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NOTATIONS

2 C R™ : open subset of R™.
0f) = T' : The boundary of €.

Vu= ( Ou  Ou Ou ) : Gradient of the function u.

Ox1? Oug’ """ Oun

g—z : outward normal derivative.

Au=>"", g%%‘ : Laplace of u.
D () : space of infinitely differential functions with compact support .
D*(Q) : space of distributions.

V* . the dual space of V.

L(X) : The space of linear, continuous mappings from X to X.
1 = Oyu : Derivative with respect to time.

(,) : Inner product .

Ay = AJy:Yosida approximation of the operator A.

|.|:The euclidean norm in R™ and in the C.
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INTRODUCTION

Partial differential equations (PDEs) are fundamental mathematical tools for modeling
natural and engineering phenomena.These equations are used to describe the behavior
of systems that change over time and space, such as heat transfer, wave propagation,
fluid flow, and quantum phenomena. Analytical solutions to these equations are of great
importance because they provide a deep understanding of the behavior of complex systems
without the need to rely entirely on numerical solutions. Additionally, evolution equations
are a special class of partial differential equations that describe the change of systems over
time. These equations are widely used in physics, engineering, and applied sciences to
model dynamic phenomena.

In fact, most laws of nature in physics, such as Maxwell’s equations, Newton’s laws
of motion, the Navier-Stokes equations, Schrodinger’s equations in quantum mechanics,
Kirchhoft’s equations, and others, can be expressed in terms of partial differential equa-
tions. Partial derivatives describe natural phenomena; for example, the derivative with
respect to time represents velocity, acceleration, and frictional force.

These equations are divided into two categories: those that do not involve time, such
as Laplace’s and Poisson’s equations, and those that do, known as evolution equations.
The latter include elliptic equations like the heat equation, hyperbolic equations( wave

equations). Additionally, they can be classified based on several criteria, such as: linearity
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(e.g., the heat equation) versus nonlinearity (e.g., the Navier-Stokes equations).

It is necessary to specify initial conditions that define the initial state of the system
and boundary conditions, such as Dirichlet conditions (specifying the value of the function
on the boundary), Neumann conditions (specifying the derivative on the boundary), and
Robin conditions (a combination of both), if applicable.

One of the most important methods for approximate the solution of PDEs (Partial
Differential Equations) is the finite element method and finite difference method.
Recently, another method has gained popularity, known as PINNs (physics informed
neural networks) [27]. This is because the aforementioned methods can become more
complex in finding approximate solutions as the dimensionality increases. As a result, the
approximated systems using neural networks, which is now the most effective method
for finding approximate systems for PDEs and the fastest due to its ease of control.

This is a focus of research for some scholars, and we will mention some of these studies
below. The most important studies on PDEs focus on the existence and uniqueness of
the solution, as well as the study of the solution’s asymptotic behavior.This thesis follows
the same approach by studying the existence of the solution and asymptotic behavior for
the fractional Laplace wave equation with viscoelastic term.

Viscoelastic Materials:

In continuum mechanics, elastic materials and viscous fluids are mostly considered.
An elastic material is a material in which at each material point the stress at the present
time depends completely on the current value of the strain. For an incompressible viscous
fluid, the stress at any given point depends on the value of the velocity gradient at that
point. When a material exhibits both elastic and viscous behaviors it is called viscoelastic
material. Precisely, for viscoelastic materials the stress at any given point depends on the
present values of strain and velocity gradient. Examples of viscoelastic materials include,
but not limited to, human tissue, disk in the human spine, wood, compressible gas, metals
at very high temperature, concrete, plastic and polymeric materials. Some viscoelastic
materials such as polymers, suspensions and emulsions can not be described in this way.

For such materials, the stress at any given point does not depend only on the values of
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strain and velocity gradient at that point, but also on the entire history of the motion, that
is, they posses a memory effect. Therefore, this type of viscoelastic behavior is modeled
by equation with memory. Among the early contributors in this field are:Boltzmann,
Maxwell, Kelvin and Voigt.

Consider a bar of uniform cross-section which occupies the unit interval (0,1) C R in
unstressed state. A typical particle in (0, 1) is denoted by x, to describe the evolution of
particles in (0, 1), we let u(x,t) represents the displacement of the particle at time ¢ and

reference position x. The strain € is given by
e(x,t) == ug(x, t), (1)
and the balance of linear momentum takes the form
Uge (T, 1) = op(x,t) + f(x,t), 2€(0.1), t>0, (2)

where o is the stress and f is an external force per unit mass. In 1874, Boltzmann |2|
proposed that for material with memory, the constitutive relation for small deformation

is given by
t

o(x,t) = Pe(x,t) +/ g(t — s)(e(x,t) — €e(x, s))ds, (3)

where [ is a non-negative constant and g is a positive non-increasing function defined on
[0,00). In the case where g € L'(0,00), equation (3) takes the form
t
o(x,t) = e(x,t) — / g(t — s)e(x, s)ds, (4)

where ¢ := 3 + fooo g(s)ds measures the instantaneous response of stress to strain. A

substitution of (4) into (2) yields

t

Upe (T, 1) — gy (2, 1) —l—/ g(t — $)ugy(z,s)ds = f(x,t), xe€(0,1), t>0. (5

The function u is assumed to be known for any ¢t > 0, that is, we have the following initial

data:
w(z,t) = uo(z, —t), w(x,0) =u(x) Vre(0,1), t<0, (6)
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we further assume that f = 0. In order to study system (5)-(6), Dafermos [5, 6] introduced

a history function of the form
n'(s) == u(t) —u(t —s), Vt,s>0.

This allowed him to write problem (5)-(6) in the form of first-order evolution equation
and took advantage of some powerful tools in the theory of dynamical systems. For more
details on the theory of viscoelasticity, see [29] and [18].

There are analogous of these well-posedness results in the contexts of previous studies

[19, 21] da Luz and Charoa |7] studied a semi-linear dissipative plate equation:
uy — YAuy 4+ ANu+uy = f(ug), (7)

where v > 0 and Auy corresponds to the rotational inertia effects. They used an energy
method to demonstrate the global existence and uniqueness of solutions and establish the
decay rates under small initial data assumptions in the low space dimensions 1 <n < 5.

Sugitani and Kawashima [10] studied the case of ¥ = 1 in Equation (7):
uy — Ay + A%u+uy = f(uy), (8)

They used the time-weighted energy method in conjunction with a semigroup argument
to show the global existence result for all space dimensions n > 1 and the asymptotic
behavior of solutions.

Samuel Murray Rankine [25] also studied Semilinear Evolution Equations in Banach
Spaces with Application to Parabolic Partial Differential Equations the class have the
form

W)+ Au(t) = F(u(t)), t>0 9)

u(0) = ¢, (10)

as a Cauchy problem in a Banach space X ; A is a closed linear operator which is densely

defined and -A generates an analytic semigroup 7'(t) : ¢ > 0.

Xiv
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The main study of this dissertation:

e In the first chapter 1, we present some definitions, properties, inequalities and spaces

that will be used throughout this thesis.

e In chapter 2, we consider the heat equation. We prove the existence of the solution
and its regularity using Faedo-Galerkin method and the semigroup theory. We based

this work on references |13, 3, 4, 1]

e In chapter 3, we will study the fractional Laplace-wave equation with the influence
of a memory term in R™, which represents the past history of the equation. We will
find the solution formula for the equation by using another method, we relied on
the Fourier and Laplace transforms. Then we proved the stability of the solution by

multiplier technique and energy method. We based this work on references |33, 22]




CHAPTER 1

MATHEMATICAL PRELIMINARIES

We have dedicated this chapter to some basic concepts that we have picked it to help us

address the following chapters.

1.1 FUNCTIONAL SPACES

Definition 1.1.1 (Banach space) A normed vector space (X, ||-||) is called a Banach

space if every Cauchy sequence in X converges to an element within X .

Definition 1.1.2 (Hilbert space ) A prehilbert space (X, (.,.)) is called a Hilbert space

if X is complete with respect to the norm induced by the inner product (., .).

Definition 1.1.3 (Separability) Let (X,d) be a metric space. X is said to be separable

if it contains a countable and dense subset.

Lemma 1.1.4 (Continuity ) [/3/ Let E be a Banach space and F a Hilbert space such
that E C F with continuous embedding, and E dense in F. We identify F with F' (so
that E C F =F CFE'). Letu € L%4([0,T)), and suppose that Oy € L%,([0,T]). Then
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uwe C([0,T),F), and for all t1,ty € [0,T] we have

to
la(t)IB — lu(ta) | = 2 / (O, u) . .

t1

1.1.1 Lebesgue spaces L?(12)

Definition 1.1.5 Let Q2 be a subset of R", and let p € R with 1 < p < oo ,we set:
LP(Q) ={f:Q+— R, fis measurable / |f|Pdz < oo},
Q

with

151 = 51s = ([ 1517

if p=2 ,L*(Q) is a Hilbert space equipped with the inner product

(fs 92 Z/Qf(x)g(x)dx,

equipped with the norm

1= 1l = ([ 150

Definition 1.1.6 We recall that L>(2) is the space of essentially bounded function on

Q,we set :
L>®Q) ={f:Q+— R, fis measurable ,and 3C > 0,|f(z)] < C a.e on Q}.

with
[ flloo = [ fllee = Inf{C,C > 0,[f(2)] < C a.e}.

Theorem 1.1.7 (Fischer-Riesz) [7/: L? is a Banach space for any 1 < p < occ.

Remark 1.1.8 L” spaces are reflexive for 1 < p < oo, and every Hilbert spaces are

reflexive.
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1.1.2 Strong and weak convergence in Banach space

Definition 1.1.9 A sequence (u,) in Banach space Xis said converge strongly to u iff
lim |ju, —ul|x =0,
n—aoo
denoted by [u, — u in X

Definition 1.1.10 A sequence (u,) in Banach space X is said converge weakly to u iff

Vf € le <f7 Un)X’,X — <f7 U>X',X7
denoted by

U, =~ u X

Theorem 1.1.11 /7] Assume that X is a reflexive Banach space and let (z,,) be a bounded
sequence in X. Then there exists a subsequence (x,,) that converges in the weak topology

o(X, X").

Theorem 1.1.12 ( Eberlein-Smulian) /7] Assume that X is a Banach space such that
every bounded sequence in X admits a weakly convergent subsequence (in o(X, X*)). Then

X is reflexive.

1.1.3 The space H'(Q)

Definition 1.1.13 Let Q be an open set of R™. The Sobolev space H'(Q) is defined by

HY(Q) = {v € L*(Q) such that,Vi € {1,...,n}, a@v € LQ(Q)},
X

where g—; 18 the weak partial derivative of v. Equipped with the norm

ey = [ (uto)l + Vu(e)P)dr) .

The sobolev space H*(Y) is a Hilbert space.
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1.1.4 The space H}(Q)

Let us define another Sobolev space which is a subspace of H'(Q2) and which will be very

useful for problem with Dirichlet boundary conditions.

Theorem 1.1.14 (Green’s formula) Let ) be a regular open set of class C'. Let w be

a CH(Q) function with bounded support in the closure ). Then w satisfies Green’s formula

ow
Q Ox;

(x)dx = / w(z)n;(x)ds,
o9
where n; is the ith component of the unit outward normal to 2.

Corollary 1.1.15 (Integration by parts formula) Let ) be a reqular open set of class
Cl. Let u and v be two C*(Q) functions with bounded support in the closed set Q. Then

they satisfy the integration by parts formula

/Q u(x)gzi(x) do = — /Q U(:c)g; (z) dz + /a u(e)ule)n () ds

Proof. It is enough to take w = uv in Theorem (1.1.14). =

Proposition 1.1.16 Let Q be a reqular open set of class C*.Let u be a function of C?()
and v a function of C*(Q), both with bounded support in the closed set Q. Then they

satisfy the integration by parts formula:

/QAu(x)v(x)dx = —éVu(x)Vv(x)daf—l— @(x)v(x)ds.

a0 an

Proof. We apply corollary (1.1.15) to v and % then we sum ini. m
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Figure 1.1: Definition of the regularity of an open set.

1.2 SOME INEQUALITIES

Let 1 < p < oo, we denote by p’ the conjugate exponent
1 1
S4+-—=1
p p

Theorem 1.2.1 (Holder’s inequality) Assume that f € LP(Q) and g € L¥ (Q) with

1<p<oo. Then fg € L'(Q)and

/ Fal < 1 lllgl
Q

Theorem 1.2.2 (Cauchy-Schwarz inequality) V(f,g) € L*(Q2) x L*(2), we have

[1s@awiar < ( [[12ar) ([ loar)’

I faller ) < [ flle2e gl 2)-

which is

Theorem 1.2.3 (Young’s inequality with a parameter) Let ¢ is a positive number,
then V(a,b) € R?

€ 1
bl < Za? + —b.
|a]_2a +26

By putting € = 20 we get:

1
< 52 2
lab| < da” + —45b
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Theorem 1.2.4 (Poincaré inequality) Let Q be an open set of RY which is bounded

in at a least one space direction. There exists a constant C>0 such that, for every function
ue HYQ),

lullz2@) < CllVullZq).

1.3 BOCHNER’S SPACES

Definition 1.3.1 We denote by L*(0,T, X) the space of functions of [0,T[ in X such that

the function t — ||v(t)||xis measurable and square integrable, that is, to say that

T
lollag020x) = / ()2t < +oo.

Such as, in addition the space L*(0,T, X) is a Banach space equipped with this norm. Further,
if X is a Hilbert space, then L*(]0,T|, X) is a Hilbert space for the scalar product

<u,U>L2(]0’T[’X):/0 <u(t),v(t)>xdt.

1.4 FOURIER TRANSFORM

Definition 1.4.1 Let f € LY(RY). We define the Fourier transform
f=Flf] € L=RY),
by formula

n

FIf) = f(6) = / e~ () d.

where x.£ = Zjvzl z;&;.
Its is immediate to see that F[f] : L*(RY) — L>®(RY)is bounded linear operator, in fact

we have from its definition

1l zoe@ny < || flligny,  for all f € LYRY),

and we denote its inverse transform as F .
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Example 1.1 Let’s take the Dirac function &, then the Fourier transform of this function

defined by

Flo(x —a)l(&) = e %"§(x — a)dx

e~ dy

Since a = 0 we obtain:

I
)
J
m’
o
ISH
S

Proposition 1.4.2 Let u € L*(R"). For all multi-index o is an N tuple integers a =

(a1, a9, ...,ay) € N", we note |a] =>_1 | a;, we have :
dou = i¥lgea,

Example 1.2 The Fourier transform of the Laplace operator given by

Proposition 1.4.3 Let u € L*(R") . Then:
(i) u € H™(R™) if and only if (1 + [£])2 0 € L*(R™).
(11) The norms

m
2

[ullzm@ny — and [|(1+[€]) > | L2m)

are equivalent

Theorem 1.4.4 (Plancherel’s) [2//
If f € L* N L2, then f € L2and

1£1l2 = 11Fl2-

8
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Theorem 1.4.5 (Hausdorff-Young inequality) /20/ Let 1 < p < 2 and p,q are con-
jugate. Then we have

HﬁHq < Cp,qHUHpv

with a constant Cp 4 > 0.

Theorem 1.4.6 (Young) Let f € L'(R")and let g € LP(R") with 1 < p < oo. Then for

a.e x € R™ the function y — f(x —y)g(y) is integrable on R™ and we define

(f*g)(x) = . f(x —y)g(y)dy.

In addition f *x g € LP(R™)and,

ILF* glly < 1 F1llgll,

Proof. See([3]. p, 104) m

1.5 LAPLACE TRANSFORM

Definition 1.5.1 [7/] For any function f on R, that is locally integrable on [0, 00), we
denote £ the Laplace transform of f defined by

ﬂﬂ@%:/mé“ﬂﬂﬁ (AeC), (L1)

0
and we denote its inverse transform by

e = [ o
0

The Laplace transform of f(¢) is said to exist if the integral (1.1) converges for some
value of \; otherwise it does not exist. For sufficient conditions under which the Laplace

transform does exist.

Definition 1.5.2 (Functions of exponential order) /23] If real constants M > 0 and
v exist such that for allt > N

e"F(t)| < M or |F(t)| < Me™.

9
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We say that F'(t) is a function of exponential order y as t — oo or, briefly, is of exponential

order.

Theorem 1.5.3 ( Laplace transform of derivative ) [27]

LIF'(1)] = AL[F(1)] — F(0). (1.2)

And
L[F"(t)] = N2L[F(t)] — AF(0) — F'(0). (1.3)

Proof. Using integration by parts:

L{F'(t)} = /O h e MF'(t)dt = lim pe_MF’(t)dt

p—0o0 0

P P
= lim {e"\tF(t)‘ + )\/ e ME(t) dt}
0 0

P—oo

= lim [e‘APF(P) — F(0) + A /0 N e ME(t) dt}

P—o0

=\ /OO e ME(t)dt — F(0)
= \L[F(t)] — F(0).

We use (1.2) we get

L{F"(t)} = AL[F'(1)] — F7(0)
= AAL[F(t)] — F(0)] — F7(0)
= ML[F(t)] — AF(0) — F'(0)

Theorem 1.5.4 (Sufficient conditions for existence Laplace transforms) /2] If F(t)
is sectionally continuous in every finite interval 0 < t < N and of exponential order ~y for

t > N, then its Laplace transform f(\) exists for all X > .

10
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Theorem 1.5.5 (The Convolution Theorem for Laplace Transforms ) we have

(f*9)@)= [ flz—y)g(y)dy,

Rn

the Laplace transform defined by

L(f*xg) = L£(f)L(g).

11



CHAPTER 2

EXISTENCE AND UNIQUENESS OF
PARABOLIC MODEL

In this chapter, we first dedicate to the mathematical and numerical analysis of problems
of evolution equation in time. More precisely we shall analysis two different types of
partial differential equation: parabolic and hyperbolic.

Secondly, study the existence and uniqueness for a parabolic problem by Faedo-

Galerkin method and Semi-group theory with steps .

2.1 SOME CLASSICAL MODELS

In this section we describe some classical models to present the principal classes of PDEs,
and to show that these equations play a very important role in diverse scientific areas.
From now, we shall non dimensional size all the variable, which will allow us to set the

constant in the models equal to 1.

2.2 MODELING AND EXAMPLES OF PARABOLIC EQUATION

12



CHAPTER 2. EXISTENCE AND UNIQUENESS OF
2.2. PARABOLIC EQUATION PARABOLIC MODEL

Let us present the principle parabolic problem and say a few words about its physical and

mechanical origins. The archetype of these models is the heat flow equation .

2.2.1 Heat flow equation

Let 2 be an open set and bounded in R™ with boundary 0€). For Dirichlet boundary

condition this model is written:

du

S-du=f x)o.T]

uw=0 a0x]0, T (2.1)
u(.,0) = o

The boundary value problem (2.1) describes the evolution of the temperature distri-
bution u(z,t) in a thermally conducting body occupying the domain 2. The function w
represents the initial temperature distribution at time ¢ = 0. The temperature on the
boundary 02 of the body is maintained at a constant value and used as the reference
value (homogeneous Dirichlet condition u(x,t) = 0 on 9 x R™). The given function f is
called the heat source.

An obvious generalization of the heat flow equation is obtained when we replace the
Laplacian with a more general second order elliptic-operator. For example if we study
the propagation of heat in a nonhomogeneous material or in the presence of a convective
effect. A second generalization concerns (less obvious) the system of time-dependent
Stokes equation describing viscous fluid flow.

Denoted u the velocity and p the pressure of viscus fluid subject to the force f. This

system is written

Z—?%—Vp—uAu:f in QO x RF
divu =0 in Q x R}
(2.2)
u=20 on 0f2
Lu(z,0) = up(x) in Q

p > 0 is the viscosity of the fluids, f external force density (N/m?) and wug initial

velocity distribution .

13
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2.3. HYPERBOLIC MODELS PARABOLIC MODEL

2.3 MODELING AND EXAMPLES OF THE HYPERBOLIC EQUATION

The following model is the wave equation that models propagation of waves or vibration.
For example, in two space dimensions it is model to the study the vibration of stretched
elastic membrane. In the one space dimension it is also called the vibration of string
equation. At rest, the membrane occupies a plan domain 2. Let €2 be an open bounded

set of R” with boundary 0f2. For Dirichlet boundary conditions this model is written by:

762
a—;‘—Au:f in Q x RY
u=0 in Q x R

(2.3)
u(t =0) =ug(x) inQ
3_u(t
\ Ot

=0)=w(z) inQ

The second model is the elastodynamic model which is the time dependent version of the
linearised elastoelasticity equation. By applying the fundamental principle of dynamic,
the acceleration being the second time derivative of the displacement. We obtain an
evolution problem which is the second order in time (2.3). The displacement u(z,t) is the

solution of the following elastodynamic system:

pZ — div (2ue(u) + Atr(e(u)]) = f in Q@ x RE,
u =

0 on 09 x R,
u(t =0) = ug(x) in €,
8—?(25 = O) = Ul(fE) in Q>

where:

p > 0 is the constant density of the material,

>0 and A are the Lamé coefficients satisfying 2u + A > 0,

o c(u) = w is the deformation tensor,

ug is the initial displacement,

uy is the initial velocity,

14
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2.4. EXISTENCE AND UNIQUENESS PARABOLIC MODEL

e f(t,x) is the resultant of the exterior forces.

2.4 EXISTENCE AND UNIQUENESS IN THE PARABOLIC CASE

We study the existence and uniqueness of problem (2.1) with f = 0. It means there is no
external heat source or sink in the system. This form represents the diffusion of heat in

a closed system or a material with no external heat addition or loss. It is written by

%—Au:o, Qx]0, T
u=0, 90x10,T]| (2.4)
u(.,0) = uo,

2.5 WEAK FORMULATION

Multiply the problem (2.4) by v € H}(Q), since Hj () is a Hilbert space then L*(0, T, H}(Q))
is Hilbert space equipped with inner product and we use Green formula, we define the

weak formulation by

T T
/ (e, V) g1 g +/ / VuVudzdt = 0. (2.5)
0 0o Jo

As we have mentioned at the beginning of this section to prove the existence and regu-
larity of weak solutions, we use a Faedo-Galerkin method, which discretizes the evolution
equation in space to obtain an ODE on a finite-dimensional space. We needed three steps
to be completed. The first step project the PDE to an ODE on a finite-dimensional sub-
space and prove the existence of approximation solutions to these approximate problems.
In the second step, we establish the fundamental a priori estimate on the energy and
bounds on the approximation solutions, which allows us to extract a weakly convergent
subsequence of (u,). The third step, we show that the weak limit u of this subsequence
is a weak solution. The uniqueness of the solution was proved by contradiction: we
assume that there exist two distincts solutions and ultimately show that they are equal.

Since V' = H}(Q) is a separable, there exists a sequence (V;,) of spaces included in H{ ()

15



CHAPTER 2. EXISTENCE AND UNIQUENESS OF
2.5. WEAK FORMULATION PARABOLIC MODEL

of a finite dimension, for example dim V,, = n, such that

Vn C Vn—i—la
= 2.6
U V,, is dense in Hy (). (2.6)
n=1
Firstly prove that Hj(f2) has a Hilbert basis e,,.
Let {e,...,e,} be a basis of the finite-dimensional subspace V,,. We seek an approx-

imate solution of the form:
un(t) =Y ai(t)es,
i=1

where the coefficients «;(t) are determined by the weak formulation.

Multiplying by test functions e, and integrating over €2, we obtain the system:
Z/ ai(t)eer dr + Z/ a;(t)Ve; - Vepdr =0, Vke{l,...,n}, t>0.
i=1 7/ i=1 Y8

The initial conditions «;(0) are chosen such that:
n
u,(0) = Z&i(O)ei — g in L*(Q) as n — +oo.
i=1
For each n € N*, this yields a system of n ordinary differential equations with initial
conditions, for which we prove the existence of a solution. We then derive uniform esti-
mates on u,, that allow us to pass to the limit as n — 400, the limit u of the approximate

solutions u,, satisfies:

u € L*(]0,T[, Hy (), u; € L*(J0,T[, H ' (Q)),u € C([0,T], L*(R2)),u(0) = uo a.e.

T T
/ (8tu.v)HévH1dt+/ (/ Vu.Vvdx)dt =0
0 0 Q

Vo € L*(|0, [, Hy (%)),
(2.7)
Theorem 2.5.1 (Faedo-Galerkin) /7] Let Q be a bounded open subset of RN, T > 0,
and ug € L*(Q), where we identify L*(Q)) with its dual . Then there exists a unique u

such that
w € L*(]0,T[, H (), o € L*(]0,T[, H1(Q)),

/0T<8tu(8), v(s)) g1,y ds + /OT /Q Vau(s) - Vo(s)dzds = 0 (2.8)

u(0) = ug a.e.

16
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(Recall that u(t) (resp. v(t)) denotes the function x — u(x,t) (resp. v(x,t)). More-

over, we have the following estimates for u and Oyu:
||U||L2(]0,T[,H3(Q)) < luolf2,
10cull L2qorp 1)) < lluoll2,
lu(®)[I5 < [Juoll5 + ‘|atuH%2(]0,T[,H*1(Q)) + ||U||i2(}o,T[,H5(Q))a forallt € [0,T].
Proof.
Using a Hilbert basis formed by eigen functions of the Laplacian, that is to say a

Hilbert basis of L*(Q2) denoted {e,, m € N} such that e, is a weak solution of the

problem :

{ — Ae, = \,e, in

e, =0 09,
the family {e,} is a Hilbert basis in L*(Q) verifies :

find e, € H(),

/ Ve, Vudr = )\n/ epvdx
Q Q
Vv € Hy(9).

With A\, >0, for all n € N and \,, — o0, as n? oo.
Since (e,,) is a Hilbert basis in L?(2). So, for all w € L?(2)

n=00
w = (wa en)Qena

n=1

with the sense of the convergent in L?(€2). Then

n

Z(w,ei)gei—>w in  L*(9Q).

i=1
;—;) is a Hilbert basis of H}(€2). We remark that for

No, we prove that the family(
alln,m>1
/Ven.Vemdx,: )\n/ enemd® = XNy m.
Q Q

We deduce that (e, em)gs =0 if n # m and:

2
|| = [ Ty
Hé Q )‘n
17
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We remark that the vector space generated by family denoted (e,), for all ne N is
dense in H}(Q). Indeed, let v € H}(Q) such that (v|e,)=0 for all n € N* .

0= (v|en)H3(Q) = /QVeandx = )\n/ epvdr.

Q
Since (e,) is a Hilbert basis of L?*(2), we deduce that v = 0 a.e, this show that the
orthogonal in H}(2) is {0}, and so Span{e,,n € N} is dense in H} ().
Finally, we thus obtain that the family {e,,n € N} is a Hilbert basis of Hj(2). =

Step 1:(Approximation problem)

We are looking for an approximate solution wu,, in the form

= i (67 (t>€z‘,
i=1

with a;(t) € C. We assume that «; are derivable for all ¢ (not true in general), then:

= Za;(t)e x
i=1
We have (By taking into account the embedding of H}(Q) into L*(Q2)), for all p €
Hg(2) and for all ¢ € [0, 77,

(u, naSOHlHl Za /ezsodx,
on the other hand, for all ¢ € [0, 7], we have
—Au, (1) Z a;(t)Ae; = 2”: Nag(t)e; in D*(Q) andin H (),
then for all p € H} ()

(—Aun(t), o) g1, m3 = /Vun Npdr = Z)\Oéz / ejpodx.

Finally, we obtain:

n

(= Dty Py = 3 (04(8) + Necw(t)) / ewp.

i=1 Q

18
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To find u,,, we choose «; such that:
(), — Auy, gp)Hq’H&, =0,
this is equivalent for all k£ € {1,....,n}:

ai(t) + Niai(t) =0 (ODE).

(0)

Taking into account the initial condition and setting a; ' = (uo, €;)2. Therefore, taking

a;(t) = 0450)6_)‘”. (2.9)
The functions «; thus defined belong to C([0,7],R) and we therefore have
u, € C([0,T),V,) C C([0,T], Hy ().

The functions «;, are not necessarily differentiable, by definition we have u, is an

element in D%, with V = H}(Q), let € D(]0,T[, ) we have :

T
(W, P = — / w ()P (Dt €V, C HY(Q),
0

therefore we have

oiara ==Y [ atetar=-3 ([ atosoar)e.

then we use (2.9) we get

T

/0 i) (B)dt = — | al(Dp(tedt

7

T
alVe Nt o () esdt

(2

>
S—

ai(t)p(t)edt

Il
&
o

S

Since this equality holds for all ¢ € ©(]0, T'[,R) we have

Uy, = — Z Nag(t)e; in L*(J0,T[,V,).
i=1

19
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Which can also be written
ul, = Au, in  L*()0,T[,V,) C L*(]0,T|, Hy(2)) C L*(J0,T[, H(Q)).
Now, let v € L*(]0, T[, H3(Q)), since u, € L*(]0,T[, H*(2)), we have

<u;w U>H*1,Hé € Ll(]ov TD)

T
/ (U, V) g1 g dt = / /VunVdedt
0

then the projected problem given by

and

un € L2(10, T, Hy (), u;, € L*(0, T, H' (%)),
/T<u;1(t),v(t)> - /T/ Vu, (t)Vudzdt = 0 (2.10)

u,(0) = ug

then w,, is a solution of the projected problem (2.10), u, in C([0,T], H}) and u,(0) is the
projection of u.
Step 2: ( apriori estimates of tu,,u,, Vu,)

We have u,, € C(]0,T[, H}) € L*(]0,T[, H}), and
u, = Au, € L*(J0,T[, H ™).

On other hand, we have

T ! 1 g d 2
/0 <unvun>H—1,H& = 5/0 %Hunumdt

_ %(HUH(T)H; — [ (0)]32),

we take v = u, in (2.10) to find
1 2 ’ 2
5 len(D)1z2 = [lun(0)][72) +/0 [Vun||z2dt = 0.

So
g 2 1 2
| IVl < )
0
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Thus ,
nllZ2 o,y < ln(0)[72.

From (2.10), we have

T 1
2
|l 20,701 @) = 1A 220,75 1(2)) = (/O ||Vun||i2dt)

= [Junllz2qo,r 20 < Nlun(0)] z2-

So, the sequences (u,), (u),) are bounded in L?*(]0,T[, H}(2)) and L?(]0,T[, H '(Q)) re-
spectively.

Passage to limits

We call {u,} a Galerkin approximation of the solution u.

Since V' = H} is a reflexive space. We now use the theorem (1.1.11) and (1.1.12), and

deduce that there exists a subsequence (u,, ) € V,,, C V,,, such that

U, —u in  L*(0,T; Hy),

u, —w in L*0,T;H™1),

Nk

Vu,, — Vu in L*Q),

We will prove that w = «’. It’s sufficient to show that

T T
/ wgbdt:—/ uddt, Vo e D(0,T],R). (2.11)
0 0

Since the left term of (2.11) is in H~', then the right term is in H}. Therefore, this
equation uses the fact H}(Q) ¢ H Q).
We consider, for v € H}(Q)

f:L*]0,T[,Hy(Q) — R

f(v):/g<—/0Tvgz5’dt>¢dx.

It’s easy to see that f is linear continuous. So f(u,, ) — f(u). It means

T T
— @ dt, — 'dt, ).
</0uk¢tw>—> </0 ud/dt, )
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Thus
T T
([ o) — ~( [ udtat.v).
0 0
Also, f = (fOT vpdt, 1) is linear continuous from L*(]0, T[, H'(2)) in R.
So f(un,) — f(w). It means that
T T
([ oty — (| wodt, )y
0 0
Thus
T T
—/ ud'dt — / weo Yo € D(]0,T[,R),
0 0
so u' = w.
We just calculate the limit in (2.10), to prove that u is a solution of (2.10), which is

the formulation in (2.8).

Now, we will prove that u(0) = ug a.e, i.e u(0) = ug in L*(Q2). We know that

un(0) = Za?ei —s gy in L*(Q).

i=1
To deduce that u(0) = wy, it suffices to show that u,, is relatively compact in C(]0, T[, H~(Q)).

By Ascoli’s theorem, it suffices to show that
1. Vt € [0,T), uy, is relatively compact in H ().
2. ||un(t) — uop(s)||g-1 — 0 uniformly for s — ¢ with respect of n € N*.

To prove the first item, we use lemma (1.1.4), since

u, € L*(]0,T[, Hy(Q)) and v/, € L*(J0,T[, H (),
we have for all t,s € [0, 7]

lun ()17 = llwn(s)llz2 + 2/:<u;(A)>un(A)>H1,H3dA7
then

(uy,

lun @72 < llun(s)lIZ2 + 2/ (A), un(A))|dA,

< un(s)|172 + 2||U;L||%2(}O,T[,H—1)||un||L2(}O,T[,H3)-
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We integrate with respect of s on [0.7], to find

T‘|Un(t)||%2 < ||Un(5)||%2(]o,T[,L2) +ZTHU/YLH%Q(}O,T[,H_l)HunH'

It means that wu, is bounded sequence in L*(Q) for all ¢ € [0,7] (and uniformly with
respect of t). So, u, is relatively compact in H1(2) for all ¢t € [0, 7] .

Now, we will prove the second item. We use lemma 4.25 in [13].

Since u, € L*([0,T], H™'), then we have (in H~*(Q)).

Vi1, te € [0, T, t1 > to

S0,

Jun(t) = )l < [ (o)

t2

t1 % t1 %
< ([ as) ([ o) ovas)
to [2)
T 3
<Vt - tg(/ o, (8) 31t
0

=Vt — ta|lug L2 gorp -1 ()

Since w/, is bounded in L*(]0, T[, H}(2)), then we deduce that
| un(t) — un(s)||lg-1+ — 0 uniformly with n € N*and t € [0, 7).

So, u, (by using Ascoli’s theorem ) is relatively compact in C([0,T], H~!). Because
if u, is relatively compact in C([0,7], H!), then there exist w € C([0,T], H ') and
subsequence u,, such that
U, — w in  H '(Q) uniformly with respect of ¢ € [0, 7] and also in L*(]0, T, H; ).
So, we have

u,(0) — w(0) and from an other hand u,(0) — o,

and hence w(0) = uy.

On other hand we know that
U, = u in L*(0,T; Hy),

u, —u in L*0,T;H1).

23



CHAPTER 2. EXISTENCE AND UNIQUENESS OF
2.5. WEAK FORMULATION PARABOLIC MODEL

By uniqueness of limit, then we get v = w, a.e on [0,7]. Since u and w are continuous
on [0,77], then
u(t) = w(t), vt € [0,7),

and hence u(0) = w(0) = uy.
Uniqueness:

Let u; and us be two weak solutions of the problem (2.8) such that

T T
/ (ul.v>H_17H5dt+/ /Vu1Vv(t)dxdt = 0.
0 0o Jo

T T
/ <7:L2.U>H—1’Hédt + / / VUQVUd[Bdt =0.
0 0 Q

Subtracting the two equations gives :

And:

T T
/ (U — T2, v) g1 grds + / / (Vuy — Vug)Vodadt = 0.
0 0 Q

We take v = uy — usq, to get

T 1d ) T )
[ IV 0) — Vaa(e)]3 =0
0 0

lun(T) = ua(T)I[3 — [ (0) — u2(0)]1 = —2/0 IVus(t) = Vua(t)]J2 <0,

since ||ug(0) — ug(0)|]2 = 0,

thus, u; = us. Then the problem has a unique solution.

In this part we will prove the well posedness of the solution to the problem (2.4) using
Semigroup theory.

Firstly, we define some definitions and properties for helped.

2.6 EXAMPLES IN THE THEORY OF PARTIAL DIFFERENTIAL EQUA-
TIONS
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Let © be an open subset of R", and let Y = L?(Q2). Y is considered as a real Hilbert

space, we define the linear operator A in Y by:

D(A) = {u e HY(Q): Au € L?(Q)};

(2.12)
Au= Au, ue D(A).
The heat equation (without a source term) is given by:
C;—?: —Au=0, Qx]0,7]
u=0, 90x10,T]| (2.13)
u(.,0) = o,

Definition 2.6.1 Let X be a Banach space. A one parameter family (S(t))>0 of L(X),

is a semigroup of bounded linear operators on X if
1. S(0) = Idx.
2. S(t+s)=S()S(s), Vt,s>0.

The linear operator A defined by:

D(A) = {z € X : lim % e:m'sts}

t—0+
and
t —_
Az = lim M, Vz € D(A).
t—0+ t

Is called the infinitesimal generator of the semigroup (S(t))i>0 and D(A) is called the
domain of A.

A semigroup (S(t))i>0 of bounded linear operators is called a strongly continuous (or

a Co-semigroup) if

lim S(t)z =2, VzelX. (2.14)

t—0t+

A strongly continuous (S(t))i>0 on X satisfying

[SMlleey <1, V>0,

18 called a Cy-semigroup of contractions.
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Definition 2.6.2 (Generator of a semi-group) The generator of (S(t))i>o is the lin-
ear operator L defined by

D(A) = {xEX:%},

has a limit in X as h | 0,

and :
S(t)r —x

Lz =lim
R10

Proposition 2.6.3 For the generator A of a Cy semi-group S(t);>0. The following con-
ditions hold.
(a) If v € X then S(t)x € D(A) and AS(t)x = xAS(t) for all t > 0.

(b)The function u: Ry — X, t — S(t)x is a unique solution.

2.7 DEFINITION AND MAIN PROPERTIES OF M-DISSIPATIVE OPER-
ATORS:

Definition 2.7.1 Let A: D(A) C X — X be a (unbounded) linear operator. A is called
dissipative if R(Av,v)x <0, Vv € D(A). The dissipative operatorA is called m-dissipative

if \I — A s surjective for some A >0 .

Definition 2.7.2 An operator A in X is dissipative if and only if
= Adul| > Jul,

for allu € D(A) and all A > 0.

Example 2.1 (The heat operator in L?(Q)) Let Q be a bounded reqular subset of R",
with a boundary T' of class C?. Set

Y = L*(Q),D(A) = H* N H}(Q), Ay = Ay.

A is dissipative:

(Ay,y) 20 = / Ayy = —/ VyVy <0
Q Q
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A is m-dissipative:

Let A\ > 0. For all f € L*(Q) , the equation

Ay — Ay = f,
admits a unique solution in D(A).

Definition 2.7.3 A bounded linear operator A : D(A) C H — H is said to be monotone
of it satisfies
(Av,v) >0 Yv e D(A).

It is called maximal monotone if, in addition, R(I + A) = H, i.e., Vf € H Ju € D(A)
such that
u+ Au=f

Proposition 2.7.4 Let A be a maximal monotone operator. Then
(a) D(A) is dense in H.
(b) A is closed operator.

(c) For every A\ > 0, (I + \A)is bijective from D(A) onto H, (I + NA)™! is a bounded
operator, and ||(I + NA) 7|z < 1.

Proposition 2.7.5 Let A be a maximal monotone operator. Then
(a;) Ayv = A(Jyv) Yv € H and VA > 0,
(az) Ayv = J\(Av) Yov € D(A) and YA >0,

(b) |Ayv| < |Av| Vv e D(A) and YA >0,

(c) limyo v =v YveEH,

(d) limy_,0 Ayv = Av Vv € D(A),

(e) (Ayv,v) >0 Yo € H and VA > 0,
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(f) 1Axv| < (1/N)|v| Yv e H and YA > 0.

Definition 2.7.6 Let A be a maximal monotone operator. For every X\ > 0, set

1
J)\:(I—i—)\A)il and A)\:X<[_J)\);

Jy is called the resolvent of A, and Ay is the Yosida approzimation (or regularization )

of A. Keep in mind that || Jx||pmy < 1.
Corollary 2.7.7 If A is m-dissipative in X, then
I — u,

as A1 0, forallu e X,
and

Ayu — Au,

as A} 0, and for all w € D(A).

2.8 EXISTENCE AND UNIQUENESS

Theorem 2.8.1 (Cauchy, Lipschitz, Picard) Let E be a Banach space and let F :

E — E be a Lipschitz map, i.e., there is a constant L such that
|Fu— Fvl| < L||lu—v|| Yu,v € E.

Then given any uy € E, there exists a unique solution u € C'([0,+00); E) of the

problem

{Z—z;(t) = FU(t) on [07 +OO)7
u(0) = ug.

ug 18 called the initial data.

Lemma 2.8.2 [7/ Let w € C'([0,00); H) be a function satisfying

d
d—@;+AAw:O on [0,00). (2.15)

Then the functions t — |w(t)| and t —

dw
dt

= |A\w| non-increasing on [0, 00)
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Theorem 2.8.3 (Hille-Yosida ) [7/ Let A a maximal monotone operator. Then, given

any ug € D(A) there exist a unique function

u € CY([0, +ool; H) N C([0, +o0]; D(A))

satisfying
du
— 4+ Au =0, on [0,00),
dt 0, 00) (2.16)
u(0) = up.
Moreover,

du
()] < |uo| and E(zs>‘:|Au(t)|g|,4uo| vt > 0.

Proof. Existence

Step 1: (Approximation problem)
We replace A by A, in (2.16) and apply Theorem (2.8.1) on the approximation problem,
and then pass the limit as A — 0, using various estimates that are independent of A. So,

let uy is a solution of the problem

dU)\
—= - A t)=20 0
g~ Sw(®) =0, on [0,00), (2.17)
U)\(O) =Ug € D(A)
and we have the estimate
lur| < |up] YE>0, A>0, (2.18)
dU)\
E20| = 1avn )] < [Aul vez0, A0, (2.19)

They follow directly from the lemma (2.8.2) and the fact that |Ayux(t)| < |Awug).

Step 2 (Convergence of uy )
We will prove here for every ¢ > 0, uy(t)converges, as A — 0, to some limit, denoted by
u(t). Moreover, the convergence is uniform on every bounded interval [0, 7.

For every A, i > 0 we have

E S Ayus+ Dy, =0,
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and thus
1d
§£|u/\ - uu|2 + (Auuu(t) — Ajup (1), uu(t) —ux(t)) = 0. (2.20)

Dropping t for simplicity, we write

(—Anuy + Ajuy,, uy —uy,)
= (—=Axux + Ayuy, uy — Hhuy + Hhuy — Ju, + Ju, — )
= (—Axux + Apuy, —AA\uy + pd,u,)

(=A(Jyuy — Jyuy), oy — Ju,,)

(—Azuy + Ajuy, —AAuy + pAyuy,). (2.21)

It follows from (2.19), (2.20) and (2.21) that

1d
§%|UA — uy)® <20\ + p)|Augl*.

Integrate this inequality, we obtain

[un — up]* < 40 + )t Augl?,
i.e,

[ux — wp| < 24/ (A + p)t|Augl. (2.22)
It follows that for every fixed ¢ > 0, w) is a Cauchy sequence as A — 0 and thus it

converges to a limit, denoted by w(t). Passage to the limit in (2.22) as u — 0. We have

luy — u(t)| < 2V Aug|

Therefore, the convergence is uniform in ¢ on every bound interval [0,T] and so u €
C([0,4+00); H).

Step 3: Assuming, in addition, that uy € D(A?), i.e., ug € D(A) and Aug € D(A),
we prove here that %(t) converges, as A — 0, to some limit and that the convergence is
uniform on every bounded interval [0, 7.

Set vy = dd%, so that % — Ayvy, = 0. Following the same argument as in Step 2, we

see that
Uy — Uu|2 < (JAxva] + |Auvu|)()"A/\U>\| + plAuvul). (2.23)

N | —
S
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By lemma (2.8.2) we have
|A>\U>\(t)| S |A>\U)\(0)| = |A)\A)\UO|, (224)

and similarly

A 0u ()] < [A0(0)] = [ALAuo|. (2.25)
Finally, since Aug € D(A), we obtain
A)\A)\uo = J)\AJ)\AUO = J)\J)\AAUO = J§A2UO,

and thus
|A)\A)\UQ| S |A2’LL0|, |AMAMUO| S |A2U0|. (226)

Combining (2.23), (2.24), (2.25), and (2.26), we are led to

1d
S orlon = wlt < 200+ )| Al

We conclude, as in Step 2, that vy (t) = d;‘—t*(t) converges, as A — 0, to some limit and
that the convergence is uniform on every bounded interval [0, 7.

Step 4 Assuming that ug € D(A?) we prove here that u is a solution of (2.16). By
Steps 2 and 3 we know that for all 7" < oo,

{u)\(t) — u(t), as A\ — 0, uniformly on [0,77,
dur (1) converges, as A — 0, uniformly on [0, 7.

It follows easily that u € C'([0,+00); H) and that % (t) — 2(¢), as A — 0, uniformly
on [0,T]. Rewrite (2.17) as

dU)\

E(t) — A(Lua(t)) = 0. (2.27)

Note that Jyuy(t) — u(t) as A — 0, since

[ Ixua(t) = u(@)] < [ua(t) = DHu(t)] + [Iyu(t) = u(t)]

< Jur(t) — u(®)] + [nu(t) — u(®)] — 0.

Applying the fact that A has a closed graph, we deduce from (2.27) that u(t) € D(A)

Vvt > 0, and that
du

—(t) — Au(t) = 0.
(1) - Au(t) = 0
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Finally, since u € C'([0, +00); H), the function ¢ — Au(t) is continuous from [0, +00)
into H and thus v € C([0,+00); D(A)). Hence we have obtained a solution of (2.16)

satisfying, in addition,

lu(t)| < |up] ¥t >0 and

d
d—;‘(t)’ = |Au(t)] < |Auo| V¥t > 0.

Uniqueness

Let u and u are two solutions of (2.13), we have

(%(U_u)’(u_u)> = —(A(u—ﬂ),u—ﬁ) <0.

Since

5 hult) — a(e)? = (& (ult) — a(e), u(e) — a)),

by (2.8.2) the function t — |u(t)—u(t)| is non-increasing on [0, 00). Since |u(0)—u(0)| = 0,
it follows that
lu(t) —u(t)| = 0.

Then u = u, the problem (2.13) has a unique solution. m
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CHAPTER 3

THE FRACTIONAL LAPLACIAN
VISCOELASTIC PROBLEM

In this chapter we will study the Cauchy problem for linear fractional wave equation with
a viscoelastic term . Firstly we study the existence of the global solution using the Fourier
and Laplace transforms. Then we investigate the stability of the solution using the energy
method in the Fourier space, multiplier technique and Lyapunov functional.

We consider the following linear problem:

t
uy + (—A)u+u —|—/ g(t — s)Au(s,t)ds =0, ze€R" t>0,
0
u(z,0) = ug(x), ze€R" (3.1)

ur(z,0) = uy(x), x€R",

where ¢ > 1 and n > 1, the last term of the problem is the memory term denoted by
fo (t — s)Au(s,t)ds, and initial data (ug,uy).
Ting Xie and Han Yang [33] considered the initial value problem of the following semi-

linear o-evolution equation with memory term, using the energy method in the Fourier
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space, the decay estimates for the solutions to the corresponding linear problem are es-
tablished. Additionally, assuming small initial data in suitable time-weighted Sobolev
spaces, the global-in-time existence of the solutions to the semilinear issue is proved by

contraction mapping:
uy + (—A) u+u+gxAu=|uf,x €eR", t>0 (3.2)
under initial condition data
w(0,x) = ug, u(0,t) = uy, z€R",

where ¢ > 1,n > 1,p > 1. The term (g * Au)(t,z) := fo (t — s)Au(s,z)ds denotes

memory term. It was assumed that the kernel g satisfies the assumptions :
1. g € C*(RY) N WH2(RT)
2. (1) > 0,=Cog(1) < ¢'(1) < =Cig(7), |g'(T)| < Cag(7), V7 €RT,
3. 1—f0 T)dr > C3, VteRT,

Where C;(i = 0,1,2,3) are positive constants .

3.1 PRELIMINARIES AND ASSUMPTIONS

We assume that the relaxation function ¢ satisfies the following conditions:

(H1)g : [0;00) — (0;00) is a strictly decreasing C! function such that
- /oog(s)ds —1>0. (3.3)
0
(H2): There exists a positive non-increasing differentiable function 7(¢) satisfying:
gt) <-n(t)g(t), >0 (3-4)

Lemma 3.1.1 Assume that (H1) holds. Then for any v € L2 (R, C),we have :

loc

‘/0 gt — $)(w(t) — v(s))ds| < (1= D)(gov)(t), Vt>0, (3.5)
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and
| [ =)0 = oloas]| < ~gl0)s 0 0)(e). Ve >0, (3.6
where t
(gow)(t) := /0 g(t — s)|v(t) —v(s)|ds. (3.7)

Proof.

1. To prove the first inequality (3.5), we have

2

Y

‘ /Ot g(t —s)(v(t) — v(s))ds‘2 _ ’ /Ot Valt —s)\/g(t — s)(v(t) — v(s))ds

(i) We apply Cauchy- Schwarz inequality we obtain :

2

| [ Ve et - osds
< ([ V=T as) ([ Vo= w0 - u(s)a)

= (/Otg(t - s)ds) (/Otg(t —s)(v(t) — v(s))2d8>.

| [ st = )06~ (o)

(ii) We prove that [ g(s)ds = [, g(t — s)ds for all t,s € [0,00] .
To prove (ii) we use the change of variables .

We put z =t — s, by derivation with respect to s we find:
dz = —ds,
—dz = ds,

then, the boundary of integration are as follows:

When s = 0, then z = t, and when s = ¢, then z = 0, and from it:

thus, we get
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[ate=sias= [ atsias.

(iii) By the assumption (#H1), we have g is a continuous positive function then for

/ gls)ds < [ st (33)

Finally :

t €[0,00] :

Additionally, we have:

1—/ g(s)ds =1>0,
0

the integration from 0 to ¢ t

/Og(t) <1-1. (3.9)
we use (i) and (ii),(iif) and (3.7), we finally find:
[ VIV S0~ v
< / =t ds) ([ = o)) — o6
ot s)ds / gt — 9)(0(t) — o(s))7ds)

[t =500 -

The proof of (3.5) is completed.

2. Now, to prove the second inequality we use the assumption(H1) :
(a) Since g is a strictly decreasing C! function it means ¢/(t) < 0 then —g'(t) > 0,

after the same operation in (i) for the function —¢'(¢) we obtain:
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2

/Ot g'(t—s)(v(t) — U(S))ds‘z = ‘ At \/—g’(t _ S)\/—g’(t “ () — v(s))ds
(/Ot \/m%ls) </Ot \/mg(v(t) B U(s))2d3>
</Ot —g'(t — 8)ds> </0t —g'(t — s)(v(t) — U(S))2d3>,

IN

(b) We prove that fot g'(s)ds = fot g'(t —s)ds for all t,s € [0, 00] :

We put z =1t — s, by derivation with respect to s we find
dz = —ds,

—dz = ds,

when s = 0, we find z = ¢, and when s = t, we find z = 0 then:

[ deican = [ g

/0 ()

(c) By the assumption(H1), ¢ is a positive decreasing and continuous function in

SO

/0 §(s)ds
(t) — 9(0).

[0, 0o[,then it has a maximum value at point 0, or we say for all ¢ € [0, 00|
9(0) = max{g(t)},

and always verified :
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By (a), (b) and (c¢) we find:

[ o-s00-

g ) (w(t) — ols))ds|
( Vg as) ([ =) - o))
/0 = oyis( [ g/ = 9)olt) — v(5)as)

= [ gas( [ =600 - v(6)7)

= (9(0) - g()( / (= (o(t) — ofs)ds)

< g0 [ 6= )00 — o(5)s)

<~ [ gt oto) ~ o).

IN

IN

From (3.7) for the function ¢’ we have

(v00)01= [ 91— 9ot~ uto).

we find (3.6) .
The proof of lemma (3.1.1) is completed.

3.2 EXISTENCE OF THE GLOBAL SOLUTION

3.2.1  Fourier transform of the Cauchy problem

By taking the Fourier transform of the Cauchy problem, and using (1.4.2), we get the

following problem:

Gy + (1 + [€]*)a — \£|2/ g(t —s)u(s)ds =0, £e€R"t>0,
0
(€, 0) = o, (3.10)

ﬂt(ﬁ,O) — ah
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3.2.2 Solution formula

Applying the Laplace transform to (3.10), and we use (1.5.3), we obtain
Lan) + (1 + [€27)L(a) — [€]*L(g)L(a) = 0,

N L(1) — Ao — y + (1 +[€]*)L(a) — [€]*L(9) £(w) =0,
SO
. Ay + Uy
L(u)(&,t) = .
WS = T e - e
Then applying the Laplace inverse we find

Ao + U
S |§|22<g><x>] &0

a(ét) = g7

Taking F(\) = A2 + 1+ [£]*7 — [€]2L(g)()), therefore, the solution formula to (3.10) is

it6.0) = 1©2 [7755] + O [7755); (3.11)

As in Ref.[20], we can find the solution formula of the problem (3.1) .
] and £7! [

To prove the existence of £7! [ } , we use the following technique:

A 1
EF(X) F(X)
Suppose that G(x,t) is solution to the following problem
t
Gu+ (1+(—=A)7)G + / g(t — s)AG(s,z)ds =0, ze€R" t>0,
0
G(z,0) = 6(z), ze€R", (3.12)
Gi(z,0) =0, =z e€R",
Where 0 denotes Dirac’s delta function. Applying the Fourier transform to the space

variable of (3.12), and we use (1.4.2), we get :
t
Gt (L4 16P)G = |6 [ glt = )G(s)ds =0, €€ R e>0
0
G(E0)=1, £€R, (3.13)
ét(fa O) = 07 5 € Rn>

we use (1.5.3) in (3.13), to find

LIGul(N) = NL[G(E,1)] — AG(&,0) — Gy(£,0) = N€[G] — A
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So, the Laplace transform of (3.13) defined by the following :
NL(G) = A+ (L +[EP7)L(G) — [EL(9)L(G) = 0.
On other hand, we suppose that H verifies
Hy+ (14 (-A)7)H + /tg(t —$)AH(s,x)ds =0, x¢€R"
H(z,0) =0, ze€R" ’ (3.14)
Hy(z,0) =0(z) xe€R",
Similarly to G, applying the Fourier transform to the space variable of (3.14), we have:

t
Eﬁﬂ+H%HﬂW/9WﬂW@%=Q£EWJ>O
0

H(£,0)=0, £eR, (3.15)
Ht(§70) - 17 5 S Rn7
we use (1.5.3)in (3.15), we get

S[Ha)(N) = NLIH] — AH(€,0) — H,(€,0) = N*[H] - 1,
the Laplace transform of (3.15) defined by the following :
NL(H) =1+ (1+ [¢7)S(H) — [¢[*£(g) L(H) = 0.

Therefore, we can extract the expressions of G andH ,we obtain the following formulas :

. o A 7
GO =E e o) ¢
. | 1 ]
HED =2 e —jeremiov)

Then G and H given by:

Glen =2 o |
and __
. 1]

Where F(A) = A2 + 1+ €% — [£]2£(9) (V).
The existence of G(&,t) and H(£,t) are deduce as follows.
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Lemma 3.2.1 G(,t) and H(E,t) eist.

Proof. The existence of G(f, t) and ]:I(E, t) is proved by using the same arguments as in

Liu and Ueda [30]. It is necessarily to find the inverse Laplace transform of the functions

ﬁ, similarly the same applies of H (&,1).

We identify the formula for inverse Laplace transform we can calculate @(5 ,t) and

H(¢ )
B Y4100 )\ \
B L FO)© ax.

—100

A

FOV

-1

This integral is called a complex integral in the Complex plane, meaning that is the
entire integral is defined with in the set of complex numbers . It extends along a vertical
line in the complex plane from (—o00) to (+00) in the imaginary direction, but at a constant
value 7 in the real direction plane, and this located at Re\ = ~, it means, the Bromwich
inversion contour vy runs fromy — 00 to v 4 icc along a straight line. v must lie to the
right of all the singularities of F'(\).

First, we need to prove the existence of singular points of the function, which are the
values that cause the function to fail to be analytic. For the Laplace transform, these are
typically the points where the function becomes undefined, meaning we need to solve the

equation F'(A) = 0.

(i) For the function to be well-defined, we must prove that £[g] exists. It means prove
that the function g is a function of the exponential order and partially continuous.

(H1) gives that g is a function of C* then it is continuous in [0, co[. Additionally, we have:

Sl =] [ e Mol < [Clegan= [T gma, @)

since |e M| = |e= ()| = |e=rt||em™| = |e~H|\/cos2ut + sin2vt = |e”FeWNE|. We know

that n(t) > inf, n(t). From (H2), we have
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we integrate from 0 to t we get

tg’(t) . t
/0 ) dt < 11;1f77(t)/0 dt,

thus

finally we get
g(t) < g(O)e_inftn(t)t.

Consequently, (3.16), implies

o 0)
< (ReA+infy n(t))t _ g( . 1
|L[g](N)] < g(0) /0 e Re + inf, n(t) (3:17)

Thus, £]g](\) exists for ReX > —inf, n(t), where n(t) is appeared in Assumption [H].

(ii) We need to consider the zero points of F(A) . Let A = u + iv, if we assume that
A1 = p1 + iv; represents the zero point of F/(\) (is the root of the equation F'())), and
p1 > —inf; n(t) then py and v; satisfy:

F()\l) = F(,u1 + iUl) = 0.
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Since e~ = cos(vt) — isin(vt), then, we have :

Fpn +v1) = (n + 1) + 1+ [€*7 — [€2L]g] (m + iv1)

L i 1+ [ — e / et (1) dy.
0

= 4 — v} + 2ipgvy + 14 €77 — |§|2/ e Mte™™lg(t)dt.
0

= pf — v} + vy + 1+ €% — |§|2/ e "M (cos(vit) — isin(vit))g(t)dt
0

= 13 — V2 + vy + 14 €)% — |§]2/ e "Mteos(vit)g(t)dt
0

—|—|§|2/ e Mbisin(vit)g(t)dt.
0

= 0.
So,
ReF(\) = pf — vl + 14 [€]* — |§|2/ e Mteos(vit)g(t)dt = 0, (3.18)
0
and:
TmF(M) = 20; + €2 / sin(vit)etg(t)dt = 0. (3.19)
0

Case (1): when £ =0, from (3.18) and (3.19), we have u; = 0,07 = + 1.
Case (2): when £ #0 Re(\1) = 11 < 0. Prove it by contradiction .
Assume that pu; > 0:

if v7 = 0, then in view of assumption H1, we know that:

/ g(t)ydt <1—1.
0
e Since v; = 0, then cos(vit) = 1.

e Since, pu1 > 0, for all ¢ € [0, 0o[, so we obtain

1
<1

e—mt —
emt —

e We know that, for all £ € R", |£]? > 0.
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By assumption H1 and previous calculations, we get :

/ e Mlg(t)dt g/ g(t)dt <1 —1,
0 0

We multiply by (—|£|*) we obtain:
P [ emigar= g [ gde = ~leP1- ).
0 0

From (3.18), we have :

ReF(M) = pi + 1+ ¢ - !§|2/ e MMg(t)dt > i + 1+ €7 — [€P(1—1) > ¢
0

it yields contradiction with (3.18).
If v; # 0, then we have :

ImF(\) = (201 + ¢ /OO sinuit)

0 U1

e‘“ltg(t)dt>

we will prove that:

/ —Sm(vlt)e_“ltg(t)dt >0 (3.20)
0

U1

First, since sin is an odd function, we have

sin(vit)  sin(—vit)  sin(|vi|t)

- - )
U1 —U ‘U1|

so that, since sin(|ui|t +7) = —sin(|p1]t), one get

/ ) ey g = / = 2dt) g )
0 0

U1 |Ul|
1 o) (2k+1)7
[vl
Toil
(12k+2)
[vq]
‘Ull Z/Zk-‘rl)ﬂ sin ‘Ul,t)e Mltg(t)dt
(2k+1)7r ( >
[v1] pr |t T
sin(|v t( “Mtg(t) —e vl g<t+—>>dt
|01|Z/|k | l|) () ‘U1|

> 0.
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This establishes (3.20), and it results that ZmF'(A\;) # 0, which contradicts (3.19). There-
fore, we proved that p; < 0. Combining the two cases, we know that ﬁ is analytic in
{AeC;ReX >0} if £ =0, and in {\ € C; ReA > 0}if £ # 0.

Taking A\ = v + v, where 7 > 0, then we have

d\ = idv.
So we can use Jordan’s lemma states that this is true so long as F'(A\) — 0 as |\| = o
and then we calculate:

)\ ~y+iT )\eAt y+ioo )\eAt —+00 ('Y + iv)efy—s—iv
-1 _ N T N _ wyrwye
< [ }(t) f /MT oy /V oy = / Foti)

—[ [ =
[v|<e [v|>e

—100

For any fixed ¢ > 0, we now that

1

P+ ™ (3:21)

Al < (e |

lv|<e

This ensures the convergence of J;.

e(v+w)t< L1+ £ — |§|202(g)>dv|
lo|>e vy4+iv (v +w)F(y+iv)

1 L+ 7 + 1€177]1£(9)]
= BWA»E (7+iv " (v 4+ w)F(y + )| >dv’

|J2| :|

and we use (3.17), it is also not difficult to show that J, converges. Therefore, we conclude

that G(&,t) exists. Similar arguments are used to prove the existence of H(€,t), we have

1 y+iT eAt Y+ico e)\t +o00 l-e'y—l—iv
1) =1l d :/ —d :/ —d
Slamlo=dn | Fw =) m L R

AIQ AI%

—100

Thus, we complete the proof. m
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3.3 ENERGY METHOD IN THE FOURIER SPACE

In this part of the section, we will focus on the analytical study of the exponential
stability of the solution for (3.10) under conditions on the memory kernel g. We will
use the energy method in the Fourier space . Before proceeding, we will prove the

following steps of the work:
1. First, we derive the energy expression E.
2. Second, we define some auxiliary functions, such as F; and F5.

3. Third, we define the Lyapunov function £ and establish the equivalence between

it and the energy function.

4. Finally, we show that the energy of the problem decays to zero exponentially.

Lemma 3.3.1 Let u(&;t) be the solution of (3.10) and assume that (H1)and (H2) hold.
Then, the modified energy functional E(&;t) defined by:

Bl 1) = 5 |1l + (1+\§|20—|5\2 / g(s)ds> |a|2+|512<goa><t>]' (322

The enerqgy is positive and non-increasing and satisfies

1€

=-((g ea)(t) —g(®)]al*) <0, (3.23)

Er(&t) =

Proof. By multiplying the equation (3.10) by 4, and taking the real part, we obtain

. = 1d
Re(uttut) 2dt| t|2 (324)
~ 1d, 5
il .25
Re(ii) = 3 |l (3.25)
we have:
1d 14+ 20 d . t X _
ol + ik~ gpre [ gt - uias 0. (20
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since f(fg(t — 8)ds = fotg(s)ds we obtain

_Re<(g * ﬁ)ﬁt> = —Re(/otg(t - s)ﬁ(s)ﬁtds>

and also we have

[ ot =51t~ a(o) = [ & [ote = ato s Pas — [ 6= sate) — ato

And we have

t t t t
d ~12 d ~12 d ~12 d ~12 ~12
[ sasglal = S [ aasti) - [ Gotastal = 5( [ ats)astal)—gtojarial
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We use previous calculations, to get

=5 [ ote= o) p1a0 — ato)as = 5 [ otsris glal

=5 [ ate—oat) —ats)Pas — 5 [ - sat) - ats)as
— 5 [ otsrispiar

=g [ ati= i —atopas = 5 [ g - sat) - ats)ras
s ([ storastar) + oo

= artgo )~ 3¢ o i)t~ 3 5 ( [ iislil’) + Jo(oar

We inserted this result into (3.26), we obtain:

Ld o (e d oL Lo dd
Sl + il + Ig (ﬁ(go W) =50 0 0)) = 55 ([ ats)astar)
+§g<t>m|2> -

then,
g (10 (1167 = 16 [ aas)lal + 1Pt o)) = - (o 0010~ gt0)lal)
Hence

(&t = EL (g 0 1)(0) - g(0lal)

Since (¢’ o @) < 0, then
E'(&1) <0
Let’s prove that £ (¢;t) is non-negative:
We use the assumption (#H1), it is easy to see that, for all t > 0,

1 20 2 >1 20 2 > d \v/>0
e |s|/ g(s)ds > 1+ |¢] |s|/og<s>s, ‘>
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=1+ ¢ =g (1-1) >0, (3.27)

consequently, £ (&) > 0.
[

Then, we find the following auxiliary functions by the following lemma.

Lemma 3.3.2 Under the assumption (H1), the functional :
Fi(€,t) := Re(t,a), (3.28)

satisfies, along the solution of (3.10) and for any 6; > 0, the estimate

Fi€.t) <l (1—%) <1+r£\2“—|£\2 / g<s>ds> P+ (L) o) 1) (3:29)

Proof. Taking the derivative of F}, and exploiting (3.10) we get

F(&t) = Re(ugu) + |a,|*
= —(L+[¢[*)]al* + [¢]* Re /Otg(t — s)(a(s) —a(t))uds
FIEPlal? [ olshds + o
= i = (1162 = [ leoto)ds) i + e Re (@ [ ot = s)(ats) — ate) ) s
Since || = |4|, and we use Young’s inequality in the last term we get

’ﬁ/o g(t = s)(i(s) = a(t))|ds < & faf* + 4%51/0 lg(t — s)a(s) — a(t)|’ds,

on other hand by (3.27), we have

L 6P — € EP < 14 6P — [P / o(s)ds.

And
P <1+ 1€ — |¢f? / o(s)ds. (3.30)
0
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e < LI I gls)ds
- [

So,
F(&;t) = Re(uy) + ||
—(U+ €A + € Re [ gt = s)(ats) - a(e)ids
Il [ ohds + o
At 2 1 20 ' 2 d ~12 2R ~ ! - ~ Y d
<l = (1+1¢] / €Pg(s)ds ) laf? + ¢ Re (@ / glt = s)(a(s) u(t))) s
< At 2 1 20 ! 2 2 R 2 |£|2 - ~ ~ d
< fad? = (116 = [ leotoyas) i+ aetar + 5L| [ g6 - o)ato) - acen'as
t 20 2
gmm—(rwa%—/Wa%@mng+&“”ﬂ ﬁ“' Clap
|5|2|/ (t — )(it(s) — a(t)[2ds

1 20 [te)2 d
:\atP—(leP"— / ePg(s)ds — o T — o (0

’fé‘\/ (t — s)(a(s) — (1))

= i|* — (1 - 57) (1+ €% — /Ot y§|2g(s>)y [Fds + - <

Finally,

) t 2
Fi(eit) <l = (1-3) (H\s!%—w / 9(5)ds>| 0

By using (3.5) and (3.7), we get (3.29).

2

ds

2

ds.

/0 ot — 5)(a(s) — a(t))

2

ds

[ att-stats)-ac)

Lemma 3.3.3 Let u(&;t) be a solution of (3.10) assume that (H1) holds. Then, the

second auziliary function Fy defined by:

Fy(&:1) = —Re(iy /0 ot — $)(@(t) - i(s))ds). (3.31)

satisfies, for any 09,03 > 0,
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o1+ ) A+ P g ) - G2 0 1) (3.3

Proof.

Rl ) = e | g(t = )(@(t) — i()ds) - Re i / (¢ - 9)(@lt) — a()ds)

t
il [ gts)is.
0

By exploiting (3.10) we get

t

Fy(&;t) = (1+[¢]*) Re (u /Otg(t —s)(u(t) - a(S))dS> - Re(m/ g'(t—s)(alt) — ﬁ(S))d8>

0

~ Jiuf? / s)ds + [¢f*Re / g(t — 5)(a(t) — i(s))ds /Otg@—s)(a(t)—é(s))ds)

_ |§\2/0 g(S)dsRe<u /Otg(t —s)(alt) - &(5))(15)

- <1+|§|2”—|§|2/Otg(s)ds>Re<ﬁ/0 g(t — s)(a(t) —a(s) ds — |ag|? /

+ 16| [ ot = )(a(t) — a(s)ds| — Re(in [ (¢ = (i)~ i(s))as)

Using Young’s inequality and lemma (3.1.1), and (#1), we obtain :

Fy(&:) < o1+ 16> — [¢P / als)ds ) af? + == (14 I ¢l /tg@)ds)(go@)(t)

=Dl 0 - ([ s -8l - 42 0 e

we have

L af £<1,
|§|2 S { |£‘20, ’lf 52 1.

Then
P <1+, VEeR" (3.33)

we use (3.33) to arrive at (3.32) =

o1
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Lemma 3.3.4 The functional L, defined by :
L) = N1+ [E[*)2E(E t) + [€ VR (&, 1) + Ny €TV Ry (€, 1), (3.34)

Then for any positive constants Ny there existe a sufficiently large N and two constants

C., Cy satisfies
Co(1+ €1 E (& 1) < L(E, 1) < Ci(1+ [€%)E(, 1), (3.35)
And for any to, there exists a positive A such that :
L&) < =AEPOVEE ) + (c+ N1+ )€ P (goa)(t), VE>to,  (3.36)
Proof. First, notice that:
L(E 1) = N(1+ [P B, )| < |67 |Re(ugu))|

+ Ny €[ Re(uy / ot — 5)(a(s) — a(t))ds)|.

we use Young’s inequality, we get
- 1 1
Sl < 112 4 g2
LAUES 2|U1t\ + 2\U| ;

and

i [ ate =)

Then, we use (3.5) and previous calculate, we get :

>
—~
~
SN—
|
I3y
oS
V2)
SN—
SN—
QL
V2]
AN
o ¢
s
=+
+
DN | —
O\é
Q
S
~
|
V2)
SN—
—~
I~
—~
~
S~—
|
I
—~
W
S—
SN—
o}
V2)
no

2(60)— NO+ P2 B | <

1

€Dl + 5l af

N 2
1 o

+ 7’512( o

/0 g(t — s)(a(t) — i(s))ds)

<1—|—N1
- 2
1-1

n TN1|§|2(U+1)(9 o 0)(t).

1
€7 P lul? + 317V af?
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By recalling (3.22), (3.30) and (3.33), we have :
L+ (€[ — € Jy 9(s)ds
l .

€7 <

And for all 0 > 1 we have
€127 < 1+ ¢,

then, we arrive at

1+ M
2
|§|2G 20 2 ! ~12

+ 2 (1l = 1R [ gls)ds) il

N (g 0 a)().
1+ N s

< U Pl

(1+[€*)? 1 20 |¢)2 ' ds ) ]2
EE (b =i [ ats)as)

+eNi(1+ [E77)? [ (g 0 @)(2)

< enpa(1+[¢[)°E

L(61) = N1+ [g*B(&,1)| <

€% a|?

Where ¢y, ; = 1+2N1 + 2% + ¢Ny,
Consequently, by choosing N sufficiently large (N > cn, ), (3.35) is established.
Now, we prove (3.36) .

From, (3.27), we have
L&) = N(L+[E)E(& 1) + [€PTTVFIE D) + Mg E(E 1), (3.37)

Substituting (3.23), (3.29) and (3.32), and we use [£]*? < (1 + [£]*7)? we get for any
09,03 > 0 in to (337)

£t < (M /0 A R

(1= (1 b~ e [ otoyas)iee

Fe(Ni(1+ )+ ) (L HIEPIel (a0 i)(t)

09 01
(5 - 28 1 eyt o ) 39

33



CHAPTER 3. THE FRACTIONAL LAPLACIAN VIS-
3.3. ENERGY METHOD IN THE FOURIER SPACE COELASTIC PROBLEM

Let gy = fo s)ds and take §; = 1, 0y = 03 = N%’ to find, for any t > t,

/ ~ 1 ! ~
c@¢n34M%—mm%“wﬁ—5@+MW_MF/9@%NwWMWP
0

(X - 1O n2) 1 4 (ey21eg 0 1) (339

+en(L+ [P 1€ (g e a)() + (5 — =

_l_

Now, we choose N; large enough such that
ng(] —-2> 07

then, select N so large that (3.35) remains valid and, furthermore,
N g(0)
— —==N;7>0
2 4 1T
Consequently, (3.39)becomes, for a positive A,

c%awf;—ﬂa%ﬁ”|mF+—O+4a%—wa{Agx@¢QMF+wa%gomu>—meoaxw]
e+ [gP)IER (g 0 ()
-\ 2(oc+1) At 2 1 20 2 ' d ~12 200010
€D Jal? + (1+1¢] K|Agw>am|+wuguxw

+e(1+ €2l (g 0 ) (1)), VE > to,

+ AP 1E* (g 0 @)

So, from (3.22) we arrive (3.36). =

Theorem 3.3.5 let @ is a solution of (3.10), then, for any ty > 0, there ezist two positive

constants ki, ko such that

E(&,t) < ki E(€,0)e 2@ fonds g > 4 (3.40)

g2ty

where p(§) = GrEy-

Proof.
We have already proven that fo s)ds = fo (t — s)ds and we know that f; g'(s)

fo (t —s), n(§) is a positive function. Then by (H2)

[t syis < [ ate=s)ate = )t
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Multiplying by —|a(t) — @(s)|? and using inequality (3.7) we get:

~(g'0t) > [ alt =t = o)la(t) — i(s) s

Multiplying the inequality (3.36) by n(¢) and using the previous calculations. Since 7(s)
is a non-increasing function, then for ¢t > s, we have n(t) < n(t — s), so we get for some

A, A2 >0

()L (€, 1) < —Mn@)|EPTTVEE ) + (c+ A1+ [€1)% ¢
< [ nte = syate = a0 — ics) s
AEPCVB(E 1) — (c+ N1+ eIl o a)
< AOIEPTBE 1) — M1+ [ PEE D), e > b

IN

Recalling that n'(t) < 0 and setting

L(&,1) == n(t)L(E, 1) + Na(1 + [€]*)2E(E, 1),

we get

L&) < =Mn)|EPtIEBE ), V>t

Since 7(t) is bounded and from (3.35), we deduce that there exist two constants C5, Cy

such that
Cs(1+ €17 E (1) < L(E.t) < Cu(1+ [¢1)°E (€, 1). (3.41)

Since £ ~ E, then L ~ E, so by (3.35)

/ _ o+ L&)
L'(€,1) < —M\n(t)|¢2eH L)

= —kap(E)n(t)L(E, 1), VL= 1o (3.42)

and for some ko, devising by L(&,t) and integration the last inequality over (%o, t) we

have :

< —kap(En(t),
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FL(E 1) - ¢ "
/to L(&,t) dt < —kzp(€) /to n(s)ds,

In(L(€. 1)) — In(L(E. o)) < —kap(€) / n(s)ds

to

S0,
L(& ) t
In < —kop(& / n(s)ds
(L(f,t0)> ? ( ) to ( )
eln LL(%%?)) S e_k2p(§)f:077(5)d
LEEY)  ~kape) f} nis)as
L(£7t0> - ’
we get

L&, 1) < L(E, ty)e F2r&) Jign)ds

since L(&,t) is a non-increasing function then, for all, 0 < tq < ¢ is verified:

L(¢ o) < L(&,0),

and for any positive constant c is chosen we have

L(f? tO) S CL(&? 0)7

finally we obtain
L(€, to) < cL(€,0)e~ 2O [ n&)ds iy 1) _ 7 (¢ g)eher(&) Jg ni)ds,

by(3.41) we have

= L(fvt)
BE&D = Gat ey
C

SNeAGENTIESE

C N .
< o Call 20\2 fr(¢ () e F2r(8) Jy n(s)ds
= (1 + [¢]2)? 1(1+[E[7)7E(&, 0)e 0

= cE(g,0)e k20 Jin(s)ds

L(S? O)Q_ka(f) f(;: n(s)ds
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then the estimate (3.40) is established. m

3.4 DECAY ESTIMATES OF SOLUTION

In this section, we discus the decay estimates of solutions for Cauchy problem (3.1). We

start with the following lemma :
Lemma 3.4.1 Assume that (H2) hold. Then there exists ¢ > 0 such that

H |€[LeclEl™ o nis)ds

t L _n
§0@+/)sd§2m%ﬁ Wt >0, 3.43
e (s (343
where C' and m are positive constants, [ > 0 and 1 < p < oo

Proof. We use direct calculation as in [32] to get, for tg,c; > 0

I = H‘gylefcm% Jin(s)ds

p 20 [t s)ds p
_ / (|£|pe—c\s| S )d) i

Lp(R)

[o.¢] oo B
S Cl/ |€|lp€—6p|§\2 fO n(s)d5|£’n 1d|€|
0

> Ip+n—1_—cplé|2® [!n(s)ds > 20(“72-;”)71 —eple?e [T n(s)ds
=a [ [ e ISR Y e 0 M|
0 0

lp+n71
9 “’*"—1) Pn(s)ds\ ¥ -
gq/lﬂ(% |Wﬁ«éﬂ)> e PPl -y >y
0 fo n(s)ds
. . lptn ¢ -1
<a @W/mmg emwmw%/mwg 20(¢[*dle]
20 0 0 0
(3.44)
. 20 [t
By putting p = [¢] fo n(s)ds, we get
_lpt+n
Cl 00 Ipin t 20
I<— [ p2e™dy /n@%
20 0 0
lp+n

[ee] t 20
< QC—I(CP)IJT;’ / (cpp) 5" ~Le~ Py ( / U(S)ds)
o 0 0

o7
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Observe that fooo(cpu)l%%_le*cwdp =T (l’;%) < 00, where I' is the gamma function.

Then we obtain

_lptn

p

t 20
H‘ﬂlefdfl?cr Jo m(s)ds Lo <(C (/ U(S)ds , Vit >t,. (345)
P (R 0

It is clear, for any t > ty, that

/otn(s)ds > %/Ot n(s)ds + 3 /Otn(s)ds -C+g /Ot”(s)ds = (1 " /otn(S)ds) |

S0
t ~igtn t —ieEe
(/ n(s)ds) <C (1 +/ n(s)ds) , Vit >t.
0 0
For t € [0,ty], by virtue of boundedness of n(t) and from (3.44), we obtain

p

HIS [Pl /0 tn(S)dS

o0
sﬁ/IwWT>%%me
0

LP(R™)

:q/IwWT”%ﬂW%W*M|

0

= 01/ U(Z%Jcrrnfl)e_clp”dv <l (lp+ n) < 00,
0 20

where v = |£[**. Then, for any t € [0, t¢
T ca(it [eas) T (14 [ ns)as)
"y S [ae)as) T (1 [ ateas)

< C(l + /Otn(s)ds>_ 7

H |E[PecleP Jonis)ds

3.5 MAIN RESULT

Our main result is stated as follows :

a8
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Theorem 3.5.1 Let r be a non-negative integer. Assume that (H1)and (H2) hold, and
that

UO = (Ul, Up, (—A)%Uo)T € HT<RH) N Lp(Rn), 1 < P < 2.
Then U = (uy, u, (—A)2u)  satisfies, for all t > 0, the following decay estimate

* For the case o > 1:

¢ 2 Unl (%_%)_2 ak 1
VUl < C(1+ [ ats)as) T ),

t _ )
ro(is / n(s)ds) "V o (3.46)
0

where C' 1s positive constant and 0 < k+1 < r.

*x For the case 0 =1

t = (l,l),+
VUl < (1 [ atpds) T U O 9Ty (3.47)
0
where C 1s positive constant and 0 < k < r.

Proof. Let
. 1 o
Ey (& t) = §(|ut|2 + (1 + [€]*)]al?). (3.48)

Noting that \(7(5, t)|*> and Es are equivalent, and Eg(f, t) < CE(£, t),Vt > 0, then

U b))~ E,
or

U(E)]? < cE(, 1),
by applying the Plancherel theorem we have
Ul = 11U,

and

IVEU2 = [IVEU 2,
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and we use (3.40) ,we find

IV = / PRI (e, )2
Rn
<ef 1B 0P
Rn
<c |§|2kefk2p(£) I W(S)dSEA'<€’ 0)
R’ﬂ

<ec | g Jon)d| O g, 0)?
Rn

—c / € [2eR2p( o nds| {7 (¢ 0)[2de + ¢ / €2 ek Jo n)ds| (¢ 0)|2dg
|€]<1

l§1=1

Now, we estimate [;. It is clear p(&) > 1[¢[2"+D, for |¢| < 1, where p(€) is given in (3.40).
Then, by applying Holder’s inequality and (3.30), we get .

2

([ o)’

2

I < C/ |£‘2k6—%2|6\2(o+1> fotn(s)ds‘UlzdS < CH|£‘€_%IE‘2(UH> S n(s)ds
|€1<1

t __n___k
§c<1+ / n(s)ds> |12
0

(3.50)

where % + 7% = %, applying Hausdorff-Young’s inequality,we obtain

t __n___k__
hg@+/mw@(W“WW%@, (3.51)
0

for 1 < p < 2, where %—k}% = 1. Next, we estimate I. So, for |{| > 1, we have
21£|% > 1+ |€]?7, therefore p(&) > 4‘&2(;0_1) and, hence

x for o > 1, then
1e12(i=0) [En(s)ds | ~
e[ fepre I G g
|§1>1

ol _clgl2(t=a) [E n(s)ds ~
< esup (Jg e IO [ty ag
|€1>1

[§1>1
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Using €7 > v+ 1,Vy € R, and, |£| > 1we have

l
_o] _clg12(=a) [En(s)ds _1) (e=Decjg2(1-0) [En(s)ds\ ~o—1
sup (Ifl Hemelel™m )=csup (|§\2<“ eIl
l€[>1 [€]>1

__l
< sup (|gf2o Vel 0= fiaeyas) "7

l§1>1
]

< sup (6P (14l )

l€1>1
!

p (20 + el [ ats)as)

i
< (e [ neas) et [aeas)

L
where ¢o = min{1,¢; 7' }. Thus,

!

t 1 t __
Lot [ nds) T [Pt < o1+ [ nes) VGG
0 €[>1 0

(3.52)
for k + 1 < r.Substituting (3.51) and (3.52) in (3.49), we get (3.46).
x If 0 =1, then
I < ce_cfﬂt”(s)ds/ €200 P de
1€1>1
efcfot n(s)ds |€’2k|ﬁ0‘2d€
R’ﬂ

Again the Placherel theorem yields

I < ce o |hyg |12, e > 0. (3.53)

Substituting (3.51) and (3.53) in (3.49), we arrive at (3.47).
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Abstract

In this thesis, we study the asymptotic behavior of solutions to a class of hyper-
bolic equations. Firstly, we introduce some notations and we review some mathematical
concepts that will be used throughout this thesis. In chapter 2, we investigate the exis-
tence and uniqueness of solution to the heat equation using two methods: Faedo-Galerkin
method and the semigroup theory, based on references |3, 13].

Finally, in chapter 3, we study the asymptotic behavior of solution to the Fractional-
Laplace-wave equation with viscoelastic term. We use the Fourier and Laplace transforms
to derive the explicit solution. For the stability, we employ the energy method, multiplier
technique and the Lyapunov function, relying on [22, 33].

Keywords: Faedo-Galerkin method, Semigroup, Energy method, Lyapunov functional,

Fourier transform, Asymptotic behavior.

Résumé

Dans ce mémoire, nous étudions le comportement asymptotique de la solution d'une
classe d’équations hyperbolique. Tout d’abord, nous introduisons quelques notations
et passons en revue des concepts mathématiques qui seront utilisés tout au long de ce
travail. Au chapitre 2, nous étudions l’existence et 'unicité de la solution de I’équation
de la chaleur en utilisant deux méthodes : la méthode de Faedo-Galerkin et la théorie des
semi-groupes, en nous basant sur [3, 13].

Au chapitre 3, nous examinons le comportement asymptotique de la solution de
I’équation des ondes Laplace fractionnaire avec terme viscoélastique. Les transformations
de Fourier et Laplace sont utilisées pour obtenir une expression explicite de la solution.
Pour le stabilité, nous appliquons la méthode de 'énergie, la technique des multiplicateurs
ainci que la fonction de Lyapunov, en nous appuyant sur les références [22, 33].
Mots-clés: Méthode de Faedo-Galerkin, Semi-groupe, Méthode de 1’énergie, Fonction de

Lyapunov, Transformation de Fourier, Comportement asymptotique
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