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Abstract

In this thesis, we investigate the existence and uniqueness of solutions for several types
of nonlinear initial and boundary value problems involving Riemann-Liouville fractional
differential equations of variable order. Our approach relies on fixed point theorems
(Krasnoselskii’s, Schaefer’s, and Schauder’s theorems for existence and Banach’s theorem
for uniqueness) to rigorously establish the results.

Additionally, we analyze the stability of the obtained solutions in the context of Ulam-
Hyers stability. To illustrate the applicability of our findings, we provide illustrative
examples.

Our methodology is straightforward and employs a novel fractional operator that is
more suitable for the considered problems, enabling solvability under less restrictive as-
sumptions. Unlike existing methods in the literature, which often rely on generalized
intervals and piecewise constant functions, our approach offers a more direct and flexible
framework.

Keywords and phrases: Existence and uniqueness of solutions, initial and terminal
value problems, fractional differential equations with non-autonomous variable order, fixed

point theorem, mixed derivatives, Ulam-Hyers stability.



Résume

Dans cette these, nous étudions l'existence et I'unicité des solutions pour plusieurs
types de problemes non linéaires aux limites et aux valeurs initiales, impliquant des
équations différentielles fractionnaires de Riemann-Liouville d’ordre variable. Notre ap-
proche s’appuie sur des théoremes de point fixe (les théoremes de Krasnoselskii, Schae-
fer et Schauder pour l'existence et le théoreme de Banach pour 'unicité) afin d’établir
rigoureusement les résultats.

De plus, nous analysons la stabilité des solutions obtenues dans le cadre de la stabilité
d’Ulam-Hyers. Pour illustrer la pertinence de nos résultats, nous fournissons des exemples
concrets.

Notre méthode est directe et repose sur un nouvel opérateur fractionnaire, plus adapté
au probleme considéré, permettant de démontrer la résolubilité sous des hypotheses moins
restrictives. Contrairement aux techniques existantes dans la littérature, qui s’appuient
souvent sur des intervalles généralisés et des fonctions constantes par morceaux, notre
approche offre un cadre plus souple et plus intuitif.

Mots clés: Existence et unicité des solutions, problemes aux valeurs initiales et termi-
nales, équations différentielles fractionnaires avec ordre variable non autonome, théoreme

du point fixe , dérivées mixtes, stabilité d’Ulam-Hyers.
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Introduction

The concept of fractional-order integration and differentiation dates back to the 16th
century, though it wasn’t until the 19th century that significant progress was made by
Augustin-Louis Cauchy and Liouville, leading to the formal development of fractional
derivatives and integrals. Since then, fractional calculus has found widespread applications
across various fields.
Fractional calculus and fractional differential equations have gained considerable attention
in recent years due to their broad applications in mathematical modeling. Unlike classical
differential operators, fractional derivatives often provide more accurate representations of
real-world phenomena, particularly in natural and biological systems. Below is a summary
of key contributions in this field:

e Ahmad et al. [2] Studied Ulam-Hyersstability in nonlinear neutral stochastic

fractional systems.

e Aydogan et al. [3] Applied the Caputo—Fabrizio derivative to model rabies, solving

the system via the Laplace-Adomian decomposition method.

e Baleanu et al. [4] Examined fractional boundary value problems in glucose molecule

graph representations using novel vertex-labeling techniques.
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e Dehingia et al. [I7] Proposed a fractional-order epidemiological model for SARS-
CoV-2 within-host dynamics, ensuring solution existence, non-negativity, and bound-

edness.

e Hussain et al. [23] Formulated stochastic models for COVID-19 spread under en-

vironmental noise, examining solution existence, disease persistence, and extinction.

e Tuan et al. [40] Investigated COVID-19 transmission using Caputo derivatives,
deriving feasibility regions, equilibrium points, and reproduction numbers (Ry) while

proving solution uniqueness via fixed-point theory.

Recent advances in fractional calculus have introduced variable order fractional oper-
ators, extending beyond conventional fixed-order approaches. Unlike their constant-order
counterparts, these operators permit continuous variation in differentiation and integra-
tion orders based on either dependent or independent variables [I8]. This enhanced flex-
ibility has established them as powerful tools for modeling complex phenomena across
diverse domains including biological systems, mechanical engineering, control theory, and
transport processes.

In addition to variable order operators, many real phenomena are influenced by time
delays. Delays arise naturally in engineering systems with feedback, in biological processes
with incubation times, and in epidemiological models where infection depends on past
exposure. The presence of delays can drastically change the stability and qualitative
behavior of solutions [25], [42]. When combined with variable-order derivatives, delays lead
to models that are both realistic and mathematically rich, but their analysis requires new
theoretical tools. Despite their importance, the fractional differential equations of variable
order with finite delays remain underexplored in the literature [41], [46]. Although some
recent studies have addressed various aspects of variable-order equations [9, 10}, [36] 37],
the comprehensive analysis of variable order fractional systems with delays remains an
open research area.

The ability of variable order operators to describe evolutionary dynamics has generated

significant research interest. Numerous studies have successfully applied these methods
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to engineering and physical system modeling [19, [39]. However, investigations into non-
linear differential equations incorporating variable fractional orders remain comparatively
limited [0, 8, 1T, 13]. A key methodological aspect in this emerging field involves the
use of piecewise constant functions (PWCFs) for problem formulation, as implemented in
several recent studies [0], 14) 28, [37].

The standard PWCF approach partitions the existence interval [0, ¢] as:
M = {Tl = [O,tl], T2 = (tl,tg], ce ,TU = to-_l,t]},

where o € N. The associated piecewise constant function «(t) : [0,¢] — (0, 1] is defined
by:
alt) =) alit), te[o1,
i=1

with constants 0 < a; <1 (i = 1,...,0). Here, t, = 0 and ¢, = ¢, where [; serves as an

1 forte [t
w):{ or 1€ st

indicator function:

0 otherwise.

This methodology enables the transformation of variable order fractional problems
into equivalent constant-order formulations through domain partitioning and operator
localization. The technique has become fundamental to current research in the field, pro-
viding a practical framework for analyzing complex fractional systems with varying orders
[16], 28, [37].

In this thesis, we challenge the conventional piecewise constant approximation approach
by asking: what if we could handle variable orders directly and in an integrated manner,
without the need for partitioning or approximation?

Our core objective is to develop an entirely new practical framework that eliminates the
step of piecewise functions and interval splitting at its root. To achieve this, we introduce
an innovative method that directly addresses the variable order while recognizing that the
classical properties of fractional calculus, designed for constant orders, cannot be used.
The key element of our strategy lies in developing a more flexible mathematical opera-
tor?building upon recent advances in variable-order fractional calculus [28, 29, 35, [38],

that naturally represents the smooth and dynamic variation of the order while preserving
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mathematical rigor and applicability. This work represents a methodological shift rather
than merely an improvement: it simplifies modeling by removing an artificial layer of
complexity, enhances accuracy by dealing directly with the variable core of the problem,
and broadens horizons by opening doors to modeling systems that were previously

difficult to handle with partitioned methods. The outcomes of this vision extend beyond
new equations, offering a step toward more flexible mathematics for understanding an
increasingly dynamic world. The thesis is structured into four chapters that collectively

define and present these contributions.

The first chapter introduces the notations, definitions, and preliminary concepts
that are utilized throughout the thesis.
In Chapter 2, we apply the existence and uniqueness properties on the following initial
and terminal value problem (ITVP for short) of variable order

{ DV (t) = f(t,2(t), t € A:=[0,T], 0
z(0) =0, z(T) =0,

where 0 < T' < +o0, 1 < at) <2, f: A xR — R is a continuous function and Dgf) is
the Riemann Liouville fractional derivative of variable order a(t).
In Chapter 3, we examine the existence and uniqueness, in addition to the stability of
the solutions of the next non autonomous variable order initial value problem (NAVOIVP

for short).

{ DD (8) 4 62 (t) = f(t,2(t)), t € A:=[0,T], @)
z(0) =0,

where 0 < T' < 400, ¢ >0and a: AXR — (0,1), f: A xR — R are a continuous

t))

functions and ]D)gf’w( is the Riemann Liouville fractional derivative of variable order

a(t, z(t)).
In Chapter 4, we study the existence, uniqueness and stability to the following finite

delay of variable ordre initial value problem (FDVOIVP)

{ DOz (t) +sa/(t) = f(t,z), t € A:=1[0,T], (3)
0],

o(t) = ¢(t), t € [-2,

15



where o : A — (0,1), f: A x C([-%,0],R) — R is a specific function , ¢ € C([-%,0],R)
with ¢(0) = 0. We designate by z; the element of C([—Z, 0], R), defined by

i (0) =x(t+0),0 € [-Z,0],

for any function z defined on [—Z, T] and any ¢ in A. Here, D*®) is the variable order a(t)
fractional derivative of Riemann-Liouville, and z;(.) is the state’s history from time ¢ — 2z

to the present time ¢.

16



Chapter 1 —=————

Preliminary

In this chapter, we present the notations, definitions, and preliminary results that will be

utilized throughout the thesis.

1.1 Notations and definitions

Note that the set E = C'(A,R) is a Banach space of continuous functions = from A to R,

with the norm given by

]l = sup{|z(t)]/t € A}.
Additionally, E; = C'(A,R) is a Banach space of continuous functions x from A to R,
where 2(0) = z(7") = 0 with the norm defined as

[l ]| = sup |z(£)].
teA
And, we have E; = C(|—%,T],R) is a Banach space of continuous functions « from [—Z, T]|

into R with a norm defined as
[|z]| = sup{|z(t)|/t € [-2,T]}.

17



Definition 1.1 Let X a Banach space and () : X — X an operator.

1. Q is continuous if for every sequence (Ty)nen in X such that (x,),en converge to

in X, the sequence (Qxy,)nen converge to Q.
2. Q is compact if for every bounded KC X, Q(K) is relatively compact.

3. Q is completely continuous if Q) is continuous and if the image for every bounded K

in X, Q(K) isrelatively compact.

Definition 1.2 Let M a subset of C(A,R).

1. M is called equicontinuous if and only if for all € > 0, there exists 6 > 0, for all
t1,to € A:
[to —ta [|[S 6= f(t2) = f(ta) [|IS e, forall f e M.

2. M s called uniformly bounded if and only if :
there exists ¢ > 0:|| f(t) ||< ¢ for allt € A and for all f € M.

Theorem 1.1 [27](Ascoli Arzela) Let M be a subset of C(A,R), M is relatively compact
if :

- M is uniformly bounded.

- M s equicontinuous.

1.2 Fractional calculus

1.2.1 Fractional calculus of variable order

Definition 1.3 ([31]) Let o : A — (0,00) be a continuous function. The left Riemann

Liouwville fractional integral of variable order a(t) for the function x(t) is defined by

t(y_ g)ols)-1
]Igf)x(t) :/0 %x(s)d&:, t>0, (1.1)

18



where T'(.) denotes the Gamma function defined as follow
I(t) = / s"le7%ds (Re(t) > 0),Vt € A.
0

Definition 1.4 ([31]) Let o : A — (n—1,n) be a continuous function. The left Riemann

Liouville fractional derivative of variable order a(t) for the function x(t) is defined by

D0 (1) = (%)”Hg+a<t>x(t) _ (%)" /0 t (trznsf ai;)lx(s)ds, t>0. (1.2)

Remark 1.1 ([12]) For general functions a(t), v(t), we notice that the semi group prop-

erty does not hold, 1. e:
1O1 W (8) # 10O ().

Lemma 1.1 ([45]) Let a : A — (0,00) be a continuous function. Then for
y € C,(A,R) = {y(t) € C(AR), ty(t) € C(A,R), (0 < o < 1)}, the variable order

fractional integral ]Igf)y(t) exists fort € A.

Lemma 1.2 ([/5]) Let o € C(A,(0,00)) be a continuous function. Then Hg‘f)y(t) €
C(A,R) fory e C(A,R).

1.2.2 Fractional calculus of non-autonomous variable order

Definition 1.5 [31] Let o : A x R — (0,1) be a continuous function, the left Riemann

Liouwville fractional integral of variable order a(t, z(t)) for the function x(t) is defined by

t t— S)a(s,z(s))—l
[0 4 ) = / ( #(s)ds, t >0, (1.3)
o+ o Dla(s,z(s)))

where I'(.) denotes the Gamma function.

Definition 1.6 [31] Let o : A x R — (0,1) be a continuous function, the left Riemann

Liouville fractional derivative of variable order a(t,x(t)) for the function x(t) is defined

by

d\ 1 dy [t (t— s)oEa)
alta(t) o\ _ L-a(ta(t),
DT (1) = (dt)]lm z(t) <dt>/0 F(l_a(ij(s)»m(s)d‘s, t>0. (14)
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Remark 1.2 [/]] For general functions «(t,z(t)), v(t,z(t)), we notice that the semi

group property doesn’t hold, i. e:

]Ia(t,x(t))]lv(t,x(t))x(t) 7& ]IzJ(rt,x(t))-i-v(t,x(t))x(t) '

at at

Lemma 1.3 [/5] Let o : A x R — (0,1) be a continuous function, then for
y € Cs(AR) = {y(t) € C(A,R), t°y(t) € C(A,R), (0 < <mina(t,x(t)))}, the variable
order fractional integral Hg‘y’x(t))y(t) exists Vt € A.

Lemma 1.4 [/5] Let a € C(A x R, (0,1]) be a continuous function, then ]Igf’x(t))y(t) €
C(A,R) fory e C(AR).

1.3 Some fixed point theorems

Theorem 1.2 ([32]) Suppose X is a Banach space. If Q : X — X is a completely
continuous operator and © = {x € X : x = \Qz,0 < X\ < 1} 1is bounded, then Q has a
fixed pointin X .

Theorem 1.3 ([2])]) Let X be a Banach space and Q : X — X be a mapping such that,

Q" is a contraction, for somen € N. Then Q) has a unique fized point in X.

Theorem 1.4 [22] Let (X,d) a complete metric space. the application Q : X — X s

contraction with Lipschitz constant k. So Q) accept only one fixed point x € X.

Theorem 1.5 [22]
Let X a Banach space, K C X un a subset convex, closed, bounded and non empty, and

let QQ : K — K an operator completely continuous. So Q) accept at least one fixed point.

Theorem 1.6 [
Let K be a closed, bounded and convex subset of a real Banach space X and let ()1 and

Q2 be operators on K satisfying the following conditions:
1. Qi(K) + Q2(K) C K,

20



2. Q1 is continuous on K and Q1(K) isrelatively compact subset of X,
3. Qs is a strict contraction on K, i.e, there exists p € [0,1), such that
| Q2(z) — Q@) ISPz =7l

for every z,y € K.
Then, there exists v € K such that Q1(x) + Qa(z) = .

1.4 The stability

Stability in math refers to a system’s ability to resist change under small disturbances.
It is crucial in differential equations, dynamical systems, and numerical methods, en-
suring reliable solutions and accurate computations. Without stability, results become

unpredictable, making it a key concept in modeling and analysis.
Definition 1.7 [30/ On account of NAVOIVP (3.1), consider the inequality
|DEET O r () o' (8) — (8, 7(1)] <€, t €A (1.5)

We say that NAVOIVP is Ulam-Hyers stable if there is ¢y > 0 in a way that for
any € > 0 and for any solution r € C(A,R) of (1.5), there is a solution x € C(A,R) of
NAVOIVP (3.1), such that

17(t) — x(t)| < cre, t € A.
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Chapter 2

New Results to Solving Boundary
Value Problems for Fractional

Differential Equations with Variable
Order !

2.1 Introduction

We apply existence and uniqueness criteria to the following variable order initial and

terminal value problem (ITVP)

DEO(t) = £(t, (1)), t€ A= [0,T],
{ 2(0) =0, 2(T) =0, (21)

where 0 < T < +o0, 1 < at) <2, f: A xR — R is a continuous function and ]D)gf) is

the Riemann Liouville fractional derivative of variable order a/(t).

1 S. Guedim, A. Benkerrouche, S. G. Ozyurt, M. S. Souid, S. Sabit, Initial and terminal value
problem for fractional differential equations of variable order. Filomat 38:33, (2024), 11805-11821.
https://doi.org/10.2298 /FIL2433805G.
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2.2 Existence criteria

We begin by presenting the following assumptions.

(AS1) There exist constants 0 < o < 1, & > 0, such that,
L f @) - fEy@®) | <2 2t)-y@O)], Va,yeR teA

(AS2) a: A—(1, '] is a continuous function, such that, 1 < o* < 2.

Remark 2.1 1. The function I (2-a(t)) is continuous as a composition of two contin-

uous function. We set Mp = maxyey | m | .

2. By the continuity of the function «(t), we let
T'eW< 14f 1<T <oo, T oO<KTI= if 0<T <1,
We conclude that T~ <max (1,7 )= T*.

We will require the following lemma regarding the solution of the ITVP ({2.1)).

Lemma 2.1 The ITVP 18 equivalent to the following integral equation

/Ot wx(s) ds = /Ot(t—s)f(s,x(s)) ds

I'(2 = a(s))
t[T(T —s)' o0 to["
+ ?/0 mx(s) ds — T/o (T —s)f(s,z(s)) ds, (2.2)

such that, x(0) = z(T") = 0 holds.

proof
Using the definition of the fractional derivative of variable order provided in (|1.2)), the
ITVP (2.1) can be expressed in the following form:

d? t (t _ S)lfa(s)

i |, mI(S) ds = f(t,x(t)).
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Then,

A=) s [ s n(s) ds 4 c
dt/OF(Q_a(S))()d—/of(»())d+1.

Thus,

U N
/0 P(2_a(5))x<3) ds—/o(t )f(s,2(s)) ds + crt + ca. (2.3)

Evaluating equation (2.3 at t = 0 and ¢t = T' gives us ¢ = 0 and

T — 3 1—af(s) T
¢ = %[/0 %x(s) ds _/o (T —38)f(s,x(s)) ds|.
Then,
t (t _ S)l—a(s) p t . p )1 a(s) y
/0 F(Q_—a(s))x(s) 5= /( —s)f(s,z(s)) 3+— mm(s) s

——/ — §)f(s,2(s)) ds.

On the other hand, by differentlatlng both sides of the equation (2.2)), we obtain
d ([ (t—s)'"
— d
i [ ayee) = [ stewio)
1

T (T 8)1 a(s)
(] =2 | - .
—l—T(/O T2=a(s)) x(s) ds /0 (T —s)f(s,x(s)) ds)
Differentiating once more, we obtain
d? t (t _ S)l—a(s)
- ~ 7 ds) = f(t,x(t
([ ey ees) = 1(e.a)
which results in the initial value problem (ITVP) (2.1). The first result follows from
Theorem [L.2]

Theorem 2.1 Assuming that the conditions (AS1) and (AS2) are satisfied, the initial
value problem (ITVP) has at least one solution on E;.

proof We construct the following operator
C: E; — El,
as follows,
(t _ S)l—a(s)

C:c(t):x(t)—/o eI E ds—l—/o(t—s)f(s,x(s)) ds

24



Set

13 T—(T_S)l_a(S)xs s—i ! —38)f(s,x2(s s
1 | ) ds= g [ =) as

E,={x € Ey, ||z ||<rr >0}

It is evident that E,. is a non empty, closed, and convex subset of [E;.

Now, we will prove that the operator C' satisfies the hypothesis of Theorem

Step 1: C' is continuous.

We assume that the sequence (z,)nen converges to z in E;. Then, we have

VAN

IN

| Can(t) = Cu(t) |

t (t _ S)l—a(s)

2,0 = 2(0)| + [ s o) = ()| ds
[ =957 | (o)) = st | s

/o F(Q_Q(S))|n() (s)|d

T
=555 1 f5,2(60) = s, mate) | ds
0
t
Hxn—ZUH—FMFHJ}n—xH/(t_8>1a(s)ds
t 0 T
gz‘|$n_$H/(t—S)SUdS+MFH,Z'n—Q;||/ (T_S)lfa(s)ds
0 0

T
P ||z, — x| / (T — s)s “ds
0

Pt —sy\1-o
= ||+ e = | [ () ds
0 T

P (. MeT* F(Tsyy
b=l oy M ”"""”_""”‘”/0 () &
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T—U+2

+ ||z, -z
l ||( o+ 1)(—o+2)
MeT* (1> T
< Tyn — T || + - T, —x || 22 ||, — x
< a2 |+ g o= 22 12— | ot
N MpT* (T)?~
Ti-a" 2 — o
MI‘TT* T—0+2
< ||z, =z || + Tp—x || 22 ||z, — @
< o+ 55 a2 422 |5 =2 | S
TR
n— T
2 —af
IMTT™ T+
< Ty — X —I—— Tp—a|| 2L || x, — @
< Nan—all+ 5 lr =2 [ 422 |5~ | o g
2MPTT™ T—o+2
< <+ ma X e e 1) | zn — 2 ||

which implies that,

|| Cx,(t) — Cx(t) ||— 0,as n — oo.

The above relation demonstrates that the operator C' is continuous on [E;.
Step 2: C' maps bounded sets into bounded sets in [E;.
Let f* =sup,cp | f(£,0) |. Then, for x € E,, we have

| Ce(t) |

IN

_ g)l-a(s) ¢
o) |+ [ S o) ase [ =) fGsnto) | s

13 T—<T_S)1_a(8) x(s s t ! — 5 s, x(s s
w5 | Sy e s g [T =9 | fsa() | d

IN

t(p_ g)l-als) ¢
o) 1+ [ ey 170 st [ (=91 Fs.ate) = 1(5.0) s

1 a(s)
b a0 as s £ [P ) as

b [ o) < 160 s+ [T -9 76,0 s
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< () [ +MeT /O (525) 1o L ds

+ /0 (t—15)s77s7 | f(s,z(s)) — f(s,0) | ds

T(T—s

v [ 1560 s [(E2) T et s

n As”f@—®|ﬂaﬂm—f®®\%+A(T—$U@MH%

My T T2 : - t *
< ol + i s o+ [ (=572 [a(s) [ ds+ [ (¢ s)sds
0 0
M T* T2—a* T T
+ Tlia* 5 — [z || +/ (T —8)s 72 | x(s) | ds+/ (T —s)f*ds
0 0
QM TT™ K Y 2
< el + 55 el 2ol [ ¢=s)sds+ 15
- a O 2
T T2
+ 2z / (T~ 5)s77ds + [
0
IMLTT o+
< - - (@ *T2
< Nl + 2D ol +2 1o | o+
T—G’+2
Iy
Ikl (—o+ 1)(—0 +2)
IMTT T-o+2
< ZMpl " 2.5 w72
< ol + 258 Yol 422 o ot + S
IMITT T-o+2
< [+ 21T v “7?
- [ + 2 — a* * (—o+1)(—0+2) [z [+
which implies that,
2MPTT™ T-o+2
coll< 14222 oy e
e R T ) vy ] L

Hence, C(F,) is uniformly bounded.
Step 3: C' maps bounded sets into equicontinuous sets in [E;.

1—a(s) 1—af(s)
Firstly, we can remark that the function w,(s) = (“T_S) — (t2_5>

. . . . t — t —
is decreasing with respect to its exponent 1 — a(s), for 0 < “7* < 2% < 1. Then, for

t1,ta € A, t; <ty and x € E,, we have
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<

+

t2 — s 1—a(s) t1 e 1—a(s)
| z(ta) — z(t1) | + | / %x(s)ds —/0 ﬁx(s)ds |

|/ (ts— 8)f ds—/ol(tl—s)f(s,x(s))dﬂ
(T — 5)'=o) ty (T(T —s)t—®

lT/O T2 — a(s)) S’J(S”S_?/O T2 — a(s)) w(s)ds |

2 [ r = <>>ds—% [ = 95650065

v(t2) — a(tr) | + / gy | =9 = (= 9 ) | s

_ S 1 —af s) t1

|/ t2 ds]—l—\/ (ts — 8) f (s, 2(5)) — (tr — 8) f (5, 2(s))ds |
_ 1 M e

|/ (s — 8)f (s, 2(s))ds | + | / sl =]

7 [ @ =9 sas]n—n] |

[@(ts) — (t) | +Mr | 2 | / [t =970 — (12— sy ds

/ <;(2—_—>a<)()) | 2(s) | ds + / ! (2= 8) = (0 = )] | f(s.2(5)) | ds

ta _ T (P _ g)l-als)
[ = sty s+ B [T ) s
to — 1

T /OT(T —s) | f(s,2(s)) | ds
| 2(t2) —2(t) [ +Mr [ 2] /0t1 T1-ols) [(tlT_Syo‘(S) B (tQ; S>1a(5)}d8

2ty — g\ 1-a”
Mp||a;||T*/tl (222) " as

/Otl [(tz—S) (t1 —8)] | f(s,2(s)) — f(s5,0) + f(s,0) | ds

/t2(t2 _S) ‘ f(S,:c(s)) —f<370) +f(8,0) ’ ds

Mr T T — g\ 1-a*
T<t2—t1>||x||T/0 (F22) " as

Bt [T =9 | al9) = Fs0)+ f5.0) | s
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IN

ate) — o)+t 17 [ [(B0)T = () s
Mellel [C () e

/Otl [(tg —s)—(t1 — S)] 57757 | f(s,z(s)) — f(s,0) | ds
/Otl [(tz —s)—(t — s)] | £(s,0) | ds
[t s sty = 0 st [0 7500

. _ T

ST Nl )+ B2 [0 =570 | ()~ 705,00 s
_ T

@T“A<T—@|ﬂam|w

Mo [[ = || T

| o(ta) — z(t1) | +[m

[z = ()= + 2t — 1)
Pz /Otl (12— 5) — (61 — )] s7ds

[2)
f* |:t1t2 — t%:| + P H T H /t (tg - 8)870-d8

2

L[t t My T*
rlo g o] G2 e (-n))

to —t; T?

2

to — 1
T

T
2l [ (@9 ds s
0

| z(ty) — x(ty) | + [%] [(tl)%a* () 2ty — t1)27a*}
2l [t 25 (G4 )
thH t;"” tl—a+2
PNl |(= -t =tg) + ((—0+ D—0+2) (—ot)(—o+ 2))]
P el (- 0)] + 222 o | e + (e 1)
M ||z || T

| z(ty) — x(ty) | + [Tl_a*@ - a*)] |:<t1)2—a* () 2ty — t1)2—a*}

f*(t%;t%> + 2|z ((_fi)}ffm)

[ﬂ!lwlwguw L T} (- 1)

2 — T (—0+1)(—0+2)+f*§
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Hence, | Cx(ty) — Cx(t1) |— 0 as to — t;. It implies that C(E,) is equicontinuous.
Consequently, the operator C' is compact.

Step 4: The set © defined as
o={reEk :x=79Cz, 0<vy<l1},

is bounded.

Let x € ©. Then, for any t € A , we have
z(t) = ~Cx(t), 0 <y <1,

and
t (t _ S)lfa(s)

| vCx(t) | = y‘x(t)—/o mx(s) ds—i-/o(t—s)f(s,x(s))ds
t [T(T—s)' t ("
+ T/o mx(s) ds—f/o (T—s)f(s,x(s))ds‘
t(4 _ g)l-als) t
w[le 1+ [y e 1ds+ [¢=5) 1 fts.a9) s
t [T(T—s)o t ("
+ :7/0 mu(s)mwf/o (T = 5)| f(s,2(s) | ds|

IN

IA

t(p — g)l—als) t
1) 1+ [ Fa iy L@ s+ [ ¢ =99 | fls.ate) | s

; T(T_S)l—a(s) t (T
. T/o mmsnmf/o (T = 5)| f(s,(s)) | ds]

2MeTT™ T—o+2
< |1+ ———+27 ] *T2.
- [ T T (—o+1)(—0 +2) lell+f
Now, for every t € A, we have
2MrTT™ T-o+2
Coll < [1+555 422 | T2 < o0,

This implies that the set & is bounded independently of v € (0, 1).
Then, all condition of Theorem are satisfied and the ITVP (2.1) has at least one

solution z € E;.
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2.3 Results of uniqueness

The next result is based on Theorem [1.3

Theorem 2.2 If the conditions (AS1) and (AS2) are satisfied, then the ITVP has

a unique solution on ;.

proof: We consider the same operator
C: E; — El,

defined as follows:

t(p_ g)i-als) t
Cux(t) = z(t) —/0 ﬁx(s) ds+/0 (t—s)f(s,z(s)) ds

13 T—(T_S)I_Q(S)xs S—i ' —35)f(s,z(s s
1 | e ds= g [ = s(sa(s) ds

For z, z*€ E, we may write

| Ca(t) = Ca™(1) |

(t _ S)lfa(s)

< o) =20 + [ Ty |76 a9 | ds
+ [ (=957 ) = foa (@) | ds

T—(T_S)l_a(S) z(s) —x*(s S
+ [ iy e - ) 1

+ /0 (T'—5)s77s7 | f(s,27(5)) = f(s,2(s)) | ds

t
< oo |+ Mp o= | [ (-5
0

31



t T
+ e@Hx—gp*H/(t—S)s"ds—i—Mer_x*H/ (T—S)lfa(s)ds
0 0

T
+ @Hx—x*H/ (T — s)s “ds
0

bt —s\l-et
< ||x—x*||+MpT*||x—x*||/< s
0 T
{o+2 T _ g\1-a*
+ Pllxz—2z" + MT* ||z — 2" /< ) ds
T—O’+2
+ Pllx—2z"
I l (—o+1)(—0 +2)
MT* (1) T
< — —a* || 222 —a*
< a=o I+ g 1o =o' 1422 2=+ | St
MFT*(T>27a* .
e sl E At |
My TT* T
< z—x' || +—— ||z —2* || + 2L || x — ="
< o= |+ 3 o= | 422 =o' | S Tg
b M)
— ||z —=x
2 —at
QMFTT* T—cr+2
< — = —z* 2P — "
s M-l lle - [ 422 ][ —e H(—a4—n(—a4—%
2MTT™ T-o+2
< (12 2T oy =
- <+ > (—o+1)(—0+2) ="

We put o =1 + 2/\2/155;* + 2,@(_Uf;)?ti+2) so that we have

| Cz = Ca*[|[<o ||z —a"||.
By induction, we can prove that
O.’I'L
| Cma— e (1< T | o —at |,
n!

where C"=CoCoCo(Co...... o(C ”n times”.

n

We have lim U—| = (. Then, for sufficiently large n, we get ‘:Z—T,L < 1.
n—oo Nl !

According to Theorem [I.3] the operator C' has a unique fixed point which is the unique
solution of the ITVP (2.1).
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2.4 Numerical examples

Example 2.1 Consider the following ITVP

{ D®Ox(t) = f(t,x(t)), t€A=]0,1],
z(0) = z(1) =0,

where a(t) =1+ %, and f(t,x) = t* + 3z.

(2.4)

Clearly a(t) is a continuous function on [0,1] and, 1 < a(t) <1+i=3=0a"<2.

In addition, f(t,z) is a continuous function on A x R, and

1 1
tU|f(t,IL')—f(t,y)| = tg|t2+§l‘—t2—§y|
1

= 5@y

IN

P
3 )

so (AS1) satisfied for 2 =% and o € (0,1).

3

By Theorem the equation has a unique solution.

Example 2.2 Consider the following ITVP

{ DWg(t) = f(t,x(t)), t€A=1]0,1],

£(0) = 2(1) = 0, (2:5)

h t) =exp(t) —t and f(t,x) = ) .
wnere Oé( ) eXp( ) an f( 7‘7:) (exp(exp(%))+4exp(2t)+1)(1+x)

Clearly a(t) is a continuous function on [0,1] and, 1 < a(t) <exp(l) —1=a* < 2.

Also, f(t,z) is a continuous function on A x R, and

. B . exp(—1) 1 1
RACE A AU ‘(exp(exp(lt—;))—l—élexp(%)—i-1)<1+l‘ 1—|—y)’

exp(—t) [z —y |
(exp(exp(f—jt)) +4exp(2t) + 1) (1 4+ 2)(1 4+ y)
- exp(—t) |
(exp(exp(fi7)) + 4exp(2t) + 1)
exp(—1) |
(exp(exp(3)) +4exp(2) + 1)

IA

tcr

z—y |

x_yla
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so (AS1) satisfied for & = ( exp(~1) and o € (0,1).

exp(exp(3))+4exp(2)+1)

By Theorem the equation has a unique solution.

Numerical results

Now, we present the numerical solution x(t) for a(t) = exp(t) — t with ¢ € [0, 1] and z;(¢)
for a(t;) = exp(t;) — t; where t; is fixed.

In Figure , we plot the solution x depending on t.

The solution () with ¢ € [0, 1] for x(¢) = exp(¢) — ¢

0.014

— 1(C)

0.012 -

0.01

0.008 [

0.006 [

0.004 -

0.002 [

Figure 2.1: The solution z(¢) in [0, 1] with a(t) = exp(t) — t.

The following figures present a comparison between the solution z and the various

solutions z;, each with a different ¢.
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0.015

0.005

0.014

0.012

0.008

0.006

0.002

0.014

0.012

0.008

0.006

0.002

0.014

0.012

0.008

0.006

0.002

The solution x(¢) in [0,1] and 4;(¢) with x(¢) = exp(0) —0=1
T T T T T T T

The solution #(¢) in [0, 1] and jui(¢) with x(¢) = exp(0.2) — 0.2 = 1.0214

The solution #(¢) in [0, 1] and jii(¢) with x(¢) = exp(0.4) — 0.4 = 1.0918

The solution :(¢) in [0,1] and 4;(¢) with x(¢) = exp(0.6) — 0.

0.015

0.014

0.012

0.004

0.014

0.012

0.004

0.014

0.012

0.004
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The solution 4#(¢) in [0,1] and p(¢) with x(¢) = ezp(0.1) = 0.1 = 1.0051
T T T T T T T T

The solution #(¢) in [0,1] and yi(¢) with x(¢) = exp(0.3) - 0.3 = 1.0498

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

The solution 1(¢) in [0,1] and ju(¢) with x(¢) = exp(0.5) — 0.5 = 1.1487

The solution 1(¢) in [0,1] and 4;(¢) with x(¢) = exp(0.8) — 0.8 = 14255

0 0.1 0.2 0.3 04 0.5 0.6 0.7 08 0.9 1



In this table, we present the Norm; = max

‘x(t) . :L’i(t)‘ for a(t) € [1,2].

t€(0,1]
t 0 0.1 0.2 0.3 0.4
a(t) 1 1.005 1.021 1.049 1.091
Norm; || 1.63 x 1075 | 1.49 x 1075 | 1.08 x 107 1x10°° 2.3 x 107
t 0.5 0.6 0.8 0.9 1
a(t) 1.148 1.222 1.425 1.559 1.718
Norm; || 3.92x 1075 | 5.8 x107% | 6.26 x 107 | 7.09 x 1075 | 7.44 x 1076

t approaches to 1(a = 1, 718) is increasing.
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We observe that when ¢ approaches to 0,4(a = 1,091) the Norm; is decreasing and when




Chapter 3

Initial Value Problem for Mixed
Differential Equations with Non
Autonomous Variable Order *

3.1 Introduction

We examine the existence and uniqueness, in addition to the Ulam-Hyersstability of the

solutions of the next non autonomous variable order initial value problem (NAVOIVP for

short).
a(tz(t)) / _ .
{ ?(05) ) og,c(t) +oa'(t) = f(t,x(t), te€A:=[0,T), (3.1)

where 0 < T' < 400, ¢ >0and a: A xR — (0,1), f : A xR — R are a continuous

®)

functions and Dg‘f’x is the Riemann Liouville fractional derivative of variable order

a(t,z(t)).

2 M. S. Souid, S. Guedim, S. Boulaaras, A. Benkerrouche, A. Amara, T. Radwan, R. Jan, New
approaches to solving initial value problems of mixed differential equations. Filomat, 40:2, (2026), 649-
659. https://doi.org/10.2298 /FIL2602649S.
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3.2 Existence criteria

Let us introduce the following assumptions:

(SY1) There exist constants 0 < o < mina(t,z(t)), A > 0, such that, the function 7 f
is a continuous function on A x R and:

L F (L at) - f (Ey() | <A 2t) -y, Yoy eR te A

(SY2) a: A x R—(0, "] is a continuous function, such that, 0 < a(t,z(t)) < o* < 1.

Remark 3.1 [}/

1. The function I'(1-a(t, x(t))) is continuous as a composition of two continuous func-
tion, we can let

1
AMr = max | sy |-

2. By the continuity of the function a(t,z(t)), we let
T-oteO< 14f 1<T <00, T oGO T2" 4f 0<T<1.
We conclude that T=*®*®)<max (1,77 )= T*.

Remark 3.2 |26/ Assuming that X and Y are two real numbers, then
’ aX B Y ’S Qmax(g,ﬂ) ‘ X-Y |7
where g1 and [ are positive real numbers.

Lemma 3.1 [/5] Let (SY 2) hold and Let x,,x € C[0,T], assume that z,(t) — x(t),

t€[0,7] as n — oo, then

t (t _ S) a(s,xzn(s)) t— S —a(s,z(s))
/ T(1— al(s, on(s )) ) ds —>/ T = (s, 2( S)»x(s) ds,t € 10,7,

as n — oQ.
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we will need the following lemma to solve NAVOIVP (3.1)).

Lemma 3.2 The function x € E forms a solution of the NAVOIVP if and only if
x fulfills the integral equation

(t) = %[ /0 " Hs.a(s) ds — /0 t F((tl__so)é:’(zgl)x(s) ds|. (3.2)

Proof: By using the definition of fractional derivative of variable order provided by

(1.4), it is possible to express the NAVOIVP (3.1]) as follows:

d_ [t (t—s)ols) o
@ | Ry ) ds s () = F(e.x(0)

Then,

bt — 5)malea(®) e
/0 T (s 2o o8 ds+se®) = / f(s,a(s)) ds +cs. (3.3)

Evaluating Eq (3.3]) at t = 0, gives us ¢3 = 0. Thus,

ot — 5) o) N o
/0 T —a(s,z(e)) &) 4 +s2®) —/0 f(s,2(s)) ds.

So

() = %[ /0 Cf(s.x(s)) ds — /0 t F<(t1—_ 8;(:(23)»96(5) as].

Conversely, by derivation both sides of the equation [3.2] we have

4 B G M x(s) ds+cz (t) = x
@ [ R ds s () = S(tat)

which means the NAVOIVP (3.1)).
Now, we will prove the existence of solutions for the NAVOIVP (3.1)). Theorem forms
the basis of the first finding.

Theorem 3.1 Assume that conditions (SY1) and (SY2) hold. If

%FT*T T-ot+l
+ A <
1—a* —oc+1

S, (3.4)

then the NAVOIVP has at least one solution on E.
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Proof: We construct the following operators

Qb QQ E%E

as follows,

E(f— g)olsa(s)
Q1z(t) = %[—/O F<(t1 _O)é(ij(s)»x(s) ds], Q2x(t) / f(s,z(s)) ds.

We consider the set

Br={z €L, ||z ||[< R},

where
fr
R> : —
1| . #rT*T T—o+
1_3[1505 /\fcr+1i|
and

f*:sup\f(t,())]

teA

Clearly, Bg is non empty, bounded, convexand closed.
We now prove that Qq, Qo satisfy the conditions given by Theorem [I.6] The argument

will be put into practice in a four phases.

Step 1:Q1(Bg) + Q2(Bg) C Bk.

For x € By, we obtain

| Qualt) + Qaa(t) |
_ t — g)—alsx(s))

< \/f<s,x<s> s 4] [ L) as]

1 (= 5)osal)
= / | Hsv(s) = (5,00 + £(5.0) [ s+ [ Go=Tms ot | s
< %_/Os"ﬂf(s,x()) £(5,0) yds+/ | £(s,0) | ds
A /OtT—a(syx(S))(;S) ol | z(s) | ds}
<

1 [ B ‘o [t — sy —alsae)
Z[/O/\|x(s)|s d8+/0fds+,///pT/0<T) | z(s) | ds
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1r t—a+1
< ajep s u/t—s“ds
¢l o+ 1
1r T*0‘+1 %FT* tl o™
< 2[a o }
< | ol —7 +/"T+ 7= s | = |]
1 T—ff+1 MTT
 Uapel T2 s DT )
< <l lzll Zoog + T = a*)ll I
1o T*T T “
< S| ]||:c||+f
cL1l—o* —o+1 S
1 oT*T Tt “T
< -5 + A ]R+f
L 1—ao* —o+1 S
< R

which means that Ql(BR) + QQ(BR) g BR.
Step 2: (; is continuous.

Let x,, be a sequence satisfying x,, — z in E. For t € A, we estimate

| Qun(t) — Quz(t) |

1 ot — g)alsan() e ot g)alsal) o
< 1] sy @ | iy

By using lemma we have

|| Qrzn(t) — Quz(t) || = 0,a8 n — 0.

The above relation shows that the operator (), is continuous on [E.
Step 3: ()1 is compact.
Here, we intend to prove the relative compactness of @1(Bg) which means that Q; is

compact. Evidently, Q;(Bg) is uniformly bounded, due to stepl, we saw that

Q1(Br) = {Qi(z) : v € Br} C Q1(Bg) + Q2(Bgr) C Bk.

Hence, for every x € Bg, we obtain || Q1(x) ||< R meaning the uniform boundedness of
(Q1(Bg). Firstly, we can know that the function w(t) = a' —b',t € (=1,0),0 < a < b < 1,

is decreasing. Indeed, since Ina < Inb < 0 and a' > b* > 0, we have that
w'(t)=a'lna—b"1Inb < b'lna—b"Inb=">b'(lna—Inb) <0
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o . . - ), —alsal)
which implies that w(t) is a decreasing. Thus, for K(s) = (175) - <ZTS>

(where 0 < 4= < 22% < 1), we may look f((s) as the same type as w(s), then f((s)

is decreasing with respect to its exponent —a(s, z(s)). Then, for t1,t5 € A, t; < to and

x € Bpg, we have

| Qiz(t2) — Quz(ty) |

1 131 (tl — S) a(s,z(s)) . t2 (tg _ S)fa(s,x(s)) (\ds
< 0 i [ ey
1 t <t2 — 5) a(s,x(s)) B (tl _ S)—a(s,x(s)) Vs
: S [ | /0 (1 —a(s,z(s))) #(s) I(1 = a(s,z(s))) (s)ds |

)
t2 (tQ_S —a(s,x(s))
* '/ (1= afs,2(s )))m(s)d‘g’]

IA

E[/O | F(l I OézS JZ(S))) H (t2 - S)fa(s,m(s)) - (tl - 8) (s2(s)) H LL’( ) | ds

(ty — 5)~0ls(s)

© . ety | 7014

t1
r||x||/<t
0

t2 (tg _ S)—a(s ()
* / (1—asa:(s)))| ()|d8}

t — 5\ —a(s,z(s) to — g\ —a(s,z(s))
asxs) 1 > . ( 2 > >d
et [ e (B2 - :
— s\ —alsa(s)
+ | |$||/ a”‘g) 2T S) ds]
t1— s\~ ty — s\
— // X T*/ (( ) _< ) )dS
iz | -

T
to to — —a*
+ ///F||g;||:r*/ (222) " as
t1 T

Ay || 2 || T o e L
[T (1 — ar)] [(tl) —(t2) 7" +2(L2— 1) ]

)29 (1, — g) o) g

IN

IA

IA

Hence, | Q1z(t2) — Qrz(t1) |— 0 as ¢y — t1. It implies that Q(Bg) is equicontinuous.
Step 4: ()5 is a strict contraction

For z, y € E and t € A, we obtain
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| Qa(t) — Q2y(t) |

< L[ [ ot - 1ot | s
< ie-gn [ sa
- —o+1
< <Pe-g1 =]
< 2= e g1

Consequently by (3.4]), the operator @3 is a strict contraction.
Therefore, all condition of theorem are fulfilled. We infer that the NAVOIVP(3.1)) has

at least one solution in E.

3.3 Results of uniqueness

In the next result, we shall show the uniqueness of solutions for the NAVOIVP(3.1]) based

on the Banach contraction principle.

Theorem 3.2 Let (SY1) and (SY2) be satisfied, if

1 T—U+1
z [ A\

n 4.///FT*T] <1, (3.5)
S

—o+1

then, the NAVOIVP has a unique solution on IE.

Proof
Consider the operator

Q- E—E,

as follows,
Qz(t) = Qrz(t) + Q22(t), for x € E.

For x, x*€ [E, we may write
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IN

IN

IN

IN

<

<

| Qu(t) — Qz™(?) |

L[ 5o a6 - 7o) s

t— S —a(s,z(s)) t t—g —a(s,z*(s)) i}
|/ )x(s)ds —/0 F( ) x*(s)ds |}

I'(1—als,z( (1 —a(s,2*(s)))

S ERE H/

(t —s)~l B Pt —s) ls2™s)
| / (1 — afs,z( S)))x(s)ds /0 INOE a(s,x*(s)))x (s)ds | }

t—a+1

Iz — 2
g[ - ||—U—|—1

t (t - S)—a(s,x(s)) (t o S)—a(s,x*(s))

2 su + su z—x%|ds
/0 ( tef I(1 = a(s,z(s))) t@ff (1 — afs, x*(s)))) | | }

1 T o+1

—A

S [ —o+1

|z —a" ||

t
2Hx—x*H/Lﬂﬂ“+MﬁPm4
0

1 Tio-Jrl * * *
-| || o =" || H4MT || 2= || ]

—o+1

1
—p +L%TWﬂHx—ﬂH.
slL —o+1

Consequently by Equation (3.5)), the operator @ will be a contraction. Accordingly to
Banach contraction principle, the operator () has a unique fixed point which is the unique

solution of the NAVOIVP (3.1)on E.

3.4 Ulam-Hyers stability

Theorem 3.3 Let the conditions (SY1), (SY2) and inequality be satisfied. Then,
the NAVOIVP (3.1) is Ulam-Hyersstable.

Proof: Let € > 0 be an arbitrary number and the function r(t) from C(A,R) satisfy the

following inequality

|DEET D r () o' (8) — (8, 7(1)] <€, t €A (3.6)
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We integrate both sides of the inequality (3.6)), we obtain

o + [ Ty @ [ e o

< €T
Let t € A, then
| r(t) — 2(t) |

B t (t—s) a(s,z(s))
- /OF(l—asa:)) /fs:x

t — 3 a(s,z(s))
B + OF((tl—c)vs:L')) /fsz

1 t_ g)alsr(s) ot g)elsre)

tg / T a(s r(s)))rfs) i~ [ s, r(s)))’"(s) ds}
w2 [ st as= [ rert) @]

ot — g)elor(s)
= ‘r(t)—l—%[/o F(tl—asrs)rs ds—/fsr ds

(s)))
to(p _ g)—alsa(s) to(p_ g)alsr(s)
- %H/O r((t1—i(s,m(s)))x<s) ds_/o F(tl—ci(s r(s)))r(s) dSH

IN

1 t (t . s)—a(s,z(s)) (t _ 8)—a(s,r(s))
ET+—2/ su + su x—r|ds
< [ 0 < teg ['(1—a(s,z(s))) te}; INQE a(s,r(s)))) | |

- /Ot s 787 | f(s,7(s)) = f(s,2(s)) | ds}

1r t t
< T+ - 2|7"—:L’H/(//ZFT*+///1~T*)d8+)\]|7“—x|]/s‘”ds]
ot 0 0
1r t t_0+1
< eT—I——4///FT*||T—m||/ds+)\||r—x|| ]
S —o0+1
1r —o+1
< T4 - ATt || v —x || A= Hr—x||]
Gt o+1
1r —o+1
< T+ - [4T T || v — 2 || 47— Hfr—xH]
Gt o+1
1 —o+1
< T+ - [4T T + A= ]HT—xH.
¢l o+1
Then,

1 T
||r—x||(1——[4///FT*T+A ])geT.
S —o+1
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We obtain, for each t € A

T
[ r(t) —2@) <[ r =z [[< € = cye.

1 * T—otl
1—2 4%FTT+)\_O_+1
Then, the NAVOIVP (3.1)) is Ulam-Hyers stable.

3.5 Numerical examples

Example 3.1 Let the following NAVOIVP

{ Ds+ag(t) + 32/ (t) = SR (2) 4 Lo, ¢ € 0, 1], (37)

\/§7rt+%
z(0) =0,

Let ¢ =3 and a(t,z(t)) = % + % Then, we have o is a continuous function with

0<atz(lt) <z+3=2=a" <1, and miney | a(t,z(t)) |= 3, and we have

1 1 oexp(—t+4), 5, 1 exp(—t+4), , 1
ts | f(t,x) — f(t, = ts | — Cp— s T T2y
| f(t,2) = f(ty) | | ﬂWH%() 3 \@TH%() 5 |
5oyl
= —r — —
37 3Y
< th:la—y]
— x_
< tog y
< 1! |
— x_
< 3 y

So (SY 1), (SY 2) satisfied with X = 3 and o = %. In addition to

1. T-o+ 1711 1 1716 4 112 4
=[x 4//T*T} _ _[__ 4_]:_[__ _]:_[_ _}
e T 33g+\/% sl3s T A T3l T A
172 2 23.54
= —[ VT O]: 501 089 < 1.
ANENG 26.58

According to theorem , the NAVOIVP has a unique solution, and by theorem
, the NAVOIVP 1s Ulam-Hyers stable.

Example 3.2 Let the following NAVOIVP

{ D5+ ia(t) + 62 (t) = S8+ (exp(vE+ 1)) + Za, t € [0,1],
z(0) =0

(3.8)
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Let ¢ = 6 and a(t,x(t)) = § + 1. Then, we have a is a continuous function with

x|

0<altz(t) <3+3=3=0a" <1, and mingey | a(t,z(t)) |= 1, and we have

1 S(t + 1)

t | fta)— f(ty) | = th | T, St

+ (exp(Vt+ 1)) + Y /on

I
<~
=
(=]

AN
~
=~y —

<

So (SY 1), (SY 2) satisfied with X\ = % and o = +=. In addition to

—o+1

1 1rr 1 1 17716
DY 4 T*T] — —[—— 4 ]:—[—— 3.26]
Gy 61T " Ta254) “6las T

— 1[47T+326]—068<1

_— 6 15 B ~Y . .

According to theorem , the NAVOIVP (@ has a unique solution. By theorem ,
the NAVOIVP (@ is Ulam-Hyers stable.
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Chapter 4

Initial value problem for ordinary
and fractional differential equations
with finite delay °

4.1 Introduction

We apply the new technique to the following finite delay of variable ordre initial value

problem (FDVOIVP)

D*Wa(t) +ca'(t) = f(t,z), t € A=1[0,T],
z(t) = ¢(t), t € [-%,0],

where o : A — (0,1), f: A x C([-z,0],R) — R is a specific function , ¢ € C([-%,0],R)

with ¢(0) = 0. We designate by z; the element of C'([—Z,0], R), defined by

(4.1)

x(0) =x(t+0),0 € [-z,0],

3 S. Guedim, A. Benkerrouche, K. Sitthithakerngkiet, M. S. Souid, A. Amara, Initial value problem
for mixed differential equations of variable order with finite delay. Symmetry, 17, 295, (2025), 1-13.
https:// doi.org/10.3390/sym17020295.
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for any function = defined on [—2, 7] and any ¢ in A. Here, D*®) is the variable order a/(t)
fractional derivative of Riemann-Liouville, and z;(.) is the state’s history from time ¢ — 2z

to the present time ¢.

4.2 Existence criteria

Remark 4.1 Let’s provide the following notes:

1. The function I'(1-a(t)) is continuous as a composition of two continuous function,
we can let

Mp:max|m|.

2. By the continuity of the function «(t), we let
TO< 14f 1<T <00, T O<Tif 0<T<1.
We conclude that T=*®<max (1,7~ )= T*.

Definition 4.1 The function x € Ey is a solution of FDVOIVP (4.1), if © satisfies the
equation D*Ox(t) + ca'(t) = f(t,z;) on A, and the condition x(t) = ¢(t) on [—Z,0].

We will need the following lemma to solve FDVOIVP (4.1]).

Lemma 4.1 x s a solution of the following initial value problem for the fractional dif-
ferential equation

{ DOz (t) +sa/(t) = v(t), t€A: =[0,T], (4.2)

z(0) =0,
where 0 < a(t) < 1, and v: (0,T] — R be continuous if and only if x is a solution of the

fractional integral equation

FE—s) s
/0 F(l—a(s))x(s) ds + cx(t) —/0 (s) ds. (4.3)

Proof
By using the definition of fractional derivative of variable order provided by (1.2)), it
is possible to express the FDVOIVP (4.1)) as follows:
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bt — g)~os) /
(i)/ Lx(s) ds +sx (t) = v(t).

dat” Jo T(1— a(s))
Then,
/t(t_s)_a@ (5) ds+o(t) = [ w(s) d (4.4
—7(Ss s+gwt:/us s+ c. .
o I'(1—af(s)) 0 '
Evaluating Eq (4.4]) at t = 0, gives us ¢; = 0.
Thus,

[ U et as+ et = [ vts) a
(s s+§xt:/us S.
o P(1—af(s)) 0
Conversely, by derivation both sides of the equation .3} we have
d t (t — S)*O{(S) ’
- B — d t)=v(t
ol R e CORCERORZ0)
which means that z is a solution of FDVOIVP (4.2)).

Forms the basis of the first finding.

We start by introducing the following assumptions.

(FY1) f: AxC([-%,0],R) — R is a continuous function.

(FY2) There exist 81, f2 € C(A,R*") such that | f(t,z) |< Bi(t) + B2(t) || z ||
for t € A and each z € C([-Z,0],R).

Theorem 4.1 Assume that the condition (FY1), (FY2) be satisfied. Then, the FD-
VOIVP has at least one solution on E,.

Proof Convert the FDVOIVP (4.1)) into a fixed point problem. Think about the operator
N : EQ — EQ,

as follows,

o(t), z‘fte[ zo],
N(z)(t) = { [fo 5, ) ;%x(s) ds},z'fte[O,T].

Let the constant R such that:

1811l T

R > max { G }HMb}

1= L[MLL ) gy o T
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We consider the set

Br = {z € Ey,|| z ||< R}.

Clearly, Bg is non empty, bounded, convex and closed.

We now prove that N satisfies the conditions given by Theorem [1.5] The argument will
be put into practice in a few stages .

Step 1: N(Bg) C Bg.

For x € Bg, then for every t € [0,T], we have

| N(2)(t) |
1
§g|/fsx3 ds|+\/ (3) ds\}
Ir (t—s) )
< - fsa;s /—\x(s)|ds
Gl I'(1—a(s)) ]
1 ! t— s\~
< E_/0 B5) + 6a(o) [l e ds+- e [ 77 () ()]
17 [ : ot — s\ —als)
< E_/0 Bl(s)der/Oﬁg(s)HstcderMpT*/o( =) lals) | ds)
17 MrT* ¢ o
< (1B et 1 Bl 2l £+ e 2l [ (6= 9) s
St 0
1r MyT* =
< (1B e T Bl 2 ey T+ e g N e |
1r MyT*T
< Z s 7
< (1B T Bl ey T4 5 W e,
LART T 1161l T
< Z
< Tt Bl 7] e lls 55
1 [ MT*T Bl T
< -l o Hﬂz||oo||T}R+” 1l
L S
< R

If t € [-2,0], we have
| N(@)(@) [<][ ¢ [le< R.

ThUS, N(BR) Q BR.

Step 2: N is continuous.

o1



Let (x,) be a sequence such that z,, — x in Ey. If ¢t € [—Z,0], then
| N(2n)(t) = N(z)(t) [= 0.

For t € A, we have
| N () (t) = N(z)(t) |

: %/ Sy [ ons) = o) s / % | a(s) — wa(s) | ds]
< %:Hf(.,xn)—f(.,x)!\oo/o ds+MF||xn_x||oo/0(t_8)_a(s)ds]

< 20 ) = ) e T = e [ ()]

< r U = Fon) o+ =

= %AfiT;iF|n—fvlloo+§||f(.,xn)—f(.,x)||oo,

1—a*

Since, (%MFT*T> || Zp — 2 ||oo— 0 as n — 00 and% | f(,z0) = f(,2) ||oo— 0 as n — o0,
SO

| N(z,)(t) — N(x)(t) | = 0 as n — oo.

Then,
|| N(z,)(t) — N(z)(t) ||g,— 0 as n — .

The above relation shows that the operator N is continuous on [E.
Step 3: N is compact.
Here, we intend to prove the relative compactness of N(Bg) which means that N is

compact. Evidently, N(Bg) is uniformly bounded, due to stepl, we saw that
N(BR> = {N(ZL’) S BR} C BR.

Hence, for every z € Bg, we obtain || N(z) ||< R meaning the uniform boundedness of
N(Bg). Firstly, we can know that the function w(t) = a' — b',t € (=1,0),0 < a < b < 1,

is decreasing. Indeed, since Ina < Inb < 0 and a' > b* > 0, we have that
w'(t)=a'lna—b'1Inb < blna—b'Inb=">b'(lna—Ind) <0,

52



—a(s) —a(s)
which implies that w(t) is a decreasing. Thus, for K(s) = <an3> — <t2778>

(where 0 < 822 < 222 < 1), we may look K(s) as the same type as w(s), then K (s) is
decreasing with respect to its exponent —a(s).

If t1,t € [—2,0]
|N[L‘<t2)—NZL‘(t1)| = |¢(t2)—t(]1)| —>O, as to — tq,

by the continuity of ¢.

For t1,t5 € A, t; < ty and x € Bg, we have

[ s ds= [t as

t1 tl . 8 a(s) l2 (tg _ S)—a(s)
* ‘/ I o T —a@m))"® ~ /0 T(1 = a(s)) “(#)4s ’]
)

IN

IA
=
/\
»
8

»

2 (ty — 5)72)
o ey e ]

LB+ o) e llo M N2l [ 1= 50 = (12— )0
t 0
to (t2 _ S)—a(s)
+Z;Nba@ﬂ“$”4
1
“[ 181l (2 = 12+ 11 B2l 15, (22— 1)

t1 t; — s\ —a(s) sty — s\ —os)
+ MFHIHE/ T*a(s)[(1 ) —< > }ds
> Jo T T
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t2 ty — 5\ —a(s)
e [T (52) ]

2[(1 81 oo 1182 llll 2 1l ) 2= 0

t1 t — 3 —a* tQ—S —a*
+Mer|IET*/ [(1 ) —( ) ]ds
S T T
to to — —a*

4 Mruxrw*/ (222) " as
t

(0Bl +11 82 el s ) 12 = 2

A _A* A% M H X HE Jﬂl>|<
t l—«a _ t l—« 2 t _ t 11—« :| r 2 :|
) = () 2 - ) | G

IN

<

Hence, | Nz(t2) — Nz(ty) |— 0 as to — 1. It implies that N(Bg) is equicontinuous.
Considering the first three phases and the Ascoli-Arzela theorem, we determine that N

is completely continuous set. We infer that N has a fixed point x in By, which is the

solution to FDVOIVP(4.1)), as a result of theorem .

4.3 Results of uniqueness

The next result is based on Theorem (|1.4)).

We start by introducing the following assumption.

(FY3) Let f : A x C([—%,0],R) = R and there exist a constants 0 < o < mineaja());
p > 0, such that: t7 | f(t,x)— f(t,y) |[<pllx—ylle, Vz,ye C([-Z0,R),t €A,

Theorem 4.2 Assume that the condition (FY3) be satisfied. If

1/ MT*T T+l
( a > <1,

- +
s\1—a* p—0+1

then, the FDVOIVP has a unique solution on .

Proof

We consider the same operator
N EQ — EQ,
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defined as follows,

o(t), if te[—z0],
N(x)(t):{ (t) € [-z,0]

l[fgf(s,xs) ds — th(s) ds|,if t€[0,T].

S 0 I'(1—a(s))

Let x,z* € Ey. If t € [—Z,0], then

For t € A, we have

VAN

t—(t_5>_a(8) ¥ (s) — x(s S
o [ iy e et |

1- t* * * ! —al s
< Ep/s o\ 2y — a3 |l ds + My || 2 — 2 ||]E2/(t—s) ]
" Jo 0
1y ot Lt — s\ o
< - — MT* || 2 — 2 () as]
< plle—alle g T ol [ () s
1 7ot MpT* ()1
< - _ * . *
< o e et g ey e e
S [ Ak TP L S TP
— r— T r—XT
= =t 2T o e
< LETT L T o
— r—XT .
¢\l —-a* p—a—l—l 2

Consequently by Equation (4.5)), the operator N is a contraction. Accordingly to Banach

contraction principle, the operator N has a unique fixed point which is the unique solution

of the FDVOIVP ().

4.4 Ulam-Hyers stability

Definition 4.2 [30] On account of FDVOIVP (4.1)), consider the inequality
DO () + o' (8) — f(t,m)| < e, t € A. (4.6)

We say that FDVOIVP (4.1) is Ulam-Hyers stable if there is ¢y > 0 in a way that for
any € > 0 and for any solution r € C(A,R) of ({-0)), there is a solution x € C(A,R) of

95



FDVOIVP (4.1), such that
1r(t) — x(t)| < cre, t € A

Theorem 4.3 Let the condition (FY3) and inequality be satisfied. Then, the FD-
VOIVP (4.1)) is Ulam-Hyers stable.

Proof. Let € > 0 be an arbitrary number and the function y(¢) from C(A,R) satisfy the
following inequality

DO () + o' (8) — f(t,m)| < e t €A (4.7)
We integrate both sides of the inequality (4.7]), we obtain

r(t) + %[/Ot %T(s) ds—/otf(s,rs) ds]
< €.

Ift e [-z,0)
r(t) = 2(t)] = 0 < cye

Let t € A, then

| r(t) — (1) |
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g)—als t a(s)
+ ‘/ 1—)a(s) x(s) ds—/ WT(S) ds‘
) = s s

1 t—<t_s)_a(8) T\S) —Tis S
T o[ | fagy | o) v | d

IN

n /OsUsﬂ|f(s,rs)—f(s,a:s)yds}

1_ . t t—S —a* t—0'+1
< 6T+E-MFT |y —2||g, i ( T ) ds+p |l r—|lg _J+J
1 'MFT* (t)lfa* T*U+1
ol ) ]
< I T e 7 =2 lle. +p——7 I~ 2 |l
1 My T*T 7ot
< 6T+2_1_ " ||7“—$||]E:2+p_0+1||T_$||IE2]
1/ MT*T T-ot+l
< T —( ) - -
S € +§ 1 — o +p_0+1 ||T x||E2
Then,
1T MyT*T T—o+1
— 1__[ ]) < €T
Ir—alley (1= [T Fpmq)) <€
We obtain, for each t € A
[ r(t) = 2(8) 1<) 7 — 2 [l < o -
r T <||r—x||g,< _1[MFT*T_|_ TU+1i|€—Cf€.
s| 1—-a* —o+1

Then, the FDVOIVP (4.1)) is Ulam-Hyers stable.

4.5 Numerical examples

Example 4.1 Let the following FDVOIVP
{ D5+ :c(t)+5 (t) = log(t + 1) + T2 (12) 4 dcos(t) + Yra, t € [0,7] = [0,1],
6
x(t) = o(t), te[-20]

[ SIS

(4.8)
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Let ¢ =5 and ot x(t)) = £ + 3, then we have o is a continuous function with

0<atz(t) <z+3=2=a" <1, and miney | a(t,z(t)) |= 35, and we have
1 1 exp(—t+4) , VT
t3 t,x) — f(t, = t3|log(t+1)+7———=(t") +4cos(t) + —=x
$it0) = $0) | = ¢ gt 1)+ w7TEER )+ dcostt) +
exp(—t+4) , VT
— log(t+1) — m——=—>(t°) — 4cos(t) — ~—
a0+ 1) =G —deostt) — Gy
= t“?m—ﬁgﬂ
< éflx—yl
< S le—yl
—lx—vy].
S 73 Y
So (FY 3) satisfied witha:%andp:ﬁ. In addition to
1 7o+ U7l Iryr 47 lpr+87 1114
- AMT'T| = —[—— 4—}:—[— —=|=:|57] - ~0.63 < 1.
g[p—cr—|—1+ g 5 3§+ﬁ sl YAl Tslagal T

According to theorem , the FDVOIVP (@ has a unique solution, and by theorem
, the FDVOIVP (@ is Ulam-Hyers stable.

Example 4.2 Let the following FDVOIVP

DEtag(t) + 82/ (t) = BN 4 (exp(vE+ 1)) + 3sin(t) + 5, t € [0,7] = [0, 1],
z(t) = o(t), t €[-20].

(4.9)

Let ¢ =8, aft,x(t)) = £ + 1, then we have a is a continuous function with

1
4’
0<alt,z(t) <3+3=3=a" <1, and mingey | a(t, z(t)) |= 1, and we have

B fta) - flty) | = ¢ BUTDSEAD

+ (exp(VE + 1)) + 3sin(t) + ga:

t+1  42rn
log(t+ 1) 8(t + 1) . T
- — (exp(v£+ 1)) — 3sin(t) — =
A — (el T) — Bsin) - G|
o t8|7r T |
- 2" T oY
< |-y
- 2
< Sla—yl
—_— 2 .
So (FY 3) satisfied with o = § and p = 5. In addition to
1p Tt 1rm1l 1 1rdr 5.05
- 4MT*T]:—[—— 4 x } [ 326}:—N063<1
gl g1 T st e =57 8
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According to theorem , the FDVOIVP has a unique solution. By theorem ,
the FDVOIVP (@ s Ulam-Hyers stable.
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Conclusion

In this thesis, we present novel results on the existence, uniqueness, and stability of
solutions to variable order fractional differential equations. Chapter 2 addresses the
initial-terminal value problem (ITVP) for nonlinear systems with order 1 < a(t) < 2,
leveraging Schaefer’s and Banach’s fixed-point theorems. Chapter 3 extends this frame-
work to non-autonomous systems (NAVOIVP) with mixed derivatives, where the order
0 < a(t,z(t)) < 1 introduces additional complexity; here, Krasnoselsky’s theorem and the
Banach contraction principle are key tools. In Chapter 4, we resolve finite-delay problems
(FDVOIVP) of order 0 < «a(t) < 1 via Schauder’s theorem and Banach contraction . A
central challenge arises from the loss of the semi-group property in variable order calcu-
lus, which precludes standard techniques and demands innovative analysis. We further
establish Ulam-Hyers stability and validate our results numerically. We can expand the

research in three main directions:
e Systems of equations to represent interactions between multiple components.

e General time delays (variable or distributed) to increase the realism of the models.
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e More general boundary conditions (nonlocal).

These contributions open avenues for applications in transdisciplinary fields and lay the
groundwork for future research, such as extending these models to incorporate stochas-

ticity or multi-term fractional operators.
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