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Abstract

In light of the swift advancement of wireless communication technologies, smart antenna
systems have become essential tools for enhancing signal transmission and reception.
These systems combine multiple antenna elements with sophisticated signal processing
algorithms, including beamforming and Direction of Arrival (DoA) estimation, allowing
them to adapt dynamically to their surroundings. Important DoA estimation methods
such as MUSIC, ESPRIT, and Min-Norm are assessed, along with improvement tech-
niques like spatial smoothing and Toeplitz matrix reconstruction, which tackle issues re-
lated to signal coherence. The introduced algorithms—AT-MUSIC and AT-MN-—exhibit
enhanced accuracy and resilience in intricate situations. As the need for increased data
rates and resistance to interference escalates, especially with the progress of networks,
smart antenna systems remain a promising avenue for solutions. Future research may in-
vestigate machine learning techniques and real-time applications to further boost system

efficacy.

Keywords: Smart Antenna Systems; Direction of Arrival (DoA); Beamforming; MU-
SIC; ESPRIT; Min-Norm; Spatial Smoothing; Toeplitz Matrix; AT-MUSIC; AT-MN ;

Signal Processing.
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Résumé

Etant donné les avancées rapides des technologies de communication sans fil, les systémes
d’antennes intelligentes sont devenus des outils indispensables pour optimiser la trans-
mission et la réception des signaux. Ces systemes integrent plusieurs éléments d’antenne
avec des algorithmes avancés de traitement du signal, tels que la formation de faisceaux
et l'estimation de la direction d’arrivée, leur permettant de s’adapter de maniere dy-
namique a leur environnement. Des méthodes significatives d’estimation de la direction
d’arrivée, comme MUSIC, ESPRIT et Min-Norm, sont examinées, ainsi que des tech-
niques d’amélioration telles que le lissage spatial et la reconstruction de la matrice de
Toeplitz, qui traitent les problemes de cohérence du signal. Les algorithmes proposés -
AT-MUSIC et AT-MN - démontrent une précision et une robustesse accrues dans des
contextes complexes. Alors que la demande pour des débits de données plus élevés et une
meilleure résistance aux interférences croit, notamment avec I’évolution des réseaux , les
systemes d’antennes intelligentes demeurent une voie prometteuse pour développer des so-
lutions. Les recherches a venir pourraient se concentrer sur les techniques d’apprentissage
automatique et les applications en temps réel pour améliorer encore 'efficacité du sys-

téme.

Mots clés: systemes d’antennes intelligentes; formation de faisceaux; estimation de
la direction d’arrivée; MUSIC; ESPRIT; Min-Norm; lissage spatial; matrice de Toeplitz;

réseaux .
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General introduction

In light of the rapid advancements in wireless communication technologies, there has been
an increasing need for smarter and more flexible antenna systems to enhance the efficiency
of signal transmission and reception. Smart Antenna Systems represent a foundational
pillar in this field, as they combine multiple antenna configurations with advanced signal
processing algorithms to adapt to the surrounding environment and precisely steer sig-
nals toward their sources. These systems rely on several advanced engineering principles,
most notably beamforming and Direction of Arrival (DoA) estimation, which allow the
antenna to track signal sources and significantly improve the signal-to-noise ratio. Smart
antennas come in various types and can generally be classified into fixed-beam anten-
nas and adaptive antennas that rely on feedback mechanisms. The core architecture of
adaptive antenna systems involves integrating a set of antenna elements with digital pro-
cessors capable of analyzing signal characteristics and determining their angle of arrival.
Among the most prominent algorithms used in DoA estimation are MUSIC and ESPRIT,
along with spatial analysis methods such as the Min-Norm algorithm, which demonstrates
high efficiency in environments with multiple signal sources. These systems face several
challenges, particularly when dealing with correlated or coherent signals, which can de-
grade the performance of estimation algorithms. To address this issue, techniques such as
Spatial Smoothing and the Toeplitz method have been developed, which reconstruct the
covariance matrix in a way that mitigates the negative effects of signal correlation. Ad-
ditionally, new algorithms have been proposed that enhance the mathematical structure
of these matrices to achieve better performance under challenging operating conditions.
Smart antenna systems and their wide range of applications are increasingly prominent in
modern communication networks, such as 5G networks and advanced satellite communi-
cation systems, where they play a vital role in improving coverage, reducing interference,
and achieving high spectral efficiency. These systems currently constitute one of the most
active areas of scientific and engineering research, due to their potential to offer effective
and sustainable solutions to the complex challenges of modern wireless communication.

In this report

o Chapter 1 provided foundational definitions of antenna arrays and smart antenna
systems, along with their key functions, advantages of adaptive antennas, practical

applications, and an overview of angle of arrival estimation.
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CONTENTS

o Chapter 2 focused on DoA estimation techniques, including methods used to

overcome issues of signal correlation and coherency.

o Chapter 3 presented the simulation results and offered a discussion of the out-

comes.



Chapter 1

Antenna arrays

I.1 Introduction

Many refer to smart antenna systems as smart antennas, but in reality antennas by
themselves are not smart. It is the digital signal processing capability, along with the
antennas, which make the system smart. Although it may seem that smart antenna
systems are a new technology, the fundamental principles upon which they are based are
not new.

In this chapter defines antenna arrays, focusing on their types, functionality, and ap-
plications. It also delves into adaptive antenna systems, explaining how they function
and their potential advantages. The concept of Direction of Arrival (DoA) estimation
and beamforming techniques will also be discussed, demonstrating their relevance in im-
proving the efficiency and effectiveness of modern communication systems. The aim of
this chapter is to provide a comprehensive understanding of the theory and practical

applications of antenna arrays, particularly in the context of adaptive antenna systems.

1.2 Antennas and their specifications

1.2.1 Definition

An antenna is a device that ensures the transition, or inversely, between an wave guide
and the free space in which these wave will propagate. Antennas can be used to send
or receive signals at various frequencies. In addition, some antennas can operate both
in the emission and in the reception fields. There are various antenna types (Figure 1.1
shows some examples), each possessing unique features. Their shape is often the most
distinguishing characteristic. Antennas come in a vast array of shapes and sizes, designed

for different frequencies, applications, and radiation patterns.

3
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Wire Dipole Loop ‘Wire Monopole
Yagi-Uda Array Horn Microstrip Patch
1] @ V74

3 Slot
Corner Reflector  Parabolic Reflector
(Dish)

Figure I.1: Different types of antenna

1.2.2 The frequency of use

An antenna is generally employed with signals that are focused on a specific frequency at
which it can most effectively transmit or receive the associated electromagnetic energy
in its environment. The resonant frequency of an antenna is affected by its physical
dimensions as well as any modifications made to it. A reduction of 3 dB establishes the
minimum and maximum operational frequencies in relation to the antenna’s fundamental

resonance frequency; the range between these two frequencies defines the bandwidth. [1].

1.2.3 Antenna impedance

The connection between the voltage and the current flowing into an antenna is referred
to as its impedance. This impedance is typically complex, consisting of a real component
known as resistance and an imaginary component termed reactivity. This impedance is

determined by [1]
14
Z= = =R +jX (L.1)

1.2.4 Polarization of antenna

An antenna’s polarization is actually the polarization of the light that it emits. It is
defined by paying attention to how the vector E spreads, different polarizations following

are reported in figure 1.2.

1.2.4.1 Linear polarization

When the electrical field propagates in a steady direction over time, it is known to be a

straight or linear polarization.
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1.2.4.2 Circular polarization

When the electrical field describes a helix with a right section that circulates throughout
time, the polarization of the electron is referred to as circular. A circle is produced when
the extreme of E is projected onto an orthogonal layout. This circle can be described
in terms of time in a sense of. On the other hand, one speaks of either right or left

circulatory polarization.

1.2.4.3 Elliptic polarization

In this instance, the elongation of the vector describes an ellipse when projected into
a plane perpendicular to the propagation. The right and left elliptic polarizations are

distinguished, just as in the case of circulatory polarization.

Linear Circular (Right Hand) Elliptical (Right Hand)
Polarization

Polarization Polarization

Figure 1.2: Representation of different polarizations

I.2.5 Directivity

The manner in which an antenna concentrates its radiation in specific directions in space is
referred to as its directivity. As illustrated in figure 1.3, the power radiated in a particular
direction, denoted as P(0,¢), is compared to the power that would be radiated by an
isotropic source per unit solid angle. This comparison defines the antenna’s directivity in
the direction (6,¢) [2]. In other words, the directivity D(0,¢) of an antenna in a specific
direction (60, ¢) is defined as the ratio of the radiation intensity U(6,¢) in that direction
to the radiation intensity that would be produced by an isotropic antenna emitting the

same total power. Mathematically, this relationship is expressed as [3]:

ar
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Nomalized Field
Pattem (linear scale)

Figure 1.3: An example of an antenna’s radiation diagram

1.2.6 Gain

Antenna Gain is a key performance metric that quantifies how effectively an antenna
directs or concentrates radio frequency energy in a particular direction. Antenna gain
measures how well an antenna converts input power into radio waves directed in a specified
direction. It is defined as the ratio of the radiation intensity in a given direction to the
radiation intensity that would be produced if the power accepted by the antenna were
radiated isotropically (equally in all directions).The relationship between antenna gain
G(0,9), directivity D(8,¢), and radiation efficiency n is given by the equation [4]:

G(6,¢)=n-G(6,9) (I.3)

1.2.7 Efficiency

Antenna efficiency quantifies how effectively an antenna converts the power it receives
into radiated electromagnetic energy. It is defined as the ratio of the power radiated by
the antenna (Pg) to the total power accepted at its input terminals (Py) [4]:
Pr
Pr=m-P, = nN=— (L.4)
Py
Efficiency values range between 0 and 1, or 0% to 100%, with 1 (or 100%) indicating an

ideal antenna that radiates all the power it receives without any losses.

I.3 Antenna arrays

1.3.1 Definition

An array of antennas is a collection of identical antennas (antennas, filagrees, cornets,
patches, etc.) with the same orientation, arranged in a specific shape, and stimulated by
an alimentation system to produce a specific type of radiation. The power radiated is

greater because the resultant radiation is the superposition of the radiations from each

6
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element. The radiating pattern of an antenna array is more precise than that of an single
antenna system, and its gain and directivity are also significant. Because of these benefits,

modern telecommunications systems use antenna arrays as emission and reception devices

[5]-

I[.3.2 Type of antenna arrays

There are various geometric configurations of antenna networks that can be grouped as
follows: linear, circular, and planar arrays, different polarizations following are reported
in figure 1.4 [5].

1.3.2.1 Linear array

A set of N elementary sources (aligned on a right) arranged along a specified axis and
excited by a single alimentation system at an interface and N outputs is called a linear
network. In the case of multi-frequency antennas, the feeding system with M inputs and
N outputs can be viewed at the radiation level as the linear superposition of M subsystems

to an input [6].

1.3.2.2 Circular array

A circular array is a network with radiating elements distributed around the edge of a
circle and equals spaces. The horizontal plan is the one where network analysis is limited,
and it is identified by polar coordinates (a, @) [5].

1.3.2.3 Planar array

An antenna layout in a plan is called a planar array. The rectangular array plan is a
generalization of the linear array design. The easiest case to put in equation is the one
that is put in array according to a rectangular mesh of radiating N x M. elements. The

resulting rectangular array’s path may vary depending on the array’s two main axes [5].

x (c) UCA

(a) ULA

Figure 1.4: Antenna Array Type Geometries
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I.4 Smart antenna system

Smart antennas are based on adaptive beamforming. The idea is to use an antenna array
and modify the excitation conditions of each radiating element in real time to alter the
radiation pattern and adapt to a changing environment. This control is based on signal
processing that requires a lot of computation time, and although there is much research
and innovation in this field, this type of technique is not yet widely adopted in cellular
networks and telecommunications standards. However, pressure to reduce costs, increas-
ing constraints on capacity, coverage, throughput, and the number of existing systems
on different frequencies are increasing the cost of antenna development and making the

introduction of smart antennas increasingly attractive to operators [3].

I[.4.1 Types of smart antenna

Basically, there are two main types of smart antennas [7]:

o A switchable beam smart antenna: This type uses analog circuits (switches) to
modify the phase and amplitude of the excitations of the array elements. It is the

simplest in terms of signal processing and circuit complexity.

o An adaptive array smart antenna: This type is largely digital. It adjusts its radi-
ation pattern in real time based on spatial changes in the signal-to-noise ratio, or

signal-to-interference ratio.

In the presence of low-level interference, both types of smart antennas provide signifi-
cant gains over systems consisting of conventional antennas. However, when high-level
interference is present, the ability to reject it is much better guaranteed by the adaptive

array antenna than by the switchable beam or conventional antenna [8].

Smart Antenna

| Systems I
17 Switched Beam p— l— Adaptive Array —l

Single Beam Multi-Beam Sinal Multi B
Directional Directional B lng::a usex u ‘F'“Sef oul
Antenna Antenna =a Faming QiTng

Figure 1.5: Type of smart antenna

I.5 Structure of adaptive antenna system

This system consists of an antenna array connected to a real-time adaptive processor (a

digital signal processing tool) that assigns weights to the signals incident on the array

8
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elements in order to optimize the output signal according to predefined adaptive con-
trol algorithms, as shown in the figure below. An adaptive antenna array can therefore
be defined as an array capable of modifying its radiation pattern, frequency response,
and other parameters through an internal decision feedback loop during antenna oper-

ation . This type of smart antenna can dynamically combine different signals based on

¢, s(th

* Y7 )
0202 S(0)s \.f : i
V10 B ()

HOM

7 xt
Sx 7 =0 | |

Adaptive : e(t) 1 _é‘ 4(c)
Algorithm +
Figure 1.6: Structure of adaptive antenna system

propagation conditions in order to concentrate power only in the direction of users [8].

1.6 Adaptive antenna functions

Adaptive antennas perform several key functions, two of the most important being Di-
rection of Arrival (DoA) estimation and beamforming. These functions are integral to
maximizing the performance of adaptive antenna systems in various applications, from

wireless communications to radar systems. Here’s an overview of each of these functions.

I.6.1 Direction of Arrival (DoA)

The smart antenna system determines the direction of arrival (DoA) of signals by em-
ploying various techniques, including MUSIC (MUltiple Slgnal Classification), ESPRIT
(Estimation of Signal Parameters via Rotational Invariance Techniques), the Matrix Pen-
cil method, or their derivatives [9]. These methods require the identification of the spatial
spectrum of the antenna or sensor array, from which the DoA is derived by analyzing the
peaks in this spectrum. Such computations demand significant processing power. The
Matrix Pencil method is particularly effective for real-time applications, especially when
dealing with correlated sources.

1.6.2 Beamforming

Adaptive beamforming is used for enhancing a desired signal while suppressing noise and
interference at the output of an array of sensors. The aim of the adaptive beamforming is

to optimize a collection of weight vectors to locate a directional source. There are different

9
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methods in arriving at this optimization problem. Figure 1.7 shows the structure of an

adaptive beamformer. In applications where signal strength is unknown and is always

present, application of linear constraints to the weight vector permits extensive control

of the adaptive behavior of the beamformer|8].

-_-'..:{Uu‘.r-' ‘binl}l

[”%LJ.- L|J\ll|]|
\ a.- xf)

DOA
Estimation Y

Beamforming
processor

Figure 1.7: adaptive antenna system

1.7 Advantage of adaptive antenna

The advantages of this system include

Ability to track multiple users at the same time.
Ability to continue distinguishing between the desired signal and the signal.
The radiation pattern is dynamically optimized in real time.

The radiation pattern of an adaptive system is more accurate than that of a

switched-beam system.

1.8 Adaptive of antenna system application

These varied applications illustrate the essential function of adaptive antenna systems in

enhancing performance across numerous sectors, including communication, navigation,

safety, and exploration.

o Mobile Networks: adaptive antennas facilitate beamforming, which strengthens

signal quality and extends coverage while minimizing interference, resulting in im-

proved data rates and more dependable connections.

Wi-Fi Networks: they enhance signal range, reduce interference, and elevate con-
nection quality in densely populated areas by dynamically adjusting beam orienta-

tions.

10
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« Signal optimization: by directing beams toward satellites and reducing interference

from other sources, adaptive antennas ensure high-quality communication.

e Oil and Gas Exploration: these antennas improve the detection of seismic signals

and enhance signal clarity in difficult environments.

« Smart cities: adaptive antennas bolster wireless communication among devices in

urban settings by enhancing coverage and minimizing interference.

I.9 Angle of arrival estimation

Angle of Arrival (AoA), also known as Direction of Arrival (DoA), refers to the direction
from which a radio frequency signal arrives at a receiver. In a typical setup, a single-
antenna transmitter sends signals to a receiver equipped with an antenna array, forming
a Single Input Multiple Output (SIMO) system. When the transmitted signal reaches
the receiver from a distant source, it can be approximated as a planar wavefront (far-
field condition). Due to the spatial separation of the antenna elements in the array,
the signal arrives at each antenna at slightly different times, depending on the angle of
incidence. These time differences lead to phase differences in the received signals across
the antenna elements.By analyzing these phase differences, the system can estimate the
AoA of the incoming signal. This estimation is crucial in applications such as radar,
wireless communications, and localization systems [10]. An illustration of AoA estimation

is presented in figure L.8.

Impinged signlas

Antenna array

Figure 1.8: Angle of arrival estimation

11



CHAPTER I. ANTENNA ARRAYS

1.10 Conclusion

In wireless communications, adaptive antennas employ beamforming techniques to focus
signals toward intended users, improving signal-to-noise ratios and reducing interference.
This capability is crucial for technologies like 5G, where maintaining high data rates
and reliable connections is essential. Adaptive antenna systems are transforming modern
communication and sensing technologies by dynamically optimizing signal directionality
and power. Through real-time beamforming, they enhance performance, reduce inter-
ference, and adapt to complex environments. Applications span from improving mobile
communications and radar systems to advancing sonar capabilities and environmental

monitoring, making them integral to next-generation technological advancements.

12



Chapter 11

Direction of Arrival (DoA)

estimation

II.1 Introduction

Direction of Arrival (DoA) estimation is a technique used to determine the direction
from which a received signal is arriving at an array of sensors, such as microphones or
antennas. This is a fundamental problem in various fields like telecommunications, radar
systems, sonar, audio processing, and wireless communication. The goal of DoA estima-
tion is to identify the angles or directions from which signals arrive, allowing systems to
locate sources, enhance communication, or improve signal processing. In this context,
DoA estimation requires complex signal processing from an array of sensors or antennas
and the application of various techniques to obtain an accurate direction estimate. This
process involves the use of advanced algorithms like MUSIC, Root MUSIC, CAPON,
MIN-NORM, Root MIN-NORM, ESPRIT and propagation method(PM). which rely on
spectral properties, as well as advanced processing techniques like beamforming and com-
putational optimizations. In this chapter, we will describe several techniques used for DoA
estimation, including classical methods such as antenna arrays and conventional beam-
forming, as well as more advanced methods like the MUSIC algorithm and optimization

techniques.

I1.2 Signal model

In this paper section, we introduce the general signal model that is considered for DoA
estimation problem. For clarity sake, we consider a Uniform Linear Array (ULA) consists
of M isotropic sensors; each two adjacent sensors are equally separated by a distance
d. The array receives K narrow band plane waves S; , 1 <k < K , that come at distinct

angles 6 as illustrated in Figure I1.1 [11].
13
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Sensor 1 Sensor 2 Sensor 3 Sensor M
>
d

Figure I1.1: System model for DoA estimation using a ULA of M sensors receiving K
plane waves

The received signal x(¢) at any time ¢ is a M X 1 complex vector often written as:

K
x(1) =Y a(6p)sk(t) +n(t) = A(0)S(t) +nl(t) (IL.1)
k=0
where A(0) = [a(6),a(6,),...,a(6;)] is a K x M matrix containing the M x 1 array steering
vectors a(6y) , s(t) = [S1(t),S2(¢),...,Sk(t)]? is the incident signals vector, and n(t) is the

2

Mcomplex noise vector modelled as a zero mean Gaussian with a variance ¢“. For an

array of uniform linear geometry, the k" antenna steering vector a(6,) corresponding to
y g Y, g k p g

the angle of arrivals 6 is given as[11]:
a(Bk) _ [1je2j(d//l)sin0k’ o ,e2j(M—1)(d/7L)sin6k]T (H.Q)

where A is the carrier wavelength and [.]” is the transpose operator.

The M x M covariance matrix Ry, of the received signal can be derived as [11]:

Ry =E [x(1)x"(1)]
— E[(A(8)S(r) +n(1)) (A(8)S(1) + (1))
A(B)E [S(1)S"(1)] AH (0) +A(0) E [S(t)n" (1)] (11.3)
+E [n(t)S" (t)] A (0) + E [n(t)n" (1)]
= ARgA™ + Ry

where Rg = E[S(¢)SH (t)] is the signal covariance matrix, and Ry = E[n(t)n*!(¢)] is the noise

covariance matrix. E[.] and (.)f stand for the expectation and the Hermitian transpose,

14
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respectively.

Under the uncorrelated signal and noise assumption and the zero-mean noise property,
the expectation of the cross-term matrices (Rsy = E[S(t)nf (t)] and Rys=E[n(t)S"(1)])

between the signal and noise vectors is zero.

Notice that Rg is a diagonal matrix when the signals are uncorrelated, and in this
case its rank is equal to the number of sources K. The matrix Rg is non-diagonal and
non- singular when the signals are partially correlated. The matrix Rg is non-diagonal
but singular when some signals are fully correlated (or coherent) (Shan et al., 1985), and
in this case Rg has a rank degradation (rank(Rg) < K )[11].

Under other mathematical matrix writing, the expanded form of the covariance matrix

of (IL.3) gives a M x M coherent data covariance matrix which can be expressed as:

Fa(L1) r(2,2) oo rg(1,M)
(2,1 r(2,2) - rg(2,M

Rxx: X(: ) XX(: ) ) X. (: ) (114)
rxx(M, 1) rxx(M,z) A rxx(M,M)

Generally, the true spatial covariance matrix is unknown in practice, and in theory,

an estimated sample data covariance matrix for L snapshots should be defined as follows:

N 1
Rxx -

o~

lzlx(l)xH () (IL.5)

Once the composite array covariance matrix is defined, the most of narrow band methods
can be applied to generate a DOA estimation using this matrix. Accordingly, Eigen-Value
Decomposition (EVD) on the said matrix must be necessary for all approaches belonging
to the DOAJ11].

The EVD of Ry, can be then expressed as:

S

R, = a),-eielH = VSgZSV;I + VNQNVAI;I (H.6)
=1

~

where o is the " eigenvalue associated with the it eigenvector ¢; , and Q = diag(@, w, . .

is a diagonal matrix containing the eigenvalues.

If the M eigenvalues of the matrix R, are sorted from the largest to the smallest
which is equal to the noise variance 6?2 , the eigenvectors corresponding to the biggest
eigenvalues span the signal subspace Vg which is orthogonal to the noise subspace Vs. This

last is spanned by the other eigenvectors corresponding to the smaller eigenvalues[11].
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II.3 Coherence between signals

In the context of signal processing, coherence refers to a statistical measure utilized to
analyze the relationship between two signals or data sets. It is frequently employed to
assess the power transfer from the input to the output of a linear system. When the
signals exhibit ergodicity and the system function is linear, coherence can also be used
to infer the causality between the input and output. Considering two zero-mean random
processes x and y,the coherence between x and y at the frequency of interest f is defined
by [12]:
Sy ()]

Sux(f) - Syy(f)

where Sy, (f) is the cross-spectral density between the two processes x and y (i.e. the

po(f) = (IL7)

Fourier transform of the cross-correlation function Ryy(7)):

Solf) = | Ro(e)e ?de (IL8)

—o0

with
Ruy(7) = E[x(t) y(t — 7)] (IL9)

where E[.] is the expectation operator, i.e. for a process s, E(s) is the average value of
s(t) over an infinite period of time.

Since Syy is a scalar product, the Schwartz inequality guarantees that py,(f) takes its
values between 0 and 1.
It can be shown that p.,(f) is roughly equal to the correlation coefficient between the
components of x and y at frequency f. Furthermore, if p,,(f) is close to 1 for all frequen-

cies, then x can be approximated by a linear time-invariant transformation of y [12].

II.4 Correlation between signals

One benefit of utilizing a microphone array for recording is the capacity to examine the
correlation among various channels. In this context, the autocorrelation functions Ry (7)
and Ryy(7), along with the cross-correlation function Ry, (7) for the two signals x(¢) and

y(t), are particularly valuable [13].

Ru(t) = % /O )2+ 7) dr (I.10)
Ry (1) = % /O O+ 7 dr (IL11)
Ry (T) = %/OT

x(t)y(t+71)dt (I1.12)
6
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When dealing with digital data, equations (I1.10) - (I1.12) can be approximated as

. 1 N—r
Ryx(rAt) = N nz::l x(n)x(n+r) (I1.13)
R 1 N—r
Ruy(rat) = 1 Y y(n)y(n+ 1) (1L.14)
n=1
. 1 N—r
Ry (rAt) = x(n)y(n+r) (I1.15)
N—r /=
where r =0,1,2,...,m with m < N. Another quantity of interest is the cross-correlation
coefficient function p,,(7) ,given by:
R (7T
() = — ) (1L.16)
Ryc(0) Ryy(0)
which can be approximated from equations (I1.13) — (I.15) by;
R, (rAt
Pay (rA) = ——2 (r A) (IL.17)
Rx(0) Ry (0)

This quantity always satisfies —1 < py,(7) <1 . Since the cross-correlation coefficient is

a normalized quantity, it is ideal for use in comparing different waveforms.

II.5 Coherent and non-coherent signals

o In non-coherent processing, the resolution capability of the array is limited, com-
pared to coherent processing, since the largest available covariance lag corresponds
to the largest sub-array. Whereas, in coherent processing, the largest available

covariance lag corresponds to the array aperture [14].

e The non-coherent processing scheme is more suitable for decentralized processing
than the coherent processing one, since each sub-array can act as a decentralized
processing node which computes the local covariance matrix of the sub-array and
sends it to the Coherent Processing (PC). Whereas, in coherent processing, the
computation of the cross-sub-array covariance matrices requires either sending the
raw measurement to the PC or the use of the averaging consensus (AC) protocol,

i.e., it involves a much larger communication overhead [14].
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I1.6 DoA estimation techniques

The received signals from the sensor array are used to identify the incoming signal direc-
tions. There are various algorithms that are able to find the signal directions which can
be classified into three categories: classical-algorithms, subspace-based algorithms and

maximum likelihood based algorithms.

I1.6.1 MUSIC

MUSIC stands for Multiple Signal Classification. It had been firstly presented by Schmidt
. It is an algorithm to estimate the direction of the source. MUSIC is mainly dependent
on the correlation matrix of the data and the ability to extract the signal and noise
eigenvectors from input correlation matrix. It works only with incoherent sources. The
steps for MUSIC algorithm can be simplified as follows. The antenna array input signal

is expressed as [15]:
x(t) =As(t) +n(t) (I1.18)

where s(¢) is the original signal from the d sources :

s(t) = [S1(2),82(),...,Sa(t)]" (11.19)

n(t) is the channel noise for M element array:

n(t) = [n(t),na(t),...,my(t))" (I1.20)

The x(t) signal received by the array antenna with M elements can be defined by:
x(t) = [x1(2),x2(2), .., xa (1)) (11.21)

A=la(),a(t2),-..,a(ta)] (11.22)

where A is the array steering vector for d sources and have different structure according
to the array configuration and the spatial frequency a(y;) . Here the uniform linear array

is assumed, thus the spatial frequency and steering vector are given by :

2
= T”Asin o (11.23)
a(u) = [1,e/M e/, /MM (11.24)

where 0 is the angle of arrival, and A is the separation distance between array elements.
Substituting equation (I1.24) in equation (I1.22), the structure of A matrix corresponding
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to spatial frequency is given by :

1 T
ej.ul ej.u2 e ej:ud
A — ejzul eﬂ#z e ejz.ud (1125)
ej(M_l),ul ej(M_l),uZ e ej(M_l)/Jd

The input covariance matrix Ry, can be written as :
Re = ARGAY + 621y (11.26)

where Ry, is the signal correlation matrix,q%, is the noise common variance, and Iy is
the identity matrix of rank M. The covariance matrix Ry, will have M eigenvalues by

averaging over the number of snapshot(N).

1 N
”_NZ (11.27)

The covariance matrix Ry, will have M eigenvalues.The matrix ARy A is positive definite
with rank d. Hence, the smallest (M —d) eigenvalues of Ry, represent the noise and should
equal to the noise variance GI%,. Their corresponding eigenvectors V), are orthogonal to the
steering vector of the input signal a(6) . Thus, knowing these two values, the MUSIC
spectrum is constructed to find the orthogonal points (maximum peaks) which represent

the desired angles as [15] :

1

(I1.28)

Where V,, is the noise subspace eigenvectors and a(0) is the steering vectors corresponding
to signal components as in equation (I1.24). The peaks of this spectrum represent the

required angles of arrival [15].

I1.6.2 ROOT-MUSIC

This algorithm had been introduced as an improvement of above mentioned MUSIC
algorithm by Barabell .Using the MUSIC spectrum, the root of the polynomial is used to
estimate the angles of arrival. This algorithm is more practical, since the results are given
in a numerical format instead of spectrum plotting in MUSIC algorithm. The algorithm

can be summarized by the following steps [15] :

« Estimation of the covariance matrix Ry, by weighting over number of snapshots as
in equation (I1.27) .
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« Extraction of the smallest eigenvalues of Ry, and their corresponding eigenvectors

to estimate noise subspace.

o Generation of the polynomial from the MUSIC spectrum using the following equa-

tion:
1 1

Pyrusic(0) = 70) ~ d(@)V,Va(e) 0 (11.29)

where the steering vector was defined previously as in equation (I1.24) and it

depends on the spatial frequency . Thus, calculating the root for the polynomial
will give the values for the variable p. Here the uniform linear array was assumed
and u is defined by equation (I1.23) [15] .

« The zeros of the polynomial are calculated in term of (N — 1) pairs within the unit

circle.

o The closest d roots to unit circuit are then selected. Finally, the values of the angles

of arrival are directly calculated using the following formula:

1 Au
_ 1
0 =sin {ZEAl (I1.30)

I1.6.3 CAPON

Capon algorithm, which is introduced by J. Capon, is a conventional spectral-based
method to improve the resolution of Bartlett algorithm . The main idea of Capon al-
gorithm is to minimize the received power of the incoming signal in all direction while
maintaining a unity gain in ‘look direction’ [8], [16].

The constraint imposed on this algorithm is given as:
. H . H _
min @ Ry@ subject to ®7a(f)=1 (I1.31)

where @ is the weight to be calculated. Applying Lagrange optimization method to the
constraint yields the optimised weight:
R.'a(6)

0= 2(6) Rela() (I1.32)

Using the optimized weight, the spatial power spectrum of Capon is given as [17]:

1
a(0)HR: a(0)

PCapon(e) = <H33)

I1.6.4 MIN-NORM

The Min-Norm algorithm was initially proposed for frequency analysis and antenna pro-

cessing. It facilitates the estimation of the directions of arrival for a known number of
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signals based on measurements taken from an antenna array. This approach involves
identifying a minimum norm vector that lies within the noise subspace to locate the
peaks in the pseudo-spectrum . In comparison to the reference method MUSIC, the Min-
Norm technique defines the pseudo-spectrum of a vector x from the noise subspace that
possesses a minimal norm. The computation of the minimum norm vector x adheres to

three specific constraints [8]:

« x belongs to the noise subspace V,, and is therefore orthogonal to the projector Vg

onto the signal subspace vy, defined by:

Vi=[v1,v2,...,vm) Vst:0 (I1.34)

o The first element of x is equal to 1.
e The Euclidean norm of x is at its minimum.

Finally, since the Min-Norm method is a spectral search technique, we define the formula

for the associated pseudo-spectrum:

1
PMin—Norm(e) = |61H (1135)

(0)V,ilui |?

I1.6.5 ROOT-MIN NORM

The same principles that are applied to root-MUSIC can also be utilized in the Min-Norm
method to develop a polynomial version known as root-Min-Norm. We can express this
as follows (8], [18]:

1 1
(O)VaViilu 2 |a (8)Cur[?

PMin—Norm(e) = |aH (11-36)
In this context, u; represents the Cartesian basis vector (the first column of the identity
matrix N X N), which contains all zeros except for the first element, which is equal to one.
The matrix C = V,,VH is a Hermitian projection matrix, and V,, denotes the eigenvectors
of the noise subspace, while a(0) signifies the directional vector. When the Cartesian
basis vector is multiplied by the Hermitian matrix, it results in a column vector that
corresponds to the first row of the matrix C. The column vector derived from the first
column of C is expressed as C; = [C}1C}y,...Ciy], where the index 1 indicates the first
column [8].

We can substitute this in the equation (I1.36):

1 1
a1 (0)ci]>  |af (0)cict a(6)]?

21
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I1.6.6 ESPRIT

Estimation of Signal Parameter Rotation Invariance Technique is another subspace based
algorithm, based on exploiting the rotation invariance in the signal subspace. This sub-
space is created by dividing a M element array in two identical sub arrays of size S in a
translational invariance structure. Figure I1.2 shows a translational structure of an four
element array Array-2 is shifted by a distance d from array-1 to create the translational

structure[19)].

| Subarray 1 |
V \‘/ coe V V
1 2 M-1 M
| ]
' Subarray 2 '

Figure I1.2: Sub-array structure

The output of the two sub-arrays are given by

x1(t) =A(t)+n (1)
x(t) = AD(t) +ny(t)

where ® € CK*K ig a diagonal matrix called the rotation operator and K is the number
of sources,

q):diag{efja—”dsin(el), eszl—”dsin(ez)’ y eszl—”dsin(GK)} (11.38)

°
Now we can estimate the correlation matrices in the two sub-arrays as:

Ry =E {xl (Z)X{I(I)}
Ry = E {Xz (t)xgl (t)}

After eigen-decomposing Ry and Ry , we get the two signal subspaces : Vg and V.
Defining a 2K x 2K matrix C from the two subspaces such that:

4
c=|’s1

][%1w4=wA%’ (I1.39)
S2

Ve can be obtained by eigen value decomposition of C such that A; > A, > ... > A and
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A= diag{ﬂ,l,ﬁa,...,l{(} .

Viin 'V
Ve=| 1 712 (11.40)
Var Va2
The rotation operator is estimates as:
D= —VppV,,' (I1.41)

From K eigenvalues of ®, the angles of arrival can be estimated [19]

6; = sin~! (%(2")) (11.42)

11.6.7 Propagation Method

The Propagator Method (PM) operates under the assumption that the number of incom-
ing signals is fewer than the number of antenna elements (L. < M), with L needing to be
predetermined. One of the key benefits of this approach is that it does not require the
decomposition or inversion of the covariance matrix (CM). Furthermore, it is suitable for
various array configurations and demonstrates high estimation accuracy. Consequently,
it is regarded as having lower complexity in comparison to the MUSIC method, which
necessitates an eigen decomposition of the CM. However, this technique is primarily effec-
tive in environments with white Gaussian noise, and its performance significantly declines
in the presence of nonuniform colored noise. The core concept of the Propagator method

involves partitioning the CM into two sub-matrices, as outlined below [20]:

R Ry € Ct
Ru= || with : (I1.43)
R R, € CcM-L

where Ry and R, are matrices with size (L x M) and (M — L x M), respectively. By
considering R; is a non-singular matrix, the propagator may be defined as a unique linear

operator & of C¥~L into CL . In the noiseless system, the propagator is defined as:
R, = P"R, (11.44)

However, when the environment is noisy, the LMS method is used to estimate & as
expressed below,
P = (RYR.) " 'RER, (11.45)

Next, we need to construct a V matrix, such that

V= [9 —IM_L} (11.46)
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Ins—r is the identity with dimension(M — L) x M. The spatial spectrum of the propagator

method is expressed in the next formula:

Ppni(6) = 1 (11.47)

 Jla(6,9)V |

I1.7 Techniques used for overcome the correlation

and coherency

In Direction-of-Arrival (DoA) estimation, the main goal is to estimate the angle at which
a signal arrives at a sensor array. However, challenges arise when signals are correlated or
coherent, leading to difficulties in accurate DoA estimation [21]. These issues often arise
due to multi-path propagation, interference, or the presence of multiple sources that are

highly correlated. To overcome these challenges, several techniques have been developed.

I1.7.1 Spatial Smoothing

For DoA estimation of coherent signals, spatial-smoothing technology is an effective de-
coherence method. The basic idea is to divide the uniform linear array into multiple
overlapping sub-arrays with the same number of array elements. The covariance matrix
of each sub-array is summed and averaged, to obtain the rank recovered matrix [22]. The
ULA is divided into L sub-arrays. Each sub-array has P elements, P=M +1— L, and the

spatial-smoothing diagram is shown in Figure I1.3 .

| 2 P M -1 M
*—0 0o ——0
I/ Y
|\ 4
I/ \I
" 3
I/ \I

Figure I1.3: Spatial-smoothing diagram

Taking the first sub-array as the reference array, the received data of the i forward-

smoothed sub-array are expressed as:

x,'(l) = [xi(t),x,-H(t), o ,xier,l(l‘)]T (1148)

According to (I1.48), the covariance matrix of the i sub-array forward-smooth receiving

data is calculated: N
1
Rl',' = an::lxix{{ (H49)
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After forward smoothing L times, the covariance matrix of the array receiving data is

expressed as:

R = - Y Ri (I1.50)

Because there is a conjugate-reciprocal-invariant relationship between the forward-smoothing
covariance matrix and the backward-smoothing covariance matrix, the backward-smooth

covariance matrix R;; of the i sub-matrix can be expressed as:
Ri=JR}J (I1.51)

where the superscript ()* denotes the complex conjugate operation and J is a commuta-
tive matrix with order-counter-diagonal elements of 1 and the remaining elements of 0.
Therefore, after backward smoothing L times, the covariance matrix of the array receiving
data is expressed as
L
R =—Y' R (I1.52)
i=1

Based on (I1.50) and (II.52), the spatial-smoothing covariance matrix is expressed as

1 L
37 Y (R (I1.53)

i=1

1
RI® = 2(Rf+Rb =

The eigenvalue decomposition is performed on (I1.53), to obtain the corresponding noise
subspace and then it is substituted into (II.28) for the spectral-peak search, to obtain
the DoA estimation value. The traditional spatial-smoothing algorithm does not use
the cross-correlation covariance matrix between sub-arrays. Only the autocorrelation
covariance matrix of a single sub-array is used, and the received data of the array are
not fully utilized. Therefore, an improved spatial-smoothing algorithm is proposed in
this paper, which can make full use of the array receiving data and can be directly
applied to the signal subspace. When the incident signal is coherent, there is only one
signal eigenvalue A; in the covariance matrix R, so the signal subspace contains only one

eigenvector, uy. At this time, the signal covariance matrix Vy is expressed as
Vy = Ajuuf! (I1.54)

The signal feature vector u; is divided into L sub-arrays; then, the i —th sub-array forward-

smooth autocorrelation matrix Vj; is expressed as

Vi =z (IL55)
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where z; is the i —th sub-matrix of u;. According to (I1.51), we know that the i’" sub-

matrix backward-smooth autocorrelation matrix Vj; is
Vi =JViJ (11.56)

According to (I1.55) and (I1.56), the rank recovery matrix R is constructed by using all
the forward-smoothing and backward-smoothing autocorrelation matrices:

L
Z (ViVij+ViVj)) (IL.57)

||Mt~

1
2L

Similarly, the forward-smoothed cross-correlation matrix Vij of the ith and jth sub-
matrices of u; can be expressed as
Vij= ZiZ‘;I (I1.58)

Therefore, the backward-smoothed cross-correlation matrix V; i between the ith and jth
sub-matrices is defined as
Vij =JViJ (I11.59)

According to (I1.57) and (I1.58), the rank recovery matrix Ry is constructed by using all

the cross-correlation matrices:

1

o - Z ViiVii+ ‘7,'1"7]',') (11.60)

J=1

Dl agb

Therefore, the covariance matrix Ry of the improved spatial-smoothing technique is

expressed as
1 & & - .
R =Ri+Ry =5 Z Y A ViV +ViVij) + (VigVii+ ViVii) § (I1.61)
i=1j=1

Eigenvalue decomposition is performed on (I1.61), and then DoA estimation of coherent
signals is realized by combining the MUSIC algorithm. Compared to the traditional
algorithm, this method makes full use of the information of the signal subspace and has

better noise-suppression ability [22].

I1.7.2 Approaches based on Toeplitz matrices reconstruction

The decorrelation Toeplitz technique takes the coherent array covariance matrix Ry, to
average the oblique diagonal elements of its lower triangular part. The elements v,(i) of

the M x 1 obtained vector can be calculated according to the following expression [11]:

1 M—-i+1

va(i):]\l——i—kl rxx(m,m—l—i—l), i=1,2,...,M (1162)

m=1
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Hence, we can define a resulting M x M Toeplitz matrix T, as:

va(1) va(2) e va(M)
Tyu = v“(:z) V“fl) v“(M:_D (11.63)
va(M)* vg(M—1)* -+ vu(1)

11.7.2.1 Combined Averaging-Toeplitz Min-Norm Algorithm

In theory, and within specific limitations, the Min-Norm algorithm is capable of achiev-
ing high resolution in the estimation of arrival directions. However, its shortcomings are
evident when estimating signals with low signal-to-noise ratios (SNR) or when dealing
with highly correlated or coherent signal sources. To address these challenges, this sub-
section introduces and elaborates on a novel algorithm that relies on a transformation of
the estimated Toeplitz spatial covariance matrix. We have developed an initial min-norm
DoA scheme utilizing a decorrelation technique. This technique involves averaging to
create the components of a Toeplitz matrix. The algorithm introduced in this context is
referred to as the Averaging Toeplitz for Min-Norm (AT-MN)[11]. The last new Toeplitz
matrix T, (I1.63) is mainly reconstituted from the averages of diagonals of coherent ar-
ray covariance matrix Ry, . Thus, the superdiagonal entries of the reconstructed matrix
T,, are a mixture of independent DoA terms and biased terms. This means that every
column or row has one entry containing biased terms which leads to resolve the coherence
signals problem, but it can result lower accuracy in the DoA estimation[11]. Currently,
we utilize the decorrelated Toeplitz matrix T, in place of the covariance matrix Ry, for
the min-norm algorithm to determine the DoA. The matrix T;, can still be characterized

by its eigenvalues and eigenvectors as follows [11]:

M
Tha = Y @reriel; = VisQusVi§ +VinQunViy (I1.64)
i=1

where Vg and VIIZ{\, are the new signal and noise subspaces, respectively.

The derivation of the updated AT-MN spectrum expression relies on the computation
of a novel min-norm vector u;; that resides within the noise subspace Viy, which is
obtained from the decomposition of the Toeplitz matrix. Consequently, this spectrum is

constructed as follows [11]:

1
VinVHun ?

Pyrun(0) = 21(0) (I1.65)

The AT-MN algorithm is categorized as a spectral-based method. The function outlined
in equation (I1.65) can be utilized to generate the AT-MN spectrum, with the positions of
the distinct highest peaks serving as the estimated DoAs[11]. For simple clarity, the first
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proposition is summarised in the steps of the Algorithm 1, while the flowchart illustrating

this proposal for estimating DoA of coherent signals is displayed in Figure 11.4.

[Received array signals}

|

[Estimated covariance matrix Rxx}

|

[Decorrelation: average the oblique diagonal elements of the Ryyx lower triangular}

|

EConstruction of Toeplitz matrix Tm}

|

{Eigen Value Decomposition of Tm}

|

EBased on the noise subspace, new min-norm expression is deﬁned}

|

[Determination of the largest peaks}

|

[ Estimated DOAs }

Figure I1.4: The flow chart of our first proposed algorithm

Algorithm 1: AT-MN for estimating DOA of coherent signals

Estimate the autocorrelation matrix of receiving signals using equa-
tion (I1.5)

Compute the average of oblique diagonal elements of the R, lower

Step 1:

Step 2: ) ) )
triangular part using equation (I1.62)

Step 3: Form the Toeplitz matrix T, defined in equation (II.63)

Step 4: Apply the EVD on T, to define the signal subspace Vis and the
noise subspace Viy

Step 5: Define new min-norm vector u;; from the noise subspace Viy

Estimate the DoAs of coherent signals by using the AT-MN spec-

Step 6: ) . .
trum expression according to equation (I1.65)

I1.7.2.2 Combined Cross-Correlation-Toeplitz MIN-NORM Algorithm

In this subsection, we introduce a second innovative method for estimating the Direc-

tions of Arrival (DoAs) of both coherent and non-coherent signals by utilizing a different
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structure of the Toeplitz spatial covariance matrix. The concept involves adapting the
Min-Norm DoA algorithm to operate with a reconstructed Toeplitz matrix rather than
the traditional spatial covariance matrix. This reconstructed matrix is derived from an
effective decorrelation technique known as the Cross-Correlation Vectors Toeplitz (CVT)
method. Consequently, we have designated our second proposed method as CVT-Min-
Norm[11]. It is important to note that the M x 1 received signal vector x(¢) can be

expressed as follows:
x(t) = [x1(t),x2(2), .., xm(2)] (11.66)

Utilizing the CVT decorrelation technique as described , we calculate the received cross-
correlation vector v.. This vector is derived from the cross-correlation between the initial
element of x(f), which corresponds to the output of the first array sensor, and every
element of the received signal vector that signifies the output from each sensor. Con-
sequently, the components of the received cross-correlation vector v, can be expressed
as[11]:

ve(i) =x1 ()2 (1), i=1,2,....M (I1.67)

and the received cross-correlation vector is given as:
ve = [ve(1),ve(2),- ., ve(M)] (11.68)

Now, we use the vector expressed in (I1.76) to generate the following constructed Toeplitz

matrix:
ve(1) ve(2) ve(M)
I — VCSZ) vcfl) vc(M:— 1) (I.60)
ve(M) ve(M—1) -+ v(1)

Reconstructing a Toeplitz matrix T, from the initial row of R, provides accurate Direc-
tion of Arrival (DoA) information. Specifically, the row space of the new matrix aligns
perfectly with that of the ideal covariance matrix. The CVT decorrelation technique ex-
tracts DoA information without any interaction among sources, thereby ensuring robust
decorrelation for coherent signals. The advancement of a new version of the Min-Norm
algorithm, based on the Eigenvalue Decomposition (EVD) of this decorrelated Toeplitz
matrix, will facilitate efficient DoA estimation for coherent sources|[11].

The EVD of T, can be then expressed as

M
Toe =Y nieniel = VasQosVis + VanQonViy (IL.70)
=1

1

where Vo5 and Von are the signal and noise subspaces obtained thanks to the last matrix

eigenvalue decomposition.
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The CVT-Min-Norm spatial-spectrum can be formulated as

1
Poyrmn(8) = (IL.71)
’aH(G)VzNVZvaum 2

where uy; is the minimum norm vector belonging to the noise subspace Voy.
The expression (I1.71) is used to plot the CVT-Min-Norm spectrum. The locations of
the peaks on CVT-Min-Norm spectrum indicate the correct DoAs of the incident signals.

Thereupon, we can summarise this second proposition in the steps of Algorithm 2.

Algorithm 2: CVT-MN for estimating DOA of coherent signals

Step 1: Estimates the autocorrelation matrix of receiving signals using
equation (IL.5)

Computes the received cross-correlation  vectorv.  via
equation(I1.76)

Step 3: Constructs the Toeplitz matrix T, defined in equation (I1.77)

Generates the EVD of T, to determinate the signal subspaceV,g

Step 2:

Step 4: ,
and the noise subspace Voy

Step 5: Define new min-norm vector uz; from the noise subspace Voy
Estimate the DOAs of coherent signals by employing the CVT-MN

Step 6: . . .
spectrum expression via equation (I1.71)

11.7.2.3 Combined Averaging-Toeplitz MUSIC algorithm

In theory, and within specific limitations, the Min-Norm algorithm is capable of achiev-
ing high resolution in the estimation of arrival directions. However, its shortcomings are
evident when estimating signals with low signal-to-noise ratios (SNR) or when dealing
with highly correlated or coherent signal sources. To address these challenges, this sub-
section introduces and elaborates on a novel algorithm that relies on a transformation of
the estimated Toeplitz spatial covariance matrix. We have developed an initial MUSIC
DoA scheme utilizing a decorrelation technique. This technique involves averaging to
create the components of a Toeplitz matrix. The algorithm introduced in this context is
referred to as the Averaging Toeplitz for MUSIC (AT-MUSIC).

The last new Toeplitz matrix T,, (II.63) is mainly reconstituted from the averages of
diagonals of coherent array covariance matrixR,, . Thus, the superdiagonal entries of
the reconstructed matrix T,, are a mixture of independent DoA terms and biased terms.
This means that every column or row has one entry containing biased terms which leads
to resolve the coherence signals problem, but it can result lower accuracy in the DoA
estimation.

Currently, we utilize the decorrelated Toeplitz matrix T,, in place of the covariance ma-

trix Ry, for the min-norm algorithm to determine the DoA. The matrix T, can still be
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characterized by its eigenvalues and eigenvectors as follows:

M
T =Y @reriet; = VisQusVis + VinQinViy (I1.72)
i=1

where Vig and Vf}’v are the new signal and noise subspaces, respectively.

The derivation of the updated MUSIC spectrum expression relies on the computation of a
novel MUSIC vector uy; that resides within the noise subspace V}p, which is obtained from
the decomposition of the Toeplitz matrix. Consequently, this spectrum is constructed as

follows.
1

Parvusic(0) = 1 (0)V,Va(0)

(11.73)

The AT-MN algorithm is categorized as a spectral-based method. The function outlined
in equation (I1.73) can be utilized to generate the AT-MN spectrum, with the positions
of the distinct highest peaks serving as the estimated DoAs

11.7.2.4 Combined Cross-Correlation-Toeplitz MUSIC Algorithm

In this subsection, we introduce a second innovative method for estimating the Directions
of Arrival (DoAs) of both coherent and non-coherent signals by utilizing a different struc-
ture of the Toeplitz spatial covariance matrix. The concept involves adapting the MUSIC
DoA algorithm to operate with a reconstructed Toeplitz matrix rather than the tradi-
tional spatial covariance matrix. This reconstructed matrix is derived from an effective
decorrelation technique known as the Cross-Correlation Vectors Toeplitz (CVT) method.
Consequently, we have designated our second proposed method as CVT-MUSIC It is

important to note that the M x 1 received signal vector x(f) can be expressed as follows

x(t) = [x1(2),x2(2),...,xp(1)] (I1.74)

Utilizing the CVT decorrelation technique as described by Bai et al. (2010), we calculate
the received cross-correlation vector v.. This vector is derived from the cross-correlation
between the initial element of x(¢), which corresponds to the output of the first array
sensor, and every element of the received signal vector that signifies the output from each
sensor. Consequently, the components of the received cross-correlation vector v, can be
expressed as

ve(i) =x ()2 (1), i=1,2,....M (I1.75)

and the received cross-correlation vector is given as

Ve = [ve(1),ve(2),...,ve(M)] (I1.76)
31



CHAPTER II. DIRECTION OF ARRIVAL (DOA) ESTIMATION

Now, we use the vector expressed in (I1.76) to generate the following constructed Toeplitz

matrix
ve(1) ve(2) ve(M)
I — vcf2) vcfl) vc(M:— 1) (aL77)
ve(M) ve(M—1) - v(1)

Reconstructing a Toeplitz matrix T, from the initial row of Ry, provides accurate Direc-
tion of Arrival (DoA) information. Specifically, the row space of the new matrix aligns
perfectly with that of the ideal covariance matrix. The CVT decorrelation technique
extracts DoA information without any interaction among sources, thereby ensuring ro-
bust decorrelation for coherent signals. The advancement of a new version of the MUSIC
algorithm, based on the Eigenvalue Decomposition (EVD) of this decorrelated Toeplitz
matrix, will facilitate efficient DoA estimation for coherent sources.
The EVD of T, can be then expressed as

M
T, = Z (1)21'62,'6511- = V25Q25V2HS -+ VZN.QQNVZI}]V (11.78)
i=1
where Vo5 and Vo are the signal and noise subspaces obtained thanks to the last matrix
eigenvalue decomposition.
The CVT-MUSIC spatial-spectrum can be formulated as
P (0) ! (1L.79)
cvT-MUsic(O) = ———— -
EOVA
where a(0) is the array steering vector
The expression (I1.79) is used to plot the CVT-MUSIC spectrum. The locations of
the peaks on CVT-MUSIC spectrum indicate the correct DoAs of the incident signals.

I11.8 Conclusion

This chapter presents a detailed overview of Direction of Arrival (DoA) estimation, cov-
ering signal modeling, the impact of signal coherence and correlation, and various esti-
mation methods such as MUSIC, ESPRIT, CAPON, and MIN-NORM. It discusses the
strengths and limitations of each technique, along with preprocessing methods like spatial
smoothing and Toeplitz reconstruction to improve accuracy with coherent signals. The
chapter concludes by highlighting the growing importance of integrating these techniques
into real-time and intelligent systems for applications in communication, radar, sonar,

and acoustic tracking.
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Chapter I1I

Simulation results and discussion

II1.1 Introduction

This chapter presents a comparative study of several DoA estimation algorithms, rang-
ing from classical methods such as MUSIC and Min-Norm to the proposed techniques
like AT-MN and AT-MUSIC, which rely on reconstructing the covariance matrix using
the Toeplitz-based decorrelation technique. A series of simulations were conducted in a
MATLAB environment to evaluate the performance of these algorithms under various
conditions, including a limited number of snapshots, changes in the number of sources,
and varying angles of arrival.

The simulation results are analyzed based on specific criteria such as angular resolution
accuracy, the ability to distinguish between closely spaced sources, and robustness in
the presence of signal correlation. These results highlight the effectiveness of the pro-
posed methods compared to conventional algorithms, demonstrating their potential in

improving DoA estimation performance in complex signal environments.

I1I.2 Comparison of DoA Estimation Methods for

Non-Coherent Sources

I11.2.1 Spectral Method Comparison

This simulation demonstrates and compares the performance of four spectral Direction of
Arrival (DoA) estimation algorithms: MUSIC, Capon (MVDR), Min-Norm, and Classi-
cal Beamforming. The scenario involves an 8-element Uniform Linear Array (ULA) with
standard half-wavelength element spacing receiving signals from three distinct sources
located at angles of -15°, 10°, and 45°. These sources have differing powers (1.0, 1.5, and
1.2, respectively) and transmit uncorrelated, BPSK-like signals. The array operates in an
environment corrupted by complex Additive White Gaussian Noise (AWGN) with a vari-

ance of 0.015. A defining characteristic of this simulation is the severely limited amount
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of data used for estimation, with only K= 6 snapshots employed to compute the sample

covariance matrix, thus testing the algorithms’ capabilities under data-starved conditions.

Comparison of Spectral DOA Estimation Methods
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Figure II1.1: DOA Estimation for Non-Coherent Sources

Figure III.1 illustrates the performance of four Direction of Arrival (DoA) estimation
techniques: MUSIC, Capon, Min-Norm, and Conventional Beamforming, based on their
normalized pseudospectra as a function of angle. The x-axis represents the angle in de-
grees, while the y-axis displays the normalized pseudospectrum, indicating the likelihood
of signal presence from a given direction. The MUSIC algorithm (solid green line) pro-
vides the sharpest and most distinct peaks at the actual source angles, reflecting its high
resolution and effectiveness in resolving closely spaced signals. The Capon method (solid
blue line) also exhibits relatively sharp peaks, albeit with slightly lower resolution than
MUSIC. Min-Norm (red dashed line) shows performance comparable to that of MUSIC
and Capon, but with somewhat reduced peak prominence. Conventional Beamforming
(magenta line) displays broad and less defined peaks, resulting in poor angular resolution
and potential difficulty in distinguishing sources with minimal angular separation. Over-
all, this spectral comparison highlights the superior resolution capabilities of MUSIC,

particularly in scenarios involving closely spaced incoming signals.
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I11.2.1.1 Comparison between MUSIC and ESPRIT

This simulation example investigates Direction of Arrival (DoA) estimation by comparing
the MUSIC and ESPRIT algorithms. The scenario involves three uncorrelated, narrow-
band signal sources arriving at angles of -25°, -20° (representing a closely spaced pair),
and 30° onto an 8-element Uniform Linear Array (ULA) with standard half-wavelength
spacing. The signals, each with unit average power, are embedded in spatially and tem-
porally white complex Gaussian noise, resulting in a Signal-to-Noise Ratio (SNR) of 15
dB per source. DOA estimates are derived from 200 snapshots of received data using both
the subspace-based search method of MUSIC and the rotational invariance technique of
ESPRIT.

MUSIC Spectrum and ESPRIT Estimates
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Figure I11.2: MUSIC Spectrum and ESPRIT Estimation

This figure presents a comparison of the direction of arrival (DoA) estimation results
obtained through the MUSIC and ESPRIT methods, juxtaposed with the actual source
directions (True DoA). The blue curve illustrates the MUSIC spectrum, normalized and
displayed on a linear scale, revealing three prominent peaks that signify the DOA es-
timates provided by MUSIC. The dashed black lines represent the actual DOA of the
sources. The dashed red lines indicate the estimates derived from ESPRIT, which ap-
pear to align very closely with the true DOA. The green crosses (MUSIC Peak) denote

the maximum values of the MUSIC spectrum, corresponding to the estimated directions
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by this method. The graph demonstrates that both MUSIC and ESPRIT successfully
estimate the directions of arrival with high accuracy, closely matching the true direc-
tions. However, it is important to note that MUSIC requires spectral searching (angular
scanning), while ESPRIT directly provides the angles without the need for a spectrum,
making ESPRIT faster but reliant on stricter assumptions, such as the uniform structure

of the antenna.

MUSIC Spectrum and ESPRIT Estimates
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Figure I11.3: MUSIC Spectrum and ESPRIT Estimation

This diagram depicts a comparison of the performance between the MUSIC algorithm
and the ESPRIT method in estimating direction-of-arrival (DOA). The MUSIC spectrum,
displayed on a logarithmic scale (in dB), reveals three distinct and sharp peaks (indicated
by green crosses), which align with the estimated directions. These peaks are in close
proximity to the actual DoAs (represented by dotted black lines) and the ESPRIT esti-
mates (shown by dotted red lines), demonstrating the high accuracy of both techniques.
The logarithmic scale emphasizes MUSIC’s capability to effectively differentiate between
closely situated sources, even amidst noise. Conversely, ESPRIT delivers estimates with-
out the need for angular scanning, significantly lowering computational complexity while
achieving accuracy that is comparable to that of MUSIC. Therefore, it can be concluded
that: MUSIC provides superior angular resolution and excels in scenarios involving closely
spaced sources. Although ESPRIT may exhibit slightly reduced resolution under specific
conditions, it serves as a rapid and efficient alternative, particularly when computational

time is of the essence.
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111.2.1.2 RMSE-Based Comparison of DoA Estimation Techniques over Vary-
ing SNR Levels

This simulation aims to evaluate and compare the performance of four prominent Di-
rection of Arrival (DoA) estimation algorithms—MUSIC, Capon (MVDR), Min-Norm,
and conventional Beamforming—under varying noise conditions. The scenario involves
two narrowband signal sources impinging on a Uniform Linear Array (ULA) consisting
of 8 antenna elements, spaced at half the signal wavelength (0.5 ). To simulate realistic
conditions, 50 temporal snapshots are used per trial, and results are averaged over 200
Monte Carlo runs to ensure statistical reliability. The Signal-to-Noise Ratio (SNR) is
swept from —5 dB to 25 dB to observe its effect on estimation accuracy. For each SNR
level, the Root Mean Square Error (RMSE) of the estimated angles is computed, serv-
ing as the performance metric. The resulting RMSE curves provide a clear comparison
of the robustness and resolution capabilities of the tested algorithms, highlighting their
respective strengths and limitations across different noise environments.

The simulation results highlight that MUSIC and Capon/MVDR consistently outper-

RMSE vs. SNR for different DOA methods
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Figure I11.4: DOA Estimation RMSE

form Min-Norm and Beamforming across all SNR levels. MUSIC achieves the lowest
RMSE, particularly at higher SNRs, leveraging the orthogonality between signal and
noise subspaces for precise estimation. Capon/MVDR follows closely, benefiting from its
adaptive beamforming, although its RMSE is slightly higher at high SNRs. Min-Norm
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suffers from noise sensitivity at low SNR but improves with increasing SNR, eventually
approaching MUSIC’s performance in ideal conditions. Beamforming performs the worst,
with a nearly constant RMSE; illustrating its limitations in resolution and noise resilience.
These results emphasize the effectiveness of subspace-based methods (MUSIC, Capon)
in practical DOA estimation tasks, with MUSIC being computationally demanding but

ideal for applications where accuracy is crucial.

111.3 DoA Estimation Methods for Coherent Sources

II1.3.1 Method Based on Toeplitz Matrix Reconstruction

This simulation example demonstrates and compares the estimation of direction of ar-
rival (DoA) using the MUSIC algorithm under challenging conditions with coherent signal
sources. The scenario involves two coherent signals (generated using identical frequencies
and a fixed amplitude/phase relationship) arriving at -20° and 10° onto a 8-element Uni-
form Linear Array (ULA) with standard half-wavelength spacing. Data is collected over
500 snapshots in the presence of Additive White Gaussian Noise, resulting in a Signal-to-
Noise Ratio (SNR) of 10 dB. Since standard MUSIC fails with coherent sources due to
the rank deficiency of the sample covariance matrix, the example implements and com-
pares two common decorrelation techniques: CTOP (Correlation Toeplitz, reconstructed
from the first row of covariance matrix and made Hermitian) and AVTOP (Averaged
Diagonals Toeplitz, reconstructed from the averaged diagonals of covariance matrix and
made Hermitian). MUSIC is applied separately using the noise subspaces derived from
the standard covariance matrix, the CTOP matrix, and the AVTOP matrix. The result-
ing normalized pseudospectra are plotted on a single graph to visually assess the ability
of CTOP and AVTOP preprocessing to restore MUSIC’s capability to resolve coherent
sources compared to the standard MUSIC.

The illustration (II1.5) contrasts the spectral capabilities of three variations of the MUSIC
algorithm utilized for direction-of-arrival (DOA) estimation: standard MUSIC (depicted
in black), AVTOP MUSIC (shown in red), and CTOP MUSIC (represented in blue).
This is presented in a logarithmic scale (in dB) of the spatial spectrum relative to angle.
AVTOP MUSIC exhibits distinct, sharply defined peaks at the angles corresponding to
the actual sources, signifying exceptional resolution and accurate detection even amidst
noise. Although CTOP MUSIC presents broader peaks compared to AVTOP, it still out-
performs standard MUSIC regarding angular resolution. In contrast, standard MUSIC
reveals a broader spectrum with more pronounced side lobes and considerably dimin-
ished angular resolution. This analysis underscores the advantages of the AVTOP and
CTOP modifications over the traditional MUSIC algorithm. Notably, AVTOP MUSIC
achieves optimal angular resolution, rendering it ideal for environments characterized by

significant interference or closely situated sources.
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MUSIC Spatial Spectrum Estimation Comparison
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Figure I11.5: MUCIC Spatial Estimation Comparison

CTOP MUSIC strikes a balance between performance and robustness, making it
advantageous for less intricate scenarios. Conversely, standard MUSIC, while straight-

forward, is constrained in its effectiveness under complex conditions.

MUSIC RMSE ws. SNR for Coherent Sources
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Figure I11.6: MUSIC RMSE vs. SNR for Coherent Sources
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This simulation (II1.6) assesses the performance of the Root Mean Square Error
(RMSE) for three variants of the MUSIC algorithm—Standard MUSIC, CTOP-MUSIC,
and AVTOP-MUSIC—in estimating the Direction of Arrival (DOA) of two fully coherent
sources located at —20° and 10°. The evaluation utilizes an 8-element Uniform Linear
Array (ULA) with /2 spacing. The coherence of the signals leads to a rank-deficient co-
variance matrix, which adversely affects the performance of standard MUSIC. In contrast,
CTOP-MUSIC and AVTOP-MUSIC mitigate this issue by reconstructing a Hermitian
Toeplitz matrix—CTOP-MUSIC does so from the first row, while AVTOP-MUSIC em-
ploys an averaging method across the matrix diagonals. The RMSE is calculated over 200
Monte Carlo trials, each consisting of 500 snapshots, across signal-to-noise ratios (SNRs)
ranging from —5 dB to 25 dB. The findings indicate that both CTOP and AVTOP out-
perform standard MUSIC, with AVTOP demonstrating the highest overall accuracy.
This illustration contrasts the efficacy of three variations of the MUSIC algorithm—
Standard MUSIC, AVTOP MUSIC, and CTOP MUSIC—regarding the root-mean-square
error (RMSE) in direction-of-arrival (DoA) estimation, as influenced by the signal-to-
noise ratio (SNR) for coherent sources. The findings distinctly highlight the superiority of
AVTOP MUSIC (represented by the red curve), which consistently exhibits lower RMSE
values compared to the other two methods across the entire tested SNR spectrum. This
enhancement indicates remarkable resolution capabilities and increased resilience against
noise and source coherence. The CTOP MUSIC approach (depicted by the blue curve)
maintains a relatively stable RMSE of approximately 2°, positioning it above AVTOP
but significantly below the standard method, thus serving as a viable balance between
complexity and performance. Conversely, the standard MUSIC method (illustrated by
the black curve) demonstrates the least effective performance, characterized by a high
RMSE and minimal responsiveness to SNR improvements, indicating low efficiency in

scenarios involving coherent sources.

I11.3.2 Spatial Smoothing Methods
111.3.2.1 Forward Smoothing with Min-Norm

This simulation illustrates the performance of the Min-Norm algorithm in estimating
the Direction of Arrival (DOA) under the presence of coherent sources using forward
spatial smoothing. The experiment assumes two coherent narrowband signals impinging
at incident angles of approximately —10° and 5° on an 8-element Uniform Linear Array
(ULA) with half-wavelength inter-element spacing. Due to the coherence between the
sources and the limited number of temporal snapshots, traditional subspace-based meth-
ods struggle to resolve the sources accurately. To address this, forward spatial smoothing
is applied to the sample covariance matrix to restore rank and enable subspace separa-
tion. The resulting smoothed covariance matrix is used to compute the noise subspace via

Singular Value Decomposition (SVD), and the Min-Norm pseudospectrum is generated
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CHAPTER III. SIMULATION RESULTS AND DISCUSSION

over the angular range from —90° to 90°. The plot shows distinct spectral peaks at the
true angles of arrival, confirming the algorithm’s effectiveness in resolving closely spaced
coherent sources when aided by forward smoothing. The spectrum is plotted in decibels
to emphasize the dynamic range and peak sharpness, providing clear visual evidence of

DOA estimation accuracy.
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Figure II1.7: Forward Spatial Smoothing Min-Norm Estimation

The illustration presents the outcomes of the Min-Norm algorithm utilized in con-
junction with the Forward Spatial Smoothing technique for the estimation of angles of
arrival (DOA) of coherent sources. The spectrum reveals two distinct, sharply defined
peaks situated at angular positions that align with the directions of the incoming sources,
underscoring the method’s exceptional angular precision. The remarkably low sidelobe
levels (below -50 dB) indicate the enhanced resolution of this technique, as well as its
resilience in the presence of correlated sources or noise. Spatial smoothing disrupts the
coherence among sources and enhances the quality of the covariance matrix, which is

essential for effective estimation using the Min-Norm method.

111.3.2.2 Backward Smoothing with Min-Norm

This simulation analyzes the efficacy of the Min-Norm algorithm for Direction of Ar-
rival (DOA) estimation, employing backward spatial smoothing to address two coherent

sources located at 32° and 43°. The signals are captured by an 8-element Uniform Linear
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Array with a spacing of 0.5 . The coherence of the signals results in a rank-deficient
covariance matrix, which poses challenges for traditional subspace methods. However,
backward smoothing mitigates this issue by creating a smoothed covariance matrix from
reversed subarrays. Through Singular Value Decomposition (SVD), the noise subspace is
identified, and the Min-Norm pseudospectrum is calculated over the range of —90° to 90°.
The resulting spectrum exhibits distinct peaks at the actual DOAs, thereby illustrating

the effectiveness of backward smoothing in distinguishing coherent signals.
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Figure I11.8: Backward Spatial Smoothing Min-Norm Estimation

The figure demonstrates the performance of the Min-Norm method with Backward
Spatial Smoothing for estimating Direction of Arrival (DOA) angles. Two distinct spec-
tral peaks are observed around 30° and 45°, indicating that the method successfully iden-
tifies the presence of two incident sources within this angular range. Compared to the
version utilizing Forward Spatial Smoothing, the spectral structure here exhibits higher
side lobes (approximately -40 dB), which may potentially limit resolution capabilities in
complex scenarios. Nevertheless, the accuracy of angle detection remains satisfactory,
and this technique presents a viable alternative, particularly when the rear symmetry
of the antenna can be leveraged to enhance covariance matrix estimation. This type of
smoothing is beneficial in certain antenna configurations or when signals exhibit a specific
spatial structure (e.g., back-propagated signals). It can also be combined with forward

smoothing to create a bidirectional smoothing approach, thereby maximizing resilience
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to inter-source coherence.

111.3.2.3 Bidirectional Smoothing with Min-Norm

This simulation estimates the Directions of Arrival (DOAs) for two coherent signals, ar-
riving at 5 and 10 degrees onto an 8-element uniform linear array. The simulation uses
1024 time samples (snapshots) and operates at a Signal-to-Noise Ratio (SNR) of 10 dB.
The antenna elements are spaced at half the wavelength. Because standard subspace
DOA methods perform poorly with coherent sources, this simulation example first ap-
plies Forward-Backward Spatial Smoothing which divides the 8-element array into smaller
overlapping 6-element subarrays (3 forward, 3 backward). By averaging the covariance
matrices of these subarrays, the coherence between the signals is effectively broken, restor-
ing the rank of the signal covariance matrix. Subsequently, the high-resolution Min-Norm
algorithm is used on this smoothed covariance matrix to compute a spatial spectrum, aim-
ing to reveal sharp peaks at or very near the true signal angles, thereby demonstrating the
effectiveness of the combined Forward-Backward Smoothing and Min-Norm technique for

resolving coherent sources.
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Figure II1.9: Bidirectional Spatial Smoothing Min-Norm Estimation

This plot illustrates the bidirectional spatial smoothing Min-Norm spectrum for direction-

of-arrival (DOA) estimation. The spectrum displays two prominent and well-resolved
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peaks near 0° and 10°, corresponding to the actual incident angles of the sources. The
clear separation between these peaks demonstrates the method’s ability to resolve closely
spaced sources, even under challenging conditions such as limited snapshots or coherent
sources. The presence of moderate side lobes suggests some residual spectral leakage,
which is a known limitation of the Min-Norm method, particularly under noisy condi-
tions. Nonetheless, the overall peak sharpness and low noise floor indicate that bidi-
rectional spatial smoothing effectively enhances resolution and mitigates the impact of
source coherence. This result confirms the potential of Min-Norm with spatial smoothing

as a viable subspace-based approach for DOA estimation

1I1.4 MIN NORM DoA Estimation under Snapshot

Limitations

This simulation assesses the efficacy of the Min-Norm algorithm for Direction of Arrival
(DOA) estimation in challenging scenarios characterized by coherent sources and severely
limited data. Two coherent narrowband signals, which share the same angular frequency
and maintain a fixed phase relationship, are received from angles of 0° and 10° at a
Uniform Linear Array (ULA) consisting of 8 elements spaced at half-wavelength intervals
(0.5 ). The estimation of the covariance matrix is based on only 6 snapshots, indicative of
a data-sparse environment. The array operates under complex Additive White Gaussian
Noise (AWGN) conditions with a Signal-to-Noise Ratio (SNR) of 10 dB. To address the
challenges posed by source coherence and rank deficiency, the simulation employs spatial
smoothing techniques—forward (Rf), backward (Rb), and forward-backward (Rbf). For
each scenario, the Min-Norm spectrum is calculated using the noise subspace derived from
Singular Value Decomposition (SVD) and is plotted over the angular range from —90° to
90°. The resulting pseudospectra facilitate a visual comparison of the various smoothing
methods. As anticipated, the forward-backward smoothing (Rbf) technique produces the
most distinct peaks at the actual DOAs, highlighting its capability to effectively resolve
coherent sources even with limited data.

The Min-Norm Spectrum Figure Analysis: This figure illustrates the effectiveness of
different spatial smoothing techniques—Forward only (Rf), Backward only (Rb), and
Forward-Backward (Rbf)—in ascertaining the Direction of Arrival (DoA) using the Min-
Norm algorithm. The horizontal axis represents the incident angle in degrees, while the
vertical axis reflects the spectrum peak in dB. The Forward-Backward method (depicted
by the blue line) produces the most accurate and distinct peaks, successfully identifying
incoming signal directions around +10°. This establishes it as the most effective method

for differentiating closely spaced signals.
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Min-Norm Spectrum: Forward, Backward, and F-B Smoothing
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Figure I11.10: Min-Norm Spectrum: Forward, Backward, and F-B Smoothing

In contrast, the Forward only (represented by the red dashed line) and Backward only
(shown by the green dashed line) methods generate broader peaks with reduced resolution,
particularly the backward-only method, which demonstrates inferior performance. This
evaluation highlights the importance of utilizing Forward-Backward smoothing to improve
DoA estimation in adaptive antenna systems. The results clearly demonstrate that the
Forward-Backward smoothing technique is the most efficient among the three methods,
as it provides enhanced angular discrimination and the capability to handle interrelated
sources, making it the optimal choice for intelligent systems that depend on antenna

arrays in intricate environments.

I1I.5 DoA Estimation for Coherent Sources using Min-
Norm with Spatial Smoothing

This simulation assesses the efficacy of the Min-Norm algorithm combined with spatial
smoothing for estimating the Direction of Arrival (DoA) amidst coherent sources. A
Uniform Linear Array (ULA) consisting of 10 elements, spaced half a wavelength apart,
captures signals from three coherent sources positioned at angles of -20°, -10°, and 20°.
The coherence among the sources can lead to the failure of conventional techniques such
as MUSIC due to the deficiency in the covariance matrix rank. To mitigate this issue,
forward-backward spatial smoothing is employed, which restores the rank and facilitates
accurate estimation. Operating under a signal-to-noise ratio (SNR) of 10 dB with 100
snapshots, the smoothed covariance matrix is utilized in the Min-Norm algorithm to de-

termine DOAs by locating polynomial roots in proximity to the unit circle. The outcomes
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are depicted through:

1. A Spectral Min-Norm Plot that illustrates the normalized power spectrum alongside
the estimated and true DoAs.

2. A Root Distribution Plot on the complex plane displaying all roots and selected

roots.
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Figure I11.11: Spectral Min-Norm and Estimated Root-Min-Norm DOAs

This illustration showcases the effectiveness of the Root-Min-Norm algorithm in esti-
mating the Directions of Arrival (DOAs) for multiple coherent sources. The first graph
presents the roots of the polynomial derived from the Min-Norm spectrum within the
complex plane. A dashed line outlines the unit circle, serving as a reference to iden-
tify significant roots. The blue crosses denote all computed roots, while the red circles
highlight the selected roots that are closest to the unit circle—these roots correspond to
the estimated DOAs. Their proximity to the unit circle is a crucial indicator of their
importance in determining signal directions, as per the Root-Min-Norm methodology.

The subsequent figure illustrates the spectral outcomes of the Min-Norm algorithm, along-
side the estimated and actual DOAs. The green curve represents the normalized Min-
Norm spectrum (in dB), displaying clear peaks at the expected signal directions. Red
stars mark the peak positions identified from the spectrum, which correspond with the
DOAs obtained through the root selection technique. The dashed blue lines indicate the
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Min-Norm Roots on Complex Plane
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Figure II1.12: Min-Norm Roots on Complex Plane

actual DOAs utilized in the simulation, reinforcing the algorithm’s capability to accu-
rately distinguish multiple closely spaced and coherent sources.

This visualization validates the effectiveness of the Root-Min-Norm approach in scenarios
involving coherent sources, particularly when enhanced with spatial smoothing. Unlike
traditional spectral methods such as MUSIC, which require an exhaustive angle search,
the root-based technique allows for the direct computation of DOAs from polynomial
roots. This not only improves efficiency but also maintains accuracy, provided that the

array maintains a consistent and linear configuration.

II1.6 DoA Estimation for Coherent Sources using M U-
SIC with Spatial Smoothing

This simulation assesses the efficacy of the MUSIC algorithm combined with spatial
smoothing for estimating the Direction of Arrival (DoA) amidst coherent sources. A
Uniform Linear Array (ULA) consisting of 10 elements, spaced half a wavelength apart,
captures signals from three coherent sources positioned at angles of -20°, -10°, and 20°.
The coherence among the sources can lead to the failure of conventional techniques such
as due to the deficiency in the covariance matrix rank. To mitigate this issue, forward-

backward spatial smoothing is employed, which restores the rank and facilitates accurate
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estimation. Operating under a signal-to-noise ratio (SNR) of 10 dB with 100 snapshots,
the smoothed covariance matrix is utilized in the Min-Norm algorithm to de- termine
DOAs by locating polynomial roots in proximity to the unit circle. The outcomes are

depicted through:

1. A Spectral MUSIC Plot that illustrates the normalized power spectrum alongside
the estimated and true DoAs.

2. A Root Distribution Plot on the complex plane displaying all roots and selected

roots.
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Figure I11.13: Spectral MUSIC and Estimated Root-MUSIC DOAs

This plot illustrates the spectral pseudo-spectrum obtained using the MUSIC algorithm
for direction-of-arrival (DOA) estimation. Two dominant peaks are observed near —20°
and 15°, corresponding to the true incident angles of the sources. The Root-MUSIC esti-
mated DOAs, marked by red asterisks, closely align with the true source directions (indi-
cated by vertical dashed lines), confirming the high estimation accuracy of the method.
The sharpness and narrow width of the spectral peaks reflect the high resolution capa-
bility of MUSIC, even under conditions of limited snapshots or source correlation. The
presence of a low noise floor and minimal spectral leakage further validates the robustness
of MUSIC as a subspace-based DOA estimation technique. This comparison also demon-
strates the close agreement between the spectral and root-based variants of MUSIC in
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practical scenarios.

This plot presents the distribution of polynomial roots obtained in the Root-MUSIC al-
gorithm for direction-of-arrival (DOA) estimation. The unit circle is shown as a reference
(dashed line), and all computed roots are marked with blue crosses. The roots selected
for DOA estimation—those closest to the unit circle and located outside it—are high-
lighted with red circles. The clustering of selected roots near the unit circle confirms the
theoretical foundation of Root-MUSIC, which exploits the orthogonality between the sig-
nal and noise subspaces. The angular positions of these roots directly correspond to the
estimated source directions. This visual representation highlights the algorithm’s ability
to distinguish signal-related roots from noise-induced roots, especially under challenging

estimation scenarios.
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Figure I11.14: Root Distribution in Root-MUSIC Algorithm

II1.7 Conclusion

This chapter presents a detailed overview of Direction of Arrival (DoA) estimation, cov-
ering signal modeling, the impact of signal coherence and correlation, and various esti-
mation methods such as MUSIC, ESPRIT, CAPON, and MIN-NORM. It discusses the
strengths and limitations of each technique, along with preprocessing methods like spatial
smoothing and Toeplitz reconstruction to improve accuracy with coherent signals. The
chapter concludes by highlighting the growing importance of integrating these techniques

into real-time and intelligent systems.

49



General Conclusion

This study offered an extensive examination of Direction of Arrival (DoA) estimation,
outlining both the theoretical principles and practical difficulties encountered in signal
processing within array systems. We began with the signal model, investigating the math-
ematical representation of signals received by an array and how critical parameters such
as coherence and correlation among signals affect the effectiveness of DoA algorithms.
Particular emphasis was placed on differentiating between coherent and non-coherent
signals, as this significantly impacts the selection and precision of estimation methods.
A broad spectrum of DoA estimation techniques was reviewed, including subspace-based
algorithms like MUSIC, ROOT-MUSIC, and ESPRIT, as well as power spectrum and
minimum norm approaches such as CAPON and MIN-NORM. Each method was an-
alyzed regarding its underlying assumptions, benefits, and drawbacks. Acknowledging
the challenges presented by signal correlation and coherence, we also examined effective
strategies to alleviate their effects. Spatial smoothing was identified as a commonly uti-
lized approach for managing coherent sources, while the Toeplitz method was highlighted
as a useful technique for restoring the covariance matrix structure in cases of partial
correlation loss. The integration of robust signal modeling, effective Direction of Arrival
(DoA) estimation techniques, and pre-processing methods such as spatial smoothing and
Toeplitz reconstruction facilitates dependable source localization, even in intricate sig-
nal environments. As array signal processing advances—propelled by its applications in
wireless communication, radar, sonar, and acoustic tracking—the amalgamation of these
techniques with real-time systems and intelligent processing frameworks will be crucial in
enhancing the precision and adaptability of DoA estimation. This research further sub-
stantiates these findings through simulation results that demonstrate the performance of
the analyzed algorithms across various operational scenarios. In situations with limited
snapshots, subspace-based methods like MUSIC and ESPRIT showed high resolution and
accuracy when the incoming signals were uncorrelated. However, their effectiveness sig-
nificantly diminished in the presence of coherent sources. Techniques such as CAPON
and MIN-NORM, while not as sharp in resolution, proved to be more resilient under
these challenging circumstances. The use of forward-backward spatial smoothing greatly
enhanced estimation accuracy for coherent signals, while Toeplitz matrix reconstruction
successfully restored the covariance structure, thereby improving the overall stability of
the algorithms. These results emphasize the necessity of merging theoretical insights with

practical improvements to achieve reliable DoA estimation in real-world settings.
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