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 ملخص

    

 
 

تتميز البيئات الصحراوية  بتقلبات شديدة في درجات الحرارة، وانخفاض الرطوبة، والإشعاع الشمسي المكثف. تتعرض 

الهياكل في هذه المناطق لأحمال حرارية بسبب التغيرات اليومية الكبيرة في درجات الحرارة، والتي يمكن أن تتراوح من 

إلى درجات حرارة الليل الباردة. إن التأثيرات الحرارية على سلوك العناصر الإنشائية لها أهمية حرارة النهار الحارقة 

خاصة تتطلب مثل هذه الظروف فهمًا شاملاً لكيفية تأثير هذه التغيرات الحرارية على أداء واستقرار ومتانة العناصر 

 الإنشائية.

السلوك الستاتيكي، المستقر والديناميكي للهياكل تحت الظروف الهدف الرئيسي من هذا العمل هو المساهمة في نمذجة 
الحرارية، من خلال تطوير نموذج العناصر المحدودة الذي يمكنه تمثيل هذه السلوكيات بدقة. أولاً، تم تكييف عنصر 

اتيكي برنولي، مع مراعاة ارتفاع درجة الحرارة، لدراسة السلوك الست-محدود يعتمد على نظرية الروافد لأويلر
كشفت الدراسة أن ارتفاع درجة الحرارة يؤثر بشكل كبير على السلوك الاستاتيكي للعناصر  والديناميكي للروافد الفولاذية.

لا سيما من خلال التأثير على صلابتها ومقاومتها، مما يؤدي إلى زيادة ملحوظة في الانحرافات وعزوم الانحناء الإنشائية.      

الديناميكي للعوارض الفولاذية تحت تأثير الحرارة، تنخفض الترددات الطبيعية مع ارتفاع درجة الحرارةمن خلال السلوك   

بالإضافة إلى ذلك، تم تطوير نهج تحليلي جديد لدراسة السلوك الستاتيكي للروافد الفولاذية المدعومة بشكل مرن والخاضعة 
د ر المحدود المقترح لإجراء التحليل الستاتيكي والتحليل المستقر للروافلارتفاع حراري موحد. ثانياً، يتم تقديم نموذج العنص

 المصنوعة من المواد المتدرجة وظيفياً والخاضعة لأحمال حرارية ميكانيكية، وذلك بناءً على نظرية تيموشينكو المتطورة
 من الحرية لكل عقدة (DOFs)المبسطة من الدرجة العالية مع ثلاث درجات  للروافد باستخدام نظرية تشوه القص

( يتم تقديمها بدقة من خلال طريقة العناصر النهائية FGتظهر النتائج أن استجابات استقرار منافذ التشغيل المتدرجة )
 (.SHSDTالمطورة )

المحدودةنموذج العناصر  الديناميكي،الهياكل، : الحرارة، السلوك الستاتيكي، السلوك المستقر، السلوكالكلمات المفتاحية  
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Résumé 
 

 

 
 

Les régions désertiques se caractérisent par des changements de température extrêmes, une 

faible humidité et un rayonnement solaire intense. Les structures de ces régions sont exposées 

à des charges thermiques dues à des variations de température quotidiennes importantes, allant 

de la chaleur torride de la journée aux températures froides de la nuit. Les effets thermiques sur 

le comportement des éléments structuraux sont particulièrement importants, car ces conditions 

exigent une compréhension globale de l'impact de ces changements thermiques sur la 

performance, la stabilité et la durabilité des éléments structuraux. 

L'objectif principal de ce travail est de contribuer à la modélisation du comportement statique, 

vibratoire et de stabilité des structures sous conditions thermiques, en développant un modèle 

d'éléments finis capable de représenter précisément ces comportements. Tout d'abord, un 

élément fini basé sur la théorie des poutres d'Euler-Bernoulli, prenant en compte l'élévation de 

la température, a été adapté pour étudier le comportement statique et vibratoire des poutres en 

acier. De plus, une nouvelle approche analytique a été développée pour étudier le comportement 

statique des poutres en acier, supportées de manière élastique et soumises à une élévation 

uniforme de la température. L'étude a révélé que l'élévation de la température influence de 

manière significative le comportement statique des éléments structurels. notamment en 

affectant leur rigidité et leur résistance, ce qui entraîne une augmentation marquée des flèches 

et des moments de flexion. À partir du comportement dynamique des poutres en acier sous 

l'effet de la chaleur, la fréquence naturelle diminue avec l'augmentation de la 

température.Ensuite, le modèle d'élément fini proposé est introduit pour effectuer l'analyse 

statique et le flambement des poutres à gradients fonctionnels soumises à des charges thermo-

mécaniques, en se basant sur une théorie améliorée des poutres de Timoshenko, à l'aide d'une 

théorie de déformation par cisaillement d'ordre élevé simplifiée (SHSDT), avec trois degrés de 

liberté (DDL) par nœud. Les résultats montrent que les réponses de stabilité des poutres à 

gradient fonctionnel (FG) sont prédites avec précision par la méthode des éléments finis 

développée (SHSDT). 

Les mots clés : Temperature, Comportement statique, Comportement dynamique, 

Comportement de flambement, Structures,  modele des éléments finis . 
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Chapter 1:  Thermal effects in materials – Generalities   

 

  1.1 introduction     

Structures in Saharan regions often operate under very harsh environmental conditions, such as 

high temperature, which can significantly influence the behavior of these structures. 

Consequently, the thermal effect of the materials presented in this study has been meticulously 

investigated to provide a solid foundation for understanding key aspects of nonlinear analysis. 

This approach aims to equip engineering students with the knowledge needed to tackle the 

complex nonlinear challenges they will face now and in the future. 

It is therefore essential to understand the mechanical behavior of structures and their 

components under thermal loads. 

This chapter presents the generalities of temperature, fire, damages caused by fire, and some 

notable fire incidents from recent years. 

This chapter also deals with functionally graded materials (FGMs), a new class of advanced 

composites that are increasingly used in various fields of engineering, particularly in high-

temperature applications such as thermomechanical load-bearing structures. 

 

1.2 Temperature fields  

1.2.1 Uniform Temperature 

A uniform temperature indicates that the temperature is the same throughout a given space 

or medium. There are no temperature variations; every point in the defined area has the 

same temperature value. This condition often simplifies analysis in thermal studies, as it 

implies steady-state conditions. 

                                                       𝑇(𝑧) = 𝑇0 + ∆𝑇(𝑧)                                                  (1.1) 

Where 

∆𝑇(𝑧) represents the change in temperature, while 𝑇0  denotes the ambient temperature. 

1.2.2 Linear Temperature 

Linear temperature refers to a temperature distribution that varies uniformly in a 

straight line. This means that as one moves along a certain direction in a medium.
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 The relationship can be represented mathematically as a linear function, often depicted 

graphically as a straight line. 

                                                   𝑇(𝑧) = 𝑇0 + ∆𝑇 (
𝑧

ℎ
+

1

2
)                                                    (1.2) 

 

1.2.3 Fire  

A fire is a form of combustion. It occurs in controlled environments like furnaces and boilers. 

However, in the context of fire incidents, it can turn into uncontrolled combustion, leading to 

a fire outbreak 

1.2.3.1 The course of a fire  

For a fire (combustion) to start, three conditions must be simultaneously present, as illustrated 

in Figure 1.1: 

Fuel: This includes flammable materials such as solids (wood, coal, paper), liquids (gasoline, 

alcohol), or gases (butane, propane). 

Oxidizer: A chemical substance that supports the combustion process, such as oxygen, air, or 

peroxide. 

Heat Source: An energy source needed to initiate combustion, which can be a flame, spark, or 

electrical discharge. 

The presence of these three elements together forms what is known as the fire triangle, as 

shown in Figure 1.1. If any one of these elements is missing, combustion cannot occur 

 

Figure 1. 1 Fire Triangle [7] 
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1.2.3.2 Development of a fire 

Generally, the duration of a fire consists of the following stages: the development phase (ranging 

from ignition to flashover), the fully developed phase, and the decay phase. These stages are 

depicted in Figure 1.2, illustrating how temperature evolves in a compartment over time. 

 

Figure 1. 2 Fire development phases [8] 

During the evolution of a fire, a rapid transition between the first two stages, known as 

flashover, can occur. This typically happens at temperatures between 500 °C and 600 °C, 

depending on factors such as the availability of fuel, ventilation, and the fire's ability to spread. 

If these conditions are not met, the fire in the compartment may not generate enough heat for 

the flashover to take place, and it will remain weak near the ignition point (see Figure 3, left 

side, below the curve). 

 First phase "Fire development" 

A smoldering phase occurs, where the temperature remains localized at the ignition point. 

During this phase, the first signs of gas and smoke appear, and the fire smolders at a very 

low temperature, making its duration difficult to predict. 

 

Next is the ignition phase, where the fire becomes more active but is still confined to a 

localized area. The heat radiation or direct contact from the flames starts affecting nearby 

materials, releasing hot gases that gradually fill the space. 

Flashover: 

As the hot gases accumulate, they heat nearby combustibles to the point of ignition. This 

results in a sudden and rapid spread of fire within a short period. 

 Second phase "Fully Developed" 

The temperature reaches its peak and then gradually decreases, as noted in[9] , until it drops 

to 80% of the maximum value (Figure 1.3, right). 
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 Third phase "Decay" 

The fire's intensity diminishes as the available fuel is progressively exhausted. 

The intensity of the fire and the duration of each phase are influenced by several factors: 

 

- the amount and distribution of combustible materials (fuel load); 

- the combustion rate of these materials 

- ventilation conditions (openings); 

- compartment geometry; 

- thermal properties of the compartment walls; 

- active fire suppression measures. 

Among these factors, fuel load and ventilation are the most critical. A fire is fuel-controlled 

when sufficient oxygen is available for combustion, while it becomes ventilation-controlled 

when oxygen is limited. 

 

Figure 1. 3 The temperature-time phases of a well-ventilated fire compartment (with the 

ideal fire curve on the left; the curve on the right represents a typical temperature history of 

gases within a fire compartment. 

1.3 Literature review on structural, deaths, and financial damages 

caused by fire : 

 Fire risk re- remains the main challenge, every year around 3.8 million fires are recorded 

worldwide, causing the death of some 44,300 people. Between 1993 and 2015, over 86.4 

million fire incidents were recorded, resulting in more than one million deaths related to fires 

and causing an estimated financial loss of approximately USD 858 billion. Developed countries 

report an average of 5,000 fire-related deaths annually, while developing countries experience 

around 15,000 fire fatalities each year [9]. In Spain, 77% of fatal fires are reported to occur in 

residential buildings.[10]. 

Between 2005 and 2015, Canada recorded approximately 460,000 fire incidents, resulting in 

15,327 deaths and causing financial losses estimated at CAD 7.3 billion.[11]. Approximately 

1.2 million Canadians were directly impacted by fires [12]. 

In 2017, the United States experienced over 1.3 million fires, which led to 3,400 deaths, 14,670 

injuries, and an estimated $23 billion in property damage. The fire and burn death rates were 

0.38 per 100,000 individuals in Spain, 1.16 in the USA, and 0.88 in Canada. British Columbia, 
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Canada, reported approximately 24,000 fires across eight major cities, with 67% of these 

incidents linked to residential buildings. Additionally, 55% of the fires were associated with 

multi-unit residential buildings (MURBs), resulting in significant consequences [9]. 

In the United Kingdom, approximately 450 individuals lose their lives to fires, while Sweden 

sees around 100 fatalities each year, and the United States experiences over 3,000 fire-related 

deaths. In many Western countries, the annual fire death rate ranges from 0.5 to 1.5 per 

100,000 people[13]. The probability of fire incidents occurring in certain social environments 

such as facilities handling hazardous chemicals, historic buildings, and educational campuses 

can be illustrated in Figure 1.4[14]. 

 

 

Figure 1. 4 Some of the biggest fires in recent years[8] 

Here are some notable fire incidents from recent years that had significant impacts: 

 Notre Dame Cathedral Fire (2019, Paris, France): A catastrophic fire broke out on 

April 15, causing extensive damage to the historic structure, particularly its roof and 

spire. Approximately 400 firefighters worked for two days to contain the blaze, 

successfully saving much of the cathedral's structure. Thankfully, no lives were lost 

during this incident. 

 Camp Fire (2018, Paradise, California, USA): This devastating wildfire, ignited by 

a damaged electrical transmission line, burned over 153,000 acres and destroyed nearly 

14,000 structures. It resulted in 85 fatalities, marking it as the deadliest fire in 

California's history. 

 Grenfell Tower Fire (2017, London, England): A small refrigerator fire escalated into 

a major incident, claiming 71 lives and making it one of the deadliest fires in British 

history. The fire highlighted serious safety issues in high-rise residential buildings. 

 Ghost Ship Warehouse Fire (2016, Oakland, California, USA): A fire in a converted 

warehouse during a party led to the deaths of 36 people. The building lacked proper 

safety measures and was considered an illegal residence, prompting discussions about 

fire safety regulations. 
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 Yarnell Hill Fire (2013, Yarnell, Arizona, USA): Triggered by a lightning strike, this 

fire tragically claimed the lives of 19 firefighters, marking it as one of the deadliest days 

for U.S. firefighters in recent history. 

Various researchers have explored fire risk factors in specific types of buildings, including 

residential structures [15], hotels[16], high-rise buildings [17], older buildings[18], and 

wooden constructions[19].  

  1.4   Functionally Graded Materials: 

The rise of industries and the growing need for advanced structural expertise in multiple 

engineering disciplines have led to the development of new composite materials called 

Functionally Graded Materials (FGMs) Chen and Goto [20]  

1.4.1 Definition of FGM: 

The concept of FGMs was first introduced in Japan in 1984, during a space plane project, where 

they were utilized for thermal barrier applications[21]. The idea behind FGMs was developed 

to address thermal stress issues in conventional laminated composite materials used in reusable 

rocket engines[22]. In summary, the FGM concept consists of replacing the abrupt composition 

change at the interface between various materials with a gradual composition change transition 

with a graduated composition. This approach helps reduce stress concentrations within the 

structure. 

In general, an FG porous material is composed of a mixture of isotropic components like 

ceramic and metal, Thermo-mechanical properties vary continuously from one surface to 

another. Metal-ceramic FGMs are generally used in high-temperature applications, when the 

ceramic component gives superior thermal resistance. While the metal component enhances 

mechanical strength and lowers the risk of catastrophic fracture. 

 

Figure 1.5 Coordinate system and geometry of functionally graded beam 
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1.4.1 advantages of functionally graded materials  

A number of advantages of functionally graded materials may be identified , which we would 

like to briefly highlight [23]  

- Thanks to their gradient interfaces, FGMs can effectively reduce thermal and 

mechanical stress concentrations, which helps prevent relamination in crack-prone 

areas and enhances the durability of load-bearing structures. 

- Metal-ceramic FGMs smooth out the transition between differing thermal expansion 

rates, offer protection against thermal and corrosion damage, and enhance load-bearing 

performance. 

- - FGMs can be used as an interface layer between two different incompatible materials. 

improving bond strength and reducing crack-driving forces within the material. They 

offer multifunctionality, such as controlling deformation, wear, corrosion, and 

vibration. Additionally, FGM coatings help reduce internal residual stresses. 

- - FGMs with calibrated porosity effectively absorb shocks from side to the other, 

provide thermal insulation, improve the catalytic efficiency, and help reduce electrical 

and thermal stress. 

1.4.2 Applications of FGM 

Figure 1.8 illustrates the different applications of functionally graded materials (FGMs). They 

were originally designed for aerospace structures and fusion reactors because of their ability to 

endure extreme thermal stresses. Over time, their application has broadened to numerous fields, 

thanks to their impressive performance under very harsh conditions. Due to its resistance to 

thermal fatigue and long lifespan, ceramics are commonly utilized as thermal barriers in 

engines, gas turbines, optical applications, probes, triggers, metal/ceramic armor, photoelectric 

detectors, and dental implants. Nowadays, the materials produced are lighter and more 

efficient, exhibiting exceptional strength and durability. Their applications have broadened to 

include numerous fields such as civil engineering, public works, nuclear energy, electronics, 

and optics[24]. 

1.4.3 Civil engineering applications  

Functionally graded materials have received a great deal of attention and found applications in 

a wide range of fields.  which includes mechanical and civil engineering, aerospace, and 

electronics, among others[25][26]. 

The functional gradation of concrete elements makes it possible to adapt the internal 

composition of structural components to meet specific structural and thermal performance 

requirements. This alignment is achieved by continuously varying the material's properties, like 

porosity, strength or rigidity, up to three spatial dimensions. This approach can be employed to 

reduce the mass of the element while introducing multifunctional properties. Reducing porosity 

improves concrete's structural strength, while increasing porosity enhances its thermal 

insulation properties. Figure 1.9 shows the relationship between the properties of hardened 

concrete and a progressive increase in porosity[27]. 
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Figure 1.6 curve of the characteristics of hardened concrete change with a progressive 

increase in porosity [27] 
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Figure 1.7 The main application fields of FGMs 
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1.5 conclusion 

The generalities of temperature, fire, damages caused by fire, and some notable fire incidents 

from recent years are given in this chapter.  

Other hand, this chapter includes the generalities of Functionally Graded Materials, advantages 

of functionally graded materials, and Applications. In view of the wide applicability of FGMs, 

it is essential to study their behavior. Precise prediction of the behavior of FG structures. 

Numerous theoretical, analytical, and numerical approaches have been documented in the 

literature. 

The next chapter reviews the differing theories used to analyze the thermal effect on structural 

behavior and gives an overview of investigations into the static, buckling, and vibration 

behavior of certain material structures such as steel, concrete and FGM. 
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Numerical and analytical study of static 

and vibration of steel beams subjected to 

temperature conditions 
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Using  Von Karman's theory, the deformation is described by the following expressions: 

  
2 2

2

1 1 2 2 1 1 1 2 1 2 1
1 2 2

1 1 1 1 1

( , ) ( ) ( ) ( ) ( )1 1

2 2

du x x du x du x d u x du x
x

dx dx dx dx dx


   
       

   

                         (3.2) 

The eq.2 can be reformulated as follows:  

0

1 1 1

nl yk                                                                                                                            (3.3) 

 

where: 
2

2
0 10 1 2 1 2 1
1 1 2

1 1 1

( ) ( ) ( )1
;   ;                   

2

nldu x du x d u x
k

dx dx dx
 

 
    

 

                                        (3.4) 

Hooke’s law, considering the effect of temperature rise, is expressed as follows: 

 0

1 1 2 2 1( )nl

T T TE T x E x k                                                                                           (3.5) 

where: 

𝛼𝑇 is the of thermal expansion coefficient  

𝐸𝑇 is the temperature-dependent Young's modulus according to Eurocode 3 Figure 7  [183]. 

The temperature rise 𝑇(𝑥2) varies linearly with the beam thickness and is expressed as follows: 

2
2

1
( )

2
b

x
T x T T

h

 
     

 
                                                                                                     (3.6) 

where 

 

Δ𝑇 Represents the temperature difference between the upper surface temperatureΔ𝑇T and the 

lower surface temperature Δ𝑇𝑏of the beam and ℎ is the depth of the beam cross-section. 



Chapter 3: Finite element formulation and analytical analysis  

29 
 

 

 

 

 

3.2.2 the resultant force and the moment: 

The axial force and bending moment in the beam are described by the following expressions: 

For 0 ≤ 𝑇 ≤ 100°𝐶 

 
* 0

1 1

T

A

N dA A N                                                                                                           (3.7) 

 

The moment 𝑀 is given by: 

 
*

1 2 1

T

A

M x dA D k M                                                                                                    (3.8) 

where 𝐴∗and 𝐷∗ represent the extensional and bending rigidities of the beam cross-section, 

respectively, and are defined as follows: 

* *

0 0;     DA E A E I                                                                                                                (3.9) 

𝐸0 is Young’s modulus at room temperature. 

𝐴 and 𝐼   are the beam's cross-section and moment of inertia, respectively. 

𝑁𝑇 and 𝑀𝑇 represent the axial force and moment due to temperature rise. They are defined as: 
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
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                                                                                                  (3.10) 

For 𝑇 ≥ 100°𝐶 

 

2
0 * 0
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                                                                          (3.11) 

where 𝐴∗and 𝐷∗ are the extensional and bending rigidities of the beam cross-section 

respectively. They are defined as follows: 
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3.2.3 The total potential energy:  

The governing equations are derived from the total potential energy, which is represented as 

follows: 

U V                                                                                                                           (3.14) 

Where:  

𝑈 and 𝑉 represent the deformation energy and work of external forces respectively, given by : 

        

      

0 * 0 *

1 1 1 1 1 1

0

0

1 1 1 1

0 0

1 1

2 2

L
T

v

L L
T TT T nl

U dv A k D k dx

N k M dx N dx

   

 

  

  

 

 

                                                         (3.15) 

The external forces work of a distributed force 𝑞𝑣 is defined as: 

2 1 1

0

( )

L

vV q u x dx                                                                                                                         (3.16) 

3.2.4 The displacement vector and the functions of interpolation 

The displacement components at any point within the element are expressed as follows: 

10 1 1 1 1 2 1 2

2 1 3 1 1 4 1 1 5 1 2 6 1 2

( ) ( ) ( )

( ) ( ) ( ) (x ) w ( )

u x S x u S x u

u x S x w S x S S x 

 

   
                                                            (3.17) 

 

where: 

 𝑆𝑖(𝑥1)  (𝑖 = 1.2) represent the interpolation functions of Lagrange. They are given by: 

1 1
1 1 2 1( ) 1 ;      ( )

x x
S x S x

L L
                                                                                                    (3.18) 

 

and 

 𝑆𝑖(𝑥1) (𝑖 = 3.4.5.6) are the Hermite shape functions, which are given by: 
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2 3

1 1
3 1 2 3

2 3

1 1
4 1 2

2 3

1 1
5 2 3

2 3

1 1
6 2

3 2
( ) 1

2
( )

3 2
( )

2
(6)

x x
S x

L L

x x
S x x

L L

x x
S x

L L

x x
S

L L

  

  

 

  

                                                                                                           (3.19) 

3.2.5 The strain displacement relationship 

The strain displacement relationship is given by: 

  

  

  

0

1

1

2

1

m

f

B

k B

du
G

dx

 











                                                                                                                            (3.20) 

 

 

where: 

 

[𝐵𝑚] 𝑖𝑠 (1 × 6) stretching matrix given by: 

  1 1 2 1

1 1

( ) ( )
0 0 0 0m

dS x dS x
B

dx dx

 
  
 

                                                                           (3.21) 

[𝐵𝑓] 𝑖𝑠  (1 × 6) bending strain smatrix defined as follows: 

 
2 2 22

3 1 5 1 6 14 1

2 2 2 2

1 1 1 1

( ) ( ) ( )( )
0 0f

d S x d S x d S xd S x
B

dx dx dx dx

 
  
 

                                           (3.22) 

 

[𝐺]is a (1 × 6) matrix that relates the first derivative of the transverse displacement component 

to the displacement vector. It is defined as follows: 

  3 1 5 1 6 14 1

1 1 1 1

( ) ( ) ( )( )
0 0

dS x dS x dS xdS x
G

dx dx dx dx

 
  
 

                                                       (3.23) 

 

and 

{𝛿} is the nodal displacement vector given by: 

   1 1 1 2 2 2

T
q u w u w                                                                                         (3.24) 
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3.2.6  The static analysis 

Substituting Eqs (20).(21).(22) and (23) into Eq(14). The total potential energy can be defined 

as: 

           

             

   

* *

1

0

1 1

0 0

1 1

0

1

2

1

2

( )

L
T T T

m m f f

L L
T T T T TT T

m f

L
T T

v

q B A B B D B q dx

q B N B M dx q G N G q dx

q S x q dx

   

  



 

                              (3.25) 

Eq (25) can be reformulated as follows: 

              1

2

T T e T

m f gq K K K q q F F       
                                            (3.26) 

 

Utilizing the total potential energy principle 0  . we can arrive at the following equilibrium 

equation: 

        e T

e gK K q F F                                                                                   (3.27) 

 

where [𝐾𝑒] represent the stiffness matrix expressed as: 

     e m fK K K                                                                                                                     (3.28) 

with: 

[𝐾𝑚] represent the extension stiffness matrix given by: 

     *

1

0

L
T

m m mK B A B dx                                                                                                        (3.29) 

[𝐾𝑓]is the bending stiffness matrix expressed as: 

     *

1

0

L
T

f f fK B D B dx                                                                                                        (3.30) 

and 

 [𝐾𝑔] is the geometrical matrix expressed as: 

    1

0

L
T

gK G N G dx                                                                                                               (3.31) 
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{𝐹𝑒} and {𝐹𝑇} represent the mechanical force vector and the thermal vector force, respectively. 

They are expressed as follows: 

   1 1

0

( )

L
Te

vF S x q dx                                                                                                              (3.32) 

      1

0

( )

L
TT T T

m fF B N B M dx                                                                                         (3.33) 

 

[𝑆(𝑥1)]is the shape functions matrix given  by: 

   1 1 1 3 1 4 1 2 1 5 1 6 1( ) ( ) ( ) ( ) ( ) ( ) ( )S x S x S x S x S x S x S x                                         (3.34) 

 

3.2.7 Buckling analysis 

It is widely recognized that a compressive force in a beam reduces its flexural rigidity. When 

this force reaches the critical buckling value, the stiffness approaches zero. Consequently, the 

bending moments and deflections increase dramatically, theoretically approaching infinity. 

Thus, determining the critical buckling load or the critical buckling temperature is crucial in a 

thermo-elastic analysis.  

 The stability of a beam under thermo-mechanical loading is governed by thr flowing 

eigenvalue problem: 

    0e gK K                                                                                                                   (3.35) 

by setting  

 
0

g gK K                                                                                                                                         

The Eq. (35) can be rewritten as follows: 

   0 0e gK K                                                                                                                (3.36) 

Where: 

𝜆 is the loading factor  

   0

0

0

L
T

gK G N G dx                                                                                                                (3.37) 

𝑁0 represents the compressive force induced by a specified thermo-mechanical load. 

The critical buckling temperature Δ𝑇𝑐𝑟 or the critical buckling load 𝑁𝑐𝑟 can be expressed as: 

 

0 0;        Ncr cr cr crT T N                                                                                                   (3.38) 

 

Δ𝑇0 is the given temperature rise. 

 

          

 

  3.2.8    The resolution procedure: 

 

A Fortran code was developed, following the flowchart in Figure 2, to solve the equations and 

calculate the displacements and bending moments of the beams. 
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Figure 3.2 The flow chart for the iterative solution method 
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translation supports at the left and right ends are elastic and are represented by springs of 

stiffness 𝐾𝐿 and 𝐾𝑟 respectively. 

 

 

 

 

 

 

 

Figure 3. 3 Generic bending beam with elastic end supports 

 

 

 

 

 

 

 

 

 

Figure 3. 4 The static diagram of the beam 

3.3.1 the bending moment  

The bending moment at any cross-section of the beam considering large displacements, is 

expressed as: 

2

( ) ( )
2 2

Tv v B A
A a

q x q L M M
M x M F w x x

L

 
      

 
                                               (3.45) 

where 

𝑞𝑣 is the uniformly distributed load 

𝑀𝐴 and 𝑀𝐵 represents the moment at the left and right ends of the beam respectively. 

𝐹𝑎
𝑇 is the axial force due to temperature rise Δ𝑇 

𝑹𝑳 𝑹𝑹 

𝑲𝑳 
𝑲𝑹 𝒇 

𝑳
𝟐  𝑳

𝟐  

y,w 

𝚫𝒎𝒊𝒅 

x,u 

y,w 

∆𝒎𝒊𝒅 
x 

𝑳
𝟐  𝑳

𝟐  

𝑴𝒂 = 𝑹𝑳𝜽𝒂 𝑴𝒃 = 𝑹𝑹𝜽𝒃 

𝑭𝑻 𝑭𝑻 
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3.3.2 The axial force in the beam   

The total elongation of the beam, resulting from temperature changes and the effects of 

translational springs, is given by: 

T

a
L r T

T

F L
u u L T

E A
                                                                                                          (3.46) 

Where 𝑢𝐿 and 𝑢𝑟 represents the left and right springs elongations respectively and are 

expressed as follows: 

;     u
T T

a a
L r

L R

F F
u

K K
                                                                                                               (3.47) 

Substituting Eqs (3.47 ) into Eq(3.47 ). we can derive the expression for the axial force, which 

is given by: 

 

T L R
a T T

T
L R L R

K K
F E A T

E A
K K K K

L

 

 

                                                                         (3.48) 

According to Bernoulli beam theory, the differential equation governing the deformation of a 

beam can be given as follows: 

22

2

( )
( )

2 2

T

a v vA B A

T T T T

F q x q LM M Md w x x
w x

dx E I E I E I E I L

 
     

 
                                   (3.49) 

by Setting 
2K

T

a

T

F

E I
 . and integrating Eq. (3.49 ) according to x the transversal displacement 

at any cross-section of the beam can be described as follows :    

   
2

1 2 2 2 2
( ) cos K sin K

2 K K K 2

v vA B A

T T T

q x q LM M Mx
w x C x C x

E I E I E I L

 
      

 
          (3.50)    

 

𝐶1 and  𝐶2 are integration constants determined utilizing the mentioned boundary conditions. 

we can then have: 

 
1

1 22 2
   and 

K tan K K sin

A B

T T

M C M
C C

E I L E I KL
    

by setting 
𝑲𝑙

2
= 𝑣. The deflection at the midpoint of a beam (x=L/2) can be formulated as    

(3.51) 



Chapter 3: Finite element formulation and analytical analysis  

38 
 

 



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

39 
 

 



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

40 
 

 



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

41 
 

 



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

42 
 

 



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

43 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

44 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

45 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

46 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

47 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

48 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

49 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

50 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

51 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

52 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

53 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

54 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

55 
  



Chapter 5: Formulation of a finite beam element based on enhanced Timoshenko beam theory: 

 

 

56 
 

 

 

 

 

 

 

 

 

 

Part III 

Numerical analysis of mechanical and 

thermal buckling of functionally graded 

beams 
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 Figure 5.1 Functionally graded beam coordinate system and geometry. 

 

 

 

 

 

 

 

 

 

 

 

The strain-stress relationships for a functionally graded elastic beam are expressed as follows: 

𝜎𝑥=𝐸(𝑧)𝜀𝑥−𝜎𝑇
𝜏𝑥𝑧=𝑄𝛾𝑥𝑧

                                                                                                                (5.11) 

Where  

𝜎𝑇 = 𝐸(𝑧)𝛼(𝑧)Δ𝑇                                                                                                      (5.12)    

 Δ𝑇  is the temperature rise  

For the case of shear deformation that varies with respect to depth, the shear stress can be 

expressed as: 

    𝜏𝑥𝑧 = 𝑄𝑓(𝑧)𝛾𝑥𝑧
0                                                                                                               (5.13) 

Where  

𝑄 =
𝐸(𝑧)

2(1+𝑣)
                                                                                                                           (5.14) 

𝑄 represents the elastic coefficient. 
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5.2.4 Position of the physical neutral axis 

The asymmetry of the material properties in the FG beams in relation to the median surface 

leads to a membrane-bending effect in the beams. Therefore, to simplify the complexities 

arising due to this effect, the resultants of forces and moments are calculated with respect to 

the neutral axis, which is not aligned with the beams' median surface, as shown in figure 5.3. 

[136][192] In order to determine the position of the neutral physical axis, it is essential to 

calculate a value 𝑒 where the axial force resulting from bending is zero. It is determined by the 

following equation: 

𝑧𝑁𝑠 = 𝑧 − 𝑒                                                                                                                       (5.15) 

𝑒 =
∫ 𝐸(𝑧)𝑧𝑑𝑧

ℎ
2
−ℎ
2

∫ 𝐸(𝑧)𝑑𝑧

ℎ
2
−ℎ
2

                                                                                                                     (5.16) 

𝑒 represents the distance from the physical neutral axis to the centroid of the FG beam. 

 

 

 

 

 

 

 

Figure 5.3 The position of the neutral axis of the FG beam [22]. 

5.3 the total potential energy  

The total potential energy of the FG beam can be represented as follows: 

П = 𝑈 −𝑊𝑑 +𝑊𝑎                                                                                                             (5.17) 

𝑈,𝑊𝑑  𝑎𝑛𝑑 𝑊𝑎 represent the strain potential energy, the work performed by external loads and the work 

of distributed loads in relation to the physical neutral axis, respectively. 

𝑈 =
1

2
∫ ({𝜀𝑥}

𝑇𝜎𝑥 + {𝛾𝑥𝑧}
𝑇𝜏𝑥𝑧)𝑉

𝑑𝑉                                                                                     (5.18) 

 

𝑈 = ∫ ({𝜀0}
𝑇𝐸(𝑧){𝜀0} + (𝑧 − 𝑒)2{𝑘𝑥}

𝑇𝐸(𝑧){𝑘𝑥} + 𝑓(𝑧)2{𝛾𝑥𝑧
0 }𝑇𝑄{𝛾𝑥𝑧

0 })
𝑉

𝑑𝑉                  (5.19) 

Where 𝑉denotes the volume of the beam. 

By integrating Eq. (5.18) to the cross-sectional area S, we obtain the following expression: 
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𝑈 =
1

2
∫ ({𝜀0}

𝑇𝐴{𝜀0} + {𝑘𝑥}
𝑇𝐷{𝑘𝑥} + {𝜀𝑛𝑙}𝑁 + {𝛾𝑥𝑧

0 }𝑇𝐻{𝛾𝑥𝑧
0 })

𝐿

0
𝑑𝑥 − ∫ ({𝜀0}

𝑇𝐿

0
𝑁𝑇 +

{𝑘𝑥}
𝑇𝑀𝑇)𝑑𝑥                                                                                                                      (5.20) 

A, H, and D are the elastic coefficients, defined as follows: 

 

{𝐴   𝐷   𝐻 } = ∫ 𝐸(𝑧) × {1 (𝑧 − 𝑒)2        𝑓(𝑧)𝑄}
𝑠

𝑑𝑠                                                          (5.21) 

𝑁𝑇 = 𝑏 ∫     𝐸(𝑧) − 𝛼(𝑧)Δ𝑇𝑑𝑧
ℎ

2

−
ℎ

2

                                                                                        (5.22) 

𝑀𝑇 = 𝑏∫     𝐸(𝑧) − 𝛼(𝑧)Δ𝑇 (𝑧 − 𝑒)𝑑𝑧
ℎ

2

−
ℎ

2

                                                                          (5.23)      

𝑁𝑇 and 𝑀𝑇 represent the axial force and moment due to temperature rise. 

The external work caused by the distributed load F(x) and the axial compressive force P is 

given by Eqs. (5.24) and (5.25), respectively: 

𝑊𝑎 =
1

2
∫ 𝑃 (

𝜕𝑤0

𝜕𝑥
)
2

𝑑𝑥
𝐿

0
                                                                                                       (5.24) 

 

𝑊𝑑 = −∫ 𝐹(𝑥)𝑤0
𝐿

0
𝑑𝑥                                                                                                       (5.25) 

 

5.4  Finite element formulation 

A two-node component with three degrees of freedom (DOFs) per node, derived from enhanced 

Timoshenko beam theory, is used to investigate FG beams' static behavior and buckling. 

The component displacement vectors of the element are interpolated as follows: 

∇𝑑(𝑥) = ∑ 𝑁𝑖∇𝑑
𝑖2

𝑖=1         𝑑 = 1, 2,3                                                                                    (5.26) 

Where  

∇𝑑
𝑖 = 𝑢0

𝑖 , 𝑤0
𝑖 , 𝜑0           

𝑖 𝑖 = 1,2                                                                                                 (5.27) 

∇𝑑(𝑥) represents displacement and rotation of the element at a given point. ∇𝑑
𝑖  and𝑁𝑖 represent 

displacement components and Lagrange shape functions associated with the node I, 

respectively. Lagrange shape functions are defined as follows: 

 

N1=1−
x

L

N2=
x

L

                                                                                                                    (5.28) 
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By using shape functions, deformation-displacement relationships in Eqs. (5.5)–(5.7) can be 

expressed as: 

 

{𝜀𝑥
0} = [𝐵𝑎]{𝑞}                                                                                                               (5.29) 

{𝑘𝑥} = [𝐵𝑏]{𝑞}                                                                                                               (5.30) 

{𝛾𝑥𝑧
0 } = [𝐵𝑠]{𝑞}                                                                                                               (5.31) 

𝜕𝑤
𝜕𝑥

= [𝐺]{𝑞}                                                                                                                    (5.32) 

[𝐵𝑎], [𝐵𝑏], [𝐵𝑠] 𝑎𝑛𝑑 [𝐺] are (1×6) matrices, where the subscripts a,b, and s represent axial, 

bending, and shear strain, respectively.  {𝑞} refers to the element's displacement vector. 

Where  

[𝐵𝑎] = [
𝜕𝑁1

𝜕𝑥
   0   0    

𝜕𝑁2

𝜕𝑥
   0   0    ]                                                                                   (5.33) 

[𝐵𝑏] = [0    0    
𝜕𝑁1

𝜕𝑥
   0   0    

𝜕𝑁2

𝜕𝑥
]                                                                                     (5.34) 

[𝐵𝑠] = [0    
𝜕𝑁1

𝜕𝑥
𝑁1  0    

𝜕𝑁2

𝜕𝑥
𝑁2]                                                                                        (5.35) 

[𝐺] = [0    0    
𝜕𝑁1

𝜕𝑥
   0   0     

𝜕𝑁2

𝜕𝑥
]                                                                                      (5.36) 

{𝑞}𝑇 = {𝑢1𝑤1𝜑1  𝑢2𝑤2𝜑2}                                                                                               (5.37) 

The principle of total potential energy is applied to derive the elementary matrices of the 

element. By applying Eqs. (5.29)–(5.32). the total potential energy is expressed as follows: 

𝑈 =
1

2
∫ ({𝑞}𝑇([𝐵𝑎]

𝑇𝐴[𝐵𝑎] + [𝐵𝑏]
𝑇𝐷[𝐵𝑏] + [𝐺]𝑇𝑁[𝐺] + [𝐵𝑠]

𝑇𝐻[𝐵𝑠]){𝑞})
𝐿

0
𝑑𝑥 −

∫ {𝑞}𝑇(
𝐿

0
[𝐵𝑎]

𝑇𝑁𝑇 + [𝐵𝑏]
𝑇𝑀𝑇)𝑑𝑥                                                                                     (5.38) 

5.4.1 Static analysis  

𝑊𝑑 = −∫ 𝐹(𝑥)𝑤0
𝐿

0
𝑑𝑥                                                                                                      (5.39) 

Substitution of Eqs. (5.38) and (5.39) into Eq. (5.17) leads to the following expression 

П =
1

2
∫ ({𝑞}𝑇([𝐵𝑎]

𝑇𝐴[𝐵𝑎] + [𝐵𝑏]
𝑇𝐷[𝐵𝑏] + [𝐵𝑠]

𝑇𝐻[𝐵𝑠]){𝑞})
𝐿

0
𝑑𝑥 − ∫ {𝑞}𝑇(

𝐿

0
[𝐵𝑎]

𝑇𝑁𝑇 +

[𝐵𝑏]
𝑇𝑀𝑇)𝑑𝑥 − ∫ 𝐹(𝑥)𝑤0

𝐿

0
𝑑𝑥                                                                                            (5.40) 

 

Eq (5.37) can be reformulated as follows: 

П =
1

2
{𝑞}𝑇([𝐾𝑎] + [𝐾𝑏] + [𝐾𝑠]){𝑞} − {𝑞}𝑇({𝐹𝑒} + {𝐹𝑇})                                                (5.41) 
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Eliminating the initial variation in total potential energy as a function of nodal values {q}, we 

obtain the equilibrium equation: 

([𝐾𝑒]){𝑞} = {𝐹𝑒} + {𝐹𝑇}                                                                                                   (5.42) 

With  

[𝐾𝑒] = ∫ ([𝐵𝑎]
𝑇𝐴[𝐵𝑎] + [𝐵𝑏]

𝑇𝐷[𝐵𝑏] + +[𝐵𝑠]
𝑇𝐻[𝐵𝑠])

𝐿

0
𝑑𝑥                                              (5.43) 

[𝐾𝑒] = [𝐾𝑎] + [𝐾𝑏] + [𝐾𝑠]                                                                                                 (5.44) 

{𝐹𝑒} = ∫ [𝑁]𝐹(𝑥)
𝐿

0
𝑑𝑥                                                                                                                  (5.45) 

{𝐹𝑇} = ∫ (
𝐿

0
[𝐵𝑎]

𝑇𝑁𝑇 + [𝐵𝑏]
𝑇𝑀𝑇)𝑑𝑥                                                                                 (5.46) 

[𝑁] = [0    0     𝑁1𝑁2    0    0]                                                                                              (5.47) 

where[𝐾𝑒],[𝐾𝑔]and [𝑁] are respectively the elementary stiffness matrix, the geometric matrix 

and the shape function matrix. 

 {𝐹𝑒} is the mechanical force vector, while{𝐹𝑇} represents the thermal force vector. 

5.4.2 Mechanical buckling  

The external work resulting from the compressive axial load can be expressed as follows: 

𝑊𝑎 =
1

2
∫ {𝑞}𝑇
𝐿

0
[𝐺]𝑇𝑃[𝐺]{𝑞} 𝑑𝑥                                                                                          (5.48) 

By substituting Eqs. (5.38) and (5.48) into Eq. (5.17), we obtain 

 

П =
1

2
∫ ({q}T([Ba]

TA[Ba] + [Bb]
TD[Bb] + [Bs]

TH[Bs]){q})
L

0
dx + ∫ {q}T

L

0
[G]TP[G]{q} dx     

                                                                                                                                            (5.49)  

Eliminating the second variation from the total potential energy with regard to the nodal 

values{q} leads to the next eigenvalue: 

([𝐾𝑒]+[𝐾𝑔]){q}=0                                                                                                               (5.50) 

[𝐾𝑔] = ∫ [𝐺]𝑇𝑃[𝐺]
𝐿

0
𝑑𝑥                                                                                                       (5.51) 

[𝐾𝑔] is the elementary geometrical matrix, using the loading factor𝜆,  the load can be 

rewritten as: 

𝑃 = 𝜆𝑃0                                                                                                                           (5.52) 

5.4.3 Thermal buckling 

The stability of a beam subjected to thermo-mechanical loading is determined by the 

following eigenvalue problem. 
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([𝐾𝑒] + [𝐾𝑔]){𝑞} = 0                                                                                                        (5.53) 

[𝐾𝑔] = 𝜆[𝐾𝑔
0]                                                                                                                     (5.54) 

The Eq. (5.53) can be rewritten as follows: 

([𝐾𝑒] + 𝜆[𝐾𝑔
0]){𝑞} = 0                                                                                                     (5.55) 

[𝐾𝑔] = ∫ [𝐺]𝑇𝑁𝑇[𝐺]
𝐿

0
𝑑𝑥                                                                                             (5.56) 

The critical buckling temperature Δ𝑇𝑐𝑟can be expressed as: 

∆𝑇𝑐𝑟 = 𝜆𝑐𝑟Δ𝑇                                                                                                                    (5.57) 

∆𝑇0 represents the specified temperature rise. 

5.5 conclusion  

A two-node element, using simple high-order shear deformation theory(SHSDT), for three 

degrees of freedom (DOFs) per node, has been adapted to analyze the statics and buckling of 

FG beams. Material properties are assumed to vary across the thickness of the beam as a 

function of a power-law distribution fraction of the constituents and no correction factor is 

needed. Total potential energy, the principle of Hamilton, and Lagrange's equation were all 

used to formulate the geometric stiffness and mass matrices. 

The results presented in the next chapter provide a clear assessment of the current finite element 

model's (SHSDT) contribution, by comparing it with the results in the literature. 
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Chapter 6: Application of finite element model (SHSDT) – 

Results and discussion: 

 

    

6.1 introduction  

This chapter presents and discusses several numerical examples to assess the performance of 

current finite elements. Precision, convergence and stability are assessed by examining the 

thermal and mechanical buckling behaviour of FG beams. For the purposes of validation, the 

results obtained are compared with results available in the literature. The impact of various 

parameters like length to thickness ratio, power law index and boundary conditions on the 

critical thermal buckling temperature and critical buckling load of FG beams are examined. 

6.2 Numerical results and discussions 

 The results of the thermal and mechanical buckling analysis of FG beams are presented in the 

following to confirm the validity of the finite element model formulated. 

6.2.1 Mechanical buckling analysis 

Example 6.1   

In this section, we examine FG beam buckling behavior subjected to axial compressive loads. 

The effects of the power law index, length/depth ratio, and boundary conditions on the critical 

buckling load are analyzed.  

Tables 6.1 to 6.3 show the convergence of critical buckling load under three different boundary 

conditions for various values of the power law index and for L/h=5 and 10. the beam has been 

divided into 50, 100, 150,200, and 250 elements. 

The properties of the materials are as follows: 

Aluminium : Eme = 70 GPa,   νme=0.3 

Alumina: Ecr =380 GPa, νcr =0.3 

Three boundary conditions are considered: 

Clamped-clamped (C-C); 

Simply supported (S-S) ; 

Free of clamped (C-F). 

The results obtained are presented in terms of dimensionless values: 

 𝑃̅𝑐𝑟 = 12
𝐿2

𝐸𝑚ℎ3
𝑃𝑐𝑟(6.1) 



Chapter 6: Application of finite element model (SHSDT) – Results and discussion: 

 

66 
 

The results obtained are compared with those previously achieved by Benzidand Tati [22] 

using enhanced Timoshenko beam theory. Li and Batra [187] using Tmoshenko beam theory 

(TB), and Nguyen et al[188] using HSDT. In all the cases studied, the comparison showed a 

significant concordance between the results obtained from the proposed element and those 

from the sources referenced. Tables 6.1–6.3 indicate indicate a decrease in the critical buckling 

load as the exponent 𝑝  of the volume fraction increases. Additionally, the length-to-depth ratio 

has a substantial effect on the buckling behavior of the beam.It is evident that the critical 

buckling load increases as the length-to-thickness ratio increases. 

Table 6.1 The critical buckling load Pcr of a C-C FG beam subjected to axial compressive 

loading with different power law indices and L/h. 

 

 

L/h 

 

 

P 

N ˚ element 

 

 50              100            150            200           250 

 

 

SHSDT[22] 

 

 

TB[187] 

 

 

HSDT[188] 

5 0 152.05714 152.0890 152.0017 151.9711 151.9529 151.9500 154.35 154.5610 

1 79.7622 79.4770 79.4242 79.4058 79.3972 79.3929 80.498 80.5940 

2 60.0150 59.8232 59.7877 59.7753 59.7695 60.3060 62.614 61.7666 

5 44.7095 44.6058 44.5867 44.5801 44.5770 45.9138 50.384 47.7174 

10 39.2152 39.1315 39.1160 39.1106 39.1081 39.9214 44.267 41.7885 

10 0 197.0875 195.0418 194.6633 194.5310 194.4696 194.4000 195.34 195.3623 

1 99.9435 98.7293 98.5048 98.4262 98.38972 98.3829 98.749 98.7885 

2 76.9699 76.1419 75.9889 75.9352 75.9103 76.1218 76.980 76.6538 

5 62.1723 61.7009 61.6136 61.5832 61.5690 62.1955 64.096 62.9580 

10 55.8474 55.4568 55.3851 55.3599 55.3482 55.7505 57.708 56.5926 
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Table 6.2 The critical buckling load Pcr of a S-S FG beam subjected to axial compressive 

loading with different power law indices and L/h. 

 

 

L/h 

 

 

P 

N ˚ element 

 

 50        100            150            200        250 

 

 

SHSDT[22] 

 

 

TB[187] 

 

 

HSDT[188] 

5 0 48.7591 48.6314 48.6079 48.5995 48.5957 48.6000 48.835 48.8406 

1 24.6817 24.6059 24.5919 24.5870 24.5847 24.5786 24.687 24.6894 

2 19.0349 18.6833 18.9738 18.9704 18.9689 19.0286 19.245 19.1577 

5 15.4248 15.3954 15.3899 15.3880 15.3871 15.5437 16.024 15.7355 

10 13.8638 13.8396 13.8351 13.8336 13.8328 13.9335 14.227 14.1448 

10 0 52.9232 52.4087 52.3134 52.2801 52.2646 52.2857 52.309 52.3083 

1 26.5476 26.2421 26.1858 26.1660 26.1568 26.1569 26.171 26.1707 

2 20.6145 20.4062 20.3676 20.3541 20.3478 20.3633 20.416 20.3909 

5 17.1640 17.0445 17.0222 17.0146 17.0110 17.0589 17.192 17.1091 

10 15.5639 15.4653 15.4470 15.4406 15.4377 15.4690 15.612 15.5278 
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Table 6.3 The critical buckling load Pcr of a C-F FG beam subjected to axial compressive 

loading with different power law indices and L/h. 

 

 

L/h 

 

 

P 

N ˚ element 

 

 50    100            150            200           250 

 

 

SHSDT[22] 

 

 

TB[187] 

 

 

HSDT[188] 

5 0 13.1017 13.0697 13.0637 13.0616 13.0607 13.0714 13.213 13.0771 

1 6.5603 6.5413 6.5378 6.5365 6.5360 6.5357 6.6002 6.5427 

2 5.1014 5.0884 5.0860 5.0851 5.0847 5.0786 5.1495 5.0977 

5 4.2609 4.2535 4.2521 4.2516 4.2514 4.2634 4.3445 4.2772 

10 3.8662 3.8600 3.8589 3.8585 3.8583 3.8662 3.9502 3.8820 

10 0 13.4807 13.3520 13.3280 13.3197 13.3158 13.3714 13.349 13.3741 

1 6.7420 6.6658 6.6517 6.6467 6.6445 6.6446 6.6571 6.6678 

2 5.2470 5.1949 5.1853 5.1808 5.1803 5.1816 5.1945 5.2025 

5 4.4058 4.3758 4.3703 4.3684 4.3674 4.3709 4.3902 4.3974 

10 4.0059 3.9812 3.9766 3.9750 3.9743 3.9765 3.9969 4.0045 

 

6.2.2 Thermal buckling analysis 

 In this section, the current finite element formulation has been applied to examine the thermal 

buckling behavior of FG beams. 

The properties of the materials used are as follows from[189]: 

Si3N4: E(Pa)= 322.27e+9    α (1/K)= 7.4746e-6 

SUS304: E(Pa)= 207.79e+9  α (1/K)= 15.32e-6 

The Poisson's ratio ν of FG beam is considered constant and equal to 0.3. 

Example 6.2 

 This example is performed for the critical thermal buckling temperature 𝛥 𝑇 𝑐 𝑟 of clamped-

clamped supported Si3N4/SUS304 beams under temperature independent (TID) material 
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properties based on Timoshenko beam theory(L/h=25). The beam has been divided into 450 

elements.  

 The results are presented in table 6.4 and compared with 

Timoshenko1[189],Timoshenko2[189], and Timoshenko[120]. In general, there is excellent 

agreement between the results.  

Table 6.4 Critical thermal buckling temperature 𝛥 𝑇 𝑐 𝑟  comparisons of Si3N4/SUS304 

beams with two clamped ends according to Timoshenko beam theory (L/h=25). 

Theory P=1 P=2 P=5 P=10 

Present  

(N ˚ element  450) 

459.267 423.842 394.484 376.305 

Timoshenko1[189] 458.780 423.624 394.488 376.223 

Timoshenko2[189] 458.780 423.624 394.488 376.223 

Timoshenko[120] 458.68 423.53 394.39 376.14 

 

Example 6.3 

In the second example.  A clamped- clamped Si3N4/SUS304 beams based on temperature-

independent material properties (TID) is examined. Table 6.5 show that the critical buckling 

temperature 𝛥 𝑇 𝑐 𝑟  calculated by Timoshenko beam theory for power-law index P= (1,2,5,10) 

and compared with  Euler1 (Euler-Bernoulli model) ,Timoshenko1 (Timoshenko model),  

Reddy1 (from Reddy[190]) ,ASDBT (from Aydogdu[191]), HBTM1 (from Mantari et 

al.[192]), HBTM2(from Mantari et al[193], HBTAT1(from Akavci et al[194],HBTAT2(from 

Akavci et al.[194]),HBTV1 (from Viola et al.[195]) and  HBTV2 (from Meiche et al.[196]). 

It can be noted that the present results are in good agreement with the references mentioned. 

Table 6.5 Critical thermal buckling temperature 𝛥 𝑇 𝑐 𝑟  of Si3N4/SUS304 beams with 

temperature independent (TID) material under various beam theory. 
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L/h 

 

Theory P=1 P=2 P=5 P=10 

20 

   
 N

 ˚
 e

le
m

en
t 

   
  

100 
 
200 
 
300 
 
400 

719.998 663.927 616.927 588.628 

712.885 657.469 611.495 583.390 

711.568 656.322 610.489 582.420 

711.107 655.920 610.137 582.081 

Euler1 728.433 672.924 627.009 567.989 

Timoshenko1 710.485 655.876 610.569 582.294 

         Reddy1[190] 710.491 655.616 610.86 581.957 

ASDBT[191] 710.597 655.696 610.150 582.054 

HBTM1[192] 710.609 655.706 610.160 582.065 

HBTM2[193] 711.090 656.149 610.584 582.508 

HBTAT1[194] 710.504 655.620 610.084 581.968 

HBTAT[194] 710.645 655.797 610.282 582.097 

HBTV1[195] 716.672 661.877 616.470 587.905 

 

HBTV2[196] 725.715 670.387 624.603 595.673 

 

30 

N
 ˚

  e
le

m
en

t 

100 

 

200 

 

300 

 

400 

329.656 

 

303.842 282.450 269.491 

322.538 

 

297.640 277.015 264.250 

321.221 

 

296.492 276.009 263.279 

320.760 

 

296.091 275.657 262.940 

Euler1 323.748 

 

299.076 278.671 265.722 

Timoshenko1 320.153 

 

295.622 275.375 262.626 

Reddy1[190] 320.154 

 

295.608 275.276 262.557 

ASDBT[191] 320.176 

 

295.624 275.289 262.577 

HBTM1[192]  

320.178 

295.626 275.291 262.579 

HBTM2[193] 320.275 295.716 275.377 262.669 

 

HBTAT1[194] 
 

320.157 295.609 275.276 262.560 

HBTAT2[194] 320.186 

 

295.646 275.316 662.586 

HBTV1[195] 321.404 

 

296.875 276.569 263.762 

 HBTV2[196] 323.210 298.575 278.194 265.314 
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Example 6.4  

In this example, table 6.6 gives thethermal  critical buckling temperature results. 𝛥 𝑇 𝑐 𝑟  of 

Si3N4/SUS304 beams under different boundary conditions (clamped-clamped and simply 

supported), respectively. For different L/h length to depth ratio and power law index P= (0, 

1,2,5,10). 

The aim of the example is to study the effect of boundary conditions on thermal buckling of 

Si3N4/SUS304 beams. For a better illustration, the data in Table 6.6 are plotted in figures 6.1  

and 6.2 respectively .Figures 6.1 and 6.2 depict the impact of length to depth ratio L/h on 

critical thermal buckling temperature of Si3N4/SUS304 beams with different boundary 

conditions. The figures show that for a given power index P, the critical buckling temperature 

𝛥 𝑇 𝑐 𝑟  decreases as length-to-depth ratio L/h increases. 

 

 

 

 

 

 

40 

  
 N

˚ 
el

em
en

t 
 

100 

 

200 

 

300 

 

400 

190.463 

 

175.389 162.900 155.449 

183.345 

 

169.197 157.465 150.208 

182.027 

 

168.039 156.458 149.237 

181.567 

 

167.637 156.106 148.900 

Euler1 182.108 

 

168.23 156.752 149.497 

Timoshenko1 180.965 

 

167.145 155.704 148.496 

Reddy1[190] 180.966 

 

167.128 155.672 148.474 

ASDBT[191] 180.972 

 

167.133 155.676 148.480 

HBTM1[192] 180.973 

 

167.133 155.677 148.481 

HBTM2[193] 181.004 

 

167.162 155.704 148.510 

HBTAT1[194] 180.966 

 

167.128 155.672 148.475 

HBTAT2[194] 180.976 167.140 155.685 148.483 

 

HBTV1[195] 181.364 167.532 156.085 148.859 

 

HBTV2[196] 181.938 168.072 156.601 149.352 
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Table 6.6 Critical thermal buckling temperature 𝛥 𝑇 𝑐 𝑟  of Si3N4/SUS304 beams with 

different boundary conditions.  

Clamped-clamped (C-C)             Simply supported (S-S) 

L/h P=0 P=1 P=2 P=5 P=10 P=0 P=1 P=2 P=5 P=10 

20 1073.7 711.107 655.92 610.137 582.081 273.555 181.121 167.25 155.766 157.57 

30 484.412 320.76 296.091 275.657 262.94 122.135 80.862 74.681 69.565 66.349 

40 284.216 181.567 167.637 156.106 148.9 68.883 45.606 42.119 39.234 37.42 

50 176.218 116.678 107.731 100.325 95.691 44.19 29.258 27.019 25.167 24.003 

60 122.796 81.307 75.068 69.905 66.677 30.765 20.369 18.809 17.517 16.708 

70 90.519 59.937 55.332 51.522 49.143 22.666 15.008 13.856 12.903 12.307 

80 69.544 46.05 42.506 39.574 37.748 17.407 11.526 10.64 9.907 9.449 

90 55.152 36.522 33.705 31.375 29.928 13.801 9.139 8.435 7.82 7.49 

100 44.851 29.702 27.406 25.506 24.331 11.22 7.431 6.857 6.382 6.088 
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6.3 Conclusion  

This chapter examines the mechanical and thermal buckling behaviors of FG beams using the 

current finite element method (SHSDT), which is based on the enhanced Timoshenko beam 

theory. Critical buckling load numerical findings are shown and contrasted with those found in 

the body of available literature. The effectiveness and accuracy of the current finite element 

formulation are validated by the comparisons, which show that the results achieved with the 

current element closely match those from the references. The effects of some parameters like 
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length-to-thickness ratio, the power law index, and boundary conditions, on behavior of the FG 

beams has been also examined. 

 The primary findings of this research can be summed up as follows: 

The results show that the stability responses of functionally graded (FG) beams are accurately 

predicted by the developed finite element SHSDT. 

 

 With an increase in the volume fraction exponent 𝑝, the critical buckling load reduces. 

 The greater the length-to-thickness ratio, the higher the critical buckling load. 

 The various boundary conditions have a major impact on the beam's buckling 

characteristics. 

 As the length-to-thickness ratio increases, the dimensionless thermal critical buckling 

temperature drops. 
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Perspectives: 

 From a perspective, the SHSDT element will be used to analyze the vibration response of FG 

beams in thermal setting. This model will also be used to analyze dynamic, buckling, and static 

behaviors on different types of FG structures.  

Finally, this doctoral work contributes to the development of novel theories and finite elements 

for the analysis of FG structure behavior by the LGEM and EVRANZA laboratories. 
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