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L'objectif de cette thése est de présenter une étude approfondie du calcul fractionnaire
et de ses applications a la résolution des équations différentielles d’ordre fractionnaire en
utilisant les matrices opérationnelles en combinaison avec les polynomes orthogonaux.
L’étude se concentre sur l'utilisation de polynéomes spécifiques, tels que les polynomes de
Bernstein, les polyndmes de Legendre décalés et les polynomes de Jacobi décalés, ainsi
que les matrices opérationnelles fractionnaires pour développer des méthodes numériques
efficaces. Les résultats sont illustrés par des exemples numériques, mettant en évidence
lefficacité de ces méthodes .

Mots-clés : Matrices opérationnelles fractionnaires, polyndmes de Bernstein, polynomes
de Legendre décalés, polyndomes de Jacobi décalés

| .

The objective of this thesis is to provide a comprehensive study of fractional calculus and
its applications in solving fractional-order differential equations using operational matrix
based on orthogonal polynomials. Our results are based on some orthogonal polynomials,
such as Bernstein and shifted Legendre polynomials, shifted Jacobi polynomials and
fractional operational matrix. Our results are illustrated by a numerical examples, The
results highlighting the effectiveness of these methods .

Key words : Fractional operational Matrix, Bernstein polynomials, shifted Legendre
polynomials, shifted Jacobi polynomials.
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Notations

Symbole Meaning

I'(.) Euler gamma function

B(,.) Beta function

LP({a. bLR) The set of all measurable functions ]1 , defined for 1 <
p <+00 defined by |Ifll, = (f[u,b] £17)"

L'([a,b],R) The Lebesgue integrable function space on [a, b]

[.] The integer part

B(s) Bernstein polynomials

P,(3) Legendre polynomials

P*(3) Shifted Legendre polynomials

BV P Boundary value problem

) Operational matrix of the fractional derivative of order
a

[a] The smallest integer greater than or equal to «
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Introduction

Fractional calculus occupies a significant position within various domains of mathematics.
The genesis of fractional calculus can be traced back to an inquiry posed in the year 1695
by Marquis de L'Hépital (1661-1704) directed towards Gottfried Wilhelm Leibniz (1646-1716).

Leibniz formally introduced the notation to denote the derivative of order n = % On

n
September 30, 1695, Leibniz [21] articulatedxa response stating: "It is an apparent paradox
from which, one day, useful consequences will be drawn.” In 1819, Lacroix allocated two pages
(pp. 409-410) to the discussion of fractional calculus within his comprehensive 700-page treatise,
titled "Traité du Calcul Différentiel et du Calcul Intégral,” ultimately demonstrating that

d: L2
dv% Yz

Subsequently, in 1869, Laurent, in 1884, Nekrassov in 1888, Krug in 1890, and Weyl in 1917
further contributed to this field.

The concept of fractional derivatives was articulated by prominent mathematicians such as Eu-
ler in the year 1730, followed by Lagrange in 1772, Laplace in 1812, Lacroix in 1819, Fourier in
1822, Liouville in 1832, Riemann in 1847, Greer in 1859, Holmgren in 1865, Griinwald in 1867,
Letnikov in 1868, Sonin in 1869, Laurent in 1884, Nekrassov in 1888, Krug in 1890, and Weyl
in 1917.

The concept of generalizing integration and differentiation to encompass non-integer orders has
been present since the foundational development of integral and differential calculus. Nonethe-
less, notwithstanding the extensive scope of potential applications, this domain has garnered
minimal scholarly attention until recent times. For instance, fractional calculus finds application
in the modeling of viscoelastic materials, continuous media possessing memory, the transfor-
mation of temperature and humidity across atmospheric strata, diffusion equations, among
various other fields. At a macro level, it is acknowledged that the hereditary characteristics and
memory inherent in numerous processes, phenomena, and materials can be effectively modeled
utilizing fractional operators. In this context, differential equations that incorporate fractional
derivatives have recently been validated as instrumental in the modeling of a diverse array
of structures across several scientific disciplines. In light of the rapidly accelerating develop-
ments and inquiries within the realm of fractional calculus, numerous scholarly works have been
undertaken; refer to [3] [4,8,11,30,37,44,46, 50, 63].

Given that theoretical advancements facilitate a more profound comprehension of fractional
models, a considerable number of mathematicians have concentrated their efforts on examining
the existence of solutions for various configurations of fractional differential equations through
an array of methodologies and techniques. For examples, see [2,5, 18,2232 36,51,57,59].
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The equations of fractional order serve as the foundational framework for the mathematical
representation of processes occurring within fractal media. In the course of developing mathe-
matical models for geophysical processes, The introduction of the notion of the effective rate of
change pertaining to specific physical quantities that characterize the simulated processes results
in the formulation of differential equations that incorporate a combination of fractional differen-
tiation operators originating from various sources. Similar to numerous other integro-differential
equations, fractional-integral and fractional-differential equations resist exact solutions. Con-
sequently, it becomes imperative to develop approximate methodologies for their resolution.
Recently, a plethora of scholarly works concerning the fractional Caputo-Fabrizio derivative
have been disseminated by Rezapour et al. [16]- [50]. A considerable number of comprehensive
articles and reviews exist, notably including the work by Stan~ek [56], which examined the
existence, multiplicity, and uniqueness of solutions; Ibrahim et al. [25], who investigated the
existence and uniqueness of solutions for the boundary value problem; and Agarwal et al. [39],
who explored the singular fractional Cauchy problem. An essential domain within contempo-
rary mathematics is the exploration of fractional derivatives, which facilitates the examination
of a relatively extensive class of equations.

Fractional calculus has become an indispensable tool across numerous fields of applied sci-
ence, including control theory, economics, optics, thermodynamics, aerodynamics, mechanical
systems, image and signal processing, biology, and biochemistry. In these disciplines, it has
demonstrated both efficiency and effectiveness in a wide array of applications. See [16,17,47].
Over recent years, a substantial body of scientific literature has emerged, examining various
classes of boundary value problems and integro-differential initial value problems using different
forms of fractional derivatives, alongside key properties such as stability and positivity. The
growing scope and impact of these studies underscore the flexibility of fractional calculus in
formulating mathematical models. Many of these theoretical investigations are grounded in
fixed point theory , see [41,48,49].

In practice, theoretical analyses are often complemented by numerical methods to obtain
approximate solutions, which are vital for handling real-world problems. The following sections
highlight several notable studies in this context

In [33], the homotopy method was applied to derive approximate solutions for the SEIR
epidemic model incorporating fractional parameters. Other numerical techniques for similar
problems are discussed in [34,46,52]. For instance, Chadha et al. proposed the Faedo-Galerkin
approximation method to address a neutral nonlocal fractional differential equation within a
separable Hilbert space. Further approximation methods have been explored in works such
as [13,24,28],Among these, Bernstein polynomials are particularly notable for their useful prop-
erties, including continuity and the partition of unity on the interval [0, 1] [43].

In recent years, a variety of numerical approaches have been formulated for solving fractional
differential equations, including the g-homotopy analysis transform method (HATM) [53] and
the collective cubic uniform B-spline method (CUBSA) [54].

The standard finite difference method (SFDA) [42] , along with Fourier spectral tech-
niques [55], has been successfully applied to a wide range of challenges in fields such as physics,
engineering, and population dynamics [29] . Moreover, advanced tools like the Elzaki transform
and quadruple decomposition have been employed to address intricate problems, including the
Navier-Stokes equations [62] and inverse source problems related to fractional diffusion mod-



els [45]. Furthermore, hyperbolic and exponential ansatz techniques have been proposed to
improve analytical precision and to investigate solution behaviors of ‘fifth-order Korteweg—de
Vries equations [15] One notable application involves the mathematical modeling of a mechan-

ical device known as a “thermostat.” This problem was formulated as a second-order boundary
value problem on the interval [0,1] and analyzed in [19].
This thesis is organized as follows:

Chapter 1: we covers the theoretical essential foundations for the research. It introduces
key definitions of special functions such as the Gamma and Beta functions and explores frac-
tional integrals and derivatives in the Riemann-Liouville and Caputo senses. Important results
and properties, including the relationships between fractional integrals and derivatives, are also
discussed to set the groundwork for subsequent chapters.

Chapter 2:we focuses on solving a fractional boundary value problem (BVP) for a thermo-
stat model. Bernstein’s collocation method combined with Legendre polynomials is employed
to derive approximate solutions. The chapter establishes sufficient conditions for the existence
and uniqueness of solutions and provides numerical examples to demonstrate the efficiency of
the proposed method.

Chapter 3:This chapter presents advanced techniques for solving fractional-order differential
equations using operational matrices and shifted Legendre polynomials. It details the funda-
mental properties of Legendre polynomials, such as orthogonality and recurrence relations, and
utilizes these properties in constructing solutions. Several examples are provided to illustrate
the applicability of the method.

Chapter 4:This chapter introduces a method based on shifted Jacobi polynomials for solving
fractional-order differential equations. The operational matrix for fractional integration is de-
veloped and applied to obtain accurate numerical solutions. Illustrative examples are included
to compare the results with alternative approaches.
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1.1 Special functions

1.1.1 Gamma function

Definition 1.1.1: [2(] N

The Euler gamma function I'(z) is defined by the so-called Euler integral of the second
kind:

r(z)zf t“le7'dt, Re(z)>0. (1.1)
0

For this function the reduction formula

oo o
r(z+1):J e 't*dt=[—e ' t? ;;g°+zf e "t 'dt =zI(z)
0

0

holds; it is obtained from (1.1) by integration by parts.

J
1.1.2 Beta function
Definition 1.1.2: [2(] N
The beta function is defined by the Euler integral of the first kind:
1
B(z,w)= f t“ ' 1—1)""'dt,(Re(z)>0,Re(w)>0). (1.2)
0
This function is connected with the gamma functions by the relation
I'(0)(p)
B6,0)=——, 0,0>0
(6,0) IO +0) o
J

1.2 Integrals and fractional derivatives

1.2.1 Fractional derivatives in the sense of Griinwald-Letnikov

The main idea behind the Griinwald-Letnikov fractional derivative is to generalize the classical
definition of integer-order differentiation of a function to arbitrary orders.
The classical derivative (of order 1) of a function f at a point ¢ is defined as:

—flt—h
f(t) ]}:(t )- (13)

f'(#)=lim

By successive differentiation of the function f, a generalization of equation (1.3) to order n



(where n is a non-negative integer) takes the form:

t)—hm—Z( 1) ( ) —kh), (1.4)

n_ n! :n(n—l)---(n—k+1). (15)
k] kl(n—k) k!
If n is positive, equation (1.4) represents the derivative of order n, and if n is negative, it

represents the repeated integral of order n.
Using the fundamental property I'(n+1)=n!, for all n € N, we can write:

wfn) (=n)—n+1)--(—n+k—1)
=1) (k)_ k! '

where

(1.6)

Definition 1.2.1: (Griinwald-Letnikov fractional derivatives ) [2(]

If f is a continuous function on the interval [a, t], the fractional derivatives of order 8
and —@ in the sense of Griinwald-Letnikov are defined as follows:

1 <& TI(k—6

k=0

which is equivalent to the integral representation:

LD f(t)=—— | (=g Qe (18)
o) |

Similarly, the negative-order derivative is given by:

CL o 1 & T(k+6) B
D7 f(1)=]im 2= 92r(k+1)r(0)ﬂt kh), (1.9)

which corresponds to the integral form:

LD (1) = f (1= (e, (1.10)

\ Proposition 1.2.1: (Fractional derivative of (r —a)?) ’

The fractional derivative in the sense of Griinwald-Letnikov of order g of the polynomial
function f(t)=(t—a)? is given by:

re+1) _
“Lpid(t—a)f=———"~ (t—a)?, 1.11
fi—af = s g =9 (1.11)
where:
(g<0,6>—-1) or (0<m<g<m+1,0>m). (1.12)




The Griinwald-Letnikov fractional derivative of order 8 of a constant function f(t)=C is
defined by:

0 —0
“'pc=c (t—a)™?. (1.13)

1
r1-e)

Proposition 1.2.3: (Composition with integer-order derivatives) [ ]

Let m be a strictly positive integer and g be a non-integer. Then:

dm

dtm(GLD"f(t) GED"™ f(¢), (1.14)
GL d GL ym+ <~ f¥a) __\k—g-m
D"(dtmf(t)) D" f(t)— 2 T—q— erl)( a)-am, (1.15)

Proposition 1.2.4: Composition of fractional derivatives [ |

We have three distinct cases:
1. If g <0 and for all p eR:

“EDP(CID f(1))= "D f(1). (1.16)
2.f0<m<qg<m+1, p<0, and the function f satisfies:
f®a)=0, Vk=0,1,...,m—1, (1.17)

then:
6L pP(SLDI f(1) = LD f(x) (1.18)

3. If0<m<g<m+1,0<n<p<n+1 and the function f satisfies:
f®a)=0, Vk=0,1,...,max(m,n)—1, (1.19)

then:
CEDP(CED] f(1))=C"DJ(“"DP f(1))=""DP* f(1). (1.20)

1.2.2 Integral and derivative in the sense of Riemann-Liouville

If f is locally integrable on (c,+00), then the nth integral of f is given by

D)= fdsl J s, J flsds, === f (t=s)"" fls)ds,

for almost every ¢ with —1<c¢ <t <1 and n €N (since I'(n)=(n—1)!). There is an immediate
generalization, namely the fractional integral of f of order 8 > 0.

7



Definition 1.2.2: Integrals of Arbitrary Order

The left and right Riemann-Liouville integrals of order 8 > 0 of the function f € L(a, b)
are defined by:

15,00 = s f (—2ffQds te(ab] (1.21)
and
b
t/b(f)(f) G )J =) f()de, tela,b) (1.22)

respectively.

B o2

When 6 = n €N, definitions (1.21) and (1.22) correspond respectively to the n-th integrals
of the form:

(‘t
0=y | «-ar@ae,
and
=
L= | ¢-0ms@a

—g Example 1.2.1 &

Consider the function f(t)=(t—a)?. Then,

o = [ e—rp—
Ln(t=aF =5 f (t=0’ (¢ ~a)dl

and, using the change of variable { =a +(t —a)s, one obtains

_ 0+ 1
1° (t—a)P = MJ (1—s)°"'sds
0

ol (o)
B(H’Q"i'l) 0+
—F(O) (t—a)’™®
Io+1) o+
—I"(Q+9+1)(t a)’"e, (1.23)

where B(0,p +1) is Euler’s Beta function.




\ Remark 1.2.2 ’

o Notice that this is a generalization of the case 8 =1 because:

F(Q + 1)( a)g+1 — L(t —(,Z)Q-H.

Loyt = )9_1“( +2) o+1

o Relation (1.23) shows that the fractional integral in the Riemann-Liouville sense of
order @ of a constant is given by:

o ~_ C Y
Ia/tC—r(H_H)(t a). (1.24)

\

\ Proposition 1.2.5 ’

Let 6 and p be two complex numbers and f be continuous on [a, b]. Then:

1.
Ifﬁt(ffqtf) 12 f; ((0)>0, R(o)>0)
2.
jt( 10, f )0 =(170 ) R0)>1
)

lim (17, £)(1)=£(0); 9(0)>0.

Ca

1. Using Fubini’s theorem, we have

Iae—n‘(lu—)t t r(g)f (t )6 ! Iag_)tf)(s)ds»

which can be written as

61 1
r(e)r( f f (t=5)"" (s =0 f)dL ds.

Changing the order of integration yields

1 01 o—-1
r(a)r(g f(C)U (s=2) ds]dz.

With the substitution s =+ (f —{)u and using Euler’s Beta function, one obtains

I(6)X(o)

01 -1 _ 0+p—1
L(t s (s=0) ds=(r=¢)"* 0+0)




Hence,

1127 = Rt [ pie—ere-taz=(1e e

2. This follows by applying classical differentiation theorems for integrals depending
on a parameter and using the relation I'(6)= (68 —1)I'(0 —1).

3. From (1.24)

0 _(t_a)e +
(12.1)e )=Tan ) w0-0"

Thus, for any fixed ¢ we have

(£— 1 t 0-1
— r— —f(t)|d
I ORs 1)f( 0 f (=0 [f @)= fn)ag
Splitting the integral and using the continuity of f on [a, b] (so that for every € >0
there exists 0 > 0 such that if |[{—¢| < 0 then |f({)—f(t)| <€), one obtains estimates
which imply that

lim (ILI F)in)=f2)

Definition 1.2.3: Derivatives of arbitrary order [(] ~

The left and right Riemann—Liouville derivatives of order 8 > 0 of the function f € L(0, T)
are defined by:

dr dr !
an(f)(t)Z—[Ia”__,f ](t)z ! U (t—g)"—f’—lf(g)dg), n=[01+1,1.25)

dtn [(n—0)dtr
and
nd” ( 1)" -
Dy (0= dtn[ 17 f )= —0)dtn U (S i év)dév) n=[0]+{.26)
respectively.

In particular, when 8 = n €N, then
D/ f(t)=,D,f(t)=f(1)

D f()=f"(t) and D) f(1)=(=1"f"(1),
where f(z) denotes the classical nth derivative of f(z). If 0< 0 <1 then

ooy 1 d ([,
oD, (f)(t)_—l"(l—e)dt(fa (t=0) f(Z)dC), t>a,

10




and

d b
tDﬂme:—ruiHYE;(f(g—nﬁf@ym), r<b.

\ Remark 1.2.3 ’

o The fractional integral and the fractional derivative (to the left, respectively to the
right) in the Riemann-Liouville sense—are used for the past (respectively future) of

f.

e The fractional integral in the Riemann—Liouville sense of order 8 >0 is exactly the

fractional derivative in the Riemann-Liouville sense of order —6.

—g Example 1.2.2 &

Consider the function f(¢)=(f—a)?. Then the Riemann-Liouville derivative of order

0 >0 of f is given by:

0 _ 1 ar t _\n—0-1»
Df(t=a) = —F(n—H)dtn(L(t oo a)@dg)
— ar r(g+1) _ +n—0
= dm[ﬂg+1+n—9ﬂt ay }
and since
d:n[(t—a)9+”_‘9]=(g+n—0)(g+n—9—1)---(g—0+1)(t—a)9_9,

replacing (1.28) into (1.27) yields:

aDte(t_a)g = r(g ) (t_a)g_e-

(1.27)

(1.28)

(1.29)

B Io—6+1)
B o2 |

o This clearly generalizes the case 8 =1 since:

_T(p+1)
~ I(p)

LlDtl(t _a)g

» Replacing p =0 in (1.29), we obtain

‘()=

oD r(1-e0)’

11

(t—a)P'=p(t—a)'= i(t—a)g.




that is, the Riemann—Liouville fractional derivative of order 6 of a constant is given
by:
C

I1—0)
Thus, the Riemann—Liouville fractional derivative of order 8 of a constant is neither
zero nor constant.

D/ (C)= (t—a)™.

Let o >p >0, for fe€L”([a,b],RY),(1<p <+00), we have
(2615 f)(8) =15 f(s)
almost everywhere on [a, b]. In the particular case p = p, we get

(2515 F)s)=f(s)

For p >0, if f € L'([a,b],R") and I,; ?f € AC"([a, b],RN), then we have

n (n—k) —k
n—p (0)s©
1 )3 0

k=1

(1.30)

almost everywhere on [a, b], where n—1< p <n.

If p>0 and p >0, then at almost point s €[a, b], we have
I8UP f(s)= I8 f(s),

for f € LP([a,b],RY) where 1 < p <+00. Si g+ p > 1, the last equality holds at any
point of [a, b].

Lemma 1.2.4: [ ]

If p>0and p >0, then
I(p)setr!

gsP =
0+3 I(o—p)
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\ Remark 1.2.5 ’

We have the following useful axioms :
(H1) For 0 < v< p, the equality 9&’+ﬂ£f(z)= L7 f(2) holds ;
(H2) For p >—1 such that p#v—j (j=1,2,...,n), we have for z>0

97 2P — [(1+p)

o —mzp‘” and 20,2"7=0, (j=1,2,..,n). (1.31)

Proposition 1.2.6: | |

Let u>0 and k=[u]+1. The general solution to the homogeneous equation
Dy f(£)=0,
in 6([0,1,R)N.£%([0,1],R) is
f()=cit" T+ oth 2+ ..+ t* ™ tel0,1],

where ¢, c,,...,cr €R.

Proposition 1.2.7: | ]

Assume that u >0, f is contained in the space 6([0,1],R)NL!([0,1],R) and k =[u]+1.
Then
ILDLE) = f()— i tF T — ' 2 — e — g t* 7, (1.32)

with ¢, ¢,,...,cr €R.

1.2.3 Derivative in the sense of Caputo

Definition 1.2.4: [2(]

Let k—1<u<k with k=[u]+1 and f:(0,4+00)— R belongs to AC*®)((0,00),R). Then

1

P e

f (z—s)" 1 fW(s)dss, (1.33)
0

is called the Caputo fractional derivative of order u such that it exists.
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\ Remark 1.2.6 ’ ’

We have the following :
(1) For 0 < u < p the equality 2".¢° f(z)=#P7* f(z) holds;

(2) For p>—1 with p#u—j (j=1,2,..,n) and for each z >0, we have

P — I'1+p)

_ ZP™ and 9Mz¢ =0, (j=1,2,..,n). 1.34
Ip—u+1) ! .

Proposition 1.2.8: [ ]

Suppose that is contained in the space L(0,1)N%6(0,1) and k=[u]+1. Then

IP PP f(2)= f(2)+ Co+ 12+ 22+ + ey 257! (1.35)

such that ¢y, c,,...,c_; €R.

1.2.4 Relation between fractional derivatives in the sense of Caputo and
those of Riemann-Liouville

\ Proposition 1.2.9 ’
If 6 eR, and f is a sufficiently regular function on the interval [a, b], then the left (resp.
right) Caputo fractional derivative is related to the left (resp. right) Riemann-Liouville
fractional derivative by:
n—1 (")(a)
Do () =FD? )= @, _ =0 n=[0]+1 1.36
(fO="D] -2 gt =@ n=l0] (1.36)
respectively,
n—1 (k)(b)
“Df(t)=2D? f(£)— f—b—tk“’, =[0]+1 1.37
FO="Df0=2 g b= n=16] (1.37)
In particular, when 0 < 8 <1, we have:
CDH — RDH _ f(a) 0 1.
o () ="Dy f(1)= gy (=) (1.38)
and
b)
SO="D f(6) =gy —1) (1.39)

14



Ca

The Taylor expansion of f at a is given by:

(t_a)z 7 (t_ )nl

(n—-1)
f ( (n—l)! f (a)+Rn—1! (14())

f(O)=fla)+(t—a)f'(a)+

where:

1

_ ‘ __~\yn—1 p(n) _L ‘ __~\n—1 p(n) _gn g(n)
Rn_l—(n_l)!fa(r oy f (5)d§—r(n)L(r QAL =120 (141)

Using the linearity of the Riemann-Liouville fractional derivative operator, we obtain:

n—1
D f(t)="D! L O(Fik+1) a)+R, (1.42)
which simplifies to:
RDHf(t):nZ_IRDG ﬂf(k)(a)]+RD9Rn_l (1.43)
“ e~ 4| I(k+1) “
From known properties of the Riemann-Liouville derivative, we obtain:
"2 ()= L=V a0 oy (1.44)
=i T(k—0+ a4
which gives:
RDIf(t)= S (t=af f¥a)+Dlf(1) (1.45)
a e 0F(k 9+1 a

The same reasoning applies for equation (1.37).

\ Remark 1.2.7 ’ )

The relations (1.36) and (1.37) can also be rewritten as:

‘D] f(t)="D] f(t)—ZfUZEa)(t—a)k , n=[0]+1 (1.46)
| k=0 : i
and
[ n=1 r(k) )
‘D f(1)="D/ f(t)—sz(,b)(b—t)k . n=[0]+1 (1.47)
k=0 . i

In particular, when 0 < 8 <1, we obtain:




“DYf(t)="DC(f(t)— f(a)) (1.48)

and

“D? F(1)="DP(f(2)- (b)) (1.49)

1.2.5 Properties of fractional derivatives

\ Proposition 1.2.10: (Linearity) ’

If D? is any fractional derivative operator of order p > 0, for all f and g such that D” f(t)
and DPg(t) exist, we have:

DPAf(t)+ug(t) =AD" f(t)+uDPg(t), YAueC (1.50)

Ca

For example, if D” is the Griinwald-Letnikov operator, by definition we have:

= I'(k—p)
G*DY(Af (1) + pg(t) =lim b~ pzl“(k+1)1“’(j—p (Af(t—KkR)+pg(t—kh)
o Tlk—p)
= 2 orep /Y

=0

N (k—p)

—AG“DP f(t +,uG DPg(t )

For the Riemann-Liouville fractional derivative of order p (where n—1< p < n), based
on definition (1.25) and the linearity of classical integral and derivative, we get:

an ('
RDF(Af(t)+ug(r))= ! U (t—C)”""l(/lf(l)+ug(5))d5)

F(n—p)%

:Ar(n ) d U (=" lf(éf)dl)

1 d”" I
Ny (L(r—c) ' lg(z)dz)

=ARD} f(t)+uR“DFg(t)

16



We know that the Leibniz rule for computing the n-th derivative of the product of two
functions f(t) and g(t) is given by:

dn B n n " -
dtn(f(t)g(t))—;(k)f (1)g" (1) (1.51)

Replacing integer n with a real parameter p in the right-hand side of (1.51), we obtain
the formula:

”(f(t)g(t))=Z(Z)f”‘)(t)D(”‘“g(t)—R,’,’, n=[pl+1 (1.52)
k=0
where: . ,
(D)= s J (t=0)""g(Q)d¢ L e —¢ryag (1.53)
with:
lim RP(1)=0 (1.54)

Thus, we have a generalization of the Leibniz rule for fractional orders. If f and g and
all their derivatives are continuous on [a, t], the Leibniz rule for fractional differentiation
in the sense of Grinwald-Letnikov or Riemann-Liouville is written as:

g f(t)g(t))=Z(Z)f“”(t)D“’"”g(t) (1.55)
k=0
B Rooiizs | |

According to formula (1.36), the Leibniz rule in the case of the Caputo derivative is written
as:

C ~ (f(1)g(2)* .
CD}(f(r)g(t))= (p )f“”(t)R”Df’ * Q¢ —ayr. (1.56)
2 -3 LS

1.2.6 Integration by parts

This subsection relates to the integration by parts formula for fractional derivatives of Riemann-
Liouville and Caputo.

17



\ Theorem 1.2.1 ’

Let 0< 0 <1 and f,g be two sufficiently regular functions on [a, b], for all t €(a,b). We
have:

rt
f [eD? fO)e@)dr= FQ)|Elg2))az (1.57)
[RD9 ]g(z)dz— f({)[RDe 0))ae (1.58)
Jt
In particular:
rb [’
[eD! r)g)ac = | fQ)|EDle)])as (1.59)
J[l a
J [5D! F()]g()ds =T(1—0) d—g( Z—s)? f(s)ds)g(g)dg
— —0 /
= m_g) U f(s)ds)g(g)dz
(=t

+|T(1—-0)g(2) f (a—s)—ef(s)ds]
a l{=a

= ! t t P - Y
- F(I—O)L U (€= g@)di)f(s)ds

1 ! .
+8( g H)L(H) f(s)ds

[ oeets
—0
g(t)r(l—H)L t—s)"f(s)

=f FS)[*D gls)—g( T —0)(¢ —s) )] ds
1 ! »
g | (s roas
=f f6)[ED/g(s)]ds

=J FQ[ED g0)]as

18



The formula (1.58) is proved in the same way.

\ Remark 1.2.9 ’ )

In the case of the Riemann-Liouville fractional derivative, we see that no boundary term
appears in this formula, but in the case of the Caputo derivative, we have:

\ Theorem 1.2.2 ’

Let 0< 0 <1 and f, g be two sufficiently regular functions on [a, b], for all ¢ €(a, b).

We have:

J[SDﬁf(Z)]gmd5= J FOIEDL ()] dL +8(D1 = f(1)— fl@)[=0g(a) (1.60)
b f'b

J $D! F(0)]g(0)as = J FO[EDL D] AL +g(OIZE f(1)— F(b)Z g(b) (1.61)

In particular:

b
J D¢ F(0)]g0)ds = J FQ[EDE] A +gB)1=0 f(b)~ f(@)]“g(a) (1.62)

. J

@

The proof follows similar steps as before by incorporating the boundary terms for
Caputo derivatives.

1.3 Polynomials Bases in Approximation

Orthogonal polynomials play a fundamental role in mathematical analysis, numerical approx-
imation, and mathematical physics. They arise naturally in solving differential equations, in
approximation theory, and in quadrature rules. Given a weight function w(x) over an interval
[a, b], a sequence of polynomials {p,(x)} is said to be orthogonal if it satisfies the relation:

b
f Po(X)pn(x)w(x)dx =0, for n#m. (1.63)

These polynomials serve as bases for function spaces, enabling expansions similar to Fourier
series. Their significance extends to computational mathematics, where they contribute to
spectral methods, Gaussian quadrature, and polynomial approximation [20,27,58,60].
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In this section, we focus on three important families of orthogonal polynomials: Laguerre
polynomials, Bernstein polynomials, and Chebyshev polynomials. Each of these families has
distinct properties and applications, making them essential tools in analysis and approximation
theory.

1.3.1 Laguerre polynomials

Definition 1.3.1 N

The Laguerre polynomials L, (x) are a sequence of orthogonal polynomials that arise in
solutions to certain differential equations, particularly in quantum mechanics (e.g., the
hydrogen atom). They are defined using the Rodrigues’ formula:

X n

Ln(x) =

T (x"e™) (1.64)

where 7 is a non-negative integer.

— Example 1.3.1 &

The first few Laguerre polynomials are:

Lo(x)
Ly(x)

1L,
1—x,

x2
Lz(JC): 1_2x+ ?)

Lx)=1-3x4 5 %

S 2 6’
x3  xt

Ly(x)=1—4x+3x>——+4+—.
3 24

e Recurrence relation
(n+1)L,,(x)=2n+1—x)L,(x)—nL,_,(x) (1.65)
¢ Differential equation The Laguerre polynomials satisfy the differential equation:
xL"(x)+(Q—x)L (x)+nL,(x)=0. (1.66)

e Orthogonality The Laguerre polynomials are orthogonal with respect to the weight
function e™ over [0, 00):

n!

J Ly(X)Lyy(x)e " dXx =0,
0

20



where 0, is the Kronecker delta:

1 n=m
5 =
mk {0 n#m
e Generating function The generating function for Laguerre polynomials is:
) p—xt/(0-1)
ZLn(x)tnz—, 1] < 1. (1.68)
pary 1—1

e Explicit formula An alternative explicit formula for Laguerre polynomials is:

n_(_1\k
Ln(x):z( kl') (Z)xk. (1.69)

k=0

Applications of Laguerre polynomials

Laguerre polynomials have several important applications across different fields. In quantum
mechanics, they appear in the radial solutions of the Schrodinger equation for the hydrogen
atom, playing a crucial role in describing atomic orbitals. In numerical analysis, they are used in
Gaussian quadrature methods, specifically Laguerre quadrature, which is effective for evaluating
integrals with an exponential weight function. In probability theory, these polynomials are
connected to the Poisson distribution and moment problems in statistics, providing valuable
insights into probability distributions and their properties.

21



First Five Laguerre Polynomials

Figure 1.1: Laguerre polynomials of degree 0 to 4

1.3.2 Bernstein polynomials

Bernstein polynomials are a set of polynomials used mainly in approximation theory. The
Bernstein polynomial of degree n for a function f(x) is given by:

& k\(n
B,(f,x)=> f|— ( )xk(l—x)"_k, x €[0,1]. (1.70)
and
Bn,m(x):(’]:)xk(l—x)”_k, xe0,1].
where

ny n!
k] kl(n—k)

22



is the binomial coefficient, and x is in the interval [0, 1].

A key property of Bernstein polynomials is that they provide uniform approximation to
continuous functions on [0,1], known as the Weierstrass approximation theorem:

nli_)rgan(f,x)zf(x), for all x €[0,1]. (1.71)

These polynomials form a basis for the space of polynomials of degree at most n and are
used in approximation theory and computer graphics.

— Example 1.3.2 &

For n =3, the Bernstein polynomials are:

Bo,3(x)=(§)xo(1—x)3=(1—x)3
3

BL?,(Jc)z(l)xl(l—x)zzibc(l—x)2
3 2 1 2

Bzy3(x):(2)x (1—x) =3x“(1—x)

Bs,s(x)=@x3(1—x)°= e

These polynomials sum to 1 for any x in [0,1].

Properties

1. Partition of unity:

D Beu(x)=1, ¥xe01]
k=0

2. Non-negativity:
Bk,n(x)zo; VXE[O,I]

3. Symmetry:
Bk,n(x) = Bn—k,n(l - x)

4. Derivative formula: 4

HBk,n(x) =n [Bk—l,n—l(x)_Bk,n—l(x)]

5. Approximation Property (Weierstrass Theorem): The Bernstein polynomials approxi-
mate any continuous function f(x) on [0,1]:

fn(x):if(g)Bk,n(x)_)f(x) as n— o0
k=0

23



6. Bézier Curves relation: Bernstein polynomials are used in Bézier curves, where a curve
is defined as:

n
C(x)= szBk,n(x)
k=0
where P, are control points.

Application of Bernstein polynomials

Bernstein polynomials are fundamental in approximation theory, Bézier curves in computer
graphics, and numerical analysis. Their properties make them useful for function approximation
and interpolation.

First Five Bernstein Polynomials (n=4)

Bo, a(x)
20 —— Bi,a(x)
—— By, 4(x)
—— Bs,4(x)
—— By, 4(x)
10+
. 0 = e — .
: /
<
a2
(4]
—10}
—20Fk
30}

100 —0.75 —0.50 —0.25 000 025 050 075 100
X

Figure 1.2: Bernstein polynomials of degree 0 to 4

24



1.3.3 Chebyshev polynomials

Definition 1.3.2: (Chebyshev polynomials of the first kind T;,(x))

The Chebyshev polynomials of the first kind, T,(x), are defined recursively as:

Ty(x)=2xT,(x)—T,_,(x), for n>1.
Alternatively, they can be defined using the trigonometric identity:

T,(x)=cos(ncos'(x)), for xe[-1,1].

— Example 1.3.3 &

T(x)=1,

Ti(x)=x,
L(x)=2x*—1,
T(x)=4x>—3x,
T(x)=8x*—8x%*+1.

25



1.00

0.75

0.50

0.25

0.00

Th(x)

—-0.25

—-0.50

—-0.75

—-1.00

First Five Chebyshev Polynomials of the First Kind

Figure 1.3: Chebyshev Polynomials of the first kind 0 to 4

Definition 1.3.3: (Chebyshev polynomials of the second kind U, (x))

The Chebyshev polynomials of the second kind, U,(x), are defined recursively as:

Up(x)=1,
U(x)=2x,

U,(x)=2xU,(x)—U,_;(x), for n>1.

Alternatively, they can be expressed as:

U,(x)=

_sin((n+1)cos™'(x))

sin(cos—1(x))

)

for x e[—1,1].
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—‘ Example 1.3.4‘

Up(x)=1,

Ui(x)=2x,
Uy(x)=4x*—1,
Uy(x)=8x>—4x,

U, (x)=16x*—12x*+1.

First Five Chebyshev Polynomials of the Second Kind

4_
2L
x
>
0
—2r Us(x)
— Uix)
— Ux(x)
— Us(x)
—4r — Ua(x)
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X

Figure 1.4: Chebyshev Polynomials of the second kind 0 to 4
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eOrthogonality The polynomials T,,(x) are orthogonal with respect to the weight function

w(x)= monxe[ 1,1]:
1 0, if m#n,
T,(x)T,(x) dx__ 2, ifm=n#0
. mx n m_ 2 1 - ]
w, ifm=n=0.

Similarly, U,(x) are orthogonal with respect to w(x)=+1—x2:

f U, (x)U,(x)VI—x2dx = gamn

1
eZeros The zeros of T,(x) are:

k—1)r

X = cos(
2n

The zeros of U,(x) are:

km
X =COSs , k=1,2,...,n.
n+1

eRelations between T,(x) and U, (x)

Tn+1(x)_ X Tn(x)

U =
(%) —
eDerivatives
art,
U,
P =(n+1)T4(x).

oChebyshev series expansion Any function f(x) on [—1,1] can be approximated using
Chebyshev series:

Fx)~ > a,T,(x)
n=0

f FX)T(x) x)

where the coefficients a,, are:
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Applications of Chebyshev polynomials

Chebyshev polynomials have numerous applications across various fields. In approximation
theory, they are used in Chebyshev interpolation to minimize errors, making them valuable for
function approximation. In numerical analysis, they play a key role in Chebyshev quadrature,
which is useful for efficiently computing integrals. In signal processing, these polynomials are
fundamental in designing digital and analog Chebyshev filters that provide an optimal trade-off
between passband ripple and stopband attenuation. They also appear in solving differential
equations, particularly in Sturm-Liouville problems, where they serve as basis functions. Fur-
thermore, in minimax polynomial approximation, Chebyshev polynomials help minimize the
maximum deviation from a given function, leading to highly efficient polynomial approxima-
tions.
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Chapter two

Solving fractional BVPs with a
Hybrid Bernstein and Legendre
Polynomial Collocation Method

4
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2.1 Introduction

In this chapter, we investigate the conditions ensuring the existence and uniqueness of solu-
tions. In addition, we propose an approach to approximate solutions of a generalized fractional
boundary value problem using the Bernstein collocation method integrated with Legendre poly-
nomials,see( [1,31,38,65]).

CgPI)=T(t, Y1), 2°0(1), £P (1)), (te y =[0,1]),

‘g 90)=6,> 000, ST+ Im)=55 D (), 21)
k=1 k=1

Let 1<p<2, 0<0o<1, and 7,p >0. We also assume 0<n; <1, <---<n,, <n<1, with
meN, and §,,8,,65 €R. The first-order Caputo derivative is denoted by 2! = d%.

In addition, let the function T : y x (R*)®> > R* be continuous. The operators ¢2‘ and .#*
represent, respectively, the Caputo fractional derivative and the Riemann—Liouville fractional
integral of order £ €{1,p,p—1,0,p}.

To continue with our analysis, we consider a metric space (E,d), along with the mappings
K E—E,and v:EXE — R". Furthermore, we define a family ¥ consisting of all non-decreasing
functions @ : R* — R* such that the infinite series Zzl @"(t) converges for every t> 0.

Definition 2.1.1: [14] N

The map A is called v-@-contraction if

W, Y)d(H 7, A y) <B(d(7, 1), forall (z,y)€E>.

J
Definition 2.1.2: [1] N
The map A is called v-admissible if it satisfies the condition
W, y)=1=> WK, y) =1, forall (z,y) €E>
J

Theorem 2.1.1: [ ]

Assume that (E,d) is a complete metric space and

A E— E is a v-®-contraction, such that:

(i) A is v-admissible,

(ii) There exists 2€ E satisfies the hypothesis: (%, #2) > 1.

(iii) For any sequence z,, in E which converges to z€ E where ¥z, z,,1) > 1 for each n €N,
we have ¥(z,,z)>1, for any n €N.

Under these assumptions, there exists t€E such that #t=t.
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2.2 Study of existence

Consider the Banach space B={: 1,°270€ ¢(y,R)} endowed with the norm:

19| 5 = sup [9(8)| + sup | 27 ¥(t)|. Here, € (y,R) denotes the space of all continuous functions
tey tey
To promote a clearer understanding of this study and to conduct a comprehensive analysis

of problem (2.1), we introduce the following parameters, defined on y and taking values in R. .

1 m
U1 =0, Uy =1-—mds, vs=5——2nk
L k=1
Uy = L+ —Ei U=U,U3+mvu (2.2)
4 TG—p) nN—0s3 Z N |» 2U3 4 .
~
Let pe(1,2[,0<n, <1y <--<n,<n<1,meN,8,,0,03 €R, and 7i € 6(y,R). Then,
the solution of the generalized fractional boundary value problem (BVP) is given by the
following expression:
“DrI(t) =n(t), (te y =10,1]),
S 2.
‘D 00)=6,Y B, 51970 ﬁszﬁ(nk (23)
k=1
can be written in the form
¢ 1
t—f)p1 At
ﬁ(t):J( f)) () Jﬁ(ﬂdf
0
AW (M- f)’" B(t) J U
+— ——Tn(f)d],
J pdf+= kZ T vl
(2.4)
where A, B € 6(y,R) are given by
A({)Z—U3+mt, B(t):U4_53U3_(U2+63)t. (25)
J

Ca

"We begin by assuming that ¥* fulfills the conditions of the generalized fractional boundary
value problem 2.3. Consequently, the following relation holds:

“QrY(t) =n(t).

Using the integral operator of order p on the preceding equation, we derive the following
result:

* _ 1 t p—1
i (t)—Tp)JO (t— PP RS+ co+ art, (2.6)

32



where ¢, and c,denote real constants whose values are to be found. Furthermore, from
Remark 1.2.3, we deduce that

BZRAOE —PPERHAf+ o, (2.7)
¢ gyp—1.9% t o
9V (t) = JO (Hdf+c TG—7) (2.8)
and from (2.6), we obtain
> 0= J — RS+ mey+ an (2.9)
=1 0

Based on (2.2), along with the boundary conditions (2.3), and by utilizing (2.8) and (2.9),
we ultimately obtain, after some calculations, the following result.

_ Y T) f)p_l _U1U3 1
C = Uo T n(Hdf Joﬁ(}‘)df
+—“4_53“32 f ﬂp_ S npdf (2.10)
v k= 0
and
p—1 1
m J U/ i f) J o
Nk
“2+53 ZJ (”k =" (2.11)
0

As a result, by substituting the obtained values of ¢, and ¢, into (2.6), we derive the
following desired outcome.

o 1) v

A(tf (n— ﬁp‘ R f+ ﬁ J Ul
0

This confirms that 9* satisfies (2.4).

In the converse case, we suppose that v is a solution of (2.4) and we apply the operator
€9P to both sides of (2.4) , we obtain immediately ¢ 2?v(t) = h(t), and the initial conditions
of the problem (2.3), thereby completing the proof.
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To proceed with our analysis, we define the operator §: 8 — 2 related to the fractional
problem BVP(2.1) as

L= pr! o
BNY = Y, 9N, 2790, £P9(N)d f
0

I'(p)

A(t)v
+()1
v

f Yy o, 2790, #° () f

A J o nﬂf R e O,
0

ﬁ&zﬁ“%ﬁ TG 7900, 2790, #P9)df

(S p)

(2.12)
where A, B€ 6(y,R) are defined as in equation (2.5).

Before presenting our main results, we introduce a metric d defined in the Banach space %
as follows:

d(t, @) =|[t—|| 5.

(2A8,d) is a complete metric space.

Theorem 2.2.1: ’ )

Let T: y x R®*— R be a continuous function, and assume that the following hypotheses
hold:

(AY1) There exist two functions: Q:R*— R and @ € ¥ satisfying respectively Q(z;,1,) >0
and

1Y(s, 71, 1, 73) =Y (5, 1, Ty, 73)| < ¢(|$1 — Iy + |1 — T + |153_§53|):

hi v
for any x;, 2, 73,7, %, T3 € R, where £, and ¢, are two positive constants satisfying:

0> 1 +(|U3|+m)|U1| lus|+m 0’ |U4_53U3|+|U2+53|i P
Y I(p+1) || I (p+1) wIr(p+1) &7
and

1 (lus| + m)lv,|
I'lp—o+1) |u|['(2—0)

|us|+m — vy — 53U3|+|U2+53|Z
vl (2—0o) |l (p—o+1)

‘L, >

(AY2) There exists z€ B so that Q(I(s), 37(s)) > 0, for each s € y.

(AY3) For any z;,1, € 4,
if Q(z,(s), 2,(s)) > 0, then Q(Iz,(s), 32,(s)) > 0, for each s € y.
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(AY4) ) For any sequence

T, € B converging to z; in B and suppose that Q(z,,(s), z,4,(s)) >0, for all s € y, and
n €N, it follows that Q(z,(s), z;(s)) > 0.

1
1
Tp+1) "

(AY5) The constant numbers y and p satisfy the expression 7y +

Then, the problem (2.1) has at least one solution.

u

T a

Let us define a map v: B x 8 — R* as

0, otherwise.

Lo if Qaft), y(t) =0,
w%m={ d ’
For any (z,y) € 8% where Q(a(t), y(t)) = 0, and for each t€ y, we obtain

|3a(t) = 3y(t)]

%p) f P G ralD 2 ), 52 ) — T 7o 9, 5Pyl f

RIQIIEN

IA

‘f Y (s ralf), 27 ), I° AN =Yy v 27y, 2P yMld f
0

Aol ("
lolrp) f (=1

TG palhe 9"1(1”) PN —TU 70 27 o), P sl f
|B(t le -
o &) )

r s 77 ) 92 D) =T 77 oD 5P ol
1 (lus|+ m)|v,| |us|+m » v, 53U3|+|U2+53|Z
T(p+1) o] oirp+1)" T (p+1)

xsup|T(t,ya(t), 27 a(t), #° o ) =Y (t, (1), 27 y(t), #° ()],

tey

IN

therefore,

32(t) =3y < &y sup [Y(t, yaft),” 27 at), ISP o) =T (6, y (1), 27 (), ISPy, (2.13)

tey
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Similarly, we have

IA

IA

Thus,

°27 3a(t) = 27 3y(t)|

1 t p—o—1

r—o) L (=9

Y yalf),C 2% 2, 22 oA D) =T vh,C 2° Y, £ vl f
A®llv,l

Al 7o

lir—o) J,

e R G e
LAY

oI r—o) |, K=

T palf) @%(f) N O OO
CBOL S

o=y 2 ),

YU 710 97, 59 D) =Ty T 9 YDV

[ 1 +(|U3|+m)|U1| lus| +m
Tp—o+1) |ol2—0) @ |ul2—0)

p—0

0 +lv,+6
+|U4 sUs|+ v, 3|Z ]

lvI(p—o +1)

xsup|T(t, ya(t),” 27 a(t), ﬂ” f) =26y y8), 27 Y1), P Y.

tey

°D73f8) =" 273y(t) < Lrsup (Yt yat), 27 ft), S a(t))
tey

=Yt ryY6),° 27 Y1), S Y V)]

consequently, (2.13) and (2.14) implies that:
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d(3z,3y) = sup|3az(t)—3y(t)|+sup|°27Ja(t) = 27 Jy(t)|

tey tey

Lisup T 7a(8),” 27 af8), 97 o £) = V(& 7 9(8), 27 1), £ B)]
+asup |1 7a(8),” 27 af8), 97 o) = V(& 7y 9(0),° 27 1), £ y(V))|
(t:+ E)sup (6 7a(8),S 27 aft), 97 (1))

Yt 7yt)° 27 1), 27 Y1)

(£1+£2)sup[ (1) — O] + D7 ()~ 9 y(0)

tey

IA

IA

IA

G+,

+|ﬂz(t)—ﬂy(t)|]

IA

¢(rsup ()= 50+ sup | 77 ()~ 7 4()

tey tey

+sup|ﬂ%(t)—ﬂy(t)|)

tey

IA

¢(rsup ()= 0+ sup | 27 2= T 4(1)

tey tey

1 t
— P () —
+F(p)stlelfUO (t=7)""[aft) y(t)ler

IA

1 c o _C o
@([Wrm]suplw(t)—y(t)lﬂum 97 )= @ y(t)|)

tey tey

< ¢(Supll(f)—y(f)|+Suplc@al(f)—c @"y(t)|)
tey tey
< o(d(x, ). (2.15)

Hence, we have d(3z,3y) <d(z, y). According to the definition of v, we obtain
Wz, y)d(3z,3y) < D(d(z,y), Vz,ye B.

It is therefore established that § is a v-@-contraction. Furthermore, by invoking the
definition of v in conjunction with condition (AY3), we confirm that § is v-admissible.
Next, let {x,} C 9 be a sequence that converges to a point x € %, and assume that
WXy, Xpe1) = 1 for all n € N, with the additional condition Q(x,(t), x,.1(t)) = 0 holding
for each te y. By applying condition (AY5) along with the definition of v, we directly
conclude that »(x,,x)>1 for all neN.

Accordingly, all the hypotheses of Theorem 2.2 are satisfied. As a result, the mapping 5
possesses at least one fixed point, which in turn corresponds to a solution of the considered
fractional boundary value problem (2.1).
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\ Theorem 2.2.2 ’

Consider the continuous function 7 : y x R® — R such that (AY5) with the following
assumption hold:

(AY6) There exists k >0 such that for all £ € y, and z,4,t,7, 7, teR

Ttz u,) —Y(t,7%750 <k(z—2 +|y — 9 +|t—1),

and
1 V3| + m)v Vgl +m
s - « +(|3| )l 1|+|3| 0P
I'(p+1) vl lvII(p+1)
|U4_53U3|+|U2+53|Zm: P 1
lu|l(p+1) &' T(p—0o+1)
(Jvs|+ m)|v,| lus|+m p_g+|U4—53U3|+|Uz+5s|i p_a]<1
lvIFr2—0o) |vl[(2—0) ||l (p—0o +1) k '

k=1

Consequently, the fractional BVP (2.1) has a unique solution.

-

T a

Under the assumption that all the hypotheses of Theorem 2.2 hold, and by applying the
same approach as in the proof of Theorem 2.2, we derive

|3a(t) = 3y(t)]

< 1 (lvs|+m)lvy| | |us|+m 0P |U4—53U3|+|U2+53|i P
T T(p+1) vl Il (p+1) Il (p+1) LK
X sup Y (t, yalt),” 27 (), 2 o)) = Y (t, yy(1), 27 (1), £ (1))
€y
< ¥ 1 (|U3|+m)|U1|+ lus|+m 77p_l_| —03U3/+ v, + 03 Z
I'(p+1) vl lull(p+1) vl (p+1) “
wsup 74t = 01 + 1970~ 97 0] +1.97 50— 1)
<X
< 1 +(|U3|+m)|U1| lus|+m 0’ |U4—53U3|+|U2+53|i v
I'(p+1) vl lull(p+1) luIT(p+1) —
1
x| |y + sup |2(t)— y(t)] + sup |27 (t)—° D7 y(t
[+ 7o Jsuwbto-sor+supreo— 770
< 1 +(|U3|+m)|U1|+ lus|+m np+| 53U3|+|U2+53|Z
I'(p+1) vl luI(p+1) luIl(p+1)
x (StuP |a(t) = y(0)] +sup 1°D7 alt)—° 9"y(t)|)- (2.16)
<X <X

38



Similarly, we obtain

°27 3a(t) = 27 3y(t)|

< [ 1 +(|v3|+m)|v1|+ lvs|+m
I'l(p—o+1) |ull(2— a) |lvII(2—0)
[Ug— 63U3] + Uy + 83] O
Tt ra(t), 27 t), 2P ot
o—or1) 2T SupIT a0 9720, 97(0)
_T(t) Yy(t)rc @U y(t)’ jp (t))l
< [ 1 (lus|+m)lvy| | Jusl+m
< K
I'lp—o+1) |vlI'(2—0) |ul[(2—0)
|U4_53U3|+|U2+53|i p—o’]
ulf(p—o+1) &'
<[ suplaty— 01+ supl 77210~ 77 1)) (2.17)
=%
Therefore, from (2.16) and (2.17)
32—y [ 1 (|U3|+m)|U1|+ lus|+m n?
? I'(p+1) lv] lv|I(p+1)
[V — 303+ U2+ 631 < P 1 (lus]+ m)|v,|
an
Tp—o+1) [ol2—0)

OIfp+1) &

lus|+m |U4_53U3|+|U2+53|i p—0:|||$_y||
vIr(2—0o) wIlp—o+1) &'* 7

(2.18)

The inequality (2.18) implies that

132=3yll5 < Ellz—yll,

for all z,ye %B. Since X < 1, it follows from Banach’s contraction principle that § has a
unique fixed point, which corresponds to the unique solution of our fractional BVP (2.1).

2.3 A Bernstein Polynomial Approach to Approximate Solu-
tions

First, we provide a general overview of Bernstein basis polynomials, which serve as fundamental
tools in deriving our desired results.
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Definition 2.3.1: | N

The (n+ 1) basis polynomials of Bernstein of degree n are expressed on [0,1] as

with

(n) _ nl
i) Mn—m

and can be expressed on [0,1] using the following recursive relation:

b;n(s)=(1—5)b;, () +5b; 4, 1(5).

It is straightforward to prove that each Bernstein basis polynomial is positive and satisfies the
partition of unity property:

D bju(s)=1, forall s€[0,1].
=0

Furthermore, any polynomial of degree n can be expressed as a linear combination of these
basis functions.

n

P(s)= Z cibjn(s)=C7B(s), n>1, (2.19)

=0
such that the Bernstein vector B(s) and the coefficient vector C are given by:
B(ﬁ) = [bO,n(s)» bl,n(ﬁ)r LR bn,n(ﬁ)]’

and C7 :[co,cl,...,cn] with

1
¢ =f ¢(s)d;,(s)ds, 0<j<n, (2.20)
0
where d;,(s) is expressed as
dju(8)= D Libials), 0<j<n, (2.21)
k=0

see [12]. Also, for 0 <j,k <n, we have

(_ 1 ) +k min(j,k)

L o) b )

IB(s)~1"B(s), f>0, (2.23)

In addition,
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where .#/ represents the Riemann-Liouville fractional integral operator of order f, and 1)
denotes its associated (n+1) x (n+1) operational matrix of the fractional R-L integral of order

[ . .
By exploiting the binomial identity (1—s)"7=%"7 (—l)k(”lj)sk, we get

k=0
b;..() :(?)sj(l g

(P (F)
Sen(?)( e

_Z w(")(” ])5 , 0<j<n, (2.24)
J
Moreover, as stated in [12], we find that:
1
J bj,n(s)dk,n(s)d5 = 5]1(’ 0 S])k < n, (225)
0

where {dg ,.(s),d; (), ...,d,,.(s)} represents the dual in basis of Bernstein on the interval [0,1]
and 64 stands the symbol of Kronecker.

2.3.1 Matrix Representation of Integration Fractional

\ Theorem 2.3.1 ’ \

Consider the Bernstein vector B(s) given in (2.23) and the (n+1) % (n+ 1) operational
matrix of fractional Riemann-Liouville integration I of order f, defined as follows:

(Aoo Aoy Aoy -+ Agy )
Ay Ay v Ay o Aun

MW= . (2.26)
Ai,() Ai,l e Az,j e Ai,n

\An,o An,l An,j An,n}

Hence, we have

I(g+1)
Z] ZZ ( )( )C']k qkl"(q+f+1)’ (2-27)

g=% k=0
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with
. (=P K (n)n=k
“ gt p+f1\k)\p—k)

P
and {j are defined by (2.22).

\ J

Ca

Taking into account the expressions (2.23) and (2.25), we obtain the following equality:

1Y = (#/B(s), D7). (2.28)

In the expression (2.28), D represents the vector of dual polynomials corresponding to
the Bernstein polynomials, and (.#/B(s), D7) denotes the (n+1) x (n+ 1)-matrix expressed
as

(9'B(s), D7) = (#7b,,(5),d; ,(5)), 0<ij<n.

Here,
1
= (#0,,(8),d;n(s)) = f Ib,,(8)d n(s)ds
0
By utilizing equation (2.24), we obtain:

p. —n_q*inn_iﬂ
yb,,n(s)—Z( 1) (i)(q_i)r(qﬂfﬂ)'

q=1

Therefore, from equation (2.21), we deduce that:

n\(n—1 I(g+1) 1q+f
Ay= ZZ ()( )@km[ by n(s)ds. (2.29)

q=1t k=0

Since,

! " (=P (0 n—k
q+f _ s _
L 570y (s)ds = ,,E:k pr— (k)(p —k) =T (2.30)

Thus, by combining equations (2.29) and (2.30), we conclude the proof of Theorem 2.3.1.

2.3.2 Matrix Representation of Fractional Derivatives
The derivative of B(s) can be expressed as:

dB(s)
ds

=DYB(s), (2.31)
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where DU represents the (n+1) x (n+1) derivative operational matrix defined as follows:
DY =AWB". (2.32)

For further details, we refer to [9, 10, 35].
By utilizing equation (2.31), it is evident that for any given value: meN

d™B(s)

_ (mO\™
T = (DY) B(s).

Thus,
D™ =D, m=1,2,...

To extend the derivative operational matrix to a non-integer order, we introduce the following
formulas:
For f>0, we have
¢ 9'B(s) ~ “DVB(s) (2.33)

where °DY represents the (n+1) x (n+ 1) operational matrix of the f"-order Caputo derivative,
defined as follows:

( n n n n \
Z Ao 50 Z Ao j1 Z Ao jp Z Aojn
A A A #iA
Ao DA D Ay e Y Ay,
=N 7= i =N

ph=| , - - . (2.34)
ZAi,j,O ZAi,j,l ZAi,j,Z ZAivjyn
7= 7=IA 7= F=IA
) : ) ) : § :
ZAn,j,O ZAnjl ZAn,j,Z ZAn:jr”
\j=Iﬂ 7= A 7= j

o -\ T(+1) &
=) g 2
k=0

{k is given by (2.22) and
= (DR (n—k
Tkj_zj—f+s+1 s—k)

s=k

2.4 Numerical Simulation Through Selected Example

First, we begin by introducing and applying Bernstein’s collocation method to our fractional
boundary value problem (BVP) (2.1) to obtain an accurate numerical solution. Next, we validate
our theoretical findings by presenting numerical examples. To provide further clarification, we
consider the following fractional BVP (2.35)-(2.36) for any te y.
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CQPH(t) = Yt y0(t),° 270(t), FL (), (2.35)

5, B, 8597 H(1) 532ﬁ(nk (2.36)

“9'9(0)

To derive an approximate solution for the exact solution ¥(t) using the Bernstein polynomials
technique, we employ the fractional Riemann-Liouville integral of Bernstein polynomials in
conjunction with the operational matrix of the Caputo derivative. For further details, refer
to [9].

As shown in (2.19), the approximate solution of the exact solution ¥(t) using Bernstein
polynomials is given by:

n

DO~ P)=> cb,()=CTBH), n>1, (2.37)

=0

where C represents an unknown vector. By substituting the approximate solution given by
(2.37) into equations (2.35)-(2.36), we immediately obtain the following system of equations:

C7°DPB(t) = 1(t,yC” B(t), C” “D'B(t), C71¥)B(1)), (2.38)
—com+ clmzcgzﬁ(nk), (2.39)

k=1
5,C7°DPVB(1)+ C7B(n) = 65C7 > B(n,). (2.40)

To simplify the calculations, we use the roots of the Legendre polynomials of degree (m —1)
within the interval [0,1], along with equidistant points (nodes). Consequently, to compute an
approximate solution for #(t), we apply the collocation method by evaluating equation (2.38) at
(m—1) points while incorporating conditions (2.39) and (2.40). As a result, we obtain a system
of (m+1) equations with (m+1) unknown coefficients. This system can then be solved efficiently
to determine an approximate solution for ¥(t).

Now, we introduce an illustrative example by implementing Bernstein’s collocation method
to approximate the solution of the given fractional boundary value problem. This approach
enables us to assess the accuracy and efficiency of the method in solving such problems.

—s Example 2.4.1 &
Here, we are interested in the following FBVP
239() = E()+ 30+ 323 0()— 3.9 19(1), te,
°9'9(0)=0, 81r( ) @3ﬂ(1)+100ﬁ( 5)= 3Zﬁ( o) (241)
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where

1 1, 3 2
E()= ——tT ——f— —tf 4 — 5

rig) s 1) 1)
: _ _8II3) ¢ _ 3 _ k _ 9
In this example, we have 6, =0, 6, = 55", 03 = 155: Nk = 77> K €11,2,3}, n=15-

It is worth noting that the exact solution of the given problem in this example is 9(t) = t2.
By setting Q(z, y)=1 for all (z, y) € B2 and @(t)=t for each t€ y, we can readily confirm
that the fractional boundary value problem (BVP) (2.41) satisfies all the assumptions of
Theorem 2.2.

If we substitute #(t) with C7B(t) in the fractional boundary value problem (BVP) (2.41),
we derive the following system:

C7 DEB(E) = £(t) + LC7B(t) + 3C7 *DIB(t) — L CTTHB(),

_ N\7e (3 T 9_ (073 k
¢ —cy=0, 811"(5)([3 DEB(1)+ 100C B(Z)—SC ;B(k—ﬂ).
At the conclusion of this example, we present in Table 1 the absolute errors [5(t) —¥(t)],
where the approximate solution #5(t) is obtained using the roots of the shifted Legendre

polynomials. Additionally, in Figure 2.1, we illustrate the graph of the exact solution of
problem (2.41) alongside its approximate solution for visual comparison.
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t Approximate solution ¥5(t) Exact solution #(t) Absolute error

0 0.000012 0.000000 0.0120 x 1073
0.1 0.013000 0.010000 3.0000 x 1073
0.2 0.036000 0.040000 4.0000 x 1073
0.3 0.094000 0.090000 4.0000 x 1073
0.4 0.158000 0.160000 2.0000 x 1073
0.5 0.247000 0.250000 3.0000x 1073
0.6 0.358000 0.360000 2.0000x 1073
0.7 0.486000 0.490000 4.0000x 1073
0.8 0.643110 0.640000 3.1100 x 1073
0.9 0.813200 0.810000 3.2000x 1073
1 1.000011 1.000000 0.0110x 1073

Table 2.1: Comparison of Approximate and Exact Solutions with Absolute Errors at Selected
Points of t.

Exact solutin wz)

- Approximate solution vo(z)

Figure 2.1: Contrast between analytical and numerical results ¥5(t).
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3.1 Introduction

This chapter introduces Solving of non-integer order differential equations by using operational
matrix and shifted Legendre polynomials. It details the fundamental properties of Legendre
polynomials, such as orthogonality and recurrence relations, and utilizes these properties in
constructing solutions Finally, some illustrative examples are given.

3.2 Legendre’s polynomial

The simplest orthogonal polynomials are the Legendre polynomials for which the orthogonality
interval is [— 1, 1] and the weight function is simply the constant function of value 1. For any
natural number n, the Legendre polynomial P, is defined by:

&l (2n—2k)!

k
P,= 2 (_ 1 2nn!(n— k)!(n—zk)!

n—2k

P, is the n'" derivative of the polynomial (x?—1)* which is a polynomial of degree 2n with
coefficient dominant equal to 1, therefore,P, is a polynomial of degree n with a dominant
coefficient

(2n)!

2n(2n— 1)...(2n—n+ 1) = T

Also Legendre polynomials are polynomial solutions over the interval [—1, 1], of the homogeneous
linear differential equation of order 2 with variable coefficients called the Legendre differential
equation. This equation is given by:

d’y dy
2 — — — —
(1 t ) 2 2t ¢ +n(n+ l)y 0.

3.2.1 Rodrigue’s formula of Legendre polynomials

\ Proposition 3.2.1 ’

The formula of Rodrigue is given by:

1 dn n
P, ()= — 2 1
If kK <n, we have
dk tn_ n! tn—k
dtc  n—k
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. According to the formula of Newtons binomial, we have

n

n ! dl’l
( 2 (n—k)!k!( S aw

k=0

thus

1 d(, "1 n! P L
2nn! d’cn(JL 1) _ZHD!Z(H—]C)!]C!( 1 d’c"jE '

k=0
but

ﬁZ(n—k)_ . . ] ) E
dtnt =0 if Z(n k)<n, ie., 1fk>2,

So we can replace ».,_ by Z[k%:]O'

n
ikaEit was

dn
%tﬂn—k” = [2—K)][2—k)—1][2(0—k)—2]..[2(0— k) —n + 1 ][ H
(2n—2k)! .
(n—2k)!
thus
(7]
1 a»(, t 2 ‘ (2n—2k)! ne2k
2Hn!dtn(t 1) B =1 2nn!(n—k)!(n—2k)!t

k=0
= P,

3.2.2 Generated function of Legendre polynomials

\ Proposition 3.2.2 ’

The generated function of Legendre polynomials is given by:

_% 1 +00
1—2tf+f2) SE.— N
( e R
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3.3 Properties of Legendre polynomials

The Legendre polynomial have the following properties:

3.3.1 Orthogonality of Legendre polynomials

\ Theorem 3.3.1 ’

m,n € N* .then

1 0, if m#n;
f]P’m(t)Pn(t)dtz{ 2 .

1

\

Legendre polynomials are orthogonal to the interval [—1,1] with a uniform weight.

If

Ca

(PO, Po(0) = [ P,y (OP, (Ot
that is:

J P,,t)P,(t)dt=0, if m#n

1

To show (3.2) we write the Legendre equation

in the form d
d_t[(l &P (t)] F (4 VP, =0

Writing (3.3) for P,,(t):

d 2\ _
a[(l —t )Pm(t)] +m(m+1)P,,(t)=0

d -
d—t[u ¢ )Pn(t)]Pm(t)+n(n+ PO (9

d ) _
‘d_t[“ )P (t)]P (0= m(m + VP (OP.(0 =

%[(1—9) ()] m(t)—d%[(l )P, (t)] A0
+ [n(n+ 1)—m(m+ 1)]]P’n(t)]P’m(t) =0.

Like

50

(1—-)y”—2ty’+nn+1)y=0. for y=DP,(1),

By multiplying (3.3) by P,,(t) and (3.4) by P,(t) and then subtracting we obtain:

It is shown that the Legendre polynomials are orthogonal to the scalar product

(3.2)

(3.3)

(3.4)




i(u — tz)[Pm(t)P; () —Pn(t)Pjn(t)D = i(Pm(t)(l — )P, —P,(t)(1— fz)lP"m)

dt dt
/ 2 / d 2 /
=P, ((1—t)P + Pm(t)a((l —t )]P’n(t))

d
—P;(t)(l—tZ)P’m+Pn(t)d—t((1—t2)m(t)),

%(1 —tz)[]P’m(t)]P’;(t)—]P’n(t)]P’;n(t)] = [n(n +1)—m(m+ 1)]1Pn(t)IP’m(t).

Integrating the two sides with respect to t between —1 and 1, we obtain

1

[(1 _tz)Pm(t)P;(t)]; =[n(n +1)—m(m+ 1)] f P.(OP,,(t)

-1
1

0 :[n(n+ 1)—m(m+ 1)][ P,t)P,,(t)

-1

As m#n, then [ B, (P, (H)=0.
And to demonstrate

J P (P, (t) =

) 2n+1

Using the generating function, we have

Do~

1—2ti+¢) = P, (O)f", (3.5)
-]

(1—2tf+t2)_% = +Zoo:]fp,,l(t)f’", (3.6)

Multiplying equation (3.5) by equation (3.6) gives

+00 +00

1 m
T otre ZPH({)f“ ;}Pm(t)f

n=0

(3.7)

+00

Z P, ()P, ().

n=0,m=0

Integrating the two sides of equation (3.7) with respect to t from —1 to 1, we obtain

+00 1 1 1
> | PP, A= | ———dt
. 12t

n=0,m=0
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We have n=m, then

+00 1 ) 1 1
2n _
ZJ_{-‘ [P,()] dt—fl—1+t2_2tfdt

n=0 1 -

“[ L (1+¢ ztf)1
[zt

1 2_pf)— L 2
= fln(1+t 2f) 2fln(1+t+2f),

ln(l—f)z—ln(1+f)2],

- of
1
—_—Zfz[ln(l—f)—ln(1+f)],
:%[ln(1+f)—ln(1—f)].
Where from
=t 1 £ P £ P
> fzn[IP’n(t)]zdt:—Kf——+—+...)—(—f—————...)]
n=0J —1 f 2 3 2 3
2[ B
=—|t+=-+—+
f 35
2 f2n ]
=2|1+—+ -+ ——+.....
5 2n+1
+00 fzn
_anz(;znﬂ

2
Therefore, ||Pn(t)||§ = il
n

3.3.2 Recurrence relation

\ Proposition 3.3.1 ’

The Legendre polynomials satisfy the following recurrence relation:

(n+1)P,,1 () — (20 + 1)tP, () +nP,_,(t) = 0.

(3.8)
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we have
(n+ 1Py (0—(20+1)P, () +nP, () =0.

We will look for a recurrence relation between three consecutive polynomials P, ,(t), P,(t)
and P,_;(t). To do this, we use Rodrigues formula written for the degree (n+1):

1 dn+1

_ 2_ n+1
IP)““(1‘)_2n+1(n+1)!dtn+1(t R

We derive the expression (tz— 1)n+1 once, and we find:

1 d»
P, ()= ST (t(tz — 1)“).

That it can also be written:

3 1 dn—l
- 2npldinl

Py () [(tz —1)" +2n8(¢— 1)“_1].

Then we add and subtract 2n(t2— l)n_1 in the derivative of the second term:

n—1r
P, ()= % jtn_l _(tz —1)"+2n8(E—1)"" —2n(¢—1)"" +2n(¢ - 1)“_1]

_ 1 dn_l [ 2 n 2 n—1lg o 2 n—1
_ZH—H!F_(t —1) +2n(¢—1)" (¢—1)+2n(¢—1) ]

n—1r
- zjn! jtnl _(2n +1)(€&—1)"+2n(¢— 1)“_1].

Let us also :
1 a! .
Pani(0)= g e 2o+ DE =17 )P0,

Calculating the first term of the second member using the relation derived from Leibniz’s
rule, this quantity is equal to:

2n+1 4o " 2n+1 d» 2n+1)t g» n
1 (tz—l) _ [t(tz—l)“]—u (tz—l)

2nn! -1 ~ n2nn! dtn 2nn!  dn
2n+1 2n+1
=—P,a()— tP,(t).
Finally, it comes:
2n+1 2n+1

Pn-H(t) = TPn+l(t) - ﬂpn(t) + IP)n—l (t):

n
we finally arrive at the desired recurrence relation:
—nP, (0 + (20 +1)P, () — (20 + LR, (6) + nP,_(£)

(n+1)Pyy () —(20+1)P, () +nP,_, () =0.
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Some recurrence relations in the presence of P, derivatives:
P ()= P, ()+nP, (1 (3.9)

nP,(t) =tP () —P,_,(t), n#0. (3.10)

Ca

We derive Rodrigues’ formula with respect to t, we obtain:

n

1 d _
P (t)= TS (Znt(tz— 1" 1)

using Leibniz’s relation once again, we arrive at:

/ _ 1 ﬁ 2 n—1 ar 2 n—1
Pn(t)——ZH_l(n_l)!(tdtn(t 1) +ndtn(t 1) )

hence, the first relation of recurrence
P () =tP_ (40P, ,(t),
which can still be written:

(m+1)P,,()=(n+ 1)['(]?; (t)+nPn(t)], (3.11)

The devivation of the relation (3.8)gives:

(m+1)P_ ()=(2n+1)P,(0)+ (2n+ L)tP () —nP’_, (1), (3.12)

n+l
Subtracting expressions (3.11) and (3.12) leads to the second recurrence relation
nP,(t) =P ()—P/_,(t), n#0.

These last two formulas are useful in the context of the study of the Gauss-Legendre
method of integration.

Legendre polynomials are solutions of the differential equation:

(1—¢)y”—2ty’+n(n+1)y =o0.
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Let us differentiate once with respect to t the relation (3.9):

P (=P ()+tP", () +nP_ (1) =(n+ 1P _, () +tP", ().
Similarly, the differentiation of the relation (3.10) gives:
nP. () =tP”,() + P, () —P” ., (4.

From which we derive:
P’ () =—(n—1)P () + P", (1)

Eliminate P”,_;(t) between these two relations, we have
P”,(0)=(n+1)P/_, () +t{tP",() —(n— )P’ (1)).
It remains to eliminate P/ _,(t) thanks to the relation (3.10):
P”,(t) = (n+ 1)(tP () —nP, (1)) + P, (1) — (n— 1 )P/ ().
The last relation depends only on P,(t) and its first two derivatives:

(1—#)P”, () —2tP () +n(n+ 1)P,(t) =0.

This last relation is true regardless of n, it is a linear differential equation of the second
order called Legendre’s differential equation.

\ Proposition 3.3.2 ’

It is useful to have some particular values that follow, taken by the Legendre polynomials:
P,(1)=(1)"=1,VneN

1 Ifmiseven
—1 Ifmisodd.

P,(—1)=(-1)" = {
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Figure 3.1: Legendre polynomials of degree 0 to 5.

\ Remark 3.3.1 ’
The first six Legendre polynomials are:
(Py(t)=1.
{ P,(t)=3(3t2—1).
P4(t) = 3(5¢° —3t).
P,(t) = 5(35t* — 30> + 3).
| Ps(t) = 5(63t°— 7083 + 15).
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\ Remark 3.3.2 ’ ]

Roots of the first six Legendre polynomials:
The roots of the Legendre polynomial are solutions of the equation: P, (t)=0

(n=0,S=0

n=1,58={0}
In=25={~/L./7}
nzB,S-{—\/g, ﬁ}
\n:4,S {\/15—2F \/15+2f}

n=>5, we get the equation: 63t>—70t3+15=0. Generally, there is no method to solve it
algebraically, except by using numerical methods to find approximate solutions.

3.4 Operational matrix of Legendre

3.4.1 Shifted Legendre polynomiale

To use the Legendre polynomials on the interval [0, 1], we define the so-called shifted Legendre
polynomials by introducing the following variable change:

s=2t—1

ou 1
t= E(S + 1)

In this case, the shifted Legendre polynomials P*(t) of order n in t are defined on [0, 1] by
PLt)=P,(s)=P,(2t—1)

The first shifted Legendre polynomials are:

Py(t)=1,

PH() =2t—1,

P;(t) =6t"—6t+1

Pi(t) =20t —30¢" + 12t —1,

Pi(t) =70t* — 140> + 90" — 20t + 1,

P:(t) =252t° —630t* + 560t° —210t* + 30t — 1.

» Recurrence relation:
The shifted Legendre polynomials P*(t) satisfying the following recurrence formula:

2n+1
; (2t—1)P( )——IIP’; (), neN".

PLa=
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Figure 3.2: Shifted Legendre polynomials of degree 0 to 4.

o Explicit form:
An explicit expression for the shifted Legendre polynomials P* of degree n in t is given

by:
P (1) = (-1)“2(2)(“2 k)(—t)k. (3.13)
k=0
. k)!
P (¢) :;(—1)“’“%& (3.14)

It is noted that

P*(0)=(—1)",

P*(1)=1,
(PX)(0)=(-1)""nn+1),
(]P’jl)’(l) =n(n+1).

o Rodrigue’s formula:
The analogue of rodrigue’s formula for shifted Legendre polynomials is:

n

* _ 1 d 2 "
]P’n(t)—n! dt(t t).
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e Orthogonality:
The polynomials P*(t) are orthogonal to the interval [0,1], i.e:

1

1
f P (OP* (Hdt= {2n+ 1’
0 0, if m#n.

3.4.2 Function approximation using shifted Legendre polynomials

A function u(t) € L?(0,1) can be expressed in terms of the shifted Legendre polynomials basis.
In practice only the first (m + 1) terms of shifted Legendre polynomials are considered. Hence:

u(t)= Z ;P = CTo(t)
i=0

where
C" =[cy 1,0 00r C (3.15)

and .
o(t) =[P;, P, P}, PF | (3.16)

Then we have:

1
Ci:(2i+1)f u(Pi(tdt, i=1,2,..,m
0

3.4.3 Operational matrix of 29®(t) based on shifted Legendre polynomials:

The derivative of the vector ®(t) can be expressed by:
do(t)
dt

where DW is the (m +1) x (m + 1) operational matrix of derivative given by:

=)-]

{k: 1,3,....m, if modd,

=DWa(t), (3.17)

22j+1), j=i—k
0 otherwise,

k=13,..,m—1, ifmeven,

for example for even m we have

(0 0 0O 0 0 0\
1 000 0 0 0
0 3 00 0 0 0
DY=2|1 0 5 0 0 0 0l. (3.18)
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By using (3.17), it is clear that:
dro(t)

dn

Where n€ N and (DW)* | represent the matrix powers. Therefore:

= (DY) ®(t). (3.19)

n

D" =DM}, n=1,2,.. (3.20)

— Example 3.4.1 §

Case 1: m=3 (odd)
Then k €{1,3}, so DY of size 4 x4 is :

0 0 0 0 00 0 0
D 2(2-0+1) 0 0 0| {2000
0 2(2-1+1) 0 0 06 0 0
2(2-0+1) 0 2(2-24+1) 0 2 0 10 0
Case 2 : m=4 (even)
Then k €{1,3}, so DV of size 5x5 is :
( 0 0 0 0 0\
2(2-0+1) 0 0 0 0
DY = 0 22-1+1) 0 0 0
2(2-0+1) 0 2(2-2+1) 0 0
K 0 2(2-1+1) 0 2(2-3+1) o]
(0 0 0 0 0\
20 0 0 0
= (o6 0 0 0
2010 0 0
Ko 6 0 14 0

Let P*(t) be the shifted Legendre polynomial. Then:

PP ()=0, n=0,1,..,[q]—1, g>0.
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\ Theorem 3.4.1 ’

Let ®(t) be shifted Legendre vector defined in (3.16) and also suppose g >0 , then:
299(t) ~ DDP(t), (3.21)

where D is the(m + 1) x (m + 1) operational matrix of fractional derivative of order g in
Caputo sense and is defined as follows:

( 0 0 0 \
0 0 0
[a] [d] [d]
Zw[qu Zw[an Zwkﬂmk
@ k=[q] k=| [q] k=[q]

DY) = ) : . , (3.22)
anOk anlk anmk
k= [q] k= [ql k=[q]

m
K Wm0k Zwmlk Zwm,m,k]
k=[q] k=[q] k=[q]

where w, ; is given by:

(1) (4 k)N + )

Onjk =27+ I)IZO (n— KK (k—q+ 1)(j — DIk + I —q+1)’ (3:23)

Note that in D9, the first [q] rows, are all zero.

u

Ca

Using the linearity property of D@

D(p i)+ 0 f() = pDYf(6)+ oD fy(t)
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and the equalities (1.31) in (3.13)and (3.14), we have:
C +k
qP* t — -1 n+k n n qtk’
7P 0= (D (k)( L |2

_ i ( (n+ ’C)Lﬂ)tk-q
rk—q+1) '’

(n+k)! (k-a
(m—kNEN(k—q+1) ’

— Z (_1)n+k
k=[q]

=[ql,... m

Now, approximate t¥~ by (m + 1) terms of shifted Legendre series, we have

m
i Z dy /P’ (1)
j=0

where :

1
dk,j=(2j+1)J t"—‘ij.(t)dt,
0

[l N /s 1
~Gie ()71 |
0

=0

[l i j

) . NN j ]+l ;
| i . (j+1)

_ . +1

—(21+1)l:0( 1)’ (=D +1—q+1)

Employing equations (3.24) and (3.26), we get:

) (n\(ntk) T+
@q]P’ t) ZZ( 1) ( )( k )F(k——q-i-l)dk’jpj(t)

k=[q] j=0
(n+k)!
= 1 n+k d P* .
kzk:ﬂjzo:( ) (m— k)N (k—q+1) 7 31
:Z(zwn“)mﬂ’ n=[ql,...m
J=0 \k=a]

(3.24)

(3.25)

(3.26)

(3.27)

where w, ; is given in eq. (3.23). Rewrite eq. (3.27) as a vector form, we have for all

=[ql,....,m

PP (t) ~ Z W0,k Z Wy, k- i Wy e | (1)

k=[q] k=[q]
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Also according to Lemma 3.4.3, we can write
29P*(t)~[0,0,...,0]®(t),n=0,1,...[q]— 1. (3.29)

A combination of egs. (3.28) and (3.29) leads to the desired result.

\ Remark 3.4.1 ’

If g=neN, Then theorem 3.4.1 3.4.3 gives the same result as Eq. (3.20).

3.5 Shifted Legendre operational matrix of multi-order frac-
tional differential equations:

In this section, in order to show the great importance of the fractional derivation operational
matrix, we apply it to solve some types of fractional differential equations. The existence
and uniqueness of solutions of these equations are discussed in two selected types of fractional
differential equations.

3.5.1 Case of a linear problem:

Consider the linear multi-order fractional differential equation
2°0(t)=2,2" () + A 0() + A5 f (1) (3.30)

with initial conditions
©(0)=p0o, ¢'(0) = puy. (3.31)

where A;,2,,A5 are real constant coefficients,n <@ < n+1,0< f < a and 2% 2P denote the
fractional derivatives of order a and 8 Caputo respectively.

To solve problem (3.30)-(3.31) we approximate u(x) and g(x) by the modified Legendre poly-
nomials as follows:

o) ~ ZC]P’* =CTa(t) (3.32)

f(t)zZﬁPt(t):Fch(t) (3.33)
i=0

where the vector F = [fo,...,fm]T is known but C= [co,..., cm]T is an unknown vector. Using
equations (3.32) and (3.31) we have:

2%0(t) ~CT 2°®(t) ~ C"DWa(t) (3.34)
2P () ~CT 2P (1) ~ CTDPo(t) (3.35)
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By exploiting equations (3.32) - (3.35). the residue K,,(t) for equation (3.30) can be written:
K, ~(C"D—-c"A,DP —2,CT — A, FT)a(t). (3.36)

Now we generate (m —1) linear equations by applying

1
(Km(t),P’;.) = J Km(t)]Pj.dtz 0 j=0,1,..,m—2. (3.37)

0

Also, by substituting equations (3.20) and (3.32) in equation (3.31). we obtain
0(0)=CT®(0)=1c, ¢’ (0)=C"DY®(0)=c, (3.38)

Equations (3.37) and (3.38) generate (m—n) and (n+1) linear equations. These linear equations
can be solved for unknown coefficients of the vector C . Therefore, ®(t) given in equation (3.32)
can be calculated.

—g Example 3.5.1 &

Consider the following initial value problem

2§(¢) = — D (1) — 3
{@ () =—270(t) —P(t) + 5+, (3.39)

®(0)=5 ®(0)=1,

It is easy to verify that the exact solution to this problem is ®(t) = 5+ . Applying
the technique described in subsection 3.5.1 with m =3, we can express the approximate
solution of the problem as follows:

3
p(t)=> cPi()=C o)

i=0
that is:
() = oPi+ P + P = CT@(b),

with
Pi=1, Pi=2t—1, P;=1-6t+6t°, P}=—1+12t—30t"+20t

According to theorem 3.4.3 we find:

00 0 0 0 0 00 0 0 0 O 3
po=|?® O Ve [0 0 00 D(%):(l_6) 00 0 0 |2
06 0 0 12 0 00 vrllr - 1 o z
0 0 10 0 0 20 0 O 3 -8 & 2 :
So using equation (3.37) we get:
+(12+ 10 ) >0 (3.40)
C Co——= .
° 35y7) 0 4
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Now, applying using (3.38) we arrive at:

Co—C+c,—c;—5=0 (3.41)
2¢,—66,+12¢;—1=0 (3.42)

Finally, the solution of equations (3.40) - (3.43) gives us:

37 5 7
Co=—, =2, C=—, C=-.
=% 1 2= 5 3=,
Thus we can write:
1
37 71 2t—1 3
SO(t): _,2,—,— =541t
6 wa 6t —6t+1

2088 —30¢2+12t—1

which is the exact solution.

3.5.2 Case of a nonlinear problem:

Consider the following nonlinear fractional differential problem

{.@aso(t)= F(t,0(8), 2P (1), 77 (1)),
p0)=cp, ¢'0)=c1, ¢"(0)=c,,
where n<a<n+1,0<p<y<a%¢ 98,97 respectively denote the fractional derivatives of
order a,f and 7 in the Caputo sense and F a nonlinear function.

In order to use modified Legendre polynomials for this problem, we first approximate ¢(t), 2% p(t)
and , 2P p(t) and 27p(t). By substituting equations (3.32), (3.34) and (3.35) respectively in
equation (3.44). we obtain

(3.44)

CT'DWe(t)~ F(t, CT (1), C'DPa(t), C"Da(1)) (3.45)
Also, replacing equations (3.20) and (3.32) in (3.44) we find:
©(0)=C"®(0)= c,, (3.46)
©’(0)=C"DM®(0)= c,, (3.47)
¢”(0)=C"D?®(0) = c,. (3.48)

To find the solution ¢(t), we first colocate equations (3.45) at (m —2) points. For the
appropriate collocation points, we use the first (m—2) roots of the modified Legendre polynomials
of P* . (t). These equations together with equation (3.46) generate (m + 1) nonlinear equations
that can be solved by Newton’s iterative method for example. Therefore ¢(t) given in equation

(3.32) can be calculated.
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—= Example 3.5.2 &

We consider the following nonlinear fractional differential problem with an initial value:

(3.49)

{@%(ﬂﬂ‘*—@%w(’c)—wz(t),
0(0)=0, ¢’(0)=0, ¢”(0)=2.

In this example we will solve the problem (3.49), applying the technique described in
subSection 3.5.2 with m =3, we approach the solution as follows:

()= P+ 1P} + 0P + ¢ PE = CT (),

with

Pi=1, Pi=2t—1, Pj=1—6t+6t"P;=—1+12t—30t"+20t>.

Here, we have

00 0 O 0 0 0O 0 0 0O
o |20 0 0] o [0 000 s | 0 000
06 0 O 12 0 0 0 0 00O
2 0 10 0 0 60 0 O 120 0 0 O
o 0 0 0 -
0 0 0 0
D3 = c=|"
o 0 0 0 e
160 96 160 32
VI VT TJT 43m =
Using equation (3.45) we obtain:
C'D¥o(t) + C"DEo(H) + [CTR(t)] — ' =0 (3.50)

Now, we colocate equation (3.50) to the first root of P§(t) , i.e.:

V/525—704/3

1
—+
2 70

~0.069431844

Also, using equations (3.46) - (3.48) we find:

CT(I)(O) = CO_ Cl + Cz_ C3 - 0,
CTDYD(0)=2¢, +12¢;—6¢, =0, (3.51)
C'DP9(0)=12c,—60c; = 2.
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Solving equations (3.50) and (3.51) we obtain:

1 1 1
Cozg, CIZE, szg, C3—0
Consequently
1
111 2t—1
So(t):(_,_,_,()) :{2
HaR6 6t2—6t+1

2083 —30t* + 12t—1

which represents the exact solution of the problem (3.49).
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Chapter four

Solving a fractional differential
equations via operational matrix
and shifted Jacobi polynomials
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4.1 Introduction

This study presents a novel shifted Jacobi operational matrix (SJOM) for fractional integration
of arbitrary order, which is utilized in combination with the spectral tau method to solve linear
fractional differential equations (FDEs). The fractional integration is defined in the Riemann-
Liouville framework. The numerical approach is based on the shifted Jacobi tau technique, with
a notable advantage being that it requires only a small number of shifted Jacobi polynomials
to produce highly accurate results. Several example applications confirm the efficiency and
effectiveness of this method in solving linear multi-term FDEs.

Jacobi polynomials have gained increasing importance in numerical analysis, both in theory
and application. Recently, Doha et al. ( [7]) developed the shifted Jacobi operational matrix
for fractional derivatives, which was integrated with the spectral tau method to numerically
solve general linear multi-term FDEs. In this chapter, we construct an operational matrix for
fractional integration using shifted Jacobi polynomials, formulated in the Riemann-Liouville
sense. This matrix is then employed to develop a direct solution method for FDEs. Notably,
the shifted Chebyshev operational matrix of fractional integration, introduced by Bhrawy and
Alofi [3], emerges as a specific case of the shifted Jacobi operational matrix of fractional inte-
gration. Finally, the accuracy and reliability of the proposed algorithm are validated through
test problems.

4.2 Properties of shifted Jacobi polynomials

The well-known Jacobi polynomials 9&7’5)(3) are typically defined over the interval (—1,1). To
adapt these polynomials for use on the interval 3 € (0,¢), we introduce the so-called shifted

Jacobi polynomials through the variable transformation:
_2x 1
3= .

This transformation maps the interval (0, ) onto the standard domain (—1, 1), enabling the
effective application of Jacobi polynomials in a modified range suitable for the given problem.
These shifted polynomials are denoted by 93(’7;;?)(3). The analytic form of the shifted Jacobi

polynomials 95(’7’1'15)(5) of degree m is:

S (D)™ *FT(m+6+1)I(m+k+y+6+1
o= T Tmrox Mm i kry+ o+ D, (4.1)
’ = Ik+o+1)[(m+y+0+1)(m—k)k!sk
The value of the shift Jacobi polynomial at 3 =0 is:
I(m+o6+1)
2I0(0)=(—1)" —
sm (0= (1) I'(o+1)m!

. The orthogonality condition for these polynomials is

S
0 0
f P25 w6y =16
0
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where the weight function is: wp’ﬁ)(g) =(t—3)"3° and the normalization constant is:

o ST (k+y+ DIk +6+1)
ok T 2k+r+6+1)I(k+1I(k+y+6+1)

. The special values of the derivative of the shifted Jacobi polynomials at 3 =0 are given by:

B D" T(m+o+1)m+y+6+1),

q gp (1,6)
7P, 0) siT(m—q+1)[(g+6+1)

(4.2)

This will be crucial for later use. A function v(3), square integrable on the interval (0, s),
can be expressed as a series of shifted Jacobi polynomials:

oo
v()=>c,2"0)
n=0
where the coefficients ¢, are given by
1 N
Ch= WJO V(Z))‘@S%E)(ﬁ)wirﬁ)(z)dﬁ’ n= 0! 1’2! Tt

s,n

In practice, only the first (N + 1) terms of the shifted Jacobi polynomials are considered.
Therefor, the function v(3) can be aproximated as:

N
()= D e, 20 03)=C" ()

n=0

where the shifted Jacobi coefficient vector C and the shifted Jacobi vector ¢(3) are:

C’=[cy 1y 00l (4.3)
T
v(3)=[2576,25°6), -, 2506)] (4.4)

Next, if we define the g times repeated integration of Jacobi vector ¢(3) by £7¢(3). we
have:

I70(3)=PDp(3), (4.5)

where ¢ is an integer and P is the operational matrix of integration for th vector ¢(3).

4.3 Operational matrix of fractional integration

The goal of this section is to extend the Shift Jacobi Operational Matrix of integration to
fractional calculus.
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&

\ Theorem 4.3.1 ’

Let ¢(3) be the shifted Jacobi vector, and let p > 0. Then the fractional integration of
order p is approximated as:

FP0()= 2P (5) (4.6)

where 2 is the (N+1) x (N + 1) operational matrix of fractional integration of order p
in the Riemann-Liouville sense, defined as :

[ 9,0,0,7,6) ©,(0,1,7,6) - W,(0N,7,5) )
lIJp(]-rO;r;5) lIJp(]-)l;T;5) ‘Ilp(lyN)’)’)5)

v,(m,0,7,6) ¥,(m,1,7,06) --- ¥,(m,N,7,0)

\ ¥,(N,0,7,8) W¥,(N,1,7,8) -+ W,(N,N,7,8) |

Here, each element \pr(m,n,y,(?) is given by:

~ (D)"M(m4+6+1I(m+k+y+6+1)
lIlp(m,n,%ﬁ)—kZ:OF(k+5+1)1“(m+y+5+1)(m—k)!r(k+p+1) (4.8)
S EUTTf 4y + 04 My + DN/ 4kt p 4 5+ o0ty 454+ nis? )
[(n+7+DI(f +8 + Dn— U fIT(f +k+y+6+v+2) (4.9)

Ca

The analytic expression for the shifted Jacobi polynomials 98('7,;15)(3) of degree m is given by
equation (4.2). Using equations (4.1) and (4.2), and noying that the Riemann-Liouville’s
fractional integration is a linear operation, we obtain:

D" *T(m+6+1)I(m+k+y+6+1
P Z( )" T(m JL(m+k+7 ) ok (410)
r(k+5+1 (m+y+0+1)(m—k)k!~Fk
—i ()" T(m+6+1)[(m+k+y+6+1) kip (4.11)
& T(k+ 6+ DI(m+7+6+1)(m—KIT(k+p +1)sk° ' ‘
m=0,1,---,N. (4.12)
Next, applying the fractional integration 37, we get:
N
5= w2 n), (4.13)
n=0

71




where the coefficients ¢, are given by equation (4.6) with v(3) =3, i.e,

2n+y+0+1)I(n+1)
In+y+1)

Z(—1)n—fr(n+f+y+5+l)r(y+1)r(f+k+6+p+1)
T(f+6+1)n—ffIT(f+k+7+6+p+2)

k+p

Ckn =

=1,2,---,N.
=0

Using equations (4.10) and (4.13), we get the following expression for #°210)3):

N
IP20E) =D O,(mn)2"7G), m=0,1,-- N (4.14)
n=0

where W, (m,n)=>" { i, and

()" T(m+6+1)[(m+k+y+6+1)
Ik+o+1)I(m+y+o0+1)(m—-Kk)'k+p+1)
><2“:(—l)n—fr(m+f+y+5+1) (r+DI(f+k+v+06+1)2n+y+06+1)n!s?

= In+y+DI(f+o0+1)n—ffII(f+k+r+0+p+2)

n=1,2,---N.

gmnk =

Therefor , Equation (4.14) can be expressed in a vector form as:

FP P10 3) W, (m,0,7,8),W,(m, 1,7,8),W,(m,2,7,6), -, W,(m,N,7,8)] 0(5),  (4.15)

m=0,1,---,N. (4.16)

This leads to the desired result.

4.4 Fractional shift Jacobi operational matrix for solving linear

multi-order fractional differential equations

In this section, the proposed multi-order fractional differential equation (FDE) is integrated p

times, in the Riemann-Liouville sense, where p is the highest fractional-order. This is done by

utilizing the formula that relates the expansion coefficients.
To highlight the importance of the Shifted Jacobi Operational Matrix (SJOM) for fractional

integration, we first apply it to solve a multi-order fractional differential equation (FDE). The

equation is given by:
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k
D)= (NnZ°" V() + A I 7" V() +FG),  in 1=(0,5), (4.17)

m=0

with initial conditions:

v"0)=1,, m=0,---,r—1, (4.18)

where n,,(m=0,1,---,k)and A,,(m=0,1,---, k) are real constants coefficients, and r—1 < p <
r0<6;<6,< <8 <p. The term 2°v(3) = v'?)(3) denotes the Riemann-Liouville fractional
derivative of order p of v(3) , #7mv(3) denotes the Riemann-Liouville fractional integral of order
o (o €RY) of v(3) and [,,(m =0,---,r —1) represents the initial values of v(3), while G(3) is a
given source function. For further details on existence, uniqueness and continuous dependence
of the solution , refer to [§].

By applying the Riemann-Liouville integral of order p to equation (4.17) and using equation
(1.30), we derive of the integrated form of (4.17), namely

k

_ ()3 _ 5 om
I° 9P )(3) V(za)—;v (o*)a—;)ﬂ(nm@ V3)+ Am I 1(3) + SPF(G),
k r—1 n
= 00 [0)= D v (0°) |+ 2,797 0(5) + SO FG),

with the same initial conditions

v'mo)=1,, m=0,---,r—1
where r,,—1<6,,<r1,,, 1, €N and 0,, € R"(Re(o,,) > 0) This equation can be simplified to:
k
W@ =D (1”@ + A I VE)+CE), V0= m=0,, =1, (4.19)
m=0

where the term G(3) is:

r—1 n k Im—1 n
3 - 3
6= 5B+ S 1,5+ D 0,00 6{2 zn;)
n=0 * om=0 n=0 :

To solve the fully integrated problem (4.19) with the initial conditions (4.18) using the Tau
method with SJOM, we approximate vy(3) and G(3) using shifted Jacobi polynomials:

N
G D cn?TPG)=C"p(3) (4.20)
m=0
N
GG~ D gu?0(3) =G o(5) (4.21)
m=0



where the vector G = [go,gl,--- ,gN]T is known, but C={c¢,, ¢;,:*, CN]T is an unknown vector.

Next, we apply the Riemann-Liouville integral of orders (p—5 ,,) and (p +0,,) to the ap-
proximate solution (4.20), and using Theorem 4.3 (relation (4.6)), we express it as:

IOy (3) =~ CT gPTomp(3) . CT 2P Tomp(3) (4.22)

where 2 ) is the operational matrix of fractional integration of order p. This step helps in
applying the Tau method to approximate the solution of the multi-order fractional differential
equation.

We begin with the equation:

jp_ﬁn VN(Z?)ECTﬂp_En(p(ﬁ)gCT@(p_En)SO(ﬁ)r n=1,--- rk’ (423>

Where 22 is the operational matrix of fractional integration of order p, and the vector C
represents the unkown coefficients of the approximation.
Using equations (4.20) to (4.23) the residual Ry(3) for Equation (4.19) can be written as:

k k
Ry(3) = (@Tsa(a)—cTZm@“’—ﬁn)so(z)—cTZang’“’—an)w(z)—Gfsa(a))
n=0

n=0

k
Ry(3)= (CT—CT(Z nﬂ(ﬂ—ﬁ")—an@(f’—”"))—GT)so(a) (4.24)

n=0
To proceed with solving for the unknown coefficients, we apply the standard approach of the Tau
method. We generate N—r +1 linear algebraic equations by orthogonality, using the condition:

N

(Ra(3), 21:%(5)) = f Ry(3)20%(3)d3=0, n=0,1,---,N—r. (4.25)
0

Moreover, by substituting equations (4.5) and (4.20) into equation (4.18), we get the initial
conditions for the solution:

N
vM(0)= Z cn?™MPT0)=1,, m=0,1,,r—1 (4.26)
m=0
These generate N—r +1 equations from the residual and r equations from the initial condi-
tions. The system of equations can then be solved to obtain the unknown vector C, providing
an approximate solution to the multi-order fractional differential equation (4.17) with the given
initial conditions (4.18).

4.5 Illustrative examples
To demonstrate the efficiency of the proposed method in this thesis, several test examples are

presented in this section. The results obtained confirm that the proposed approach is highly
effective and well-suited for solving linear fractional differential equations (FDEs).
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—= Example 4.5.1 &
As an example of applying this method, consider the initial value problem:

5 8
27v(3)+3v(3)=3;5° +m1-5, v(0)=0,v'(0)=0, 3€[0,s] (4.27)

where the exact solution is given by v(3)=33.

Using the method outlined in Section 4 with N = 3, the approximate solution and the
right-hand side are represented in terms of shifted Jacobi polynomials as:

v(3)= Zc 21P3)=C"p(3), and G ~ng =G" ().

From equation (4.6), the matrix for the fractional integration is:

o Wy(1,1,7,5005(1,2,7,5) Wy(1,3,7,5)
‘IJ%(Z 0,7,0) \IJ%(Z,I,}’, )\113(2 2,7,0) @%(2,3,)’,5)
( o) ) )

|\

5)®3(0,2,7,6

3
2

v

3
2

3,0,7,6) ¥1(3,1,7,6)%:(3,2,7,6) ¥3(3,3,7,6

3
2

and the vector G is given as:

8o
81
82
83

Thus, the method facilitates solving for v(3) and approximating the solution of fractional
differential equations by leveraging the power of the SJOM and the Tau method.

The term W3(m,n,7,6) is defined in Equation (4.8), and G, is given by:

(2n+y+5+1)n'z 1)"—frf+n+y+5+1)
ST n+y+1) sFfin—fT(f+0+1)

645°72 ) 64s
x ——+ r—3)id
f(lOSﬁ S R

Using equations (4.23) and (4.25), we arrive at the following residual equations:

n—

3W3(0,2,7,8)co+303(1,2,7,8)c; +393(2,2,7,8)c, +393(3,2,7,8)cs + ¢, — g, =0,  (4.28)
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3W;(0,3,7,8)co+3W3(1,3,7,8)c; +393(2,3,7,8)c, +39;(3,3,7,8)cs + ¢, — g3 =0.  (4.29)

By applying equation (4.26) for the initial conditions, we get:

(6+1)0+2) (6+1)0+2)(0+3)

CTo(0)=cy—(6+1)c; + > c,— 5 c;=0, (4.30)
+0+2 0+2)y+6+3 0+2)6+3)(r+6+4
T pWyoy= : ), ! )(78 ), 4 G2 25)(7 om0 (431)

Solving the system of equations (4.28) to (4.30) yields the approximate solution.

Special cases for the ultraspherical basis can be derived by setting y = 0 and replacing
each with y— % Similarly, special cases for the Chebyshev basis (first, second, third, and
fourth kinds) are obtained by setting y =6 = :F% and y =—0 = i%, respectively. For the
Legendre basis, we set y =0 =0.

When y =6 =0, the coefficients are:

s3 9s3 S s
CG=—, C=—, C=—, C3=—
07 4 Y200 T 47 P20
Thus, the approximate solution is:
3
G)= D cn?O0G)=5
m=0
which is the exact solution.
If y=—%,6 = %, the coefficients become:
35s3 21s3 753 s3
Cyp = ) = ’ =7 C3= —
7 64 Y 2724’ T 20
The approximate solution is:
S 38 _a
()= nPim (5)=3
m=0
which is again the exact solution.
In the case where y = %,5 =—%,the coefficients are:
553 9s3 553 s3
Co=—, cG=—, C,=—, Ca= —
°7 64 7327 T 247 P20

The approximate solution is:

which is also the exact solution.
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—= Example 4.5.2 &

Consider the following equation:

1 16
2*v(3)—22v(3)+ 22 v(3)+ v(g):33—652+63+ﬁ32'5, v(0)=0,v'(0)=0, 3€[0,s] (4.32)

Hhere the exact solution is v(3) = 3°.

We now implement the technique outlined in Example 1 with N =3.

The approximate solution obtained using the proposed method for different special cases
of y and ¢ is as folloxs:
Case 1. When y =6 =0, the coefficient are:

57 9s3 s3 O

C:—’ C__’ — —
07 4 17 20 4 20

The approximate solution is:

which represents the exact solution.

Case 2. When ¢ :—%,5 = %, the coefficient are:

35s3 21s3 7s3 s3
CO = p Cl = 0 (,‘2 = —5 =
64 32 24 20
The approximate solution is:

3 1
()= enPim V) =5"

m=0

which represents the exact solution.

Case 3. When y= %, 0= —%, the coefficient are:

5s3 9s3 53 s3
=—, Cl =—, =

64 32
The approximate solution is:

Co

which is the exact solution.
Case 4. When y =68 =—3, the coefficient are:
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_ 553 _ 15s° 3s3 s
167 7 32
The approximate solution is:

Co

m=0
which is the exact solution.
—= Example 4.5.3 &
Consider the equation
P*0(G)—29v(G)+ 22 V() + v(G) =3 + 2048 352 — 1455 +425° 52— 131'5 +43—2, (4.33)
429,/ 3J7
p(0)=0, v/(0)=0, 3€]0,¢] (4.34)

with the exact solution v(3)=3"—3°.

We now implement the method outlined in Example 4.5 with N =9 for various specific
values of y and 0, resulting in the following cases:
Case 1: When y =06 =0, the coefficient are:

&2 &2 s? 4957
co=—(3s°=8), c¢;=—(7s°=12), c,=—(7s°—=4), c¢;= )
0 24( ) @ 24( ) e 24( ) o 264

7s’ 7s’ S s’ ; ,
C,=—, Cc=——, Co=——, c=—), cg =0, Ce=0,
Y 7312 ® 264’ 77 3432° B 9

The approximate solution is:

9
()= cn@80G)=3"—4",
m=0

which represents the exact solution.
Case 2: When y=§ = 3, the coefficients are

32 32 SZ
B= (1435°—512), ¢ = (10015°—2048), ¢, = (819s°—512),
8192 44 5120
13s7 25s7 15s7 7s7 s’
C3= = Cg = 0, Cy = 0,

TAaa C4__) C5:_) 06:_7 C7:_)
128 576 1232 3432 6435
The approximate solution is:
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which is the exact solution.

Case 3: When y=—3,8 =, the coefficients are

s?(64355° —10240) s2(5005s° —5120) s2(3003s° —1024)
Cy = , Ci = y Cy = y
0 16384 ! 8192 2 6144
273s7 1357 5s7 5s’ s’
C3_ C4_ = 08:0, 69:0,

— ) — ) CS — T~ CG = ) C7 =
1024 128 192 1232 3432
The approximate solution is:

which is the exact solution.

Case 4: When y = %, 0= —%, the coeflicients are:

s2(4295°—2048) s2(1001s°—3072) s2(1001s° —1024)
Co= , €= y, Cp= 9
° 16384 ! 8192 ? 6144

637s’ 39s’ 11s? 13s7 s’
(3= Cy= y C= y G = v =

5120 640 576 3696 3432

The approximate solution is:

which is the exact solution.
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Conclusion

In this study, we conducted an in-depth investigation into fractional calculus and its applica-
tion in solving fractional-order differential equations using operational matrices combined with
orthogonal polynomials. Our approach leveraged Bernstein polynomials, modified Legendre
polynomials, and shifted Jacobi polynomials to develop efficient numerical methods. The results
demonstrated the robustness of these techniques in enhancing numerical accuracy and solution
stability, as validated through multiple illustrative examples. The application of fractional-
order differential equations spans numerous scientific and engineering fields, including control
systems, viscoelastic material modeling, and signal processing. The use of operational matri-
ces in conjunction with orthogonal polynomials provides a powerful tool for efficiently solving
complex differential problems, reducing computational efforts while maintaining high precision.
Moving forward, several avenues remain open for further exploration. One promising direction
is the extension of these methods to higher-dimensional fractional differential equations, which
could enhance their applicability in multi-dimensional physical and engineering systems. Ad-
ditionally, the incorporation of machine learning techniques to optimize polynomial selection
and parameter tuning could further improve computational efficiency and adaptability. Future
research may also explore hybrid methods that integrate operational matrix approaches with
finite element or spectral methods to enhance accuracy for highly nonlinear problems. Overall,
this work contributes to the growing field of fractional calculus by offering effective numeri-
cal methods and highlighting potential areas for continued development and innovation. The
combination of analytical rigor and computational techniques provides a solid foundation for
tackling complex fractional-order systems in a wide range of scientific disciplines.
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