—1'3) and /1, o , V'3 are the distinct roots of the characteristic

polynomial of 1.7
35—t —pt —p* =0

Proposition 2.7 For everyn > 3, we have
(7 + 13 +0'5) = Jns1(p) + pPTn-1(p) + 2r*Fn-2(p) (2.8)
where /1, !5 and '3 are the distinct roots of the equation (1.7)

Proof Using Eq. (1.9) and Eq. (2.8), and taking in to account that

7“2 — L/1L/2L/3
)
_ ! ! ! 7 !
p=—(atls+ 2y +1/13).
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2.7. Generating Matrix of the tricobsthal polynomials

it follows that

(R) = T o 202 T o 202 Tl 22
(1= Va) (1 = t'3) (¢/2 = V1) (2 = t/3) (¢'3 = 1)(V's — t/2)
Uy (A’f +p+ 27p2> Uy (ug +p+ 27'02) Uy (L’§ +p+ 27p2)
3! L2 U3
(=) (=) (Pa—)(Pa—s) (Vs — 1) (Vs — ta)
VY7 (L/?—i-p—i-ZL,gL/g) Uy (L/g+p+2L/1L/3)

(= (o= vsa) +as) (V3= (=p = ath) + i)
Uy (V54 p 2010 )
(3 = (=p = 1a) + 12)

_m m m
=17 +lygT+1Llyg

]
Proposition 2.8 Forn > 3, we have

L= Tum1 (D)4 [F0(0) = Tna1 (D)1 + p*Tus(p)
Uy = Fnca(p)5 + [30(p) = Fnca(p)]2 + p*Tna(p)
:TSL ; n(p) - 3n—1(p)]Ll3 + p23n—2(p)

=

2

5+

Proof The result is straight forward by induction on n. m

Theorem 2.14 Forn > 1, we have
~ - : n i 2n—i—kn~
Jsi(p) =D > | (p) Jitk-1(p)
i=0 k=0 \ " k
Proof We proceed as for the Theorem (2.11) , we have

I,/3 _ L/2—|—pbl+02
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2.7. Generating Matrix of the tricobsthal polynomials

where (' is a root of the equation (1.7 ), which implies

(L/?,) _ (L/3 —p2 —|—p2>

n

=3 (e (=)

]

n

B 1=0 k=0 ( i ) ( k ) <p) o (L/)Pr

replacing ¢ with J'1,19,!'s and combining the letter with the equation (1.9), we get

( 1 )Sn N (L/2)3n (L/3)3n
(t'y = o) (1 —t3)  (Vo—t1)(Wa—13)  (V3—11)(Vs—ts9)

_ : 2n—i—k ()" (t5) (¢/5)"**
_ZO kzzo ( ) (k:) ((L'l “U) (i — i) (la— ) (la — 5) | (s — ) (s b’2))

(2

33n71<p) =

2n i— k:szrk 1<p)

I

m 3
ol

I .
o
/\

3

\_/
/\
Bl
\_/
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CHAPTER 3
. Generalized tribonacci Like

Polynomials

One of the well-known generalizations of Fibonacci polynomials is the tribonacci polynomials.

tribonacci polynomials are defined by a third-order homogeneous recurrence relation. These

polynomials have been extensively studied ( see [8], [17], [26]). In this Chapter, we define

two new extension (P, (p, 0, @) )nen and (L, (p, 0,@))nen of the tribonacci polynomials, which

we called respectively the generalized tribonacci like polynomial and the generalized lucas-

Tribonacci like polynomials has been introduced using the homogeneous recurrence relation

defined by
Pn(pa 0, w) = ppnfl(/% 0, w) + Qpn72(p7 0, w) + wpnf3(p7 0, w)? n 2 3
PO(p7 o, W) =
. (3.1)
Pl(pv 0, w) =
L P2(P» 0, w) .
and
p
Ln<p> 0, w) an—l(p7 0, w) + QLTL—Q(pa 0, ’W) + WLH—?)(pa 0, w),n 2 3
L y &y =3
Ll(p7 9, w) =r
LQ(p7 9, w) =7 +2s

Firstly, we establish some properties of thess two polynomials and yielding connexion

between theme, also we find their generating functions by investigating some appropriate

matrices. Moreover, we find explicit formulas for the partial derivatives of these polyno-

mials. Next, we introduce tune new generating matrices,for those polynomials and theirs
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3.1. Properties

summations, this leads in particular to explicit formulas for such sums. Finally, we explore

exhibiting various properties related to them

3.1 Properties

Theorem 3.1 Forn > 2

1) P3n—1(ﬂ7 0, w) = Zn: XZ: ( " > ( Z ) iji_jwn_iPiJrjfl(pa 0, LTJ)

J

2) L3n(p7 0, w) :E Z ( ) ( . ) pJQZ_an_ZLi+j(p, 0, W)
Proof Let v is a root of the equation (1.18),
P=p* o+ w

which implies

I I
i s 1 3
o o
/N
~. 3 ~. 3
N~
S S
T
IS oo
~ |
+
S 8
= =

7 ( " ) Y ( ] ) (2 (00

i )=\ J

If we replace v with k, ¥ and n , and combined them with the equation ( 1.19 ), we get

Il
3
/N
3

=0

K?m 79371 nSn

Fm D) m—m)  W—m@—n)  G—r—0)

- U | i—j_n—i
= . . p]Q w ]Di+j—1(p7 0, w)
i=0 k=0 \ J

2) by the same methods withe combine the equation (1.20)

P3n—1(p7 0, w) =
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3.1. Properties

Theorem 3.2 [18] Forn > 2

¢ n—i—j—1 o
Pn(pa 0, w) - Z Z . ' J pn_QZ_J_IQZ_ij.
i=0 j=0 \ J 1

and

5] n i n—1i—7j n—2i—j i—j__j
n—1i—
== J\ J 1

Proof 1) By induction on n, the statement is true for. n =1 and n = 2. If we consider it
valid forn =k — 1 and n = k where k > 3.
Then

Pii1(p, 0, @) =pPi(p, 0, @) + 0Pi—1(p, 0, ™) + wPs_2(p, 0, @)

R k—i—j—1
=p ( . ) ( - )pk_%_j‘lg"‘jwj
i=0 j=0 \ J ¢
R k—i—j—2
Yo . | J P22 i o
i=0 j=0 \ J t
1532 . o
1w ( @- ) ( k—Z—‘]_?’ >pk—2i—j—39i—jwj'
i=0 j=0 \ J t

choosing k = 2t, we obtain

Pri1(p, 0, @) :iz ( Z. )

2t —1 _ j—1 ) P20 =i

<2t—z—] 2>p2t 2i=j=2 yi—jtleg

p2t 21—j—3 z jwj-‘rl

t i . .

1 2t—1—7 i i

Pk+1<,0,Q,w>:Z < . >< . >p2t 2 jQ il
i=0 j=0 \ J t

=0
EJ .
2 (3 . . .
i=0 j=0 \ J t



3.1. Properties

by k =2t. If k is odd, The formula is valid.
(2) The proof similarly. m

Proposition 3.1 [7] If n > 2 we have

]) Ln(p’ 0, w) - an(p, o, w) + 2QPnfl<p7 0, w) + 3an,2(p, 0, w)
2) Po(p. o) = (—p — Ywow?) Ln_1(p, 0, @) + (2wp? — po* — 30w) Ln(p, 0, @) + (—6pw + 2p*) L1 (p; 0, ©
nee —18pow — 27Tw? — 4p3w + p?p? + 403

Proof 1) Using the generating matriz corresponding to the recurrence relation (1.15),

we obtain:
Ls(p, 0, @) TS w La(p, 0, @)
Ly(poyw) [=] 1 0 0 Li(p, 0, @)
Li(p, 0, @) 01 0 Lo(p, 0, @)

as we all know
n

p o w Poi(ps0,@)  Poyalp, 0.@) — pPata(p,0,@)  @wFu(p, 0, @)
@"=([ 100 | =] Ppow Pulpo,w —pPulpow) @wPilp,0wm)
010 Poa(r)(p,0,@)  Pulp,o,@) — pPua(p,0,@)  @Pua(p, 0, @)
This means
Lni2(p; 0, @) Poi(p.0,@) Pota(p,0.@) — pPosi(p,0.@)  @Pu(p, 0, @) L(p, 0,)
Loppi(p,0w@) | = Pulpo,@w)  Pupa(p,o,@) — pPulp,0,@)  @Pya(p, 0, @) Li(p, 0, @)
Ly(r,s,w) Poa(p,0,@)  Pulp,0,@) — pPoi(p, 0,@)  @Pas(p, 0, @) Lo(p, 0,@)
So

Ln(p’ 0, w) = (p2 + QQ)Pn—I(Pa o, w) + w[PTZ(IOa o, w) - an—1<p7 o, w)] + 3wpn—2(p7 0, w)
= an(p7 o, w) + QQP'n71<,07 0, w) + Bwpn72<p7 0, w)
2) From (1) We have

L,(p,0, @) = pP,(p,0, @) + 20P,—1(p, 0,w) + 3w P, _2(p, 0, w)
So we Obtain:

L?’L*l(p7 0, w) = 3Pn<107 o, w) - 2an71<)0; o, w) - an*Q(p7 o, w)
L,(p,0,@) = pPu(p, 0, @)+ 20P,_1(p, 0, w) + 3wP,_2(p, 0, ™)

Ln+1(p7 0, w) = (p2 + 2Q)Pn(pv 0, w) + (pQ + 3w)Pn—1<pv 0, w) + (pw)Pn—Q(p7 0, w)
(3.3)
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3.1. Properties

By Cramer, we obtain

A
Pn(p7 o, w) = _| where

~[BJ
3 -2p -0 Lna(p,0,@)  —2p  —o
C = p 20 3w | and, E= | L,(p,0 @) 20 3w
p*+20 po+3w pw Lyyi(p,0,@) po+3w pw

|C| = det(B) = —18pow — 27w? — 4p*w + p?0* + 40°
|E| = det(A) = (=pow — 9%°) Ly-1(p, 0, @) + (25p” — po* — 30w) Ln(p, 0, @) + (=6pw + 20°) L1 (p, 0, @

Theorem 3.3 [18] Forn > 2, then

Poia(p,0,@) Poia(po,@)  Pulp, 0, @)
Po(p,0,@)  Pulpo,w) Pualp,ow) | =@
Po(p,0,@)  Poi(p,0,@) Puoa(p, 0, @)
Proof Let () matrix

)
|
S = D
_ O

w
0
0

such that det(Q) = w, and

Poii(p,0,@)  oPu(p, 0, @) + @l a(p,0,@w)  @wPu(p, 0, @)
|Qn‘ = Pn(p7 Q,W) Qpnfl(pa 0, w) +wpn72(p> Q,W) wpnfl(pv Q,W)
Pn*l(pa Q,W) QPTL*Q(pJ Qaw)+wpnf3(p7 Q,W) wpnf2(p7 Q?w)

Using the determinants of the matrices () and Q", we obtain

Pn—i—l(pa 0, w) Pn(ﬂv Q,’W) Pn—l(pa 0, LTJ)
Qpn(p7 o, w) +WPn71(Pa Qaw) QPn71<,07 va) +wpn72<p7 0, w) Qpnf2(p7 Q?w) +ZPn73(p7 o, w) :w“
wP,(p, 0, ™) wP,_1(p, 0, ™) wP, 2(p, 0, ™)

Multiplying the first row of Q™ by r and adding it to the second row, followed by exchanging

rows 1 and 2, results in

Pn+2<p7 va) Pn—l—l(pv va) Pn(p’ Qaw)
Pn+1(ﬂa o, w) Pn(ﬁv 0, w) Pnfl(p> 0, w) =W
wP,(p,0,w) wP,_1(p,0,w) wP,_2(p,0,™)
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3.2. Generating Function

From the properties of determinants, we can drive :

Pn+2(p7 Q,W) Pn+1(p7 Quw) Pn(ﬂv Q,W)
Pn—l—l(p, 0, w) Pn(ﬂv 0, w) Pn—l(p; o, w) =—w"!
Pn(p7 0, w) Pn—l(pa o, ’ZD) Pn—?(pa o, TD)

3.2 Generating Function

Theorem 3.4 forn >0

("W =) + 0" (& —n) + 1" (k= 0))

>

Pn(p> 0, LTJ) =

where A = (k — 9)(k — n)(¥ — n)

Proof The validity of this proof relies on the diagonalization of the generating matrix

p o w
Q=10 0
01 0

The characteristic equation is —t> + pt*> + ot + @ = 0
Let k, 9 and n be the roots of the —t3 + pt? + ot +w =0

Let A is a matrixz defined by

K202 ' O—n =9 Ind—mn)
A= s 0 | and A=<t n—r &= mn(n— k)
1 1 1 k=1 n*—kr*  KI(k—9)

where A = (k — 9)(k — ) (9 —n) Now, let

Wy

I
o o =
o & o
S o o
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3.2. Generating Function

i.e., B is the diagonal matriz
Then Q = ABA™, we obtain

Q" = (ABA™)"

= AB"A™!
. k2 9% n? K" 0 0 d9—n n*=9*  In(—n)
Tl 9 0 9 0 n—r kK2—n*  knn—r)
1 1 0 0 n° k—19 9 —k*  kI(k—D)

After calculating the right side and matching with the matriz Q™, we obtain

Pa(p, 0,) = 5 (W50 = 1)+ 941 (s = 1) + " s — )

Proposition 3.2 Forn > 2, we have
o0

1) Z P.(p, 0, w)t" = tert+et (2F1 (n+1,1;1;wt?))
n=0

= n Lk(p7 Qaw)+ [Lk l(p7 Qaw) _ka(p7 Qaw)]t—i_WLk—l(pa Q,’(ﬂ)t2
Q)ZLk-i-n(pa 0, w)t = = 1 —pt— QtQ — i3
n=0

- n Pk(pmgaw)—i_[Pk 1(/070773) _IOPk<107 Q7w>]t+wpk—l(p7 Qaw)tz
3) Zpk+n(p7 0, w)t = * 1 — pt _ th _ wt3
n=0
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3.2. Generating Function

Proof 1) From the generating function we can derive the following :

Z P.(p, 0,w)t" =t (1 — pt — ot* — wt?’)fl

=t t"(p+ ot + wt?)"
n=0

= tz_:t” Z ( :1 ) w™ ™ (p + ot)" ™

_tzz n+m mtn+3m(p+gt)n

nlm!
n=0 m=0

e}

— t;(pt + ot*)" Z n'm' @

m=0

= terttet® (2F1 (n +1,1;1; wt3))

2) if we combine to the equation (1.20), we obtain

Z Lm+n<p7 o, w)tn = Z (Iim+n + ﬁm“'” + nn-i-m) m
= n=0

= g™ io: KM 4 9™ i I 4 nm i nntn
n=0 n=0 n=0

C1l—kt 1-9t 1-—nt

_ Ln(p,0,@) + [Linsi(p, 0,@) = pLin(p, 0, @)]t + WLin—1(p, 0, @)t
1—pt — ot? — wt3

]
Theorem 3.5 For any integer n > 3

(’%n + " + 77n) = Pn+1(/)7 0, w) =+ Qpnfl(/% o, w) + 2wpn72<p7 0, w) (34)

Proof we know that
= KU
p=—(In+ Ik + kn).
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3.2. Generating Function

and Combining the Eq. (1.19) in the R.H.S. of Eq. (3.4) We obtain
Hn+2 + Qlin + 2@%”71 Q9n+2 + Q’l9n + 2@’[9”71 nn+2 + an + 2wnn71
L N [y RN ORI CEr)
K" (K% + 0+ 20Un) N 9" (9% + o + 2kn) n 0" (n* + o + 2k0)
(k =) (K =) (0 =)0 =n) (n = w)(n =)

(RHS) =

|

Proposition 3.3 Forn > 3, we have
K" = Py 1(p, 0, @)K + [Pu(p, 0,@) — pPa1(p, 0,)] K + @ Py 2(p, 0, @)
0" = Pui(p, 0,@)9° + [Pulp, 0,@) — pPu-i(p, 0, @) 0 + wPys(p, 0, @)

n" = Pu_1(p, 0,@)0° + [Pu(p, 0,@) — pPa_i(p, 0, @) 0+ @Py_2(p, 0, @)

Proof By indection onn

The tribonacci like polynomials (P, (p, 0,@))n>0 can be extended to negative subscripts
by introducing the following definition:
P—(n—3)<p7 0, w) - pP—(n—Q)(pa o, w) - P—(n—l)(pa 0, w)

an(paQaw): ,n23
w
Po(p,0,@) = P_1(p, 0, @) =0 (3.5)
1
P_ = —
2(/)7 0, w) w

Proposition 3.4 Forn > 3, we have

2
0* — pw @ + po 0
1) P—n(ﬂa 0, w) = [T]P—n—iﬂ(pv 0, w) + [ 2 ]P—n+3(pa 0, LTJ) - [;]P—n-‘rél(p’ 0, w)

[Pnfl(p7 0, w)]Q - Pn(pa o, w>Pn72(p7 0, w)

wnfl

2) Pon(p,0,@) =
Proof 1) From the recurrence relation (3.5), we obtain

P_(n—3)(p, 0. @) = pP_(n—2)(p, 0, @) — 0P_(n_1)(p, 0, @)
w
Pf(nfi’)) (p7 0, w) - pr(n72)<p7 0, w) — 0 (P(n4) (p7 0, w) - pr(nf3)(pa 0, w) - QPf(an)(p7 |

P_.(p,0,w) =

w w2

@ + po 0
1P-ns2(p, 0, @) + [ Ponia(p, 0,@) = [ Tonra(p, 0, @)

_ [QQ—PW
wZ
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3.2. Generating Function

2) Let Q) matriz

p o w
Q=110 0
01 0

such that with det(Q) = w, and
oPu(p, 0. @) + @Pa-1(p,0,@)  @wPu(p, 0, @)

Pn+1(p7 o, w)
Qn = Pn(p7 Q)w) QPn—l(p7 Q,W) +wpn—2(p7 9, w) wpn—l(pv Q,W)
Pn—l(p, Qaw) QPn—Q(p7 Q,w)+wpn_3(p, va) wpn—?(p> Q,’W)
since Q™" = (Q")"", than
an+1(p7 o, w) prn(pa 0, w) + wpfnfl(p7 0, w) wpfn(pa 0, w)
Q_” = P—’rl(pa o, w) QP—n—l(pJ 0, w) +wp—n—2<p7 o, w) wp—n—l(pa o, w)
P—n—l(p7 o, w) QP—n—Q(pa 0, w) + wp—n—?)(pv 0, w) wp—n—?(pa o, w)
and

w? [(Pr2(Y))? = Paa(Y)Pos(Y)] w? [Po(Y)P3(Y) = Pooi(Y)Py2(Y)] w? [(Poa(Y))? = Pu(Y) Poa(

Q"= L [(Ba(Y)) — PuY)Pica(Y)

[(Pa(Y))? = Posa(Y) Paea (V)]

where (Y) = (p, 0, @)

Finally
Pn— p,0,w 2_Pnp7g7wpn— P, 0, w
P_y(p.ow) = Lt e D= Polp o 2V halp 0. )
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3.3. Partial Derivative

3.3 Partial Derivative

Theorem 3.6 [7/ For n >4, we have

0P, (p, o,

1) —=D 2 2/ pg E Pi(p; 0, @) Pui(p, 0, @)
8 y & § :

2) p &w Pk: P, 0, w TL k— l(pa 0, )
0P, (p, o,

3) pg E Pk: 1/0707 nkl(pu@a )

Proof Taking the derivative of Equation Eq. (1.16) with respect to p, we get

f: OPA(p, 0. @) o _ t ’
dp 1— pt — ot? — wt3

n=0
00 2
> Pulp.o, W)t”]

n=0
oo

Z Zpk p,0,w n k(paQa )] tn

Equating the coeﬂiczents of t” we get

P, ( p,@,
Zpk P, 0, W n k<p7 0, W )

P, p,g,
Zpk P, 0, W n k(pagv )

Since Py(p, 0,w) =0
2) Taking the derivative of Equation Eq. (1.16) with respect to o, we get

i OPu(p, 0:@) 1 _ t?

n=0 Os (1 —pt — ot* — wt?)’

_ t t?
C\1l—pt—ot2—wtd ) \1— pt — ot2 — wt3

Z Pu(p, o, w)tn] Z Poa(p; 0, w)tn]
n=0 n=0

:Z ZPkP7Q7 nkl(p,Q, )]tn
n=0
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3.3. Partial Derivative

Since Py(p, 0,w) = P_1(p, 0,@) = 0. Equating the coefficients of t", we get

OPu(p,0,@) _ <~
% = Zpk(pa 0, w)Pn—k—l(p7 0, w)

3) Taking the derivative of Equation Eq. (1.16) with respect to w, we get

o0

Z aPn pa 0, w _ t4
(1 — pt — ot — wt3)?

00 2
Z Pnfl(p7 0, w)tn]

n=0

n=0

n—2

Pk:—l(p7 9, w)Pn—k—l(pa o, w)] t"
k=2
|

Remark 3.7 Forn > 4, we have

8Pn<p> 0, L_u') _ 8Pn+1(p7 0, w) _ aPnJrQ(pa o, w)
op Do 0w '

Theorem 3.8 [18] Let P,(p,0,w) and L,(p, 0,w) be n-th generalized tribonacci like poly-

nomials. Then

8Ln P P aLn ) ) aLTl ) Y

. (PQW)+Q (p,0@)  _OLn(p, 0. @)
dp oJe, Oow

Proof Using partial derivations of the L, (p, 0,w™), we obtain

aL (p7 0, w n_Z_j n—2i—j i—j__j
p 0w

l n—i—j o
i:Oj:On_Z_‘] J g

—n (Z.)(n_z_.j_1>pn—2i—j—lgi—jwj
i=0 j=0 \ J v

= nPn+1(p7 0, w)
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3.4. Sums of usual tribonacci like polynomials

Similarly, we get
OLn(p; 0, @)

8y :nPn—l(pJ Qaw)

Proposition 3.5 Forn > 1. the partial derivative of (OL,,) with respect to those variables,

we_obtain
1>8Ln(p7 0, w) — 8Pn+1<,0, 0, LTJ) +Qapn(p7 o, w) +2wapn(p7 o, w)
dp dp do Ow
8Ln(pa 0, ?ﬂ) 8Pn(pa 0, 'Zﬂ) apn(pa 0, 'Zﬂ) aPn—l(pv 0, w)
2 =2 -
) do dp P 00 tw Ow
3)(9[/”(/), Quw) :38Pn<p7 Qaw) _2papn(p7 Q,W) _Qapnfl(p7 Q,’W)
Ow 00 Ow Jow

Proof 1) Differentiating Eq ( 1.17 ) with respect to r,

i oL, (p, o, w>t" B t + ot + 2wt?
—  9p (1 - pt — ot — wt3)”
=\ (0P, opP, opP,
_ ( +1(P>Q>w) +Q (pa Q,W) +2w (p7 va) "
— dp do ow

Equating the coefficients of t", we get

8L7’L(p7 Q,W) o aPn—i—l(Pa Qaw) apn(p7 Q?w) apn(ﬁa Q,'W)
or ap do Oow

(2) and (3) By using the same technic m

3.4 Sums of usual tribonacci like polynomials

Let S, (p, 0, ) denote the sum of usuel Tribonacci like polynomial which defined by

Sulp,0.@) =Y Pulp, 0, @)
k=0
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3.4. Sums of usual tribonacci like polynomials

The first few term

=+ P+ P+ 30t p+ o+ 200+ 2o+ + 1

SO(P>Q>W):0
Si(p, 0, @) =
Sa(p,0,m)=14p
Sa(p w)=p +pto+l
Si(p,0,@)=p"+p*+p+o+2p0+w+1
(p; 0, @)
(p; 0, @)

=p° +p' +0° +p°+ 0 +4p 0+ 3p*0 + 3p0® + 3p°@ + 2p0 + 2pw + 20w + p+ 0+ @ + 1
Lemma 2 Forn > 3,

Su(p, 0, @) = 1+ pSn_1(p, 0, @) + 0Su—2(p, 0, @) + @Sp_3(p, 0, @) (3.6)

Proof Induction onn. N.

Considering the matriz F', and H, as shown:

(100 0] [ 1 0 0 0
p_|lrew - Sulp,0,@)  Payi(ps0,@) Puta(p, 0,@) — pPota(p,0,@)  @wPu(p, 0, @

0100 Sna(p,0,@)  Pulpso,®)  Paya(p,0,@) — pPulp,0,@)  @Pua(p;0,°

| 001 0 | Sna(p,0.@) Pacalpo,@)  Palp,o,@) — pPai(p,0,@)  @Paia(p, 0,7

Corollary 3.6 Forn > 2, we have F" = H,

Proof Induction on n, with using lemma (2), m

Corollary 3.7 Forn >0 and m > 3, we have

Snam(p; 0, @)= 5n(p, 0, @) +Fns1(p, 0, ) Sm(p; 0, @) HPur2(p, 0, @) = pPaga(p, 0, @)|Sim-1(p, 0, @)+ @ P (p,
Proof From the identity F*' = F*F' and Corollary 3.6, the result is clear m

Theorem 3.9 Forn > 2, we have

Proia(p, 0,@) + (1 = p)Pryi(p, 0,w) + wPy(p, 0,w) — 1
Sn(ps0,@) = prp—
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3.4. Sums of usual tribonacci like polynomials

Proof Using the diagonalization of the generating matriz F,

o = O

0 0
0 w
0 0
1 0

o O = =

So the characteristic equation of the generating matriz F is (1 —t)(—t3 + pt> + ot + @) Let
k, ¥ and n be the roots of the characteristic equation —t3 + pt?> + ot +w = 0,
So the matrix M defined by

1 0 0 0
1 2P 1 0 0 0
l=p—0o—w 0k 00
M = 1 and N =
k9 n 00 9 0
l—p—-—0—w
1 111 00 0 n
l—-p—p0—w

So AM = MN with. Then A"M = MN™. By Corollary 3.6 we write H,M = MN"™. We
get

S (P 0 w)+Pn+1<p7 va) +Pn+2(p? Q,W) _an+1(p, Qaw) +wpn(p7 Q?w) — 1
e l—p—0o-w l—p-0o-w
Finally

S (,0 0 w) _ Pn+2(p7 o, w) + (1 B p)PnJrl(pa o, w) +wpn(p7 0, w) —1

n ) ) p+Q+w—1
|

Generating matrix of the sums of usual tribonacci like polynomials

Corollary 3.8 [7] The sequence S, (p, 0, ™) satisfies the following recursion, for n > 4

([ Su(p,0,@) = (14 p)Su-i(p. 0,@) + (0 — p)Sn2(p, 0,@) + (@ — 0)Su-3(p, 0, @) — @Sn-a(p, 0, @)
So(p, 0, @) =
Si(p,0,mw) =1
Sa(p, 0, @) =1+ p.

[ Ss(p,0,@) =p* +p+o+1
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3.4. Sums of usual tribonacci like polynomials

Then the characteristic polynomials of the rucurrance relation (3.8) given by
=1+t = (0= p)t’ = (w— o)t +w=0 (3.7)

Since t* — (1 +p)t? — (0 — p)t? — (@ — o)t + @ = (t — 1)(¢3 — pt? — ot — @).

Where 1, k, ¥ and n the roots of the characteristic polynomials

The Generating matriz of the sums of usual tribonacci like polynomials defined by

I+p o0-p w—-p —w
I_ 1 0 0 0
0 1 0 0
0 0 1 0
Proposition 3.9 Forn > 3, we have
Sn1(Y)  =Spi1(Y) + 05.(Y) + @S (Y) + 1 —Sne(Y) + pSp1(YV) + @S, (V) + 1
(L)'= Sn(Y) =S (Y) 4+ 05,1 (V) + @S, oY) +1 —Sp1(Y) 4+ pSn(Y) + @S, (Y) +1
Sn1(Y)  =Spa(Y)+ 05 2Y)+@S,—5(Y)+1 =S,(Y)+ pSpa(Y) +@S,—2(Y) + 1
Sn—a(Y)  —Sna(Y)+ 05 3Y)+ @S, u(Y)+1  —S1(Y) 4+ pSh—a(Y) +@wS,—5(Y) +1

where S, (Y) = Su(p, 0, ™)

Proof It can be proved by indection on n, m

Theorem 3.10 [7] forn > 3, we have

I{n+2 0n+2 nn+2
Sn(p, 0, @) = + + 3.8
R T e M (e [ G R S TR R B
where 1, k, ¥ and n be the roots of the characteristic equation
th—(1+p)t’ = (0= p)t? —(w— )t +@w=0
Proof
The characteristic equation of the generating matriz L is
1+p—-t o0o—-p w—-—p —w
1 —t 0 0
0=|L—th]= = t'—(14p)t*—(0—p)t*— (w—0)t+w
0 1 —t 0
0 0 1 —t
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3.4. Sums of usual tribonacci like polynomials

and 1,k, ¥ and n be the roots of this polynomials.

Let M s a matriz of eigenvalues, we obtain

K9 P 1
2 92 2 1
=" "
k9 n 1
1 1 1
93 773 1 93 773 1 93 773 1
(=D -D@—-n)] —|9 n 1 92?1 — 192 21
1 1 1 1 1 1 9 n 1
K3 773 1 K3 773 1 K3 773 1
—[(k =1)(n = 1)(k —n)] ko 1| =k 1 K2 n? 1
. 1 1 1 1 k n 1
M1t=—
A
k3931 K931 K293 1
(k= 1) —1)(k — ) -k 9 1 k2 9?1 — | k2 9% 1
1 1 1 1 1 k 9 1
K393 K93 K393
—[(k=0)=—m)@=n)] |k 9 n| —|& P 9 K2 92 2
1 1 1 1 1 k9 n

where A\ = (k—1)(n — 1)(J — 1)(k — 9)(k — n) (V¥ — €)
And, let H is the diagonal matriz

0 0
9 0
0 7
0 0

o O O
_ o O O

Then L = MHM™', so we obtain L™ = MH"M~'. Then
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3.4. Sums of usual tribonacci like polynomials

SelP ) = = =) T =D =R—m) T =D —0)

Proposition 3.10 Forn > 3, we have

Poii(p, 0, @) = Peo1(p; 0, @) Paga(p, 0, @) + [Bi(p, 0,@) — pPi—1(p, 0,@)] Pusa(p, 0, @)+
+ @Py-a(p, 0, @) Pu(p; 0, @)
Snik(p, 0, @) = Sk—a(p, 0,@)Sn13(p, 0, @) + [Sk-1(p, 0, @) — (1 + p)Sk—2(p, 0, @)] Sn12(p, 0, @)+
+ [(@ = 0)Sk-3(p, 0, @) — @Sk—a(p, 0, @)] Snr1(p, 0, @) + [=@WSk—3(p, 0, @)]Sn(p, 0, @)

Proof by indection onn m

Examples
1) Poyalp, 0, @) = (0> + 0) Paya(p, 0,@) + (po + @) Puyr(p, 0, @) + (pw) Pulp, 0, @)
Poys(p, 0,@) = [ + 2rs + w|Tuya(p, 0, @) + [s* + 125 + rw] T i1 (p, 0, @) + [wp® + wa] Pa(p, 0, @)

2) Spra(p, 0,@) = (p+ 1)Snys(p, 0, @) + (0 — p)Snt2(p, 0, @) + (@ — 0)Sny1(p, 0, @) + (=) S(n)(p, 0, @)
Snis(p, 0, @) = (P> + p+ 0+ 1)Snis(p. 0. @) + (0 + po— p— p* + @ — 0)Snsa(p, 0, @)+
+ (—@p —@)S(n)(p, 0, @) + ([@ — ollr* + p+ 0+ 1] = @) Sps1(p, 0, @)
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(

CHAPTER

. Tribonacct and tribonacci-Lucas

Quaternion like polynomials

Quaternions were introduced by the Irish mathematician William Rowan Hamilton in 18435.
So in this chapter we are treated the tribonacci and tribonacci-Lucas Quaternion like poly-
nomials and we proved some results that are simulate to those in chapter 3, and develop
some formula for theirs sums Furthermore, we provide the explicit formula for the partial

derivative of these polynomials.

4.1 Some properties

Definition 4.1 Forn > 0, the tribonacci and tribonacci-Lucas quaternion like polynomials

are defined by

Qrn(p: 0,@) = Polp, 0, @) + Pot1(p, 0, @) + Prya(p, 0,@)J + Pats(p, 0, @)k, n > 0
on(p @) =i+ pj +(p* + o)k (4.1)

Qra(p,0,@) =1+ pi+ (0> +0)j + (p* +2p0 + w)k
| Qra(p,0,@) = p+ (p° + 0)i + (0* + 2p0 + @)j + (p* + 3p°0 + 2pw + *)k

and
QLn(p7 0, @) = Ln(p, 0,@) + Lns+1(p, 0, @)t + Lnta(p, 0,@)J + Lnts(p, 0, @)k, n > 0
Qro(p, 0, @) =3+ pi+ (p> + 0)j + (0> + 3po + 3w)k
Qr, 1(/) @) = p+ (p* + 0)i + (p* + 3po + 3w)j + (p* + 4p%0 + 4pw + 20° )k
| Qra(p,0,@) = (0 +0) + (p* + 3po + 3w)i + (p* + 4p0 + dpw + 20%)j + (p° + 5p°0 + 5pe” + bp*w + Sew

(4.2)

where i, j, k are quaternionic units which satisfy the multiplication rules (1)
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4.2. Generating functions

Proposition 4.1 Forn > 0, the following identities hold

(7’) QP,n+3(p7 0, w) = pQP,n+2(p> o, w) + QQP,n+l(p> 0, w) + wQP,n(pa o, w) (4 3)
(“) QL,n+3(IO7 o, w) = pQLﬂ’H‘Q(p’ 0, ?ﬂ) + QQL,n-I—l(pv 0, w) + wQL,n(pa 0, ?ﬂ)

Proof
i) From combining the equation (3.1) with the definition (4.1),we obtain

PQpn+2(p, 0, @) + 0QpPnt1(p, 0, @) + WQpn(p, 0, @) = pPrya(p, 0, @) + pPars(p, 0, @)t + pFPria(p, 0,)3
+ pPoys(p, 0, @)k + 0Pny1 (1, 5,w) + 0Py ya(p, 0, @)1-
0P 13(p, 0, @) + 0P ia(p, 0, @)k + @ P (p, 0, @)+
+ @Pt1(p; 0, @) + WPy i2(p, 0,@) ] + @F43(p; 0,

= n+3(107 Q7w)+Pn+4(p’97w)i+Pn+5(pa Quw).7+
+ Pn+6<p7 0, w)k

= QPm,—i-S(pa 0, w)

i) Similarly, we obtain

Qrnt3(p, 0, @) = pQrni2(p, 0, @) + 0QLnt+1(p, 0, @) + @WQrn(p, 0, @)

4.2 Generating functions

Theorem 4.1 Forn > 1, we have

- t+i+ (p+ ot + @t?)j+ (p* + 0+ pot + wt + pwt?) k
1 H t — n s ’ZZ tn s
) T( ) HEO:QR (P 0 ) 1— pt o Qt2 — ot

> 3 —2pt —20t> + (p+ ot + (po + 3w)t?) i+ ((pw + 0*)t2+ (2p0 + 3w)t + p* + 0
NK; (t)= W (p, 0, )" = |
JEL(?) ;%QL (p.0.) 1— pt — ot? — wt3
+(wp? + 20w)t2 + (002 + pw + 200t + pP + 3po + 3w)k
_l_
1—pt—ot? — wt3
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4.2. Generating functions

Proof 1) Let Hrp(t) = > "° Qpn(p, 0, @)t" and Ki(t) = > " Qrn(p, 0, w)t". Then we
get the following equation
(1= pt — ot —wt®) Hr(t) = Qpo(Y) +(Qpr1(Y) — pQpo(Y)) t +(Qp2(Y) — pQpi(Y) — 0Qpo(Y)) *
+ 23 (Qpa(Y) = pQppn1(Y) = 0Qpn—2(Y) — @Qpu-3(Y)) t"

since, for each n > 3, the coefficient of t" is zero in the right-hand side of this equation, we

obtain
H (t) _ QP,O(pa 0, w) + (QP,I(p7 0, w) - :OQP,O(/)7 o, w)) t+ (QP,2(/)7 o, w) - IOQP,l(Tu S,'U}) - (QQP,O(p7 0, w)
F 1—pt— o2 — ot?
t+i+ (pt+ot+wt?)j+ (0 + o+ pot + wt + pwt?) k
B 1—pt — ot? — wtd

2) Similarly, we get
3 =2pt =20t + (p+ ot + (po+ 3w)t?) i+ (pw + 0*)t* + (2po+ 3w)t + p* + 0) ]

Ko (t) 1—pt— ot2 — otd
+ ((wwp? + 20t + (0p* + pww + 20*)t + p* + 3po + 3w) k
1 — pt — ot? — wt?
|

Proposition 4.2 Ifn > 2 we have
]) QP,n(pa o, w) = QP,I(p7 0, w)Pn(pa 0, w) + (QP,Q(pa 0, w) - PQP,l(Pa o, w))Pn—l(p7 0, w) +
+wQP,O<107 o, w>Pn—2(/)7 0, w)
2) QL,n(p7 o, w) = QL,l(pa o, w)Pn(p7 o, w) + (QL,Q(% o, w) - IOQL,I(pa o, w))Pn—l(p7 0, w) +
WQL,O(P> 0, w)Pn—Z(pa 0, w)

Proof 1) from the recurrence relation (4.3). We have

Qrs(p, 0, @) p o w Qpra2(p, 0, ™)
QP,Q(P> 0, w) = L0 0 QP,l(pv 0, w)
QP,l (p> o, w) 0 1 0 QP,O(pv 0, w)

it is well known that

n

w Pn—l—l(pv Qaw) Pn+2(pa Qaw) _an+1(p7 va) wpn(pa Qaw)
0 = Pn(m)(pa 0, w) Pn+l<p7 Q>w) _ppn(pv va) wpnfl(pa Q,W)
0 Pn71<107 va) Pn(pv Q?w) _an—l(p7 Q?w) wpan(pv Q,W)

Q)" =

S =D
_ O R
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4.3. Binet’s formulas

which implies

QP,n+2(p7 Q,W) Pn-i—l(pv Q,W) Pn+2(p7 Q,'W) _an—i-l(pa 0, w) wpn(p» Q,W) QP,Q(P: 0, T

Qpn(p,0,@) | = P.(p,0,@w)  Puui(p,0,@w)— pPa(p,0,w) wP,_1(p,0, @) Qri(p, 0,

Qpn(p, 0, @) P 1(p,0,@w)  Pu(p,o,w) — pPri(p,0,w) wP,_2(p,0, @) Qro(p, 0,
Then

Qrn(p, 0, @) = Qpi(p, 0, @) Py(p, 0, @) + (Qpr2(p, 0, w) — pQpi(p, 0, @))Pr1(p, 0, )+
+ wQP,O(ﬂ? 0, w)Pn—2<pa 0, w)

4.3 Binet’s formulas

Corollary 4.3 Forn > 0, we have

_ mR™! vy e
ot = e T e

and

Qrn(p, 0,@) = k&™ + 99" + nn" (4.5)
where ©, 3,k are quaternion units which satisfy the multiplication rules (1) and
k=14 ki+r*j +rk
¥ =149+ 95 + Pk

n=1+ni+n3+n'k
Proof From the Binet’s formula of the generalized tribonacci like polynomials, we have

1) QP,n(pa o, w) = Pn(pa o, w) + Pn+1<p7 0, w)z + Pn+2(p> 0, W)] + Pn+3<p7 o, w)k
Iin+1 + 'ilin+2 +j:‘in+3 + kﬁn-&-él ﬁn—i—l _|_,’:19n+2 +j19n+3 + k§n+4

= +
(k= 9)(k—mn) (= rK)(V —n)
N 77n—l—l + inn+2 + jnn+3 + knn+4
(n—r)(n—17)
ﬁlin+1 7919n+1 777771-1—1

T Ok-n)  O—m@—n  G-rH—"0)

2) Similarly, using the same technique m

o1



4.4. Some proprieties of the sums

4.4 Some proprieties of the sums

Theorem 4.2 [16] Forn > 2

- i n k m k—m_ —n—k
E po w QP,k+m71 (pa 0, w)
k=0m=0 \ k m

nor k
2) QL,?m(py 0, ”(I/') :Z Z ( " > ( ) pmgk_mwn_kQL,lﬂ»m(pa 0, w)

m

1) QP,Snfl(pa 0, w) =

Proof Let & is root of the equation (1.18),
G = pB&? + 06 + w

which implies

G = (6° - w + w)"
— wnfk(63 _ w)k
k=0 k
- " F(p&? 4 0&)F
k=0 k
-~ n ! k
- by ( ) (p&2)" (08))" ™
k=0 k m=0 m
n k
k
_ n Z ( ) wn—kpmgk—mgk—i-m
k=0 k m=0 m

If we replace to k,9,n by &, and using the equation (4.4). Then we obtain
ko3 Y3 "
Q 3n— , 0, W) = — + — + —
N T G A O = R CE =)

n k
n k
= Z <k‘) ( > pmgk_mwn_kQT,k+m—l(p7 0, w)

k=0 m=0 m

2) By the same methods and using the equation (4.5)
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4.4. Some proprieties of the sums

Proposition 4.4 [16] For n > 2, we have

QL m(pa 0, ?D) + [QL m+1(pa 0, YD) - IOQL m(p7 o, w)]t + WQL m—l(pv 0, w>t2
1 wim(p, 0, @) = <5 ’ ’ ’
)nZ_OQL,+ (pQ?ﬂ) 1—pt—gt2—wt3

- QTm(pa 0, w) + [QT m+1(p> 0, L_u') - pQTm(ﬂ; 0, w)]t + wQTmfl(py o, w)tQ
2 ntm , , tn — ) ) ) )
);QT7 =+ (p 0 w) 1—pt—gt2—wt3

Proof 1 According to the equation (4.4), we get

Y Quuntalp, 0 @)™ =) (KA + 99" ) 1"
n=0

n=0

n=0 n=0 n=0
A U
N 1—mf+1—19t+1—7]t
_ QL,m(p7 0, w) + [QL,m+1 (p7 o, w) - pQL,m(p; 0, w)]t + wQL,mfl(pa o, w)t2
1 — pt — ot? — wt3

2) Analogously, by using the same techniques m
Proposition 4.5 [16] For any integer n > 3
QL,n(pa 0, w) = QP,n+1 (/)7 o, w) + QQP,n—l(,O’ 0, w) + 2wQP,n72<,07 o, w) (46)

Proof Combining the Corollary (4.3) by the Eq. (4.6) and taking in to account that

w = kU
o= —(Un+ Ik + k7).
p=rk+9+n

we get

Eﬂn_,_g + Qﬁﬁn + QZU@lin_l Q19H+2 + Sﬁﬁn + 2@@1971_1 ﬁn"“ + 3977" + 2wﬁ77n—1

P e (s |
_EE" (KP4 20m) 99" (92 + 0+ 2kn) 1" (0 + 0+ 2k0)
TR T -0 T 0—m—)

= kK" + 09" +nn"

= QL,n(ﬂ, 0, w)

[ |
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4.4. Some proprieties of the sums

Proposition 4.6 Forn > 3, we have

1) ﬁ/{n+2 = QP,n+2(p; 0, w)HQ + [QP,TH—?)(pa 0, 'Zﬂ) - pQP,TH—Q(pa 0, 'Zﬂ)] K+ nQP,n—f—l(pa 0, w)
2) Q§n+2 - QPn+2<I07 0, W)192 + [QP,n+3<IO7 0, w) - pQP,n+2<I07 o, w)] v + wQP,n—l—l(p; o, w)

3) ?7 QPn+2<p7 0, w ) ? + [QP,nJrS(pa 0, w) - pQP,nJrQ(pa o, w)] n + wQP,n+1(p7 0, w)

Proof

(RHS) = k[Prsa(p, 0,@) + Prss(p, 0, @) + Poia(ps 0,@)3 + Pais(p, 0, @)k] +
+ K[Pss(p, 0, @) + Pata(p, 0, @)t + Poys(p, 0,@)F + Paso(p, 0, @) k|-
= pE[Pot2(p, 0,@) + Pats(p, 0, @) + Posa(p, 0,@)J + Pats(p, 0, @)k] +
+ @ [Pot1(p, 0, @) + Pata(ps 0, @) + Pris(p, 0, @) + Pota(p, 0, @)K]
= (Pata(p, 0,@)K* + [Pays(p, 0.w) — pPuya(p, 0, @)] K + @ Py (p, 0, @)) +
+3 (Pays(p, 0,@)p* + [Paya(p, 0,@) — pPuys(p, 0,@)] K+ pPoia(p, 0,@)) +
+ 5 (Poga(p, 0,@) 5> + [Pays(p, 0, @) — pPrsa(p, 0,@)| & + @wPoys(p, 0,@)) +
+ k (Pass(p, 0. @)K + [Pass(ps 0, @) — pPass(p, 0,@)] & + @Poyalp, 0,@)) +
From the identities

K" = P'n*1<107 0, w>/€2 + [PTL(IO7 0, w) - ppnfl(/% 0, w)] K+ wpn72<p7 0, w)

We obtain
QP,n-‘rQ (P7 0, w)’%Z + [QP,n+3(p7 o, w) - pQP,n—i—Q(pu o, w)] K+ wQP,n+1 (P7 0, w) - ffn+2 + iﬁn+3 + jfin+4 + k/in

— ﬁ/in+2

where k = 1 + ki + k%3 + K3k
2) and 3) Analogously, we get

Q0n+2 - QP,n+2(p7 0, w)192 + [QP,n-I-?) (p7 0, w) - pQP,n+2 (p7 0, w)] U+ wQP:TH‘l (p7 o w)

and

an+2 - QP,TH—Q(p? 0, W)UQ + [QP,n+3 (p7 0, w) - pQPJH-Q (P7 0, w)] n + wQP,n—l—l(p: 0, w)

o4



4.4. Some proprieties of the sums

Theorem 4.3 Forn > 2, we have

1) i Qp’m(p, 0, w): QP,n-I—Q(:Ov 0, w>+(1 - p) [QP,n-i-l(pv 0, w)_QP,O(p7 0, pw_)F_QQ_leﬂ(p’_Qi w)]+ wQP,n(p7 0, w)_QR
m=0

- QL n+2(p7 0, w) + (1 — p)QL n+1<p7 0, w) + wQPn(p7 0, w) _ (H + Q + R)
2) ) Qrm(p,0,@)= — ’ ’
7;) t prtot+tw-—1
Where H = k(0 —1)(n — 1), Q =0(k —1)(n—1), R=n(k — 1)(¥ — 1)

Proof 1) From the equation 1.8, we have successively

Qpn(p, 0, @) = pQpn-1(p; 0,@) + 0Qpn-2(p, 0, @) + @Qpu-3(p; 0, @)
QP,nfl<p7 o, w) = pQP,n72(p7 0, w) + QQP,nf?)(pa 0, w) + WQP,n74(p> 0, w)

QPA(,O; 0, w) - pQP,3(p7 0, w) + QQP,Q(pa 0, w) + wQP,l(P; 0, w)
QP,3<IO7 0, w) = pQP,Q(pv 0, w) + QQP,I(P; o, w) + wQP,O(IOJ 0, w)

After making a side-by-side assumption, we obtain

n n—1 n—2 n—3
Z QP,m(p7 0, w) =Pp Z QP,m(p7 o, w) + 0 Z QP,m(pa o, ’(D) +w Z QP,m(ﬂa o, w)
k=3 k=2 k=1 k=0

by simplifying the last equality
Z QP,m(pv 0, w) = Z QP,m(pv 0, w) - QP,O(pv 0, w) - QP,l(P: 0, w) - QP,Q(P; 0, w)
m=3 m=0
n—1 n

P Qrmlp0.@) =p Y Qrmlp,0.@) — pQrolp, 0.@) — pQra(p, 0,@) = pQrn(p; 0, @)
m=2 m=0
n—2 n

0> Qrm(p0.@) =0 Qpmlp, 0.@) — 0Qrolp, 0.@) — 0Qpa-1(p, 0,@) — 0Qpn(p, 0. @)
m=1 m=0

n—3 n
w Z QP,m()O; o, w) =w Z QP,m(IO7 o, w) - wQP,n—Q(pa o, w) - wQP,n—l(pv o, ’W) - wQP,n(pa o, w)
m=0 m=0

Then
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4.4. Some proprieties of the sums

(I—p—0—2)Y_ Qrmlp,0,@) = (1= p)[Qrolp, 0,@) + Qra(p, 0,@)] + Qr2(p, 0,@) — 0Qpo(p, 0, @)
k=3

— wQpn(p, 0,@) + [—pQpn(p, 0. @) — 0Qpn-1(p, 0, @) — WQpn—2(p, 0, ™)
+ [_QQP,n(p7 0, ZU) - wQP,n—l(P, o, ’ZD)]

Finally

& o QP,n—i—Q(pu 0, ’W)‘f‘(l - p) [QP,n-H (p7 o, w)_QPD(:O? o, w>_QP,1(pa o, w)]+ wQP,n(p7 o, w)_QP,Q(A
mZ:;)QPM(p?Q??ﬂ)_ pto+w—1

2) from the Benit formula (4.4),we have

n

Y Quumlpo,w) = (66" + 00" + ™)
m=0

m=0

n+l_1 1919H+1_1 n—i—l_l
G ) U ) 1 )
k—1 v —1 n—1
_ QL,nJrQ(pa 0, w) + (1 - p)QL,nJrl(p? 0, w) + wQP,n(ﬂa 0, LTJ) - (H + Q + R)
pro+w—1

Where H = k(9 — 1)(n — 1), Q = 9(s — 1)(n— 1), R=n(x — 1)(¥ = 1)

Proposition 4.7 If 20+2pw+p? -0 +w?—1=(p+o+w—1)(p—0o+w+1)#0

then

(_Q + 1)@P,2n+2(pa 0, w) + (w + pQ)QP,ZnJrl(pa 0, w) + (w2 + pw) QP,Qn(pa 0, w)+
(p+o+w—1)(p—o+w+1)

(=14 0)Qp2(p, 0, @) + (== — po)Qpi(p, 0, @) + (=1 + p* — 02 + pw + 20) Qro(p, 0, @
(p+otw—1)(p—o+wm+1)

Z QP,2k(p7 0, ’ZD) -
k=0

+

and

i Q (p, 0, ) = (p+ @)Qpani2(p, 0,@) + (0 — 0? + w? + p@) Qpontii(p, 0, @) + (@ — 0@)Qpan(p, 0, ™)+
e (p+o+tm—1(p—o+m+1)

(—p—@)Qp2(p, 0, @)+ (—1+ 0+ p* + pw) Qpa(p, 0, @) + (—w + 0w)Qpo(p, 0, ™)

_|_
(p—ot@m+1(p+o+w—1)
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4.4. Some proprieties of the sums

Proof (1) Using the recurrence relation

QP,n(pa 0, w) = pQP,n—l(pa 0, w) + QQRTL—Q(pa o, w) + wQP,n—?)(lOv 0, w)

1.€.
rQpn-1(p; 0,@) = Qpn(p, 0,@) — 0QpPn—2(p, 0, @) — @Qpn-3(p, 0, @)
we obtain
pPQr3(p, 0, @) = Qralp, 0,@) — 0Qp2(p, 0, @) — @Qpi(p, 0, @)
pQps(p, 0, @) = Qre(p; 0, @) — 0Qpalp; 0, @) — wQps(p, 0, @)

pQP,Zn—l(pa o, w) = QP,%(P, o, w) - QQP,2n—2</0; 0, w) — wQP,2n—3<pu 0, w)
PQprant1(p, 0,@) = Qpant2(p, 0, @) — 0Qpa2n(p, 0, @) — WQpan-1(p, 0, @)

Now, if we add the above equations side by side, we get

P <_QP,1(P7 0, @)+ Z Qp2r+1(p; 0, w)) = (QP,2n+2(,0, 0, @) — Qpa2(p; 0, @) — Qpro(p; 0, @) + ZQP%
k=0

—Q< Qro(p, 0, @ +ZQP2k p; 0, )) < Qp2nt1(p, 0, @ +ZQP2k+1 p; 0, @ )) (4.7)

In the same way, by utilizing the recurring relationship (4.3), we get

pQra(p, 0,@) = Qprs(p, 0,@) — 0Qra(p, 0,™) — @WQro(p, 0, ™)
pQra(p, 0, @) = Qrs(p, 0, @) — 0Qp3(p, 0, @) — @Qp2(p; 0, @)
pPQrs(p; 0,@) = Qpr(p, 0, @) — 0Qps5(p, 0,@) — WQp4(p, 0, @)
PQP,zn—2(P7 0, @) = QP,Qn—l(p7 0, @) — QQP,Qn—3(p7 0, W) — WQP,2n—4(P7 0, @)
PQpan(p; 0,%) = Qpanti(p, 0, @) — 0QpP2n-1(p, 0, @) — @QpP2n—2(p, 0, ™)
Now, if we add the above equations, we obtain

( Qrolp, 0,@ +ZQP2]~: P, 0, w )) = —Qpi(p, 0, @ +Z Qrakr1(p, 0, @) — ( Qran+1(p, 0, @) + ZQP%-H

k=0 k=0
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4.5. Partial derivative

—w <—QP,2n(P, 0, @) + Z Qpra2k(p, 0, W)) (4.8)
k=0

Then, solving the system (4.7) (4.8) , the required results of (1) and (2) follow. m

4.5 Partial derivative

Theorem 4.4 [16] For n > 4, we have

0Qpn(p, 0, @) Z”“
Pn » Yy
)— =kP, n+2 P, 0, w + Pk p> 0, w QP,n—k(pa 0, w)

dp
0 n\F O
)% — kPn—i—l p, 0, —|— Zpk P, 0, w QP,n—k:—l(p7 o, w)
0 n\pP, 0, W
3)% — k:P p’ 0, ™ Z.Pk 1 p, 0, QPm—k’—l(p? 0, w)

Proof combining the definition (4.1), withe the partial derivative of generalized tribonacci

like polynomials, we obtain

a n Y Y aP’n ? Y aP’n J Y . ap’n Y Y . aP’n Y Y
Qenlp0.@) _ OPu(p0,@) | OFun(p0@),  OPuia(p0,@) o | OPnis(p 0, @)
dp dp dp dp p
n—1 n n+1
== Pk(pa 0, w)Pn—k(p7 o, w) + 0} Z Pk(p> o, w)Pn-H—k(pv 0, w) + .7 Z Pk(p7 o, w)Pn—i-Q—k(pa 2%
k=1 k=1 k=1
n+2
+k Z Pk:(pa 0, w)Pn-H%—k(p? 0, w)
k=1
n+1
= kPn-i—Q(pa 0, w) + Z Pk(pa 0, w) [Pn—k<pa 0, w) + ipn-l—l—k(p; 0, w) + jpn+2—k(p7 0, w) + kPn+3
k=1
n+1
= kPoi2(p,0,@) + > Pulp, 0,@)Qpn-i(p; 0, )
k=1

The same technic, we get (2), and (3)

Remark 4.5 For n > 4, the relation between partial derivative (0Qr,,) with respect to

those variables

aQ?P,n (p7 o, w) — ac2P,n+1 (p7 o, w) — aC«?P,n+2 (pa o, w)
op Do Ow '
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4.5. Partial derivative

Lemma 3 If n > 2 we have
QL,n(pa 0, w) = pQP,n(p7 0, w) + 2pQP,n71<pa o, w) + 3wQP,n72(p? o, w)
Proof By induction onn =

Proposition 4.8 Forn > 1. the partial derivative of (OL,,) with respect to those variables,

given by
(9 Ln\pP, 0, 8 Pn+1\p, 0, W (‘9 pn\p, 0, W 8 pPn\p, 0, W
)Qg}@ @) _ Q+a;p9 )+QQ(8pQ@ )+2wQ(§;@ )
)an(p, 0.@) _ ,0Qpa(p; 0, @) _pf?Qp,n(p, 0@ , 0Qrn-1(p,0®)
Jo dp do Oow
)8Qm(p, 0.®@) _ ,0Qpa(p, 0, ) pr?@p,n(p, 0.@) QaQP,n—l(pv 0, @)
Ow 00 Ow Ow

Let S;Z(,o, 0,w) denote the sum of tribonacci quaternions like polynomial which defined

pv 0, w ZQPn P, 0, w
Theorem 4.6 [16] For n > 2, we have

QP,n+2(Y) + (1 - p)QP,n+1(Y) + wQP,n(Y> - QP,I(Y) — wQP,—l(Y) + (p — 1)QP,O(Y>

S (V)=
2(Y) ptro+w—1
where (Y) = (p, 0, @)
Theorem 4.7 forn > 3, we have
Iilin+2 191911+2 7777714—2

Sl ) = = 0= T =D —R@ =) = Dla— -9
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Abstract

The primary goal of this research is to delve into the well-known tribonacci sequence, explor-
ing its inherent identities. The aim is to extend and generalize these findings to encompass
a broader class of sequences and their associated polynomials. Within this investigation, we
develop a clear and explicit formula for the generalized tribonacci polynomials. Furthermore,
we systematically establish and examine various properties inherent to these polynomials.
Through this exploration, the research secks to contribute to a deeper understanding of the
generalized tribonacci polynomials and their properties.

Similarly, we investigate Jacobsthal polynomials (J,(p))nen, We also describe some of
the properties of Jacobsthal polynomials.
after that we are present an alternative formula for both generalized tribonacci polynomi-

als (Pn(p, 0,@)),ey and generalized tribonacci-Lucas polynomials (Ln(x,y,z)) These

neN-
formulas are derived through the application of combinatorial calculus, along with an ez-
amination of their summation. Additionally, we provide explicit expressions for the partial
derivatives of these polynomials, denoted as OP,(p, 0, @) and OL,(p, 0, @), concerning one
of their variables. Furthermore, we discuss various properties associated with these polyno-
mials and their derivatives.

Finally we introduce the generalized tribonacci and generalized tribonacci Quaternions like
polynomial. We commence by establishing several fundamental identities related to these

quaternions. Subsequently, we derive Binet’s formula, generating functions, and a summa-

tion formula specifically tailored for this class of quaternions.
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Résumeé

Dans cette these, nous avons obtenu quelques résultats sur les suites bien connue de tri-
bonacci et ses polynomials. De plus, nous établissons diverses propriétés de ces polynomes
De maniére similaire, nous examinons les polynomes de Jacobsthal (J,(z))nen et décrivons
certaines de leurs propriétés.

Ensuite, nous présentons une formule alternative pour les polynomes généralisés de tribonacci
(Pu(p, 0,@))n € N ainsi que les polynomes généralisés tribonacci-Lucas (Ly(p, 0,w))n € N.
De plus, nous fournissons des expressions explicites pour les dérivées partielles de ces
polynomes, notées OP,(p,o0,w) et OL,(p,0,w™), en ce qui concerne l'une de leurs vari-
ables. En outre, nous discutons de diverses propriétés associées a ces polynomes et a leurs
dérivées.

Enfin, nous introduisons les polynomes généralisés de tribonacci et les polynomes généralisés
de tribonacci Quaternions. Nous commencons par établir plusieurs identités fondamentales
liées a ces quaternions. Ensuite, nous dérivons la formule de Binet, les fonctions génératrices

et une formule de sommation spécifiquement adaptée a cette classe de quaternions.
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