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Abstract

This research investigated the existence and uniqueness of the strong solution for a coupled
fractional pseudo-hyperbolic differential equation system with initial conditions, Neumann
boundary conditions, and nonlocal integral conditions. The theoretical analysis relied ex-
clusively on the "a priori estimates method” to examine the solvability of the problem and
study solution characteristics.

For the applied component, the q-Homotopy Analysis Transform Method (q-HATM)
was employed to obtain numerical solutions. Practical examples were then presented to
demonstrate the effectiveness of this (-HATM) approach in solving fractional-order coupled
differential equation systems.

Keywords: Coupled fractional systems, Strong solutions, A priori estimates, q-Homotopy
Analysis Transform Method (q-HATM), Caputo fractional derivatives, Nonlocal boundary
conditions.
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Notation

ot The fractional Caputo derivative.
D, B The Riemann-Liouville integral.
Ll Linear operators.
D(L) Domain of definition of the operator L.
£%(Q) Space of square integrable function u with weight function p, defined on Q.
R(L) Image of the operator L.

HAM Homotopy analysis method.
¢-HATM ¢-Homotopy Analysis Transform Method.



Introduction

Fractional differential equations have become one of the most important modern research
topics, witnessing remarkable development in recent decades. They have emerged as a power-
ful mathematical tool for modeling complex phenomena in physics, engineering, and applied
sciences [1]. This growing interest stems from their ability to describe systems with long-term
memory and non-local effects, which classical models fail to accurately represent. Among
the prominent practical applications of these equations are modeling heat transfer in hetero-
geneous materials and analyzing the motion of charged particles in complex electromagnetic
fields, where fractional solutions provide deeper insights than those offered by traditional
models [2].

Amidst this progress, the study of differential equations with integral (non-local) condi-
tions has garnered significant attention. These conditions represent a crucial enhancement
to mathematical models, particularly when direct boundary measurements are unfeasible or
when only averaged or aggregated values are available. One of the earliest studies in this
field was conducted by Cannon [3]|, who employed integral conditions to investigate heat
transfer in metallic materials using heat section equations. This was followed by numerous
works, most notably those of Lonkin and Yorshuk [4, 5], which utilized advanced methods
such as the Fourier method and energy estimates to analyze the existence and uniqueness
of solutions in such systems. Recent studies, such as [6], have expanded these analyses to
include nonlinear fractional systems.

From a theoretical perspective, researchers have made substantial efforts to study the prop-
erties of these equations, with a particular focus on proving the existence and uniqueness of
solutions using diverse mathematical methodologies. These methodologies include the fixed-
point principle and Lax-Milgram [7], as well as energy estimate methods that first appeared
in the works of Petrovsky [8] and became foundational for analyzing systems with integral
boundary conditions. This approach was later extended to analyze a wide range of equations,
as seen in the works of [9].

To overcome the challenges in solving non-local fractional systems, a set of advanced nu-
merical methods has recently been developed to obtain highly accurate approximate solu-
tions. These methods can be classified into two main categories: classical methods such as
the Finite Element Method (FEM) and the Finite Difference Method (FDM), and modern
methods including the Adomian Decomposition Method (ADM) [10], the Homotopy Anal-
ysis Method (HAM) [11], and the Homotopy Analysis Transform Method (HATM), along
with its improved version known as ¢-HATM, which combines homotopy techniques with
g-transforms. The ¢-HATM method represents a qualitative leap in solving fractional equa-
tions, embodying a modern development that merges the advantages of traditional homotopy
analysis with g-transform techniques. This method relies on transforming the original equa-
tion into a simplified form using the ¢-transform, facilitating the application of a series
of iterative functions to reach the solution. This technique is distinguished by its ability



to accelerate convergence, enhance the accuracy of numerical solutions, and provide great
flexibility in handling complex and nonlinear systems, making it an effective tool in this
important research field [12].

In this research, we adopt a methodology that combines numerical and theoretical as-
pects. Numerically, we employ the g-HATM method to test its computational efficiency
in handling dual fractional systems. Theoretically, we rely on the energy method, which
provides a robust analytical framework for studying the existence, uniqueness, and dynamic
stability of solutions, enabling a deep understanding of their behavior and long-term stability
or divergence [13].

Below, we study the following system:

b u — L (wuy), — 12 (zuy), + 210+ oqug = f (2,6, 0,0, Uy, 0,)
v — = (2v,), — 14 (@05), + 20u + vy = g (2,1, 4,0, Uy, v,)
’LL(:L‘,O) = 901(3j ) ut<x> ) ({L’) (1)

)
U(CE,O) = %(:C), (SE ) = 1/}2( )
uy(b,t) =0, wv,(b,t) =0,
Jeaxudr =0, [P zvdr =0.

where: Q@ =Q x [0,7] = {(z,t): 0 <2z <b,0<t<T}.
The functions f and g are L? <O,T ; L2(Q) given Lipschitzian functions, that is there exist
two positive constants d; and d, such that

|f (z,t,ur, v1,wy,dy) — f(x,t, ug, V9, we, da)| < 07 (|ug — ug| + |v1 — vo| + |wy — wa| + |dy — da]),
lg (x,t, ur, v1,wy, dy) — g (2, t, us, Vo, wa, da)| < 0o (Jur — us| + vy — vo| + |wy — wa| + |di — dal),

for all (x,t) € Q. The functions ¢1, 1, p2 and 1y are in H[‘}(Q), and zi, 29, a1, and s are

positive constants. The operator Ca{ft denotes the left Caputo fractional derivative, defined
in the second section, where 1 < 3,7 < 2.

Which is a model for coupled fractional systems with initial and integrated boundary con-
ditions. This system is used as a case study to apply the ¢-HATM method for deriving
approximate solutions, as well as the energy method for analyzing the existence, uniqueness,
and stability of the solution. The aim is to highlight the effectiveness of the methodology
used in dealing with complex fractional systems.

Chapter One: In this research, we establish the theoretical foundations by presenting the
required functional spaces and formulating the fundamental equations in fractional calculus,
while outlining the Energy Inequality method.

Chapter Two: This chapter is dedicated to studying the uniqueness of the solution for
the fractional system. We reformulate the fractional system within the linear operational
framework, which allows us not only to prove the uniqueness of the solution for the linear
fractional system but also to discuss the implications of the derived energy estimate for the
solution. We then focus on proving the solvability of the associated linear problem.
Chapter Three: In this chapter, we apply the ¢- Homotopy Analysis Transform Method
(¢-HATM) to develop a comprehensive methodology for solving coupled fractional system
models. We then present numerical computation results that provide a series of illustrative
examples to evaluate the effectiveness of the developed methodology. Finally, we review the
key findings and conclusions.



CHAPTER

PRELIMINARIES AND FUNCTION
SPACES

In this chapter, we recall a collection of function spaces and some basic tools related to them.

Functions spaces

DEFINITION 1.1: (see[ ])

Let L?(Q2) denoted the space of square-integrable function on Q.A complex-valued
function u defined on 2 is square-integrable if it is measurable and |u|*> € L'(Q2) . The
norm on L?(QQ) is defined as :

ullr20) = </Q|u($)|2dzzc>é .

DEFINITION 1.2: (see[ , )

To investigote the posed problem, we introduce the needed function spaces. We denoted
by L2(€2) the Hilbert space of weighted square integrable functions with inner product

(u,v)rz0) = (T, 0)12(0) = /Qmwdac, (1.1)
And with associated norm
1
2
Jull 30) = Vaulltae) = ([ auida)”, (12)
And denoted by H}(Q) the weighted sobolev space with:
2
||U||§{;(Q) = ||U||ig(§z) + lluallzzq) < oo (1.3)

Let L*(0,T; L2()) be the space consisting of all mesurable functions:
u: [0,T] — L2(Q) with scalar product:



T
(u, V) 2(0.1:22()) =/0 (u,v)2(0)dt, (1.4)

And with associated finite norm

T
lullczoirazon = | llulaey, (1.5)

And we denote by L*(0,T; H}(Q)) the space of functions which are square integrable
in the Bochner sense, with the inner product

T
(1, 0) 20,130 = /0 (ulest), 0o 1)) iy, (1.6)

And the associated norm is

T T
[[ull 20,7503 (02)) :/0 ||U(-,t)||%g(g)dt+/0 (-, I @y dt- (1.7)

|WA Preliminaries

Special Functions

DEFINITION 1.3

The Gamma function is denoted by I'(.) and defined by:
+0c0
[(x) = / t" e tdt, (x € C, Re(x) > 0).
0

this integral is convergente if Re(z) > 0.

PROPOSITION 1.1

For every x € RY we have:
['(z+1) =aI'(2).

In particular Vn € N*




DEFINITION 1.4

The Mittag-LefHler function is defined by:

+o0 JTk

The generalized Mittag-Leffler function is defined by:

+o00 Ik
Eop(z) = Igma (o, 8 >0),

The fractional caputo derivative

We recall some definitions of fractional derivatives and fractional integral(see[19, 22]). For
any positive integer n where: n — 1 < a < n, the Caputo derivative, Riemann-Liouville
integral, and fractional integral of order « are respectively defined as:

left Caputo derivative:

C aa B 1 t ™ (g, 7)dr
%, 1) = o /0 (= EDT) (1.8)

right Caputo derivative:

)™ T oW (g, 7)dT
Co%(z,t) = Fén 1—)0z) /t - —(t),"‘)’il’ vt € [0,T], (1.9)

Riemann-Liouville integral:

I20(x,t) = Doz, t) = 1)/0t o AT e 0,7 (1.10)

LEMMA 1.1: (see[ ])

Let a nonnegative absolutely continuous function y(x,t) satisfy the inequality

“Ohy(x,t) < cy(z,t) + k(z,t), 0<B<1,

for almost all ¢t € [0,7], where c¢ is positive and k(z,t) is an integrable nonnegative
function on [0, 7). Then

y(x, t) < y(a:, O)Eﬁ@tﬁ) + F(ﬁ)Eﬁﬁ(Ctﬂ>D&Bk($v t)'

10



LEMMA 1.2: (see[ ])

For any absolutely continuous function v(z,t) on the interval [0, 7], the following in-

equality holds

v(x, )% (2, t) > = 950 (x,t), 0<a<l.

DO | —

LEMMA 1.3: Gronwall’s lemma(see[ ])

If f1, f2 and f3 are nonnegative functions on the interval [0, T]. f; and f; are integrable
on [0, 7], and f3 is bounded nondecreasing on [0, T, and C'is a positive constant, then:

t
| Ay + ) < o), (1.11)
is a direct consequence of the inequality
¢ ¢
| i+ 0 < 0+ [ R (1.12)
We need to this fractional inequality (see[24],page 9) :
—a 2 ta_l ! 2
D IVIigen < oy ) Wz (1.13)
and we have this equality :
t 3 2 -1 2 = 2
Jy AVl dr = DB 1V 00y = gy IV Ol 0 (1.14)

Proof :
n—1 V(k)(o)tkfoc

CopV(r) =R agV(r) - Y o,

0t () 0t () ,;)F(k—a—i—l)

put: « = — 1, we get :

n—1 V(k) (O)tk—ﬁ—i-l

where: n —1 < a < n,

Cagt_1V(T) :R agt_IV(T) — I;) m7 Where: 0< 6 —1< ]_,
then ()5
V(0)t'—
C nf—1 R 98-1
0y, V(1)="0y V(T) — ——,
change t to 7, and integrate the equation from 0 to ¢ :
t B t 3 V(O)tZ*B
C opf—1 R of—1
aTVTdT:/ Oy, V(1)dT — :
fy Vi = [0V - e

11



t 2—-p
/ COPTIV (r)dr = 0 oF BV (7) — V(0)—
0

P@-p)
put V(1) = V.(7), we get :
/ " COETV(r)dr =R 8072V, (7) — V2 (0) e
0 07 T - 07 T T F(?) _ 5)7

but B — 2 < 0 so the derivative 3°2 is the integral D2 in the Rieman-Liouville sense:

27

/ot “06r Va(r)dr = DPPVA(T) ~ Vi (O)p— s

And the Cauchyes-inequality(see[23])
ab<§a2—|—i62 Ve >0
— 2 28 Y Y

where a and b are positive numbers.
A Poincare type inequalities (see[23])

b3
H%x(gu)HQLQ(Q) < EHu(wt)H%g(Q)’ (1.15)
b2
2,0 < 5 1950200 (1.16)
192 (€u) 2210y < blISw(EW)l[72(0) » (1.17)
where: .
(6w = [ vl ne, (1.18)
and . e
2 _
Sy = [ [ ey (1.19)

IR The relationship between orthogonality and density in Hilbert
spaces

PROPOSITION 1.2

Let M be a vector subspace of a Hilbert space H. Then, M is dense in H if and only
if M+ = {0}.

Proof:
Part 1: Assume M is dense in H. Let f € H, and suppose {f,} is a sequence in M
converging to f. For every n € N, we have:

<f7 fn>H = 0.

12



Taking the limit as n — oo, we obtain (f, f)z = 0, which implies f = 0. Thus, M+ = {0}.
Part 2: Conversely, assume M+ = {0}. Then:

(M) = {0y = 1.

Since M C (M=*)1, it follows that M C H. Moreover, (M1)t C M implies (M*)t = M.
Combining these results, we have:

M+CM = HC M.

Therefore, M is dense in H.

The Energy Inequality Method

(see[32])The Energy Inequality method, also known as “A Priori Estimates,” is an impor-
tant mathematical framework for solving boundary value problems for differential equations,
particularly Cauchy problems for hyperbolic equations. This method was developed by E.
G. Petrovsky. The fundamental idea is based on transforming the problem into an operator
form and analyzing the behavior of the solution through norm estimates.

First, the problem is formulated in the operator form:

Lu=F, Yue D(L), (1.20)

where the operator L maps from a Banach space B to a Hilbert space H. Then, the unique-
ness of the solution is studied. This is done by establishing the following energy inequality:

lulls < ¢l Lulln, (1.21)

This inequality bounds the norm of the solution v based on the norm of the equation Lu, and
is typically obtained by multiplying the studied equation by an operator Mwu (containing u,
its derivatives, and a specific weight function) and applying computational operations. The
choice of Mu depends heavily on the equation and the boundary conditions.

Afterwards, it is shown that L has a closure L, so the solution u is considered a strong
solution to the equation:

Lu=F, wue D(L), (1.22)
The inequality (1.21) is extended to the closure L to obtain:

lulls < el Lulla, (1.23)

which confirms the uniqueness of the solution to equation (1.22).

To guarantee the existence of the solution, the image of the operator L must be closed and
dense in H.

Explanation of the Existence Proof: To prove existence, we use the energy inequality
(1.23) and the properties of the operator L.

We analyze the image of L (the set Im(L) of the outputs). If this image is closed in the
space H (meaning any sequence of outputs that converges in H belongs to the image) and
is dense (meaning it is “sufficiently present” throughout all of H), then this ensures that the
data F for which we want to solve the equation Lu = F is “compatible” with the nature
of the operator L. The energy inequality, together with these properties, ensures that the
mapping u — Lu has a bounded inverse (bounded inverse) on its image. This allows us to

13



transform the equation Lu = F into a suitable form (such as applying the Cauchy-Lipschitz
theorem or the Frechet-Kolmogorov theorem) which guarantees the existence of a solution
u € D(L). In simple terms, if the data F is “consistent” with the nature of the process L
(which is expressed by the closedness and density), then the energy inequality ensures the
existence of a solution that is not “too large.”

14



CHAPTER

OF SOLUTIONS

Reformulation of the Linear Problem

We consider a fractional coupled system of the form:

(xuﬂc)act +v=f(x,1),
(‘m}z)xt tu=g (x, t) )

x

Lo(u,v) =¢ v + —% (zv,), —

xT

{ Li(u,v) =¢ 8gtu + —% (vuy), — %
1
associate with the initial conditions:

Gu=u(z,0) =pi1(x), Llu=u(z,0)=py(x),
lzv =v(z,0) =Y1(x), Ly =v(x,0) = 1Ys(x),

the classical and integral (non-local) boundary conditions:

uz(b,t) =0, wv.(bt) =0,

b b
/ rudr = 0, / rvdr = 0.
0 0

EXISTENCE AND UNIQUENESS

(2.2)

(2.3)

We assume that there exists a solution (u,v) € (C*?(Q))?, the set of functions together with

their partial derivatives of order 2 in x and ¢, are continuous on Q).

The solution of system (2.1)-(2.3) can be regarded as the solution of operator equation

LW = F,

where W, LW and F are respectively the pairs:

W = (u,v),
LW = (Lyu, Lyv),
F = (F,F),
where
Lyu = {Lyu, lyu,lou}, Lov = {Lov, l3v,lyv},
and

Fi={f,p1,02}, Fo={g,v1,02}.

15
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The operator L :
LZB:(31XBQ)—>H:(H1XH2)

2
, where B is a Banach space consisting of all functions (u, v) € (Li(Q)) satisfying conditions
(2.3) and having the finite norm:

[ o)l = sup D6 ([lurllZz o) + 1Se(un) IZ2@) + D3 (lelZz0) + 19a(€u0) 720
0<t<T P P P P

+ HUH%Q(O,T;H;(Q)) + HUH2L2(0,T;H;(Q))}» (2.8)

and H = H; x H, is the completion of the Hilbert space {LZ(Q) x L*(0,T; H)(2)) x Lz(Q)}2

with respect to the norm

2 2 2 2
IF Il = ||f||%g(Q) + ||<P1||L2(0,T;Hg(9)) + ||902||Lg(9) + ||9||%3(Q) + ||1/’1||L2(0,T;H;(Q)) + ||¢2||Lg(9) :

(2.9)
Let D(L), be the domain of definition of the operator L, defined by:

2
D(L) = {(u,v) € (Li(Q)) JCOR,C 0, Uy Vs Ui, Vs Ut Vi Utrs Vi Li(Q)},
(2.10)
satisfying conditions (2.3).

Uniqueness of Solutions

In this section, we prove the uniqueness result for the fractional coupled system (2.1)-(2.3),
that is we establish an energy inequality for the operator L and we give some of its conse-
quences.

THEOREME 2.1

For any (u,v) € D(L), and f(x,t),g(x,t) € C(D) the solution of the problem (2.1)-
(2.3) verify the inequality

1(u, )5 < ColI I3, (2.11)
where
3+ Y
C == s 4 ;
*™ min(1, 3)
b4 TQ—B b4 T2
“ ‘max{c°’ (”2) rG—5) (”2> F(3—7)}’
b2
Cy = =

min {1, #}’
03 = 02 eXp(CgT),

T8
Cy=C5I(B = 1)Es_1,5-1(CsT" ") max (1, ) ,

16



751
05:Cgmax{1+04,1+04 },

()
1 ™t
Co = Cs5I'(y = 1) Eym15-1 (0517 ) max <1> F(’Y)) ;
06T7_1
C; = C’5max{1+06,1+ o) }

proof
Taking the inner products in L2 (Q2), of the fractional partial differential equations in (2.1)
and the operators Myu = u; — 32(Euy), Mov = vy — I%(€vy) respectively, we have

1 1
= (o 2Em) 1y gy = (5 medare) (5 (o S2Em)

(e “t)Lg(Q) x
1 1 -

- < (TUg) 4y >ut> 2) + (m (Ttg) 4y Jz(ﬁ“?ﬁ))

+ ( gV, vt) (Caow 32 (gvt))L%(Q) — (; (:wx)z,vt> . + (; (2vg), Si(fvt))
1 1 a2 o2
(xxwxw )am+(xm%mf%@w0%m¢wwwn%n—OW%@wD%Q

= (/, Ut)Lz(Q (f, gi(éut))L%(Q) + (9, )20 — (9, %i(fvt))L,%(Q)-

— o2
R G G ()

(2.12)
Using the conditions (2.3), and the standard inegration by parts of some terms in the LHS
of (2.12), as follows:

e

— (00, %‘i(ém))Lz(m = = (% S5€wm). )
= (Cagt ( ;%x gut ) ©)
= (08 (3ul6w) Sulgu)) -
- (al: (zuz), 7“t>L%(Q) = = ((#Uz), , tr) 12

= (TUg, Ura) 12(q)

1

- 5 (ZE, (ui))L?(Q) !
10
T 20t

| (2.13)

- lluallZz o) (2.14)

17



+ Cc (wus), Si(fut))mm = (), 35w g

= — (xux, %I(é'llt))LQ(Q) ’

= — (U, %x@ut))Lg(Q) . (2.15)

1
= (5 udas) o= = (@) 0

= (xutm; utx)LQ(Q)

= ||Uxt||%g(9)- (2.16)

(G e Skem)) =+ () 93Ew)

P

= — ((zug), %z(éut))p(g) )
= = (uxtv %x(gut))Lg(Q) . (217)
_ 2 _ (2
(v, Jm(fut))Lg(Q) = (dx(fv),ut)L%(m. (2.18)
For the first term of(2.12), using lemma (1.2), we obtain
C B _ (Cap-1 C 56-1 2
(08 ) gy = (CO0 M) fy ) = 5 00 30 (2.19)

For equation (2.13), using lemma (1.2), then inequality (1.17), we get :

1
(C06 (SalEw)  Salbw)) 1, ) = (00 (Su(€u)) Sul€m) ) 2 35 O 18(€ur) [ 730)-
(2.20)

Substitution of (2.13)-(2.20) into (2.12), and using the symmetry in this problem, to obtain:

1 1 1

3 “on | wllZ2i) + % “op ! Hx’x(fut)Hm(Q)Jr “Re vl Za) + % Ca H1Se(€v)ll720
10 1 0

2atHuw|lL2 5 atHvaLz(m + w220y + Vel Z2(0)

< (Frunigey = (1 92(6)) 1y ) + (9,00 300 = (9, S50z
— (v, ue) ) + (s Sa(€ut)) 120y + (Ut S (§uir)) 13 + (%i(&)),ut)ﬂ

2(2)
— (1) ) + (V2 B2 (€00)) 13 () + (Vat, S (€01)) 13 + (%i(fwwt) (2:21)

L2’

By applying Cauchy-c-inequality and Poincare type inequalities (1.15)-(1.17), for the
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terms in RHS of (2.21), gives:

(f7 ut)Lg(Q) <

B (f’ gi(éut)) £2(Q) =

<
<

<

— (0, u) ) <

1
(ta, %x(fut))Lg(Q) =

(Ut %x(gut))[%(g) < Hu:rtH%g(Q)

(320),wi) ,

<

2(Q) —
b

< 5”

3

6

>
< S lvlizz@

1
§||f||%,2,(§z) +

B0
B3
e +
e +

5”””%@(9)

+ EH%x(ﬁut)Hig(m-

1

Insertion of (2.22)-(2.27) into(2.21), yields

1 1
R (T +H%x(€Ut)HZLg(m>
LTV TR
Uy (%
20t 3@ T 5 g 1Vellzz @

3\, 3 ,
S ey el zz0) + ZH\%(fUt)HLg(Q) +

2 8

RE 3
#(5+%) iz + JI8-€00lE

then:

1

1 2
+ §||Ux||L§,(Q) +l3

19

1
§||Ux||%g(9)

1

§||Ut\|ig(9)

1

+ 5”9926(5%)”%;(9)
b

+ *Hgi(fut)lliz(m

b3
7 18a(€u)l[z2(0)

b6
HutHLz(g

1

+ §||Ut||%g(9)

1
§||Uac||%g(m + §||3x(fut)||%g(9)

(choose € = 2)

1 1
SIS2E0) Tz ) + 5 Hut|lL2 @
2

%i(fv)”zﬁ(g) +

b
< 5”%&5@”%%9) +

§Hut|’%g(9)
5”“1:”%;(9)

+ §||Ut||%g(9)-

1
3 O (Inlie) + 192030

b6
8

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

o1 9 9
+ ] + 5 ||U||L§(Q) + HfHL]%(Q)

1
3 Wl + Dol



o5 (luell e + 1S €un)1F200y) + 05" (el Fa) + 1Sa(€0F20)

T T
+ a”uIHL%(Q) + &H%HLg(Q)

< Cy (HUtH%g(Q) + H%x(fut)\\%;m) + HuxH%Z%(Q) + HUH%Z%(Q) + Hf“%g(g)

+ Hvt”%g((z) + H%x(fﬂt)”%g(m + ”U:cH%;(Q) + HUH%g(Q) + HQH%I%(Q)) ; (2.28)
where ;
_ s
min(1, ;)

replacing ¢ by 7 and integrating both sides of (2.28) with respect to 7 from 0 to ¢, we
have:

t
/O%ﬁ-l(uufné +Hux<su7 Baw) dr+ [ 08" (lerlBigen + 19u(€0n) ) dr
t

[ el + [ 2ol
<, /0 (a0 + 1€ Zacay + e By + lolZacon + 171500
+ ||Ur||%g(9) + ||Sx(€vv')||%g(§2) + ”UxHQLg(Q) + HU”%;%(Q) + ||9||%g(9)) dr,
using the equality (1.14), leads to:
Dy ” (||Ut|’%g(n) + ||%x(§ut)||%g(m) + Dy (||Ut||2Lg(Q) + ||%m(§vt)\|%§(g)) + el Z20) — o1l 220

+ ||Ux||%g(9) - ||¢1m||ig(9)

< Cy

t
/0 (HUTH%%(Q) + ||$x(£u7)||%g(ﬂ) + ||U:c||%g(9) + ||U||%g(ﬂ) + ||f||%g(9)

+ ”Ur”%g(sz) + ||%x<fv7')H%§(Q) + H%H%g(g) + ||U”%g(ﬂ) + ”9”%;2,(9)) dT]

tQ—B 9 t2_’8 N , t2_
=g I Ol + w19 Cnln Ol + g5 e Ollize
£2-7 2
+ m”%x(&)t(m, O))HL%(Q)

using initail condition (2.2) and poincare inqualities (1.15)-(1.17), we have:
- -2
D52 (el + 1Se(€uallFzi ) + Do (IloellFz@) + 1Se(€u)Fa0)) + ltalizi) + vz
t
< Co [ (hur gy + 190(€ur) B3y + el + ol + 1713300

+ ||UT||%2 @ T ||Sx(€vf)||%g(n) + ||Ux||%§(9) + ||U||%g(sz) + ||9||%g(sz)) dr + ||901x||%g(9) + ||w1x||%127(§2)

T2 B b4T2—6 ) T2—'y )
+ W”‘P?H]} m“‘;@n%(g) + m||@/)2||]:%(9)
AT
2F(2 fy) Hw2HL2
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then:
D5 (el a0y + 1Se(GulZzi) + D2 (IvelFa) + 1Se(€0lF20)) + uallfz o) + loxlFa0)

t
< O [ [ (lur gy + 1€ Zgi) dr + [ (lualiigey + leliZg) dr + [ 1 1gpdr
b [ (o0 + 18 Enlzgi) dr + [ (loaligen + oli3g) dr + [ Nallizdr

+ ||‘102||%12,(Q) + ||¢2||%g(ﬂ) + ||901$||%12)(Q) + ||¢1x||%g(g)} ; (2.29)

where: ” T2-8 B T2
01 = max {Cg, <1 ) (3 B) (1 + ) ]—M}

Multiplying (2.29) by b?, then adding the following elementary inequalities :
2 b 2
Ju(z, D)l 130) < i [ (2, ) 20 » (2.30)
b? 9
lo(2, Dlizz0) < 7 loa(z, Dlliz0) (2.31)

Inequality (2.29) become:

b Do (lluellZa ) + 190 (Eun) | 23@) +0° D3 (el Za@) + 190(E0) 72w
+ b [lua (2, )0y + lul@, D)llZz0) + bl (@, ) Zz) + (2, 1) 130)

t t
< B0, [/O <||UT||%12,(Q) + ||3x(fur)||Lg(Q) dT+/O HU:I:H%;D(Q) + HUH%?,(Q)) dT+/O Hf”%g(n)dT

t t t
[ (sl + 192 €onliE@) dr + [ (loaliEgeay + Iols) dr + [ llglEadr
b? b?
+ 2y + lalEga + lenel 3z + e l3ze)] + T a0y + = I0a(@, O30,

return the lost two terms to the LHS:

0Dy (IluellF30) + [1Se(CualFa)) + 62 D3 ? (Iloill ) + 19 €002

b? b?
+ (bQ - 4> ||U:c($at)||%g(m + ||U($at)||%g(9) + <52 - 4> ||Ux($,t)||%g(n) + ||U(9U>t)||%g(9)

t t t

< V0 [/o (”Urnig(g) + ||Sx(§u'r)||%%(§2)) dr —I—/O (HU:[:H%Z%(Q) + HUH%}%(Q)) dr —I—/O Hf”%g(ﬂ)dT

t 2 Cx 2 d t 2 2 d t 2 d
| (el + 190(€0n)lliz@) dr + | (lvelEao + 0lize) dr + [ lallizedr
+ ”902”%12,(9) + ||¢2H%g(ﬂ) + ”SOMH%%(Q) + H%x“%g(g)] ;
then:

- -2
D5 (el F a0y + 1Se(GualZa)) + D32 (lvrlFa) + 19=(€00 | 32@)) + lulF20rm30)
+ HUHQH(O,T;H;(Q))
¢ 2 2 ¢ 2 2

< Cy {/0 (HUTHLg(Q) + ’|%1(€UT)HL§(Q)) dr +/0 (HuHLQ(QT;H;(Q)) + HUHL2(0,T;H,}(Q))) dr
LB adr + [ (Io-Bpe + 19260 ) dr + [ gz + s iaen + 16213,

o 2@ , UUrlizz@) 2 \SUr)liLg (@) o M91Lz @) 203 223

+ HSOM:H%I%(Q) + H%x”%g(m] ; (2.32)
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where:
b2C,
min {1, %} .

Using the Gronwall’s lemma (1.3), by taking:

Cy =

fo(t) = HuH%Q(QT;H;(Q)) + HUH%Z(O,T;H;(QW
it leads to:

_9 —2

D (Ilel0) + 1€z ) + Di* (Iealzgeor + 19 (€0 lEgeon) + Nl rmon
2

F ol 2, m )

t t
< Cs Uo (HUTH%,%(Q) + H%z(fuT)H%g(Q)) dr +/0 (Herig(Q) + H%CE(6U7)|’%IQ)(Q)) dr
t t
+ /0 HQHQLI%(Q)dT +/0 Hf”%g(sz)dT + HSD2H%§,(Q) + H%H%g(sz) + H%H%z(o,T;H;(Q)) + ”wl“%Q(O,T;H;(Q)) .

(2.33)
where:

03 = 02 eXp(CQT).
Then, by omitting some terms on the LHS in inequality (2.33), we obtain:

-2
D (||Ut|’%g(ﬂ) + H%x(fut)”%g(n))
t t
< Cs Uo (HUTH%,%(Q) + H%x(fuT)H%g(g)) dr +/0 (HUTH%]%(Q) + H%x(fvf)”%g(m) dr
t t
+ [ lalZa@dr + [ 1A1Z0dr + el + [l + lealao rmy + 1610 ey |
(2.34)
by Lemma (1.1), where :

t
v = [ (g + 190 (6un) lEm) dr. (0) =0,

dor 'y(t) = Do;* (||ut\|ig(9) + ||%z(§ut)||%§,(§z)> ;
and from (2.34), we obtain the inequality:

t
| (a0 + 1906033009 dr

t
< GsT(8 = 1) Eg1,1(CsT7 ") Dy [ /0 (el 20y + 192(602) 1320y ) d

t t
+ [ lglgdr + [ 1# @ + lealizo + allgm + lealzormyan + 910 rmyen|
then:

t
| (el e + 19 (€un) 30y dr

< G5B — 1) Ep1,5-1(C3T77Y) [D&BHfH%g(Q) + D&5||9||%g(9) + Dy (||Ur||ig(9) + ||%x(€vr)||%§(ﬂ))
751

ot o e o1
mH%HLg(m + ==

+m||902||%g(9) + T'(3) ||901||%2(0,T;H;(Q)) + m||¢1||%2(0,T;Hg(Q))1 ;
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we get:

/ (HUTHL2 o)t ”\%@UT)HLZ(Q)) dr < Cy (DOt ||f”L2 + DOtﬁ”g”LQ

+ D5 (llvrlay + 192(€0)l3a)) + leallFa + 1¥2l3a0) + lerliaormy + 191320zm30)) »
(2.35)

where:

Cy=0C3I'(B—-1)E (CsTP~1) max <1 Tﬁ_l)
1=0C3 8-1,8-1(C3 B )

Combination of (2.33) and (2.35) yields:

DG, (||Ut|’%g(ﬂ) + H%x(éut)Hig(m) +Dg; <||Ut||%§,(n) + ||%w(£vt>”%§(ﬂ)) + ||UH%2(0,T;H;(Q))
2
+ [lollz2 (0,T3H ()
t t
< G5 [ [ (Nerlgey + 180 Bg0) dr + [Nolgaper + [ 171 mpdr + lealiign + 4213300
+ H%01||L2(0,T;Hp1(ﬂ)) + le”LQ(O,T;H;(Q } + C3C) [DOtBHfHLQ + DOtBHgHL? + HW“%@(Q)

+ Dot (Ilo a0y + 1S2(€0) 2@ + 0212 + llonllFagorme) + ermoyﬂ;m))} :
(2.36)

In virtue of the inequality (1.17), we can simplify (2.36) as follows:

Dg? <||Ut||%g(9) + ||%x(§ut)||%g(9)) +Dg; (||Ut||%g(g) + ||%x(fvt)||%g(m) + ||u||%2(O,T;H,}(Q))

+ ||U||%2(O,T;H,}(Q))
t t t
< Cs | [ (NerliZgior + 19260 gien) dr + [ Noliizadr + [[1f1yandr
t
+||<P2”%g(n) + |W2||%12,(Q) + ||<P1H%2(0,T;H;(Q)) + ||w1||%2(0,T;H;(Q))} + €304 Uo ||f\|i§,(9) dr

t 2 d t 2 o 2 d Tﬂil 2 T,Bil 2
+/0 HgHLg(Q) T +/0 (HUTHLg(m + H\fz(évr)HLg(QQ T+ mH@?HLg(Q) + @H%HL%(Q)

T/Bil 2 Tﬁil 2
+m”<ﬂ1HL2(o,T;H;(Q)) + m||w1||L2(O,T;H;(Q))] ;

then:

D3 (loell a0y + 190(on)17200y) + Doe? (IluellFz 0y + [1Se(CuedlFaw)) + lelF20zmm)

+ ||U||%2(O,T;H;(Q))

t t t
< Cs | [ 11 Byadr + [ Noltgadr + [ (lorlEya + 19u(€oyey) dr

+ ||902||%g(9) + ||1/12||%g(9) + ||901||%2(0,T;H;(Q)) + ||¢1||%2(0,T;Hg(9))} : (2.37)
where: 61
05 = Cgmax{l +C4, 1 + 4}
I'(B)
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Now, we discard the last third terms in LHS of (2.37), we have
—2
I (Hvtﬂig(m + H%m(fvt)uig(m)
t t t
< Cs [/0 HfH%g(Q)dT +/0 HgHig(ﬂ)dT +/0 (HUTHQLg(Q) + H%x(fvr)”%g(sz)) dr
+ HSDQH%g(Q) + ||77Z}2H%%(Q) + H901|’%2(0,T;H;(Q)) + H%H%%O,T;H,}(Q))] ) (2.38)
by applying Lemma (1.1), where :
! 2 2
o(0)= [ (Il + 19e(€0)0)) dr. 4(0) =0,
% () = D52 (el 720y + 192600 2)) -
from (2.38), we obtain the inequality :
! 2 2
[ (eliZaen + 192 (€0 )
T t
< G5 (y = 1) By 141 (C5t" ™) Dy, Uo Hf||%g(md7 +/0 ||9||%g(9)d7 + ||€02||%g(9)

+ H1/12H%g(ﬂ) + H%H%%O,T;H;(Q)) + H¢1H%Q(O,T;H;(Q))} ;

is results in :

t
| (sl + 19060 I3y dr
v—1

_ _ _ t
<G l'(y = 1) By, (G5t 1) (DOtWHfH%Z%(Q) + DOt’Y”g”%g(Q) + WHWH%ZQ)(Q)

t'Y_l 2 t’y_l 2 t'Y_l 2
+ F(’}/) ||77Z}2||L12)(Q) + F(")/) ||901||L2(0,T;H/}(Q)) + F(’}/) ||¢1||L2(O,T;H%(Q))> )
then :

t
| (e g + I19(60)33009) ar

< Cs (D&VHing(Q) + D&WHQH%E,(Q) + H%H%g(ﬂ) + Wz“%g(g) + “‘;01H%2(0,T;H;(Q))

+ WlH%?(o,T;H;(Q))) : (2.39)

where:

-t
Cs = CsI'(y = 1)Ey 1 41 (C5T7 ") max <1> F(’Y)) :
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Combination of (2.39) and (2.37), then using the inequality (2.14) to find the estimation:

) —2
Dy, ||Ut||%2(9) + ||%x(§vt)||%2(9) + Dgy ||Ut||%2(9) + ||Sx(fut)||%2(9) + ||u||%2(O,T;H1(Q))
P p p p 14

+ HU”%Q(O,T;H;(Q))

t t
< Cy (/0 Hf”%g(de +/0 HQH%;(Q)CZT + H%H%g(sz) + H%Hig(n) + H%H%Q(O,T;H;(Q))
+ Wl”%?(o,T;H;(Q))) )
T T
<y (/ 11172 d7 +/ 90172 dT + ll2llZ2 () + 1¥21l72q)
o 0 P 0 p P P

+ HQDIH%Q(O,T;H;(Q)) + H?/11H%2(0,T;H;(9)))> (2.40)

where:

CeTV 1
C7:C'5max{1+06,1+ u }

I'(v)

The RHS side of the above inequality (2.40) does not depend on t. By taking the supremum
with respect to ¢ over 0 to T', we get :

Sup {Dgt_Q (||Ut||%g(m + ||%z(§vt)|’%g(m) + Dg; (||Ut|’ig(9) + H%m(ﬁut)ﬂig(m)

+HUH%2(0,T;H,}(Q)) + ||U||%2(0,T;H;(Q))}
<O [ [ 11+ [ ol +lealiz + Nl + ol (241)
=71 L2(Q) 0 9llLz(o) P21lL2() 21122(9) PillLz(o,1;H3 (%)

+ HT/JIH%Q(O,T;H;(Q))) ’

SO ¢
1w, )15 < Crll F Il

g

COROLLARY 2.1

The solution of problem (2.1)-(2.3) is unique.

proof

Let (uq,v1) and (ug,v3) be two solution of problem (2.1).

L(Ul, Ul) = f

L(UQ,’UQ) = f } = L(Uly?}l) — L<UQ,U2> _ O,
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we have that L is linear operator ,meaning it satisfies :
L ((u1,v1) — (ug,v2)) = 0,
and based on statement (2.11), we find :
[ty v1) = (u, v2) |5 < 0 = [[(ur, v1)—(ua, v2) |5 = 0 = (ur, v1)—(ug, v2) = 0= (ur,v1) = (us, v2).

therefore, the coupled system has a unique solution. H
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Existence of Solutions

To prove the existence of the solution,using the energy inequality method we study the
propreties of operateur L.
The proof of existence relies on the following three steps:

1. The operator L : B — H is closed.

-1

2. Lu= H and R(L) = H is a closed subset in H, and R(L) = R(L) and L = = L.
3. R(L) is dense in H.

PROPOSITION 2.1

The operator L : B — H is closable .

These are some consequences of theorem (2.1) . B
Let L be the closure of L ,and D(L) the domain of definition of L.

COROLLARY 2.2

There exists a positive constant C' such that

I(w, )l < CIL(w, V)|, V(u,v) € D(L), (2.42)

where: C' = /C7.and (u,v) is solution of L(u,v) = F
The above inequality (2.41) can be obtained, after passing to limit in (2.11).

COROLLARY 2.3
A strong solution of system (2.1)-(2.3) is unique and depends continuously on
F = (Fl,fg) € H,

where F; = {f> ®1, 902} and Jp = {97¢1,¢2}-

COROLLARY 2.4

The range R(L) of L is closed in H and R(L) = R(L). This last corollary shows that in
order to prove that system (2.1)-(2.3) has a strong solution for arbitrary (Fy, Fs) € H,
it is sufficient to prove that the range of L is dense in H, that is R(L) = H.
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PROPOSITION 2.2

If for some function: Y'(z,t) = (y1,%2) € (L2(Q))% and for all W(x,t) = (u,v) €
Dy(L) = {W/W € D(L) : tyu = 0,lyu = 0,l30 = 0, {40 = 0}, (satisfying homogeneous

initial conditions), we have:
(EV[/: Y)L%(Q) - (£1u7 yl)L%(Q) + (EQU, yQ)L%(Q) = O, (243)

then Y is vanishes "a.e” in the domain Q.

proof

we set
W = (u,0) = (37 (p1), SF(p2)), 2.44)
Y = (y1,92) = (Sip1) — S5 (€3e(p1)) , Si(p2) (£S¢(p2))) 2.45)

where
S(pi) = /t i(z, s)ds, (2.46)
2 (ps) / / pi(x, z)dzds, (2.47)
32 (€S (ps)) / / / n pi(n, s)dsdn, i=1,2. (2.48)

We suppose that the function p;(x,t) satisfying conditions (2.3) and such that :

Pis Pix, %t(pz)7 %?(pz) .T\St (pzz>7 i (é‘yt( z)) 7C agtpiac agtpz € L2<Q))Z = 17 2. (249>

Now replacing (2.44) and (2.45) in the relation (2.43), we obtain :

(
(:E (%tz(p%D z’ S p2)>L2(Q) N ((m (S?(p%)»xt ’ %t(m))m(g)
; ( o T (((SH0)), 2 ES2))
— (S, S2(€(p)) ,, ) = 0. (2.50)

Put in mind this Poincare inequality:

T2
187 (o) 172 () < ||Jt(pz)||L2<Q =12

Using conditions (2.3), and computation each term of (2.50), gives :
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(“06: (SFen) Su) ,, o = (C06 " (Sulpn) . Sulp)) . o
2() 2(2)
> 2 O ISup) g (251)
— (= (S8 0m)), - Sele1)) ) = ;§t||c,?<pu>||%;<m, (2.52)
= ((= (80)) , Sile1)) ) = [19e10)ll 20, (2.53)
- (35(1?2), %t(lpl))L2 o = EH\% (P2) 1220 + 1||%t(p1)||ig(9)
Q) T 2 2
< Tinoxm)HLz + iu (p >||me (2.54)
—(“o% (37 (1), 32 (€Sup)) ) = —( O (Spn) . B2 (€3u(p)) 1,
() B
= (5 (Su (€3(m))), S (€3 t<p1>>)L2 o
> OIS €3up) yo (255)
+ (= (S0w)), 32 €)= = (SH01), S (€2u(m))

TQ
ﬁH%§<plx)H%§(Q) + ZH%x (fgt(Pl))H%g(Q)
1 < 2 T x 1o 2
SISz 0) + 719 (€31(P1) 30, (2:56)

+ ((x (%?(Pu)))m N (fgt@l))) = — (Se(p12), Sz (S%t(pl)))Lg(Q)
1 1
< *||%t(p1z)||%§,(9) + 5”%1 (§%t(p1))||%g(9)a (2.57)
1
+ (S7(2), ST (ESP) 1y < fust (P2)lI7200) + 5192 (€S (p) 30

T? be
< 1S z3e) + SOz ), (2.58)

IN

IN

Insertion of equations (2.51)—(2.58), into (2.50), we get :

1 _ 1 1 0

5 0 (190 ey + 319 (€3I 3@y) + 5 571931 Egcer + 19pan) g
1 1 1 0

+5 907 (I8l + 5 190 €30 + 5 51930y + IS0l Egco
T2 1 T2

< Z||‘$t(p2)||L2 + §||%t(p1)\|ig(m + ||%t(p1$)||%g(n) + ZHgm (£%t<p1))”%g(ﬂ)

T2 o I ) b T2

+ IS )lzg@ + 519 €Sup)lzy@ + FISp)lIzz0) + T I1SiP)lz30)
} Cx 2 Cx 2 Tﬁ Cx Cx 2

+ 5 IS p2)z2@) + 1Se(p22) [720) + 19 (€3e(p2)) 220
T2 1 N 9 bo N 9

+ IS )lzy@ + 518 (€SP lzg@ + g 19:p2)Z30)

if we multiply the last equation by 2 and introduce min on the left hand side and max on
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the right side , we find :

_ 0
0%1@%@M@Q+W%@%@m%mﬂ+a

03351 (H%t<p2)”%§(ﬂ) + (I8 (f%t(m))ﬂig(ﬂ)) at”x’“t (p2z)||%g,(9)

< My [ (ISl 720) + 192 €S F2)) + (IS1@2) 1200y + 195 (€SP 17200
(2.59)

192 (p12) 23000

where:
max{T2 14+ 801+ TQ}

mln{l; %}

taking in account the homogeneous initial conditions in Dy(L), then replacing t by
in(2.59) and integrate with respect to 7 from 0 to ¢, we have:

D52 (ISP 320y + 190 €S F2)) + 197 (10120
Dwﬂwxnm>+wu@mmmmo+wwmmw>

< My | (1900 g0 + 190 €300 30 dr

M1:

?

(4

ﬁ

+ [ (I8 mHm‘W%@&%m%@W4- (2.60)

Now, we discard the last three terms in LHS of (2.60), and applying lemma(1.1) ,where:
t
v = [ (I19:)lF30 + 192 €3 (0) 30 dr

“On "y(t) = Do (1S () 1720y + 19 (€37 (00) 1730
then using fractional inequality , we get :
t
| (1)l + 192 (€3 () 300y dr
<MD ([19(p2) 1720 + 190 (63(02) 1720
t
< M (/ <||%T(p2)||%§(9) + IS, (537(292))”%3(9)) dT) 7 (2.61)
0
where :

My = MI'(8 —1)Eg_15_1(M,T"1),
-1

rg)

Substitution of (2.61) into (2.60) yields :

D (H%t(p?)”%g(ﬂ) + (|8 (5%t(p2))||%g(m) + H%?(pzx)Hig(n)
D52 (IS0 @) + 190 (€S 0)) ) + 197 (010) 20

< M, [/Ot (H%T(pZ)H%%(Q) + (IS (5%(202))”%3(9)) dT} ; (2.62)

M3z = M,

30



where:

If we discard the last three terms in LHS of (2.62), and applying lemma(1.1),where :
t
v = [ (19 @)lF300 + 192 (€3 ()30 dr

o5 y() = D3 (IS |72 + 19 (€30(2)) 20

we obtain:

(190 2) ) + 19 (€3: () gy dr < M5 (D) =0, (2:64)

where:
Ms = I'(y = 1) By -1 (MAT7).

Return and using the inequality (2.61), we deduce that Y = (y1,y2) = (0,0) almost every-
where in the domain ). B

THEOREME 2.2

2
For any (f,9) € (I3(Q))" and any (P1.02). (V.082) € {L2(0,T; HY(Q) x L2(Q)},
there exists a unique strong solution W = L~ 'F =L7IF of the system (2.1)-(2.3),
where F = (F1,F) € H, Fi={f, 01,02}, Fo={g,¢1,¢}, W= (u,v)and

Wl < Cl[LW||x, (2.65)

for a positive constant C, independent of W.

proof

It is sufficient to prove that the range R(L) of L is dense in H = H; X Hy. Suppose
that for some: Y = (QJ1,s) = ({y1,92,y3},{vs,y5,96}) € H, the orthogonal of R(L), so
that
(LW, Y)m = ({L1u, Lyv} {1, Vo))
({(Llu élu EQU) (£2U7 63'07 641))} ) {(ylu Y2, ?J3) ) <y47 Ys, y6)})H
= (

Lyw, 1) paiq) + (Ot ¥2) 2 iy T (G2, 93) 120 (2.66)

+ (Lav, y4)L2 @) + (Csv, ?J5>L2(0,T;H;(Q)) + (v, yG)Lg(Q) = 0.

We must show that: ¥ = Oa.e inQ. Putting W € Dy(L) in (2.66), we get :
(L1u, yl)L%(Q) + (Lav, y4)L3(Q) =0, VW e D(L), (2.67)

hence proposition (2.2) implies that: y; = y4 = 0.
The relation (2.67), implies that :

(ru, y2)L2(o,T;H;(Q)) + (Lau, ys)Lg(Q) + (b3v, ys)m(o,T;H;(Q)) + (lyv, y6>Lg(Q) =0, VW e D(L),
(2.68)

31



since the four quantities in (2.68) vanish independently and since the ranges of the trace op-
erators (1, (3 and {y, {4 are respectively everywhere dense in the spaces L*(0,T; H;(Q)) and

L2(Q), therefore it follows, from(2.67), that y» = ys3 = ys = y = Oa.c inQ. Hence R(L) = H.

Now, let’s consider the general case. Based on the fact that R(L) is dense in H, we
conclude that we can prove that R(L) is dense in H by means of the continuation method
along the parameter (see [20]). This is what leads to Proposition (2.3).

PROPOSITION 2.3

Assume that the necessary conditions hold. Then, for allF = (Fy,F;),€ H, there
exists a unique strong solution u = L ' F = L~1F of problem (2.1)-(2.3).
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CHAPTER

Q—HOMOTOPY ANALISIS
TRONSFORM METHOD

The Homotopy Analysis Method (HAM) was first proposed in 1992 by Liao as a flexible tool
for solving nonlinear equations, gaining widespread attention due to its ability to control the
form of the solution and its convergence speed. With the growing need for more efficient
methods, an improved version known as ¢-HATM emerged, which combines HAM, the
Laplace transform, and the parameter q, helping to simplify computations and enhance the
accuracy of results, particularly when dealing with fractional-order equations.

Homotopy Analysis Method (HAM)

In this section , we present the Homotopy Analysis Method (HAM), introduced by Liao
in 1992 for solving both linear and nonlinear equations [Liao, 1992]. Liao later provided
a systematic explanation in 2003, which enhanced its understanding and application [Liao,
2003]. Here, we aim to review the basic principles of HAM and extend them to fractional
partial differential equations. HAM has since proven effective in solving complex nonlinear
equations, including fractional-order differential equations [Liao, 2005; Liao, 2006].

DEFINITION 3.1: Homotopy Function

Let f,g : X — Y be two continuous functions. A homotopy between f and g is a
continuous function:

H:Xx[0,1]->Y

such that:
H(z,0) = f(z) and H(z,1)=g(x) VreX.

Here, H is viewed as a continuous deformation of f into g, where ¢ € [0,1] acts as a
time parameter controlling the deformation process[see [16]].

We consider the following fractional coupled system (see[26]):

Nl [U(ZL‘, t)]
Na[v(z, )]

0,
0,

(3.1)
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where N7, N5 is a linear or nonlinear operators, x and ¢ denotes independent variables, u(z, t)
and v(z,t) is an unknowns functions. For simplicity, we ignore all boundary or initial condi-
tions, which can be treated in the same way. Based on the constructed zero-order deforma-
tion equation by Liao (see[27]), we give the following zero-order deformation equation
in the similar way:

(1= q)L[p(w,t;q) — uo(w,1)] =qghNi(d(x,t;q)),
(1 - q)L[?/J(IL’, t; q) - UO(CE7 t)] :th2(¢(w7 t; Q))a

where ¢ € [0,1] is the embedding parameter,h is a nonzero auxiliary parameter, L
is an auxiliary linear non-integer order operator which possesses the property £(C) = 0,
uo(x,t),vo(x,t) is an initial guess of u(z,t), v(z,t) and ¢(z,t; ¢) and ¥ (x,t; q) is an unknowns
functions on independent variables x,t,q. It is important to note that one has great freedom
to choose the auxiliary parameter A in HAM. If ¢ = 0 and ¢ = 1, then we have:

(3.2)

d(z,t;0) = ug(x, t), and o(z, ;1) = u(x, t),

3.3

Y@ t0) = w(ot),  and P h1) = vz, (3:3)
respectively. Thus as ¢ increases from 0 to 1, the solutions ¢(x,t;q), ¥ (z,t;q) varies from
the initial guess ug(x,t), vo(z,t) to the solutions u(z,t) and v(z,t). Expanding ¢(z,t; ¢) and
Y(x,t;q) in Taylor series with respect to ¢, we have :

¢(x,t;.q) =uo(w,t) + Y um(w,t)q™,
. (3.4)
w(xatafﬁ :’U()(,I’,t) + Z Um(xvt)qma
m=1
where:
_ 1 0"¢(x,t;9) 1 0™p(x,tq)
Um<l’,t) _ETM:O, and 'Um(flf,t) = %aqimb:(), (35)

If the auxiliary linear operator, the initial guess, the auxiliary h, and the auxiliary function
are so properly chosen, the series (3.4) converges at ¢ = 1 , then we have:

u(z,t) =uo(z,t) + > un(z,

e (3.6)
v(x,t) = £+ > vm(z,

m=1

which must be one of the solution of the original linearor nonlinear equation as proved by
[27]. As h = —1, the equations (3.2) becomes :

(1= q)Llp(z,t;q) — uo(z,t)] + gNi(o(x,t;q)) = 0,
(1= q)L[Y(x,t;q) — vo(w,t)] + gNa( (2, t;q)) = 0,

According to (3.4), the governing equation can be deduced from the zero-order deformation
(3.2). Define the vectors :

(3.7)

Um (2, 1) = {ug(z, t), us(z, 1), ug(x, ), us(x, t), ..., U (z, 1)},

Um(z,t) = {vo(x,t), v1(x, ), vo(x,t), v3(x, 1), ... v (2, 1)}, (38)
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Differentiating (3.2) m times with respect to the embedding parameter ¢, then setting
q = 0, and finally dividing them by m! , we have the so-called mth-order deformations

equations:
Lt (2,t) = XmUm—1(2, )] = ARy (upm-1(x, 1)),

3.9
L{vm(x,t) — XmUm—1(x,t)] = hRo(Vpm—1(2, 1)), (39)
where :
1 0™ Ni(9(x, t59))
e T N 7 N (310
R (1)) = L O Nalla ) |
2 m—1 ) (m _ 1)[ 8qm71 q:0 Y
and
<
X, = {0 m< 1, (3.11)
1 m>1,
Applying £~ both sides of (3.9), we get:
U (7, 1) = XonUm—1(2,1) + LT[Ry (U1 (2, 1))] . (3.12)

Uy (2,1) = XmUm—1(2,1) + RLT [Ro(v_1(2,1))] -

In this way, it is easily to obtain w,,,v,,, for m > 1, at mth-order, we have:

M M
u(z,t) =Y up(z,t), v(z,t) = Y vp(z,t), (3.13)

m=1 m=1
when M — oo we get an accurate approximation of the original equation(3.1). For the
convergence of the above method we refer the reader Liao’s work. If equation (3.1) admits
unique solution, then this method will produce the unique solution. If equation (3.1) does
not possess unique solution, the HAM will give a solution among many other (possible)

solutions.

g-Homotopy Analysis Transform Method

The g-Homotopy Analysis Transform Method (q-HATM) was introduced as an innovative
approach to solving nonlinear partial differential equations. It was built upon the foundation
of the Homotopy Analysis Method (HAM), first proposed by Liao in 1992 (see[11]) and later
developed further in his book Beyond Perturbation (see[15]). Over time, this method has
been enhanced by integrating additional techniques, such as the Laplace transform (see[18]),
which has contributed to its increased efficiency and expanded range of applications.

DEFINITION 3.2

The Laplace transform £ of the Caputo fractional derivative 9/ O(x,t),n— 1< f <mn,
of a function #(z,t) is defined as:

B n—1
c [gtﬁe(x,t)] = s L{0(x, 1)} — ; $77H10W (2,07) (3.14)
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Thus, consider the following diffirential equation of the form :

O u(e.t) + Ru(e. )+ N{u(r.) = Flr.n—1< 8 <n, (3.15)
o8

where u(x,t) is a differentiable function, g5 is the Caputo derivative of order 3, R is a linear
differential operator, N denotes a nonlinear differential operator, and F (x,t) is a known
function.

Then, applying Laplace transform to both sides of equation (3.15) gives:

sPL{u(x,t)} — Zsﬁ L) (2, 0) + L{R(u(z, 1)) + N(u(z, 1))} = L{F(z,1)},
we divide both sides of the equation by s” :
L{u(z, t)}— Z (@0 + L {R(u(z, 1)) + N(u(z,t)) - F(z,t)} =0. (3.16)
Next, according to the HAM method (see[17]), we define an operator N as follows:
Niplotia)] =£{ele )} = 3 5z (0.0:0) + 3£ (el t50)

+R(p(a,tiq) - Fla,)},

(3.17)

where g € [O, i‘J ,n > 1, and ¢ is a real valued function in z,t and ¢q. Thus, we take the
zeroth-order deformation equation to be:

(1 —ng)L[p(x,t;q) — uo(x,t)] = ¢ghNp(z,t; q)] (3.18)

where h is a non-vanishing auxiliary parameter, which is used to control and adjust the
convergence region of the desired series solution, g € {0, ﬂ is an embedding parameter, £
denotes the traditional Laplace transform operator, ug(z,t) is an initial guess for the exact
solution u(z,t), and ¢(z,t;q) is an unknown function.

It is clear that at ¢ = 0 and ¢ = %, equation (3.18) implies:

1
90(‘%-7ta0> ZUO(ZL’,t) and gO(.T,t, ) :u(x,t)
n

Thus, as ¢ moves continuously from 0 to %, the function ¢(x, t; ¢) deforms from the initial
approximation ug(z,t) to the exact solution u(x,t).
Next, the Taylor series expansion of ¢(z,t;q) in powers of ¢ implies:

o(z,tq) = up(z,t) + > up(x (3.19)
m=1
where 5
1 m t:
Um(x7t> - (p(x’ ’Q)
m! oq™ =0

Now, if the auxiliary parameter i and the initial guess uy(x,t) are properly chosen, then
the power series (3.19) would converge at ¢ = % to one of the solutions of the above problem,
and it is given as:

u(z,t) = ug(x,t) + i (i)mum(x,t). (3.20)
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In fact, the existence of the factor (i)m in the series (3.20) accelerates the convergence
in the ¢-HATM compared with the HAM.

Differentiating the zeroth order deformation equation (3.18) m-times with respect to g,
dividing by m ! and then setting ¢ = 0, gives the following m th order deformation equation:

LA{um(,t) = XmUm—1(x,t)} = AR (1), (3.21)
where

Up(x,t) = [ug(x,t), us(x,t), ..., up(z, t)],
and

R (1) = o i 0 {ng_lf\/[so(x,t;q)]}

q=0

Application of the g-HATM

The q-HATM method, also known as the "Modified Homotopy Analysis Method with the
Parameter”, is considered one of the most efficient and accurate techniques for solving mathe-
matical models of integer or fractional orders. It is distinguished by its ability to address vari-
ous problems across different scientific fields, as highlighted in references [[26], [27], [29],[31]].

To solve a problem (2.1)-(2.3), we start by applying the Laplace transform to both
sides of each equation in the system,we obtain:

Z Jrd(@,0) = —c (1 O (;(;gpu(x,t)> + fai;t (xau(x,t)>
—w@mzqmmn'

(dy 0 [ 9 dy 02 d (3.22)
1 2
Zkﬂ xm—‘émeaﬂmﬁ+xw&Gm%”0
—CU(.T,t>] = E[g(l‘,t)],
then :
1 1 1 [dyo [ 0 dy 9 [ 9
E[u(m,t)]—gu(x,O) - S—Qut(x,()) - S—ﬂ[, [az@x (maxu(x,t)> + ~ Dudl ( agju(x,t))

—cv(z,t) + f(z,t)] =0,

ﬁ[v(a:,t)]—iv(z,()) - ;vt(a:,O) - %ﬁ [il J (xaaxv(x,t)> + d2 0 (xav(a:,t)>
—cu(x,t) + g(z,t)] = 0.

Next, we define two operators N; and N, as follows:
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1 dy 0 0
N oot ). 06t =€ {0t tia)) = 0,0 = (o0 = £ {80 (o0 o)
dy O*
+:178x0t< oz :pt) vl b) —|—f(:v,t)},
1 dy O 0
dy O* 0
. (mmw t>) —aole ) +ale ).
(3.24)
Then, we define the zeroth-order deformation equation as follows:
which leads to the following mth-order deformation equation:
L [um<x7 t) - Xmumfl(I} t)] = h1§R1 (ﬁmflv ﬁm71> ) (326)

L [Um(za t) - vam—l(xa t)] = hQ%Q (ﬁm—lv ’Um—l) 5

where:
. " Xm\ (1 1 1 d
Ri (U1, Um-1) = L{tpm—1(z,t)} — <1 - n> (Su(x, 0) + ?ut(x, O)) - S—ﬂﬁ {x

0 0 dy 0? 0 m
B ( 5 — U1 (T, t)) + f@x@t ( &qum_l(x’t)> — U1 (2, 1) + <1 — Xn) f(:v,t)},

Ry (1, T 1) = L {oms (2, 8)} — (1 — ) ( (,0) + Slzvt@,o)) _ ﬁ{dl

s7 x
0 0 dy 0? 0 Xm
81’( 5 — U1 (2, t)) ; 81’815( 5 — U1 (2, t)) ClUp—1 (T, 1) + <1—n> g(:v,t)},

(3.27)
You can calculate the terms of the recursive series using an iterative method, where each
term is calculated based on the previous terms, and we rely on the following relationship.

Um([lf,t) XmUm— 1( ) + hl'c ! [%1 (ﬁm—17gm—1)] ) m 2 1 (3 28)
Um(flf, t) XmUm— 1( ) + h2£ [§R2 (ﬁm—lu ﬁm—l)] ) m 2 1 '
and the solution will be given as:
o0 1 m
u(z,t) = up(z,t) + Z (> U (2, 1)
— \n
m=l om (3.29)
v(z,t) = volz,t) + > <n> U (2, 1)
m=1
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Numerical Test

In this section, we implement the iterative computational scheme (3.28) derived from the
g-HATM technique to solve numerical test cases. The objective is to examine the efficacy
and computational performance of this method in solving the fractional-order systems (2.1)-
(2.3).

Example 1. We consider a fractional coupled system with 1 < 5,7 < 2:

Coppu — * (2ug), — L (zuy),, +v=2(t+2)+ (:L‘ + In(x) i) t
(3.30)
Copv — L (zvy), — 1 (avy),, +u=2(t+1)+ (x + In(x) i) (t+1)
with: 4 3
ug(z,t) = u(x,0) = u(z,0) = [ —z2 +In(z) + = ),
(2.1) = u(w,0) = w(z,0) = (a* + In(w) + 7 -

1 3
vo(x,t) = v(z,0) =0, v (x,0)= <2$2 + In(x) + 4) )
This functions satisfies :
ur(1,t) =0, wv,(1,t) =0,
and

1 1
/ zu(x,t) de =0, / zv(z,t) de = 0.
0 0

Put m =1 in equations (3.28), we get :

'Lbl(QZ, t) = X1U0<I, t) + hlﬁil |:§R1 (Ug, 1)0) :|,

_ho! [E{uo(x,t)} - (1 - fj) (i (2,0) + 51 Sz, 0))
L0 (i) o L i)
— vo(z, ) + (1 — i?) {2 (t+2)+ (_21:1:2 + In(z) + 2) t}}] :
! E{(;lzc2 + In(x) + i)}

= hlﬁ_

9 ¥
) 3
a( v In(e) + 4)>
1 02 9 /—1 -1, 3
+x8x8t< ax(x —Hn ) t—|—2 (23: +ln(x)+4)t}],
1 In( s 1 1
(z*f +In(@ sw (g*s) ’

| 4B+ 1148 8
IS
(3.32)

=Lt
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We now proceed to calculate vy (z,t):

vi(z,t) = x1vo(, 1) + he L7 [?Rg (uo, vo)},

[efuta) - 1) e o)
8 () o)
—ud@w+(1—ﬁﬁ{2@+1%+(?w”+muﬂ+i)@+ﬂ}}r
) 2efee s (2w

1, 3 tr+t e ¢
:‘@((—QI +iu(e) + ) {t+m+z>}+2{r<2+w+r<l+v>})‘

Take m = 2, we get :

= x1Vo(x,t) + ho L™

= hoL!

(3.33)

ug(z,t) = xour (z,t) + R L7 {?Rl (u1,v1) ],
|} - (1-32) (Gutw0) + uta0)
A28 (o) L >

—vﬂ%w+(1—ﬁﬁ{2@+2%%(;x2+m@ﬁ+i)*r

15 8

1 —hy
E%“wiﬁ“yﬂﬁ{_%‘arw+a)_rw+ﬂ)_2
-1, 3 1+l Y it
— (2.1' +1n(x)+4> {t+W}+2{F(7+1) +F<7—|—2)}}]7
11 1 T2 1 1 1 1
AN 2 s + 52 + 72 T g+l T §B+1 - §B+2
-1 3 I'(2 1
_<2x2_|_ln(x)-|-4){ §2>+W}}]’

= (1+m)uy(z,t) + 2| —2

= xoui(x,t) + L™

= xouy(z,t) + I L™

= (1+ hm)uy(z,t) + 2L
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28 $26+1 -1, 3 B+l prt
Ti+1) T@i+2) [ <2x +In) + 4> TB+7+2) T(+2)

The next step involves finding vq(z, t):

(3.34)

vy, t) = xov1 (T, 1) + R L7 {%2 (w1, 1) ],

E{vl(x, t)} — (1 - X2> (iv(x, 0)+ 812%(95, O))

n
1 10 0 1 02 0
- ‘C{a (”Cax“(m’”) o owan (%”ﬂ“’*”)

—up(x,t) + (1 — f;) {2(t+ 1) + <_2191:2 +In(z) + i) (t+ 1)}

= X2U1 (iL’, t) + hgﬁil

Y

E{vl(x,t)} — _S?QE{ -2t —2— (_21.752 +In(z) + i) t

= X2U1 (iIZ’, t) + hgﬁil

2 ot +2{ t8 N s }
'(v+1) T(y+2) rpg+1) T(B+2) ’

1{_2{1+r(2)+r(5+2)+r<5+1) T(y+1)

. 2 p—1
= (1 + hz)?)l (.T, t) + h2£ — S §2 Sﬂ+2 86+1 sy +1

Y

I } (G + ) {F(fgf) 12 }}

t7 1 18 rH8+1
-2
I(

_ 2
= (1 + ho)vi(z, 1) + hy v+ 1) +F(7+2) +F(’y+ﬁ+1) +F(7+3+2)

27 27+ —15 3 o+t {rrhl
— (= 2 +
N ES RN E) (295 +n(x>+4) T +2) T +3+2)
(3.35)

Take m = 3, we get:

U3(.T, t) = XgUQ(SL’, t) + hlcil |:§R1 (UQ, ’UQ) :| y

£{U2($,t>} — (1 - XZ) (iu(m, 0)+ Slzut(x, 0))

n
1 10 0 1 0? 0
_ gﬁﬁ{x&z (xaxuz(x,t)> + e (xamm(x,t)> — vg(x, 1)

+ (1—’2”) {2(t+1)+ (?m2+ln(x)+i)t}}]a
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1 o1 Uaal
:XWﬂ%”+ﬁ“31‘%”@¢%‘iwﬁ{%“+h”m"ﬁ{FW+a>*F@ﬁ+m}

5 28
+ 2k (1 + By) — 2hg{r<ﬂt+ 5+ F(2tﬁ " 1)} — (1 + ho)ua(z,t) + h%{Q{F(w D

+

)

Tl FrH6+1 8 1 -1 > 3
'v+2) T(y+B8+2) T(H+pB+1) P(7+2)<2 (@) 4)
$8+1 $28+1 8

= (14 hy)ua(z,t) — b [2{(1 TG Thresrg T T e

i + (1 + hy)

Y 1 " vl Taan Y18 $r+8+1
+ + + + +
Fy+1) T(v+2) TG +1) " T(y+2) T(r+B8+1) T(y+B+2)
S 3 AR 3
—(—a?+1 A+ b))+ —————— (2?41 ) :
T2 ( TR n(x>+4>( )t S E Y ( g @ i@ty
(3.36)
let us now determine the value of vs(z,t):

v3(2,t) = X302, t) + ho L™ {%2 (ug,v9) }7

[efese0} - (- 2) (e nte)
B svﬁ{ ; aax (xéasz:”(x’t)> N i:@ij?t ( (ivz(x’t)) —l t)}] |
E{w(w,t)} - ;L{%g{ F(t;j: 7+ F(th;t .

Y B 5 2 tP A+l
+ T(y+1) + T(y+B+1)( (L Pjur (@, 8) = Py | 2 T(3+1) + T(3+2)

£28 $26+1 o+ AANAR }

= Xl’Ug(ﬂf, t) —+ fLQ;Ci

= ngz(x, t) + hQﬁil

TTes D) TB+2) TP+ +1) T(B+r+2)

1 3 th+1 B+y+1
_(Qx-HM) ){<5+m+rw+v+@}}H’
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$27+1 2 +8+1

27+2)+F(27+B+2)

= (14 hg)va(z,t) — hg{z{n

127 27 +8 8+ $r+HB8+1
+ + — hahi{ — 2 +
r2y+1) T@2y+p+1) F'(y+B8+1) T(y+8+2)
128+ $2B+7+1

TT@B 4D TRF++2

(3.37)

) }} + hg(l -+ hl)Uq(l’,t)

g -1 2 3 $8+7+1 $8+2+1

- —2" + In(x) + ) + .
“(2 () +7 T(v+B5+2) T(y+B8+2)
Thus, the solution to the coupled system is given by:

u(z,t) = uo(z, t) +ur(z, t) + ug(z, t) + ug(z, t) + ...

_ (—;f +1In(z) + i) — My ( (—;ﬁ +In(x) + i) {t + F(t;im}

ti+8 tP e 16+1
+2{F(2+6) + F(1+6)}) + (14 hy)uy(z,t) + A _2{F(6+1) + NCES)
B+ B+ 126 £26+1
TTE D TG +2T@5+1) r(25+2)}
_ (‘%2 +In(z) + 3) { thot e }
2 4) \T(B+v+2)  T(y+2)
(3.38)
v(x,t) = vo(x,t) +vi(z,t) + volz, t) + vg(z,t) + ...
1 3 o th t
=" ((‘sz () + ) {” F(7+2)} ”{rmw T +7)}>
+ 1 F1+8 B+
(LR 1) + by _2{1“(74— D 'Th+2) "Th+s+1) T +5+2)
2 2+l 1, 3 . B+
NCEDN r(27+2)} - <2x +ln(x)+4> {F(7+2) * r(7+5+2)}
(3.39)
When substituting § = v = 2 and hy = hy = —1, we obtain a series of the form:
-1, 3 mB+1 tmB
Uy = <2a: +1In(z) + 4) {1 +t+ W} + QWELMBH@)’ -
3.40

<_1 2+ In(z) + 3) PRPILLCEAR QUP S (t)
Um = | ——& n\xr — m )
2 4 I'(my +2) T(my+1) ™

When m tends to infinity
tmy tm’y—l—l

— By a(t) >0, and L ——)
T(my+1) " v(?) I'(my + 2)
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So we get the exact solutions of the coupled system :

—1
<2x2 + In(z) +

—1
(2902 + In(z) +

o Y

) (1+1),

)

The table (01), presents a coparison of the numerical solution u(x,t),v(z,t) and the approx-
imate solution wu,,(z,t), vy, (z,t),including their error. Notably,as m increases, the approxi-
mate solution approaches the exact solution u(z,t),v(z,t).

t z [ m | (", 00) | (Uezact, Veact) error

0101 1] -1.71287 -1.71334 | 4.75126 x 107*
0.621554 0.623034 1.4801 x 1073

2 -1.71301 -1.71334 3.33298 x 1074

0.623030 0.623034 2.54247 x 1076

3 -1.71334 -1.71334 2.6322 x 10710

0.623034 0.623034 2.45596 x 107

0504 | 1| -0.245731 -0.443323 1.97592 x 107!
0.467676 0.492581 | 2.49058 x 1072

2 -2.79729 -0.443323 3.09619 x 102

0.491922 0.492581 6.59955 x 1074

3 | -0.443292 -0.443323 3.08603 x 107

0.492591 0.492581 9.83397 x 1076

1 10611 0.495755 0.118349 3.77406 x 1071
-0.192032 -0.236698 4.46656 x 1072

2 | -0.00978826 0.118349 1.28137 x 1071

-0.232852 -0.236698 3.84537 x 1073

3 0.118317 0.118349 3.16228 x 10~°

-0.236884 -0.236698 1.86167 x 1074

Table 01: Comparison between approximate and exact solutions for parameters h = —1,

The numerical results demonstrate that the proposed algorithm exhibits both high efficiency
and stable convergence toward the exact solution as the approximation order (m) increases.
While initial solution estimates at lower-order approximations (m = 1,2) show some devi-
ation, the method achieves remarkable accuracy (with errors below 107°) at m = 3. This
behavior confirms the algorithm’s robustness and its optimal balance between computational
efficiency and numerical precision. These characteristics make the method particularly suit-
able for practical engineering applications where both solution reliability and convergence

rate are critical.

=19 v=17n=1.

Error = ||[Upum — Uexact|| < 107° for m >3
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Example 2:
We consider a fractional coupled system with 1 < 3,7 < 2:

Cobu — 2 (vug), — L (zuy),, +v=f(z,t), 0<z <1 (3.43)
Cogv — L (wv,), — L (zv,),, Fu=glz,t), 0<t<T '
where:
f@t)—(—Mn@y+mP—3)<f%2ﬁ+t+1>—8@+1f
’ I'(3-p) ’ (3.44)
g(z,t) = <2x2 —3- 4ln(x)) (t2 + 1) —8(t+2),
with:
up(z,t) = u(z,0) = (—4111(1‘) + 227 — 3) , w(z,0)=0 (3.45)
3.45
vo(z,t) = v(z,0) = (2:1;2 -3- 41n(:r;)) . vz, 0) = (2x2 —-3- 4ln(x)) ,
The function satisfies :
u(1,t) =0, wv,(1,¢) =0,
1 1
/ zu(z,t) de =0, / zv(z,t) de =0,
0 0
Then, put m = 1 in equations (3.28), we get :
ur(z,t) = xauo(w,t) + h L7 {%1 (1o, vo) ],
=mnLt L’{u (x t)} — (1 — Xl) <1u(:c 0) + iu (x 0))
1 0\ n S ) 52 t\4y
1 J10 ([ 0 1 0 d
- B‘C{a (fcax“o(””v”) vt (xax“()(x’t))
X1 2 2t7P 2
— 1—= —41 2x° — 1] - 1
vg(x,t)—|—< n){( n(x) + 2z 3) (F(3—5)+t+ 8(t+1)"} ],
_ -1 _ 2 _ 1o 2 _
=nL E{( 41n(x) + 2z 3)} . ( 41n(x) + 2z 3)

- 812 (—41n(x) + 227 — 3) — Slﬁﬁ{ L9 <$£1: (—4ln(x) + 22% — 3))

z Ox
R
x 0zt v ox

—8@+1f}r

2 1 2 2
2
(—41H(I)+2!L‘ —3) {824_52"‘5} _8<33+5 +82+ﬂ>]’

2 2 i+ 2%+P ot
= —h1(<—4ln(x)—|—2x —3) {t + I‘(ﬁ—i—Q)} _8{I‘(3+ﬁ) +2F(2+5)})‘
(3.46)

2-p
(—41n(x) + 27% — 3)) + (—41n(x) + 227 — 3) (11(2;_6) +t+ 1)

=Lt
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Moving on to v (x,t):
v (2, t) = x100(x, 1) + hp L7} {%2 (1o, vo) };
E{vo(x,t)} - <1 — Xl) (iv(m, 0) + ;vt(x, 0)>

n

= x1vo(z,t) + ho L1

1 10 0 1 07 0
_ ﬂﬁ{xax (a:axvo(x,t)> + - (maxvo(x,t)> — ug(z, t)

-|-<1—>;1>{(2x2—3—41n(x)> (t2+1)—8(t+2)}H,

- iQ (227 =3~ 4In(x)) - ;c{ —8(t+1) + (22% - 3—41n(x)>t2}],

= hoL!

2 27 F2 th 7
_ ((21‘ ~ 3 41n(z)) {”W} ~s{rasm F<1+v>}) |
(3.47)

Take m = 2, we get :

ug(z,t) = xoui(z,t) + L L7 {%1 (u1,v1) ],
E{ul(aﬁ,t)} — <1 — fj) <iu($,0) + ;ut($,0)>

1 . ]10 9, 1 02 9,
E{ — (xul(x,t)> + 920 <azawu1(x,t)>

8T ) 2oz ox

X2> {{ (—4111(35)—1—23:2—3) (I‘(zf__[gm—i-t—l—l) —8(t+1)2}}]>

= xouy (z,1) + b L7

— vy (x,t) + (1 -

5{ ( t)}—_hlﬁ L i T
B B F(G+2)  T(B+1)

= xouq(z,t) + B L1

2 2712 ¢ e
— (—4In(x) + 22% — 3) {t+m+3)}+8{r(7+1) +F(v+2>} H

1 8 2 2 1 1 1 1
B 3 + 52 + 7+2 + 1+l + B+1 + §B+2

= (1+m)uy(z,t) +A3L!

— (~4In(z) + 22° - 3) {322 + Sig}}]
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= (1+ hy)ug (2, t) + B (5 +2) +p(5+7+1) +F(ﬂ+7+2) +F(5+3) +F(25+1)

8{ 4B +1 8+ o+t +1 O48+2 $28

t2ﬁ+1

Al 0p? 3 2tB+V+2 $8+1
+F(26+2) _(_ n(z) + 227 - ) F(ﬁ+7+3)+F(6+2) '

Now, we calculate vy(x, t):

(3.48)

Vo (, 1) = Xoui(m,t) + oL} {3%2 (u1,v1) ]7

! E{’ul(x,t)} (1 — 12) (iv(x, 0) + 5121%(:1:, O))
312 (Bt 1 ()
+ (1—12) { (227 =3 —4In(x)) (£ +1) —8(t+2)} :

! ﬁ{vl(:p,t)} — _S?E{St +8— (2x2 -3 - 4ln($)) t2

2+ 14~ B 145 1148
pe T g H +8{ ! }— (2952—3—4111(3;))}],

= X2U1 (l’, t) + hgﬁi

= Xxav1(x,t) + ho L™

[(v+3) L(vy+2) rpg+1) T(B+2) L'(B+2)
et 1 T2 1 1 2 2
= 8 s + 52 + gB+2 + gB+1 + §7+3 + §7+2

— (22?3~ 4In(x )){ ﬁ1+2+2}}

= (14 hy)vy(z,t) + haL™

b

= (1+ ho)vi(z,t) + h3 |8 { R o -+ o + o
Fy+2) TH+p+1) THy+B8+2)
22+ 22v+1 247+2 t7+6+1
Th1) " 27+2} 2" =3 — 4ln( )){F(7+3)+F(’y+ﬁ+2)} '

(3.49)
If m = 3, we get:

ug(z,t) = xsuz(x,t) + R L1 [3?1 (usg, UQ):|,

[t} (6-2) (e 2t
el () 2 i) i

+<1—’:>{(—41n(a:)+2x2—3) (1“(2;2—[;)+t+1> _8<t+1)2}}]7
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In the same way and steps, we find uz(x,t) :

o8 +1 $26+1 +28 TARN:

ug(z,t) = (1+ hJus (2, 1) + A (1 + m){g{r(ﬁ T2) "TEF+2) TEA+1) T(+B+1)

h+r+1 o48+2

$6+1 o7 +B8+2
TN r(5+3)} ~ (~4in(a) + 20 -3) {r(5+2) - F(7+6+3)}}
; 126+1 128+1 28 8 o1
—ht { _8{F(25+2) "TEA+2) "T@B+1) Th+p+1) T@+712)
228+7+2 $r+28+1 $27+8+2 Y28
T 2343) T +28+2) T +5+3) F(7+26+1)}}

oV +B+2 $Y+26+1
+ (—4ln($)+2x2—3) {F }

(v+8+3) " I(y+26+2)
(3.50)
Now, we find vs(z, t):

) e 927 +1 Tl o2+7+8
vs(@,t) = (L4 ho)va(z, 1) + M5(1 + h2)q 8 I

712 T+ T+ T+ 5+3)

oB+r+1 92V +2 o+l $7+2
+ }—(2x2—41n(x)—3){r( + }}

_|_
F'B+~v+2) TI'(2y+3) vy+B6+2) T(y+3)
128+ 247 +8+1 228+ $27+8+1
— I+ { - 8{ I

260 +v+1) +F(7+6+2) +F(3+5+7)+F(27+5+2)

A2 et >4 Of27+B+2
- - +(22% — 4 )R e —
EEEeES RS er T Gl G LI I Fcaeneray
7 H8+1
0
I'(y+8+2)

(3.51)
Thus, the solution to the coupled system is given by:

u(x,t) = uo(z,t) + <;> uy(z,t) + (;)21@(:5,15) + (;>3u3(a:,t) + ...

2 2 o1 2126 A1
— _h1(<—4ln(a:)+2x —3) {1—1—25 +F(ﬁ+2)} _8{p(3+5) +2F(2+5)})

. 948 +1 8+ B+l O45+2
+ + +
rg+2 TB+~v+1) TB+v+2) T(B+3)

+ (14 ha)un (2, t) + 13

tQﬁ t25+l

+ + } _ (—41n(3:) 4+ op? — 3> { oB+Y+2 N 1h+1 }
res+1) T(268+2) F+~v+3) T(B+2)
(3.52)
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And

v(z,t) = vo(x,t) + (;) vi(x,t) + (;)202(%75) + (;)303(%2&) + ..,

, 24V +2 7 Y
= Ty ((293 ~3—4ln(x)) {1+t+w} —8{F(2+7) + F(1+”y)})

5 2 +7 1 8 o+l
+ (14 1)+ 138 + + +
A L R VA T CE R VCE o B VS S CE )
242+ 2¢27+1 o7 +2 1 H8+1
+ + — (22% =3 —41 + + ..
[(y+3) r(27+2>} (22 “($)>{r(7+3) F(”y+ﬁ+2)}
(3.53)
When substituting 5 = v = 2 and Ay = hy = —1, we obtain a series of the form:
) ) " tmﬁ+1 2t2m+l
= (22" —3—141 14+t -t — 1"
(20 n(@)) 41+ + (1) s (T TV Tam ey
2t2m t2m+2
.54
+F(2m+1)+F(2m+3)} (3:54)
= (2x2 —-3- 4ln(x)) {1 +t+ Sm}
Where:
o (m= Dv+6+| 2 |
if m is an odd number,
T ((m— 7+5+%J
Sy = )
(m—=1)y+6+
— if m is an even number.
T((m—1)y+8+|2|+1)
When m tends to infinity
Sy — 0,
+1 ot
- — 0,
(=1) I'(mpB + 2)
2t2m+l 2t2m t2m+2
—1)™ 0
(=1) {F(2m+2)F(2m+1) * F(2m+3)} Y
So we get the exact solutions of the coupled system :
u(z,t) = (22 — 3 — 41In(x)) (1 + t2). (3.55)
v(z,t) = (222 — 3 —4In(x)) (1 + ). '
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Figure 3.1 shows the convergence of numerical approximations to the analytical so-
lutions of u(z,t) and v(z,t) under varying m at x = 0.1, with n = 2, § = 1.3, v = 1.7,
h=—1.

— ult]
— ulft]

u2[t]
— u3[t]

— V[
— vif]

v2[t]
— v3[]

Figure 3.1:
Approximate solutions of u(x,t) and v(x,t) for varying parameter m.

The figures 1 and 2 demonstrate the performance of the numerical method in providing
approximate solutions for the functions u[t] and v[t]. The curves show that the numerical
solutions wy[t], uslt], us[t], and vq[t], va[t], vs[t] rapidly converge toward the exact solutions
as the approximation levels increase.

In the case of u[t], the results exhibit nearly perfect agreement by the third level (m =
3), confirming the accuracy and effectiveness of the algorithm. For v[t], the approximate
solutions show clear convergence toward the exact values, with only minor discrepancies
at certain points that could be further refined by increasing the number of iterations or
adjusting the algorithm’s parameters.

Overall, the results validate the efficiency of the numerical method in delivering precise and
reliable solutions, while also highlighting its potential for further optimization to achieve
even greater accuracy in practical applications.

20



Conclusion

This study focuses on the numerical resolution of systems of fractional partial differential
equations with fractional orders, using the g-homotopy analysis transform method, along
with integral-type boundary conditions. This study appears to be one of the first attempts to
investigate a system of equations of this form using this specific method. The research process
involved applying this method and evaluating its efficiency in solving a model representing
a system of fractional non-local mixed problems with integral boundary conditions. The
study observed the effectiveness and efficiency of this method through its application to
specific test examples, which demonstrated its ability to solve systems of fractional partial
differential equations.

The research reaffirmed the validity of the generalized solution based on a previous study
concerning the existence and uniqueness of this solution, which relied on the method of a
priori estimation. This study highlights the importance of using the g-homotopy analysis
transform method as an effective tool for studying systems of fractional partial differential
equations with integral boundary conditions.

Solving fractional differential equations numerically, using methods like the one reviewed,
requires high accuracy. We hope this study contributes to a better understanding of this
type of problem and encourages the development of additional computational techniques
with higher accuracy for solving other systems of fractional differential equations in the
future.
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