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Abstract

This research aims to study the possibility of using the Support Vector Regres-
sion(SVR) algorithm to predict the values of the Gaunt factor, which is a fundamen-
tal element in quantum calculations, especially in describing interactions between
electrons in multi-electron atoms. This factor is used in complex angular integrals
and plays a pivotal role in electron spectral and atomic structure calculations. A
predictive model was developed using SVR based on a pre-calculated dataset con-
taining inputs such as angular quantum numbers and interacting orbitals. Several
types of kernel functions were tested, and the parameters were tuned to achieve the
best predictive performance. The model results showed good accuracy (0.999) and
the mean square error RMSE (0.003) in predicting the values of the Gaunt factor,
and also demonstrated the algorithm’s efficiency in representing complex nonlinear
relationships between variables. This research contributes to opening new avenues
for accelerating computations in quantum mechanics and confirms the feasibility of
integrating machine learning techniques into theoretical sciences, paving the way
towards developing more efficient tools for studying complex quantum systems.

Keywords:
Prediction of Gaunt factor, Support vector regression(SVR), Machine learning, Ap-
plication of SVR in the prediction, Improve the performance of SVR.
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ڲڪٌۘ

,Gaunt ݁أ؇݁ܭ ًگࡗࡲ اܳٺྡྷٴޝ ሒᇭ اᄴᄟا؜ܾ ۬༶ٺৎ৊ا اොຶ৖৑ڎار ۊިارز݁٭۰ اݿٺ༱ڎام ۰ਃ಻Ⴄၽ݁إ دراݿ۰ ሌᇿإ اܳٴۜت ۱ڍا ዛኗڎف
૭૏ٺ༱ڎم ا৕৑ܳـܝଫଐوَ؇ت. ඔ൹ً اܳٺ؋ߜߵات وݬژ ሒᇭ ۊݱިݬ؇ اᆇᅀܳި݁٭۰, اࠍ੆ފ؇ً؇ت ሒᇭ ا৙৑ݿ؇ݿ٭۰ ๤ཛྷ؇اܳأٷ ݆݁ لأڎ اᄳᄟي
ቕቆ ل۰. اᄳᄟر اܳٴྡྷ٭۰ و ሒᇃوଫଐܳـܝ৕৑ا اܳޚ٭ژ ۋފ؇ً؇ت ሒᇭ ل؇ ො੼ިر دورا لޝدي و اৎ৊أگڎة ل۰ اෑෂاو اܳٺఈః݁Ⴄၽت ሒᇭ اৎ৊أ؇݁ܭ ۱ڍا
اۊٺٴ؇ر ቕቆ ݁ڎఈః༠ت. আॻ༟ ොູٺިي ݁ފٴگ؇, ො੼ފ۰ًި ਃಸ؇َ؇ت ۰༟ިᆇ୞୘ আॻ༟ ً؇৖৑؜ٺ݄؇د SVR ً؇ݿٺ༱ڎام ོྡྷٴޝي ஓ஁ިذج ّޚިߌߵ
ོྡྷٴޝي. أداء أڣݯܭ ܳٺۜگ٭ݑ اৎ৊ٺگ؇ޗؕ اܳٺۜگݑ ّگٷ٭؇ت ً؇ݿٺ༱ڎام اৎ৊أగఒ؇ت ݪٴޔ ቕቆو اܳٷިاة, دوال ݆݁ أَިاع ༟ڎة
و۱ި , 0.003 ሒᇿۋިا اࠍ੅ޚ؊ ًؕਵਦ ݁ٺިݿޔ ًܹؐ პაႰ ,0.999 ًܹ؞ب ༟؇ܳ٭۰ ل۰ ོྡྷٴޝ دڢ۰ ොຬگݑ اࡺ࢕ࢦިذج أن ༇຀؇اܳٷٺ أޖ۳ݠت
ܾ۱؇૭૏ Gaunt. ݁أ؇݁ܭ وڢࡗࡲ ᄭᄥފٺگৎ৊ا ۰ਃಮ؇ل ଩ଃاܳڰ اৎ৊ٺ؞ଫଃات ඔ൹ً اৎ৊أگڎة اܳأఈఃڢ۰ ஓ஄ټ٭ܭ ሒᇭ اࡺ࢕ࢦިذج ܋ڰ؇ءة আॻ༟ ࢴࣖل ؇݁
ّأ޺޾ ّگٷ٭؇ت ༇ံد ༥ڎوى আॻ༟ ᄕცلޝ و ,ુળاܳـ ۹ਃ಻Ⴄၽ݁٭ ሒᇭ ۰ਃಸ؇ފ੆اࠍ اܳأ݄ܹ٭؇ت ๤ཏྥܳلؕ ༥ڎࢴࣖة آڣ؇ق ڣٺں ሒᇭ اܳٴۜت ۱ڍا
اৎ৊أگڎة. اᆇᅀܳި݁٭۰ ا৙৑َޙ۰݄ ᄴᄟراݿ۰ ܋ڰ؇ءة ଫ଒أ܋ أدوات ّޚިߌߵ ިොຶ لݑ اܳޚݠ ۳ஓ୷ڎ ؇ᆙᆘ ل۰, اܳٷޙݠ اܳأߺࠊم ৖৑؇෠੼ت ሒᇭ ᄭᄟ৚৑ا
������ :���������
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اिऻء׫ոؼמ١: اڤոஈ࿦࿮ت

أداء ඔ൹ފොູ اܳٺྡྷٴޝ, ሒᇭ اᄴᄟا؜ܾ ۬༶ٺৎ৊ا اොຶ৕৑ڎار ّޚٴ٭ݑ ,ሒᇿ৙৑ا اܳٺأ޺޾ اᄴᄟا؜ܾ, ۬༶ٺৎ৊ا اොຶ৖৑ڎار ,೑಻ިۏ ஓ୾أ؇݁ܭ اܳٺྡྷٴޝ
. اᄴᄟا؜ܾ ۬༶ٺৎ৊ا اොຶ৕৑ڎار
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General Introduction

The Gaunt factor is a pivotal element in quantum mechanics, given its fundamental
role in calculations related to angular interactions between electrons within multi-
electron atoms refer to a type of electrostatic interaction that arises due the spatial
distribution of electrons around the nucleus and their mutual influence based on
angle, not just distance. These factors appear in triplet angle integrals associated
with spherical harmonic functions, which are widely used to describe electronic
interactions with atoms and molecules. These factors contribute directly to the
characterization of electronic structure, atomic spectra, and model material prop-
erties at the quantum level[7].

Despite the importance of these parameters, calculating the, accurately using
methods is often complex and computationally time-consuming, especially when
it comes to atomic systems with a large number of electrons. Hence, the need to
develop alternative methods that guarantee both efficiency and accuracy emerged,
paving the way for the use of artificial intelligence and machine learning techniques
as modern tools in supporting quantum research.

In this context, the support vector regression (SVR) algorithm stands out as
one of the most prominent machine learning techniques used in forecasting and
data analysis, as it has proven effective in handling nonlinear problems even with
limited data availability. This research aims to exploit the SVR algorithm to build
a predictive model capable of estimating Gaunt factor values with high accuracy,
by training the model on data previously calculated using traditional methods.

The Gaunt factor is a mathematical integral involving the product of three
harmonic spherical functions. It is widely used in angular momentum coupling cal-
culations in quantum systems. This factor appears clearly in multi-electron atomic
calculations, where it is used to evaluate angular integrals that describe interactions
between different electrons. This integral expresses the complex relationships be-
tween angular quantum numbers and is a fundamental element in atomic theories.

The difficulty of calculating the Gaunt factors increases with the complexity
of the system under study, which makes finding efficient and fast alternatives for
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accurately estimating these factors a necessity in several fields, such as solid-state
physics, theoretical chemistry, and advanced materials design.

Support Vector Regression (SVR) is a machine learning technique based on the
principles of the vector machine (SVM) algorithm, and was developed to handle re-
gression problems rather than classification. The idea of SVR is to find a predictive
function that achieves the best possible approximation of the relationship between
the input, such that the prediction error is within acceptable limits( known as the
epsilon margin).

SVR is characterized by its high flexibility compared to other models, such
as GBR and ANN, in terms of accuracy in representing nonlinear relationships
thanks to the use of (kernel function), which transforms data from the input space
into a higher-dimensional space, allowing it to be separated or represented more
accurately. The radial kernel (RBF) is one of the most widely used kernels due to
its ability to handle diverse data types.

Given these capabilities, the SVR model is expected to be an effective tool in
predicting the Gaunt factor, especially when the relationships between variables are
complex and nonlinear, as is the case in quantum contexts.



Chapter 1

Gaunt factor

1.1 Introduction:
The Gaunt factor is one of the fundamental elements in quantum calculations related
to the electronic structure of atoms, as it plays a pivotal role in determining the
values of orbital angular momentum matrices. This factor arises from angular
integrals between spherical harmonic functions and is widely used in atomic physics,
quantum mechanics, and modeling spectral properties. With the increasing need
for accurate prediction of atomic and molecular properties, interest is emerging in
developing efficient computational methods to estimate the Gaunt factor, including
the use of artificial intelligence techniques and modern algorithms[8].

1.2 Gaunt factor definition:
The Gaunt factor is a fundamental correction used in the calculation of radiative
transfer rates, which improves the accuracy of these calculations by taking into ac-
count various physical effects [7, 9]. It takes into account the complex interaction
between particle collisions and the processes associated with the emission or absorp-
tion of radiation. This factor plays a crucial role in understanding the behavior of
matter when interacting with radiation, making it essential in many physical and
astronomical applications [10].

1.3 Free-free Gaunt factor:
The cross-section for free-free absorption of radiation of frequency ν and energy
Eν = hν by electrons of initial energy Ea, final energy Eb = Ea + hν and number
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density Ne in a coulomb potential characterized by the central charge number Z :

σff (ν, a, b) = σk
ff (ν, a; b)gff (ν, a; b), (1.1)

where
σk

ff (ν, a, b) = (2/3m)3/2(πZ 2e6/hν)NeE−1/2
a ν−3.

Is the Kramers’ semi-classical cross-section, and gff (ν, a; b) is the quantum me-
chanical correction factor or Gaunt factor. It has been shown that the Gaunt factor
may be written in terms of a partial wave expansion

gff (ν, a; b) = (
√

3/4)(π/Z 2)(hν/e)4
∑
lama

∑
lbmb

| < a|r |b > |2, (1.2)

where la, ma and lb, mb are the degenerate substate orbital and azimuthal angular
momentum quantum numbers associated with the initial and final energy levels Ea

and Eb, with Eb = Ea + Eν , and the dipole matrix element is defined with respect
to initial and final free wave functions normalized on the energy scale. It is at once
apparent that the expression for the Gaunt factor is symmetric with respect to the
interchange of the initial and final levels. For a central potential the summation
over the quantum numbers ma and mb can be immediately carried out to give:

gff (ν, a; b) = (
√

3/4)(π/Z 2)(hν/e)4
∑

la

∑
lb

max(la, lb)δ(la − lb,±1)| < a|r |b > |2

(1.3)
For coulomb wave functions, the summation over the quantum numbers la and

lb can be expressed in terms of complex hyper-geometric functions [11] given by:

gff (ν, a; b) = (2
√

3)(πηaηb)[(η2
a + η2

b + 2η2
aη

2
b)I0 − 2ηaηb

√
1 + η2

a

√
1 + η2

bI1]I0,

in which

I1 = (1/4)[4kakb/(ka−kb)2]l+1 exp [π|ηa − ηb|/2]×[| (l+1+iηa) (L+1+Iηb)|/ (2l+2]Gl .

With the real function Gl given by:

Gl = |(kb −ka)/(kb + ka)|i(ηa+ηb) ×2 F1[l + 1− iηb, l + 1− iηa; 2l + 2;−4kakb/(ka −kb)2],

where the η and k are related to the energy E by η = Z/(E/Ry )1/2 and the subscripts
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a and b on all parameters denote their initial and final values. The calculation of
Gl is calculated following the procedure of [11], more details are presented in [12].

1.4 Approximate formulae
Several approximate analytical formulae for the free-free Gaunt factor are available:

• ηa >> 1, ηb < ηa

gff (ν, a; b) = 1 + A(1 + x2)/y2/3 − B(1 + 484x2/15 + x4)/y4/3, (1.4)

where
x = ηb/ηa

y (1 − x2)ηb

A = (1/3)/ (2/3)/121/3/5 = 1.72826... × 10−1

B = 3 (2/3)/ (1/3)/121/3/70 = 4.95957... × 10−2

Valid when the initial electron energy is relatively high compared to the final
energy, or when there is a large in electron energy during the process.

• ηb << 1,
gff (ν, a; b) = 4

√
3ηb/ [1 − exp (−2πηa)] . (1.5)

Appropriate when the final electron energy is very low.

• ηb ≈ ηa

gff (ν, a; b) = (
√

3/π)(ηa/ηb) [1 − exp (−2πηb)] / [1 − exp (−2πηa)] ln [2ηb/(ηa − ηb)].
(1.6)

Which for ηa << 1 gives

gff (ν, a; b) = (
√

3/π) ln [(ka + kb)/(kb − ka)] ≈ (
√

3/π) ln(4Ea/Eν)

. Describe situations where the change in electron energy is relatively small.

1.5 The importance of Gaunt factor
The Gaunt factor is a dimensionless correction factor that appears in quantum
mechanical formulations of atomic and radiative processes. It modifies classical
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formulas for emission and absorption to account for quantum effects, particularly
in free-free and bound-free transitions in plasmas. The mathematical relations in-
volving the Gaunt factor link it to emission coefficients, absorption coefficients, and
transition probabilities[13, 14, 15]. Below are the key relations and their connections
to atomic parameters[16]:

• Primary Role: The Gaunt factor serves as a quantum mechanical correction
to classical formulas describing radiative interactions (mainly free-free and
bound-free transitions) in plasmas.

• Most Important Application: Its most significant use is in astrophysics, par-
ticularly in the modeling of stellar atmospheres and interpreting radiation
spectra emitted by hot, ionized gases.

• Radiative Processes Affected:

- Free-Free Emission (Bremsstrahlung): Occurs when an electron is deflected
by an ion and emits a photon.

- Bound-Free Transitions: Involves ionization or recombination of an electron
with an atom or ion.

• Purpose of the Gaunt Factor:

- Corrects classical cross-sections by incorporating quantum mechanical ef-
fects.

- Enhances accuracy in calculating emission and absorption coefficients in
high-temperature plasmas.

Atomic and Physical Parameters Determined After Calculating the Gaunt Factor:

• Radiative Transition Rates: The probability per unit time of a photon being
emitted or absorbed during a transition.

• Emission Coefficient (ϵν): The power emitted per unit volume, frequency, and
solid angle — essential for spectral intensity modeling.

• Absorption Coefficient (κν): Describes how much radiation is absorbed per
unit distance in a medium.

• Opacity: A measure of the medium’s transparency to radiation; critical for
understanding radiative energy transport in stars.
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• Plasma Diagnostics Parameters:

- Electron density and temperature.

- Ionization states.

- Radiation losses in fusion or astrophysical plasmas.

1.6 Conclusion
The Gaunt factor is of great importance in characterization of fine quantum inter-
actions. The challenges associated with accurately calculating it have prompted the
search for alternative, more efficient methods, such as artificial intelligence-based
predictive models.By deepening our understanding of this factor and developing
our tools for calculating it, we open new horizons for scientific research in atomic
physics and quantum chemistry[17].



Chapter 2

Machine learning

2.1 Introduction :
Machine learning involves learning, reasoning, and making decisions based on data.
It works by developing computer programs that analyze data, extract valuable
insights, predict unknown properties, and suggest actions or decisions. The key
distinction of machine learning is that automation programs improve their perfor-
mance by learning from data [18].

This means that general-purpose programs are adapted to specific applications
by adjusting their parameters based on observed data, known as training data.
Essentially, machine learning can be viewed as a form of programming by example.
One of its greatest advantages is its versatility; machine learning methods can be
applied across various domains for practical use [19].

The concept of a generic computer program corresponds to a mathematical
model Of the data. Machine learning methods are defined using mathematical
principles, which describe relationships between different quantities or variables
representing observed data and the desired outputs. A mathematical model provides
a compact, precise representation of data, capturing key properties of the studied
phenomenon [20].

The choice of model depends on the available data and the expertise of the
machine learning engineer. When implemented in practice, mathematical models
are translated into code that runs on a computer. However, to fully understand
the behavior of a machine learning program, it is crucial to grasp the underlying
mathematical concepts [21].

There are many predictive techniques in machine learning; herein, we will use
support vector regression.

8
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2.2 Types of machine learning
There are three types of machine learning:

2.2.1 Supervised learning

Supervised learning is a type of machine learning where an algorithm learns from
labeled data [22]. This means the training data includes both the input features
and the corresponding correct outputs. The algorithm’s goal is to learn a mapping
function that can predict the output for new, unseen inputs [23, 22].

Figure 2.1: Supervised learning [1].

The figure(2.1) shows how a machine learning model is trained using labeled
data and then used to predict labels for new data.

2.2.2 Unsupervised learning

Unsupervised learning is a type of machine learning where the algorithm learns
patterns from unlabeled data [24]. Unsupervised learning discovers hidden patterns
in data without labels. Since the data isn’t categorized, the algorithm’s output isn’t
judged for accuracy in the same way as supervised or reinforcement learning [22].

The figure(2.2) illustrates how an unsupervised learning model discovers pat-
terns in unlabeled data.
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Figure 2.2: Unsupervised learning [1].

2.2.3 Reinforcement learning

Reinforcement learning is an ML technique that considers how intelligent agents
should behave in a dynamic environment in order to maximize a predefined reward
signal [24]. The agent receives feedback in the form of rewards and punishments,
which it uses to guide its search for an optimal policy within the problem space
[22].

2.3 Supervised Learning Techniques

2.3.1 Regression

Regression involves mapping input data to a numerical value.Given an input Xi ∈ R
(representing a d-dimensional feature vector) and a continuous output space y ⊂ R,
the goal is to create a function f . R → R⋉ that accurately maps any input Xi

to its corresponding value y ∈ R . Examples of regression methods include Neural
Networks, Support vector regression, Linear Regression, and polynomial Regression
[25].
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Linear regression

A simple linear regression model for n observations can be expressed as:

yi = β0 + β1Xi + ei . (2.1)

Simple linear regression models the relationship between a single predictor variable
X and a response variable y as a straight line. The term ”simple” denotes that
there’s only one predictor, and ”linear” indicates that the model is linear in the
coefficients β The most common method for estimating β0 and β1 is the method of
least squares. This method finds the line that minimizes the sum of the squared
differences between the observed yi values and the values predicted by the regression
line and minimizes the following expression [26]:

n∑
i=1

(yi − β0 − β1Xi)2. (2.2)

And the solution is:
β1 =

∑n
i=1 xiyi + 1

n

∑n
i=1 xi

∑n
i=1 yi∑n

i=1 x2
i − 1

n (
∑n

i=1 xi)2
, (2.3)

β0 = y − β1x . (2.4)

Where n is the number of data.

Figure 2.3: Linear regression [2]

The figure(2.3) shows a visual representation of linear regression, where the line
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of best fit is plotted across sparse data.

Nonlinear regression

The fundamental concept of nonlinear regression is similar to that of linear regres-
sion, which aims to establish a relationship between a response variable Y and a
set of predictor variables X = (X1, ...., Xk )T . What distinguishes nonlinear regres-
sion is that the prediction equation depends nonlinearly on at least one unknown
parameter.

Linear regression is commonly applied when the primary goal is to build a purely
empirical model. In contrast, nonlinear regression is typically used when there are
theoretical or physical reasons to expect a specific fundamental relationship between
the response variable and the predictors [27].

Figure 2.4: Nonlinear regression [3]

The figure(2.4) shows the visual representation of the nonlinear.

2.3.2 Classification

Classification is a supervised learning task where the goal is to predict categories
[28]. Data mining is a key tool in machine learning, but people often make mistakes
during analysis or when linking data. Machine learning can solve complex problems
by improving system efficiency and machine design. It uses labeled (supervised) or
unlabeled (unsupervised) data, with the letter aiming to uncover hidden patterns.
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Many machine learning applications are supervised, following a typical classification
architecture [29].

Figure 2.5: Difference between classification and regression [4]

The figure(2.5) shows that classification is concerned with assigning data to
discrete classes, while regression aims to model the continuous relationship between
variables.

2.4 Support Vector Regression for Prediction
The Support Vector Regression method aims to improve its ability to generalize to
new data by carefully choosing the kernel function used. Selecting the appropriate
kernel is crucial for the successful application of this technique. Support Vector
Regression was initially derived from the theoretical concepts of Support Vector
Machines.

Support Vector Machines can be adapted for regression tasks by employing the
epsilon-insensitive loss function. This function helps evaluate the equality of the
regression fit. When Support Vector Machines are used for regression, it is called
Support Vector Regression.

The primary goal of Support Vector Regression is to identify a function f (x) that
deviates at most epsilon from the actual targeted values observed in the training
data, While simultaneously ensuring the function is as smooth as possible. In
simpler terms, errors within the range of epsilon are considered acceptable. In
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Support Vector Regression, the training data points that influence the creation of
the regression function are called support vectors. The function f (x) is defined as:

f (x) = W Tφ(x) + b, (2.5)

where φ(x)represents the result of mapping the input x into a higher-dimensional
feature space, W is a weight vector, and b is the bias term. The parameters W
and b are determined by minimizing a risk function [30]. The parameters W and b
minimize the following risk function :

R = min
1
2
||W ||2 + (

l∑
i=1

(LE (Yi), f (xi))) (2.6)

Where LE is the Loss function, SVR seeks a function f (xi) that exhibits the smallest
deviation epsilon from the actual targeted values yi for all training data points.
Ideally, when epsilon is zero, perfect regression is achieved. However, a large ep-
silon value corresponds to a smaller influence of slack variables and leads to lower
accuracy. Slack variables are introduced to address situations where it’s impossible
to maintain the margin defined by epsilon. The addition of this slack variable is to
solve the problem of the infeasible margin limiter in the optimization problem [31].

Figure 2.6: support vectors [5].

The figure(2.6) shows how the SVM works to find a decision boundary that
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separates the classes while maximizing the margin, showing the role of support
vectors and slack variables in the case of nonlinear separable data.

2.4.1 Application of SVR for prediction

Automated staging of an embryo :

SVR is used to develop a fast method for automatically determining the develop-
mental age of a fruit fly embryo based on its segmentation gene expression patterns
[32].

Geolocation problem in a mobile tracking scenario:

SVR is applied to estimate the location of a mobile user, with the addition of
Kalman-Bucy filtering to smooth location estimates. This involves using radiolo-
cation techniques and measurements like time of arrival (TOA),time difference of
arrival(TDOA), angle of arrival(AOA), and signal strength(ss) [33].

Mobile Location Estimation:

SVR is used to obtain an initial estimate of the mobile location in a tracking sce-
nario. A training database is created with measurements taken at known locations
[34].

fMRI Data Analysis:

Spatio-temporal SVR is utilized for analyzing functional magnetic resonance imag-
ing(fMRI) data.This approach helps in motion estimation, noise removal, and in-
corporating multi-run, multi-subject, and multi-task studies [35].

Blind Identification of SIMO Channels:

SVR is employed to solve the problem of blind identification of single-input multiple-
output (SIMO) channels, which is common in communications, sonar, and seismic
signal processing [36].

Oceanic Disasters Search and Rescue Operation:

SVR is used for system identification of a nonlinear black-box model in an ocean
model.This helps predict the position of a target in distress, aiding search and rescue
units [37].
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Position Control of Ultrasonic Motor(USM)

SVR is used to develop a position control method for USMs, addressing the challenge
of strong nonlinearity caused by friction. An SVR controller is combined with a PI
controller for nonlinear input-output mapping [38].

Gene Selection for Continuous Phenotypes:

SVR is applied to select discriminative genes for continuous phenotypes(like the
extent of programmed cell death) in microarray gene expression data analysis. This
uses ordinal regression with multiple thresholds to define hyperplanes for ordinal
scales [39].

2.5 Model Training and Evaluation
Model Training: One of the main challenges in machine learning is ensuring that a
model performs well on new, previously unseen inputs, rather than just the data it
was trained on. This capability, known as generalization, is crucial for the model’s
effectiveness [5].

Model Evaluation: To assess machine learning models, the dataset was divided
into training and validation sets. This ensures that predictions are tested on data
that was not used during model training. Various performance metrics can be
used to evaluate forecasting models, including R-squared(R2)and Root-mean-square
error(RMSE). The R2 metric measures how well the forecasting model explains
the variability in the actual outcomes. The RMSE metric quantifies the differences
between actual and predicted values, providing insight into the model’s prediction
accuracy.

R2 = 1 −
∑M

i=1(yi − ŷi)2∑M
i=1(yi − ȳ )2

(2.7)

RMSE =

√√√√ 1
M

M∑
i=1

(yi − ŷi)2 (2.8)

In these equations,M represents the total number of samples, yi denotes the actual
values, ŷi refers to the predicted values, and ȳ is the mean of the actual values [40].

2.5.1 Cross-validation and hyperparameter tuning

Cross-validation is a technique for selecting models and evaluating their perfor-
mance by splitting data into training and testing sets. It estimates the error of
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algorithms by training on one part and testing on another, ensuring independent
validation. The most common method, k-fold CV, repeats this process k times,
rotating test data to obtain multiple error estimates [41]. While cross-validation is
used to build the final model, that final model itself isn’t cross-validated. Instead,
cross-validation gives an estimate of how well the final model will generalize to new
data. Nested cross-validation separates the tuning of model settings from the eval-
uation, but simpler, standard cross-validation is often sufficient despite potentially
overestimating performance [42].

2.5.2 Performance metrics

Root Mean square error

The RMSE, also called the root-mean-squared deviation, is a measure of the differ-
ences between the values predicted by a prediction model and the values actually
observed, defined as:

RMSE =
√

MSE (2.9)

and

MSE =
1
M

M∑
i=0

(ŷi − yi)2 (2.10)

The RMSE is a good measure of accuracy, but only to compare different pre-
dictions errors for a particular variable and not between variables, because it is
scale-dependent [43].

Mean absolute error

The MAE is a quantity used to measure how close the estimated performance
degradation trend ̂ŷ (or estimates) is to the actual performance degradation trend
y (or actual responses), defined by:

MAE =
1
M

M∑
i=0

|ŷi − yi | (2.11)

The MAE is also known as a scale-dependent accuracy measure and therefore cannot
be used to make comparisons between series using different scales[[43]].
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2.6 Unsupervised Learning Approaches

2.6.1 Clustering and dimensionality reduction

The traditional method for unsupervised word sense disambiguation involves au-
tomatically grouping instances of a word with multiple meanings based on their
context. This is typically done by representing the context as a vector, similar
to how documents are represented in information retrieval. These context vectors
are then clustered using algorithms, aiming to group instances with the same word
sense together [44].

Early approaches by Zernik and Schutze used this vector space model and ex-
plored different clustering methods. Zernik used hierarchical agglomerative clus-
tering, while Schutze employed Bayesian and randomized algorithms, along with
dimensionality reduction techniques. A major challenge with these unsupervised
methods is the difficulty in matching the resulting clusters to predefined senses in
a dictionary or inventory. Both Zernik and Schutze had to manually align the au-
tomatically generated clusters to known word senses after the clustering process.
This manual step was necessary because the unsupervised clustering, based solely
on context similarity, didn’t inherently correspond to standard sense distinctions.
They often generated multiple clusters per word sense and then manually labeled
them [45].

2.6.2 Applications of unsupervised learning

Internet Traffic classification:

Internet traffic classification is essential for service providers to understand network
characteristics like quality of service, user behavior, and security. Traditional port-
basses classification is outdated due to dynamic port negotiation by malicious soft-
ware. Modern methods use machine learning and clustering to classify packets by
application, enabling traffic control, intrusion detection, and blocking of unwanted
applications. Feature selection is crucial for accurate classification, with methods
including filter, wrapper, and embedded approaches. Challenges remain in handling
large data and imbalanced classes,leading to research in areas like ensemble feature
selection and information-theoretic approaches [46].

Anomaly/Intrusion detection:

Are crucial for network security. Traditional signature-based systems, while precise
in identifying known attacks, struggle with novel threats. Modem ADS leverages
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unsupervised machine learning due to its ability to detect unknown behavior by
establishing a baseline of normal activity and flagging deviations. Clustering al-
gorithms like density-based, fuzzy rough C-means are employed to group similar
network activity, with outliers considered anomalous. While effective against so-
phisticated attacks and insider threats, ADS has drawbacks: training and maintain-
ing user profiles is challenging, false alarm rates can be high, and malicious users
might manipulate the system over time [47].

Network operations, optimizations, and analytics:

Network management encompasses the operations of setting up, monitoring, and
maintaining a computer network to ensure its basic functions are working correctly.
The goal of network management and monitoring systems is to guarantee these
functions are fulfilled, and analyze traffic patterns and suggest solutions to improve
efficiency [48].

Dimensionality reduction and visualization:

Dimensionality reduction is the process of reducing the number of variables or fea-
tures that describe the data. Imagine you have a very high-dimensional image,
containing fine details that the naked eye cannot perceive. Dimensionality reduc-
tion helps remove this extra detail while preserving the key visual elements that
define the image. Dimensional reduction techniques: Principal Component Analy-
sis (PCA), Linear Discriminant Analysis (LDA), t-SNE, Autoencoder [49].

Other applications: Clustering customers data and market segmentation, learn-
ing rule associations, image segmentation, and gene clustering [50].

2.7 Challenges and Limitations of Machine Learn-
ing

2.7.1 Overfitting

Overfitting occurs when a machine learning model learns the training data too
thoroughly, including its noise, leading to poor performance on new, unseen data.
Essentially, the model memorizes the training data instead of generalizing. This
is more common with complex models. Techniques like dropout can help mitigate
overfitting [51].
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2.7.2 Underfitting

Underfitting happens when a machine learning model is too simple and doesn’t
capture the underlying patterns in the data. This can be due to using too few
predictors or unrepresentative training data. An underfit model performs poorly
on both training and new data, as it struggles to generalize [51].

Figure 2.7: The difference between overfitting, underfitting [6].

The figure(2.7) shows how a model can be too simple (underfitting),too good
(good fit), or too complex (overfitting) relative to the data.

2.7.3 Model complexity

The process of applying a machine learning algorithm involves experimentation to
determine its suitability for the data and to discover ways to enhance its perfor-
mance. In machine learning, we often have multiple potential models to choose
from. The process of selecting the best model is known as model selection. The
goal of a machine learning algorithm is to accurately predict outcomes for new,
unseen data-not just the data it was trained on. This ability to make accurate pre-
dictions on new data is called generalization. Optimal generalization occurs when
the complexity of the chosen model matches the complexity of the underlying within
the data [52].

If a model is too simple to capture the underlying patterns in the data, it leads
to underfitting.for example, in a straight line is used to fit data that likely follows
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a higher-order polynomial. As we increase the model’s complexity, the error on the
training data decreases, resulting in a better fit. Here ”error” refers to the sum
of the squared distances between the data points and the model’s predictions. A
model that is excessively complex, especially when trained on limited data, can
lead to overfitting. Imagine trying to fit a high-degree polynomial to data that
actually follows a simpler pattern. While such a complex model might perfectly
memorize the training data, achieving a very low training error, it will likely fail
to generalize to new, unseen data. The risk of overfitting decreases with larger
datasets. With enough data, a complex model can, after training, approximate a
simpler one, achieving a more appropriate fit. However in practice, we often cannot
guarantee an abundance of data.Furthermore visually comparing model complexity
to the underlying data distribution is usually not possible. Therefore, we need
alternative methods to evaluate model performance [23].

2.8 Conclusion
In this chapter we presented an overview of the importance and the utility of ma-
chine learning. Machine learning strategies introduce innovative approaches to
leverage computational power and information across various scientific domains.
They enable the analysis of large datasets within a relatively short time, a feat
unattainable through manual efforts. This capability allows scientists to develop
new experimental procedures and focus their efforts on the most promising ques-
tions within their field. However, computerized solutions are not a substitute for
sound medical judgment. Like any other tool, machine learning techniques must
be applied carefully to maximize their effectiveness. It is advisable to begin with
simpler methods to assess problem complexity and gain deeper insights into algo-
rithmic behavior. Additionally, exploring diverse algorithms and comparing their
performance is crucial for achieving optimal results.
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Results and Discussion

3.1 Introduction
Recently, the use of Machine Learning (ML) models has became very widespread in
different fields as a prediction tool. ML is finding a growing number of applications
in physics, and making a significant impact on Particle physics accelerators, astro-
physics, cosmology, materials science, condensed matter physics, and fluid dynamics
plasma physics.

The key aim of the work is to contribute to the cal calculation of the free-free
Gaunt factor by utilizing one of the available and inexpensive alternative methods,
thereby avoiding lengthy mathematical computations and the need to reference
databases of atomic and molecular properties repeatedly. The primary aim of this
study is to demon strate the utility of Support Vector Regression algorithm in pre-
dicting the free Gaunt factor. Our goal is to construct a robust predictive model
capable of accurately estimating the free Gaunt factor by training them on a com-
prehensive dataset comprising various astrophysical parameters. By harnessing the
power of SVR.

3.2 Data Collection and Preprocessing
Data collection is the first step in any data driven project, where information is
obtained from various sources to ensure the accuracy and comprehensiveness of the
analysis. Data can be primary, collected directly from questionnaires, interviews, or
observations, or secondary, extracted from databases, reports, or open sources such
as Kaggle and UC Berkeley. Data can be structured, such as tables and databases
unstructured. Data is collected manually or automatically using application pro-
gramming interfaces or data extraction techniques [53].

22



CHAPTER 3. RESULTS AND DISCUSSION 23

Data preprocessing is the process of preparing data before analyzing it. It in-
cludes cleaning up missing and duplicate values, dealing with outliers, transforming
data through normalization or standardization, and encoding categorical data to
become numeric. It also includes selecting important features and splitting data into
training and test sets to ensure model accuracy and improve analysis performance
[54, 55].

3.3 Methodology
We aim in our work to establish a machine learning model that can calculate the
free-free Gaunt factor gff using log(u)and log(γ2) as inputs. Knowing that:

u =
hν

kBTe
; γ2 =

Z 2Ry

kBTe
, (3.1)

We collected the data of the free-free Gaunt factor from published scientific papers.
The dataset consists of 819 data points, each described by three features: log(u)
ranging from -4 to 4, log(γ2) ranging from -8 to 8, and the targeted variable, the
free-free Gaunt factor Figure (3.1).

Figure 3.1: Temperature-averaged free-free Gaunt factor vs. γ2 for different u .

We integrate in Table (3.1) the computation of descriptive statistics to summa-
rize our dataset. The table includes the count, mean, standard deviation,minimum,
and maximum values.

Additionally, the distribution of the free-free Gaunt factor gff using Kernel Den-
sity Estimation (KDE) is illustrated in Figure (3.2). The distribution appears to
be skewed toward one. The majority of the values fall between zero and 2, while
the remaining values are sparsely distributed between 2 and 6.
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Count mean std min 25% 50% 75% max
log(u) 819.00 1.00 5.24 -8.00 -3.60 1.00 5.60 10.00
log(γ) 819.00 0.00 2.58 -4.00 -2.00 0.00 2.00 4.00

g 819.00 1.51 1.40 0.00 0.85 1.03 1.81 5.52

Table 3.1: Statistical summary of the dataset

Figure 3.2: Dataset free-free Gaunt factor distribution

The figure(3.2) displays an estimated probability distribution for the variable
’g’ using the kernel density estimation method.

3.4 Kernel functions:
The kernel function K (x , y ) takes two inputs (vectors) x and y computes an inner
product in a high-dimensional space without the need to explicitly transform the
data into that space. in other words, it provides a way to efficiently compute the
relationship between two points in a nonlinear space.

Kernel function is a mathematical function used in machine learning algorithms,
to determine the similarity between two points in an input space. A kernel function
allows calculations to be performed in a high-dimensional space without having to
perform an actual transformation for each point, reducing computational complex-
ity.

Kernel functions allow SVR to handle nonlinear relationships in the data by
implicitly mapping them to a higher-dimensional feature space. SVR enables effi-
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cient handling of data that cannot be linearly separated in native space, Choosing
the appropriate kernel function can significantly improve the accuracy of the SVR
model.

3.4.1 Types of kernel functions :

Linear kernel:

The linear kernel is the simplest type of kernel function and is based on SVR
multiplication used in the interior between points in the input space. It can be
represented by the following equation:

K (x , x ′) = x .x ′ (3.2)

Where x and x ′ are feature vectors.
A Linear kernel is used when the relationship between inputs and outputs is

linear, that is, when the data can be represented by a straight line or a plane in
higher dimensions. SVR Model equation with linear kernel of the form:

f (x) = w .x + b (3.3)

Where w is a vector of weights, b is the constant term, x is the feature vector w and
b are chosen so that the error between the predicted and actual values is minimized
while adhering to a pre-specified ϵ-tube margin.

Polynomial kernel:

Polynomial kernel is a kernel function used to capture nonlinear relationships be-
tween variables by representing them in a higher-dimensional space using polyno-
mials. It is defined by the following equation:

K (x , x ′) = (x .x ′ + c)d (3.4)

Where x and x ′ are the feature vectors, c is a constant used to control the effect of
the linear term,d is the degree of the polynomial and the basic factor in determining
the complexity of the polynomial model. We use a polynomial kernel in SVR
when the relationship between variables is not linear but can be represented by a
polynomial.
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SVR Model equation in polynomial kernel of the form:

f (x) =
n∑

i=1

αiK (xi , x) + b (3.5)

Where αi are the support coefficients,K (xi , x) is the output of the polynomial kernel
function, b is the constant term.

Gaussian kernel or RBF kernel(Radial Basis Function):

RBF kernel is one of the most widely used kernel functions because it has a high
ability to handle SVMs and SVR nonlinear data. This kernel is based on measuring
the similarity between points using a function and is represented by the following
equation:

K (x , x ′) = exp(−||x − x ′||2

2σ2 ) (3.6)

Where x and x ′ are feature vectors, and σ is the control factor in the range influence
between points,||x − x ′||2 is the square of the euclidean distance between points.

SVR Model with RBF kernel of the form:

f (x) =
n∑

i=1

αiK (xi , x) + b (3.7)

Where αi are the support coefficients,K (xi , x) is the output of the RBF kernel
function,b is the constant term.

sigmoid kernel:

It is a kernel function used in the sigmoid kernel to create a nonlinear model.SVM
and SVR are based on the sigmoid function, which is often used in artificial neural
networks. It is defined by the following equation:

K (x , x ′) = tanh (γ(x .x ′) + c) (3.8)

Where x and x ′ are the feature vectors,γ is a parameter that controls the effect
between points,c is the constant helps in adjusting the kernel function, A sigmoid
kernel is used when we want to simulate the nonlinear behavior of data. It can
generate nonlinear decision boundaries, but in a different way than the RBF and
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polynomial kernel. SVR Model equation in sigmoid kernel of the form:

f (x) =
n∑

i=1

αiK (xi , x) + b (3.9)

Where αi are the support coefficients,K (xi , x) is the output of the sigmoid kernel
function, b is the constant term.

3.5 Results and Analysis:
In this study, we employed a machine learning model for predicting the Gaunt
factors SVR where SVR is effective in high-dimensional spaces. We utilized two
datasets for our experiments. Each dataset was standardized to ensure comparabil-
ity and improve model performance. The datasets were divided into training (80%)
and testing (20%) sets, and we performed cross-validation to validate the model’s
robustness.

Hyperparameters for the model SVR were optimized using Optuna, a hyperpa-
rameter optimization framework. The key parameters tuned were the regularization
parameter and the kernel coefficient.

The performance of the SVR was evaluated using k-fold cross-validation. The
dataset is divided into k equally sized folds(in our case k = 5) and the model is
then trained and tested k time, each time (k − 1) of the folds as a training set and
the remaining fold for testing the model. After network training, the regression
accuracy metrics and statistical tests are determined to evaluate the net work’s
performance. The regression accuracy metrics are commonly used to quantify the
differences between the actual and predicted values of the obtained model. The
regression accuracy metrics and statistical tests include Root Mean Squared Error
(RMSE) and Coefficient of de termination (R2). In general, the optimal model is
the one with the highest (R2) and the lowest (RMSE). These metrics are defined
as follows:

R2 = 1 −
∑M

i=1(y ′
i − yi)2∑M

i=1(yi − ŷ )2
(3.10)

RMSE =

√√√√ 1
M

M∑
i=1

(y ′
i − yi)2 (3.11)

Where y ′
i represents the predicted values generated by the model, y ′

i is the actual
value, ŷ is the average of the actual values and N stands for the total number of
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samples. The model performance metrics are summarized in Table (3.2).

Polynomial RBF Linear Sigmoid
KFold R2 RMSE R2 RMSE R2 RMSE R2 RMSE
Fold 1 0.9648 0.2638 0.9994 0.0333 0.9454 0.3288 0.6779 0.7983
Fold 2 0.9508 0.2941 0.9995 0.0307 0.9245 0.3644 0.6779 0.7154
Fold 3 0.9586 0.2849 0.9995 0.0324 0.9360 0.3542 0.6705 0.8036
Fold 4 0.9576 0.2763 0.9992 0.0378 0.9410 0.3259 0.6705 0.7059
Fold 5 0.9670 0.2799 0.9997 0.0270 0.9501 0.3440 0.6712 0.8835
Average 0.9598 0.302 0.9946 0.0322 0.9394 0.3435 0.6736 0.7599

Table 3.2: Predictive performance of the SVR model.
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Figure 3.3: Plot of the measured versus predicted values and svr line(RBF, Poly,
Sigmoid, Linear)

We evaluated the performance of SVR using four different kernel functions:
Radial Basis Function (RBF), polynomial, sigmoid, and linear. The results
were assessed by comparing the predicted values to the measured (true) values using
standard metrics such as the coefficient of determination (R2) and mean squared er-
ror (MSE). The corresponding plots in Figure (3.3) visualize the alignment between
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predicted and measured values for each kernel, offering insight into each kernel’s
suitability for this regression task.

1. RBF Kernel

• Performance: R2 = 0.9994, RMSE = 0.03

• The RBF kernel demonstrated outstanding performance, with an almost per-
fect fit to the measured values. The predicted points lie very closely along the
ideal diagonal line, indicating that the model was able to capture the complex,
possibly non-linear relationships within the data with high precision.

• The low MSE value further confirms that the prediction errors are minimal
across the entire dataset.

• This result highlights the strength of the RBF kernel in handling non-linearity
through its ability to assign influence based on radial distance in high-dimensional
space. It effectively models localized variations and smooth transitions, mak-
ing it especially suitable for accurately approximating the Gaunt factor.

2. Polynomial Kernel

• Performance: R2 = 0.9532, RMSE = 0.3

• The polynomial kernel achieved good performance, though it did not match
the precision of the RBF kernel. While the overall trend between predicted
and measured values is still reasonably aligned, there is noticeable deviation,
particularly at higher values of the Gaunt factor, where the model tends to
show skewness and less consistent predictions.

• This suggests that while the polynomial kernel is capable of modeling non-
linear relationships, it may overfit or underfit depending on the degree chosen
and the distribution of data. It captures general trends but may struggle with
localized fluctuations or subtle complexities in the data.

3. Sigmoid Kernel

• Performance: R2 = 0.6788, RMSE = 0.80

• The sigmoid kernel exhibited relatively weak performance compared to RBF
and polynomial. The scatter plot of predicted versus measured values shows
a significant spread and a clear divergence from the ideal line, especially in
mid- and high-value regions.
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• The elevated MSE and lower R2 indicate that the model fails to generalize well
across the range of inputs, likely due to the sigmoid kernel’s limited ability to
model complex non-linear functions in this context.

• The sigmoid kernel behaves similarly to neural network activation functions,
and while it may be suitable for binary classification tasks, it appears less
effective for high-precision continuous regression in this specific problem.

4. Linear Kernel

• Performance: R2 = 0.7632, RMSE = 0.68

• The linear kernel, like the sigmoid, showed limited predictive capability. Its
performance is slightly better than the sigmoid in terms of R2, but nearly
identical in terms of MSE.

• This result is expected since the linear kernel is best suited for problems
where the relationship between input and output is approximately linear —
a condition clearly not met in our Gaunt factor dataset. As such, the model
fails to capture the curvature and non-linearity present in the data, leading
to systematic prediction errors.

5. Summary and Interpretation
The comparative analysis clearly demonstrates that the RBF kernel is the most

effective for predicting the Gaunt factor, offering near-perfect accuracy and minimal
error. Its flexibility in modeling non-linear patterns allows it to capture the intrinsic
behavior of the data more effectively than other kernels. The polynomial kernel
performs reasonably well but may introduce errors at the extremes. In contrast,
both sigmoid and linear kernels fall short in this application due to their limited
ability to model the non-linear nature of the underlying relationships.

These results underscore the importance of selecting an appropriate kernel func-
tion in SVR when dealing with physical parameters like the Gaunt factor, where
accuracy and physical realism are critical. The superior performance of the RBF
kernel makes it the most suitable choice for further development and integration
into predictive models in plasma physics and astrophysics.

3.6 Conclusion
Our study demonstrates the efficacy of machine learning algorithms, specifically
SVR, in accurately predicting the Gaunt factor. Leveraging a dataset comprising
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819 Gaunt factor values from various sources. The model showed high accuracy in
predicting the free-free Gaunt factor.

Our results clearly stand out the potential of machine learning algorithms in
accurately estimating the free-free Gaunt factor, offering valuable insights for as-
trophysical research and exploration. Future work could explore additional machine
learning models, larger and more diverse datasets, and potential applications to dif-
ferent types of plasma physics problems.



General conclusion

This work represents a step towards employing artificial intelligence and machine
learning techniques in the service of theoretical physics by developing a predictive
model based on the SVR algorithm to estimate the values of the Gaunt factor, which
is one of the essential elements in complex quantum calculations. The results showed
that using SVR can provide an efficient and accurate way to speed up calculations
and reduce the computational costs associated with traditional methods without
sacrificing the quality of the results.

Relying on a well-trained model to predict parameters of a mathematically com-
plex nature opens the way for broader applications in multiple fields such as solid-
state physics, theoretical chemistry, and materials science. This approach also
provides a framework that can be generalized to other parameters with a similar
structure and physical role.

In light of the encouraging results, this study recommends expanding the database
used, experimenting with other machine learning algorithm’s, and integrating hy-
brid models that combine traditional physics and machine learning, which may
contribute to improving the accuracy of predictions and raising the efficiency of
models in the future.
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