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Abstract

In this thesis, we aim to compute the values of the zeta function at positive even integers using
Bernoulli numbers, and to analytically continue it in order to obtain its values at negative even
integers.

Keywords: zeta function, Bernoulli numbers, Bernoulli polynomials.

Résumé

Dans ce mémoire, nous visons a calculer les valeurs de la fonction zéta aux entiers pairs positifs
en utilisant les nombres de Bernoulli, et a ’étendre analytiquement afin d’en déduire ses valeurs
aux entiers pairs négatifs.

Mots-clés : Fonction zéta, les nombres de Bernoulli, les polyndémes de Bernoulli.
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Introduction

Bernoulli polynomials are mathematical functions expressed as polynomials, and they appear in
summation formulas and expansions in mathematical analysis. They are widely used in approxi-
mating integrals and calculating errors. Bernoulli numbers are special values of these polynomials
and play a vital role in mathematics.

On the other hand, the Riemann zeta function is one of the most prominent functions in
complex analysis and number theory. Remarkably, this function is closely related to Bernoulli
numbers.

This study aims to compute the values of the Riemann zeta function using Bernoulli numbers
through three interconnected phases:

In the first chapter, we present the definition of Bernoulli numbers and their polynomials using
the recursive relation that characterizes them.

The second chapter is dedicated to studying Bernoulli functions and their properties.

The third chapter focuses on how Bernoulli numbers are used to compute the values of the
Riemann zeta function, providing the proof and related formulas.

This study adopts an analytical approach based on the precise formulation of mathematical
relations, supported by examples and proofs, and makes use of tools from complex analysis and

infinite series.
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Bernoulli Numbers And Polynomials

Via Recurrence Relation



Chapter 1

In this chapter, we aim to introduce the Bernoulli numbers and polynomials, along with some
of their distinctive properties, the most important theorem concerning the axis and center of
symmetry of Bernoulli polynomials, and the study of specific Bernoulli polynomials on the interval
[0,1], representing them graphically for further clarification. Let us begin with the following

theorem:

1.1  Bernoulli Numbers and Polynomials

Theorem 1.1.1. [Theorem and Definition][”, /]
There exists an unique sequence of real polynomials {p,(z)},en that satisfies the following condi-

tions:

pl(x) =rp—1(z) or p.(zr)= Tfowpr_l(t)dt + B, (r>1) (1.1)

Jyp(t)dt =0, (r>0)

for every natural number r, the polynomial p.(z) is monic of degree r.

B, and p,(x) are called, respectively, the Bernoulli number and Bernoulli polynomial of index r.

Proof.
(A) Existence. The Bernoulli numbers and polynomials are constructed starting from py(z) = 1

using Equation (1.1), as follows:

1
p(r) =z — 3, 31=P1(0>:—§a
9 1
p2(z) = —$+6, By = py(0) = -,
3 3 o 1
p3(x) =27 — §$ + 593, Bs = p3(0) =0,
pa(x) = 2* 2:1:3—1—:162—i B—p(O)——i
4 30’ 4 4 30’
p(x):x5——x4+§x3 L Bs = ps5(0) =0
5 5 3 et 5 5 ;
pe(x) = 2% — 32° + ~o* le—i—i B:p(()):i
0 2 2 g2 O TS 42’
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(B) Uniqueness. We assume the existence of a sequence of polynomials {g.(z)},en C Rlz] that

satisfies the previously mentioned conditions. We want to prove by induction on r the following:

¢-(z) = pr(z) (Vr € N).
« For r= 0, we have gyo(z) = po(x) =1 (holds true).
« Forr=1: ¢1(z) = pi(z) =2 — 1 (holds true).
Now, we assume that ¢.(z) = p.(z). Thus,
ra(@) = (1) [ (Bt + G

=(r+ 1)/ pr(t)dt + Cr 1.
0

On the other hand, we have

pria(z) = (r+1) /OxpT(t)dt + Byy1.

From the last condition in (1.1), we find:

Crir = /O 1 <—(’r’—|—1) /0 mm(t)dt) d

= Br-‘,—l-

Therefore p,11(z) = ¢,11(x) .
Thus

pr(7) = q-(x) (Vr €N),

(C) p.(x) is a monic of degree r. It is clear that po(z) = 1 is monic of degree 0. Similarly,
pi(z) = x — 3 is monic of degree 1.

Assume that p,(x) is monic of degree r. Thus, p,(x) can be written as:
pe(r) =2"+a,_ 12"+ Far +ag
="+ Z a,_;x" ¢
i=1

We know that:
peaa(e) = (r+1) [ pilt)dt + B
0

4
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Thus,

pri1(z) = (r + )/ t"dt+ (r +1) (Zar ,/ t" Zdt) + B.11
0

i=1
tr+1 T
:7’—|—1|i :| —|—(7“—|—1 Ay z/ - zdt +Br+1
r+1], 0
:L,rJrl 1 tr i+1 z B
- 1 r—1i r
(r+1) +(r+1) a { —z+1] + By

(r+1)
r+1)a,_;x "1
— IT+1 + Z ( ) 4+ Br+1-

r—i1+1

Mﬁ

=1

HM*

Hence, p,.1(x) is monic of degree r + 1.

Lemma 1.1.1. [//
Let f(x) be a continuous function from R to R. Then

1. If the line x = % is a symmetry axis for f(z), then:

/Oéﬂ ft)dt = _/Oé_x F(t)dt + /01 f(t)dt, (Vz € R).

2. If s= (%, 0) is a symmetry point for f(x), Then:

/Oé+‘f f(t)dt = /Oé‘z f(t)dt + /Olf(t)dt, (Vz € R).

Proof.

1. We have

/Oéﬂf(t)dt _ /_ f (% +u) du,

D=

where t = % + u,

where t = = — u, and

(1.2)
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where ¢ = % + wu.

Since = = % is a symmetry axis for f(z), we get

f(%Jru) Zf(%—u>, (Vu € R).
[ swa=— [ (Sea)a= [r(bea)a

2
From (1.2) and (1.3) we find that

[ s [ swa= [ (SeaYaus [P (3 ea)a

Thus,

Thus,
1
dt = — d d \vd R).
/0 F(t)dt / f(t)t+/0f(t)t (vVz €R)

2. Ift = % + u, then we have

[ s [ (3)

01 f(t)dt = /_

f (% +u> du.

and

Also

where ¢t = % — u. Thus

1

[ swa [ g [ () [ - wan
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Since the point s = (%, O) the symmetry center of f(x) we obtain

f<%+u> _ (%—u) (Yu € R).

Thus

The proof is finish. O

Theorem 1.1.2. [/, /]

1. For allr € N—{0,1}: p.(0) = p,.(1) = B,.
2. For allr e N*: p.(x +1) — p.(x) =ra" L.

3. For each r € N: the polynomial po,.(x) has the line x = % as an axis of symmetry, the
polynomial pe,11(x) has the point s = (%, 0) as a center of symmetry with

1

Bari1 = p2r11(0) = par+1(1) = parsa <§> =0, (VreN).

4. Forallr € N: p.(z) = (—=1)"p.(1 — ).

5. For allr € N:

p(e) =2 [pr (5 +n (‘"” . 1)} |

6. For allr € N—{0,1}:

r—1 (_1)7“7k+10:7k (_1)1”7,,

B, =B —_—
! r—k+1) " r+1

+

7. For all r € N:
pr(z) = Z C*Bja™*
k=0

and for all m € N —{0,1}:

r—1

1
B, = — C*  B,.
T+1kZ:% 12k
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Proof.
1. For every Bernoulli polynomial, we have the following relation: p.(t) = rp,_1(¢) (r > 2). By

integrating over the interval [0, 1], we obtain

[ wa=r [ na

Thus, p,(1) — p,(0) = 0, which implies that:
p,(0) =p.(1) =B,, Vr>2.

2. If we put H, : p,(z + 1) — p.(x) = rz""!, then

Hy:plz+1)—plx)=((z+1) - %) —(x — %) =1 (holds true).

Now, assume that H, is true and we prove the validity of H, ;.

H, is true, then p,(x + 1) — p.(x) = rz"~!. By integrating over the interval [0, x], we obtain:

/pr(t—i-l)dt—/ p,,(t)dt:/ rt"tdt.
0 0 0

Thus,
z+1 T x
/ pr(t)dt—/ pT(t)dt:r/ t"dt,
1 0 0
SO
r+1 1 T x
/ pT(t)dt—/ pr(t)dt—/ pT(t)dtz/ rt"tdt.
1 0 1 0
Hence

z+1
/ pr(t)dt = 2" = pry(x+ 1) — prya(x) = (r+ 1)a’. (1.4)
Thus, H,,, is true, so for all r € N*:

pe(r+1) —po(z) =ra" 1.
3. We prove the property by induction on r. The property holds for » = 0,1,2,3. It is clear

that = 1 is the axis of symmetric for po(z) = 1, and the point s = (3,0) is the center0. of

symmetry for pi(z) = x — 5. Likewise, we see that the polynomials po(z) = 2% — 2 + 5 and

p3(z) = 23— %xQ + %x satisfy property 3. This is due to their satisfaction of the following equation:
1 5 1 :
p2(§ —z) = p2(§ +a)=1a"— ) (x axis of symmetry on R).
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1 1
p3(§ +x) = —pg(é —z)=21°— 7% (s center of symmetry on R).

Thus, we prove the validity of the following two implications:

1 1
z=3 is the axis of symmetric for py,.(z) 5= (5, 0) is the point of symmetry for py,.;

1
Ly = 5 is the axis of symmetric for po,,».

1. Proof of the first implication

Since = 3 is the axis of symmetry for p,(z) and also
1
/ por(t)dt =0, (r>1),
0

then according to Lemma 1.1.1, we have the following:

%—&—x %—x
/ pQT(t)dt = - / pQT(t)dt>
0 0

it requires that

1

1 ate

Par+1 (5 + x) =(2r+1) / p2r(t)dt + Bapyy
0

and we also know that

1 3w
D2r41 (5 — $> =(2r+1) / Doy (t)dt + Bayy1,
0

adding the other two equations side to side,

1

1
1 1 j-o je
D2r+1 (5 - $> + Port1 (5 + iU) =(2r+1) / por(t)dt 4+ Bopy1 + (2r + 1) / Por(t)dt 4+ By yq
0 0
%7I %Jr:r;
= (2r+1) / por(t)dt + / (1)
0 0
1, 1,
=(2r+1) (/ poy(t)dt — / pgT(t)dt> + 2By, 11
0

= 2BQT+1 .

DPor dt> -+ 282r+1

[e=]

We obtain
1 1
D2r+1 (5 — 37> + Par+1 (5 + $> = 2By 41. (1.5)
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By integrating over the interval [0, 1],

1

3 1 3 1 3
/ D2r+1 <— — x) dx +/ Dor+1 (— + x) dr = / 2By 41dx
0 2 0 2 0

= 2B27~+1 /2 dz
0

1
= 232r+1[$]8 = Boy1.

-

We obtain
2 1 3 1
/ D2r+1 (§ - x> dx + / D2r+1 <§ + JJ) dr = Bg, 1. (1.6)
0 0

Then

3 1

2 1 1

/ p27‘+1<§ + x)dr = / pary1(u)du where u = 3 + .
0 :

Likewise

1

3 1 0 1

/ Pory1(= — x)dx = —/ Pory1(u)du where u=— — .
0 2 % 2

Thus, it follows by using (1.6):

N

1
Bary1 = P2r+1(u)du+[ P21 (u)du

J 2
1

/ pory1(u)du = 0.
0

Thus
Bori1 = p2r41(0) = pars1(1) =0

Hence, Equation (1.5) becomes as follows

1 1 1 1
DPort1 <§ - x) + Dor41 (5 + $) =0 = Dprn (5 + x) = —DP2r+1 (5 - $> .

This last equation is valid for every natural number (r > 1). This proves that the point

s= (5, 0) is the center of symmetry for po,41(x).

2. Proof of the second implication.

1

Since point s = (5, O) is center of symmetry for po,,1 and since,

1
| presstaids =0
0

10
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which is true for every natural number r > 1. Lemma 1.1.1, allows us to get

1 1
st 5T
/ Pory1(t)dt = / Por41(t)dt,
0 0

which implies that

1
1 3o
DPor+2 (_ + 27) = (2’/’ + 2)/ p2r+1(t)dt + B2r+2
0

2
1
= P2r42 §—$ .

1 1
Por2 (5 + flf) = P2r+2 (5 — .1') s (VT’ € N)

This proves that the line z = % axis of symmetry of py,1o. We have according to the above

Thus

1 1
P2r+1 (5 + x) = —Pari1 (5 - x) , (YreN") (VzeR).

By taking z = 0, we find

1 ) 1 1
Pars1 | 5 = 0,1.e., par41 5) = Pl 3

and by taking x = % we find

p2r+1(1> = _p2r+1(0) = _p2r+1(1)-

Thus,

1

Bori1 = par41(0) = paria (—

2) =pors1(l) =0, (¥VreN").

4. We define for every natural number r: ¢,.(z) = (—1)"p,(1 —x). We have gyo(z) = 1 and Vr € N* :
g.(x) = (=1)""'p,(1 - 2)
=r(—=1)""'p,_1(1 —2)

=rq_1(T).

On the other hand, Vr € N* :
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From the fact that {p.(z)},>0 is unique, we find that: p,(z) = ¢.(z) (Vr € N).

5. We define for every natural number r € N :

=2 [ (5) 0 (5]

We have
e Forr =0,
Q(z)=[1+1 =1
e Vr e N*:
1 x 1 z+1
/ — 2’/‘—1 - e =
q,(x) [2pr<2>+2pr( 5 )]
, x r+1
=22 [Tpr—l (§> +TPr1 ( 5 )]
.- x r+1
=22 |:pr1 <§> + Pr—1 ( 5 )1
= T2T‘_2q’l‘—1( ).
e Vre N*:

From the fact that {p,(z)},en is unique, we find that:
(VreN):  po(z) =g (2).

Thus,

1
(VreN) pp(z)=2"" [pr (g) + pr (x; )} :
6. We have B, = -1 B, = %, and Bg,y1 = 0 (Vr € N*). Similarly, according to Theorem 1.1.1,

B, = —r /01 (/Omprl(t)dt> dr (r>4).

12

we have
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To determine the expression for B,, we use integration by parts. We set

dv *
pri 1 u(z) = /0 pr—1(t)dt,
du
v(z) =2z e pr_1(x),

accordingly, we write

T =1 1
B, = —r {x/ pr_l(t)dt} + T/ xpr_1(t)dx
0 0

=0
1
By
0

we calculate the value of the last integral using integration by parts (r — 2) times.

o The first stage. We set

% =z u(z) = pr_1(x),
v(z) = % Z—Z = (r = Dpr—2(z),

accordingly, we get

d
= ule) = pra(a),
x> du
=2 Y- 2)ps(a)
W) =2 M2
Thus,
-1 —1)(r—2) (!
BT — CBT_I _ x3MBT_2 + T(T )(7" ) / x?’pr_;;(x)dx
2 6 6 ;
C! C? (r—2)C? [*
=B, ,——"B,_ N e 37~— dx.
5 1 3 2 + 3 /0 z°p 3(517) T
Since ("(;_]i)l?s = C*1 for n,k € Nand 0 < k < n, then B, is written as follows:
Cl CQ 1
B, = TTBT—I — ?TBT_Q + C’f’/ 23p,_s(z)dx.
0

13
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e The third stage. We set

j_j; = x?’ U(ZL‘) = pr—3(x)7
o(z) = ‘% Z—Z = (r —3)pr—a(x),

we find the expression of B, is written as follows:

ol 2 O3 1
B, =B,y — LB, o+ —LB,_5—C* / w'pr_a(z)de
2 3 4 0

and so on, successively up to stage (r — 2), then we find that the expression of B, can be

written as:
Cl C? c3 !
B, = 77"87‘71 - ?TBrfz + ITBFS. — ot <_1)TC:1/ 2" 'pi(x)de
0

r—2

e [
= ———— B, .+ (—=1D)"r | 2" pi(x)dz.
> Sy Bt (07 [ )

We assign the value of the last integral

_ (_1);@_131 (1)
Thus,
r—1 — .
:hfél;ﬁ;&+(wﬁﬁ
SRR LSS S

14
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7. If we put H, : p.(z) = > C*Bya""* then

k=0
1
H :p(z)=2—=-= ZC{“Bka:l’k
k=0
1
= r — -,
2

so H; is correct.

Now, suppose that H,. true, and we prove that H,, is true. Since H, is true, then

r
= E Cka[L‘r_k
k=0

From which,
pr-l—l(x) = (T + 1)/ pr(t)dt + B
0

0

k=0

(r+1)C
— ’I‘B r+1—k Br
Z (r+1—k T Er

= Z CferlBk:z:?”rl*’c + C:illgrﬂm(rﬂ)—(rﬂ)
k=0

E 1-k
T+1kar+ .

Hence H, ., is true, i.e.,
T
VreN: p.(z)= Z C*Bya"*

The last equality implies that
r+1

r+l1—k
pri1(z E Cr+1Bk37 :
k=0

15
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Thus
r+1 T
k=0 k=0
k=0
r—1
=Y CF. B+ (r+1)B, =0.
k=0
Therefore .
1 <
B, = — Ck B, (Yr>?2),
r+1 % ra B (o )
as example, the first 16 nonzero Bernoulli numbers are given as follows:
1 1 1 1 1
Bi=——, By=-, By=-— Bg=—, Bg=-—
1 27 2 67 4 307 6 427 8 307
5) 691 7 3617
B = — e —— = — B = -
10 667 12 27307 14 67 16 510 9
43867 _ 174611 854513
BT o798 0 TR T 330 TP 138
263364091 8553103
By — 22007070 p
24 2730 ) 26 6 )
B 23749461029 8615841276005
- 870 T 14322

The proof is finish.

Remark

From Equation (1.4) we have

z+1
Vr € N: / pr(t)dt = z".

Hence
n n z+1 n+1
" = / pr(t)dt = / pr(t)dt
x=0 z=0"v7T 0
r+1 =0
pea(n+ 1)~ pra(0)
r+1 '

16
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From which the following sums can be calculated

—~ paAn+1)—py(0)
2T
:%<(n+1)2—(n+1)+é—é)

n(n+1)

and

1.2 Bernoulli Polynomials on the Interval [0,1]

Theorem 1.2.1. [/]

1. For every r € N*, the polynomial ps.(x) has a unique mazimum value in the interval [0, 1]

1

5 and its sign is opposite to the sign of par(1) = p2,(0), and the polynomial pa,41(x)

at x =

1

has ezactly three zeros in the interval [0,1] at the values 0,5, and 1. It attains two extreme

values of opposite signs in the interval [0, 1], which are symmetric with respect to the point
_ (1
S = (5, 0) .
2. For every r € N*, we have for all x € [0,1]

(1) (Bay — par(x)) 2 0 and (—1)""' By, > 0.

Proof.
1. We first verify that the polynomials

1
p4(x):x4—2x3+x2—%, and ps(z) = 2° — 2" + —2° — —x

17
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verify the previously mentioned condition in Theorem 1.2.1.

Here are its variation table and graphical representations on the interval [0,1].

1
p2($)=$2—x+— —  ph(z)=2x—1

6
x 0 % 1
Py() - 0 +
pa(2) | Bo=5 |\ | p2(3) =35 | /| B2=3
Graphical representations of py(z) on the interval [0,1]:
0.2 1pa(2)
0.1
| K
0 04 06 A8 1
—0.1 ¢
—0.2 ¢
Figure(1)
_ o3 35 1 / o2 1
p3(x) =2 — =2+ - = py(x)=32"—3x+ =
2 2 2
x 0 a % b
() + - - +
p3(x) | Bs=0| 7| ps(a) >0 |\ | ps(3) =0 |\ | ps(b) <0 7

Graphical representations of ps(z) on the interval [0,1]:

18
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p3(z)
0.1

—0.1

Figure(2)
1
pa(x) = 2t — 223 + 2 — 3 ph(2) = 42® — 627 + 22
x 0 z 1
pi(z) + 0
p4(x) By = —% /! p4(%) = TZO N | By = —3—10

Graphical representations of ps(z) on the interval [0,1]:

pa()

0.1+

X
U2 04 06 081

—0.1
Figure(3)
> 5 1 1
ps(z) = 2° — 5:154 + §x3 s pi(r) = 52 — 102° + 52* — A
x 0 c 3 d 1
ps(2) - + + -
ps(z) | Bs=0 |\ | ps(c) <0 | 7| ps(3)=0| 7 |ps(d)>0|\,|Bs=0

Graphical representations of ps(z) on the interval [0,1]:

19
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ps(z)

0.1

—0.1

Figure(4)
Now, by using
pe(@) =rproa(x) (r > 2)
we prove that the following implications hold.

par(x) satisfies the condition of hypothesis L par+1(7) also satisfies SN par+2(x) it also satisfies.
1

A=

Since po,.(x) has a single nonzero maximum at x = % and its sign is opposite to that of p,,.(0),

then po,(x) has exactly two in the interval [0,1] at two symmetric points with respect to the line

1

x = 5. Since ph.,(x) = (2r 4+ 1)pa,(2) also vanishes exactly twice in the interval |0, 1 therefore,

5.
Par41(x) has two extreme values in the interval |0, 1[, which are symmetric with respect to the

1

point s = (5,0), and it changes its sign exactly once in the interval |0, 1[. Hence it vanishes three

times at the values ¢ =0,z = %, and x = 1.
B) =

Since ph,5(x) = (2r+2)par41(z) vanishes exactly once at z = 3 in the interval ]0, 1[, then po,42()

has a single maximum value in this interval at z = %
We now prove that p2r+2(%) is nonzero and sign opposite to that of ps,2(0) = po,12(1) by using
proof by contrapositive. We assume that: p2r+2(%) > 0 and po,42(0) = poryo(1) = 0, this implies

that
/
Poris (z) S

p2r+2($) = o 13

and this proves that po,;3(x) is increasing on the interval [0,1]. Thus,
P2r+3(0) < pary3(z) < parys(l) = p2ry3(0) = parya(z) =0 (Vo € R)
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and thus po,;3(x) is vanishes in the interval [0,1], which is a contradiction. We reach the same
contradiction if we assume that p2r+2(%) < 0 and pa,42(0) = parao(1) < 0. Thus, necessarily
p2r+2(%) # 0 and has a sign opposite to that ps,..2(0). Thus ps,,o(x) vanishes exactly twice in the
interval [0,1].
conclusion: In the interval [0,1] and for > 1, the polynomials py,, psri2, Pars1, and py..3 take
the following polynomials forms in this order py4, p2, p5, and ps.
2. We prove the inequality:

(Vr e N*)  (=1)""'By > 0.

By induction the hypothesis is true for r = 1, because (—1)' "' By, = § > 0.

We assume that (—1)""' By, > 0 and show that (—1)"Bsy,.o > 0. For that, we consider two cases.

o The first case (—1)""! > 0 and B, > 0. In this case, the polynomial p,,(z) takes the
same form as py(x). Thus, pa,1(x) takes the shape of ps(z) and py,.2(x) takes the shape of
pa(z), hence B2 < 0.

Since (—1)" < 0, then (—1)"Bay,42 > 0.

« The second case (—1)""! < 0 and By, < 0. In this case, the polynomial ps,(z) takes the
same shape as py(z). Thus, pa,41(x) takes the shape of ps(z), and po,4o(x) takes the shape
of pa(z). Thus Bg, 19 > 0 and since (—1)" > 0, then (—1)"Ba,42 > 0.

The proof is completed.
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In this chapter, we will address the definition of Bernoulli function along with some of their
distinctive properties their expansion using the Fourier series, and the introduction of the most

important theorem. Let us begin with following definition:

2.1 Definition
Definition 2.1.1. For every natural number r we let

B,(z) :==p,({z}) (¢ €R),

where p,(x) is the Bernoulli polynomial of order r and {x} denotes the fractianal part of the real

x. We call B,(x) the Bernoulli function of order r.

2.2 Some Properties of Bernoulli Functions

Theorem 2.2.1. [/]

1. For every nonzero natural number r, the function B,(x) is periodic with period 1.

2. The function Bi(x) is discontinuous at x € Z, and equal to pi(x) in the half-open interval

0,1].

3. For every natural number r > 2, the function B.(x) is continuous on R, and equal to p,(x)

in the interval [0, 1].
4. For every real number x and every nonzero natural number r, we have

(—=1)""Y( By, — By, (z)) > 0.

5. For every x € R, the functions B.(z), satisfy:

/

Bo(IL’) = 1,

B.(x) =7 [y By1(t)dt + B, <= Bl(z) = rB,_1(z), (r=1) (2.1)

[ B(z)dz =0, (r=1)
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Example: B,(x) and By(x) in the interval[0,1].
B = P({e}) = {} =5 = Bi0)= 4 Bi(1) = -}
By(x) = P({z}) = {aP? —{z} +§5 = DBa(0) =3¢, Ba(l) = 5.

~—

6. The Fourier series for the function Bi(x) is given by:

Bi(z_)+ Bi(zy) —1 = sin(2mnz)
= oy 2T R
; - nzl —— (z€R),
where By(z4) = lim By(x).

>
X—x0

7. For all r € N*, the Fourier series for the functions Ba.(x) and Bayi1(x) are given by:

Baa) = (-1 20 > ) g em)

n=1

(2r +1)! i sin(2mnx) (r € R).

By, i1 (1) = (—1)7"—12 (2n)F ] n2r+l

n=1

8. For allr € N*:

[ Bor(2)] < 1By (0)] = | Bar| = 2 (g:)); S @em

n=1

and

(|Boy| —> +00 for (r — 4+00)) .

Proof.

1. We know that for every x € R: [z] < z < [z] + 1, and also {z} = = — [z].
We define the function g(z) by g : x — {z}.

The function g(z) is periodic with a period of one because:
gx+k)=c+k—|z+kl=c+k—[z]-k=g(x), (ke€Z).
and this implies that, Vk € Z
By(z + k) = p(9(z + k) = pr(9(x)) = B(x).

The smallest positive value that satisfies B,.(x) = B,.(x +T) is T = 1, and it is called the
period of B,.(x).
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2. 1t is clear that for all 0 < x < 1 we have g(x) = x, which means that B (z) = p;(z).
and also,
1
Bi(zy) = lim By(z) = lim py(z) = 3

x—0 x—0

. . 1
Bi(z_) = :161_>n% By(x) = il_)rripl(x) =-3

Then Bi(zy)=3,Bi(z-)=—-1 (VzeZ).

So Bj(z) is discrete at x € Z.

3. For every natural number r > 2, the function B, (z) is continuous at all point = ¢ Z.
We still need to prove continuity at the integer points only. To do so, let n € Z,
we have,

+ 1 B 0) = i pr(9(0) = e (1 00) ) =, (1o ) ) =9, (0) = B

> > >
X—=n X—=n X—n X—n

+ i B, (a) = i pr(9(o)) = pr (1 ) ) =, (B = (0= 1)) = .1 = B

Then
lim B,(z) = lim B.(z) = B,. (Vn € Z).

XZVI’L xin
Now, we prove that B,(x) = p.(z) on the interval [0, 1].
o Firstly: for 0 < x < 1 we have g(x) = z, and thus  B,.(z) = p.(9(x)) = p,(x).

o Secondly: for z = 1, we observe that  B,(1) = p,(1) = p,(0) = B,. Then

Ve e[0,1]: B.(zx)=p(x).

4. Form Theorem(1.2.1) we have
(1) "N (Byr — par(2)) 20 (Vr21) (Va €[0,1)).

Since Bay.(z) = par-(z) (Vr = 1) on the interval [0, 1].
Then,
(=1)""Y(Bay — Bap(2)) =0 (Vr=1) (Vzel0,1]).

Since By,.(z) is periodic and its period equal to 1, then the last inequality is true for every

Vo € R, and every natural number r» > 1.
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5. We have By(x) = po(x) = 1, since po(z) is a constant polynomial. Let r > 1, we have

Bl(z) = g'(x)P/(g(x)) = ¢'(x)(rPr-1(g(x))),

because (Vr > 1) : P/(z) = rP._1(x).

Similarly for every « € R, there is unique integer such that [z] < = < [z] + 1. Therefore,
gx) =z —[z] — 4@)=1

Then,
B, (z) =rPr_1(g9(z)) = rBr_1(x)
and

Bl (z) =rB,_1(x) <= B.(x)=r /Ox B,_1(t)dt + B,, (B.(0)= B,).

Finally, for all » > 1, we obtain

JREE / Bra® gy - L (Ba() - B0 =0

6. The function Bj(z) periodic with period 1, so it can be expanded as a Fourier series as

follows:
Bl (ZL’+) + Bl (iL'_
2

) =ap+ Z (an cos(2mnx) + by, sin(2mnx)) ,
n=1

where:

1
ag = / By(x)dz =0,
0

2/ 1(z) cos(2mnz)dr (n=0,1,2,3,...)
0

By (
2/ (x - —> cos(2mnx)dx
0

7

1
b, = 2/ By (z)sin(2mnx)dx (n=1,2,3,...)
0

! 1
= 2/ (x - —) sin(2mnx)dx
0 2

1
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Thus, we have

Bi(zy) + Bi(x 1 <= sin(27nr)
5 = WZ , (zeR).

The series ) w is convergent on R and vanishes for all (x € Z) .It is uniformly
n=1
convergent on every interval [a,b] where (a < ) and [a, 0] NZ = ()

7. The Fourier series of function By(x) is given by:

By(z) = ag + Z (a, cos(2mnz) + by, sin(2mnx)) ,

n=1
where:
1 1 1
ag = / By(z)dx = / (% —z+ =)dx =0,
0 0 6
1
= 2/ Bsy(z) cos(2mnzx)dz
0
! 1
= / (22% — 2z + §) cos(2mnx)dx
0
1
T n2g?’
! 1
b, = 2/ (2 —x + 6) sin(2mnx)dx = 0.
0
Thus, By (z) = % Z m and it is uniformly convergent on R.

By integrating (2r —I— 1) times By(x), where (r > 1), we obtain

By () = (_1)r_12(27" +1)! f: s.in(27rm:)7 (x €R)

(27r)2r+1 n2r+l

n=1

and we also integrating (2r) times By(z), we obtain

Bo(z) = (—1)7“12((227:)); 5l e my

8. For every x € R and every natural number r > 1, we have

-1 . cos( 27mx
| Bar ()] = | (1 2 QTZ

n=1

(2r) & 1
B <2 = |B = | By |.
Bor(o)] < 27503 3 1 = |Bar0)] = 1B
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we have
=1 =1 T dy 1 (r—oo)
=1 — <1 — =1 —1 .
So
a2\ = 1 1 (2r)!
By, = By, (0) = —1“2( — ~ (=112 .
= 20) = (02 ) S (1
Thus,
| By | = 400 as (r — +00).
The proof is finish. n

Theorem 2.2.2. [/]

Let f(x) be a real, positive, and strictly decreasing function on |0, +oo[ such that

“+o00

(x)dz < oco.
0

1. For every N,r € N, we have
+o0
(1) / Boror(2)f(2)d > 0.
0
2. If f'(z) has the same properties as f(x), then we have

/+OO | By, — Bay ()] f(x)dx < |Bs,| +OO f(z)dx, (VN € N), (Vr € N*).

N N

Proof.

+o00

1. For simplicity, we let Iy = [~ h(z)f(x)dz and h(z) = (=1)""' By ().

« We first study the case when (r > 1):
Since (—1)""!By,.(x) > 0 where (r € N*).then the function (—1)""! By, () is of the form
By(x), and the function h(z) is of the form Bs(x).
Thus h(x) satisfies the following properties of the function Bs(x):

;

h(z) is periodic with period 1.

h(—z+3)=-h(z+1), (VzeR).

h(z) <0 for $+<z<1 and h(z)>0 for 0<z<i.
\
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e In the first stage: we use the periodicity of h(x), and write [; in the following form:
+o0 +oo
11:/ h(t+N)f(t+N)dt:/ h(z)f(t+ N)dt. (x=t+N)
0 0

e In the second stage: we write I; as the following series:

Z/ z+ N)dz.
and we set,
n+1
Uy = / h(z)f(z + N)dz.

e In the third stage: we prove that w, > 0 for every n > 0.

The periodicity of h(x) allows us to write w, in the following form, where we take

r=u-+n:
1
un—/ hu+n)f(u+n+ N)du
:/ h(uw) f(u+n+ N)du
0
1
:/ h(x x+n+N)dm+/ h(z)f(x +n+ N)dx.
2
Now, the property h (:E + %) (x) allows us to obtain,

[h(:c)f(:chnJrN)da::—K h(x)f(:c+%+n+N)dx,

from which

un:/jh(az) (f(x—i—n—l—N)—f(:c—i—%Jrn—l—N)) d.

Since that h(z) > 0 in interval (0,1) and f(z) > 0 for z > 0 and is strictly decreasing

then: .
un:/Qh(x) (f(x+n+N)—f(x+%+n+N)) dx > 0.
0

Thus,
+oo

+o0
I, = Z/ :1:+Ndx—2un>0
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For r = 0 where h(z) = —Bj(z), so h(z) satisfies the following properties:

h(zx) is periodic with period 1.

h(z+131)=-h(z), (VzeR).

h(z) <0 for $<z<1 and h(z)>0 for 0<z<3.
\

Following the same steps as before, in the case of r > 1, it can be proven that I; > 0.

2. To simplify the writing, we set: [, = ;oo | By — Boy(x)] f(z 4+ N)du.

From theorem (1.2.1), we have:
(=1 (Boy = Bo(2)) 20, (=1)"'By >0, (reN’), (z€R).
These two inequalities imply:

|(Bay — Bay(@))] = (1) (Bay — Bay(2))]
= (=1)""1(Bar — Ba(2)).

Likewise,
(1) By = |(=1)""' B | = [ Bay .
Thus, we get,
+00 “+o0o
b= [ 0 Baf@de - (0 [ Bale)f (e
N N

+o00 400
= |Ba| flz)dz — (=1)"* / Bo,(z) f(z)dz.

N N

Using integration by parts of f;oo By, (z) f(z)dz, take into acount that: B, 1(N) = 0, we

obtain,

ot [ Bate) s = S0 [ B f@)de > 0.

This confirms the expected result in the integral Is.
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Chapter 3

In this chapter, we aim to explore the Riemann zeta function and its derivative, and study
their convergence. We will also compute the values of the zeta function at positive even integers
and examine its analytic continuation. Additionally, we will address the zeros of this function. Let

us begin with the following definition:

3.1 Definition

Definition 3.1.1. (Zeta function) The Zeta function was first defined by Fuler in 1737 for
every s € RT, then Riemann extended the definition in 1859 for every s € C — {1}. For this
reason, the function is called the Riemann Zeta function or simply the Zeta function of Riemann,

defined as following:

C(s) := Z %, (Re(s) > 1),

n>1

it is an analytic function in the set: FE ={s € C: Re(s) > 1}.

Definition 3.1.2. (Derivative of the zeta function) The function C is defined and differen-
tiable in the previously defined domain FE, and its derivative of order k is given by the following

ETPTeSSLOn:

¢®(s) o= (=" mnﬂ (Re(s) > 1), (ke€N¥)

Lemma 3.1.1. [/]
The series ni and lnnﬂ, with (o € R), are absolutely convergent in the open half-plane

n>1 n=2
(Re(s) > 1), and uniformly convergent in every closed half-plane E, where

E={seC:Re(s)=21+06, >0}

Proof.
Study of the convergence of series S| = ni
n=1
» Absolute convergence.
Let s € C, where s = o +it. Then
“+oo

0< |5 =

Z
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It is the Riemann series, which converges for all (¢ > 1). Therefore S; convergence absolutely

in the open half-plane (Re(s) > 1).

Uniform convergence.

N
We consider <Z ni) to be the sequence of partial sums of Sj.
n=1 N>1
We say that S; convergence uniformly on F if:
Al
n——+00
sup |S1 — — — 0.
zeFE ! ; n’
We have
Al | 1
51_25 S Z o+l (s € B).
n=1 n>N

On the other hand, we have

1 < M dx 1
Z n+t Sy 20§

N<n<M

WV
=

(o) o

From which,

1 o oo dx 1
Zn6+1\ N o0+l §NO

n>N
Thus,
N o 1
N——+oc0
|51 ;n 5 0.
Therefore,
N o
N—+o00
sup |S1 — — 0.
xeg ! ;ns

Study of the convergence of series Sp = > =™

n=2

Absolute convergence.

ns

N [e3
We consider (Z M) to be the sequence of partial sums of Sy. Let s € C, where
N>2

n=2

s=o+it (0 >1).
Weseta:1+2)\,where)\:07_l>0.

Since lir}rq mz# = 0, there exists ng = ng(o) such that: (¥n > ng) lir}rq % < 1.
n—-—+00 n—-+00
Therefore,
N
In*(n) In%(n) 1 (In%(n) 1
Sz — Z ns S Z no Z A1 n Z A1
n=2 n>N n>N n>N
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It is known that the function # — —&r  decreasing for all (z > 1).

Thus,

1 - " dy o1
(n + 1)M1 = L aM S oA

This requires that

1 oo dy 1
Z AL S /N AL NN (VN > 1).

n>N

Therefore,

1 N—>_+>oo
TOANA

N el
S, - Z lnn(sn)

n=2

This proves the absolute convergence of Ss.

o Uniform convergence

Let s = o 4+ it, where s € E. Accordingly o > d + 1, that is A\ > g.

Thus,
N
In®(n) 1 2 N—stoo
— < < .
SQ nz; ns AN )\N)‘ B 6Ng — O
Therefore,
al In*(n)| ~
sup | Sg — Z S marel(}
zeE =2 n

This proves that Sy convergence uniformly on E.

3.2 Determining Some Values of the Zeta Function (

Theorem 3.2.1. [/, J]

Let By, be the Bernoulli number of index 2r. Then for every r € N*, we have the following identity:

(ZW)QTBQT

2(2r)! (=07

¢(2r) =

Proof.

From Theorem (2.2.1), we have for every real number z € R, and every natural number r € N*
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the following relation:

Therefore,

(27T)2TBQT o
2(=1)=t(2r)! nz n2r’
Thus,
(27T)2TB27.

2(—1)—1(2r)!

r+1 (27T>2rB27’
~ VT

¢(2r) =

Using this theorem, some values of the Zeta function can be determined.

Example:
If r =1, then
1 (=) (2r)?By, 7?
(2)=) —= ' = —_.
n 2 x (2! 6
n>1
If r =2, then

<« (-uFens
4(4)_2:%_ 2% (4) 90

n>1

In the same way, we can obtain the following values:

7T6 71'8 7.(.10
6)=-—, (8)=——, ((10)=——
6972 2l
12) = — 14)= ——,. ...
¢(12) 638512875’ ¢(14) 18243225’

3.3 The Analytic Continuation of the Zeta Function

In this part, we aim to extend the Zeta function and its derivative. Let us explore the following

theorem:
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Theorem 3.3.1. [/]
For every two integers a,b such that a < b, and for every function f defined on the interval [a, b]

to C, continuous and differentiable, we have:

/f dt+ f( )+/bBl(t)f’(t)dt.

a<n<b
Proof.

We rely in the proof of theorem on computing the values of the two integrals:

/n f(t)dt and /n [t]f'(t)dt, fora<n <b.
n—1 n—1

Using integration by parts, we compute their values and obtain the following:

/: fydt=1tf(t)n_ — /:tf’(t) dt (u= f(t),dv =dt)

Likewise:

From the last equation, we find that:
o) = nfn) = 00~ Df =] - [ 170
—nf )~ (n= =1~ [ =@ (==
—nf )~ (= 0f-1) = [ eran+ [ @rw

Thus,

sy = [ swaes [ s

n—1

By summing with respect to n from a + 1 to b on both sides of the last equation, we obtain,

> fn) Z fdt+Z {t}f

a<n<b n=a+177"1 n=a+1
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b b
> = [ foare [ (o

a<n<b

We now write {t} in the following form:

(W =t-M=t-l-5+5=Bl0)+5.

We obtain,

/f dt+/ (Bl(t)Jr%) f(t)dt
/f £ dt + - /f dt+/Bl()f()d

/f )t + S(£(b) - ﬂﬂ+/3mvuw

a<n<b

Theorem 3.3.2. [/]

1. The Riemann zeta function is analytically continued in the half-plane E where E = {s € C:
Re(s) > 1} as an analytic function except at the point s = 1, which is a simple pole of the

zeta function, and its residue at that point is:

Res(((s),1) = 1.

The extended formula is known as the canonical form of the function ((s), and il is expressed

by the following equality, where (N > 1) is an arbitrary positive integer:

N
1 1 1 t° B (z)
— — — — dx. 1
8) Z ns + (S _ 1)N5—1 INs 8/ IL’S+1 x (3 )

n=1 N

2. The function ('(s) extends analytically in the half-plane E where E = {s € C : Re(s) > 0}
by an analytic function except at the point s = 1, which is a pole of order two of the function

(', and its residue at that point is:

Res(C'(s),1) = —1.
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The extended formula is known as the canonical form of the function ('(s), and it is expressed

by the following equality:

b <= In(n) In N 1 In N % Bi(z)(1 — slnx)
G'(s) ——; ns _(S_l)Ns—l (s — 12N 1jL / s+l dz, (3.2)

where N > 1 is an arbitrary integer.

Proof.

1. For every s € E and for every natural number N > 1, we have

(s) Z IS Z Mk%(ii)-

nS
n>N n=N+1
1
By applying Theorem 3.3.1 to the sum > —, where we take,
N<n<m TV°
1 , s
aINa b:MJ f(n):§7 f(n):_ﬁv
we obtain,
M M
N
f(t) dt+ ) f) +/ By(t) f'(t)dt
N<n<M N N

1 1 1 1 1/ 1 1 M B (t)
li — | = 1l — - - — ) - dt| .
Mo (N;n;M n> Moo {1 —s <M5—1 Ns—1> T3 (Ms NS) ° /N ot

But
M 400
. Bi(t) Bi(t)
N dt_/N —ir At < Fo0, (s € E),
and also,
) 1 )
Mlig-loo s =0, and Mlig—loo e =0, (sek).
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Therefore,
1 1 1 2 B (t)
li — | = - — dt.
Mo ( n5> (s —1)Ns—1 2Ns S/N s+t
N<n<M
Thus,
N
1 1 1 2 B (t)
=) — — - dt.
() nz::l ns * (s —1)Ns—1 2Ns S/N tstt
The right-hand side of this last equality has a finite value for all s € C' — {1}, such that
Re(s) > 0.

The point s = 1 is a simple pole of the function ((s), and the residue at that point is
Res(((s),1) = 1.

In the same way, we continue integrating by parts on the right-hand side of this equation,
such that with each integration by parts, the domain becomes wider.

Thus, we have obtained the expression for the analytic continuation of the Riemann zeta
function, which allows us to determine its value at every point in the half-plane (Re(s) > 0)

where s # 1.

2. To prove Identity (3.2), we follow the same method that was used to prove Identity (3.1).

For every s € F, and for every natural number N > 1, we have the following:

n>2 ne
N
B In(n) . In(n)
== —Mlgﬂoo< >
n=2 N<n<M
By applying Theorem 3.3.1 to the sum > h:i—f), where we take,
N<n<M
In(n) 1 —1In(n)s
a=N,b=M, fn)=—"7 S =—— 5
we obtain,
1 M 1 (In(M) In(N M Bit)(1 - sl
3o ) [ (00 Y RO o),
N<n<M N ot N ¢
We have,
/M In(t) st — In(N) In(M) N 1 1
N tt T (s=1)Nst  (s—1)Ms1 (s —1)2Ns=1 (s —1)2Ms-1
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Therefore,

lim ( Z ln(n)) = In(N) + 1 In(N) +/jLOO By(t)(1 _Sln(t))dt.

Moo \ W22y ™ (s—1)Ns—1 ' (s —1)2Ns-1 2N N tort
Since
In(M)
M—too 2Ms
In(M)
li =0
Ml)IEOO (S — 1)M5_1 ’
_ 1
Mll>r—rl—100 (8 _ 1)2]\/[5—1 07
and since
T B (1) (1 — sIn(t
/ 1 )(ts+1s n( ))dt < +oo forall (s € F),
N
we have,

In(n N In(n In(N 1 In(N T B (H)(1 — sin(t
) __§ o) ___n) 0 [ B0 ),

— — -
"> - n° (s —1)Ns=t (s —1)2Ns-1 = 2N+ N s+l

The right-hand side of this last equality has a finite value for all s € C' — {1}, such that
Re(s) > 0.

The point s = 1 is a pole of order two for (’(s), and its residue is Res({’(s),1) = —1.

In the same way, we continue integrating by parts on the right-hand side of this equation,
such that with each integration by parts, the domain becomes wider.

Thus, we have obtained the expression for the analytic continuation of the function '(s).

]

3.4 The Zeros of the Zeta Function ((s)

The Riemann zeta function, is analytic throughout the entire complex plane except for s = 1, and

it has a set of isolated zeros (roots) that can be identified based on the following relation (see, e.g.

[1]):

cts) = 2 i (%3) T(1—s)C(1—s) (Re(s)<0). (3.3)
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The proof of this latter relation relies on methods that go beyond the scope of our dissertation, as

it involves the Gamma function I'(s), which is defined as follows (see, e.g. [1]):

I(s) = i nsn!
7 s(s+1)...(s+n)

Equation (3.3) can be proven in more than five different ways, and from it we derive the negative
even roots.
Example:

If we take s = —2k for (k € N*) in Equation (3.3), then we find

((~2) = ¢(~4) = ((~6) = --- = ((~2k) = 0,

The complex zeros of zeta function lie in the region 0 < Re(s) < 1 and are all symmetric with

respect to the line z = 3.

However, Riemann made a conjecture about these zeros through his
famous hypothesis.

The Riemann Hypothesis: There are many hypotheses concerning the distribution of the roots
of the zeta function, the most famous of which is called the Riemann Hypothesis. It is stated as
follows: All non-rel (nontrivial) zeros of the zeta function whose real part is positive lie on the line

Re(s) =1

:E'
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