
Kasdi Merbah University of Ouargla

Faculty of Mathematics and Material Sciences

Department of Mathematics

MASTER

Domain: Mathematics

Option: Numerical Analysis

By: Abbassi Rabia

Title:

Some homogenization results for wave
equation

Presented Publicly on: 16/06/2025

Examination Committee:

Agti Mohammed Prof. Kasdi Merbah University-Ouargla President

Messaoudi Djemaa Prof. Kasdi Merbah University-Ouargla Examiner

Kaliche Keltom Prof. Kasdi Merbah University-Ouargla Supervisor



Contents

Dedication i

Acknowledgment ii

Notations iv

Introduction v

1 Some results of functional analysis 1
1.1 Weak convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Weak andWeak* Convergence in Lp . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Periodic functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 The spaceH1

per(Y ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.5 Fredholm Alternative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Basic on homogenization theory 6
2.1 TheMultiple Scale Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 The oscillating test function method . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Homogenization of the Wave Equation 15
3.1 Existence and uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.2 The homogenization result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

Conclusion 32

Bibliography 33

Abstract 35

i



Dedication

To the one my heart beats with love for, To my dearestmother the source of tenderness, strength,
and endless prayers... I dedicate to you the fruit of my effort and success, for without you, I would not
have reached this point, dreamed this dream, or persevered on this path.

To my beloved father, may Allah have mercy on his soul, Though you are gone, your words and
advice still live within me. I know that your spirit watches over me with pride from above. May Allah
grant you the highest reward— this success is a humble gift to your blessed memory.

To my precious brother, Who has never failed to support and stand by me, And to all my dear
siblings, each by name, You have always been my strength and support. You have my deepest love
and gratitude.

I also dedicate this humble work To my friends and companions, who were true partners in the
journey of knowledge and hardwork. I especiallymention: ProfessorBelaouerMohammedCherif,
ProfessorZerroukiAsma, andProfessorMohamedLamhal, Your noblewords, sincere support, and
invaluable help Have illuminated my path and empowered me to overcome the challenges I faced.

Thank you from the bottom of my heart. You have written, through your kindness and character,
a bright page in my memory, And you will forever remain an unforgettable part of this success.

ii



Acknowledgment

First and foremost, praise be toAllah, who guidedme and grantedme the strength to complete this
work. I am deeply grateful to Him for His countless blessings that continue to flow throughout my
life.

I would like to express my heartfelt thanks and sincere appreciation to my beloved mother and
my dear brothers, for their unwavering encouragement, constant support, and presence by my side
throughout this journey. Their belief inme has been a continuous source of inspiration and strength.

I am especially thankful tomy supervisor, Professor Kaliche Keltoum , for her valuable guidance,
continuous support, patience, and understanding during the course of this work. Her mentorship
has been instrumental in the completion of this thesis.

I also extend my sincere thanks and appreciation to the distinguished members of the examination
committee: Professor Agti Mohammed and ProfessorMessaoudi Djemaa, for kindly accepting to
evaluate and discuss this thesis, and for their constructive remarks.

I would also like to express my deep gratitude to all the professors who supported me during my
academic journey. Their advice and encouragement had a significant impact onmy personal and pro-
fessional development.

Finally, I extendmy sincere thanks and appreciation to everyonewhohelpedme from the beginning
to the end of this research. To all of you, I owe my deepest gratitude and respect.

iii



Notations

• ▶Ω : Bounded open domain inRn.

• ▶ Y : Unit periodic cell, typically Y = (0, 1)n.

• ▶ ε : Small parameter representing the microstructure scale.

• ▶ x : Macroscopic (slow) spatial variable.

• ▶ y =
x

ε
: Microscopic (fast) spatial variable.

• ▶A(y) : Periodic coefficient matrix defined on Y .

• ▶Aε(x) : Oscillating coefficient: A
(x
ε

)
.

• ▶AH : Homogenized (effective) matrix obtained from the cell problem.

• ▶ uε : Solution of the original (heterogeneous) wave equation.

• ▶ u0 : Homogenized solution, the limit of uε as ε→ 0.

• ▶ χk : Corrector function solving the k-th cell problem.

• ▶wε : Oscillating test function: xk + εχk

(x
ε

)
.

• ▶∇x : Gradient operator with respect to x.

• ▶∇y : Gradient operator with respect to y.

• ▶ divx : Divergence operator with respect to x.

• ▶ divy : Divergence operator with respect to y.
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• ▶ L2(Ω) : Space of square-integrable functions onΩ.

• ▶H1
0 (Ω) : Sobolev space with zero boundary conditions.

• ▶H−1(Ω) : Dual space ofH1
0 (Ω).

• ▶ L2(0, T ;H1
0 (Ω)) : Time-dependent functions valued inH1

0 (Ω).

• ▶ uε0, uε1 : Initial displacement and velocity of uε.

• ▶ pεi : Flux: aεij
∂uε

∂xj
.

• ▶⇀ : Weak convergence.

• ▶ ∗
⇀ : Weak-* (weak star) convergence.
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Introduction

Several problems in Engineering Sciences, Physics or Chemistry can be modeled by using partial
differential equations with a periodic structure or exhibiting small heterogeneities relative to the do-
main dimension[10]. This is particularly the case for compositematerials, which are increasingly used
in industry due to their superior characteristics compared to their components.

Modeling phenomena occurring in these composite materials, such as wave or heat propagation,
can result in partial differential equations with highly oscillating coefficients. When too numerous,
these oscillations can cause problems in the numerical resolution of these equations. Homogeniza-
tion theory makes it possible to remedy this by replacing problems with highly oscillating coefficients
with approximate problems whose coefficients are constant, and therefore much simpler to solve nu-
merically.

The aimofhomogenization theory is to establish themacroscopic behavior of a systemwhich is ‘mi-
croscopically’ heterogeneous, in order to describe some characteristics of the heterogeneous medium.
This means that the heterogeneousmaterial is replaced by a homogeneous fictitious one (the ‘homog-
enized’ material), whose global characteristics are a good approximation of the initial ones.

This work aims to study the homogenization of the wave equation (see [6])

∂2uϵ

∂t
− div (Aϵ∇uϵ) = fϵ, in Ω×]0, T [

with periodically oscillating coefficients, using twomain approaches : the multiple scale method ([2],
[5]) and theOscillatingTest FunctionMethod ([14], [16] ), in order toderive a simpler (homogenized)
model that accurately approximates the behavior of the original equation in media with fine-scale
oscillations.

The dissertation is composed of tree chapters:

vi



Thefirst chapter is devoted to the presentationof some functional analysis results thatwill be useful
to us in the rest of this work. In the second chapter, we are interested in recalling the main homog-
enization methods, namely the multiple scale method and the oscillating test function method of L.
Tartar. The last chapter is dedicated to studying the homogenization of the wave equation. First, we
show the existence and uniqueness of the solution, then we give a homogenization results
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Chapter 1

Some results of functional analysis

. In this chapiter,we recall the notions of functional analysis that will be useful to us in the rest of
this work. These results can be consulted in [3],([6],[12],[13]).

1.1 Weak convergence

Let (E, ‖ · ‖E) be a Banach space, andE ′ its dual, which is a Banach space for the norm

‖f‖E′ = sup
|〈f, u〉E′,E|

‖u‖E
. (1.1)

Definition 1 (Strong convergence) : A sequence (un) inE is said to converge strongly to u if and
only if

lim
n→+∞

‖un − u‖E = 0. (1.2)

This strong convergence is denoted
un → u inE. (1.3)

Definition 2 (Weak convergence) : A sequence (un) in E is said to converge weakly to u if and
only if

∀f ∈ E ′, 〈f, un〉E′,E → 〈f, u〉E′,E. (1.4)
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This weak convergence is denoted by

un ⇀ u inE. (1.5)

Proposition 3 (i) Strong convergence implies weak convergence.

(ii) If dimE = N < +∞, the strong and weak convergences are equivalent.

Proposition 4 Let (un) be a sequence weakly convergent to u inE. Then
(i) (un) is a bounded sequence inE, i.e., there exists a constantC independent of n such that

∀n ∈ N, ‖un‖E ≤ C. (1.6)

(ii) The norm onE is lower semi-continuous with respect to the weak convergence, i.e.,

‖u‖E ≤ lim inf
n→∞

‖un‖E. (1.7)

Theorem 5 (Eberlein–Šmuljan) Assume thatE is reflexive and let (un) be a bounded sequence in
E. Then

(i) there exists a subsequence (unk
) of (un) and u ∈ E such that, as k → ∞,

u(nk)⇀ u weakly inE.

(ii) if each weakly convergent subsequence of (un) has the same limit u, then the whole sequence
(un)weakly converges to u, i.e.

un ⇀ u weakly inE.

Definition 6 (Weak* convergence) : A sequence (fn) inE ′ is said to converge weakly* to f iff

∀u ∈ E, 〈fn, u〉E′,E → 〈f, u〉E′,E. (1.8)

This weak* convergence is denoted
fn ⇀

∗ f inE ′. (1.9)

Proposition 7 Every weakly convergent sequence inE ′ is weakly* convergent. However, the oppo-
site is false unlessE is reflexive.

Proposition 8 Let (fn) be a sequence weakly* convergent to f inE ′. Then
(i) (fn) is a bounded sequence inE ′, i.e., there exists a constantC independent of n such that

∀n ∈ N, ‖fn‖E′ ≤ C. (1.10)

(ii) The norm is lower semi-continuous with respect to the weak* convergence, i.e.,

‖f‖E′ ≤ lim inf
n→∞

‖fn‖E′ . (1.11)

Theorem 9 LetE be a separable Banach space and let (fn) be a bounded sequence inE ′. Then
(i) There exists a subsequence (fnk

) of (fn) and f ∈ E ′ such that, as k → ∞
fnk

⇀∗ f inE ′. (1.12)

(ii) If each weakly* convergent subsequence of (fn) has the same limit f , then the whole sequence
(fn)weakly* converges to f , i.e.,

fn ⇀ f inE ′. (1.13)
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1.2 Weak and Weak* Convergence in Lp

LetΩ be a bounded open set inRn.

Definition 10 Let p ∈ R be with 1 ≤ p <∞. Define

Lp(Ω) = {f : Ω → R, f measurable and
∫
Ω

|f |pdx <∞} (1.14)

L∞(Ω) = {f : Ω → R, f measurable and ∃C > 0, |f(x)| ≤ C a.e. onΩ}. (1.15)

Proposition 11 Let p ∈ R be with 1 ≤ p ≤ +∞. The set Lp(Ω) is a Banach space for the norm

‖f‖Lp(Ω) =

{(∫
Ω
|f |pdx

)1/p if p < +∞
inf{C; |f(x)| ≤ C a.e onΩ} if p = +∞

If p = 2, the spaceL2(Ω) is a Hilbert space for the scalar product

(f, g)L2(Ω) =

∫
Ω

f(x)g(x)dx.

The spaceLp(Ω) is separable for 1 ≤ p < +∞ and is reflexive for 1 < p < +∞,
1. If 1 ≤ p <∞, then un ⇀ u in Lp(Ω) if∫

Ω

unϕdx→
∫
Ω

uϕdx, ∀ϕ ∈ Lq(Ω)

with 1/p+ 1/q = 1.
2. If p = +∞, then fn

∗
⇀ f in L∞(Ω) if∫

Ω

fnϕdx→
∫
Ω

fϕdx, ∀ϕ ∈ L1(Ω)

Lemma 1 Let p, q and r be three reals in [1,+∞] such that 1
p
+ 1

q
= 1

r
. Let (un) be a sequence in

Lp(Ω) and (vn) be a sequence in Lq(Ω) such that:{
un ⇀ u weakly in Lp(Ω)
vn → v strongly in Lq(Ω)

Then

unvn ⇀ uv weakly in Lr(Ω)
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1.3 Periodic functions

Definition 12 (Periodic functions) Let Y =]0, l1[× · · ·×]0, ln[ and let f be a function defined
almost everywhere onRn. The function f is called Y -periodic if

f(x+ kliei) = f(x) a.e. onRn, ∀k ∈ Z, ∀i ∈ {1, . . . , n}, (1.16)

where {e1, . . . , en} is the canonical basis ofRn. In the case n = 1, we simply say that f is l1-periodic.

Definition 13 LetΩ be a bounded open set ofRn and let f ∈ L1(Ω). The mean value of f overΩ
is given by

MΩ(f) = 〈f〉 = 1

|Ω|

∫
Ω

f(y)dy. (1.17)

Lemma 2 Let f be a Y -periodic function in L1(Y ). Let y0 be a fixed point inRn and denote by Y0
the translated set of Y , defined by Y0 = y0 + Y . Set

fϵ(x) = f
(x
ϵ

)
a.e. onRn. (1.18)

Then:

1.
∫
Y0
f(y)dy =

∫
Y
f(y)dy,

2.
∫
Y0
f(x)dx =

∫
Y
f(x)dx = ϵn

∫
Y
f(y)dy.

Theorem 14 Let 1 ≤ p ≤ +∞ and let f be a Y -periodic function in Lp(Y ). Set

fϵ(x) = f
(x
ϵ

)
a.e. onRn. (1.19)

Then,

• If p < +∞, as ϵ→ 0, we have fϵ →MΩ(f)weakly in Lp(Ω).

• If p = +∞, we have fϵ
∗
⇀MΩ(f)weakly* in L∞(Ω).

1.4 The spaceH1
per(Y )

Definition 15 (The spaceH1
per(Y )) Let C∞

per(Y ) be the subset of C∞(Rn) of Y -periodic func-
tions. We denote byH1

per(Y ) the closure ofC∞
per(Y ) for theH1-norm.

Definition 16 We introduce the space L2(0, T ;H1
0 (Ω)), which is the space of functions t 7→ u(t)

with values inH1
0 (Ω) and square integrable in t. It is provided with the norm

‖u‖L2(0,T ;H1
0 (Ω)) =

(∫ T

0

‖u(t, ·)‖2H1
0 (Ω) dt

)1/2

.
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1.5 Fredholm Alternative

Lemma 3 (Fredholm Alternative [1] [8] ) for Periodic Elliptic Equations, Let f ∈ L2(Y ) be a Y
periodic function. Then the boundary value problem

− div (A(y)∇v(y)) = f(y), y ∈ Y, (1.20)

withA ∈Mn×n(R)
admits a Y-periodic solution v ∈ H1

locRn, unique up to an additive constant, if and only if the
right-hand side satisfies the compatibility condition∫

Y

f(y) dy = 0. (1.21)

5



Chapter 2

Basic on homogenization theory

In this chapter , we present the main homogenization methods , namely the multiple scale method
(see [2],[5]) and the oscillating test function method of L.Tartar ([11],[14])

We consider the simplest problem of temperature diffusion inside a bodyΩ ⊂ Rn. The equation
reads {

−div(A(x)∇u(x)) = f(x), inΩ,
u = 0, on ∂Ω.

(2.1)

Here, f is the source of heat inside the material while the tensor A ∈ Mn×n(R) stands for the
diffusion coefficients.

Ω designates the domain occupied by a composite material with periodic structure, its period ϵ (a
positive number which is assumed to be very small in comparison with the size of the domain), and
the unit periodic cellY = (0, 1)n. The presence of differentmaterials insideY is modeled by amatrix
A(y) where y = x

ϵ
∈ Y is the fast periodic variable, while x ∈ Ω is the slow variable. Equivalently,

x is also called the macroscopic variable, and y the microscopic variable. By periodicity, it is easy to
extendA ∈ Rn, and furthermoreA

(
x
ϵ

)
will represent the diffusion coefficients inside the ϵ-periodic

material. and it is also assumed to satisfy certain conditions
aϵij ∈ L∞(Ω),

∃α > 0 such that
n∑

i,j=1

aij(y)ξiξj ≥ α|ξ|2, ∀y ∈ Y, ∀ξ ∈ Rn.
(2.2)

Denoting by uϵ the solution on the periodically microstructured material, we transform the pre-
ceding problem into

6



{
−div(A

(
x
ϵ

)
∇uϵ(x)) = f(x), inΩ,

uϵ = 0, on ∂Ω.
(2.3)

The aim of homogenization is to precisely give the macroscopic properties of the composite by
taking into account the properties of the microscopic structure. Observe that making the hetero-
geneities smaller and smaller means that we ’homogenize’ the mixture, and from the mathematical
point of view this means that ϵ tends to zero. So, the homogenizing problem (2.1) consists of:

1. Study the behavior of uϵ when ϵ tends to 0.

2. Find its limit u∗, if it exists.

3. Give, if possible, a limit problem satisfied by u∗ that will be called the homogenized problem.

2.1 The Multiple Scale Method

Theprinciple of thismethod is to seek a solution of (2.3) in the formof an asymptotic expansion using
multiple scales (i.e., slow and fast variables)

uϵ(x) = u0(x, y) + ϵu1(x, y) + ϵ2u2(x, y) + . . . , (2.4)

with
y =

x

ϵ

where uj(x, y) for j = 1, 2, . . . , such that{
uj(x, y) is defined for x ∈ Ω and y ∈ Y,

uj(x, y) is Y-periodic in y.
(2.5)

Let Φ(x) = Φ(x, y) be a function depending on two variables of Rn and denote by Φϵ the fol-
lowing:

Φϵ(x) = Φ(x,
x

ϵ
), (2.6)

which depends only on one variable. Notice that

∂Φϵ

∂xi
=
∂Φ

∂xi
(x, y) +

1

ϵ

∂Φ

∂yi
(x, y). (2.7)

Then
∇Φϵ(x) = ∇xΦ(x, y) +

1

ϵ
∇yΦ(x, y), (2.8)

divΦϵ(x) = divxΦ(x, y) +
1

ϵ
divyΦ(x, y). (2.9)

Defining the operatorAϵ by
AϵΦϵ = −div(Aϵ∇Φϵ). (2.10)

7



Consequently, substituting (2.8) and (2.9) into (3.27), writeAϵΦϵ as follows:

AϵΦϵ(x) = (ϵ−2A0 + ϵ−1A1 +A2)Φ(x, y), (2.11)

where 
A0 = −divy(A(y)∇y),

A1 = −divx(A(y)∇y)− divy(A(y)∇x),

A2 = −divx(A(y)∇x).

(2.12)

Now, substituting into (3.28)Φϵ by uϵ (2.7) and grouping terms of the same orders in powers of
ϵ gives a hierarchy of an infinite system of equations, the first three systems of which are:

Order ϵ−2 {
A0u0 = 0, in Y,
u0 Y-periodic in y.

(2.13)

Order ϵ−1 {
A0u1 = −A1u0, in Y,
u1 Y-periodic in y.

(2.14)

Order ϵ0 {
A0u2 = f −A1u1 −A2u0, in Y,
u2 Y-periodic in y.

(2.15)

Solution of (2.13):

{
− divy

(
A(y)∇yu0

)
= 0

u0 Y –periodic (2.16)

Then, by the Fredholm alternative (lemma 3), equation (2.16) admits a unique solution (up to an
additive constant that depends only on x).

Multiply (2.16) by u0 and integrating over Y:

−
∫
Y

divy (A(y)∇yu0) u0 dy = 0 (2.17)

Using Green’s formula yields:∫
Y

A(y)∇yu0 · ∇yu0 dy −
∫
∂Y

A(y)∇yu0 u0 · n⃗ ds = 0 (2.18)

Since u0 is Y -periodic, the boundary term vanishes, hence:∫
Y

A(y)∇yu0 · ∇yu0 dy = 0 (2.19)

In view of the ellipticity of A (2.2), we get

0 =

∫
Y

A(y)∇yu0 · ∇yu0 dy ≥ α‖∇yu0‖2 (2.20)

8



That necessitates
∇yu0 = 0 (2.21)

and the fact that
u0(x, y) = u0(x) (2.22)

Solution of (2.14):{
− divx (A(y)∇yu0) = divy (A(y)∇xu0) + divy (A(y)∇yu1) ,

u1 is Y -periodic
(2.23)

Since u0 depends only on x then{
− divy (A(y)∇yu1) = divy (A(y)∇xu0) ,

u1 is Y -periodic
(2.24)

which is equivalent to {
− divy (A(y)∇yu1) = divy (A(y)) .∇xu0,

u1 is Y -periodic
(2.25)

We have ∫
Y

divy (A(y)∇xu0) dy =

∫
Y

∇xu0 · divy A(y)dy (2.26)

=

∫
Y

∇xu0 · divyA(y) dy

=

∫
dy

A(y) dy∇xu0 = 0 (2.27)

According to the Fredholm alternative (lemma 3), problem (2.23) admits a unique solution u1,
up to an additive constant. Owing to the linearity of the operatorA0 and the separability of variables
in the right-hand side of equation (2.25), the solution u1 can be expressed in a simple form

u1(x, y) = χ∇xu0 + ū1(x) (2.28)

=
N∑
k=1

χk
∂u0
∂xk

+ ū1(x) (2.29)

where χ = (χk)1≤k≤N , denotes the solution of the cell problem
χk ∈ H1

per(Y ),

− divy (A(y)∇yχk) = divy (A(y)ek)∫
Y

χk(y) dy = 0.

(2.30)

Solution of (2.15):

9



{
A0u2 = f −A2u0 −A1u1,

u2 is Y -periodic.
(2.31)

Thanks to Fredholm alternative, problem (2.15) admits a unique solution (up to an additive con-
stant if and only if ∫

Y

(f −A2u0 −A1u1) dy = 0 (2.32)

This is equivalent to ∫
Y

(A2u0 +A1u1) dy = f |Y | (2.33)

Where |Y| = measure of Y hence

1

|Y |

[∫
Y

A2u0 dy +

∫
Y

A1u1 dy

]
= f (2.34)

We have ∫
Y

A1 u1 dy = −
∫
Y

divy (A(y)∇xu1) dy −
∫
Y

divx (A(y)∇yu1) dy

= I1 + I2 (2.35)

The first term I1 = 0 by the divergence theorem and the periodicity ofA and u1. Now we consider
I2:

I2 = −
∫
Y

divx
(
A(y)∇yu1

)
dy (2.36)

= −
∫
Y

divx (A(y)∇y χ∇xu0) dy (2.37)

= − divx
(∫

y

A(y)∇yχdy

)
.∇xu0 (2.38)

On the other hand ∫
Y

A2 u0 dy = −
∫
Y

divx (A(y)∇xu0) dy (2.39)

= − divx
(∫

Y

A(y) dy

)
∇xu0 (2.40)

Finally, we get the homogeneous problem

f(x) =
1

|Y |

[
−divx

(
∇xu0

∫
Y

A(y)dy

)
− divx

(∫
Y

(A(y)∇yχ)dy∇xu0

)]

10



Then
− divx

[
1

|Y |

∫
Y

(A(y) + A(y)∇xχ(y)) dy∇xu0

]
(2.41)

which can be read

− divx
(
AH∇xu0

)
= f(x) (2.42)

Where the homogenized coefficientAH = (aHij )1≤i,j≤n is explicitly given by

aHik =
1

|Y |

∫
Y

[
aik(y) +

n∑
j=1

aij(y)
∂χk
∂yj

(y)

]
dy (2.43)

It remains to find the boundary conditions that u0 needs to fulfill. Here, since uϵ = 0 on ∂Ω, the
multiscale expansion gives at order ϵ0:

u0(x, y) = u0(x) = 0 on ∂Ω (2.44)

Therefore, the homogenized problem is{
− divx

(
AH∇xu0

)
= f(x) inΩ,

u0 = 0 on ∂Ω.
(2.45)

2.2 The oscillating test function method

The Oscillating Test Function Method is a very elegant and highly efficient technique for rigorously
homogenizing partial differential equations. It was developed by the mathematician Tartar in his
works(see [15],[11]). This method is also called the energy method.

Theorem 17 The sequence uϵ of solutions of equation (2.45) converges weakly inH1
0 (Ω) to a limit

u0, which is the unique solution of the homogenized problem:{
− div

(
AH∇u0

)
= f(x) inΩ,

u0 = 0 on ∂Ω.
(2.46)

Proof : We know that uϵ is a solution of∫
Ω

A(x)∇uϵ(x) · ∇v(x) dx =

∫
Ω

f(x)v(x) dx, ∀v ∈ H1
0 (Ω)

with f ∈ L2(Ω). This problem can be written as∫
Ω

aij(x)
∂uϵ

∂xj

∂v

∂xi
dx =

∫
Ω

f(x)v(x) dx, ∀v ∈ H1
0 (Ω) (2.47)

Taking v = uϵ and using the ellipticity ofAϵ and Poincare inequality:

α‖uϵ‖2H1
0 (Ω) ≤

∫
Ω

aij(x)
∂uϵ

∂xj

∂uϵ

∂xi
dx =

∫
Ω

f(x)uϵ(x) dx ≤ C‖f‖L2(Ω)‖uϵ‖H1
0 (Ω)
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which gives
‖uϵ‖H1

0 (Ω) ≤ C‖f‖L2 (2.48)

Then, we can extract a subsequence, still denoted by uϵ, such that{
uϵ ⇀ u∗ inH1

0 (Ω),

uϵ → u∗ in L2(Ω)

We put

pϵi = aij(x)
∂uϵ

∂xj
, (2.49)

It follows from (2.48) that
‖pϵi‖L2(Ω) ≤ C

Therefore we can extract a subsequence, still denoted by pϵi , such that

pϵi → p∗i in L2(Ω).

Equation (2.47) can be written∫
Ω

pϵi
∂v

∂xi
dx =

∫
Ω

f(x)v(x) dx, ∀v ∈ H1
0 (Ω) (2.50)

which gives in the limit∫
Ω

p∗i
∂v

∂xi
dx =

∫
Ω

f(x)v(x) dx, ∀v ∈ H1
0 (Ω). (2.51)

Thanks to Green’s formula, it yields

−
∫
Ω

∂p∗i
∂xi

v dx =

∫
Ω

f(x)v(x) dx. (2.52)

Hence, in the sense of distributions

−∂p
∗
i

∂xi
= f, a.e. inΩ. (2.53)

It remains to find the relation between p∗i and u∗. Note that in (2.49) aij and
∂uϵ

∂xj
converge weakly

so we cannot pass to the limit in aij ∂u
ϵ

∂xj
. To overcome this difficulty, we use Luc Tartar’s method (the

method of oscillating test functions). We define the function

wϵ(x) = xk + ϵχ(x/ϵ),

where χk is the solution of the cell problem. It is obvious that

wϵ → xk in L2(Ω).

12



On the other hand, we have

− ∂

∂xi

(
aϵij
∂wϵ

∂xj

)
= −

(
∂

∂xi
+

1

ϵ

∂

∂yi

)[
aij(y)

(
∂

∂xj
+

1

ϵ

∂

∂yj

)
(xk + ϵχk(y))

]
= −

(
∂

∂xi
+

1

ϵ

∂

∂yi

)[
aij(y)

(
δjk +

∂χk
∂yj

)]
= −

(
1

ϵ

∂

∂yi

[
aij(y)

(
δjk +

∂χk
∂yj

)])
= 0

Thenwϵ satisfies the equation

− ∂

∂xi

[
aϵij
∂wϵ

∂xj

]
= 0 onΩ. (2.54)

The associated variational formulation is∫
Ω

aϵij(x)
∂wϵ

∂xj

∂v

∂xi
dx = 0, ∀v ∈ H1

0 (Ω). (2.55)

We now take in (2.50), v = ϕuϵ, with ϕ ∈ D(Ω),we obtain∫
Ω

aϵij(x)
∂wϵ

∂xj

(
∂ϕ

∂xi
uϵ + ϕ

∂uϵ

∂xi

)
dx = 0, ∀ϕ ∈ D(Ω). (2.56)

Similarly, taking in (2.47), v = ϕwϵ with ϕ ∈ D(Ω), we obtain∫
Ω

aϵij(x)
∂uϵ

∂xj

(
∂ϕ

∂xi
wϵ + ϕ

∂wϵ

∂xi

)
dx =

∫
Ω

fϕwϵ dx, ∀ϕ ∈ D(Ω). (2.57)

Therefore, by subtraction, it yields∫
Ω

[
aϵij(x)

∂uϵ

∂xj
wϵ − aϵij(x)

∂wϵ

∂xj
uϵ
]
∂ϕ

∂xi
dx =

∫
Ω

fϕwϵ dx, ∀ϕ ∈ D(Ω). (2.58)

We pass to the limit in this identity and use the following convergences:

uϵ → u∗ in L2(Ω),

aϵij(x)
∂uϵ

∂xj
= pϵi ⇀ p∗i ,

wϵ → xk in L2(Ω),

aϵij(x)
∂wϵ

∂xj
⇀

〈
aϵij(x)

∂wϵ

∂xj

〉
=

〈
aij(y)

(
δjk +

∂χk
∂yj

)〉
= aHik.

We obtain ∫
Ω

[
pϵixk − aHiku

∗] ∂ϕ
∂xi

dx =

∫
Ω

fϕxk dx, ∀ϕ ∈ D(Ω). (2.59)
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Using Green’s formula, we get∫
Ω

∂

∂xi

(
pϵixk − aHiku

∗)ϕ dx =

∫
Ω

fϕxk dx, ∀ϕ ∈ D(Ω). (2.60)

which gives in the distributional sense

∂

∂xi

(
pϵixk − aHiku

∗) = fϕxk. (2.61)

By using (2.53), we get

p∗k = aHik
∂u∗

∂xi
. (2.62)

Hence,

− ∂

∂xi

(
aHik

∂u∗

∂xi

)
= f. (2.63)

This relation shows that u∗ and u0 verify the same problem. Hence

u∗ = u0. (2.64)
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Chapter 3

Homogenization of the Wave Equation

In this chapterwe are concernedwith the asymptotic behaviour as ϵ→ 0of the solutionuϵ = uϵ(x, t)
of the wave equation : 

∂2uϵ
∂t2

− div (Aϵ(x)∇uϵ) = fϵ, inΩ×]0, T [

uϵ = 0, on ∂Ω×]0, T [

uϵ(x, 0) = u0ϵ , inΩ
∂uϵ(x,0)

∂t
= u1ϵ , inΩ

(3.1)

where, as in the previous chapter, the operators div and ∇ are taken with respect to the space
variable x ∈ Ω and ′ denotes the derivative with respect to the time variable t ∈]0, T [ with T > 0.
We suppose that we are given the source term fϵ and the initial states u0ϵ and u1ϵ . The matrixAϵ is Y
periodic and is defined by

aϵij(x) = aij

(x
ϵ

)
a.e. onRN , ∀i, j = 1, . . . , N (3.2)

and

Aϵ(x) = A
(x
ϵ

)
= (aij(x))1≤i,j≤N a.e. onRN , (3.3)

where {
aij = aji, ∀i, j = 1, . . . , N

aij is Y -periodic, ∀i, j = 1, . . . , N
(3.4)

and
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A = (aij)1≤i,j≤N ∈M(α, β, Y ).

3.1 Existence and uniqueness

LetΩ be a bounded open set inRN and consider the following problem:

∂2u

∂t2
− div(A∇u) = f inΩ×

]
0, T [

u = 0 on ∂Ω×]0, T [
u(x, 0) = u0(x) inΩ
∂u

∂t
(x, 0) = u1(x) inΩ

(3.5)

under the following assumptions:


i) A is symmetric and elliptic
ii) f ∈ L2(Ω×]0, T [)

iii) u0 ∈ H1
0 (Ω)

iv) u1 ∈ L2(Ω)

(3.6)

Let us introduce the space

W =

{
v | v ∈ L2

(
0, T : H1

0 (Ω)
)
,
∂v

∂t
∈ L2(Ω×]0, T [)

}
This is a Banach space with the graph norm defined by

‖v‖W = ‖v‖L2(0,T ;H1
0 (Ω)) +

∥∥∥∥∂v∂t
∥∥∥∥
L2(Ω×]0,T [)

Then, the variational formulation of problem (3.5) is:

Find u ∈ W such that(
∂2u

∂t2
, v

)
H−1(Ω).H1

0 (Ω)

+
∫
Ω
A(x)∇u(x, t)∇u(x)dx

=
∫
Ω
f(x, t)v(x)dx inD′(0, T ). ∀v ∈ H1

0 (Ω)
u(x, 0) = u0(x) inΩ
∂u

∂t
(x, 0) = u1(x) inΩ.

(3.7)

Theorem 18 Suppose that assumptions (3.6) are fulfilled. Then problem (3.7) has a unique solution
u ∈ W . Moreover.

u ∈ L∞ (0, T ;H1
0 (Ω)

)
,

∂u

∂t
∈ L∞ (0, T ;L2(Ω)

)
,

∂2u

∂t2
∈ L2

(
0, T ;H−1(Ω)

)
16



and there exists a constant c depending on α, β,Ω, and T such that
‖u‖L∞(0,T ;H1

0 (Ω)) +

∥∥∥∥∂u∂t
∥∥∥∥
L∞(0,T ;L2(Ω))

+

∥∥∥∥∂2u∂t2
∥∥∥∥
L2(0,T ;H−1(Ω))

≤ c
(
‖f‖L2(Ω×]0,T ) + ‖u0‖L2(Ω) + ‖u1‖H1

0 (Ω)

)
.

(3.8)

For the proof, we need the classical Gronwall lemma [9]:

Lemma 4 Let v a function inC([0, T ]) and suppose that there exists a positive number γ such that

v(t) ≤ γ +

∫ t

0

v(τ)dτ. ∀t ∈ [0, T ], (3.9)

Then
v(t) ≤ γeT , ∀t ∈ [0, T ].

Of theorem: In the proof,we will use the Faedo-Galerkin method[[4]]. It is known from the
spectral theory on self-adjoint operator that there exists a complete orthonormal system (ωj)j∈N of
L2 (Ω) given by the eigenfunction of the operator− div (A∇) (see [12]). The corresponding eigen-
values (λj)j∈N verify λj → +∞ as j → +∞. Furthermore, ( ωj ) is also a complete orthogonal
system inH1

0 (ω).Let Let (λj)j∈N be the eigenvalues of the operator− div(A∇), consider the func-
tions ωj be the solutions of the problems

− div (A∇ωj) = λjωj inΩ (3.10)

The functions (ωj)j∈N constitute a system of eigenvalues of the operators − div(A∇)and form
a complete orthonormal system ofL2 (Ω). Let Vm be the space spanned by {ω1, . . . , ωm} and intro-
duce the projection operatorPm from L2 (Ω) to Vm defined by

Pmv =
m∑
i=1

(v, ωi)ωi, ∀v ∈ L2 (Ω)

From classical results on Hilbert spaces, one has

(i) Pmv → v strongly in L2(Ω), for all v ∈ L2(Ω)

(ii) ‖Pm‖L(L2(Ω),L2(Ω)) ≤ 1

Next we introduce, for anym ∈ N∗, the finite dimensional approximate problem

Find um =
∑m

j=1 g
m
j (t)wj ∈ Vm such that∫

Ω

∂2um
∂t2

(x, t)wkdx +
∫
Ω
A(x)∇um(x, t)∇wkdx

=
∫
Ω
f(x, t)wkdx. inD′(0, T ) ∀k = 1, . . . ,m

um(x, 0) = u0m(x) inΩ
∂um
∂t

(x, 0) = u1m(x) inΩ,

(3.11)
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where, according to assumptions (3.6)(iii) and (3.6)(iv), we set

u0m = Pmu
0. u1m = Pmu

1

From the properties of Pm, we have{
i) u0m → u0 strongly inH1

0 (Ω)
ii) u1m → u1 strongly in L2(Ω)

(3.12)

Since um =
∑m

j=1 g
m
j (t)wj we obtain:∫

Ω

∂2um
∂t2

(x, t)wkdx+

∫
Ω

A(x)∇um(x, t)∇wkdx =

∫
Ω

f(x, t)wk

⇒
∫
Ω

∂2

∂t2
(
m∑
j=1

gmj (t)wj)(x, t)wkdx+

∫
Ω

A(x)∇(
m∑
j=1

gmj (t)wj)∇wkdx =

∫
Ω

f(x, t)wk

⇒
m∑
j=1

∫
Ω

∂2

∂t2
gmj (t)wj · wkdx+

m∑
j=1

∫
Ω

A(x)∇gmj (t)wj∇wkdx =

∫
Ω

f(x, t)wk

⇒
m∑
j=1

∂2

∂t2
gmj (t)(wj, wk) +

m∑
j=1

gmj (t)

∫
Ω

A(x)∇wj∇wkdx =

∫
Ω

f(x, t)wk

⇒ ∂2

∂t2
gmk (t) +

m∑
j=1

gmj (t)

∫
Ω

A(x)∇wj∇wkdx =

∫
Ω

f(x, t)wk

Similarly, we also find:
m∑
k=1

gmj (0)wk =
m∑
k=1

(u0, wk)wk

m∑
k=1

∂

∂t
gmj (0)wk =

m∑
k=1

(u1, wk)wk

From the previous equations and because {w1, w2 . . . , wm} is a basis forVm, problem (3.11) is equiv-
alent to the following system of m linear ordinary differential equations of the second order with
unknowns gm1 , . . . , gmm :

d2gmk
dt2

+
∑m

j=1 g
m
j (t)

∫
Ω
A∇wj∇wkdx =

∫
Ω
f(x, t)wkdx

gmk (0) = (u0, wk)
(gmk )

′ (0) = (u1, wk)

for any k = 1, . . . ,m. Classical results of ODEs (see [7]) give the existence and uniqueness in
C1([0, T ]) of a solution {gm1 , . . . , gmm} of this system on the interval [0, T ]. Hence, um is determined

and um and
∂um
∂t

are inC1 ([0, T ];Vm).
A priori estimatesWe will now prove that um satisfies some a priori estimates. To do so, let us

multiply the k th equation in (3.11) by
∂

∂t
gmk∫

Ω

∂2um
∂t2

(x, t)
∂

∂t
gmk (t)wkdx+

∫
Ω

A(x)∇um(x, t)∇(
∂

∂t
gmk (t)wkdx =

∫
Ω

f(x, t)
∂

∂t
gmk (t)wkdx.

18



and sum over k from 1 to m we obtain
m∑
k=1

∫
Ω

∂2um
∂t2

(x, t)(
∂

∂t
(gmk )(t)wk)dx+

m∑
k=1

∫
Ω

A(x)∇um(x, t)∇(
∂

∂t
(gmk )(t)wkdx

=
m∑
k=1

∫
Ω

f(x, t)(
∂

∂t
gmk )(t)wkdx

.

Then∫
Ω

∂2um
∂t2

(x, t)
∂um
∂t

(x, t)dx+

∫
Ω

A(x)∇um(x, t)∇
∂um
∂t

(x, t)dx =

∫
Ω

f(x, t)
∂um
∂t

(x, t)dx

(3.13)
We have: ∫

Ω

∂2um
∂t2

(x, t)
∂um
∂t

(x, t) =
1

2

∂

∂t

∫
Ω

(
∂um
∂t

(x, t))2dx

Due to the symmetry ofAwe have∫
Ω

A(x)∇um(x, t)∇
∂um
∂t

(x, t)dx =
1

2

∂

∂t

∫
Ω

A(x)∇um(x, t)∇um(x, t)dx.

Hence, by using the inequality

a2 + b2 ≥ 2ab, ∀a, b ∈ R+

(3.13) can be rewritten as

∂

∂t

(∥∥∥∥∂um∂t
∥∥∥∥2
L2(Ω)

+

∫
Ω

A(x)∇um(x, t)∇um(x, t)dx

)
≤ 2‖f‖L2(Ω)

∥∥∥∥∂um∂t
∥∥∥∥
L2(Ω)

≤ ‖f‖2L2(Ω) +

∥∥∥∥∂um∂t
∥∥∥∥2
L2(Ω)

Integrating on (0, t)with t ≤ T and using the ellipticity ofA. we get∥∥∥∥∂um∂t (t)

∥∥∥∥2
L2(Ω)

+ α ‖um(x, t)‖2H1
0 (Ω)

≤
∥∥u1m∥∥2L2(Ω)

+

∫
Ω

A∇u0m∇u0mdx+
∫ T

0

‖f‖2L2(Ω)dt+

∫ t

0

∥∥∥∥∂um∂t (τ)

∥∥∥∥2
L2(Ω)

dτ

≤
∥∥u1m∥∥2L2(Ω)

+ β
∥∥u0m∥∥2H2

0 (Ω)
+ ‖f‖2L2(Ω×(0,T )) +

∫ t

0

∥∥∥∥∂um∂t (τ)

∥∥∥∥2
L2(Ω)

dτ.

Using properties of the projection Pm, we finally have∥∥∥∥∂um∂t (t)

∥∥∥∥2
L2(Ω)

+ α ‖um(x, t)‖2H1
0 (Ω)

≤
∥∥u1∥∥2

L2(Ω)
+ σ

∥∥u0∥∥2
H1

0 (Ω)
+ ‖f‖2L2(Ω×(0,T ))

+

∫ t

0

[∥∥∥∥∂um∂t (τ)

∥∥∥∥2
L2(Ω)

+ α ‖um(τ)‖2H1
0 (Ω)

]
dτ.
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Applying now Gronwall’s lemma with

γ =
∥∥u1∥∥2

L2(Ω)
+ α

∥∥u0∥∥2
H1

0 (Ω)
+ ‖f‖2L2(Ω×(0,T )),

we deduce the a priori estimate

‖um‖L∞(0,T ;H1
0 (Ω)) +

∥∥∥∥∂um∂t
∥∥∥∥
L∞(0,TiL2(Ω))

≤ c1

(
‖f‖L2(ΩΩ×0,T ) +

∥∥u0∥∥
L2(Ω)

+
∥∥u1∥∥

H1
0 (Ω)

)
,

where c1 depends only onα, β. Ω andT . It remains to obtain an a priori estimate for
∂2um
∂t2

. Observe
that the equation in (3.11) implies that(

∂2um
∂t2

(t), v

)
L2(Ω)

= (− div(A∇um(t)) + f, v)L2(Ω) , ∀v ∈ Vm.

This signifies that
∂2um
∂t2

(t) = − [Pm (F (um) + f)] (t),

whereF = − div(A∇). We obtain∥∥∥∥∂2um∂t2

∥∥∥∥
L2(0,T ;H−1(Ω))

≤ c2

(
‖f‖L2(Ω×|0,T ) +

∥∥u0∥∥
L2(Ω)

+
∥∥u1∥∥

H1
0 (Ω)

)
≤ c3,

where c2 and c3 are constants independent ofm. Consequently,

‖um‖L∞(0,T ;H1
0 (Ω)) +

∥∥∥∥∂um∂t
∥∥∥∥
L∞(0,T ;L2(Ω))

+

∥∥∥∥∂2um∂t2

∥∥∥∥
L2(0,T ;H−1(Ω))

≤ c
(
‖f‖L2(Ω×]0,T [) +

∥∥u0∥∥
L2(Ω)

+
∥∥u1∥∥

H1
0 (Ω)

)
,

(3.14)

where c depends only on α, β,Ω and T .

In this step we pass to the limit in the approximate problem. Estimate (3.14) implies (Theorem 5), up
to a subsequence, the following convergences

um ⇀ u weakly ∗ in L∞ (0, T ;H1
0 (Ω)) ,

∂um
∂t

⇀
∂u

∂t
weakly* in L∞ (0, T ;L2(Ω)) ,

∂2um
∂t2

⇀
∂2u

∂t2
weakly in L2 (0, T ;H−1(Ω)) .

(3.15)

Let us now pass to the limit in (3.11) form→ ∞. letψ ∈ D(0, T ) and v ∈ H1
0 (Ω). Multiplying the

equation in (3.11) by (v, wk)L2(Ω) ψ. Summing over k from 1 tom and integrating in t over ( 0, T ).
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we get 

∫ T

0

∫
Ω

∂2um
∂t2

(x, t)ψ(t) (Pmv) (x)dx dt

+

∫ T

0

∫
Ω

A(x)∇um(x, t)ψ(t)∇ (Pmv) (x)dx dt

=

∫ T

0

∫
Ω

f(x, t)ψ(t) (Pmv) (x)dx dt.

(3.16)

By integration by parts with respect to t . We get

−
∫ T

0

∫
Ω

∂um
∂t

(x, t)
∂ψ

∂t
(t) (Pmv) (x)dx dt

+

∫ T

0

∫
Ω

A(x)∇um(x, t)ψ(t)∇ (Pmv) (x)dx dt

=

∫ T

0

∫
Ω

f(x, t)ψ(t) (Pmv) (x)dx dt.

(3.17)

Here, all the terms pass to the limit thanks to convergences (3.15). We obtain

−
∫ T

0

∫
Ω

∂u

∂t
(x, t)

∂ψ

∂t
(t)v(x)dx dt+

∫ T

0

∫
Ω

A(x)∇u(x, t)ψ(t)∇v(x)dx dt

=

∫ T

0

∫
Ω

f(x, t)ψ(t)v(x)dx dt

(3.18)

So we deduce∫ T

0

∫
Ω

∂u

∂t
(x, t)

∂ψ

∂t
(t)v(x)dx

= −
∫ T

0

〈
∂2u

∂t2
(t), ψ(t)v

〉
H−1(Ω)·H1

0 (Ω)

dt+

∫ T

0

∂

∂t

∫
Ω

∂u

∂t
(x, t)ψ(t)v(x)dx dt

= −
∫ T

0

〈
∂2u

∂t2
(t), ψ(t)v

〉
H−1(Ω)·H1

0 (Ω)

dt

since ψ(0) = ψ(T ) = 0. This together with (3.18) shows that u satisfies

−
∫ T

0

〈
∂2u

∂t2
(t), ψ(t)v

〉
H−1(Ω)·H1

0 (Ω)

dt+

∫ T

0

∫
Ω

A(x)∇u(x, t)ψ(t)∇v(x)dx dt

=

∫ T

0

∫
Ω

f(x, t)ψ(t)v(x)dx dt.

(3.19)

It remains to check that the initial conditionsu(x, 0) = u0(x) and ∂u
∂t
(x, 0) =u1(x) are satisfied.

Choose in (3.17) (which is still valid if ∂ψ
∂t

∈ C∞({0, T}) ) a function ψ ∈ C∞([0, T ]) such that
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∂ψ
∂t
(0) = 1 and ∂ψ

∂t
(T ) = 0. Then from (3.17), we get

−
∫ T

0

∫
Ω

∂um
∂t

(x, t)
∂ψ

∂t
(t) (Pmv) (x) dx dt

+

∫ T

0

∫
Ω

A(x)∇um(x, t)ψ(t)∇ (Pmv) (x)dx dt

=

∫ T

0

∫
Ω

f(x, t)ψ(t) (Pmv) (x)dx dt+

∫
Ω

u1m(x) (Pmv) (x)dx

where we pass to the limit to obtain

−
∫ T

0

∫
Ω

∂u

∂t
(x, t)

∂ψ

∂t
(t)v(x)dx dt+

∫ T

0

∫
Ω

A(x)∇u(x, t)ψ(t)∇v(x)dx dt

=

∫ T

0

∫
Ω

f(x, t)ψ(t)u(x)dx dt+

∫
Ω

u1(x)v(x)dx

As u ∈ C ([0, T ];L2(Ω)), we have∫ T

0

〈
∂2u

∂t2
(t), ψ(t)

∂v

∂t

〉
H−1(Ω)·H1

0 (Ω)

+

∫
Ω

∂u

∂t
(x, 0)v(x)dx +

∫ T

0

∫
Ω

A(x)∇u(x, t)ψ(t)∇v(x)dx dt

=

∫ T

0

∫
Ω

f(x, t)
∂ψ

∂t
(t)v(x)dx dt+

∫
Ω

u1(x)v(x)dx

Since (3.19) is still valid for ψ ∈ C∞([0, T ]). we deduce that∫
Ω

∂u

∂t
(x, 0)v(x)dx =

∫
Ω

u1(x)v(x)dx, ∀v ∈ H1
0 (Ω)

This implies that ∂u
∂t
(x, 0) = u1(x). To obtain the other initial condition, let us choose in (3.17) a

function ψ ∈ C∞([0, T ]) such that ψ(0) = 0. ∂ψ
∂t
(0) = 1 and ∂ψ

∂t
(T ) = ∂ψ

∂t
(T ) = 0. We get, by

integrating twice by parts with respect to t.∫ T

0

∫
Ω

um(x, t)
∂2ψ

∂t2
(t) (Pmv) (x)dx dt+

∫ T

0

∫
Ω

A(x)∇um(x, t)ψ(t)∇ (Pmv) (x)dx dt

=

∫ T

0

∫
Ω

f(x, t)ψ(t) (Pmv) (x)dx dt−
∫
Ω

u0m(x)v(x)dx

where we pass to the limit and obtain∫ T

0

∫
Ω

u(x, t)
∂2ψ

∂t2
(t)v(x) dx dt+

∫ T

0

∫
Ω

A(x)∇u(x, t)ψ(t)∇v(x) dx dt

=

∫ T

0

∫
Ω

f(x, t)ψ(t)v(x) dx dt−
∫
Ω

u0(x)v(x) dx
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We integrate by parts with respect to t in the first term, and get∫ T

0

〈
∂2u

∂t2
(t), ψ(t)v

〉
H−1(Ω)·H1

0 (Ω)

dt−
∫
Ω

u(x, 0)v(x)dx

+

∫ T

0

∫
Ω

A(x)∇u(x, t)ψ(t)∇v(x)dx dt =
∫ T

0

∫
Ω

f(x, t)ψ(t)v(x)dx dt

−
∫
Ω

u0(x)v(x)dx.

This implies u(x, 0) = u0(x).
This concludes the existence of a solution u to the problem (3.7).

Uniqueness Let u1 and u2 be two solutions corresponding to the same data. Their difference
w = u1 − u2 satisfies (3.5) with f ≡ 0, u0 ≡ 0 and u1 ≡ 0, namely

〈
∂2w

∂t2
(t), v

〉
H−1(Ω),H1

10(Ω)

+
∫
Ω2
A(x)∇∂u

∂t
(x, t)∇v(x)dx = 0 inD′(0, T ). ∀v ∈ H1

0 (Ω)

w(x, 0) = 0 inΩ
∂w

∂t
(x, 0) = 0 inΩ.

Taking into account the result of the previous step:

‖w‖L∞(0,T ;H1
0 (Ω)) +

∥∥∥∥∂w∂t
∥∥∥∥
L∞(0,T ;L2(Ω))

+

∥∥∥∥∂2w∂t2
∥∥∥∥
L2(0,T ;H−1(Ω))

≤ 0.

Hence,
w = 0

Therefore:
u1 = u2

3.2 The homogenization result



∂2uϵ

∂t2
− div (Aϵ(x)∇uϵ) = f, inΩ×]0, T [

uϵ = 0, on ∂Ω×]0, T [

uϵ(x, 0) = uϵ0, inΩ
∂uϵ(x, 0)

∂t
= uϵ1, inΩ

(3.20)

We assume that the solution uϵ(x, t) to the wave equation has the following two-scale asymptotic
expansion:

uϵ(t, x) = u0(t, x, y) + ϵu1(t, x, y) + ϵ2u2(t, x, y) + · · · , (3.21)
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With
y =

x

ϵ

and
aϵij = aij

(
x

y

)
(3.22)

aij = aj, for i, j = 1, . . . , N,

aij is Y -periodic, for all i, j = 1, . . . , N,

A = (aij)1≤i,j≤N ∈M(α, β, Y )

(3.23)

where each uϵ(t, x, y) is periodic with respect to y ∈ Y = [0, 1]n.

∂2uϵ

∂t2
=

∂2

∂t2
(
u0 + ϵu1 + ϵ2u2

)
(3.24)

divuϵ = divxu+
1

ϵ
divyu (3.25)

∇uϵ = ∇xu+
1

ϵ
∇yu (3.26)

Defining the operatorAϵ by
AϵΦϵ = −div(Aϵ∇Φϵ). (3.27)

Consequently, using (3.26) and (3.25) into (3.27), one can writeAϵΦϵ as follows:

AϵΦϵ(x) = (ϵ−2A0 + ϵ−1A1 +A2)Φ(x, y), (3.28)

where 
A0 = −divy(A(y)∇y),

A1 = −divx(A(y)∇y)− divy(A(y)∇x),

A2 = −divx(A(y)∇x).

(3.29)

By substituting equations (3.21), (3.24), (3.25), and (3.26) into equation (3.20), we obtain

∂2

∂t2
(u0+ϵu1+ϵ

2u2)−
(
divx +

1

ϵ
divy

)(
A(y)

(
∇x +

1

ϵ
∇y

)
(u0 + ϵu1 + ϵ2u2)

)
= f (3.30)

Hence

ϵ0
[
∂2u0
∂t2

− divx(A∇xu0)− divx(A∇yu1)− divy(A∇xu1)− divy(A∇yu2)

]
− 1

ϵ
[divx (∇yu0) + divy(A∇xu0) + divy(A∇xu2) + divy(A∇Y u1)]

− 1

ϵ2
divy(∇Y u0) = f

Therefore,
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On order ϵ−2 {
− divy(A∇yu0) = 0
u0 is Y –periodic (3.31)

On order ϵ−1 {
− divX(A∇yu0)− divy(A∇xu0)− divy(A∇yu1) = 0
u1 is Y –periodic (3.32)

On order ϵ0 ∂2u0
∂t2

− divx(A∇xu0)− divx(A∇yu1)− divy(A∇xu1)− divy(A∇yu2) = f

u2 is Y -periodic
(3.33)

Now, substituting into (3.28) Φϵ by uϵ (2.7) and grouping terms of the same orders in powers of ϵ
gives a hierarchy of an infinite system of equations, the first three systems of which are:

Order ϵ−2 {
A0u0 = 0, in Y,
u0 Y-periodic in y.

(3.34)

Order ϵ−1 {
A0u1 = −A1u0, in Y,
u1 Y-periodic in y.

(3.35)

Order ϵ0 A0u2 = f − A2u0 − A1u1 −
∂2u0
∂t2

,

u2 is Y -periodic.
(3.36)

Solution (3.34):

{
− divy

(
A(y)∇yu0

)
= 0

u0 Y –periodic (3.37)

Then, by the Fredholm alternative (lemma 3) equation (2.26) admits a unique solution(up to
an additive constant that depends on x only)

Multiply (2.26) by u0 and integrating over Y

−
∫
Y

divy (A(y)∇yu0) u0 dy = 0 (3.38)

Using integration by parts(Green’s formula):∫
Y

A(y)∇yu0 · ∇yu0 dy −
∫
∂Y

A(y)∇yu0 u0 · n⃗ ds = 0 (3.39)

Since u0 is Y -periodic, the boundary term vanishes, hence:∫
Y

A(y)∇yu0 · ∇yu0 dy = 0 (3.40)
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By the coercivity of A(2.2 ) we get

0 =

∫
Y

A(y)∇yu0 · ∇yu0 dy ≥ α‖∇yu0‖2 (3.41)

that necessitates

∇yu0 = 0 (3.42)

and the fact that

u0(x, y, t) = u0(x, t) (3.43)

Solution of (3.35):{
− divy (A(y)∇yu1) = −divx (A(y)∇yu0)− divy (A(y)∇xu0) ,

u1 is Y -periodic
(3.44)

Then {
− divy (A(y)∇yu1) = divy (A(y)∇xu0) ,

u1 is Y -periodic
(3.45)

We have ∫
Y

divy (A(y)∇xu0) dy =

(∫
Y

divy A(y) dy
)
· ∇xu0 (3.46)

=

∫
Y

∇xu0 · divyA(y) dy

=

∫
dy

A(y) dy∇xu0 = 0 (3.47)

Then, after Lemma A, problem (2.33) has a unique solution

u1(x, t, y) = χ∇xu0 + ũ1(x, t) (3.48)

=
N∑
k=1

χk
∂u0
∂xk

+ ũ1(x) (3.49)

where χ = (χk)1≤k≤N , denotes the solution of the cell problem
χ ∈ H1

per(Y ),

− divy (A(y)∇yχ) = divy (A(y)e)∫
Y

χ(y) dy = 0.

(3.50)

Solution of (2.15)
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divy (A(y)∇yu0) = f − ∂2u0
∂t2

+ divx (A(y)∇xu0) + divx (A(y)∇yu1) +divy (A(y)∇xu2)

u2 is Y -periodic.
(3.51)

The solution to the problem (2.15) is as follows:A0u2 = f − A2u0 − A1u1 −
∂2u0
∂t2

,

u2 is Y -periodic.
(3.52)

We show that (2.44) has a unique solution using the Fredholm alternative∫
Y

(
f − A2u0 − A1u1 −

∂2u0
∂t2

)
dy = 0 (3.53)

this is equivalent to ∫
Y

(
A2u0 + A1u1 +

∂2u0
∂t2

)
dy = f |Y | (3.54)

Where |Y| = measure of Y hence

1

|Y |

∫
Y

(
A2u0 + A1u1 +

∂2u0
∂t2

)
dy = f (3.55)

Hence
1

|Y |

[
∂2u0
∂t2

+

∫
Y

A2u0 dy +

∫
Y

A1u1 dy

]
= f (3.56)

We have

∫
Y

A1 u1 dy = −
∫
Y

divy (A(y)∇xu1) dy −
∫
Y

divx (A(y)∇yu1) dy

= I1 + I2 (3.57)

The first term I1 = 0 by the divergence theorem and the periodicity of A and u1. Now we
consider I2:

I2 = −
∫
Y

divx
(
A(y)∇yu1

)
dy (3.58)

= −
∫
Y

divx (A(y)∇y χ∇xu0) dy (3.59)

= − divx
(∫

y

A(y)∇yχdy

)
.∇xu0 (3.60)
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On the other hand ∫
Y

A2 u0 dy = −
∫
Y

divx (A(y)∇xu0) dy (3.61)

= − divx
(∫

Y

A(y) dy

)
∇xu0 (3.62)

Finally, we get the homogeneous problem

f(x) =
1

|Y |

[
−divx

(
∇xu0

∫
Y

A(y)dy

)
− divx

(∫
Y

(A(y)∇yχ)dy∇xu0

)]
Then

− divx
[

1

|Y |

∫
Y

(A(y) + A(y)∇xχ(y)) dy∇xu0

]
(3.63)

which can be read

− divx
(
AH∇xu0

)
+
∂2u0
∂t2

= f (3.64)

Where the homogenized coefficientAH = (aHij )1≤i,j≤n is explicitly given by

aHik =
1

|Y |

∫
Y

[
aik(y) +

n∑
j=1

aij(y)
∂χk
∂yj

(y)

]
dy (3.65)

It remains to find the boundary conditions that u0 needs to fulfill. Here, since uϵ = 0 on ∂Ω, the
multiscale expansion gives at order ϵ0:

u0(x, y) = u0(x) = 0 on ∂Ω (3.66)

Therefore, the homogenized problem is− divx
(
AH∇xu0

)
+
∂2u0
∂t2

= f inΩ,

u0 = 0 on ∂Ω.
(3.67)

Tartar’s Method of Oscillating Test Functions:
Let us now consider problem (3.1) and suppose we are given fϵ ∈ L2(Ω×]0, T [), u0ϵ ∈ H1

0 (Ω)
and u1ϵ ∈ L2(Ω). The variational formulation of problem (3.1) is

Find uϵ ∈ W2 such that〈
∂2uϵ
∂t2

(t), v

〉
H−1(Ω),H1

0 (Ω)

+

∫
Ω

Aϵ(x)∇uϵ(x, t) · ∇v(x) dx

=

∫
Ω

fϵ(x, t)v(x) dx inD′(0, T ), ∀v ∈ H1
0 (Ω),

uϵ(x, 0) = u0ϵ(x) inΩ,
∂uϵ
∂t

(x, 0) = u1ϵ(x) inΩ.

(3.68)
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Theorem19 provides the existence and uniqueness of a solution uϵ such that

uϵ ∈ L∞(0, T ;H1
0 (Ω)),

∂uϵ
∂t

∈ L∞(0, T ;L2(Ω)).

We now study the asymptotic behaviour of problem (3.68) as ϵ→ 0.the oscillations in (3.68) are
only due to the variable x, so that in the homogenization process, the variable t will play the role of a
parameter. In fact, we have the following result:

Theorem 19 Suppose that fϵ ∈ L2(Ω×]0, T [), and u0ϵ ∈ H1
0 (Ω), u1ϵ ∈ L2(Ω). Let uϵ be the

solution of (3.68) withAϵ defined by (3.22)–(3.23). Assume that
i) u0ϵ ⇀ u0 weakly inH1

0 (Ω),

ii) u1ϵ ⇀ u1 weakly in L2(Ω),

iii) fϵ ⇀ f weakly in L2(Ω×]0, T [).

(3.69)

Then, one has the convergences
i) uϵ ⇀ uweakly* in L∞(0, T ;H1

0 (Ω)),

ii)
∂uϵ
∂t

⇀
∂u

∂t
weakly* in L∞(0, T ;L2(Ω)),

iii) Aϵ∇uϵ ⇀ A0∇uweakly in L2(Ω×]0, T [)N ,

where u is the solution of the homogenized problem:

∂u2

∂t
− div(A0∇u) = f inΩ×]0, T [,

u = 0 on ∂Ω×]0, T [,

u(x, 0) = u0(x) inΩ,
∂u

∂t
(x, 0) = u1(x) inΩ.

(3.70)

and the homogenized matrixA0 is given by:

A0
ij =

∫
Y

A(y)(∇yχj(y) + ej) · ei dy (3.71)

Proof: we apply Tartar’s method of oscillating test functions.
SinceAϵ ∈M(α, β,Ω), from assumption (3.69) and estimate (3.8) we have

‖uϵ‖L∞(0,T ;H1
0 (Ω)) +

∥∥∥∥∂uϵ∂t
∥∥∥∥
L∞(0,T ;L2(Ω))

+

∥∥∥∥∂2uϵ∂t2

∥∥∥∥
L2(0,T ;H−1(Ω))

≤ c
(
‖fϵ‖L2(Ω×]0,T [) + ‖u0ϵ‖L2(Ω) + ‖u1ϵ‖H1

0 (Ω)

)
≤ c1,

(3.72)

where the constant c1 is independent of ϵ.
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Then, if ξϵ is defined by

ξϵ(x, t) = (ξϵ1(x, t), . . . , ξ
ϵ
N(x, t)) = Aϵ(t)∇uϵ(x, t), (3.73)

from the assumptions onAϵ, one has in particular

‖ξϵ‖(L2(Ω×]0,T [))N ≤ βc1.

These estimations, provide the existence of a subsequence, still denoted by ϵ, such that

i) uϵ ⇀ u weakly* in L∞(0, T ;H1
0 (Ω))

ii) uϵ → u strongly in L2(Ω×]0, T [)

iii)
∂uϵ
∂t

⇀
∂u

∂t
weakly* in L∞(0, T ;L2(Ω))

iv) ξϵ ⇀ ξ0 weakly in (L2(Ω×]0, T [))N

(3.74)

From definition (3.73) and problem (3.68), one has that ξϵ satisfies∫ T

0

∫
Ω

ξϵ(x, t) · ∇v(x)φ(t) dx dt =
∫ T

0

∫
Ω

fϵ(x, t)v(x)φ(t) dx dt

+

∫ T

0

∫
Ω

∂u

∂t
(x, t)v(x)

∂φ

∂t
(t) dx dt,

(3.75)

for any v ∈ H1
0 (Ω) and φ ∈ D(0, T ), where we can pass to the limit due to convergences (3.69)

and (3.74). we obtain that ξ0 satisfies∫ T

0

∫
Ω

ξ0(x, t) · ∇v(x)φ(t) dx dt =
∫ T

0

∫
Ω

f(x, t)v(x)φ(t) dx dt

+

∫ T

0

∫
Ω

∂u

∂t
(x, t)v(x)

∂φ

∂t
(t) dx dt,

(3.76)

This implies for all φ ∈ D(0, T );∫ T

0

[∫
Ω

ξ0(x, t) · ∇v(x) dx−
∫
Ω

f(x, t)v(x) dx

−
∫
Ω

∂2u

∂t2
(x, t)v(x) dx

]
φ(t) dt = 0

(3.77)

Hence 
〈∂

2u

∂t
(t), v〉H−1(Ω),H1

0 (Ω) +

∫
Ω

ξ0(x, t) · ∇v(x) dx

=

∫
Ω

f(x, t)v(x) dx inD′(0, T ), ∀v ∈ H1
0 (Ω)

(3.78)

Let us prove that

ξ0 = A0∇u (3.79)
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We will once again employ the oscillating test functions wϵλ , which are defined by wϵλ(x) =
ϵwλ

(
x
ϵ

)
= λ · x− ϵχλ

(
x
ϵ

)
, where the function xλ is solution of cell problem.

We recall the following convergences:{
(i) wϵλ ⇀ λ · x weakly inH1(Ω),

(ii) wϵλ → λ · x strongly in L2(Ω),
(3.80)

and set ηϵλ = tAϵ∇wϵλ, which satisfies the convergence :

ηϵλ ⇀MY (
tA∇wλ) = tA0λ weakly in (L2(Ω))N . (3.81)

and the equation ∫
Ω

ηϵλ · ∇v dx = 0, ∀v ∈ H1
0 (Ω).

Let ψ ∈ D(Ω). Choose here v = ψuϵφ and integrate on ]0, T [. Then∫ T

0

∫
Ω

ηϵλ · ∇uϵ(x, t)ψ(x)φ(t) dx dt+
∫ T

0

∫
Ω

ηϵλ · ∇ψ(x) uϵ(x, t)φ(t) dx dt = 0. (3.82)

Taking v = ψwϵλ in (3.75) and subtracting from (3.82), we obtain∫ T

0

∫
Ω

ξϵ(x, t) · ∇ψ(x)wϵλ(x)φ(t) dx dt−
∫ T

0

∫
Ω

ηϵλ · ∇ψ(x) uϵ(x, t)φ(t) dx dt

=

∫ T

0

∫
Ω

fϵ(x, t)ψ(x)w
ϵ
λ(x)φ(t) dx dt+

∫ T

0

∫
Ω

∂

∂t
u(x, t)ψ(x)wϵλ(x)

∂φ

∂t
(t) dx dt.

where we pass to the limit by using convergences (3.69), (3.74), (3.80), and (3.81). We obtain∫ T

0

∫
Ω

ξ0(x, t) · ∇ψ(x)(λ · x)φ(t) dx dt−
∫ T

0

∫
Ω

tA0λ · ∇ψ(x) u(x, t)φ(t) dx dt

=

∫ T

0

∫
Ω

f(x, t)ψ(x)(λ · x)φ(t) dx dt+
∫ T

0

∫
Ω

∂u

∂t
(x, t)ψ(x)(λ · x)∂φ

∂t
(t) dx dt.

From equation (3.78), by the same computation as in Section 2.2, we deduce (3.79).
To show that u satisfies the initial conditions in (3.70), we first choose a function in (3.82) as

follows:
ψ ∈ C0([0, T ])

such that

∂ψ

∂t
(0) = 1 and

∂ψ

∂t
(T ) = 0.

Then, when passing to the limit, one obtains

∂u

∂t
(x, 0) = u1(x),
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in view of the convergences (3.69) and (3.74) .Then, choosing in (3.75) a function

ψ ∈ C0
0([0, T ])

such that

ψ(0) = 0,
∂ψ

∂t
(0) = 1, ψ(T ) = 0,

∂ψ

∂t
(T ) = 0,

and passing again to the limit, one obtains

u(x, 0) = u0(x).

Finally, observe that sinceA0 is elliptic provides the uniqueness of the solution of problem (3.70).
Consequently, the whole sequences in (3.74) converge. This concludes the proof.
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Conclusion

In this work, we have presented a study on the homogenization of the wave equation. This study
is based on the multiple scale and the oscillating test function methods. After we have proved the
existence and the uniqueness of the solution, we have shown a homogenization results concerning
wave equation.

As a perspective of this work we can look for a numerical results by applying a multiscale finite
element method to demonstrate the effectiveness of the proposed approach in simplifying complex
models.
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Abstract

Abstract

This research aims to study the homogenization of thewave equationwith periodically oscillating
coefficients, using two main approaches: the Two-Scale Asymptotic Expansions and the Oscillating
Test FunctionMethod. We begin by presenting the theoretical foundations of homogenization, then
we study the existence and uniqueness of the solution along with the homogenization results, and
finally we provide some homogenization results.

Keywords:Homogenization, Wave equation, Two-scale expansion, Oscillating test function.

Résumé

Cette recherche vise à étudier l’homogénéisation de l’équation d’onde à coefficients oscillants
périodiquement, en utilisant deux approches principales : les développements asymptotiques à deux
échelles et laméthode des fonctions tests oscillantes. Nous commençons par présenter les fondements
théoriques de l’homogénéisation, puis étudions l’existence et l’unicité de la solution, et enfin four-
nissons quelques résultats d’homogénéisation.

Mots-clés :Homogénéisation, Équationdes ondes,Développement asymptotique àdeux échelles,
fonctions tests oscillantes.

ڲڪٌۘ
:ඔ൹ފ٭྘ཬر ඔ൹༶ዛዊ݁ ً؇ݿٺ༱ڎام ዻዧوذ ،؇ً࿌دور اৎ৊ٺڍࢻ۰ًࣕ اৎ৊أ؇ఈః݁ت ذات ۰༥ިৎ৊ا ᄭᄟ݁أ؇د ྵฺ؇෠ູ ොຳت ሌᇿإ اᄴᄟراݿ۰ ۱ڍه ዛኤڎف
ቕ቉ ،ྵฺ؇༶اܳٺ ܳأ݄ܹ٭۰ ل۰ اܳٷޙݠ ا৙৑ݿݴ ًأݠض ਊ಻ڎأ اৎ৊ٺڍࢻ۰ًࣕ. ا৖৑ۊٺٴ؇ر ᄭᄟدا لگ۰ وޗݠ اৎ৊گ٭؇س، ۰ਃಮ؇਍ು ۰૭૙؇༶ٺৎ৊ا ଫଃ༚ اܳٺިݿأ؇ت

.ྵฺ؇༶اܳٺ ༇຀؇ਐ಻ ًأݥ َأݠض وأଫଃ༠اً وو༡ڎا྘ཹٺ۬، اࠍ੆ܭ وۏިد ࢾࣖرس
اৎ৊ٺڍࢻ۰ًࣕ ا৖৑ۊٺٴ؇ر ᄭᄟدا اৎ৊گ؇྘཯ݴ، ݁ٺأڎدة اܳٺިݿأ؇ت ،۰༥ިৎ৊ا ᄭᄟ݁أ؇د ،ྵฺ؇༶اܳٺ اिऻء׫ոؼמ١: اڤոஈ࿦࿮ت
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