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ABSTRACT

This memory investigates the application of the

Caputo-Fabrizio derivative for modeling and analyzing

nonlinear electrical circuits. Traditional methods often

struggle to accurately capture the complex dynamics of these

systems, especially when dealing with memory effects and

fractional-order behavior. The Caputo-Fabrizio derivative, a

non-singular fractional derivative, offers a robust and efficient

alternative for addressing these challenges.

When employing the Caputo-Fabrizio derivative and

applying it to nonlinear electrical circuits, the results

demonstrated that optimal and systematic solutions are

obtained when α → 1.

Keywords: Caputo Fabrizio , Fractional derivative ,

Electrical circuit.
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Chapter 1

Introduction

Fractional calculus is a collection of relatively little-known mathemati-

cal results concerning generalizations of differentiation and integration

to noninteger orders. While these results have been accumulated over

centuries in various branches of mathematics, they have until recently

found little appreciation or application in physics and other mathemati-

cally oriented sciences. This situation is beginning to change, and there

are now a growing number of research areas in physics which employ

fractional calculus.It is considered a aspecial branch of applied analyzis

wich deals with derivative of arbitrary order, In this study our main

objective was to analyze the Investigating nonlinear electrical circuits

employing the Caputo-Fabrizio derivative.

In chapter 1 We have provided on overview of fractional calculus and

introduced various fractional derivatives (Riemann-Liouville, Mittag-

Leffler, Caputo, Caputo-Fabrizio) along with their properties.

In chapter 2 We also discussed the significance of electricity in physics

and the key concepts employed in the study of electrical phenomena.

Furthermore, we delved into RC, RL, and LC electrical circuits, explor-

ing their functioning mechanisms and associated differential equations.

In chapter 3 When employing the Caputo-Fabrizio derivative and

applying it to nonlinear electrical circuits.

Finally, We end up with general conclusion and perspectives.
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Chapter 2

Some Fundamental Aspects of
Fractional Calculus

2.1 INTRODUCTION:

Fractional calculus, a branch of mathematics as old as traditional calcu-

lus, has long been a niche subject within the scientific and engineering

communities. Its unique ability to describe non-local phenomena, con-

sidering the history and distributed effects of systems, holds immense

potential for understanding the complexities of nature.The concept of

fractional calculus emerged from a curious question posed by L’Hopital

to Leibniz in 1965. In a letter dated September 30th, L’Hopital sought

clarification on a notation Leibniz used to represent the nth derivative

of a function:

Dnf (x)

Dxn
(2.1)

Intrigued by the question, L’Hopital pondered what the result would

be if n were equal to 1
2 . Leibniz’s response, ”an apparent paradox from

which one day useful consequences will be drawn,” marked the birth of

fractional calculus.

Over the past three centuries, research has shown the wisdom of

Leibniz’s prediction. While initially considered paradoxical, fractional

calculus has blossomed into a valuable tool, particularly in the 20th

century. Its applications are numerous and its mathematical foundations

are as rigorous as those of integer-order calculus.
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CHAPTER 2. SOME FUNDAMENTAL ASPECTS OF FRACTIONAL
CALCULUS 2.2. THE BASIC FUNCTION OF CALCULUS

2.2 The basic function of calculus

2.2.1 Gamma Function:

The Gamma function Γ(z) is the most widely used of all the special

functions:

It is usually discussed first because it appears in almost every inte-

gral or series Representation of other advanced mathematical functions.

The first occurrence of The gamma function happens in 1729 in a cor-

respondence between Euler and Goldbach. We take as its definition the

integral formula due to Legendre (1809)

Γ(x) =

∫ ∞

0

uz−1e−u du, Re(z) > 0 (2.2)

This integral representation is the most common for Γ(z), even if it

is valid only in the Right half-plane of C.

Analytical continuation to the left hemiplane is possible in different

ways. As will be Shown below, the domain of analyticity DΓ of Γ(z)

turns out to be

DΓ = C− [0,−1,−2, ....] (2.3)

2.2.1.1 Properties of the gamma function:

Among the properties of the gamma function:

• The serial property:

Γ(x+ 1) = xΓ(x)∀x ̸= 0 (2.4)

• Sequence property:

If it is a positive integer, then:

Γ(n+ 1) = n! (2.5)

• Repetition property:
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CHAPTER 2. SOME FUNDAMENTAL ASPECTS OF FRACTIONAL
CALCULUS 2.2. THE BASIC FUNCTION OF CALCULUS

Γ(n)Γ(n+
1

2
) = 21−2n

√
πΓ(2n) (2.6)

Γ(n)Γ(1− n) =
π

sin(nπ)
(2.7)

Some special cases of the gamma function:

• Γ(0) = ∞

• Γ(12) =
√
π

• Γ(1) = 1

• Γ(−1
2) = −2

√
π

• Γ(n+ 1
2) =

(2n)!
√
π

4nn!

• Γ(n− 1
2) =

(2(n−1))!
√
π

4n−1(n−1)!

Important note: Cannot be found Γ(n) if it is a negative integer.

2.2.2 Beta Function:

2.2.2.1 Deffinition:

The beta function is a type of Euler integral defined for all complex

numbers x and y

It is a knowledge as follows:

β(x, y) =

∫ 1

0

tx−1(1− t)y−1dt, ( Re(x) > 0,Re(y) > 0) (2.8)

Beta function has several forms of integration, which is:

β(x, y) = 2

∫ π
2

0

sin2x−1 θ cos2y−1 θdθ (2.9)

β(x, y) =

∫ ∞

0

tx−1

(1 + t)x+y
dt (2.10)

Beta -Olear is a representative function:
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CHAPTER 2. SOME FUNDAMENTAL ASPECTS OF FRACTIONAL
CALCULUS 2.2. THE BASIC FUNCTION OF CALCULUS

β(x, y) = β(y, x) (2.11)

The Beta -Euler function is fulfilled the following equations:

β(x, y)β(x+ y, 1− y) =
π

x sin(yπ)
(2.12)

β(x, y + 1) =
y

x+ y
β(x, y) (2.13)

β(x, x) = 21−2xβ(
1

2
, x) (2.14)

The relationship between Gamma function and Beta Euler:

β(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
(2.15)

2.2.3 Mettag Leffler Equation:

In the field of calculating and fractures, the Mittag Lefler function is

already similar as it is the proper function in calculating the differenti-

ation and integration.

2.2.3.1 Definition:

Mittag Leffler is a special function, a complex function which depends

on two complex parameters α and β. It may be defined by the following

series when the real part of α is strictly positive:

Eα,β(x) =
+∞∑
n=0

xn

Γ(nα + β)
(x ∈ C) (2.16)

It is also common to represent the Mettag Leffler function with a

parameter α as follows:

Eα(x) =
+∞∑
n=0

xn

Γ(nα + 1)
(x ∈ C) (2.17)

For example:
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CHAPTER 2. SOME FUNDAMENTAL ASPECTS OF FRACTIONAL
CALCULUS 2.3. FRACTIONAL INTEGRATION:

E1(x) =
∞∑
k=0

xk

Γ(k + 1)
=

∞∑
k=0

xn

k!
= ek (2.18)

E1,2(x) =
∞∑
k=0

xk

Γ(k + 2)
=

1

x

∞∑
k=0

xk+1

(k + 1)!
=

ex − 1

x
(2.19)

E1,3(x) =
∞∑
k=0

xk

Γ(k + 3)
=

1

x2

∞∑
k=0

xk+1

(k + 2)!
=

ex − 1− x

x2
(2.20)

cosh(x) = xE2,1(z
2) (2.21)

The derivative of the Mittag-Leffler function is:

E
(k)
α,β(x) =

+∞∑
n=0

(n+ k)!xn

n!Γ(αn+ αk + β)
(2.22)

Some integrals for the Mettag-Leffler function is:

∫ +∞

0

e−pttαk+β−1E
(k)
α,β(±atα)dt =

k!pα−β

(pα ∓ a)k+1
;ℜ(p)⟩ |a|

1
α (2.23)

1

Γ(v)

∫ x

0

(x− t)v−1Eα,β(λt
α)tβ−1dt = xβ+v−1Eα,β+v(λx

α); β⟩0, v⟩0

(2.24)

2.3 Fractional integration:

2.3.1 Definition:

The fractional integral in the Riemann-Leoville concept is given by:

Iαf(x) =
1

Γ(α)

∫ x

0

(x− t)α−1f(t)dt (2.25)

Where α ∈ R+ and Γ(α) Gamma Euler function.
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CHAPTER 2. SOME FUNDAMENTAL ASPECTS OF FRACTIONAL
CALCULUS 2.4. FRACTIONAL DERIVATIVES:

2.4 Fractional derivatives:

There are many definitions that have been established for the fractional

derivative, which we will mention:

2.4.1 Riemann Liouville

2.4.1.1 definition:

The Riemann-Liouville fractional derivative is one of the most common

used definitions of fractional derivatives. Given a function f(x)defined

for x >= α, where α is any real number, and α is a real number, the

Riemann-Liouville fractional derivative of order α is defined as follows :

Dαf(x) =
1

Γ(n− α)

dn

dxn

∫ x

a

(x− t)n−α−1f(t)dt (2.26)

where n is the smallest integer greater than α, and Γ denotes the

gamma function.

This definition integrates the function f(t) over the interval [a, x]

and then takes the ordinary nth derivative with respect to x, where n

is chosen such that n > α.

Theprefactor 1
Γ(n−α) is used to normalize the derivative.

where:

n− 1 < α < n (2.27)

Table that provides derivatives of various functions according to the

definition of Riemann Liouville:

f(x) RL
0 Dα

xf(x)
RL
0 D

1
2
xf(x) RL

0 D1
xf(x)

c c
Γ(1−α)x

−α − c
2
√
πx 0

xm Γ(m+1)
Γ(−α+m+1)x

−α+m Γ(m+1)

Γ(m+ 1
2 )
x−

1
2+m mx−1+m

esx x−αE1,1−α(λx
2) x−

1
2E1, 12

(sx) sesx

cosh(
√
λx) x−αE2,1−α(λx

2) x−
1
2E2, 12

(λx2) −
√
λ sin(

√
λx)
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CHAPTER 2. SOME FUNDAMENTAL ASPECTS OF FRACTIONAL
CALCULUS 2.4. FRACTIONAL DERIVATIVES:

2.4.2 Riesz :

2.4.2.1 deffinition:

The fractional derivative of Riesz is defined as follows:

RDα
xf(x) =

1

2Γ(α) cos(απ2 )

∫ +∞

−∞
(x− t)α−1f(t)dtα (2.28)

where:

α ∈ ]0, 2] {1} (2.29)

The other form of a Reisz derivative is known as follows:

RDα
xf(x) = Γ(1 + α)

sin(π2 )

π

∫ +∞

0

f(x+ t)− 2f(x) + f(x− t)

tα+1
dt (2.30)

where:

α ∈ ]0, 2] (2.31)

Table that provides derivatives of various functions according to the

definition of Riesz

f(x) RDα
xf(x)

RD
1
2
xf(x) RD2

xf(x)

c 0 0 0

eisx − |s|α eisx − |s|
1
2 eisx −s2eisx

cos(sx) − |s|α cos(sx) − |s|
1
2 cos(sx) −s2 cos(sx)

sin(sx) − |s|α sin(sx) − |s|
1
2 sin(sx) −s2 sin(sx)

2.4.3 Caputo:

2.4.3.1 definition:

The fractional derivative of order α for the functionf(x) defined by Ca-

puto as follows:

c
aD

α
xf(x) =

1

Γ(n− α)

∫ x

a

(x− t)n−α−1f (n)(t)dt (2.32)
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CHAPTER 2. SOME FUNDAMENTAL ASPECTS OF FRACTIONAL
CALCULUS 2.4. FRACTIONAL DERIVATIVES:

where:

0 ≤ n− 1α < n (2.33)

Table that provides derivatives of various functions according to the

definition of caputo:

f(x) C
0 D

α
xf(x)

C
0 D

1
2
xf(x) CF

0 D1
xf(x)

c 0 0 0

xm Γ(m+1)
Γ(m−α+1)x

m−α Γ(m+1)

Γ(m+ 1
2 )
xm− 1

2 mx−1+m

esx snxn−αE1,n−α+1α(sx) snx
1
2E1, 32

(sx) sesx

cosh(bx) bnxn−1

2 (E1,n−α+1(−bx) +

(−1)n ∗ E1,n−α+1(−bx))

b
2(E1, 32

(bx)− E1, 32
(−bx)) −b sinh(bx)

[1]

2.4.4 Caputo fabrizio:

2.4.4.1 definition:

There are difficulties in the previous definitions as a result of some-

what complex sporting expression and the complications of solutions

that are suitable for breakage equations. Michelle Caputo and Mauro

Fabrizio have suggested a new definition of the fracture derivative.Which

assumes two different representations of the temporal and spatial vari-

able.The first representation operates on time variables. Since the real

power in solutions of the usual fractional derivative will turn into an

integer power with simplification in narrowing and calculations in this

framework, it is convenient to use the Laplace transform, but for the

second representation. It is related to spatial variables, and is therefore

a non-local derivative, suitable for use with immediate transformations,

And they modified Caputo’s definition,So they got the following:

Dα
xg(x) =

(2− α)M(α)

2(1− α)

∫ x

0

g(p) exp

(
−α

x− p

1− α

)
dp (2.34)

In this case, represents the degree of derivation 0 < α ≤ 1, and M(α)

normalization constants vary according to α.

In equation Losada and Nieto proposed [2]solutions to the fractional

(2.34)differntial equations shown below by utilizing the definition of fab-

rizio caputo presented in equation:
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CHAPTER 2. SOME FUNDAMENTAL ASPECTS OF FRACTIONAL
CALCULUS 2.4. FRACTIONAL DERIVATIVES:

Dα
xg(x) = u(x) (2.35)

and they deduced that :

g(x) =
2(1− α)M(α)

(2− α)
[u(x)− u(x)] +

2α

(2− α)M(x)

∫ x

0

u(s)ds+ g(0)

(2.36)

In order to normalize, we will take the following steps[2]:

2M(α)

(2− α)
= 1 (2.37)

Accordingly, equation (2.35) can be solved as follows:

g(x) = (1− α) [u(x)− u(x)] + α

∫ x

0

u(s)ds+ g(0) (2.38)

Table that provides derivatives of various functions according to the

definition of caputo fabrizio:

f(x) CF
0 Dα

xf(x)
CF
0 D

1
2
xf(x) CF

0 D1
xf(x)

c 0 0 0

xm mM(α)
1−α (α−1

α )m+1e−
α

1−αx(Γ(m+

1)− Γ(m+ 1, x))

2
3me−x(−1)m+1(Γ(m +

1)− Γ(m+ 1, x))

mx−1+m

esx sM(α)
α+s(1−α)(e

sx − e
−α
1−αx) 2sM(α)

1+s (esx − ex) sesx

cosh(bx) bM(α)
α2+b2(1−α)2 (α sinh(bx) −
b(α − 1) cosh(bx) −
1−α
M(α)e

−αx
1−α)

2b(sinh(bx)−b cosh(bx)−3e−
x
4

3(1+b2) −b sinh(bx)

2.4.5 Properties of the fractional derivative:

The fractional derivative is a linear operation[1]:

Dα
x(λf(x) + µg(x)) = λDα

xf(x) + µDα
xg(x) (2.39)

Leibniz’s law in the general case:
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CHAPTER 2. SOME FUNDAMENTAL ASPECTS OF FRACTIONAL
CALCULUS 2.4. FRACTIONAL DERIVATIVES:

Dα
x(f(x).g(x)) =

n∑
k=0

(
n

k

)
f (n)(x)Dα−kg(x)−Rα

n, n ≥ α + 1 (2.40)

where:

Rα
n =

1

n!Γ(−α)

∫ x

a

(x− t)g(t)dt

∫ x

t

f (n+1) (ξ)n dξ (2.41)

limRα
n = 0 (2.42)

2.4.5.1 The Other properties of fractional derivatives:

The fractional derivative of a fractional integral of the same degree:

aD
α
xI

α
x f(x) = f(x)/ℜ(α) (2.43)

Check the integration semantics of the quasigroup property:

aI
α
xaI

β
x f(x) =a I

α+β
x f(x) (2.44)

The degrees of fractional derivation (real or complex)of the quasigroup

property are realized only under certain conditions:

0D
α
x0D

β
xf(x) =0 D

α+β
x f(x)/a = 0 (2.45)

aD
n
xaD

α
xf(x) =a D

n+α
x f(x)/n ∈ N, α ∈ R+ (2.46)

When α = n/n ∈ N , aD
α
xbecomes the same definition of the classical

fractional derivative.

In order to α = 0

aD
0
xf(x) = f(x) (2.47)

If f(x) is analytic at x , then aD
α
xf(x) analytic at x[1].
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Chapter 3

The classical study of some
electrical phenomena

3.1 INTRODUCTION:

The importance electricity in physics as it powers various aspects of

modern life and technology. It is essential for operating appliances,

transportation, and communication systems. In the field of physics,

studying electricity helps understand its applications and impact on

daily life, from heating to industrial machinery. Moreover, electricity,

plays a fundamental role in the functioning of the human body, power-

ing processes like cellular work through electric charges and influencing

growth and regeneration. Understanding electricity is key to compre-

hending the intricate workings of the physical world and its significance

in both biological and technological realms[3].

3.2 basic concepts in electricity:

3.2.1 Electric charge:

Electric charge is a fundamental property of matter that results from

an imbalance between the number of protons and electrons in an atom,

leading to positive or negative charges. It is quantized in integer mul-

tiples of the elemantary charge. Electric charge repelling. the unit of

electric charge is the coulomb, and it plays a pivotal role in physics,

influencing the behavior of charged particles in electric and magnetic

fields[4].

q = 1, 06× 10−19C (3.1)
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CHAPTER 3. THE CLASSICAL STUDY OF SOME ELECTRICAL
PHENOMENA 3.2. BASIC CONCEPTS IN ELECTRICITY:

3.2.2 Electric current:

An electric current is the flow of charged particles, like elerctrons or

ions, through a conductor or space, defined as the net rate of electric

charge flow through a surface, It measured in amperes (A) and is a

fundamental quantity in the International System of Units.There are two

main types of electric current so that DC in a constant direction while

AC periodically reverses direction. Both have important applications in

electrical systems and power transmission.It is calculated in the following

way[4]:

I =
dq

dt
(3.2)

3.2.3 Voltage:

Voltage in physics is the difference in electrostatic potential between two

points, driving electric current. It’s measured in volts (V ) and symbol-

ized by V or E. Voltage is not the movement itself but the force behind

it, crucial for current flow in circuits. Alessandro Volta’s work led to

the unit of measurement, the volt. Voltage can be direct or alternating,

influencing current flow. Ohm’s Law relates voltage, current, and resis-

tance in circuits[5].

3.2.4 Power:

the power in physics refers to the rate at wich work done or energy is

transferred or converted per unit time. It is a fundamental concepts in

physics and is measured in watts (W ), where one watt is equal to one

joule per second. Power can be calculated using the formula:

P =
dw

dt
(3.3)

P =
E

t
(3.4)

Where P is power, W is work, and t is time[6].
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CHAPTER 3. THE CLASSICAL STUDY OF SOME ELECTRICAL
PHENOMENA 3.3. BASIC ELEMENTS:

3.3 Basic elements:

3.3.1 Capacitor:

A capacitor is a device that stores electrical energy by accumulating

electric charges on two closely spaced surfaces that are insulated from

each other. It consists of two conductors in close proximity and insu-

lated from each other, with the capacitance directly proportional to the

capacitance directly proportional to the surface areas of the plates and

inversely proportional to the separation between them. The standard

unit of capacitance is the farad, with more common units being the mi-

crofarad and picofarad. Capacitors are crucial components in electronic

circuits, used for various applications like storing energy, filtering sig-

nals, and maintaining information in computer memories.

3.3.1.1 Capacitor types:

Fixed Capacitor:

• Ceramic capacitors

• Film and paper capacitors (e.g.polypropylene, polycarbonate)

• Electrolytic capacitors(aluminum, tantalum, niobium)

• Mica capacitors

• Glass capacitors

• Printed circuit board capacitors

Variable capacitor:

• Tuning and trimming capacitors

• Varactor diodes

Specialized Capacitors:

• Supercapaciors(double layer and pseudocapacitors)

• Power capacitors
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CHAPTER 3. THE CLASSICAL STUDY OF SOME ELECTRICAL
PHENOMENA 3.3. BASIC ELEMENTS:

• Coupling/decoupling/bypassin g capacitors

• Snubber capacitors

• Gimmick capacitors (twisted wires)

3.3.1.2 The properties of capacitors:

• Capacitance: Describes a capacitor’s ability to store electrical en-

ergy based on the given voltage, influenced by electrode area, sep-

aration, dielectric permittivity, and dipole formation.

• Working Voltage: Maximum DC or AC voltage a capacitor can

handle without failure.

• Tolerance: Range within which capacitance can vary from the no-

mial value.

• Leakage current: Small current that leaks through the dielectric.

• Working Temperature: Temperature range affecting capacitance.

• Polarization: Correct polarity required for voltage connection.

• Type: Capacitors can be polarized or non polarized, with ceramic

capacitors being non polarized and suitable for both AC and DC

circuits.

3.3.2 Resistance:

3.3.2.1 Definition:

Resistance is the opposition that a substance offers to the flow of electric

current. It is measured in ohms (Ω) and is represented by the uppercase

letter R. Resistance is a fundamental property in electrical circuits,

influencing the flow of current and the behavior of components. When an

electric current passes through a component with a potential difference

(voltage) of one volt, and the resistance of that component is one ohm,

it signifies the resistance’s value.
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CHAPTER 3. THE CLASSICAL STUDY OF SOME ELECTRICAL
PHENOMENA 3.3. BASIC ELEMENTS:

3.3.2.2 Resistance types:

• Fixed Resistors: These resistors have a constant resistance value

and are widely used in various applications.

• Variable Resistors: These resistors allow for the adjustment of re-

sistance values, unlike fixed resistors.

The resistance type is determined by whether the resistance value

remains constant (fixed resistors) or can be adjusted (variable resistors)

based on the application’s requirments.

3.3.2.3 Resistance properties:

The properties of resistance include:

• Static Resistance: Correespnds to the usual definition of rsesis-

tance, where

Rstatic =
U

I
(3.5)

It determines power dissipation in electrical components.

• differential Resistance: The derivative of voltage with respect to

current

Rdiff =
dU

dI
(3.6)

Crucial for devices like tunnel diodes and Gunn diodes.

• Linear an Non Linear Resistors: Linear resistors follows Ohm’s law,

while non linear resistors like thermistors and varistors exihibit re-

sistance changes with voltage or temperature.

• Conductors and Resistors: Conductors allow electricity flow, while

resistors like wire wound and thin film resistors regulate current

and voltage in circuit.
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PHENOMENA 3.3. BASIC ELEMENTS:

3.3.3 Electromagnitic coil:

3.3.3.1 Definition:

An electromagnetic coil is an electrical conductor, typically a wire, that

is wound into a coil or spiral shape. When an electric current flows

through the coil, it generates a magnetic field around the coil

. The strength of the magnetic field produced is proportional to the

amount of current flowing through the coil and the number of turns in

the coil.

3.3.3.2 The electromagnetic coil types:

the main types of electromagnetic coils are:

• Coil Types by Core Material:

Ferromagnetic-core or iron-core coil:

• Has a magnetic core made of ferromagnetic materials like iron,

which can increase the magnetic field and inductance of the coil

by hundreds or thousands of times

• Ferrite-core coil: A type of ferromagnetic-core coil with a core made

of ferrite, a ferrimagnetic ceramic compound. Ferrite cores have

lower core losses at high frequencies .

• Air-core coil: A coil without a ferromagnetic core, just wound on

a non-magnetic form like plastic. These have lower magnetic field

and inductance compared to coils with magnetic cores .

• Coil Types by Core Geometry:

Closed-core coil: The magnetic core forms a closed loop, possibly

with some narrow air gaps. This minimizes magnetic reluctance and

produces the strongest magnetic field. Common forms include toroidal

core coils .

Open-core coil: The core is a straight bar or other non-loop shape.

This has lower magnetic field and inductance than a closed core, but

can prevent magnetic saturation .

• Other Coil Types:
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Solenoid: A cylindrical coil that generates a uniform magnetic field

when an electric current is passed through it .

Toroidal electromagnetic coils: Coils wound around a toroidal (doughnut-

shaped) core.

U-shaped electromagnetic coils: Coils wound around a U-shaped core.

Choke electromagnetic coil: A coil used to suppress high-frequency

signals in electronic circuits .

3.3.3.3 The properties of electromagnetic coil:

The properties of an electromagnetic coil is:

• Number of turns: the more turns of wire in the coil, the stronger

the magnetic field produced for a given current. The magnetic field

strength is proportional to the numbere of amper turns (current ×
number of turns) .

• Wire size: Thicker wire can carry more current, producing a stronger

magnetic field. However, more turns of thinner wire can also in-

crease the field.

• core material: inserting a ferromagnetic core like iron into the coil

can increase the magnetic field by hundred or thousands of times

compared to an air core. The core material’s permeability is a key

factor.

• coil shape: Closed core coils like toroids provide a low reluctance

path for the magnetic field, maximizing the field strength. Open

core coils have lower fields but prevent core saturation.

• Frequency: The coil’s inductance and impedence depend on the fre-

quency of the AC current. Higher frequencies increase impedance

and reduce the current and magnetic field.

• Resistance: The coils resistance limits the current and magnetic

field strength. Resistance depends on wire length, thickness, and

material[7].
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3.4 The circuit RC:

3.4.1 Deffenition:

The circuit RC is an electrical circuit composed of a resistor (R) and

a capacitor (C) typically connected in series or in parallel. In a series

configuration, the RC circuit is used to create electronic filters like low-

pass or high-pass filters. In a parallel, This configuration is generally

not intersting with DC voltages or currents.

In a series RC circuit with a generator, the current flowing through

the circuit passes through both the resistor and the capacitor sequen-

tially. The resistor resists the current flow, while the capacitor stores

energy. The voltage across the capacitor rises rapidly at first and then

follows an exponential charging curve as the capacitor charges up. The

time constant (τ) of the circuit is defined as RC, where R is the resis-

tance and C is the capacitance. This time constant represents the time

it takes for the capacitor to charge or discharge to a certain percentage

of its maximum value.

3.4.2 Microscopic explanation:

3.4.2.1 with a generator:

The microscopic explanation of the charging phenomenon with a gener-

atotr:

The process of charging a capacitor with a generator in an RC circuit

involves the transfer of electrical energy to the capacitor through the

resistor. Here is an overview of the process:

• Connection: The capacitor is connected to the generator in a circuit

configuration that allows the transfer of electrical energy from the

generator to the capacitor.

• Charging: When the generator is activated, it produces an electric

current that flows into the capacitor. This current charges the

capacitor by accumulating positive charge on one plate and negative

charge on the other plate, separated by an insulator.the microscopic

interpretation of charging a capacitor involves understanding the

flow of electrons and the separation of charges within the capacitor
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when it is connected to a voltage source like a generator. Here are

the key points:

• Electron Flow: When the capacitor is connected to the generator,

electrons flow from the negative terminal of the generator to one

plate of the capacitor. This creates an excess of electrons on that

plate, giving it a negative charge.

• Charge Separation: The flow of electrons leaves the other plate

of the capacitor with a deficiency of electrons, giving it a positive

charge. This separation of positive and negative charges across the

insulating material between the plates is what stores energy in the

capacitor.

• Dielectric Polarization: The insulating material between the capac-

itor plates, called the dielectric, becomes polarized. The electric

field created by the separated charges causes the atoms in the di-

electric to align, with the positive nuclei shifting slightly toward

the negatively charged plate and the electrons shifting toward the

positively charged plate.

• Capacitance and Voltage: The capacitance of the capacitor deter-

mines how much charge can be stored for a given voltage. Higher

capacitance means more charge can be stored. The voltage across

the capacitor is proportional to the amount of charge stored.

• Energy Storage: The capacitor stores the electrical energy in the

form of the separated charges on its plates. The amount of energy

stored depends on the capacitance of the capacitor and the voltage

applied by the generator.

• Discharge: The stored energy in the capacitor can be discharged

back into the circuit when needed. This discharge process involves

the release of the stored charge, which can power other components

in the circuit.

• Functionality: Capacitors charged by generators play a crucial

role in various applications, such as stabilizing power grids, re-

ducing voltage surges, and providing a quick source of energy when

required[6].
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3.4.2.2 Differential equation:

Differential equations withq(t):

From the law of collection of tensions we find:

UC + UR = E (3.7)

E =
q

C
(3.8)

E =
q

C
+R

dq

dt
(3.9)

By dividing by R we find:

E

R
=

1

R
q +

dq

dt
(3.10)

From the solution:

q = CE(1− exp− 1

RC
t) (3.11)

why:

q = Qmax (3.12)

The solution will be written as follows :

q = Qmax(1− exp = − 1

RC
) (3.13)

When:

t = 0 (3.14)

q = 0 (3.15)

When:

t = ∞ (3.16)
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q = Qmax (3.17)

The rest of the differential equation:

The differential equation The solution

i 1
RC i+

di
dt = 0 i = IO exp− t

τ

UC
1

RCUC + dUC

dt = E
RC UC = E(1− exp− t

τ )

UR
1

RCUR + dUR

dt = 0 UR = E(exp− t
τ )

[7]

The graphic curve :

Figure 3.1: The graphic curve of i,Uc,q solution

3.4.2.3 Without a generator:

The microscopic explanation of the charging phenomenon without a

generator:

Charging a capacitor without a generator can be achieved using elec-

tromagnetic induction. Follow these steps:

• Place the capacitor near a coil charged with an alternating current.
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• The capacitor will charge due to the induced magnetic field from

the charged coil.

• It will accumulate alternating positive and negative charges.

• Once charged, the capacitor will hold equal positive and negative

charges.

This method utilizes electromagnetic induction to charge the ca-

pacitor without a generator, allowing for efficient charging[6].

3.4.3 Differential equations:

with q(t)From the law of collection of tensions we find:

UC(t) + UR(t) = 0 (3.18)

When:

C =
q(t)

UC(t)
⇒ UC(t) =

q(t)

C
(3.19)

UR(t) = Ri(t) ⇒ UR(t) = R
dq(t)

dt
(3.20)

q(t)

C
+R

dq(t)

dt
= 0 (3.21)

By dividing by R we find:

1

RC
q(t) +

dq(t)

dt
= 0 (3.22)

It is an I degree differential equation ,The solution will be written as

follows :

q(t) = qmax exp−
t

τ
(3.23)

When:

t = 0 (3.24)

Where:

qmax = q0 = CE (3.25)
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The rest of the differential equation:

The differential equation The solution

UC
1

RCUC(t) +
dUC(t)

dt = 0 UC(t) = E exp− t
τ

UR
1

RCUR(t) +
dUR(t)

dt = 0 UR(t) = −E exp− t
τ

i 1
RC i(t) +

di(t)
dt = 0 i(t) = I0 exp− t

τ

[7]

The graphic curve :

Figure 3.2: The graphic curve of i,Uc,q solution

3.5 The circuit RL:

3.5.1 Deffinition:

An RL circuit, also known as an RL filter or RL network, is an electrical

circuit comprising a resistor (R) and an inductor (L) connected together,

driven by a voltage source or current source. In an RL circuit, the

resistor consumes energy, unlike an LC circuit, due to the presence of

a resistor. The time constant (τ) of an RL series circuit is defined as

the time taken for the current to reach its maximum steady state value,

with V
R representing the final steady state current value.
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3.5.2 Microscopic explanation:

3.5.2.1 with a genertor:

The microscopic explanation of the discharging involves the interaction

of electrons and the electrode gap. As the gap distance decreases, ac-

celerated electrons experience a shorter mean free path, influencing dis-

charge probability. In the case of LC pulse generators, energy storage

in the inductor from a low voltage supply affects the pulse duration and

discharge frequency, impacting the probability of discharge occurence.

Researches are exploring advanced switching devices to enhance pules

generator performance in EDM, aiming to increase removal efficiency

and machining capabilities[8].

3.5.2.2 Differential equations:

with i(t) From the law of collection of tensions we find:

UL(t) + UR(t) = 0 (3.26)

L
di(t)

dt
+ ri(t) +Ri(t) = E (3.27)

L
di(t)

dt
+ (R + r)i(t) = E (3.28)

By dividing by Lwe find:

di(t)

dt
+

[
R + r

L

]
i(t) =

E

L
(3.29)

It is an I degree differential equation ,The solution will be written as

follows :

avec:

i0 =
E

R + r
(3.30)

τ =
L

R + r
(3.31)
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i = I0(1− exp− t

τ
)

The rest of the differential equation:

The differential equation The solution

UR
R+r
L UR + dUR

dt = ER
L UR = RE

R+r(1− exp− t
τ )

UL
(R+r)

L UL + dUL

dt = rE
L UL = L i0

τ exp− t
τ + ri0(1− exp− t

τ )

[9]

The graphic curve :

Figure 3.3: The graphic curve of i,Ub,UR solution

3.5.2.3 without a genertor:

The microscopic explanation of the discharging involves the movement

of charge carries within a circuit. During discharging, in a circuit with-

out a generator, the stored electrical potential energy is released as the

charge carries move through the circuit, resulting in a flow of current.

This process occurs due to the redistribution of charges within the cir-

cuit, leading to a decrease in the stored energy and a discharge of the

system[8].
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3.5.2.4 Differential equations:

The differential equation without a generator:

From the law of collection of tensions we find:

UL(t) + UR(t) = 0 (3.32)

L
di(t)

dt
+ ri(t) +Ri(t) = 0 (3.33)

L
di(t)

dt
+ (R + r)i(t) = 0 (3.34)

By dividing by L we find:

di

dt
+

[
R + r

L

]
i = 0 (3.35)

It is an 1 degree differential equation ,The solution will be written as

follows :

i(t) = i0 exp−
t

τ
(3.36)

avec:

i0 =
E

R + r
(3.37)

The rest of the differential equation:

The differential equation The solution

uR
(R+r)

L UR + dUR

dt = ER
L UR = RI0(1− exp− t

τ )

UL
R+r
L UL + dUL

dt = 0 UL = −LI0
τ exp− t

τ + rI0 exp− t
τ

[9]

The graphic curve :
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Figure 3.4: The graphic curve of i,Ub,UR solution

3.6 The LC circuit:

3.6.1 definition:

An LC circuit, consisting of an inductor(L)and a capacitor (C) con-

nected in series, is commonly referred to as a tuned circuit, resonant

circuit, or tank circuit. (This clarifies the connection between the com-

ponents.)

3.6.2 The mecroscopic explanation:

When energy is supplied to an LC circuit, it oscillates back and forth

between the capacitor and the inductor:

• Charging the capacitor: Initially, the capacitor is charged with an

initial voltage. This creates an electric field within the capacitor.

• Discharging the capacitor: As the capacitor discharges, the current

flows through the inductor. This current creates a magnetic field

around the inductor.
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• Inductor discharging: When the capacitor is fully discharged, the

magnetic field in the inductor starts collapsing.

• Recharging the capacitor: The collapsing magnetic field induces a

current that charges the capacitor in the opposite direction.

• Cycle repeats: This process continues, and the energy oscillates

between the capacitor and inductor[10].

3.6.2.1 The differential equation:

From the law of collection of tensions we find:

Ub + UC = 0 (3.38)

and:

Ub = L
di

dt
(3.39)

L
di

dt
+ UC = 0 (3.40)

We know that:

i =
dq

dt
⇒ di

dt
=

d2q

dt2
(3.41)

and:

q = CUC (3.42)

UC =
q

C
(3.43)

From him:

L
d2q

dt2
+

q

C
= 0 (3.44)

by derevating by L :
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d2q

dt2
+

1

LC
q = 0 (3.45)

It is an 2 degree differential equation ,The solution will be written as

follows :

Q (t) = Qmax cos (ω0t+ φ) (3.46)

The rest of the differential equation:

The defferential equations The solution

UC
d2UC

dt2 + 1
LCUC = 0 UC (t) = Umax cos (ω0t+ φ)

i d2i
dt2 +

1
LC i = 0 i(t) = −Imax sin (ω0t+ φ)

[11]

Figure 3.5: The graphic curve of i,q,U solution
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Chapter 4

The fractional study of some
electrical phenomena

4.1 Introduction

In mathematics, fractional elements refer to specialized elements de-

scribed by fractional order calculus, extending beyond classical circuit

elements. Thse elements can be interpreted as a fractional electromag-

netic system, with impedance proportional to s , where s is a fractional

number. The electromagnetic interpretation alling eith classical circuit

elements when a equals 1 ,resembling inductors, capacitor , with re-

search exploring various methods like chemical reactions and graphene

materials. The study of fractional elements offers enhanced modeling

capabilities for complex systems within the realm of electrical circuits

and electromagnetic fields.

There are three main fractional elements discussed:

1. Fractional order inductor (FOI).

2. Factional order capacitor (FOC).

3. Fractional order mutual inductor.

These fractional elements are generalizations of the classical circuit

elements (resistor, capacitor, inductor) and are described by frac-

tional order calculus. Their impedance is proportional to s , where

s is the complex frequency and a is a fractional number.

When the fractional order equals an integer, the fractional order

element reduces to its classical couterpart:
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• For α = 0 , it behaves like a resistor

• For α = 1 , it behaves like a capacitor

• For α = −6 , it behaves like an inductor

4.2 Fractional RC electrical circuit:

The fractional circuit RC refers to a circuit model that incorporates frac-

tional order elements, specifically fractional order resistors and capaci-

tors. These elements are described using fractional calculus, extending

the traditional RC circuit model offers enhanced flexibility in simulat-

ing and analyziong systems, allowing for more accurate representation of

complex electrical behaviors, such as those exhibited by supercapacitors.

Researchers have employed various fractional derivative approaches, like

the caputo Fabrizio fractional derivative, to develop and analyze frac-

tional order RC circuits.

Figure 4.1: RC electrical circuit

By applying kirchoff’s laws we find that Q(T ) has the following dif-

ferential equation:

dq(t)

dt
+

1

RC
q(t) =

E

R
(4.1)

The solution to this first order differential equation can be found

here:
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q(t) = q0

(
1− exp

(
− t

RC

))
(4.2)

model the behavior of this circuit, Gomez et al. [12]proposed a frac-

tional differential equation:

R

σ
(1−α)
R

dαq(t)

dtα
+

1

C
q(t) = E (4.3)

Equation (4.3) can be rewritten as:

dαq(t)

dtα
=

σ
(1−α)
R E

R
−

σ
(1−α)
R

RC
q(t) (4.4)

where σR represents the parameter determining the fractional struc-

tures of R .

The Caputo-Fabrizio derivative provides a means to solve the frac-

tional differential equation (2.38). Following equation (4.4), the solution

is determined by:

q(t) = −(1−α)
σ
(1−α)
R

RC
[q(t)− q(0)]+α

∫ t

0

[
σ
(1−α)
R E

R
−

σ
(1−α)
R

RC
q(s)

]
ds+q(0)

(4.5)

The solution can be obtained directly by solving the ordinary differ-

ential equation that results from differentiating the previous equation:

[
1 + (1− α)

σ
(1−α)
R

RC

]
dq(t)

dt
+ α

σ
(1−α)
R

RC
q(t) = α

σ
(1−α)
R E

R
(4.6)

The solution to the preceding equation is given by:

q(t) = q0

[
1− exp

(
− t

τ

)]
(4.7)

Where:

τ =

RC

[
1 + (1− α)

σ
(1−α)
R

RC

]
ασ

(1−α)
R

(4.8)
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represents a fractional time constant.

Substituting the charge expression given by equation (4.8) into equa-

tion (4.6) results in:

q0 = CE (4.9)

Fig.2 illustrates the charge evolution in the RC circuit over time for

α = {1, 0.8, 0.6, 0.4} .

Figure 4.2: We plotted the normalized charge q
q0

for different fractional order values

α = {1, 0.8, 0.6, 0.4} while keeping the time constant (RC) at 1.

• The curve maintains its general shape for all α values, being iden-

tical to the non-fractional case.

• q0 is invariant with respect to α and is solely a function of E andC.

• The fractional order α influences the time constant τ .

• The time constant τ is inversely proportional to the fractional order

α.

4.3 Fractional RL electrical circuit:

Consider an RL circuit comprising an inductor (L) and a resistor (R)

connected in series.

Kirchhoff’s voltage law states that the algebraic sum of all voltages

around any closed loop in a circuit must equal zero. This principle leads

to the following differential equation:
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Figure 4.3: RL electrical circuit

L
di(t)

dt
+Ri(t) = E (4.10)

The solution to this differential equation is:

i(t) =
E

R

[
1− exp

(
−R

L
t

)]
(4.11)

For this circuit, the fractional differential equation is given by:

L

σ
(1−α)
L

dαi(t)

dtα
+Ri(t) = E (4.12)

To solve the fractional differential equation presented above using the

Fabrizio derivative, we employ the same method used in the previous

section to solve the prior differential equation.

So,

i(t) = − (1− α)
Rσ

(1−α)
L

L
[i (t)− i (0)]+α

∫ t

0

[
σ
(1−α)
L E

L
−

Rσ
(1−α)
L

L
i (s)

]
ds+i (0)

(4.13)

The first derivative of the last equation with respect to t is:

[
1 + (1− α)

Rσ
(1−α)
L

L

]
di(t)

dt
+ α

Rσ
(1−α)
L

L
i(s) = α

σ
(1−α)
L E

L
(4.14)

The solution of this differential equation is:
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i(t) = I0

[
1− exp

(
− t

τ

)]
(4.15)

Where:

τ = α
Rσ

(1−α)
L

L

[
1 + (1− α)

Rσ
(1−α)
L

L

] (4.16)

Employing equations (4.14) and (4.15), we can derive the value of I0
, which is:

I0 =
E

R
(4.17)

The electric current fluctuations in the RL circuit are plotted against

time in Figure 4. These plots demonstrate that the peak current, i0, is

unaffected by the derivation parameter, α. However, the time constant,

τ , exhibits a reduction as α is increased.

Figure 4.4: The plots depict the normalized current, I
I0
, for α = {1, 0.8, 0.6, 0.4} and

a constant R
L
value of 1.

4.4 Fractional LC electrical circuit:

An electrical circuit consists of a capacitor (capacitance C, initial charge

q0) and an inductor (inductance L). The circuit is closed at t = 0.

The differential equation describing the change in charge, q, over time

is:
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Figure 4.5: LC electrical circuit

d2q(t)

dt
+

1

LC
q(t) = 0 (4.18)

The solution of equation (4.18) is:

q(t) = q0 cos (w0t) (4.19)

Where:

w2
0 =

1

LC
(4.20)

An LC circuit containing a fractal element is described by the fol-

lowing fractional differential equation [13]:

L

σ
2(1−α)
L

d2αt

dt2α
+

1

C
q (t) (4.21)

In Equation (4.21), σR represents the parameter that characterizes

the fractional structure of L. This equation can be rewritten as:

dα

dtα
f (t) = −

σ
2(1−α)
L

LC
q (t) (4.22)

Where:

f (t) =
dαq (t)

dtα
(4.23)
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Equation (4.22) is used to derive the solution of the fractional equa-

tion (2.38) with the Caputo-Fabrizio derivative:

f (t) = − (1− α)
σ
2(1−α)
L

LC
[q (t)− q (0)]− α

σ
2(1−α)
L

LC

∫ t

0

q (s) ds+ f (0)

(4.24)

To obtain q(t), solve the following equation:

f (t) =
dαq (t)

dtα
(4.25)

Then:

q (t) = (1− α) [f (t)− f (0)] + α

∫ t

0

q (s) ds+ f (0) (4.26)

The second derivative of the last equation with respect to the inde-

pendent variable is:

d2q (t)

dt2
= (1− α)

d2f (t)

dt2
+ α

df (t)

dt
(4.27)

When we replace the second derivative,d
2f(t)
dt2 , and the first derivative,df(t)dt

, with their corresponding expressions, we get:

df (t)

dt
= − (1− α)

σ
2(1−α)
L

LC

dq (t)

dt
− α

σ
2(1−α)
L

LC
q (t) (4.28)

d2f (t)

dt2
= − (1− α)

σ
2(1−α)
L

LC

d2q (t)

dt2
− α

σ
2(1−α)
L

LC

dq (t)

dt
(4.29)

We find:

(
LC + (1− α)2 σ

2(1−α)
L

) d2q (t)

dt2
+2α (1− α)2 σ

2(1−α)
L

dq (t)

dt
+α2σ

2(1−α)
L q (t) = 0

(4.30)

We can find a specific solution to the last equation that takes the

following form:
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q (t) = A exp (rt) (4.31)

So, equation (4.30) becomes:

(
LC + (1− α)2 σ

2(1−α)
L

)
r2+2α (1− α)2 σ

2(1−α)
L r+α2σ

2(1−α)
L = 0 (4.32)

It can be easily verified that the last equation is satisfied by the

following solutions:

{
r1 = −λ− iω

r2 = −λ+ iω
(4.33)

Where:

λ =
α (1− α)σ

2(1−α)
L(

LC + (1− α)2 σ
2(1−α)
L

) (4.34)

ω =
ασ

(1−α)
L

√
LC(

LC + (1− α)2 σ
2(1−α)
L

) (4.35)

q (t) = A exp (−λt) cos (ωt+ φ) (4.36)

If we consider the following initial conditions:

q (t) = q0; t = 0 (4.37)

dq (t)

dt
= 0; t = 0 (4.38)

We get:

A =
q0

cos (φ)
(4.39)

φ = α tan

(
−λ

ω

)
(4.40)

It is important to observe that the familiar results are obtained when

α = 1.
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Figure 6, you can see how the charge changes with time for different

values of α : 1, 0.8,and 0.6.

Figure 4.6: presents plots of the normalized charge, q
q0
, for various values of the

parameterα(α = {1, 0.8, 0.6, 0.4}) with a fixed LCproduct of 1.

Figure 6 presents plots of the normalized charge, q
q0
, for various values

of the parameterα(α = {1, 0.8, 0.6, 0.4}) with a fixed LCproduct of 1.

• For α = 1, theLCcircuit exhibits sinusoidal oscillations.

• However, when α < 1, the oscillations become damped, eventually

reaching zero.
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Chapter 5

Conclusion

Starting with a brief overview of fractional derivatives, this memoran-

dum examines the role of electrical phenomena in physics before con-

cluding with the application of the Caputo-Fabrizio derivative to RC,

RL, and LC circuits equation.We have derived solution equations for the

fractional differential equations by first transforming them into a linear

integral equation. These solutions reduce to the standard ones when

α −→ 1.
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