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Notations

» () : Bounded open domain in R™.
» Y : Unit periodic cell, typically Y = (0,1)".
» ¢ : Small parameter representing the microstructure scale.

» z : Macroscopic (slow) spatial variable.
>y = -y Microscopic (fast) spatial variable.
3
» A(y) : Periodic coefficient matrix defined on Y.

» A°(z) : Oscillating coefficient: A (g)

» A : Homogenized (effective) matrix obtained from the cell problem.
» u° : Solution of the original (heterogeneous) wave equation.
» 1o : Homogenized solution, the limit of u® ase — 0.

» X : Corrector function solving the k-th cell problem.

™

T
» w® : Oscillating test function: x5, + X% (—)
€

» V. : Gradient operator with respect to .
» V, : Gradient operator with respect to y.
» div, : Divergence operator with respect to .

» div, : Divergence operator with respect to y.
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» L*(Q) : Space of square-integrable functions on 2.

» Hi () : Sobolev space with zero boundary conditions.

» H () : Dual space of H}(2).

» L2(0,T; Hy(2)) : Time-dependent functions valued in Hj (€2).

» ug, uf : Initial displacement and velocity of u°.

» p; : Flux: a;

» — : Weak convergence.

*
» — : Weak-* (weak star) convergence.



Introduction

Several problems in Engineering Sciences, Physics or Chemistry can be modeled by using partial
differential equations with a periodic structure or exhibiting small heterogeneities relative to the do-
main dimension[10]. This is particularly the case for composite materials, which are increasingly used
in industry due to their superior characteristics compared to their components.

Modeling phenomena occurring in these composite materials, such as wave or heat propagation,
can result in partial differential equations with highly oscillating coefficients. When too numerous,
these oscillations can cause problems in the numerical resolution of these equations. Homogeniza-
tion theory makes it possible to remedy this by replacing problems with highly oscillating coefficients
with approximate problems whose coeflicients are constant, and therefore much simpler to solve nu-
merically.

The aim of homogenization theory is to establish the macroscopic behavior of a system which is ‘mi-
croscopically’ heterogeneous, in order to describe some characteristics of the heterogeneous medium.
This means that the heterogeneous material is replaced by a homogeneous fictitious one (the ‘homog-
enized’” material), whose global characteristics are a good approximation of the initial ones.

This work aims to study the homogenization of the wave equation (see [¢])

0%us

ot

—div (A°Vue) = fe, in 2x]0,T

with periodically oscillating coefficients, using two main approaches : the multiple scale method ([2],
[5]) and the Oscillating Test Function Method ([14], [16] ), in order to derive a simpler (homogenized)
model that accurately approximates the behavior of the original equation in media with fine-scale

oscillations.

The dissertation is composed of tree chapters:
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The first chapter is devoted to the presentation of some functional analysis results that will be useful
to us in the rest of this work. In the second chapter, we are interested in recalling the main homog-
enization methods, namely the multiple scale method and the oscillating test function method of L.
Tartar. The last chapter is dedicated to studying the homogenization of the wave equation. First, we
show the existence and uniqueness of the solution, then we give a homogenization results
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Chapter 1  ——

Some results of functional analysis

In this chapiter,we recall the notions of functional analysis that will be useful to us in the rest of
this work. These results can be consulted in [3],([¢],[12],[13]).

1.1  Weak convergence

Let (E, || - || z) be a Banach space, and E’ its dual, which is a Banach space for the norm
f7 u)gr,
1l = sup L2022l (11)
[ ull £

Definition 1 (Strong convergence) : A sequence (u,,) in E is said to converge strongly to u if and
only if

lim ||u, —ul|g = 0. (1.2)
n—-+oo
This strong convergence is denoted
U, —u inFE. (1.3)

Definition 2 (Weak convergence) : A sequence (u,) in E is said to converge weakly to u if and
only if

\V/f < E/, <f, un)EQE — <f, u)E’,E' (14)
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This weak convergence is denoted by
U, =~ u inkE. (1.5)
Proposition 3 (i) Strong convergence implies weak convergence.
(i) Ifdim E = N < +o00, the strong and weak convergences are equivalent.
Proposition 4 Let (u,) be a sequence weakly convergent to u in E. Then

(i) (uy)isabounded sequence in E, i.e., there exists a constant C' independent of n such that

VneN, |u,lg <C. (1.6)

(ii) The norm on E is lower semi-continuous with respect to the weak convergence, i.c.,

ullp < liminf ||| 5. (1.7)
n—oo

Theorem 5 (Eberlein—Smuljan) Assume that F is reflexive and let (u,,) be a bounded sequence in

E. Then
(i) there exists a subsequence (u,, ) of (u,,) and u € E such that, as k — o0,
u(nk) —u  weaklyin F.
(ii) if each weakly convergent subsequence of (uy,) has the same limit u, then the whole sequence
(uy,) weakly converges to , i.e.

uy, — u weaklyin F.

Definition 6 (Weak* convergence) : A sequence ( f,,) in £’ is said to converge weakly* to f iff

Yu € E, <fn,u>E/7E — <f, U>E’,E- (1.8)

This weak™ convergence is denoted

fo—"f inE. (1.9)

Proposition 7 Every weakly convergent sequence in E’ is weakly* convergent. However, the oppo-
site is false unless £ is reflexive.

Proposition 8 Let (f,,) be a sequence weakly* convergent to f in E’. Then

(i) (fn)isabounded sequence in £, i.e., there exists a constant C' independent of n such that

VneN, |fulle <C. (1.10)
(ii) The norm is lower semi-continuous with respect to the weak* convergence, i.c.,

£l < lim inf || £ - (1.11)

Theorem 9 Let £ be a separable Banach space and let ( f,,) be a bounded sequence in £'. Then
(i) There exists a subsequence ( f,, ) of (f,) and f € E’ such that,as k — oo
fo, =" f inE. (1.12)

(ii) If each weakly* convergent subsequence of ( f,) has the same limit f, then the whole sequence

(fn) weakly* converges to f, i.c.,
fo—f inFE. (1.13)

2



1.2 Weak and Weak* Convergence in L”

Let €2 be a bounded open set in R".

Definition 10 Letp € Rbe with 1 < p < oo. Define
LP(Q) = {f : Q — R, f measurable and / |fIPdz < oo} (1.14)
Q

L*(Q) ={f:Q — R, f measurableand 3C' > 0, | f(x)| < C a.e. on Q}. (1.15)

Proposition 11 Letp € R be with 1 < p < 400. The set LP(2) is a Banach space for the norm

ey = 4 UnloPda)™” ifp < o0
@7V inf{C; | f(2)] < Caeon Q) ifp = +o00

If p = 2, the space L?(2) is a Hilbert space for the scalar product

(f7g)L2(Q):/Qf(ZE)g(ZL‘)d:L‘.

The space LP(£2) is separable for 1 < p < 400 and is reflexive for 1 < p < 400,
1.If1 < p < oo, then u, — win LP(Q) if

/un(bdx%/ugzﬁdx, Vo € LI(Q)
Q Q

with1/p+1/g=1.
2.Ifp = 400, then f,, = fin L>=(Q) if

/fn(bdx—>/f¢dx, Vo € L'(Q)
Q Q

Lemma 1 Let p, g and r be three reals in [1, +00] such that 1% + % = £, Let (u,) be a sequence in
LP(2) and (v,,) be a sequence in L9(€2) such that:

u, — u weaklyin LP(Q)
v, — v strongly in L9(€2)

Then

Upv, — uv  weaklyin L"(Q)



1.3 Periodic functions

Definition 12 (Periodic functions) Let Y =]0,[;[x --- x]0,[,[ and let f be a function defined
almost everywhere on R". The function f is called Y -periodic if

f(x + klie;) = f(z) ae.onR", VkeZVie{l,...,n}, (1.16)
where {e1, ..., ey} is the canonical basis of R™. In the case n = 1, we simply say that f is [;-periodic.

Definition 13 Let 2 be a bounded open set of R" and let f € L'(2). The mean value of f over {2
is given by

Mo (/) = {f) = |—g12| /Q f(w)dy. (L17)

Lemma 2 Let f be a Y -periodic function in L*(Y"). Let yo be a fixed point in R” and denote by Y
the translated set of Y, defined by Yy = yo + Y. Set

xZ

f@)=f (%) aeonR". (1.18)
Then:
L [y, fydy = [y f(y)dy,
2. Jy, f@)de = [, f(x)de =€ [, f(

Theorem 14 Let1 < p < +o0and let f bea Y -periodic function in LP(Y"). Set

fllx)=f (%) ae. onR". (1.19)

Then,
* If p < 4o00,ase — 0, wehave f. — Mq(f) weakly in LP(£2).

« If p=+o0, wehave f, = Mq(f) weakly*in L>(Q).

1.4 The space H!, (V)

per

Definition 15 (The space H),.(Y)) Let C;%.(Y) be the subset of C*°(R™) of Y -periodic func-
tions. We denote by per(Y) the closure ofC’OO (Y) for the H'-norm.

per

Definition 16 We introduce the space L?(0, T'; Hj(€2)), which is the space of functions ¢ — u(t)
with values in H{j (€2) and square integrable in ¢. It is provided with the norm

T 1/2
P ( R dt) |
0

4



1.5 Fredholm Alternative

Lemma 3 (Fredholm Alternative [1] [8] ) for Periodic Elliptic Equations, Let f € L*(Y) beaY
periodic function. Then the boundary value problem

—div(A(y)Vo(y)) = fly), y€eY, (1.20)

with A € M™"(R)

admits a Y-periodic solution v € H, ﬁ)cRn, unique up to an additive constant, if and only if the

right-hand side satisfies the compatibility condition

!Lf@ﬁwZO- (1.21)



Chapter 2

Basic on homogenization theory

In this chapter , we present the main homogenization methods , namely the multiple scale method
(see [2],[5]) and the oscillating test function method of L. Tartar ([11],[14])

We consider the simplest problem of temperature diffusion inside a body {2 C R". The equation
reads

(2.1)

{—div(A(x)Vu(x)) = f(z), inQ,
u=0, on 0f2.

Here, f is the source of heat inside the material while the tensor A € M™*"(RR) stands for the
diffusion coefficients.

(2 designates the domain occupied by a composite material with periodic structure, its period € (a
positive number which is assumed to be very small in comparison with the size of the domain), and
the unit periodic cell Y = (0, 1)". The presence of different materials inside Y is modeled by a matrix
A(y) wherey = £ € Y is the fast periodic variable, while x € (2 is the slow variable. Equivalently,
x is also called the macroscopic variable, and y the microscopic variable. By periodicity, it is easy to
extend A € R", and furthermore A (%) will represent the diffusion coefficients inside the e-periodic
material. and it is also assumed to satisfy certain conditions

ag; € L=(1),
Ja > Osuchthat Y~ a;;(y)&&; > alé]’, Vy €Y, VE e R™

ij=1

(2.2)

Denoting by u¢ the solution on the periodically microstructured material, we transform the pre-
ceding problem into



{—div(A (%) Vu(z)) = f(z), inQ, (2.3)

u® =0, on 0f).

The aim of homogenization is to precisely give the macroscopic properties of the composite by
taking into account the properties of the microscopic structure. Observe that making the hetero-
geneities smaller and smaller means that we ’homogenize’ the mixture, and from the mathematical
point of view this means that € tends to zero. So, the homogenizing problem (2.1) consists of:

1. Study the behavior of u® when € tends to 0.
2. Find its limit u*, if it exists.

3. Give, if possible, a limit problem satisfied by ©* that will be called the homogenized problem.

2.1 The Multiple Scale Method

The principle of this method is to seek a solution of (2.3) in the form of an asymptotic expansion using
multiple scales (i.e., slow and fast variables)

ue(x) :uO(xay)_'_EUl(xay)+€2u2($7y)+"'7 (24)
with
X
y=-
€

where u;(x,y) forj = 1,2, ..., such that

{uj(:c, y) is defined forx € Qandy €Y, (2.9)

w;(x,y) is Y-periodic in y.

Let ®(z) = ®(z,y) be a function depending on two variables of R” and denote by ®¢ the fol-
lowing:

O (x) = ¥(z, ), (2.6)
€
which depends only on one variable. Notice that
oo 9P 10®
9z~ oz, (,9) + o (z,y) (2.7)
Then .
Vo(r) = V. P(z,y) + gvy(I)(x, Y), (2.8)
1
div ®¢(x) = div, ®(z, y) + —div, ®(x, y). (2.9)
€
Defining the operator A¢ by
AP = —div(AVI°). (2.10)

7



Consequently, substituting (2.8) and (2.9) into (3.27), write AP as follows:
AD () = (2 Ay + e Ay + Ap)B(z, ). (211)
where
Ay = —div, (A(y)V,),
Ay = —div,(A(y)V,) — div,(A(y)V.), (2.12)
Ay = —div, (A(y)V,).

Now, substituting into (3.28) ®¢ by u (2.7) and grouping terms of the same orders in powers of

€ gives a hierarchy of an infinite system of equations, the first three systems of which are:
Order ¢ 2

=0, inY,
AOU/O . ) . ln I (2.13)
uo Y-periodic in y.
Order ¢!
./40U1 = _AlUOa in Y7 (214)
uy Y-periodic in y.
Order ¢°
Uy Y-periodic in y.
Solution of (2.13):
{ — divy (A(y)Vyuo) = 0 (2.16)
uy Y —periodic

Then, by the Fredholm alternative (lemma 3), equation (2.16) admits a unique solution (up to an
additive constant that depends only on z).

Multiply (2.16) by ug and integrating over Y:

—/ div, (A(y)Vyug) uody =0 (2.17)
Y

Using Green’s formula yields:

/ A(y)Vyug - Vyug dy — / A(y)Vyupug -ids =0 (2.18)
Y oy

Since ug is Y -periodic, the boundary term vanishes, hence:
/YA(y)Vyuo -Vyupdy =0 (2.19)
In view of the ellipticity of A (2.2), we get
0= /Y A(y)Vyug - Vyugdy > af|V,uel? (2.20)

8



That necessitates

vaO =0 (2.21)
and the fact that
uo(z,y) = uo(x) (2.22)
Solution of (2.14):
— div, (A(y)Vyu) = divy, (A(y)Vaug) + divy (A(y)Vyur), 223
uy is Y-periodic .
Since 1o depends only on x then
— div, (A(y)Vyu1) = divy (A(y)Vauo) ,
(2.24)
uy is Y -periodic
which is equivalent to
— div, (A(y)Vyuy) = divy (A(y)) .V uo,
(2.25)
uy is Y -periodic
We have
/ div, (A(y)Vauo) dy = / Vaug - divy, A(y)dy (2.26)
Y Yy
= / Vg - div, A(y) dy
Y
_ / Aly) dy Vauo = 0 (227)
dy

According to the Fredholm alternative (lemma 3), problem (2.23) admits a unique solution u,
up to an additive constant. Owing to the linearity of the operator A and the separability of variables
in the right-hand side of equation (2.25), the solution u; can be expressed in a simple form

ur(z,y) = xVauo + () (2.28)
N
0
=3 e () (2.29)
1 81]k

where X = (X%)1<k<n, denotes the solution of the cell problem
Xk € HSEY(Y),
— divy (A(y)Vyxi) = divy (A(y)ex) (2.30)
/ Xk(y) dy = 0.
Y

Solution of (2.15):



{AOUQ = f—Azuo—AﬂM, (2 31)

U9 is Y -periodic.

Thanks to Fredholm alternative, problem (2.15) admits a unique solution (up to an additive con-
stant if and only if

/ (f — Agug — Ayur) dy = 0 (2.32)
Yy
This is equivalent to
Y
Where |Y| = measure of Y hence
1
Y1 L)y y

We have

L&m@:—ﬂﬁwm@vwmwi/wﬂmw%mmy

Y
=L+ (2.35)

The first term I; = 0 by the divergence theorem and the periodicity of A and u;. Now we consider
IQZ

5:—/ﬁm(mwvwgw (2.36)

1%
= - / div, (A(y) Vyy x Vo) dy (2.37)

Y
= —div, </ A(y)Vyx dy) Vg (2.38)

y
On the other hand
/ Asugdy = —/ div, (A(y) Vyuo) dy (2.39)
Y Y
= —div, (/ A(y) dy) Vg (2.40)
Y

Finally, we get the homogeneous problem
1
flx) = i [—diVx (Vmuo/YA(y)dy) — div, (/Y(A(y)vyx)dy Vmu())]

10



Then

~div, [% [ (A + A7) dy vxuO} (241)
which can be read
—div, (A" V,u0) = f(2) (2.42)

Where the homogenized coefficient AH = (ag )1<i,j<n is explicitly given by

H 1 / " 8Xk
Al = 77 a; + E a;i(y)=—

It remains to find the boundary conditions that uy needs to fulfill. Here, since u® = 0 on 0f2, the
multiscale expansion gives at order e

dy (2.43)

up(z,y) = up(x) =0 on (2.44)

Therefore, the homogenized problem is

{— div, (A¥V,u) = f(z) inQ, (2.45)

ug =0 on 0f2.

2.2 The oscillating test function method

The Oscillating Test Function Method is a very elegant and highly efficient technique for rigorously
homogenizing partial differential equations. It was developed by the mathematician Tartar in his

works(see [15],[11]). This method is also called the energy method.

Theorem 17 The sequence u¢ of solutions of equation (2.45) converges weakly in H} (2) to a limit
g, which is the unique solution of the homogenized problem:

—div (A”Vu) = f(z) inQ, (2.46)
ug =10 on 0f2.
Proof : We know that u¢ is a solution of
/ A(x)Vus(z) - Vo(x)dx = / f(z dr, Vv € Hy(Q)
with f € L*(Q). This problem can be written as
8u Jv
/ ai;(z) (%] . dx = / f(z dr, Yv € Hy(S) (2.47)

Taking v = u* and using the ellipticity of A and Poincare inequality:

. 3u ous .
ol ey < [ as(@)5e 5o do = / Fau(a) do < Ozl



which gives
[ullza ) < Cll fllre (2.48)
Then, we can extract a subsequence, still denoted by u¢, such that

ut — u* in Hy(Q),
ut — vt in L*(Q)

We put
ou*
j
It follows from (2.48) that
1Pi 2@ < C
Therefore we can extract a subsequence, still denoted by pf, such that
pi = p;  in L*(Q).
Equation (2.47) can be written
€ 8U 1
ri = [ f(x)v(z)dz, Vve Hy(Q) (2.50)
Q i Q
which gives in the limit
pz 83: Y dr = / flx dr, Yv € Hy(9). (2.51)
Thanks to Green’s formula, it yields
&E —ydr = / f(x (2.52)
Hence, in the sense of distributions
0
ail =f, ae. in{l. (2.53)

uE
Oz,

so we cannot pass to the limit in aw o ~. To overcome this difficulty, we use Luc Tartar’s method (the
Tj

It remains to find the relation between p; and u*. Note that in (2.49) a,; and —— converge weakly

method of oscillating test functions). We define the function
w(z) =z + ex(z/e),
where y, is the solution of the cell problem. It is obvious that

w — xp,  in L*(Q).

12



On the other hand, we have

_i aeawe — 6+1i CL() i_i_li ( + ())
8137; g 81:]- n 8% € 6yz " y 8xj € ayj Tk Xk

() o)
(oo 2)

=0

Then w* satisfies the equation

B 0 . Ow*
89@ g 8mj

The associated variational formulation is

} =0 onf.

ow v 1
/Qa (z )3% axld r=0, Yve Hy Q).

We now take in (2.50), v = ¢u€, with ¢ € D(€2),we obtain

/Q“ (@ )axj (gi

Similarly, taking in (2.47), v = ¢w* with ¢ € D({2), we obtain

[ (52w

Therefore, by subtraction, it yields

[ et — a0 | 5
o 117 0, i e | 9

We pass to the limit in this identity and use the following convergences:

(u — u*  in L*(Q),

€ ( )aue € *
a;; (T =P — Pi>
J al'j

w® — xp,  in L*(9),

We obtain

[pzxk’ - azku }
Q

/fmkda: Vo € D(Q).

13

>d =0, VéeDQ).

5, = (et >3§2>:<%<y> (o0 3)) -

)dx—/fqﬁw dz, V¢ € D(Q).

—/f¢w€da:, Vo € D(0).
Q

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)



Using Green’s formula, we get

/Q aii (pka — ainu*) odxr = /quﬁ:z;k dr, V¢ € D(Q).

which gives in the distributional sense

(pizr — aju®) = fomy.

(91:1-
By using (2.53), we get

*
i = ! 0%
k ik axl

0 1 ou*
o <a¢k6—$i) =/

This relation shows that u* and u verify the same problem. Hence

Hence,

*

U = Ugp.

14
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Chapter 3 =——

Homogenization of the Wave Equation

In this chapter we are concerned with the asymptotic behaviourase — 0 of the solution u. = u.(z,t)
of the wave equation :

2
Ote iy (A(x)Vu) = f., in9x]0,T]

ot?
u. =0, on 0010, T (3.1)
ue(z,0) = u?, inQ
—Migx’o) = u! in 2
5 o

where, as in the previous chapter, the operators div and V are taken with respect to the space
variable # € (2 and’ denotes the derivative with respect to the time variable ¢ €]0,T[ with 7" > 0.
We suppose that we are given the source term f, and the initial states u? and u}. The matrix A¢is Y’

periodic and is defined by

ag;(z) = ai; <£> ac.onRY, Vi j=1,...,N (3.2)
€
and
x
Af(z) = A (E) = (aij(7)),<; <y a€ on RY, (3.3)
where
aij':aji, o VZ,j = 1,...,N (34)
a;jis Y-periodic, Vi,j=1,...,N
and

15



A = (aij)i<ij<n € M(a, 8,Y).

3.1 Existence and uniqueness

Let €2 be a bounded open set in RY and consider the following problem:

(0% 4 ‘
i div(AVu) = fin QX} 0,7
u=00n02x]0,T[ 3.5
u(x,0) = u’(z) in Q (3:5)
u TR
\ E(x,()) =u (z)in

under the following assumptions:

i)  Aissymmetric and elliptic

i) feL2Qx]0,T))

3.6
i) u° € HY(Q) (3.6)
w) u' e L*(Q)
Let us introduce the space
0
W = {v |ve L?(0,T: Hy()), a—;’ € L2(Qx}o,T[)}
This is a Banach space with the graph norm defined by
folhw = o] 1%
w = 1
L2(0,7;Hy Q)) ot L2
Then, the variational formulation of problem (3.5) is
[ Find u € W such that
0%u
2" + Jo A(2)Vu(z, t)Vu(z)de
H-1().H} ()
\ = [ z)dz  inD(0,T). Yove HLQ) (3.7)
u(z,0) =u’(z) inQ
ou 1 .
\ a(:l:,()) =u(x) in€.

Theorem 18 Suppose thatassumptions (3.6) are fulfilled. Then problem (3.7) has a unique solution
u € W. Moreover.
du 0%u

— € L*(0,T;L*(Q)), —5 € L?(0,T;H(Q))

we I (0,7 HQ), o .

16



and there exists a constant ¢ depending on ¢, /3, €2, and 1" such that

ou 0%u
ot ot L2(0,T;H-1(Q)) (3.8)
< ¢ (11l z2xior) + 160l 2y + 110t 173 0

il +] ’
L (0,T7H0(Q)> L0 (0,T;L2(Q))

For the proof, we need the classical Gronwall lemma [9]:

Lemma 4 Let v a function in C'([0, T']) and suppose that there exists a positive number 7 such that

v(t) <y + /Otv(T)dT. vVt € (0,77, (3.9)

Then
v(t) < ~vel', vt e[0,T].

Of theorem: In the proof,we will use the Faedo-Galerkin method[[4]]. It is known from the
spectral theory on self-adjoint operator that there exists a complete orthonormal system (w;) ;- of
L? (£2) given by the eigenfunction of the operator — div (AV) (see [12]). The corresponding eigen-
values (\;) ;o verify A; — +00 as j — +oo. Furthermore, (w; ) is also a complete orthogonal

system in H; (w).Let Let (Aj) ;e be the eigenvalues of the operator — div(AV), consider the func-
tions w; be the solutions of the problems

— le (Aij) = )\jwj in Q (310)

The functions (w)) ;cy constitute a system of eigenvalues of the operators — div(AV)and form
a complete orthonormal system of L? (§2). Let V,,, be the space spanned by {w, . . . , wy, } and intro-
duce the projection operator Py, from L? (2) to V;,, defined by

m

Py = Z (v,w;)wi, Yv € L*(Q)

i=1
From classical results on Hilbert spaces, one has
(i) Pnv — vstronglyin L*(Q), forallv € L*(2)
(ii) [[Bnllcz2@),c2@) <1

Next we introduce, for any m € N*, the finite dimensional approximate problem

Find u,, = >0 g7 (t)w; € Vi, such that
*u,,
Ja W(l’, twpdr  + [ A(@) Vg, (2, t) Vwgdz
= [, flz,tywpdz.  inD'(0,T) Vk=1,...,m (3.11)
U (2,0) =ul () inQ
8;—:(:6, 0) =ul(z) inQ

17



where, according to assumptions (3.6)(iii) and (3.6)(iv), we set

0 1 1
U, = Ppu’. u,, = Phu

From the properties of P,,, we have

{ i) ud —u® stronglyin Hj ()

i) ul —u'  stronglyin L*(Q) (3.12)

Since u, = Y70, g; (t)w; we obtain:

0%y,

ol —— (=, t)wkdx+/A(x)Vum(x,t)Vwkdx:/f(x,t)wk

o Ot Q Q

= aﬁihj xtwm+/A@wQ}ﬂmwwmm:/}@ww
4 Q

:>Z/ 7fzg] Jw, - wkd:v+2/ z)Vgi(t w]Vwkda:—/fxt

jZath] wjawk +Zgj / ijvwkdx_/f(l’,t)Wk

Q
92
é@gg‘(t) + Zl g9;'(t) /Q A(z)Vw,;Vuds = /Q [z, t)wy
=
Similarly, we also find:
Z 97" (0)wy = Z(uo, Wi )Wy,
k=1 k=1
0 0wy = St
k=1 ot™ k=1 ’
From the previous equations and because {wy, ws . . ., wy, } isa basis for V,,,, problem (3.11) is equiv-

alent to the following system of m linear ordinary differential equations of the second order with
unknowns g7, ..., g :

dt? -
6i°(0) = ()
(gi")" (0) = (u', wy)
forany k = 1,...,m. Classical results of ODEs (see [7]) give the existence and uniqueness in
C'([0,T7]) of asolution {g", . .., g™} of this system on the interval [0, T']. Hence, u,, is determined

O, )
i T .
g Arein CH([0,T); Vi)

A priori estimates We will now prove that u,, satisfies some a priori estimates. To do so, let us

i/ + Z;n:l g7 ( fQ AVw;Vwgdr = fQ x, Hwidr

and u,,, and

multiply the £ th equation in (3.11) by % 9

*u,,

9 m 9 m _ 9 m
[ g e+ /Q A Vit (2, 0)V (g (i = /Q (o t) g (O

18



and sum over k from 1 to m we obtain

32um 9 m
Z/ 52 (x, 8t(gk Ywp dx+2/ )V, (z t)V(a(gk )(t)widx

=3 [ s omas

Then
0y, Oy, o[y, B Oy,
[ e e + /Q AGw) Vit ()0 52 1, ) = /Q £l ) o o )
(3.13)
We have:

*u,, Oy, 10 Oy, 9

Due to the symmetry of A we have

/A(a:)Vum(x,t)Vaum (x,t)dr = L9 A(m)Vum(x,t)Vum(x,t)d:U.
0 ot 20t

Hence, by using the inequality

a’ +b* > 2ab, Va,be R,
(3.13) can be rewritten as
2

0 Oy, / Oupm
=\ == + | A(x)Vuy(z,t)Vuy,(z, t)de | <2
g (\ 51, ATt 0¥ 1) ) Il | 2
O |I?
S e
(©) ot £2(9)
Integrating on (0, ¢) with t < 7" and using the ellipticity of A. we get
Oy ? 2
— (¢ + al||up,(z,t
|0, o e O
) T t ou 2
< oo + [ AVUEVdo+ [+ [ || e
Q 0 0 12(Q)
1112 0112 2 ! aum ? d
S ||umHL2(Q) +B Hum”Hg(Q) + ||f||L2(Q><(O,T)) + W(T) T.
0 L2(Q)
Using properties of the projection P,,, we finally have
Oy, 2 2
— (¢ + al|up,(z,t
%], o e O
< o + o 14 gy + 11200y
t 2
O, 2
+ \Wm +auum<7>uH3<m] .
0 [ L2(Q)
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Applying now Gronwall’s lemma with
_ 112 0112 2
¥ =t a) + el @) + 1122 @x0m)):
we deduce the a priori estimate

Oy,

ot

HUmHL“(O’T;H&(Q)) i ’ L>(0,1;L*(2))

< <Hf||L2<mx0,T) + [ oy + HulHHé(ﬂ)> ’

2
U
where ¢; depends only on «, 5. €2and 7. It remains to obtain an a priori estimate for 8—152m Observe

that the equation in (3.11) implies that

0, :
< ¢ (t),v) = (= div(AVun(t) + f,0)12(q), YV € Vin.
12(9)

This signifies that
9%u,,
ot?
where F = — div(AV). We obtain

() = = [P (F (um) + )] (1),

< e (HfHLQ(Qxlo,T) + HuOHL2(Q) + H“1HH3(Q)> < ¢

0%u,,
ot?

L2(0,T;H-1(2))
where ¢y and c3 are constants independent of m. Consequently,

*uy,
ot?

Oy,

ot

”umHL”(OvT;H&(Q)) * ’ Lo°(0,T3L2(R)) '

L20T-1(0) (3.14)
< e (I lzz@aoo + 14| gy + e |y )

where ¢ depends only on o, 3, Q2 and T'.

In this step we pass to the limit in the approximate problem. Estimate (3.14) implies (Theorem 5), up
to a subsequence, the following convergences

Uy, — U weakly " in L (0,7 H}(Q)),

Oy, ou .

o weakly* in L> (0, T; L*(Q)) , (3.15)
*u,, N 0*u

28 a2 weakly in L2 (0, T; H(Q)) .

Let us now pass to the limitin (3.11) form — oo. lety) € D(0,T) and v € H}(2). Multiplying the
equation in (3.11) by (v, wk)Lg(Q) 1. Summing over k from 1 to m and integrating in t over (0, 7").
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we get

_ / / F ) (

Uy,
: W(w, H)(t) (Ppv) (x)dx dt

of

)V (x, ) (t)V (Pyv) (z)dx dt

P,v) (z)dz dt.

By integration by parts with respect to ¢ . We get

/ / Qim0 (1) (P (2)da di
/ / D)Vt (@, )6V (Pov) () da dt
/ / Fa 00() (Pov) (2)da dt.

Here, all the terms pass to the limit thanks to convergences (3.15). We obtain

| e

So we deduce

T r ou oY
/0 0 A

x)Vu(x, t)y

i [ [ 4
[ femor

(t)v(x)dw

--[ (e .00 >H e dt*/ i,

T /0%
- [ (Grw.uw) i
0 H- (@)1} (@)

since 1/(0)

_ /0 T<%(t),¢(t)v>w(mﬂé(m dt + / ' / Al@) Ve, () Volz)de di

It remains to check that the initial conditions u(x, 0)

Choose in (3.17) (which is still valid if %—f € C*({0,T}))afunctionyp € C(]

= (1) = 0. This together with (3.18) shows that u satisfies

[ e

21

x)dx dt

x)dx dt.

(3.16)

(3.17)

V(1) Vu(x)dz dt

(3.18)

(x)dx dt

(3.19)

= u’(x)and g—?(:c, 0) =u!(x) are satisfied.

(
0,T7]) such that



92(0) = 1 and a—7’2’(T) = 0. Then from (3.17), we get

ot
/ /au”‘ ) () de dt
/ / )V (x, ) (t)V (Pyv) (z)dx dt
/ /f (z, ) da:dt—i—/gu
where we pass to the limit to obtain
/ / dmdt+/ / z)Vu(x, t)(t)Vo(x)de dt
/ /fxt d:)?dt—i-/ﬂ u'(v)v(x)d

Asu € C ([0,T); L*(Q)), we have

T /9%y ov 8u
—t,¢t—> + / / x)Vu(z,t)y dx dt
/ < wOe0g) [ G Vo(a)

//fa:t ddt+/Q ut(z)v(r)de

Since (3.19) is still valid for ¢ € C'*°([0, T']). we deduce that

ou

Ot —(z,0)v(x )dx:/ﬂul(x)v(m)dx, Vv € Hy ()

This implies that 2%(,0) = u'(z). To obtain the other initial condition, let us choose in (3.17) a

function ¢ € COO([O T1) such that ¢/(0) = 0. %—f(()) = land %—f(T) = %—f(T) = 0. We get, by
integrating twice by parts with respect to .

/ /um x, t 8152 (Pyo) (z)dx dt+/ / )V (x, ) (t)V (Pyv) (z)dx dt

//fxt (2)da dt — /an(x)v(x)dx

where we pass to the limit and obtain

/T/uyczfa2 da:dt—i—// z)Vu(z, t)(t)Vo(x) de dt
/ /fa:t dgcdt—/Q u’(x)v(r) dv
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We integrate by parts with respect to ¢ in the first term, and get

[ﬁ<§§@”””>H(mm(d“i/ (e, ()i

// 2)Vu(z, () Vo(x)ds dt //fxt (2)da dt
/Q 2)o(z)da.

This implies u(x, 0) = u°(x).
This concludes the existence of a solution u to the problem (3.7).

Uniqueness Let u; and uy be two solutions corresponding to the same data. Their difference
w = uy — ug satisfies (3.5) with f = 0,4 = 0 and u' = 0, namely

2
<a—w(t),v> + Jop A(@)VE(z,t)Vu(z)dz =0 inD'(0,T). Vv € H}(Q)
1), Hiy ()

ot?
w(z,0) =0in
ow

=0in Q.
o —(2,0) =0in

Taking into account the result of the previous step:

92w
ol o H +\6t <0
Loo(0,T;L2 (9 2(0,7;H-1(Q))
Hence,
w=20
Therefore:
Up = U2

3.2 The homogenization result

’32t —div (A2) V) = £, in Qx]0, T

u =0, on 9010, T 390
u(z,0) = ug, inQ (3:20)
Juc(x,0 . ,

\—ét ) = uj, in €2

We assume that the solution u(x, t) to the wave equation has the following two-scale asymptotic
expansion:

u€<t7 SL’) = Uo(t,l’, y) + €ul(t7 xvy) + €2u2(t7x7 y) +- (321)
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With
T
Yy=—-
€

. x
aj; = Qij "

Q35 = Qj, fori,jzl,...,N,

and

a;j is Y-periodic, foralli,j =1,..., N,
A = (aihi<ijen € M(a, 8,Y)
where each u(t, z, y) is periodic with respect toy € Y = [0, 1]".
Put &2
o~ o |

Ug + €Uy + € ug)
. . L.
divu® = divyu + —divyu
€
. 1
Vu* = Vyau+ -Vyu
€

Defining the operator A° by
AP = —div(AVO°).

Consequently, using (3.26) and (3.25) into (3.27), one can write A“®¢ as follows:
AP (z) = (€ 2Ag + e 1AL + A))P(x,y),

where

= —div,(A(y)V,),
A = —div,(A(y)V,) — div,(A(y)V.),
Az = —divy(A(y)Vy).

By substituting equations (3.21), (3.24), (3.25), and (3.26) into equation (3.20), we obtain

62
ot?

Hence

2
e’ {a - div,(AV,ug) — div, (AVyuy) — divy (AVaur) — divy(AvaQ)]

ot?

1
— E [divx (Vylb()) + diVy(AvaO) + diVy<Ava2) + diVy(AVyul)]

1
- 6_2 diVy(VYUO) = f
Therefore,

24

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

1
—— (ugp+euy +€e*uy) — (divx + Zdivy) (A V.+ - V ) Uug + euy + €2u2)> = f (3.30)



On order e 2

— diVy (Ava()) =0
{ ug is Y —periodic (3.31)
On order ¢!
— diVX (Avy'LLg> — ley(Avx’U/o) — divy(AVyul) =0
. Y (3.32)
uy is Y —periodic
On order €°
Pty g 4w div, (AV div, (AV div, (AV us) =
oz ive (AVaug) — diva (AVyur) — div, (AVu) — divy (AVyus) = f (3.33)

Uy is Y-periodic

Now, substituting into (3.28) ®¢ by u¢ (2.7) and grouping terms of the same orders in powers of €

gives a hierarchy of an infinite system of equations, the first three systems of which are:
Order ¢ 2

=0, inY,
Aoto =0, in, (3.34)
uo Y-periodic in .
Order ¢!
Aouy = —Ajug, inY,
oL et (3.39)
uy Y-periodic in y.
Order ¢° 52
Uo
Agug = [ — Ayug — Ayuy — W’ (3.36)
ug is Y -periodic.
Solution (3.34):
—div, (A()Vyuo) =0 (337)
uy Y —periodic

Then, by the Fredholm alternative (lemma 3) equation (2.26) admits a unique solution(up to
an additive constant that depends on x only)

Multiply (2.26) by ug and integrating over Y

- / divy, (A(y)Vyuo) ugdy =0 (3.38)
Y
Using integration by parts(Green’s formula):
/ A(y)Vyug - Vyuo dy — A(y)Vyugug - fids =0 (3.39)
Y oy

Since uy is Y -periodic, the boundary term vanishes, hence:

Y
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By the coercivity of A(2.2) we get

0= /YA(y)Vyuo Vyugdy > ol Vyul
that necessitates
Vyug =0
and the fact that
uo(z,y,t) = up(z, t)

Solution of (3.35):

{ — div, (A(y)Vyur) = —div, (A(y) Vyue) — divy, (A(y)Vauo) ,

uy is Y -periodic

Then
{ — divy (A(y)Vyur) = divy, (A(y)Vauo) ,

uy is Y-periodic
We have
/ divy (AY)Vauo) dy = (/ div, Ay) dy) -V, ug
v 1%

= / V. ug - div, A(y) dy
1%

:/ A(y)dy V,up =0
dy

Then, after Lemma A, problem (2.33) has a unique solution

ul(xv t7 y) = szuo + al(xu t)

where x = (X%)1<k<n, denotes the solution of the cell problem

X € H;er(y)7

— div, (A(y)Vyx) = div, (A(y)e)

/Yx(y) dy = 0.

Solution of (2.15)
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(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)



|

82’&0
ot?

divy (A(y)Vyuo) = f —

Uy is Y -periodic.
The solution to the problem (2.15) is as follows:
82
{AOUQ = f— Aguo — Ayuy — —

Uy is Y -periodic.

We show that (2.44) has a unique solution using the Fredholm alternative

0%u
/Y<f_A2uo_AIUI_a—tQO) dyzO

/ Asug + Aju +02u0 dy = f|Y]
. 2Uo 1+ 55 y=

Where |Y| = measure of Y hence

1 0%u
TWL(@%+mm+Eﬁ)@=f

this is equivalent to

Hence

1 82u0
— Asug d Ajudy| =
v [6752 +/Y 2Ug er/Y 1U1 y] /

We have

QAAW@:—A@%M@VWMMi/&Amw%mMy

Y
=L+

+ div, (A(y) Vo) + div, (A(y)Vyuy)  +divy, (A(y)Veue)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

The first term I; = 0 by the divergence theorem and the periodicity of A and u;. Now we
consider I5:

I, = —/ div, (A(y) Vyu1>dy
Y
__ / divy (A(y) ¥, XVt0) dy
Y

= —div, </ A(y)Vyx dy) Vg
y
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On the other hand

/ A ug dy = —/ div, (A(y) V,uo) dy (3.61)
v Y

Finally, we get the homogeneous problem

f(z) = % {—divm (vzuo /Y A(y)dy) ~ div, ( /Y (A(y)V,x)dy vx%)]

Then |
~div, [m [ (4) + A0 Tt dy vxuO} (363)
Y
which can be read
2
— div, (A" V,u) + % = f (3.64)

Where the homogenized coefficient AH = (ag )1<i,j<n is explicitly given by

H 1 / " an
Q. = 7 a; + a;i(y)=—
c= v ), k() ]-El i(y) 2, (y)

It remains to find the boundary conditions that g needs to fulfill. Here, since u® = 0 on 0f), the

dy (3.65)

multiscale expansion gives at order eV

up(z,y) = up(x) =0 on (3.66)

Therefore, the homogenized problem is

2
— div, (A" V,u0) + 0 1;0 =f inQ,

Uy = 0 on 0f).

(3.67)

Tartar’s Method of Oscillating Test Functions:
Let us now consider problem (3.1) and suppose we are given f, € L*(2x]0,T7), u? € H(Q2)
and u! € L?(9). The variational formulation of problem (3.1) is

(Find u, € W such that

2
<aa;e (t),v> + / A(2)Vue(z, 1) - Vo) dz
H-1(Q),HL(Q) Q

/f (z,t)v(x)dr inD'(0,T), Vove Hy(Q), (3.68)

uc(r,0) = ud(z) inQ,
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Theorem19 provides the existence and uniqueness of a solution u. such that

Oue
ot

ue € L=(0,T; Hy (), € L=(0,T; L*(2)).

We now study the asymptotic behaviour of problem (3.68) as € — 0.the oscillations in (3.68) are
only due to the variable z, so that in the homogenization process, the variable ¢ will play the role of a

parameter. In fact, we have the following result:

Theorem 19 Suppose that f. € L?*(2x]0,T]), and u? € H}(Q), ul € L*(2). Let u, be the

solution of (3.68) with A, defined by (3.22)—(3.23). Assume that

i) u— u’weaklyin Hj(Q),
ii) wu!— u' weaklyin L*(Q),
iii) f. — fweaklyin L*(Q2x]0,T7).

Then, one has the convergences

i) wu. — uweakly*in L*°(0,T; Hy(Q)),

L Oue  Ou xi o To0 72

ii) pr Eweakly in L°°(0,T; L*(2)),

iii) A.Vue — AgVuweaklyin L*(Qx]0, TV,

where u is the solution of the homogenized problem:

(0w ,
e div(AoVu) = f  inQx]0,T7,
u=20 on 90 x]0, T,
u(z,0) = u’(z) in Q,

\ %(az, 0) = u'(x) in €2.

and the homogenized matrix Ay is given by:
A= [ A6 +e) ey
Y

Proof: we apply Tartar’s method of oscillating test functions.
Since A° € M(a, 5, 2), from assumption (3.69) and estimate (3.8) we have
0%u,

ot?

Oue
ot

||Ue||Loo(o,T;H5(Q)) + ‘ ‘
L>=(0,T;L2(9))

< ¢ (Ifellzz@any + el 2 + llutll ey ) < e,

L2(0,T5H (%))

where the constant ¢ is independent of e.
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Then, if £ is defined by
£, 1) = (&2, 1), .. Ey(2, 1)) = AY(H)Vue(z, 1),

from the assumptions on A€, one has in particular

1€ z2@xjo,rp~ < Ber.

These estimations, provide the existence of a subsequence, still denoted by €, such that
(i) uc—u weakly* in L°(0,T; Hy(92))
i) u—u strongly in L*(Q2x]0, T'])
ou ou

SR e *in L°°(0,T; L*(Q
p o weakly*in L*°(0,T'; L*(€2))
[iv) & — &0 weakly in (L?(Q2x]0, 7))
From definition (3.73) and problem (3.68), one has that £ satisfies

/OT/Qfe(x,t)-Vv ) d dt — / /fext o(t) d dt
/(/ ot aﬂ)dﬁ

iii)

(3.73)

(3.74)

(3.75)

forany v € Hy(2) and ¢ € D(0,T), where we can pass to the limit due to convergences (3.69)

and (3.74). we obtain that £° satisfies

/OT/ng(:c,t)-Vv t)dxdt = / /f (z,t)v t) dx dt

/ / ( ) de dt,
This implies for all ¢ € D(0,7T);

/OT [/ng(as,t).Vv(gj) dx_/gf(xvt)v(ﬂf) A

- /Q %(:U,t)v(x) dw] o(t)dt =0

QD|€

Hence
ay
/fxt Ddz inD(0,T), Yoe H(Q)

2
@t),v 1), H(@ /foa:t - Vo(z) dx

Let us prove that
= A"V
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(3.76)

(3.77)

(3.78)

(3.79)



We will once again employ the oscillating test functions w§ , which are defined by w§(z) =
€W, (f) =\-T —€xn ( ) where the function x} is solution of cell problem.
We recall the following convergences:

(i) w§— X 2 weaklyin H'(Q), (3.80)
(i) w§ — A-x stronglyin L*(£2), '
and set 7§ = " A°Vw, which satisfies the convergence :
n5 — My (*AVwy) ="A°\  weakly in (L*(Q))". (3.81)

and the equation

/ni Vvdr =0, Yove Hy(Q).
Q

Let ¢ € D(Q2). Choose here v = tu.p and integrate on |0, T'[. Then

/0 /an\ - Vue(z,t) Y(z)e(t) de dt + /0 /an\ -V(z) u(z, t)p(t)dedt =0.  (3.82)

Taking v = 9w in (3.75) and subtracting from (3.82), we obtain

/OT/Qfe(x,t)-Vw(x) ws (z)p(t) d$dt—/0T/an\'Vlb(x)ue(x,t)go(t) du dt
:/T/fe(x,t)¢(x) ” dxdt—l—/ /—uxt ws (x )%to(t)dxdt.

where we pass to the limit by using convergences (3.69), (3.74), (3.80), and (3.81). We obtain

/()T/Qﬁo(m,t) -VY(z) (N - z)o(t) de dt — /OT/Q':AO)\ V() ulz, t)p(t) do dt

— [ [rwnvo-aendrd [ [ S @03 @ e

From equation (3.78), by the same computation as in Section 2.2, we deduce (3.79).
To show that u satisfies the initial conditions in (3.70), we first choose a function in (3.82) as
follows:

¥ € C°([0,77)
such that
oy, o B
815( )=1 and E(T)_O'

Then, when passing to the limit, one obtains

ou 1
5 (@ 0) = u (@),

31



in view of the convergences (3.69) and (3.74) .Then, choosing in (3.75) a function
¥ € Gy([0,77)
such that

A O
o) =0, O =1 wT) =0, 1) =0,

and passing again to the limit, one obtains

u(z,0) = u’(z).

Finally, observe that since A is elliptic provides the uniqueness of the solution of problem (3.70).

Consequently, the whole sequences in (3.74) converge. This concludes the proof.
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Conclusion

In this work, we have presented a study on the homogenization of the wave equation. This study
is based on the multiple scale and the oscillating test function methods. After we have proved the
existence and the uniqueness of the solution, we have shown a homogenization results concerning
wave equation.

As a perspective of this work we can look for a numerical results by applying a multiscale finite
element method to demonstrate the effectiveness of the proposed approach in simplifying complex
models.
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Abstract

Abstract

This research aims to study the homogenization of the wave equation with periodically oscillating
coeflicients, using two main approaches: the Two-Scale Asymptotic Expansions and the Oscillating
Test Function Method. We begin by presenting the theoretical foundations of homogenization, then
we study the existence and uniqueness of the solution along with the homogenization results, and
finally we provide some homogenization results.

Keywords:Homogenization, Wave equation, Two-scale expansion, Oscillating test function.

Résumé

Cette recherche vise a étudier ’homogénéisation de I'équation donde a coefhicients oscillants
périodiquement, en utilisant deux approches principales : les développements asymptotiques a deux
échelles et la méthode des fonctions tests oscillantes. Nous commencons par présenter les fondements
théoriques de ’homogénéisation, puis étudions l'existence et I'unicité de la solution, et enfin four-
nissons quelques résultats d’homogénéisation.

Mots-clés : Homogénéisation, Equation des ondes, Développement asymptotique a deux échelles,
fonctions tests oscillantes.
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