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Abstract

This master’s thesis investigates the implementation and performance of a Bidirectional
Cyclic Quantum Teleportation (BCQT) protocol within an 11-qubit quantum system.
Unlike standard unidirectional protocols, this cyclic approach enables multiple parties
(Alice, Bob, and Charlie) to exchange unknown quantum states simultaneously using a
pre-shared entangled resource. A primary focus of this work is evaluating the protocol’s
robustness under realistic conditions, specifically through a noisy channel modeled as a
Werner state. The theoretical framework employs density operator formalism to track
the evolution of the global system state during Bell-state measurements and controller-
dependent operations. Furthermore, we provide a symbolic simulation using Wolfram
Mathematica to verify the operational validity of the protocol. Our results analyze how
the entanglement parameter (\) and environmental noise affect the quality of quantum
information transfer. This study contributes to the field of quantum communication net-
works by demonstrating the scalability of cyclic protocols and the limitations imposed by
decoherence in multi-party quantum information processing.



Résumé

Ce mémoire de master étudie la mise en ceuvre et les performances d’un protocole de
Téléportation Quantique Cyclique Bidirectionnelle (BCQT) au sein d’'un systeme a 11
qubits. Contrairement aux protocoles unidirectionnels standards, cette approche cyclique
permet a plusieurs parties (Alice, Bob et Charlie) d’échanger simultanément des états
quantiques inconnus en utilisant une ressource intriquée préalablement partagée. L’ob-
jectif principal de ce travail est d’évaluer la robustesse du protocole dans des conditions
réalistes, notamment a travers un canal bruité modélisé par un état de Werner.

Le cadre théorique utilise le formalisme de 'opérateur densité pour suivre 1’évolution
de I’état global du systeme lors des mesures de 1’état de Bell et des opérations dépendantes
du controleur. De plus, nous proposons une simulation symbolique utilisant Wolfram Ma-
thematica afin de vérifier la validité opérationnelle du protocole. Nos résultats analysent
comment le parametre d’intrication (\) et le bruit environnemental affectent la qualité
du transfert d’information quantique. Cette étude contribue au domaine des réseaux de
communication quantique en démontrant la faisabilité des protocoles cycliques et les limi-
tations imposées par la décohérence dans le traitement de I'information quantique multi-
parties.
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Chapitre 1

General Introduction

Quantum Information is a cutting-edge field that combines the principles of quantum
mechanics with information theory to process and transmit data in ways that classical
computers cannot. Unlike classical bits (0 or 1), quantum information is processed via

Qubits, which can exist in multiple states simultaneously due to Superposition.
In the realm of Communications, quantum information plays a transformative role :

Absolute Security : It enables the creation of unhackable communication channels
through Quantum Key Distribution (QKD).

Quantum Teleportation : This allows the transfer of quantum states between distant

parties using Entanglement, forming the backbone of the future Quantum Internet.
Bidirectional Cyclic Quantum Teleportation Protocol

The Bidirectional Cyclic Quantum Teleportation protocol is an advanced scheme
where multiple parties (Alice, Bob, and Charlie) exchange quantum information simulta-

neously in a circular or cyclic manner.

Mechanism : It utilizes a multi-qubit entangled state (such as a GHZ state, cluster

state, or a composite channel) as a shared resource.

Cyclic Exchange : Instead of a simple one-way transfer, the protocol allows Alice to
send a state to Bob, Bob to Charlie, and Charlie back to Alice in a single synchronized

process.

Efficiency : This approach is more resource-efficient than performing multiple inde-
pendent one-way teleportation steps, as it reuses the entangled resource for the entire

network loop.
Realistic Scenarios and Noise Models

In a real-world quantum network, communication is often hindered by environmental
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interactions. To simulate this, our study incorporates :

Operational Scenarios : We analyze the protocol under a three-party (Alice-Bob-
Charlie) configuration, ensuring that the cyclic exchange is maintained even under com-

plex channel conditions.
Clockwise cyclic controlled teleportation : |¥) , is sent to Charlie, |¥) , is sent
to Alice and |¥), is sent to Bob.
Counter-clockwise cyclic controlled teleportation : |¥) , is sent to Bob,
|W) 5 is sent to Charlie and |¥), is sent to Alice.

Werner Noise Model : To account for quantum decoherence, the protocol is imple-
mented using the Werner State as the communication channel. This model introduces a
mixing parameter (A) that represents the purity of the state, allowing us to evaluate the

protocol’s robustness against noise.

1—A
ﬁchannel = )\pChannel + ( 211 )I®11 (11)

Implementation in Wolfram MathematicaWolfram Mathematica is the preferred tool
for simulating these protocols because of its powerful symbolic computation and matrix

manipulation capabilities. The implementation involves :
Defining the Quantum Resource :

Using KroneckerProduct to construct the multi-qubit entangled state (the quantum
channel) in matrix form.State Preparation : Defining the unknown input states as symbolic

vectors :

W) = al0) +51) (1.2)

Applying Quantum Gates : Implementing local operations using matrix multiplication
(Dot) with standard gates like CNOT and Hadamard.

Measurement Simulation : Using projection operators to simulate the measurement in

the Bell Basis, which collapses the system into specific outcomes.

Unitary Transformations : Applying corrective Pauli gates (X,Y,Z) based on the

measurement results to recover the original state at the destination.

Simplification : Utilizing functions like FullSimplify to verify that the output state

mathematically matches the input state, confirming the protocol’s success.



Chapitre 2

Quantum Calculation

2.1 Introduction

The transition from classical to quantum information processing is fundamentally a
transition in mathematical representation. While classical computing relies on Boolean
algebra and discrete logic, quantum computing is built upon the rigorous framework
of Linear Algebra in complex Hilbert spaces.Understanding the behavior of quantum
systems, particularly the intricate nature of entanglement in 3-qubit systems, requires a

robust set of mathematical tools designed to describe both pure and mixed states.

In this chapter, we establish the essential formalism required to analyze multipartite
quantum systems. We begin with the Density Matrix p representation, which provides
a comprehensive description of quantum states, including the Reduced Density Matrix
obtained through the partial trace. This tool is crucial for quantifying correlations in
bipartitions such as A/BC. Furthermore, we introduce the Quantum Circuit model as a

framework for implementing quantum gates and operations that generate entanglement.

Central to our study is the geometric approach to entanglement, where the parallelism
of vectors and the Wedge product (A) serve as indicators for separability. These tools allow
us to compute the squared concurrence and the 3-tangle (7), providing a quantitative
measure of how entanglement is distributed according to the Coffman-Kundu-Wootters
(CKW) inequality. This grounding is indispensable for characterizing the ”Monogamy of

Entanglement” in multi-party architectures.

2.2 Basic Concebts

Qubit

A qubit, or quantum bit, is the basic unit of quantum information. Unlike a classical

bit, which can only be 0 or 1, a qubit can exist in a superposition of both states at the
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same time.This means that a qubit can be partially 0 and partially 1 until it is measured.

The state of a qubit is described by two numbers called probability amplitudes. One
amplitude corresponds to the probability of finding [1] the qubit in state 0, and the other
corresponds to the probability of finding it in state 1. The probabilities are obtained by
taking the square of the amplitudes, and the total probability is always equal to 1.

For example, if the amplitudes are 301 and 302, the probabilities of measuring the
qubit in state 0 or 1 are |3b1| and |3b2|, respectively, and they satisfy the condition :

laf* + 18" =1 (2.1)

A qubit can also be represented as a simple two-component column vector, where the

first component represents state 0 and the second component represents state 1. The basis

|o>=(;>,|1>=(2> 22)

These basic states form the foundation for all operations on qubits in quantum com-

states are :

puting.

Quantum State

A quantum state provides a complete description of a quantum system. It contains all
the information that can be known about the system and determines the probabilities of
all possible measurement outcomes. In general, a quantum state can be represented as a

vector in a complex vector space called a Hilbert space.

For a single qubit, the quantum state is a combination of the basis states 0 and 1. This
combination is called a superposition and is expressed using probability amplitudes. The
squared magnitudes of these amplitudes give the probabilities of measuring the qubit in

each of the basis states.

More generally, for a quantum system with multiple states, the quantum state can
be written as a sum over all possible basis states, with each term multiplied by its cor-
responding probability amplitude. This formalism allows quantum mechanics to describe

phenomena such as interference and entanglement, which have no classical counterparts.

In summary, a quantum state is the fundamental representation of a quantum system,
encoding both the possible outcomes and their likelihoods, and providing the framework

for [2] predicting the behavior of the system under measurement.
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Evolution of quantum state

The evolution of a quantum state describes how the state of a quantum system changes
over time.In quantum mechanics, this evolution is deterministic and is governed by the
Schrodinger equation.For a system with a time-independent Hamiltonian, the evolution

can be expressed as a unitary transformation of the initial state.

If | (0)) represents the state of the system at time ¢ = 0, then at a later time ¢ the
state |W (¢)) is given by :

(W (t)) =U(t)|¥(0)) (2.3)

where U(t) is a unitary operator that depends on the system’s Hamiltonian. The

unitarity of U(t) ensures that the total probability is conserved during the evolution.

For a single qubit, this means that the probability amplitudes of being in state 0 or 1
may change over time, but the sum of their squared magnitudes always remains equal to
one. The ability of quantum states to evolve coherently under unitary transformations is
the basis for quantum computation, allowing qubits to perform complex operations while

maintaining superposition and entanglement.

In summary, the evolution of a quantum state is the fundamental mechanism by which
quantum information changes over time, fully determined by the system’s dynamics and

described mathematically through unitary transformations.

Quantum circuit

A quantum circuit is a model for performing computation with qubits, where quantum
gates are applied in sequence to manipulate the qubits’ states.It is the quantum analogue

of a classical logic circuit and forms the basis for implementing quantum algorithms.

The NOT gate :

The NOT gate flips a qubit : 0 becomes 1 and 1 becomes 0.1t is represented by the

01
X:<10> (2.4)

The Pauli matrices are a set of three fundamental 22 matrices used to describe single-

matrix :

Pauli Matrices :

qubit operations in quantum computing. They are :
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0 1 0 —i 1 0
az:<10>,ay:<i 0),(72:(0_1). (2.5)

o, : flips the qubit (NOT gate).

o, : flips the qubit and adds a phase.
0. : changes the phase of state 1.

These matrices are unitary and form the basis for many quantum operations.

The Hadamard gate :

The Hadamard gate creates a superposition of a single qubit. It transforms |0) into

\/Li (|0) +|1)) and |1) into \/Li (|0) — |1)).Its matrix representation is :

“

It is widely used to initialize qubits in superposition for quantum algorithms.

?f). (2.6)

=

S-Sl

The SWAP gate :

The SWAP gate exchanges the states of two qubits.If the first qubit is in state |a) and
the second in |b), after the gate the first qubit becomes |b) and the second becomes |a).

[ts matrix representation is :

SWAP = (2.7)

o o O =
o = O O
o O = O
_ o O O

The SWAP gate is often used to reorder qubits in a quantum circuit.

The C_Not gate :

The C_Not gate is a two-qubit gate. It flips the second qubit (target) if the first qubit

(control) is |1), and does nothing if the control is |1).Its matrix representation is :

1000
0100

CNOT = (2.8)
0001
0010
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It is widely used to create entanglement between qubits in quantum circuits.

The Postulates of Quantum Mechanics
Postulate 1 :The Quantum State Postulate

Every isolated physical system is associated with a complex vector space called a
Hilbert space. The state of the system is completely described by a unit vector in this

space.

For example, a single qubit is represented by a vector :

(W) =al0)+51). (2.9)

where o 3 are complex probability amplitudes satisfying |a|” +|8]* = 1.

This postulate establishes the fundamental framework for describing all quantum sys-

tems.

Postulate 2 :Observables and Operators

Every measurable physical quantity (observable) in a quantum system is represented
by a Hermitian operator acting on the system’s Hilbert space. The possible outcomes of
measuring the observable are given by the operator’s eigenvalues, and the system collapses

into the corresponding eigenstate after the measurement.

For example, if A is an observable with eigenstates |a;) and eigenvalues a;, then mea-
suring A on a state |¥) gives the outcome a; with probability |(a;] |¥)|*.

This postulate links the mathematical formalism of quantum mechanics to physically
measurable quantities.
Postulate 3 :The Measurement Postulate

When a measurement is performed on a quantum system, the outcome corresponds
to one of the eigenvalues of the observable being measured.After the measurement, the

system collapses into the corresponding eigenstate.

The probability of obtaining a specific measurement result is given by the squared

magnitude of the projection of the quantum state onto the eigenstate :

P (a;) = [{a| [9)[*. (2.10)
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This postulate connects the mathematical description of quantum states to actual
experimental observations.
Postulate 4 :Time Evolution

The time evolution of a closed quantum system is deterministic and is governed by
the Schrodinger equation. If | (y)) is the state at time g, then at a later time ¢, the
state |W (1)) is given by :

(W (¢)) =Ul(t,to) ¥ (to)) - (2.11)
where U (t,tg) is a unitary operator that depends on the system’s Hamiltonian. The

unitarity ensures that the total probability is conserved during evolution.

This postulate describes how quantum states change over time and forms the basis for

predicting the dynamics of quantum systems.

Projective Measurement

Projective measurement is a fundamental concept in quantum mechanics used to de-
termine the state of a quantum system.When a measurement is performed, the quantum

state collapses onto one of the eigenstates of the observable being measured.

If the system is in the state |¥), the probability of obtaining the outcome associated

with eigenstate |a;) is given by :

P (a;) = [{a| [9)[. (2.12)

After the measurement, the system collapses into the corresponding eigenstate |a;).

Projective measurements therefore determine both the measurement outcome and the

new state of the quantum system after the measurement.

Expectation Value of Measurement

The expectation value of a measurement represents the average value of an observable
obtained from many repeated measurements on identically prepared quantum systems. If
A is an observable represented by the operator A, and the system is in the state |¥), the

expectation value is defined as :

(A) = (U] A|D). (2.13)
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This quantity corresponds to the statistical mean of the measurement outcomes and

provides important information about the physical properties of the system.

To justify this expression, consider that the observable A has eigenstates |a;) with
corresponding eigenvalues a;. According to the measurement postulate, the probability of

obtaining the outcome a; when measuring A in the state |¥) is :

P (a;) = [{a| )] (2.14)

Therefore, the average value of many measurements can be written as :

() =Y aP(a) = 3 ai (el (9 (2.15)

Using the expansion of the state |¥) in the eigenbasis of A, this expression can be

rewritten in the compact operator form.

(A) = (V| A|T). (2.16)
This result establishes the standard formula for the expectation value of an observable
in quantum mechanics.

The quantum deviation (or standard deviation) of an observable M in the quantum

state | W) is defined by :

A (M) =\ (M2, — (M2, (2.17)

where (M), is the expectation value of the observable M in the state ¥, and (M?),,

is the expectation value of the operator M? in the same state.

The quantity A (M) measures the spread of the measurement results of the observable

around its mean value.

The Density Operator

Quantum mechanics can also be formulated using the density operator formalism (or
density matrix), which is particularly useful when the state [3] of the system is not comple-
tely known. In many physical situations, a system may be found in several possible pure
states |U;) with associated classical probabilities P;.The ensemble of states can therefore
be written as {P;, |¥;)}.
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In this case, the quantum state of the system is described by the density operator p,
defined as :

p=> Pi|U;) (T (2.18)
which acts in the Hilbert space of the system.

p:H—H (2.19)

This operator contains all the statistical information about the quantum system.

If the system is in a pure state | V), the density operator reduces to :

p=|) (¥ (2.20)

To verify the property of a pure state, we calculate the square of the density operator.

pto= pp=(19) (W) (W) (). (2.21)
= W) ((W][w)) (¥l

Since the state is normalized,(¥||¥) = 1, therefore.

Hence, if

P’ =p. (2.22)

the system is in a pure state, while if

p°# p. (2.23)

the system is in a mixed state.

Let U be a quantum operation acting on the system.Each state vector evolves accor-

ding to

10
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;) — “I/z> =U|¥;) (2.24)

The conjugate vector transforms as

(¥,

Substituting these transformations into the definition of the density operator gives :

= (V| UT (2.25)

(2.26)

pU) = 3P W) (0,
_ ZPI-(UWZ-» (v, UY)

= U (ZPZN’J <‘I’z|) Ut

Since the term inside the parentheses is simply p, the evolution of the density operator

becomes.

p(U)=UpU". (2.27)

Thus, the density matrix evolves by multiplying the unitary operator from the left

and its Hermitian conjugate from the right.

If the system is initially in the state |¥), the probability of obtaining the measurement

outcome m associated with operator M, is given by

P(m | i) = (U| M} M,, |¥). (2.28)

When the initial state is not completely known, the total probability is obtained by

averaging over all possible states.

P (m) = ZBP(m | 4). (2.29)

Substituting the expression for P (m | i) gives :
P (m) = | P (W[ MMy, |0).

11
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Using the definition of the density operator

p= ZPZ' W) (Wil

the probability can be written compactly as

P (m)=Tr (M} Myp).
This expression shows that the density matrix alone contains all the information nee-
ded to compute measurement probabilities.
After obtaining the measurement result m, the system collapses into a new state. In

the density operator formalism, the post-measurement state is

M, pMT
Tr (MLMmp)

p(m)

The denominator ensures normalization and corresponds to the probability of obtai-

ning the outcome m
Trace Property.

Finally, the density operator must satisfy the normalization condition.

Tr(p) =1. (2.30)

the trace becomes

Tr(p) = Z PTr (W) (Wq)) . (2.31)

Since T'r (|¥;) (¥;]) = 1, we obtain

Tr(p)=) P=1. (2.32)

which reflects the conservation of total probability.

12
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Reduced Density Matrix

In a quantum system composed of two parts, A and B, the total system can be
described by a density matrix pap, which contains all the information about the combined

System.

Often, we are only interested in one part, for example A, and we do not have access
to the full system.In this case, we define the reduced density matrix of A, denoted pg4,
by summing over all possible states of B. Mathematically, this is the partial trace over

subsystem B :

pa=Trg(pas) = > _ (ilgpasli)s. (2.33)

J

where {|7) 5z} is an orthonormal basis of subsystem B. Similarly, the reduced density

matrix of subsystem B is

Na

pp=Tra(pas) =Y (ilspanli)a- (2.34)

J

This construction ensures that ps4 and pp are valid density matrices, because the

partial trace preserves the properties of Hermiticity and normalization.

To see this explicitly, we first verify Hermiticity.Since pil 5 = PAB, We have

Np f Np
Pl = <Z<j!BpAB |j>B> => (Ulppasli)p) (2.35)

J
Np

= Y (lppasli)p = pa

J

Next, for normalization, the trace of py is

Na Na Np

Tra(pa) = Y (ilapasliba=D > (ila{ilgranlidalilp (2.36)

i=1 =1 j=1
= TTAB (pAB) =1.

showing that the total probability is preserved.

The reduced density matrix also reproduces expectation values of local observables. If

an operator acts only on A, written as O4 ® Ig, then

13
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(Oa) = Trap(pas(0Oa® Ip)) (2.37)
= D (ilails pan (04 ® I5) i) 4 i)

= D AilapaOali),

1

= Tr A (,0 AO A) .
This proves that all measurements on subsystem A can be computed from p, alone,
without knowing the full system.

Finally, even if the total system is in a pure state, the reduced density matrix may
describe a mixed state if the subsystems are entangled.For example, consider the Bell
state,|Uap) = \/LE (|00) + |11)). The total density matrix is

(]00) (00| + 00 (11] + [11) (00| + |11) (11]). (2.38)

DO | —

pap = V) (V| =

Taking the partial trace over B, we obtain the reduced density matrix for A :

(10) O + 1) (11) (2.39)

DN | —

pa=Trp(pas) =

which is a mixed state. This shows that entanglement naturally produces mixed lo-
cal states even if the total system is pure. The reduced density matrix thus provides a
complete, self-contained description of a subsystem, allowing us to compute probabilities,

expectation values, and correlations in an intuitive and mathematically consistent way.

Quantum entanglement

Quantum entanglement is a uniquely quantum phenomenon in which two or more
subsystems become correlated in such a way that the state of each subsystem cannot be
described independently of the others. This correlation persists even when the subsys-
tems are spatially separated, demonstrating the nonlocal nature of quantum mechanics.
Entanglement is central to many quantum information protocols, including quantum te-

leportation, superdense coding, and quantum key distribution.

Consider a bipartite system composed of two subsystems,Alice(A) and Bob(B), descri-
bed by the Hilbert space H ® H. Let the total system be in a pure state |V a5) € H ® H.
The state |W4p) is said to be entangled or non-separable if it cannot be written as a

simple product of subsystem states :

14
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|Wap) # [Va) ® [Up). (2.40)
For any |V ,4) € Ha and |Vp) € Hp.

Definitions and Properties of Entanglement :

A pure bipartite state |V 45) is entangled if its Schmidt rank is greater than 1.

According to the Schmidt decomposition, any pure bipartite state can be written as :

(Wap) =D v Aelar) @ [by) . (2.41)

where |a;) and |b;) are orthonormal bases for Alice and Bob,and A, > 0 are the
Schmidt coefficients satisfying ), Ay = 1. The state is entangled if more than one A is

nonzero, it is separable if only one A\, = 1.

Property : If |U4p) is separable, there exist |¥,4) and |¥p) such that |Vap) =
|W4) ® |Wp). Otherwise |V 4p5) exhibits entanglement, meaning measurements on Alice’s

subsystem are correlated with Bob’s outcomes.

If the dimensions of the subsystems satisfy dim (Ha) < dim (Hp), a state |U4p) is

maximally entangled when the reduced states are completely mixed, and the Schmidt.

coefficients are equal :

1
A\, = ———VEk. 2.42
T dim (Ha) ( )

A well-known example is the Bell state for two qubits :

[oF) = ) A @10} + (1) 4 ® (1)) (2.43)

75104

For mixed states, a bipartite density matrix p4p is non-entangled (separable) if it can

be expressed as a convex combination of product states :

pAB—Z 0 @ pE P >0, P =1. (2.44)

J

where p(j) and pg) are density operators of subsystems A and B, respectively. If no

such decomposition exists, pap is entangled.

15
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Property : Entanglement implies correlations beyond classical statistics, and it is res-
ponsible for quantum phenomena that have no classical analogue, such as violation of Bell

inequalities.

Von Neumann Entropy

The Von Neumann entropy measures the uncertainty or mixedness of a quantum state.

For a system described by a density matrix p, it is defined as :

S(p) =—Tr[p.log(p)]. (2.45)

If p has eigenvalues \;, this becomes :

= " Nilog A (2.46)

S (p) > 0,with S (p) = 0 for pure states.

Maximum entropy S (p) = log d occurs for a maximally mixed state in a d-dimensional

space.

For a bipartite pure state |¥,p), the entropies of subsystems are equal :S (p4) =
S(pB)-

Von Neumann entropy therefore provides a direct measure of uncertainty and entan-

glement in quantum systems.

The exterior product

The exterior product (or wedge product) is a mathematical operation used to [3, 4]

extend vectors to higher-dimensional geometric objects. It is denoted by the symbol

Let @ and b be two vectors in a complex vector space of dimension m. They can be

written in the basis {eq, e, ..., e, }as

zm: aei, b zm: bie;. (2.47)
7=1

=1

The exterior product of @ and b is obtained by applying the wedge product between

the two vectors :

16
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- (Zm: ai@) . (Zm: bj€j> _ (2.48)

Using the bilinearity of the wedge product, we expand :

i=1 j=1

The wedge product satisfies the antisymmetry property :

€; N €j = —€4 AN €;. (250)

and

Therefore, the terms with ¢ = j vanish, and the terms (4, 7) and (j,¢) combine as

ab; (e; Nej) +ajb; (e Ae;) = (ab; — ajb;) (e; Nej). (2.52)

To avoid counting the same pair twice, we keep only the terms with ¢ < 7. Thus we

obtain

Anb= f: b)) (es Ney). (2.53)

The result is called a bivector, which represents an oriented surface element and is

neither a scalar nor an ordinary vector.

The coefficients multiplying the basis bivectors e; A e; give the components of @ A b.

These components are the antisymmetric combinations

< a1b2 — CLle, @1b3 - a3b1> ceey albm - &mbl’ ) (2 54)

a'2b3 - a3b27 L) am—lbm - ambm—l

These terms correspond to all possible antisymmetric pairs a;b; — a;b; formed from

the components of the vectors @ and b.

17
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Lagrange’s Identity

Let @ and b be two vectors in a complex vector space of dimension m, written as

a= (ay,az,...,an) b= (b1, b2, ..y b))

(2.55)

Lagrange’s identity relates the norm of the exterior produc a A b to the. The sum over

1 < j can be written as

Expanding the modulus,
|aibj — Ciji|2 = (aibj — ajbi) — (C_lej — C_le_)z) .
which gives
|ai|? b5 — 2Re (aibjazb;) + |a;| |bil” .

Summing over ; and ;,

5012
6/\bH ZZ 216,12 — 2Re (aiba;bi) + |as]? |bil?) -

11]1

Rearranging the sums leads to

- () £

Recognizing the norms and the scalar product,

Ms

m
(|2 2
I = > lail* |
=1

H Z|b| b

we obtain Lagrange’s identity

Sl12
6Ab” — |a

18
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Two-Qubit Concurrence Using the Lagrange Identity and the

Exterior Product

For a pure two—qubit state

|U) =p|040B) + q|0alp) +7|1405) + s|1alp). (2.62)

the concurrence is defined as

C (W) =2]anb. (2.63)

where the vectors

a=(p,q),b=(rs). (2.64)

represent the coefficients associated with the basis states of Alice.

The exterior product of two vectors in C? is defined by

alNb= (CleQ — Gle) (61 A 62) . (265)
Substituting
ay =p,as = q,by =1, by = s. (2.66)
we obtain
aNb=(ps—qr)(e; Neg). (2.67)

Since the basis bivector satisfies

||€1 A 62” =1. (268)

the magnitude of the exterior product becomes

la A bl = |ps —qr|.
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Substituting this result into the definition of concurrence gives
C(¥)=2]|ps—qr|. (2.69)

The quantity ps — qr is the determinant of the coefficient matrix

( b > . (2.70)

If ps — gr = 0, the vectors a are b linearly dependent and the state is separable.
If ps — gr # 0, the vectors are independent and the state is entangled.

Thus, the concurrence measures the degree of entanglement of the two—qubit state.

Three-Qubit State

Three-Qubit State is

O) = Y aijnlifk) . (2.71)

i, k=0

with the normalization condition

1
> aigl? = 1. (2.72)

1,7,k=0

We rewrite the state grouping Alice’s basis :

(W) = 10)4 [P0} pe + 1) 4 [P1) pe - (2.73)

where

|D) = p|000) 4 ¢ |001) 4 7 |010) + s |011), (2.74)
;) = ¢]100) +u|101) + v |q10) + w |111).

These two vectors describe the state of subsystem BC'. It shows that a system of 3
qubits lives in an 8-dimensional Hilbert space, and the coefficients p,q,r,s,t,u,v,w, are the
probability amplitudes of the computational basis states the condition of separability for
the bipartition A /BC :

20
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(2.75)

The vectors (p, q,r, s) and (¢, u, v, w) must be parallel. If this condition holds, the state

can be written as a product state.If not, the system is entangled.

Four-Qubit States

Consider a quantum system composed of four qubits denoted by A,B,C, andD. Let
|¥) be a normalized pure state of the system. In the computational basis used in quantum

computing, the most general form of this state can be written as :

1

W) = Z cijii |iajpkelp) - (2.76)

%,7,k,01=0

where ¢;j;; € C are complex probability amplitudes associated with each basis state

and satisfy the normalization condition.

1

N7 el =1. (2.77)

i,4,k,l=0
To study the entanglement properties of the system, particularly the separability of

qubit A from the remaining subsystem BC D, the state can be rewritten by grouping the
terms A with respect to the basis of qubit

Ea=104) [®7) +[1a) | 7). (2.78)

Here, the vectors |(I>64> and ‘@‘14> belong to the Hilbert space. To analyze the separabi-
lity of the pair of qubits(AB) from the subsystem (C'D), we consider the four conditional
vectors (040p[ [V), (041p[[¥), (1405]|¥), (Lalp||¥).

Which belong to the Hilbert space Hep. The subsystem (AB) is separable from (C'D)
if these vectors are mutually parallel. Based on this geometric approach, the entanglement

measure associated with the pair AB is defined by

Edp =4 |16 [¥) A Gl [9)]] - (2.79)

1<j

where the sum runs over the four basis states of the subsystem AB. This expression
provides a geometric quantification of entanglement between the pair of qubits AB and.

The remaining subsystem C'D in the four-qubit system.
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Geometric Interpretation of Entanglement based on Vector

Parallelism

Consider a quantum system composed of three qubits, labeled A,B,C,. The general

pure state of the system in the computational basis can be written as

|W) = a]000) + b|001) + ¢|010) 4+ d|011) + p|100) + ¢ |101) + 7 |110) + s|111). (2.80)

where :a,b,c,d,p,q,r,s € C are complex probability amplitudes. We consider a biparti-
tion A/ BC' this allows us to analyze whether qubit A is entangled with the subsystem
BC, after measuring the BC' system in the computational basis |00),|01),]10),/11), the

unnormalized post-measurement vectors for qubit A are

) = al0)+pll), P, =0]0)+ql1).
@?4 = c|0>+7’\1>,<1>f’4:d|0>+5|1>.

These vectors represent the states of qubit A conditioned on the measurement outcome
of BC. If ®% &Y &% &3 are all parallel, the state factorizes :|¥) = |®4) ® |Ppc) and
qubit A is not entangled with BC'. If the vectors are not parallel, there exists quantum

entanglement between A and BC'.

The concurrence squared for this bipartition is

C% pe =4 (\@?4 AOY[P + [0 A @47 + [0 A @47 + [0 A @3] + @4 A D3] + @2 A @if) .
(2.81)

If vectors are parallel : ®; A ®; = 0 = C4 ,pc = 0,no entanglement.

This inequality describes how entanglement is distributed in multipartit esystem :

Ci sc > Ca, 5+ Chc (2.82)

Entanglement is monogamo. If A is strongly entangled with B its entanglement with
C is limited.

The 3-tangle quantifies the genuine three-way entanglement :

T= Cfx/BC - Czl/B - CZ\/C' (2.83)
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If 7 = 0, the entanglement is purely bipartite and if 7 > 0, there exists true tripartite

entanglement.

Since :

2 p =40 Axd) + (A (2.84)

Ch e =410 Axt) + (6 Axg)| -

=4l A+ I A =2 A XD O A =2 (g Axd) - (Ot A )]
(2.85)

This gives a geometric measure of three-way entanglement using the post-measurement

vectors of qubit A.
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Chapitre 3

Quantum Teleportation

3.1 Introduction

Quantum teleportation, first proposed by Bennett, Brassard, et al., has become a
cornerstone of quantum communication and networking. This protocol enables the trans-
mission of an unknown quantum state between distant nodes without the physical transfer
of the particle itself. The process relies on the unique properties of quantum entanglement

and the exchange of classical information.

Over the years, teleportation has evolved into various specialized schemes to meet the

demands of secure quantum networks :

Standard (Simple) Teleportation : The original model where a single qubit is trans-

ferred from a sender (Alice) to a receiver (Bob) through a shared Bell state.

Controlled Quantum Teleportation (CQT) : A tripartite scheme where the telepor-
tation is governed by a controller (Charlie). In this setup, Bob cannot reconstruct the
teleported state unless Charlie performs a measurement and shares the result, providing

a layer of authority and security.

Bidirectional Quantum Teleportation (BQT) : A more sophisticated protocol that
allows Alice and Bob to exchange quantum states simultaneously. This bidirectional flow
maximizes the efficiency of the entangled resource and is vital for full-duplex quantum

communication.

The implementation of these protocols is deeply linked to entanglement distribution.
By utilizing multi-party entangled states, such as GHZ states, we can precisely determine
and distribute correlations across the system. This structural approach is essential for
understanding how quantum particles are correlated and, more importantly, for preventing
the unlimited or unauthorized sharing of entanglement between multiple parties, thereby

maintaining the integrity of the quantum network.
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3.2 Simple Quantum Teleportation Protocol

The Simple Quantum Teleportation Protocol (Brassard et al.) is a method that allows
a sender (Alice) to transmit an unknown qubit to a receiver (Bob) using a shared entangled
pair and classical communication, where Bob applies a unitary correction to recover the

original state.

) EI—IHI—
i D

0) D

'
—_—

=

| Correction

D)

D!

\Bell) [bo) [¥1) [62)  [a) 1)

F1GURE 3.1: The Original Brassard Protocol

Matrix Formalism :

The protocol begins with a three-qubit system in a Hilbert space of dimension 23 = 8.

Alice possesses the unknown state |Q)) , = ( g ) and the first half of a shared entangled

1

V2

0
Bell state|Bell) = 0
1

V2
The total initial state |®), is the tensor product of the unknown qubit and the Bell

pair :

(3.1)

S o gk

e o otk © o

Now, we apply the CNOT operation to Alice’s two qubits, where the first qubit (the one
to be teleported) acts as the control, and the second qubit (entangled with the channel)
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acts as the target.

(3.2)

CNOTAA ® [2

Uy =

We calculate the state |¥), following the application of the CNOT gate.

(3.3)

|\Ij>1 =U ’\Ij>0

[

o o dSo =Ralge

We apply a Hadamard gate to Alice’s qubit that is to be teleported.
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Us=H®IL®I. (3.4)
(25)(01)=00)
%;—% 0 1 0 1

w0 50
N L ®<1>

% 0 5 0 0

0 &% 0 3
15 0 00 % 0 00
0 1% 00 0 J% 0 0
00 % 0 00 % 0

U, = 100 0 J% ,?O 0 V%

7 0 00 % 0 00
0 %5 00 0 ;—; 00
00 % 0 00 ;—% 0
00 0 J% 00 0 ;—g

After calculating |¥),, we now calculate |¥), following the application of the Hada-
mard gate to Alice’s qubit that is to be teleported.

(W), = Us |¥), . (3.5)
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1%0 00 J%o 00 v
0 1% 0 0 0 7 0 0 0
00 7 0 00 7 0 0
V)2 = 10 0o (?O\/% —? 00 000% %
V2 V2
0 % 00 0 = 00 &
00 5 0 00 = 0 %
0 0 0% 0 0 03—3 0
(6%
B
B
1 a
=3 X
-
-
(6%

If the measurement result is 00, the state before normalization is calculated using the

projection operator :

Before Normalization :
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(W), =0 | W3) . (3.7)
(8%
B
B
1 00 00 o
S 2 00 00 o
-
-
8]

After Normalization :

|\IJ>:P00|‘I’2> | Poo |¥2)|| = &2_|_ £2: (aQ—i—BQ)l: 1_1
3 [[Poo W) » 1+ 00 12 V2 V2 4 172

POO‘\IJ2>
\I/ = — =
Vs = By [ o]

ST
Y
=™ Q9
SN—
I
~/
= Q9
SN—
w
X

Therefore in this case, there is no correction.

If the measurement result is 01, the state before normalization is calculated using the

projection operator

10
lh:®H®5:<0100>®<01). (3.9)
{00 10 00 00
00 01 00 00 )

Before Normalization :
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W) = Py [ 1), (3.10)
(8%
B
B
A 0 00 00 a
_5(0 1 00 00) a
—pB
—p
8]

After Normalization :

W) = i P 0l =/ (35) + (&) = et 4 1= /i=1
3 [Por[w2)[] 114 0L 152 V2 V2 4 47 2

)
o (2)

In this case, Bob applies the X gate.

(2)-(0))-() o

If the measurement result is 10, the state before normalization is calculated using the

Pyt )
W B S —
Vsl = B )]

ST
Y

projection operator.

Hm4m®5=(0010>®<10>. (3.13)
0
0

Before Normalization :
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U3) = Pio | 0), . (3.14)
(8%
B
B
A 10 00 a
_5( 0 01 00 > a
—pB
—p
8]

After Normalization :

0) = e P [} =\ (35) + (%) = @2+ i=/i=}
3 Polw) 121015270 = A V2 vz) —yV\@ i \Vi17 2

(f‘ﬁ):(f‘ﬁ). (3.15)
Wy) = ( _aﬁ > . (3.16)

In this case, Bob applies the Z gate.

GG e

If the measurement result is 11, the state before normalization is calculated using the

Pay [ T)
\I} _
sl = P 0]~

wwh\w—l

projection operator.

P11:<11\®[2=(000 1>®<1O>. (3.18)
0
0

Before Normalization :
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|\I/3> - P11 ‘\D>2 . (319)
Q
B
p
1 0 0 0 Q
2 0 0 1 «
—p
—p
Q@
_1( -5
=3 . )
After Normalization :
2 2
v = e Pt = (5) + (3) = e Pt = i =1

Py |V
|\113> _ 11 | 2> _
| Pr1 W)l

W ()

In this case, Bob applies the Z X gate.

SN e

Bra-Ket Formalism :

(3.20)

ST
VN
|
=
N~
I
VN
|
=
N~

Alice has a qubit in an unknown state :

Q)4 =a|0) +5]1). (3.22)

Alice and Bob also share a maximally entangled Bell pair :

1
V2

The total initial state of the three qubits is

| Bell) = — (|00) + [11)). (3.23)
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[®)y = [Q) 4 @ |Bell) . (3.24)
1
D)y = (Oé!0>+5|1>)®E(\00>+|11>)‘ (3.25)
— L (0 ]000) + o [011) + B]100) + B[111)).

V2

Applying a CNOT gate between Alice’s two qubits.

|®), =N |p), = % (a [000) +  [011) + 3 [110) + 3]101)). (3.26)

Applying a Hadamard gate to Alice’s target qubit results in the state :

1
1), = D), = 3 (o |000) + a|100) + ¢ [011) + o [111) + B]010) — B|110) + B]001) — 3|101)).
(3.27)
Alice measures her two qubits in the standard basis
|00), |01),]10),|11). (3.28)
If Alice obtains the measurement outcome 00.
1
(@), = |®)5 = ((00] @ 1) | @), = 5 ([0} + B[1)). (3.29)
The state after normalization is given by :
i) s («]0)+ 811 s («]0)+ 811
PYSSEC FRE (1) E3. 1) M (LIUER. L) 50
5 1
I VT o 2
@), =al0)+5[1). (3.31)
Bob’s state matches Alice’s initial state, so no unitary correction is needed.
If Alice obtains the measurement outcome 01.
1
(@), = @)y = ((01] @ 1) |®), = 5 (B10) + 1)) (3.32)
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The state after normalization is given by :

@), = B10) +a[1).

Bob performs a Pauli-X operation to restore the original state.

X|®), = |0) + B[1).

If Alice obtains the measurement outcome 10.

@), 570 [8), = ((10]© B) [2), = 5 (a]0) ~ B]1)).

The state after normalization is given by :

|[®), = |0) = B[1).

Bob applies the Z gate to correct the state.

Z1®), =al0) +5]1).

If Alice obtains the measurement outcome 11.

), =7 @)y = (11| @ ) [@), = % (1) = 510)) .

The state after normalization is given by :

|[®), = 1) = 510).

Bob applies both Z and X gates to correct the state.

ZX|®), = a0)+ B1).

FIGURE 3.2: The quantum states prior to Alice’s measurement

[@) T af0) + BTT)
|Bell) | 5(/00) + [11))
o) | —5(a000) + «[011) + 3]100) + 3[111))
) %{a 1000) + o |011) + 3[101) + 3|110))
oy | $(a]000) + 3]001) + « [011) + 3010} + « [100) — 3[101) — B[110) + « [111})
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F1GURE 3.3: Bob’s unitary corrections following Alice’s measurement

Résultats de mesure d’Alice [13) Qubit de Bob (|i)) | Correction appropriée
00) a [000) + 31001} al0) + 51) I
01) «[011) + 3010} 310) + a[1) X
10) a[100y — 3101} a0y = AL Z
11) A1110) 4+ a [111) 310y — al1) ZX

3.3 Controlled Quantum Teleportation Protocol

The Controlled Quantum Teleportation protocol, proposed by Brassard et al., is an

extension of the standard quantum teleportation scheme in which the successful transfer

of an unknown quantum state from a sender (Alice) to a receiver (Bob) requires the

participation of a third party, called the controller (Charlie).

Matrix Formalism :

Alice wants to teleport an arbitrary qubit

@u=<g>.

using a shared GHZ state with Bob and Charlie :

‘GHZ>ACB = 5

—_
_ o O O O O O =

The total initial state is :

35
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@) = QAR |GHZ) 40 (3.43)

I
Sl
VY
= 0
SN——
02y
_ O O O O O O =

Sl -
[\

Starting from the global initial state |®), and after Alice’s operations, we can derive

the first collapsed state shared between Charlie and Bob for each measurement outcome.

B), = U [®),. (3.44)

Alice applies CNOT (control : qubit A, target : qubit 1)
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(3.45)

C,NOTAA ® ]4.

U=

1 000
0100

0010

1

1

The transformed state is
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), = U [0, . (3.46)

(3.47)

Sl
[\)

To prepare the system for the Bell-state measurement, Alice applies a Hadamard gate
(H) to her first qubit (A). This step transforms |®), into the second evolved state |®),.

D), = Us | D), . (3.48)

o O O O O o o
o O = O O O o o
SO = O O O o o O
— o O O O O o O

SO O O O O o o =
o O O o o o = O
o O O O O = O O
o O O O = O O O

After applying the CNOT gate, the expression for |®), becomes :

D), = U [®), (3.50)
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N | —
O O Q0 0 o oo Twm wm o o Q

In this protocol, Alice performs a joint Bell-state measurement (BSM) on her two
qubits, resulting in one of the four possible Bell states {]|00) , |01) , |10) ,|11) }, while Charlie
acts as the controller by measuring his qubit in the diagonal basis {|+),|—)} to authorize

the teleportation process.”
Alice’s Projection and Normalization :

Alice Measures |00)

Py = (00| ® I, (3.51)
Pyo | )

By, P |y, = 01/ 3.52
| >2 | >3 ”POO |CI)>2|| ( )

(6]

1 0

= Py |P), = ——= ,
00| >2 2\/5 0
g

If Charlie measures |—) :

The normalized state shared between Charlie and Bob is
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), = (3.53)

D o o Q

Charlie performs a measurement in the diagonal basis {|+),|—)}. This requires pro-

jecting the state onto the |®),.

If Charlie measures |+) :

P, |9%),

ALY (3:54)

[@7)5 =" |®); =

W 1 {1100
:>P+|®>3:ﬁ<o 0 1 1)

O o 9
Il
Sl
VR
= ©°
N————

wawmw=¢&%){w”ﬂmﬂ=§§

After final normalization, Bob receives :

@g:(ﬁ) (3.55)

Correction : 1.

If Charlie measures |—) :

P_|®*)
|D*), =T |P), = L3 (3.56)
’ S IP @)l

@gz(_ﬂ) (3.57)

@gz(ﬁ> (3.58)

Correction : Z.
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Alice Measures |01)

Por |®),
), =T %), = 12 (3.59)
2 S || Por | @),

The normalized state shared between Charlie and Bob is

), = (3.60)

S o o ™

If Charlie measures |+) :

(3.61)

@g=(5> (3.62)
@), = ( g ) (3.63)

Correction : X.

If Charlie measures |—) :

P_ %)
|D*), =T |P), = L3 (3.64)
’ S IP @)l

@x=<f3> (3.65)

After final normalization, Bob receives :
Q@
@uz(ﬁ> (3.66)

41
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Alice Measures |10)

Py |®),
), —T10 %), = =12 (3.67)
2 5 || Pio | @),

The normalized state shared between Charlie and Bob is

a

. 0
[0%); = (3.68)

0

—f

If Charlie measures |+) :
)
|B*), =P+ |®), = 3 (3.69)
’ TP 12n)]

@), = ( _“5 ) (3.70)
@g:(g) (3.71)

Correction : Z.

If Charlie measures |—) :

P_ %)
|D*), =T |P), = L3 (3.72)
’ S IP @)l

@uz(g> (3.73)
@gz(ﬁ> (3.74)

42
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Alice Measures |11)

Py |®),
), =T %), = 12 (3.75)
2 S|P | @),

The normalized state shared between Charlie and Bob is

—f

. 0
[0%); = (3.76)

0

a

If Charlie measures |+) :
)
|B*), =T+ |®), = 3 (3.77)
’ TP 12n)]

@), = ( 7 ) (3.78)
@), = ( g ) (3.79)

Correction : X Z.

If Charlie measures |—) :

P_|®*)
|D*), =T |P), = L3 (3.80)
’ S IP @)l

@), - ( § ) (351)
2), = ( ; ) (352)

43

Correction : X.



I'CHAPITRE 3. QUANTUM TELEPORTATION =0

Bra-Ket Formalism :

In this section, we describe the quantum teleportation process using the Bra-Ket
formalism. The protocol relies on a multipartite entangled state shared between the com-

municating parties.

First, we define the Greenberger-Horne—Zeilinger (GHZ) state, which represents a

maximally entangled three-qubit state. It is written as

1
NG (|000) 4 111)), (3.83)

Alice possesses an arbitrary qubit that she wishes to transmit to Bob. This qubit can

‘GHZ>ACB =

be expressed as

Q)4 = |0) + B1), (3.84)

The total quantum state of the system is obtained by taking the tensor product of
Alice’s qubit with the shared GH Z state. The initial global state is therefore

[©) = Q)4 ®|GHZ), (3.85)

Substituting the expressions of the states gives

®), = (@]0) + B]1)) @ [ —= (|000) + \111))) , (3.86)

(v

By expanding the tensor product, we obtain

%(OAOOOO) +a|0111) + B]1000) + B[1111)). (3.87)

This state represents the initial configuration of the system before any measurement

|(I)>0 =

is performed.

The teleportation protocol requires measurements in the Bell basis, which consists of

four maximally entangled two-qubit states defined as

[U%) = = (100) % [11)) (3.58)

f (100

0T = F |10)) . (3.89)

\/— (lo1)
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In addition, we define the following single-qubit basis states

4= (0)+11), (3.90)
L go-n (3.91
=)= 5 (10) = I1). 91)

Alice performs a measurement in the Bell basis on her qubits. Suppose that the mea-
surement outcome corresponds to the Bell state |U™). The associated projection operator

is given by

Py = |0H) (0| @ 1. (3.92)

Applying this projector to the initial state yields

@) =" @) = 5 (a|00) + B 11)). (3.93)

DO | —

After normalization, the post-measurement state becomes

Py+ |®), 5 (a | >+ﬁ|11>)
1= TRl 300
VG (laf +181)
_ 3@ yoo)+ﬁ|11
3
=« |00) + B |11).
Charlie then performs a measurement on his qubit in the basis {|4),|—)}.
Case 1 : Charlie obtains |+).
The corresponding projection operator is
Py =|4) (+]| ® L. (3.95)
Applying this projector to the state |®), gives
1
P [0), " 18), = = (a 0) + 511). (3.6)

After normalization, the resulting state is
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P,
1 = B ] (3.97)
BB L@l + sy
V (&) (aP + 181" v
— a0)+ 8]1).
), = a0) + 5]1). (3.98)

In this case, Bob already possesses the original quantum state and no corrective ope-

ration is required.
Case 2 : Charlie obtains |—).

The corresponding projection operator is

P.=|-)(~|® L. (3.99)

Applying this operator results in

D), P |@), = % (al0) — 8]1)) (3.100)

After normalization, the resulting state is

P,
2 = 1B @y, (3.10)

__FE0-m)  Hem=sm)
V () (ol +13) v
=al0) -5 1)

@), = a|0) = B[1) (3.102)

To recover the original state, Bob applies the Pauli-Z gate

), = Z (a|0) — B11)) = a0) + B]1) (3.103)
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After this correction, Bob successfully reconstructs the initial qubit |@Q) ,.

Alice performs a measurement in the Bell basis on her qubits. Suppose that the mea-
surement outcome corresponds to the Bell state | ™). The associated projection operator
is given by

Py- =07 (¥7 | 1L (3.104)

To find the state of the remaining qubits after Alice’s measurement, we apply the

projection operator to the initial global state as follows

B), P |BY, = % (00) — B[11)). (3.105)

Since the resulting vector is not normalized, we divide by its norm to obtain the

post-measurement state |P),.

[ Pa- @)l
§(@]00) — B[11) 3 (al00) — B11))

V& (1o +187) :

=« |00) — 5 11).

D), = (3.106)

In the next stage of the protocol, Charlie performs a measurement on his qubit. Consi-

der the case where Charlie obtains the outcome |+). The corresponding projection is

P =4+)(+|® L. (3.107)

By applying the projector P, , we obtain

), =T |®), = % (a|0) — B1)). (3.108)

After applying Charlie’s projection and normalizing the state again, the system col-

lapses to
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Py |®),

@), = AT (3.109)
_ 5 (a]0) + 51)) :%i(al())—ﬁﬂ))
V () (al+13) v
=al0) —B[1).

@)y = |0) = B[1)

Finally, to recover the original state sent by Alice, Bob must apply a local unitary
operation based on the previous measurement outcomes. In this specific case, Bob applies
the Pauli-Z gate :

@), = Z (a|0) = B[1)) = al0) + G ]1). (3.110)

Alternatively, we consider the second possibility where Charlie’s measurement yields
the state|—) :

p-=|-){~|® L. (3.111)

The projection operator associated with this outcome is applied to the intermediate

state | @), as follows :

D), P @), = % (a|0) + 5]1)) (3.112)

Since the resulting vector is not normalized, we divide by its norm to obtain the

post-measurement state |®),.

P. |2)
9, = T
SR IATN

L@y +811)  F5(alo)+B[1)

7 V () (ol +152) v

= al0)+3]1).

(3.113)

[®)y = a|0) + 51).
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In this specific case, the state naturally collapses back to the original qubit state

without the need for further unitary corrections from Bob.

|®), = a]0) + 3]1) (3.114)

Now, we examine another scenario where Alice’s measurement outcome corresponds
to the Bell state |[®T) :

Pp+ = [0%) (01| ® I, (3.115)

1

[@)g ="+ |@), = 5 (B100) + a[11)) (3.116)

Since the resulting vector is not normalized, we divide by its norm to obtain the

post-measurement state |®),.

Py+ |(I>>o
D), = — 110 (3.117)
b Pas [ @)l

_ 3(B100) +af11))  3(8100) + ail))

V&P (1o +187) >

= (100) + a|11)

Following Alice’s measurement, Charlie proceeds to measure his qubit. If he obtains

the state |+), the global state is further projected as follows :

Py =1]4)(+® I, (3.118)
Applying this operator results in

1

D), — P @), = 5

(610) 4+ a|1)). (3.119)

S

The normalized state becomes
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D), = % (3.120)

__HBmal) 5610 +al) -
V(&) (ol + 137 v

= 610) + 1) (3.122)

[®), = £10) +all)

"In this case, the resulting state at Bob’s side is a bit-flipped version of the original

qubit. Therefore, Bob must apply the Pauli-X gate to recover the initial state |Q) ,.

@), = X (B10) + (1)) = a[0) + 5[1)

Alternatively, if Charlie measures the qubit in the state |—), the projection leads to

the following state :

P =) (& (3.123)

Applying this projector to the state |®), leads to the following projected state

1

V2

In order to obtain the normalized state, we divide by the norm of the projected vector.

(@), =" @)y = —=(B10) — a|1)). (3.124)

Thus, the normalized state becomes

_Pe),
2 = 1B @y, (3.125)

L (810) —a 1)) _ 75 (810) — a 1))

) o+ 189 E
=p10) —all).

After normalization, we obtain

@), = £10) —a[l).
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To rectify both the bit-flip and the phase-flip introduced by this specific measurement

outcome, Bob must apply a combination of Pauli gates, specifically ZX.

[B), = ZX (810) — a[1)) = al0) + 1) (3.126)

Suppose that the result of Alice’s measurement is the state |®~). The corresponding

projection operator is given by :

Py-=|07)(®7|® 14 (3.127)

Applying this projector to the initial state |®), gives

|®), =T~ |®), = % (300) — a|11)). (3.128)

To obtain the normalized state, we divide by the norm of the projected vector. Thus,

the post-measurement state becomes

_ P<I>*|(I)>o
@), = | P |®),]] (3.129)
_ 5(8]00) —a[11))  5(8]00) —ail))

V&2 (1o +187) >

= (300) — «|11).

Next,if Charlie measures the state |+), the associated projection operator is.

Py =14)(+® I, (3.130)
Applying this projector to the state |®), yields

1

NG (810) — 1)) (3.131)

|D), —b |®), =

The normalized state is therefore
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Py |®),
|D), = ————— (3.132)
2P )
 HZ By —all)) 5 (B10)—all))
N 2 N 1
V(&) (15 7
= £10) —all).
To recover the original quantum state, Bob must apply ZX gate. Therefore
@), = ZX (B10) — 1)) = [0) + B [1) (3.133)

If Charlie measures the qubit in the state |—), the projection operator is given by.

Py =|-) (| ® L. (3.134)

Applying this projector to the state |®), leads to

1

V2

After normalization, the resulting state becomes

@), =" @), = —=(B0) + a1)). (3.135)

P,
2 = 1B, @, (3.136)

L (810) + a[1)) _ 75 (B10) + a 1))

O

= 510) +a 1)

[®), = £10) +all)

To recover the original state, Bob applies the Pauli-X gate.

|[©), = X(B0) + a[1)) = «|0) + 5[1) (3.137)
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F1GURE 3.4: Controlled Quantum Teleportation : Results obtained after Alice’s measu-
rement.

Résultat de la mesure d’Alice | Qubits de Charlie et Bob
™) — (n- 00) + 3|11))
) le(n 00) — 3]11))
o) 5 (a[11) + 3100))
EN —=(a[11) — 3]00))

F1GURE 3.5: Controlled Quantum Teleportation : Outcomes after Alice’s measurement

Rest Mes d’Alice | Qubits de Charlie et Bob | Rest Mes de Charlie | Qubit de Bob | Corr Bob
) (ex |00} 4 F]11)) |+) a |0y + 31]1) 1
) (v |00} + 51(11}) |-} a|0) — ,.-'3 1) Z
Py (o ]00) — 3]11)) l+) al0) — 3|1) Z
P (o |00) — 3’ 11)) |-} a0y + 311) I
&) (v [11) + 3100)) |+) 310y + a|1) X
o) (v |11) + 3100)) |—) 810) —al) ZX
o) (ex|11) — 3)00)) |+) 810y — a|1) ZX
d7) (e [11) — 3100)) |—) 810y + a|l) X

3.4 Controlled bidirectional quantum teleportation

Controlled bidirectional quantum teleportation is a protocol that enables two trans-
mitting parties (77 and T5) to simultaneously exchange unknown quantum states with
two receiving parties. This process is strictly governed by a third party, the controller,
who supervises the quantum channel and grants permission for the successful completion

of the teleportation.

In this protocol, we consider a configuration involving two transmitters, 77 and 75,

each possessing an arbitrary single-qubit state to be teleported :

Two transmitters (7} and T3), each holding an arbitrary qubit :

Q)1 = 1 ]0) + b1 [1) (3.138)

Q) = a2 |0) + B2 |1) (3.139)

Two receivers (R; and R»), who are the intended destinations for the teleported states.

The controller (C) acts as a quantum switch, routing the teleportation process accor-

ding to the following two scenarios :
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Scenario 1 :|Q), is sent to receiver;,and |Q), is sent to receivers,.

Scenario 2 :|Q), is sent to receivers,and |@Q), is sent to receiver;.

Q) ;————-—"" T T i

Q) ______._———--"‘:

FIGURE 3.6: Bidirectional quantum teleportation protocol

The five participants share the following entangled quantum channel :

‘Oh@””d)TlTQCﬁlcleRQ (3.140)
1 |000000) + [000111) + [011001) + |011110)
2v/2 | +101010) + |101101) + |110011) + |110100)
) - H T 4 Q1. Qubits assigned to the
|0) (J\ H 1_. QTz fransmitters
[0) ), W, } Qctr, Qubits assigned to the
|0} H Qctr, controller
|0) @ \'b/J\ QR[ Qubits assigned to the
|0) @ ® Qr receivers

FIGURE 3.7: The quantum teleportation channel

The initial state is given as follows :

|(I)0> - |Q1> ® ’Q2> ® |Channel>T1T20tr10m2R1R2 (3141)

First, we begin by defining the independent quantum states of qubits ); and ()5 that

the parties wish to transmit. They are represented as a linear superposition as follows :
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Q1) ® |Q2) = (a1]0) + 61 |1)) ® (a2 |0) + B2 (1)) (3.142)
= (X1(X9 |OO> + Cklﬁg ‘01> + 61@2 ’10) -+ ﬁlﬂg ’11>

Now, we couple the qubits to be teleported with the communication channel to form
the complete initial state of the system before any measurements are performed. The

general equation is :

‘(I)()> = % (041042 ‘00> + 06152 |01> + Bl@g |10> + 5152 |11>) (3143)

000000) + [000111) + [011001) + [011110)
+101010) + [101101) + |110011) + [110100)

00000000) + [00000111) + [00011001) -+ [00011110)
’q)o> = (19 (3144)
+100101010) + [00101101) + [00110011) + [00110100)

01000000) + [01000111) + [01011001) + |01011110)

+ a1
+]01101010) + [01101101) + [01110011) + [01110100)
+ e, (- 110000000) + [10000111) +[10011001) + [10011110)
24110101010 + [10101101) + [10110011) + [10110100)
111000000) + [11000111) + [11011001) + |11011110)
+ B152

+|11101010) + |11101101) + |11110011) + [11110100)

The two transmitters perform Bell measurements on their qubits. This basis is defined

by the following four well-known kets :

Bell) = == [107) + (1) [17)] .5 = 01
In a more detailed way
| Bellgy) — % 00) + [11)] (3.145)
|Belly,) — :;5 01) + 10} (3.146)
|Bellyy) = :;3 [100) — [11)] (3.147)
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1

Belly) =
| 11> \/5

After performing this measurement, the initial state |®q) becomes the state |®1). The

[101) — |10)] (3.148)

projector onto the Bell states is written as follows

Operations Performed by the Controller

Based on the scenarios mentioned above, the controller performs the following opera-

tions :
Technical Breakdown of the Scenarios :

Scenario 1 :The controller applies a Hadamard gate to its first qubit, denoted as
H(Cy)

1) =) @) = (I @ H @ 1) |@y) (3.150)

Scenario 2 :The controller applies a CNOT gate between its two qubits, CNOT(C}, Cy),
followed by a Hadamard gate on its first qubitH(C).

|®1) =N [®y) = (I°* @ Uonor(Ch, Ca) @ 19%) |@y) (3.151)

O 1@,) = (1% @ H @ I%?) |®,) (3.152)

Senders (77 and T3), Suppose we have two senders who have measured their systems
and obtained specific results (which are the Bell states |Belly) and |Belly),Before ap-
plying the measurements, a SWAP operation must be performed between qubit )3 and
qubit 7.

MOOOlslq)O)
b)) = 2 3.153
1) = TR0 019 [o)] (3.153)
S=L®S®I® (3.154)
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The SWAP gate is given as the following matrix :

100 0
0010
SWAP = (3.155)
0100
0001
Muo.o1 = (Bellgy| ® (Belly | @ I#* (3.156)
S|®o) = I ® S ® I€°|Dy) (3.157)
| 00000000) + [00000111) + [00011001) + |00011110
S1Bo) = ——aran [ )+ )+ )+ ') (3ams)
22 +]01001010) + [01001101) + [01010011) + |01010100)
t o, [ 100100000) + [00100111) + [00111001) + [00111110)
0
"2\ 1£101101010) + [01101101) + [01110011) + [01110100)
i 110000000 + [10000111) + [10011001) + [10011110)
[0
"2\ 1111001010 + [11001101) + [11010011) + |11010100)
+ 5y, (110100000} +[10100111) +[10111001) +[10111110)
1~2

+[11101010) 4 [11101101) + [11110011) + |11110100)

To determine the resulting state and its associated probability, we apply the measure-
ment operator M{00,01} to the state S |®g). The calculation of the squared norm, which

represents the success probability, is carried out as follows :

1 1
M, = (Belly| ® (Bellp;| @ I®* = — [(00| + (11]] ® —= [(01] + (10]] ® I®* (3.159
00,01 = (Belloo| ® (Belly| \/ﬁK |+ (11]] \/§K |+ (10]] ( )
1
Maoor = 5 ((0001] + (0010] + (1101] + (1110]) & 1* (3.160)
1

+ Braz (|0011) + [0100)) 4 5132 (]1010) + [1101))]

The squared norm of the projected state is calculated by taking the inner product of the
state with itself, which determines the probability of obtaining this specific measurement

outcome :
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1 ajas ((1001] + (1110]) + a3 55 ((0000] + (0111
Moo S |80} = { {013 ({1001 + (1110]) + o 55 ({0000 + (0111]) } (3.162)

4V2 | +Braz ({0011] + (0100]) + B35 ((1010] + (1101])

a1y (]1001) + [1110)) 4 a4 85 (|0000) + [0111))
+B1a2 (J0011) + [0100Y) + BB (]1010) + [1101))

‘ ~

S

4
5 (2lloa I floall® + 2l |* 182l + 2 18l lloa I* + 2 (18211 18:11%)

= 2leall” +2(81°

S

~ = D

—> || Moo.01S |®0)|* =

By substituting the calculated normalization factor back into the state equation, the

normalized state |®;) is obtained as follows :

|®1) =

1 ( aras {[1001) + [1110)} + a8, {|0000) + [0111)} ) (3.163)

V2 \ 4810 {|0011) + [0100)} + 51 B2 {]1010) + [1101)}

Scenario 1

Apply the Hadamard gate to the first control qubit (Ctry)to transform the first state

into the second state :

ana {]0001) — |1001) + [0110) — [1110)}
1)yt gy _ L | s {10000) +[1000) + j0111) 4 111))
1 Y 72| 4800 {[0011) + [1011) + [0100) + [1100)}

)}

+/1 82 {|0010) — |1010) + |0101) — |1101

(3.164)

After the controller applies the Hadamard gate to the first control qubit, a measure-
ment is performed in the computational basis. If the measurement outcome yields |01),

the system collapses into the state |®3), which is defined by the following projection :

(01] @ 192 |®,)
01| @ 192 @)

|By) —T01 |B3) = (3.165)

D) = (3.166)

N |+
R
Q

[}

—
=2
_|_
R

Sy
[\V}

=
=
+
&
Q

[N}

=)
2
_|_
=
=@
\S}

=)
=

1
2
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|@3) = a1z |10) + a1 52 [11) + Bian [00) 4 5152 |01)

Finally, the receivers’ state |Ry Rp) is extracted from the normalized state |®3). This
state can be decomposed into a tensor product of the two reconstructed qubits, demons-

trating the successful teleportation of the original information :

|R1R2> = (12 |10> + 06152 |11> + Blag |00> + 61&2 |01> (3167)

To ensure that the teleported information matches the original qubits @Q; and @), a
final local unitary correction is applied. In this case, applying the Pauli-X gate to R; and
the Identity operator to Ry yields the desired result :

(X ® [) ‘R1R2> = ’Q1> ® ‘Q2> (3-169)

Scenario 2

In the second scenario, the controller performs a different set of operations to enable
the teleportation. This involves increasing the entanglement between the control qubits

before the final measurement.

Apply the CNOT gate to the control qubits (Ctry, Ctrsy), then the Hadamard gate to
the first control qubit (Ctr;)to transform the first state into the second state

aran {1101) + 1010)}

)}
V2 | +Bias {|0011) 4 ]0100)}
+81 B2 {|1110) + [1001)}

(3.170)

Following the application of the CNOT gate between (Ctrq, C'try), a Hadamard gate
is applied to the first control qubit. This transforms the intermediate state |®3) into |®s)

as follows :

a0 {[0101) — |1101) + |0010) — [1010)}
1 0000 1000) + |0111 1111
2 | +B1a2{|0011) + |1011) + |0100) + |[1100)}

431, {|0110) — |1110) + |0001)} — |1001)
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After the controller applies the Hadamard gate to the first control qubit, a measure-
ment is performed in the computational basis. If the measurement outcome yields |11),

the system collapses into the state |®3), which is defined by the following projection :

(11| ® I |P2)

|@y) =11 D) =
(11| ® I, | @)

(3.172)

% (ﬁlO[Q |00> — (19 |01> — 5152 |10> + (){1,32 |11>)
%\/IIOélH2 (lazll* + 11811%) + 1811 (lzll* + 1821)

. % (51012 |00> — (X109 |01> - ﬁlﬁg |10> + 04152 |]_1>)

1
2

|CI)3> == 510[2 |00> — (19 |01> — ﬁlﬂg |10> + Oélﬁg |]_1>

The final state of the receivers, denoted as |R;Rs), is extracted from the collapsed
system state. By rearranging the terms, we can express it as a tensor product of the two

reconstructed qubits :

‘R1R2> = ﬁlag ‘OO> — (10 |01> — ﬁlﬁg |10> + 06152 |11> (3173)

|R1Ra) = (a2 ]0) — B2 (1)) @ (B1]0) — aq |1))

To recover the original quantum information, the receivers must apply specific unitary
transformations based on the measurement outcomes. In this scenario, the Z and XZ
operations are applied to qubits R; and R, respectively to correct the phase and bit-flip

CITors :

(Z ® XZ)|R1Ry) = |Q2) @ |Q1) (3.174)

Finally, by applying the unitary correction (Z ® X 7), the original states are perfectly

reconstructed at the destination, completing the bidirectional teleportation process.
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Chapitre 4

Controlled Cyclic Quantum

Teleportation Protocol Pure State

4.1 Introduction

Quantum teleportation stands as a fundamental pillar in the field of Quantum In-
formation Processing (QIP), enabling the transfer of unknown quantum states between
distant nodes using pre-shared entanglement and classical communication. As quantum
networks evolve toward multi-user architectures, the demand for more sophisticated pro-
tocols capable of managing complex information flow has significantly increased.In this
section, we investigate the Double-direction Cyclic Controlled Teleportation protocol.
Unlike standard teleportation schemes that involve a single sender and receiver, this ad-
vanced [6] protocol facilitates a Cyclic Permutation of quantum states |¥) ,, |V) 5, and

|U) among three legitimate parties : Alice, Bob, and Charlie.
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FIGURE 4.1: Double-direction cyclic controlled teleportation protocol

To establish the framework of the protocol, we define the participating parties and
their respective roles. The system involves three primary actors : Alice, Bob, and Charlie.

A fundamental characteristic of this protocol is the dual nature of these actors :

Transmitters : At the initial stage, each actor holds a qubit containing the information

to be sent.

Receivers : By the conclusion of the protocol, each actor receives a new teleported

state from another participant.

Initially, each participant is assumed to possess an arbitrary single-qubit state, which
serves as the input for the cyclic exchange. These states, denoted as , |¥),, |¥),, and

|U) ., are defined in the computational basis as :

|0) , = 0 |0) + Ba [1). (4.1)
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FIGURE 4.2: Double-direction cyclic controlled teleportation protocol : Composition pro-
cess

W) = a.|0) + B.[1) . (4.3)

The Controller serves as the protocol’s supervisor, acting as a quantum switch to
dictate the direction of the permutation. The Controller selects between two operational

modes :

Clockwise Cyclic Controlled Teleportation : In this mode, the quantum states are
shifted forward in the cycle. Specifically :Alice’s state |¥) , is teleported to Charlie, Bob’s
state |W) 5 is teleported to Alice, Charlie’s state |U), is teleported to Bob.

Counter-clockwise Cyclic Controlled Teleportation : In this mode, the Controller re-
verses the flow of information. Specifically :Alice’s state |¥) , is teleported to Bob, Bob’s
state |W) 5 is teleported to Charlie, Charlie’s state | W), is teleported to Alice.

4.2 Protocol Design and Implementation

The implementation of the proposed protocol is executed through two successive and
interconnected stages, as illustrated in Fig 4.2. This phased approach ensures the struc-

tured routing of quantum information across the network.
Step 1 : First Switch-Controlled Bidirectional Phase

In the initial stage, a bidirectional teleportation protocol is established under the

supervision of the Controller. The roles are assigned as follows :
Transmitters : Alice and Bob initiate the process by sending their respective qubits.

Receivers : Charlie and the Controller act as the primary recipients.
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Technical Note : During this step, the Controller utilizes an auxiliary qubit (Qcyy, ).
This qubit serves as a temporary quantum buffer or relay, which is prepared to be trans-

mitted to its designated destination during the subsequent stage of the protocol.
Configuration of the Sub-Quantum Channel :

In the first phase of the protocol, the Controller acts as both a participant and a
supervisor, managing a 6-qubit entangled sub-channel. This resource is distributed among
the actors such that Alice and Bob hold the transmission qubits 4, and @p,, Charlie
holds the reception qubit ()¢,, and the Controller manages qubits Q¢y, and Qeyy, for

supervision, along with the auxiliary qubit ()¢y, which serves as a temporary receiver.

In the second stage of the protocol, a subsequent switch-controlled bidirectional tele-

portation is executed. During this phase, the roles shift as follows :

Transmitters : Charlie and the Controller (utilizing the auxiliary qubit Q¢y,., prepared

in Stage 1) act as the senders.
Receivers : Alice and Bob serve as the recipients.

Supervisor : The Controller continues to oversee the process using a second 6-qubit

Sub_Cha‘nnel COHSiSting Of QCQ? Qct'r’37 Qct'r’47 Qct'r’57 QA27 QBQ .

The Global 11-Qubit Channel Composition :

The complete quantum resource is constructed by merging the two bidirectional proto-
cols into a single 11-qubit global channel. This integration involves two critical adaptations

to ensure the continuity of entanglement :

The Relay Mechanism : The auxiliary qubit Q¢4 acts as a quantum bridge, it is a
receiving qubit in the first stage and becomes a transmitting qubit in the second. This

dual role ensures it is entangled with every qubit in the global system.

Circuit Optimization : To preserve the pre-existing entanglement, the Hadamard gate
typically applied at the start of the second entanglement circuit is omitted in this global

composition.

Final Qubit DistributionThe resulting 11-qubit architecture is distributed among the

four participants as summarized below :

Alice, Bob, and Charlie : Each holds two qubits (Q;,, Q;,), where the first is dedicated

to transmission and the second to reception.

The Controller : Manages five qubits in total : (Qctr,, Qctr,) to guide the first phase,
the pivotal auxiliary qubit Qcyyr,, and (Qctr, , @ctrs ) to supervise the second phase.Protocol

Execution and Measurement Procedure
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FI1GURE 4.3: Double-direction cyclic controlled teleportation protocol : Quantum channel

Once the 11-qubit quantum channel is prepared and distributed, the teleportation
process proceeds through a sequence of synchronized operations and measurements. The

execution is divided into three main phases :
Phase 1 : Local Bell-State Measurements (BSM)

Alice measures the pair : (|¥),,Q4,), Bob measures the pair : (|V),,@p,), Charlie

measures the pair : (|U),,Qc,)

Phase 2 : Controller’s Directional SwitchingThe Controller determines the permuta-
tion’s direction by applying specific quantum gates and performing measurements in the

computational basis {|0),[1)}.
Case A : Clockwise Permutation

To route the states in a clockwise direction, the Controller executes the following

sequence :

Apply a Hadamard gate H (Qcyr, ), followed by measurements of (Qciry, Qcitrs )-

Apply a C_NOT gate on (Qcyry, Qorrs ) followed by H (Qcyra), then measure (Qcyy,, Qcitrs )-

Finally, apply H (Qcurs) and measure the auxiliary qubit Qcyr-
Case B : Counter-clockwise Permutation

To reverse the flow, the Controller modifies the operations :

Apply a C_NOT gate on (Qcyry , Qcir, ) followed by H (Qcyr, ), then measure (Qeiry s Qctry )-
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Apply H (QCtr4) and measure (QCtma QCtr5)~
Finally, apply H (Qctr,) and measure Qcypy-

In the final phase, Alice, Bob, and Charlie apply the required unitary corrections to
their reception qubits (Qa4,, @5,, @c,) based on the classical measurement results shared
by all four participants. This step ensures the successful reconstruction of the teleported

states at their designated destinations.

4.3 Application example

The quantum channel employed in this protocol, as illustrated in Fig. 2, is defined as

follows :

|Chann6l>AlBlc’”1CtTQCQCtT3ClotT4CtT5A2B2

|00000000000) + |00000000111) + [00000011010)
+100000011101) + [00011101001) + |00011101110)
+|00011110011) + |00011110100) + [01100101001)
+(01100101110) + [01100110011) 4 |01100110100)
+[01111000000) 4 [01111000111) 4 [01111011010)

= —=| +]01111011101) + |10101000000) + |10101000111)
+(10101011010) + |10101011101) + [10110101001)
+(10110101110) 4 [10110110011) 4 [10110110100)
+ [11001101001) + |11001101110) + [11001110011)
+[11001110100) + |11010000000) + [11010000111)

+]11010011010) + [11010011101)

The initial global state is :

), @ ) 5 ® W) © | Channel) (4.5)

Due to the complexity of manual calculations and the high dimensionality of the Hil-
bert space, we provide the following Mathematica implementation to compute the Global
State :

(¥ Construction de l’etat global =)
(¥ Kronecker product of the first two qubits *)

Qubitsdlice01Alice02 = KroneckerProduct [QubitdliceOl,
Qubitdlice02];

66



I'CHAPITRE 4. CONTROLLED CYCLIC QUANTUM TELEPORTATION
PROTOCOL PURE STATE =0

(¥ Adding the third qubit *)
Qubitsdlice01Alice024lice03 = KroneckerProduct/[
QubitsAlice01Alice02, QubitAlice03];

(¥ Final Global State tincluding the Quantum Channel *)
EtatGlobal = KroneckerProduct [QubitsAliceO0l1Alice0241lice03, Canal

1;

The local measurements performed by Alice, Bob, and Charlie project the global
quantum state onto the Bell basis. Given the specific outcomes |U*) | [U~) and |®T), the

corresponding projection operators are defined as follows :
Alice’s Projector :

The projector Py+ is given by :
Pov = |9) (3] (16)
1
=3 (|01) (01| + |01) (10| + |10) (01| + |10) (10])

Bob’s Projector :

The projector Py- is given by :
Py-=|907) (9| (4.7)
1
= 5 (101) (01] — |01) (10] — |10) (01| + [10) (10])

Charlie’s Projector :

The projector Pp+ is given by :
Pp+ = |®T) (@) (4.8)
1
=3 (100) (00| 4 |00) (11] 4+ |11) (00| + |11) (11])

Suppose that Aliceae™s, Bobae™s and Charlieae™s measurement outcomes

are |UT) |U7) and |®T), respectively. The obtained quantum state is :
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et Be |00000000) + crae, B, [00000111) + argarpar, |00001010)
+ i |00001101) — v Baf3y [001100) — veBaf3, |00110100)
—Ba58:100111001) — 3,55, [00111110) B, 55 [01000000)
—BaByB:101000111) + creBaf3y |01001010) — refBaf3, |01001101)
Fagapae [01110011) 4 aganor [01110100) + craen 3. [01111001
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— g ByB |10011001) — v By3. |10011110) + B 3. |10100000
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~~

N

Fapag B, [11010011) + v, [11010100) + 84, [11011001
B0 [11011110) — rg BB, |11100000) — v By3c 11100111
— 013y [11101010) — crgere3y |11101101)

~ ~ ~— ~—

Due to the high dimensionality of the Hilbert space and the significant complexity of
the global density matrices, manual calculations are no longer practical. Therefore, we
provide the following Mathematica implementation to verify the state evolution and the

projection outcomes :

(# --- 1. Alice’s Projection —--- %)

ProjecteurAdlice = BellO0O;

ProjecteurGlobal = KroneckerProduct[Projecteurdlice,
IdentityMatriz [4096]];

EtatGlobal = ProjecteurGlobal . EtatGlobal;

(¥ --- 2. Bob’s Projection --- %)
ProjecteurBob = Bell0O0;
ProjecteurGlobal = KroneckerProduct[ProjecteurBob, IdentityMatriz

[102411];
EtatGlobal = ProjecteurGlobal . EtatGlobal;

(¥ --- 3. Charlie’s Projection —--- *)

ProjecteurCharlie = Bell0O;

ProjecteurGlobal = KroneckerProduct[ProjecteurCharlie,
IdentityMatriz [256]];

EtatGlobal = ProjecteurGlobal . EtatGlobal;

In the case of a clockwise permutation, the Controller initiates the process by executing
a series of quantum gates and measurements to steer the state transfer. The sequence of

operations is as follows :

Apply a Hadamard gate H (Qcyy, ), followed by a measurement of qubits (Qcyr, s Qctry)
in the computational basis. Due to the complexity of manual calculations and the high

dimensionality of the Hilbert space, we provide the following Mathematica implementation
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to verify the state evolution and the projection outcomes :

(¥ Choice Gate for Controller 01 *)

PorteChoixz01Controleur = KroneckerProduct[H, IdentityMatricz
[128]];

EtatGlobal = PorteChotxOlControleur . EtatGlobal;

(x S/////77777 777777777 *)

(¥ Projection 01 of the Controller x*)

ProjecteurOi1Controleur = ConjugateTranspose[Projecteur00];

ProjecteurGlobal = KroneckerProduct[ProjecteurOiControleur,
IdentityMatriz [64]];
EtatGlobal = ProjecteurGlobal . EtatGlobal;

Apply a C_NOT gate (Qcr,, Qo) and a Hadamard gate H (Qcyr, ), then measure
(Qciry, Qotrs) in the computational basis. Due to the complexity of manual calculations
and the high dimensionality of the Hilbert space, we provide the following Mathematica

implementation to compute the evolution and the second projection :

(* Portes du Choixz 02 x*)

PorteO1Choiz02Controleur
CNot];

Porte01Choiz02Controleur = KromneckerProduct/[
PorteO1Choiz02Controleur, IdentityMatriz[4]];

EtatGlobal = PorteOlChoixz02Controleur . FEtatGlobal;

KroneckerProduct [IdentityMatriz [4],

PorteO2Choixz02Controleur
I;

Porte02Choiz02Controleur = KromeckerProduct /[
PorteO2Choixz02Controleur, IdentityMatric[8]1];

EtatGlobal = PorteO2Chotrx02Controleur . EtatGlobal;

KroneckerProduct [IdentityMatriz[4], H

(x S/////777 777777777777 /7SS *)

(¥ Projection 02 du Controleur *)

ProjecteurO2Controleur = ConjugateTranspose[Projecteur00];

ProjecteurGlobal = KroneckerProduct[IdentityMatriz/[4{],

ProjecteurO2Controleur];
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ProjecteurGlobal = KroneckerProduct [ProjecteurGlobal,
IdentityMatriz [4]];
EtatGlobal = ProjecteurGlobal . EtatGlobal;

Finally, apply a Hadamard gate H (Qcy,) and measure the auxiliary qubit Qcyr, in
the computational basis. To ensure the precision of the multi-party entanglement distribu-
tion, we implement the following Mathematica code to perform the remaining controller

operations and the third projection :

(¥ Autres operations du Controleur *)

PorteHControleur = KroneckerProduct[IdentityMatriz/[2], HJ;

PorteHControleur KroneckerProduct [PorteHControleur,

IdentityMatriz [4]];
EtatGlobal = PorteHControleur . EtatGlobal;

(k S////777777777 7777777777777 7777777777777/ %)

(¥ Projection 03 du Controleur x*)

Projecteur03Controleur = ConjugateTranspose[QubitZero];

ProjecteurGlobal = KroneckerProduct[IdentityMatriz/[2],
Projecteur03Controleur];

ProjecteurGlobal = KroneckerProduct[ProjecteurGlobal,
IdentityMatriz [4]];

QudbitsCharlieAdliceBob = ProjecteurGlobal . EtatGlobal;

Assuming the Controller’s measurement outcomes are [10) , |00) and |0), respectively,
the receiving qubits (Qc¢,, Qa,, @5,) held by Charlie, Alice, and Bob collapse into the

following quantum state :

a3, 1000) + agapae [001) + agBpf,|010) 4+ 0 fB:05 |011) (4.10)
- Oébﬁaﬁc ’100> - O‘bacﬁa ‘101> - Baﬁbﬁc ’110> - O‘cﬁaﬁb ’111>

This expression is mathematically equivalent to :

(@4 [0) = Ba |1) @ (ap [0) + 5o [1)) @ (Be 0) + ac[1)) (4.11)

To successfully reconstruct the original states, the three receivers must apply local
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unitary operations based on the aforementioned results. In this specific case, the required

corrections are :
Charlie : Applies the Z gate.
Alice : Applies Identity (No operation required).
Bob : Applies the X gate.

Consequently, the final combined state of the reception qubits (Qc¢,,@a,,@5,) be-

comes :

W), © W)@ [P) (4.12)

This outcome confirms the successful implementation of the clockwise cyclic controlled
teleportation protocol, as each state has been accurately transferred to its next designated
neighbor in the cycle. To demonstrate the success of our protocol and the effective recovery
of the transmitted states for each participant, we provide the following Mathematica

implementation to extract the individual qubits :

(¥ Il reste trois Qubits dans l’ordre : Charlie, Alice et Bob *)

(* Recuperation du Qubit de Charlie *)

Projecteurdlice = ConjugateTranspose[QubitZero];

ProjecteurGlobal = KroneckerProduct[IdentityMatriz/[2],
Projecteurdlicel];

ProjecteurBob = ConjugateTranspose[QubitZero];

ProjecteurGlobal = KroneckerProduct[ProjecteurGlobal,
ProjecteurBob];

fJudbitCharlie = ProjecteurGlobal . QubitsCharliedliceBob;

(* Recuperation du Qubit d’Alice *)

ProjecteurCharlie = ConjugateTranspose[QubitZero];

ProjecteurGlobal = KroneckerProduct [ProjecteurCharlie,
IdentityMatriz [2]];

ProjecteurBob = ConjugateTranspose[QubitZero];

ProjecteurGlobal = KromeckerProduct[ProjecteurGlobal,
ProjecteurBob];

JudbitAlice = ProjecteurGlobal . (ubitsCharliedliceBob;

(¥ Recuperation du Qubit de Bob *)

ProjecteurCharlie = ConjugateTranspose[QubitZerol];

Projecteurdlice = ConjugateTranspose[QubitZero];
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ProjecteurGlobal = KroneckerProduct [ProjecteurCharlie,
Projecteurdlicel];

ProjecteurGlobal = KroneckerProduct[ProjecteurGlobal,
IdentityMatriz [2]];

JubitBob = ProjecteurGlobal . QudbitsCharliedliceBobd;

Alternatively, if the Controller decides to execute a counter-clockwise permutation, the
states are routed in the reverse direction : |¥) , —Charlie, |¥), —Alice, and |¥) , —Bob.

The Controller initiates this process by performing the following quantum operations :

Apply a C_.NOT gate (Qctr,, Qotr,) and a Hadamard gate H (Qctr, ), followed by a
measurement of (Qcyry, Qcir,) In the computational basis. To verify the state evolution
and ensure the precise distribution of entanglement within the multi-party system, we
provide the following Mathematica implementation to compute the first choice gates and

the corresponding projection :

(¥ Portes du Choizxz 01 %)

Porte01Chotz01Controleur = KroneckerProduct[CNot, IdentityMatriz

[6417;
EtatGlobal = PorteOi1ChotxOlControleur . EtatGlobal;

PorteO02Chotz01Controleur = KroneckerProduct[H, IdentityMatricz
[128]];
EtatGlobal = PorteO2ChotxO0lControleur . EtatGlobal;

(x S/////7777 7777777777777 %D
(¥ Projection 01 du Controleur *)
ProjecteurOlControleur = ConjugateTranspose[Projecteur00];

ProjecteurGlobal = KronmeckerProduct [ProjecteurOiControleur,
IdentityMatriz [64]];
EtatGlobal = ProjecteurGlobal . EtatGlobal;

NormeEtatGlobal = Norm[EtatGloball];

Apply a Hadamard gate H (Qc¢yr, ), then measure (Qcyyr,, Qctrs) in the computational
basis. To further verify the protocol’s evolution and the redistribution of entanglement, we
provide the following Mathematica implementation to calculate the second set of choice

gates and the subsequent projection :

(* Portes du Choixz 02 x*)
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PorteChotx02Controleur KroneckerProduct [IdentityMatriz [4], HI;

PorteChoixz02Controleur = KromeckerProduct [PorteChoixz02Controleur,
IdentityMatriz [8]];

EtatGlobal = PorteChotxO02Controleur . EtatGlobal;

(k S////777777 7777777777777 7777777777777 %)
(¥ Projection 02 du Controleur x*)
ProjecteurO2Controleur = ConjugateTranspose[Projecteur00];

ProjecteurGlobal = KroneckerProduct[IdentityMatriz/[4],
ProjecteurO2Controleur];

ProjecteurGlobal = KroneckerProduct[ProjecteurGlobal,
IdentityMatriz [4]];

EtatGlobal = ProjecteurGlobal . EtatGlobal;

Finally, apply a Hadamard gate H (Qcy,) and measure the auxiliary qubit Qcyr, in
the computational basis. To complete the controller’s sequence and perform the third pro-
jection, we implement the following Mathematica code to ensure the precise distribution

of entanglement within the multi-party system :

(¥ Autres operations du Controleur *)

PorteHControleur = KroneckerProduct[IdentityMatriz/[2], HJ;

KroneckerProduct [PorteHControleur,

PorteHControleur
IdentityMatriz [4]];
EtatGlobal = PorteHControleur . EtatGlobal;

(k S////7777777 7777777777777 7777777777777/ %)

(¥ Projection 03 du Controleur *)

Projecteur03Controleur = ConjugateTranspose[QubitZero];

ProjecteurGlobal = KroneckerProduct[IdentityMatriz/[2],
Projecteur03Controleur];

ProjecteurGlobal = KroneckerProduct[ProjecteurGlobal,
IdentityMatriz [4]];

QubitsCharliedliceBob = ProjecteurGlobal . EtatGlobal;

Assuming the measurement outcomes are |10) , [11) and |1), respectively, the reception
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qubits (Qcy,, Qa,, @ B,) held by Charlie, Alice, and Bob collapse into the quantum state :

apef, 1000) — agapa [001) — apBa e |010) + g |011) (4.13)
+ @cﬁaﬁb |1OO> - CV(JLO(cﬁb ‘101> - Baﬁbﬁc |110> + aaﬁbﬁc |111>

This state is mathematically equivalent to the factored form :

(@ [0) + 55 1)) @ (e [0) = Be[1)) @ (Ba [0) — @a [1)) (4.14)

To achieve the final state reconstruction, the three receivers apply their respective

local unitary corrections based on the Controller’s results :
Charlie : Applies Identity (No correction required).
Alice : Applies the Z gate.
Bob : Applies the composite X Z gate.

Following these operations, the final state of the reception qubits (Qc¢,, @a,, @B,) is

successfully transformed into :

W) @ [W)e® W), (4.15)

This result confirms the successful execution of the counter-clockwise cyclic controlled
teleportation, effectively reversing the flow of quantum information under the supervisor’s

control.

To demonstrate the final success of the protocol in the reverse direction and the
effective recovery of the transmitted states for each participant, we provide the following

Mathematica implementation :

(¥ Recuperation des trois {ubits : Charlie, Alice et Bob *)

(¥ Recuperation du Qubit de Charlie *)

Projecteurdlice = ConjugateTranspose[QubitZero];

ProjecteurGlobal = KroneckerProduct[IdentityMatriz[2],
Projecteurdlicel];

ProjecteurBob = ConjugateTranspose[QubitZero];

ProjecteurGlobal = KroneckerProduct[ProjecteurGlobal,
ProjecteurBob];

fudbitCharlie = ProjecteurGlobal . QubitsCharliedliceBob;
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(¥ Recuperation du Qubit d’Alice *)

ProjecteurCharlie = ConjugateTranspose[QubitZerol];

ProjecteurGlobal = KroneckerProduct[ProjecteurCharlie,
IdentityMatriz [2]];

ProjecteurBob = ConjugateTranspose[QubitZerol];

ProjecteurGlobal = KroneckerProduct[ProjecteurGlobal,
ProjecteurBob];

ubitAlice = ProjecteurGlobal . (ubitsCharlieAliceBob;

(* Recuperation du Qubit de Bob *)

ProjecteurCharlie = ConjugateTranspose[QubitZero];
Projecteurdlice = ConjugateTranspose[QubitZero];
ProjecteurGlobal = KroneckerProduct[ProjecteurCharlie,

Projecteurdlice];

ProjecteurGlobal = KroneckerProduct [ProjecteurGlobal,
IdentityMatriz [2]];

QudbitBob = ProjecteurGlobal . QubitsCharliedliceBob;
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Chapitre 5

Effects of Noise

5.1 Introduction

After establishing the theoretical framework for the proposed quantum protocols in
the previous chapters under ideal conditions, this chapter is dedicated to studying these
protocols using the Density Matrix formalism. The importance of this mathematical tool
lies in its comprehensive ability to describe quantum systems in Mixed States, allowing us
to track the effects of interaction with the surrounding environment through the Werner-

like noise model.

The primary focus of this chapter is to analyze the impact of noise on the 11-qubit
system by considering the shared entanglement as a Werner State. Unlike pure states, the
Werner state provides a more realistic representation by mixing the maximally entangled
state with white noise (the maximally mixed state). We will formulate the density matrix
for each protocol and monitor the structural changes that occur as the purity of the [7]
6] state varies. This analysis aims to derive the final analytical expressions for the output
density matrices, providing a precise physical description of the system’s state before the
measurement phase, while accounting for the factors leading to the dissipation of quantum

information in a non-ideal environment.

5.2 Analysis of the Simple Parasad Protocol under

Werner Noise

In this section, we provide a detailed analytical derivation of the Simple Parasad
Protocol using the Density Matrix formalism. This transition from state vectors to density
matrices (p) is essential for evaluating the protocol’s performance in realistic environments
where quantum systems interact with external noise.To simulate these environmental

effects, we incorporate the Werner Noise model into the shared entangled channel. By
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introducing the purity parameter p, we can quantify the impact of isotropic white noise
on the teleportation process. The following steps track the evolution of the global density
matrix through unitary transformations and measurements, ultimately determining the
fidelity of the recovered state at Bob’s end.

Initial Density Matrix Representation :

We begin by defining the initial state of the message qubit |¥), and the shared Bell
state |Bell),,. The corresponding density matrices are constructed using the outer pro-
duct :

Po = Py, D PBell1s (5.1)

The density matrix representing Alice’s initial message state is defined as :

Py = “II>A<\I/’A (5~2)
= (a]0) + B[1)) 4 (" (0] + " (1]) 4
= |af*[0) (0] + B7 [0) (1] + Ba™ |1) (O] + 8] 1) (1] .

We define the density matrix representing the shared entanglement resource (the chan-

nel) as :

PBe; = |Bell), (Belll, (5.3)

1 1
— (E{|00>+|11>}) (E{<00l+<1ll})
= %{|00><00|+|00><11I+|11><00|+|11><11|}-

By substituting the expressions of py , and ppey,, into equation (62764464563962762{644629&;,
627644631642645 ), we obtain :

{1o1?10) (0] + a3* |0) (1] + B~ [1) (0] + [B[* 1) (1]} (5.4)
@5 {100) (00] +100) {11] + [11) (00] +[11) (11]}

Po

(
|a|2 {]000) (000] + |000) (011] + |011) (000| + |011) (O11|} +
1| @B {|000) (100] + 000) (111] + [011) (100| +[011) (111]} +
( )
1

2 | Ba* {|100) (000| + |100) (011| -+ |111) (000| + |111) (011]} +
18] {]100) (100] + |100) (111| 4 [111) (100| + |111) (111]}
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Once the initial density matrix is established, we proceed to the first stage of the
quantum circuit. A Controlled-NOT (C_NOT') gate is applied, using the message qubit
(the first qubit) as the control and the second qubit as the target.

The evolution of the system’s state is described by the following unitary transforma-

tion :

p1 = C_NOTp;,C_NOT". (5.5)

la|? {/000) (000] + [000) (01| + [011) (000] + |011) (011]} +

1| B {]000) (110] 4 |000) (101] + |011) (110 + |011) (101|} +

2 | Ba* {]110) (000| + [110) (01| + [101) (000| + |101) (01|} +
8|7 {|110) (110 + |110) (101| + [101) (110] + [101) (101[}

P1 =

After establishing the correlations with the C_NOT gate, the next stage involves
applying a Hadamard (H) gate to the first qubit (the message qubit). This transformation
is essential for shifting the basis of the system into a superposition state, which allows the

quantum information to be distributed effectively for the measurement phase.

Mathematically, the evolution of the density matrix is give by :

p=HI)p (HeI®I). (5.7)
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000) (000 + [000) (100] + |100) (000| + |100) (100]
o ! T 000) (011] + [000) (111| + |100) (011] + |100) (111] -
+]011) (000] 4 ]011) (100] + [111) (000 + |111) (100
+]011) (011] 4 011) (111] + [111) (011 + |111) (111
000) (010] — ]000) (110] + [100) (010] — [100) (110
wpd * 1000) (001] — [000) (101] 4 |100) (001| — [100) (101] -
+011) (010] — |011) (110] 4 |111) (010] — |111) (110
=1 > +011) (001] — |011) (101] 4 |111) (001] — |111) (101 58)
4 1010) (000] + [010) (100| — [110) (000| — [110) (100
gard 010) (O11] + [010) (111] = [110) (011] — [110) (111] {
+001) (000| 4 ]001) (100| — |101) (000| — |101) (100|
| ++1001) (001 + [001) (111] — [101) (011] — [101) (111] |
1010) (010] — [010) (110] — [110) (010 + |110) (110
o | +1]010) (001] — [010) (101] — [110) (001| + [110) (101
17 +(001) (010] — |001) (110] — [101) (010| + |101) (110
+[001) (001| — |001) (101] — [101) (001| + |101) (101

State Projection and Density Matrix Normalization

In this stage, we analyze the scenario where Alice’s measurement in the computational
basis yields the result |00). This measurement causes the global state ps to collapse into

a specific subspace.

he resulting density matrix at Bob’s end is determined by applying the projection
operator
Poo = (00[ ® I, (5.9)

By substituting the global density matrix p, into the projection formula and perfor-
ming the partial trace over the measured qubits, the normalized state at Bob’s end is

obtained as follows :

Poops P
p3(00) = OOT : (510)
TT' (P00p2P00>

— PupPly = 1 (10 10) 0] + " 0) (1] + Ba* 1) (0] + 8 1) {1]).

1 1
Tr (PooPQP(;rO) = Z (|06|2 + |6|2) = 17 (|Oé|2 + ’6|2) =1

Pagey = 1o’ [0) (O] + B [0) (1] + Ba” [1) (0] + [5]” [1) (1] . (5.11)
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Similarly, we consider the second possible outcome where Alice’s measurement yields
the result |01).

Py = (01| ® I (5.12)

By applying the corresponding projection operator to the global state ps, we derive

the new reduced density matrix at Bob’s end

Poipa Pl
Py = g (5.13)
Tr (P01p2P01)

— PupaPl = %1 (la* 1) (1] + 8" 1) (0] + Ba™ [0) (1] + |5]” |0) (0]) .
1

Tr <P01pgpgl> = Z

Paon, = lal* 1) (1] + aB” 1) (0] + Ba™ |0) (1] + |8 |0) (0] (5.14)

In the third scenario, we analyze the case where the measurement outcome is |10) .

Py = (10| ® I (5.15)

The state projection is performed using the operator , which leads to a phase shift in

the resulting density matrix at Bob’s end :

Piopa P
Piuy = 0P2- 10 (5.16)
T’f’ (P10p2P1JrO>

— PupsPly = i (Jal” [0} (O — 8" |0) (1] — Ba™ [1) 0] + [BI” [1) (1) ,
1

rr(PopPly) = 5

P3aoy = laf*10) (0] — B [0) (1] — Ba” 1) (O] + [B]" |1) (1] (5.17)

Finally, we examine the fourth possible outcome where the measurement result is |11) .
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By applying the projection operator we obtain the following reduced density matrix
at Bob’s end :

Pyp2Pf
Py = nb - (5.19)
TT (P11p2P11>

= PupPl, = i (lal” 1) (1] = 8" |1) (0] — Ba™ |0) (1| + [5]”[0) (0]) ,

1

Tr <P11p2P1T1> = Z_l

Py, = ol [1) (1] — aB* 1) (0] — Bar [0) (1] + |B[*]0) (0] (5.20)

To reconstruct the original state, Bob performs the necessary unitary operations based

on the classical information received from Alice.
For the outcome |00) :

Since the state is already in the correct form, Bob applies the identity operator I to

maintain the teleported qubit :

153(00) = ]p3(00)pL (5.21)
o = la*10) (O] +aB7[0) (1] + Ba” [1) (0] + 8] [1) (1] .
For the outcome [01) :

To reverse the bit-flip induced by the measurement, Bob applies the Pauli-X gate as

a correction operator :

P3ory = )(93(01)‘XJr (5.22)
oy = lal” (X 1) (1] X) + aB" (X [1) (0] X) + Ba™ (X [0) (1] X) + 5] (X |0) (0] X)
Py, = lal*[0) (O] + B [0) (1] + Ba” [1) (O] + [B]* |1) (1]

For the outcome |10) :

To correct the phase-flip and restore the relative phase of the state, Bob applies the
Pauli-Z gate :
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P3ay = 23402 (5.23)
P3ney = lal*(Z0)(01Z) = ap* (Z10) (1| Z2) = Ba* (Z]1) (0] Z) + |8]* (Z 1) (1] 2)
B3 = la?10) (0] = aB* (|0) (= (1])) = Ba™ ((— 1)) (O]) + BI* ((— 1)) (= (1]))

Paney = lal?10) (O] + B 0) (1] + Bar 1) (0] + |8 1) (1]

For the outcome |11) :

In this case, where both bit and phase inversions occur, Bob applies the Pauli-Y gate

(or the combined X Z operation) to recover the message

oy, = (ZX) Py (zx)! (5.24)
153(11) = (ZX)p3 Xtz

Applying the Pauli-X gate performs a bit-flip operation, effectively swapping the basis

states and aligning the amplitudes o and 3 with their original positions.

P3ayy = XP3(11)XT (5.25)
= a* (X 1) (1] X) — aB" (X 1) (0] X) — fa” (X |0) (1] X) + |8]* (X [0) (0] X)
sy, = la*10) (0] = aB"[0) (1] = Ba [1) (0] + ] [1) (1]

Finally, the Pauli-Z gate is applied to correct the relative phase. This transformation

eliminates the negative signs and restores the coherence between the superposition states.
153(11) = Zp3(11)ZJr (5.26)
= |a*(Z0) (0] 2) — ap* (Z10) (1] Z2) = pa* (Z[1) (01 2) + |B8]" (Z 1) (1] 2)

As shown above, the resulting density matrix is identical to the initial state , confirming

the successful recovery of the quantum information through the unitary correction process.

Pscny, = laf*10) (O + aB” [0) (1] + Ba™ 1) (0] + |8 1) (1] (5.27)
Defining the Noisy Channel :
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We begin by defining the state of the quantum channel under the influence of Werner
noise. The ideal Bell state is replaced by a mixed state, which is expressed as a linear

combination of the pure entangled state and the maximally mixed state I :

(1=2
922

Proisy = ApBell + ](282 (528)

The first component represents the ideal Bell state. Having already derived its evolu-

tion, we simply scale the result by .

The second part represents the maximally mixed noise. As shown in the following
calculations, this component evolves through the same gates but results in a completely

mixed state at Bob’s end.

Po = Pu, @1y (529)

Recalling the density matrix py, from the previous section, the total state is expressed

as .

pus = |af”0) (0] +aB”10) (1] + B [1) (O + [BI” [1) (1] . (5.30)

The noise contribution of the Werner channel is represented by the identity matrix /.
This component describes a maximally mixed state, where the information is uniformly

distributed and lacks any quantum correlation :

L = Lok (5.31)
= (|0} (0] + [1) (1]) @ (|0) (O] + |1) (1])
= 100) (00] + [01) (01| + [10) (10| + |11) (11].

The initial state of the total system is then formed by the tensor product of the
message qubit and the noisy entangled channel. This allowed us to analyze the evolution
of the signal and the noise components independently due to the linearity of the quantum

operations :
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puy®Is = (laf*0) (0] + B 0) (1] + Ba” 1) (0] + |B]* 1) (1]) (5.32)
® (]00) (00| +01) (01] 4 |10) (10| + [11) (11]) .
pi = lal?(]000) (000] +[001) (001] + [010) (010] + 011) (011])  (5.33)

+af* (|000) (100] + 001) (101] + [010) (110] +|011) (111])
+Ba* (]100) (000 + |101) (001| 4 [110) (010] 4 [111) (011])
+ B[ (]100) (100] + [101) (101] + [110) (110] + |111) (111]).

Step 1 : Application of the C_NOT Gate

We apply the C_NOT operation to the initial noise component. Since the identity
matrix represents a state of maximum entropy, it remains invariant under the action of

the control gate :

pt = (C_NOT) pi (C_NOT)! (5.34)
pi = Jaf® (J000) (000] 4 |001) (001 + [010) (010] 4 |011) (011])
+aB* (]000) (110] 4+ |001) (111] + [010) (100| + |011) (101]) (5.35)

+Ba* (|110) (000 + [111) (001 + [100) (010] + |101) (011])
1817 (|110) (110] + [111) (111] + [100) (100| 4 |101) (101]).

Step 2 : Application of the Hadamard Gate

Similarly, the Hadamard gate is applied to the first qubit. The identity component I,

continues to be invariant under this local unitary transformation :

py = HpiH' (5.36)
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000) (000] + [000) (100 + [100) (000| + |100) (100
a?d T 001) (001] + [001) (101] + [101) (101] + [001) (101] |
+|110) (110] 4 |010) (110] + |110) (010] + |110) (110
+|011) (011] 4 |011) (111] 4 |111) (011| + [111) (111
1000) (010] — 000 (110] + [100) (010] — |100) (110
gard 001) (011] —001) (111] + [101) (011] — [101) (111] [,
+010) (000] — |010) (100] 4 ]110) (000| — |110) (100|
ol +011) (001] — |011) (101] 4 |111) (001] — |111) (101 (537)
2 1010) (010] + [010) (100| — [110) (000| — |110) (100
gard 011) {001+ [011) (101] = [111) (001 — [111) (101] | ,
+|000) (010] + [000) (110| — |100) (010| — |100) (110
| +1001) (011] + [001) (111 — [101) (011]| — [101) (111] |
010) (010] — 010) (110] — |110) (010| + [110) (110
o | +1]011) (011] — [011) (111] — [111) (011| + [111) (111
g +1000) (000| — |000) (100| — |100) (000| 4 |100) (100|
+001) (001] — |001) (101] — |101) (001| 4 |101) (101]

After the unitary evolution of the background noise part (1), Alice performs measu-
rements in the computational basis. We analyze the resulting state at Bob’s end for each

specific outcome.
For the measurement outcome [00) :

If Alice obtains the result |00), the state is projected using the operator

— Pl =100)® I

The reduced density matrix at Bob’s side is found by normalizing the projected state

with its trace. As shown in the calculation below, the result is a maximally mixed state :

Poops P}
p;;(oo) - —— (5'39)
Tr (Poop;PJ())

= Poop3FPlo = % (Jaf* {10) (O + 1) (1]} + 51" {]0) (O] + [1) (1[})

= 5 (ol + 18) (0) 0] + 1) {1)
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The normalization factor, determined by the trace of the projected matrix, remains
1/2.

1
Tr (Poopgpgo) =2 (5.40)

This leads to the following reduced density matrix at Bob’s side

PR { DTU RS -

2

= 0) [+ 1) (1.

For the measurement outcome |01) :

In the case where Alice’s measurement yields the result |01), we apply the projection

operator . This operation isolates the corresponding subspace of the noise component :

Pon = (01|®1 (5.42)
— Pl =101)® L

Following the same normalization procedure, the trace of the projected noise com-

ponent is calculated as follows :

Py pi Pl
= Sl (5.43)

TT (POlpép(;rl)
= PuptPh = 5 (Jaf* {0) (0] + |1) (11} + 11 {0} (0] + 1) 1]})
=5 (la +18P) (10) 0] + 1) (1]

Tr (POI)OZPJl) =

*
P3 o)

N | —

Paony = 10) O]+ [1) (1 (5.44)

For the measurement outcome [10) :

In the case where Alice’s measurement yields the result |10), the noise component is

projected using the operator
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Py = (10|® L (5.45)
— Pj,=]10)® I

We follow the same procedure to determine the resulting state at Bob’s side :

Poopt Pl
P = e (5.46)
Tr (P10/0§P10>

— PPl = 5 (1o {10) 0] +11) (1} + 161 {10} (0] + [1) (1]}
=5 (lal* + 18 (10) 0] + 11) (1)

Tr (P10;0§P1To) =

N —

Paoy = 100 (0 +[1) (1] (5:47)
For the measurement outcome [11) :

Finally, we consider the case where Alice’s measurement yields the result |11). The

corresponding projection operator is defined as :

— Pl=)11)ah

The evolution of the noise component through this branch is calculated as :

Py piPl
p;’(n) - Lb2 (5'49)
Tr (P1103P1T1>

— PupiPh = 5 (Jaf* {0) (0] + [1) (11} + 151 10} (0] + 1) 1]})
=5 (la +18P) (0) 0] + 1) (1)

e (PupsPl) =

DO | —

i, = 10) (0] + 1) (1 (5.50)
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In summary, all four measurement outcomes for the identity component I. lead to

the same output state

1

This consistency allows us to simplify the final reconstruction of the noisy teleported

qubit.
Final Reconstructed Density Matrix

Having analyzed the evolution of both the entangled signal and the background noise
components independently, we now reconstruct the final state at Bob’s side. Using the
linearity of the quantum channel, the total density matrix is obtained by summing the

weighted contributions of the ideal teleported state and the identity component :

1-=2
2

P = Ao +

L. (5.52)

This general expression represents the final state at Bob’s end as a convex combi-
nation of the ideal teleported qubit and the isotropic noise component. The weights are

determined by the purity parameter A of the Werner state.

P = A(laf*]0) 0] +aB”[0) (1] + Ba™ [1) 0] + [5]” 1) (1]) (5.53)

A 0y o1+ 1y ).

By substituting the explicit density matrix of the input state pauc and the identity
matrix I, we obtain the following expanded form. This step allows us to see how the

noise floor is distributed across the computational basis.

phinal — ()\ + @) 0) (O]4+AaB* |0) (1|+ABa* |1) (0|+(>\ + @) 1) (1]. (5.54)

The final reconstructed density matrix shows that the diagonal elements are shifted
by the noise contribution, while the off-diagonal coherences are attenuated by the factor

A. This matrix serves as the basis for calculating the efficiency of the protocol.

5.3 Analytical Evaluation of the Controlled

Protocol under Werner Noise

To further investigate the limitations of quantum communication in realistic environ-

ments, we extend our study to the Controlled Quantum Teleportation Protocol. In this
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sophisticated configuration, the successful transmission of a quantum state is not merely
a transaction between the sender (Alice) and the receiver (Bob), but is strictly governed
by a third party, the controller (Charlie). The fundamental motivation behind analyzing
this protocol lies in its essential role in building secure, hierarchical quantum networks
where information access must be authorized.For this purpose, we utilize a three-qubit
GHZ (Greenberger-Horne-Zeilinger) state as the primary entangled resource. However, in
any practical implementation, such high-dimensional entanglement is highly susceptible
to environmental decoherence. To account for these effects, we model the shared quantum
channel as a Werner state, which allows us to trace the transition from a purely entangled
tripartite system to a state affected by isotropic white noise.To maintain mathematical
rigor while managing the resulting (1616) density matrices, we adopt a linearity-based
decomposition approach. This methodology allows us to separate the protocol’s evolution
into two distinct branches : the signal branch (pure GHZ) and the noise branch (identity
matrix). This systematic separation ensures a clear derivation of the final reconstructed

state and provides a precise measure of the protocol’s robustness against decoherence.

The noisy initial channel is defined as :

1-))
8

ﬁnoise = )\pG’HZ + IS- (555)

The teleportation process is initiated by defining the composite state of the entire
system. This involves the tensor product of the unknown input state py, and the entangled
Werner resource pnoise- The resulting global density matrix proq serves as the starting

point for the subsequent unitary transformations.

ﬁO = Puy & ﬁnoise (556)

To calculate the global density matrix by performing the Kronecker product of the initial

state and the quantum channel, we use the following Mathematica implementation :

VI 2220220202202 22202 2202200202202 2 02220022
RhoEtatGlobal = KroneckerProduct [RhoPsi, RhoCanal] ;

LILLLLLL LSS 77777777777/

Measurement and Projection Stage

Once the unitary transformations are complete, the system is prepared for the mea-
surement phase. To extract the teleported information, two simultaneous operations are

performed :
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Alice’s Measurement : Alice performs a Bell-state measurement (BSM) on her two
qubits (the message qubit and her part of the shared channel). This joint measurement
projects the remaining qubits of the system into a specific state corresponding to one of the
four Bell outcomes. To obtain the reduced density matrix for Charlie and Bob by applying

Alice’s projection to the global state, we use the following Mathematica implementation :

Projecteurdlice = Belloi1l ;
Projecteurdlice = Bello0' ;
Projecteurdlice = Belli0' ;
Projecteurdlice = Bell11l ;

ProjecteurGlobal = KromneckerProduct [Projecteurdlice,

IdentityMatriz [4]] ;

RhoCharlieBob
RhoCharlieBob

ProjecteurGlobal . RhoEtatGlobal ;
RhoCharlieBob . ProjecteurGloball ;

Charlie’s Measurement : Acting as the controller, Charlie performs a measurement on
his qubit in the transversal basis {|—) , |+)} to authorize the state reconstruction at Bob’s

end.

To extract the final reduced density matrix for Bob by applying Charlie’s projection

to the previously obtained state, we use the following Mathematica implementation :

ProjecteurCharlie = HPlus' ;

ProjecteurCharlie = HMoins' ;

ProjecteurGlobal = KroneckerProduct[ProjecteurCharlie,

IdentityMatriz [2]] ;

After Alice and Charlie perform their measurements and Bob applies the necessary
unitary correction gates (Pauli gates) based on the received classical information, the final
state of Bob’s qubit is obtained. By summing the contributions from the signal branch
and the noise branch, the reduced density matrix p5ine is expressed in its analytical form

as .

(1-2
2

Phob = Apw, + I (5.57)

This expression represents a linear combination of the ideal teleported state and a

maximally mixed state, where the purity of the final qubit is directly governed by the

decoherence parameter .
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To extract the final reduced density matrix for Bob by applying the global projector

to the Charlie-Bob state, we use the following Mathematica implementation :

RhoBob
RhoBob

ProjecteurGlobal.RhoCharlieBob ;
RhoBob.P'r'ojecteu?"GI,oba,I,Jr ;

5.4 Analytical Evaluation of the Bidirectional

Controlled Protocol under Werner Noise

In this section, we extend our study to the Switch-controlled Bidirectional Quantum
Teleportation (BCQT) protocol under realistic conditions. Unlike ideal scenarios, quan-
tum networks face the challenge of decoherence, which degrades the shared entangled

resource.

To evaluate the robustness of this bidirectional exchange, we model the quantum chan-
nel using the Werner Noise model. By transitioning the shared resource from a maximally
entangled state to a partially mixed state, we aim to precisely derive the final reconstruc-
ted states and assess how the ”Switch” functionality and teleportation fidelity are affected

by environmental noise.

In this protocol, we consider two senders, Transmitter; (7)) and Transmitters (73),
who possess two arbitrary unknown qubits, ()1 and ()2, respectively. Under the influence
of noise, these qubits are no longer described by pure state vectors, but are instead defined

by their Density Matrices :

Transmitter; (77) disposes of the qubit @)1, represented by the density matrix :

poi = |Q1)(Qu] (5.58)
= Jau[*[0) (0] + a1 35 |0) (1] + Braf 1) (O] + |8 [* 1) (1]

Transmittery (73) disposes of the qubit @Q)9, represented by the density matrix :

Po: = |@2)(Q2] (5.59)
= [az|” |0) (0 + azf [0) (1] + Bacis |1) O] + |5 [1) (1]

Two receivers Receiver; (R;) and Receivery (Ry). In the presence of environmental
noise, the receivers are expected to retrieve mixed quantum states, where the final fidelity

depends on the level of decoherence in the channel.
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A controller (Cy.) who acts as a switch. The controller’s role is to guide the noisy
quantum information through two possible scenarios. Under the influence of Werner noise,

the switching logic is defined by the following scenarios :
Scenario 1 : The noisy state pg, is routed to Receivery, and pg, is routed to Receivers.
Scenario 2 : The noisy state pg, is routed to Receivery, and pg, is routed to Receiver;.

Using our platform as a protocol research tool, several teleportation schemes were
evaluated under noisy conditions. The most suitable scheme for maintaining robustness
in the design of the cyclic protocol is presented in the following subsections, where we

analyze the system using the Density Matrix formalism to account for the loss of purity.

To represent the noise in the 6-qubit quantum channel shared between the participants,
we employ the Werner state model. In this framework, the ideal entangled state transitions
into a mixed state due to environmental interactions. The noisy density matrix of the

channel is defined as :

1-))
64

ﬁnoise = /\pchannel + IG4 (560)

The components of the noisy channel are defined as :

The ideal channel density matrix :

Pehannel = |C'hannel) (channel| (5.61)

The maximally mixed state (Identity matrix) :

Ioy = Z i) (i (5.62)

The Initial Global

Po = PQ1 ® PQs D Proise (5'63)

To construct the global density matrix of the system by combining the initial states
of the participants with the quantum channel through successive Kronecker products, we

use the following Mathematica implementation :

Construction de l’etat global
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Print ["Construction,de,l’etat, global,"]
Rhodlice014Alice02 = KroneckerProduct [RhoAlice0l , RhoAlice02 ]
RhoEtatGlobal = KroneckerProduct [RhoAlice0O1lAlice02 , RhoCanal J

P

L1177 S

Bell-State Measurements (BSM)

T and T, perform joint measurements using the projection basis in its operator form :

{lw5) (v, o) (27|} (5.64)

The system collapses into a mixed state p;. Due to the Werner noise, the information of

the unknown qubits becomes entangled with the depolarized components of the channel.

_ MSpSTMT
T Tr (MSpySTMT)

p1 (5.65)
To perform the sequential projections for Alice’s qubits and update the global density

matrix accordingly, we use the following Mathematica implementation :

Projection d’Alice 01

Projecteurdlice = Bello0! ;

ProjecteurGlobal = KroneckerProduct[Projecteurdlice ,
IdentityMatriz [64]] ;

RhoEtatGlobal ProjecteurGlobal.RhoEtatGlobal ;

RhoEtatGlobal RhoEta,tcr‘l,oba,l,.P'r‘ojecte'u,'r‘GZ,oba,LJr 5

Projection d’Alice 02

ProjecteurBob = Bellool ;

ProjecteurGlobal = KroneckerProduct[ProjecteurBob |,
IdentityMatriz [16]] ;

RhoEtatGlobal = ProjecteurGlobal.RhoEtatGlobal ;

RhoEtatGlobal = RhoEta,i:Gl,oba,L.P’r‘ojecteurGI,oba,LJr ;

Controller’s Switching Operations

The Controller chooses the scenario by applying unitary operations on qubits (Qcm)

and (QC”Q). The density matrix evolves as follows :

Scenario 1 (Direct) : The controller applies H (Qcm) .

93



I'CHAPITRE 5. EFFECTS OF NOISE =0

H (Qc,,) mH" (Qc.,) (5.66)

To apply the selection gates for the first controller and update the global density

matrix accordingly, we use the following Mathematica implementation :

Portes du Chorz 01

PorteChoiz01Controleur = KromneckerProduct[H, IdentityMatriz/[8]];
RhoEtatGlobal PorteChotix0O1Controleur.RhoEtatGlobal ;
RhoEtatGlobal RhoEtatGlobal.PorteChoiz01Controleur! N

The controller then performs a measurement in the computational basis :

{]00) (00[, |01) (01], |10) (10|, |11) (11|} (5.67)

To perform the controller’s measurement and reduce the system’s dimensionality be-

fore the final state recovery, we use the following Mathematica implementation :

Projection du Controleur

Print ["Projection, du,Controleur,"]

ProjecteurControleur = P'r'ojecteu'r‘OOJr 5

ProjecteurGlobal = KroneckerProduct[ProjecteurControleur ,

IdentityMatriz [4]] ;

Final Reconstructed State at the Receivers

After Receiver; (R;) and Receivery (Rs) apply the necessary unitary corrections, the

final state of the system is :

1-)\)
4

PRiRy = /\le ® pQ, + ( Iy (568)

To demonstrate the final success of the protocol and the effective recovery of the trans-

mitted states for Bob’s qubits, we provide the following Mathematica implementation :

RhoBob01Bob02
RhoBob01Bob02

ProjecteurGlobal.RhoEtatGlobal ;
RhoBobOlBobOZ.P'r‘ojecteu'r‘GI,oba,Z,Jr 5

Scenario 2 (Crossed) : The controller applies C_.NOT (Qc,,,. Qc,,,) and H (Qc,,, ) -

p = C_NOT (Qq,, , Qcy,,) mC-NOT" (Qq,, , Qc.,,) (5.69)
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To implement the second controller’s choice gates and update the system’s global

density matrix, we use the following Mathematica implementation :

Portes du Choiz 02
PorteO01Chotz02Controleur = KroneckerProduct [CNot, IdentityMatriz

[411 ;
RhoFtatGlobal = PorteOl1Choirxz02Controleur.RhoEtatGlobal ;
RhoEtatGlobal = RhoEtatGlobal.Porte01Choiz02Controleur! ;

ps = HpH' (5.70)

To apply the second choice gate for the controller and update the global density matrix

of the system, we use the following Mathematica implementation :

Porte 02 Choix 02 Controleur

PorteO2Choiz02Controleur = KroneckerProduct[H, IdentityMatriz[8]]
RhoEtatGlobal
RhoEtatGlobal

PorteO2Chotx02Controleur. RhoEtatGlobal ;
RhoEtatGlobal.Porte02Choiz02Controleur! ;

The controller then performs a measurement in the computational basis.

To perform the controller’s measurement and reduce the system’s dimensionality be-

fore the final state recovery, we use the following Mathematica implementation :

Projection du Controleur

ProjecteurO2Controleur = P'r*ojecteu'r*OOJr ;

ProjecteurGlobal = KroneckerProduct/[ IdentityMatriz[4{] ,
ProjecteurOZControZeur] ;

ProjecteurGlobal = KroneckerProduct[ ProjecteurGlobal ,

IdentityMatriz[4] 1 ;

Final Reconstructed State at the Receivers

After Receiver; (R;) and Receivers (Ry) apply the necessary unitary corrections, the

final state of the system is :

1—A
PRiRy = )‘sz ® po, + %[4 (571)

The following result demonstrates the successful protocol implementation and the

calculation of the final density matrix in Mathematica :
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RhoBob01Bob02 = ProjecteurGlobal . RhoEtatGlobal ;
RhoBob01Bob02 = RhoBob01Bob02 . P'r’ojecteu’r‘GZobaZJr ;

5.5 Analysis of Double-Direction Cyclic Controlled

Teleportation under

In this section, we extend our analytical framework to the Double-Direction Cy-
clic Controlled Teleportation protocol. This advanced configuration enables a circular
exchange of quantum information among multiple participants, regulated by a central
controller.To model the effects of environmental decoherence on this system, we utilize an
11-qubit quantum channel subjected to Werner Noise. The transition from a 6-qubit to an
11-qubit resource significantly increases the complexity of the density matrix, which now
operates in a Hilbert space of dimension 2* = 2048.Using the Density Matrix formalism,
we aim to derive the analytical expressions for the final states as they circulate through
this large-scale noisy resource. We will specifically evaluate how the purity parameter
A affects the fidelity of the cyclic transfer and whether the Switch mechanism remains

robust when scaling up the number of entangled qubits in the channel.

In the double-direction cyclic controlled teleportation protocol, we define three main

actors : Alice, Bob, and Charlie. Their roles evolve throughout the process :
At the beginning : They act as transmitters, each holding an unknown quantum state.

At the end : They act as receivers, retrieving the teleported states according to the

controller’s decision.

Initially, we assume that the three transmitters (Alice, Bob, and Charlie) dispose of
three arbitrary unknown qubits @4, |Qp and Q¢, respectively. In a noisy environment,
these states are described by their Density Matrices to account for the loss of purity

during the teleportation process :

For Alice :

Poa = 1Qa) (Qal (5.72)

For Bob :

pos = |@5) (@Bl (5.73)
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For Charlie :

Pac = |Qc) (Qc (5.74)

The Controller as a Quantum Switch

The Controller (Ctr) plays a vital role in determining the direction of the cyclic
permutation. In our analysis under Werner noise, the controller’s operations are modeled
as unitary transformations applied to the global density matrix p. The controller can

choose between two main noisy scenarios :

Scenario 1 : Clockwise Cyclic Controlled TeleportationThe controller applies specific
quantum gates to route the information such that :pg, —Charlie, pg, —Alice, and
po. —Bob.In this case, the final density matrix at each receiver’s node will be a mixture

of the target state and the background noise defined by A.

Scenario 2 : Counter-Clockwise Cyclic Controlled TeleportationThe controller acts as

a switch to reverse the permutation flow :pg, —Bob, pg, —Charlie, and pg. —Alice.

In this cyclic protocol, the shared resource is an 11-qubit quantum channel distributed
among the three transmitters (Alice, Bob, and Charlie) and the controller. To model a
realistic communication environment, we assume the channel is affected by Werner Noise,

which transforms the initial maximally entangled state into a mixed state.

The noisy density matrix of this 11-qubit channel is defined as :

1—A
pchomnel = Apchannel + (20—48>[2048 (575)
The Initial Global
o = PQa ® ﬁchannel (576)

Here, we calculate the global state of the system by performing the Kronecker product

between Alice’s state and the quantum channel state :

RhoEtatGlobal = KromeckerProduct [RhoAlice, RhoCanall];

Alice perform joint Bell-state measurements on their respective qubits :

o) (0"

I

{[w=) (e } (5.77)
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The measurement process is implemented in Wolfram Mathematica as follows

ProjecteurAlice = BellOO';

ProjecteurGlobal = KroneckerProduct[Projecteurdlice,
IdentityMatrixz [1024]];

RhoEtatGlobal = ProjecteurGlobal . RhoEtatGlobal;

RhoEtatGlobal = RhoEtatGlobal . ProjecteurGZobalT;

The Initial Global

Po = PQg & ﬁchannel (578)

The Wolfram Mathematica implementation is as follows

RhoEtatGlobal = KroneckerProduct [RhoBob, RhoEtatGloball];

Bob perform joint Bell-state measurements on their respective qubits :

) (o

The Wolfram Mathematica implementation is as follows :

Y

{|w) (w*

} (5.79)

ProjecteurBob = Bell00';

ProjecteurGlobal = KroneckerProduct[ProjecteurBob,
IdentityMatriz [612]];

RhoEtatGlobal = ProjecteurGlobal . RhoEtatGlobal;

RhoEtatGlobal = RhoEtatGlobal . ProjecteurGZobalT;

The Initial Global
Po = PQc & Pchannel (580)

The Wolfram Mathematica implementation is as follows

RhoEtatGlobal = KromeckerProduct [RhoCharlie, RhoEtatGloball];

Charlie perform joint Bell-state measurements on their respective qubits :

o) (0"

The Wolfram Mathematica implementation is as follows :

{1ty (w|,

} (5.81)
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ProjecteurCharlie = Bell00f ;

ProjecteurGlobal = KromeckerProduct[ProjecteurCharlie,
IdentityMatriz [256]];
RhoEtatGlobal = ProjecteurGlobal . RhoEtatGlobal;

RhoFEtatGlobal

RhoEtatGlobal . ProjecteurGloball;

_ MSpySTMT
~ Tr(MSpyStM)

p1 (5.82)

Controller’s Operations in the Clockwise Scenario

The controller initiates the routing by applying the Hadamard gate to the first control-
ler qubit :

p2 = H (Qctrl) ﬁlHT (Qctrl) (583)

The following implementation shows the application of the Hadamard gate on the

controller and the subsequent update of the global density matrix in Mathematica :

PorteChoiz01Controleur = KroneckerProduct[H, IdentityMatriz[128]];
RhoEtatGlobal = PorteChoiz01Controleur. RhoEtatGlobal ;
RhoFtatGlobal = RhoFEtatGlobal. PorteChoiz01Controleur' ;

Measurement : A measurement is performed in the computational basis on qubits

QCtT‘1 QCtT‘2 :

The following result demonstrates the implementation of the controller’s projection

and the reduction of the global density matrix in Mathematica :

Projecteur01Controleur = Projecteur00" ;

ProjecteurGlobal = KroneckerProduct/Projecteur01Controleur , IdentityMatriz[64]] ;
RhoFEtatGlobal = ProjecteurGlobal. RhoEtatGlobal ;

RhoEtatGlobal = RhoFEtatGlobal. ProjecteurGlobal' ;

The controller applies a C_NOT gate followed by a Hadamard gate :

b3 = C,NOT( §2C_NOT! (5.84)

Qoy,, 7Qctr5> (QCM Qg )
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The following result demonstrates the application of the CNOT gate within the control-
led system and the update of the global density matrix in Mathematica :

Porte01Choiz02Controleur = KroneckerProduct[ IdentityMatriz(4] , CNot | ;
Porte01Choiz02Controleur = KroneckerProduct| Porte01Choiz02Controleur
IdentityMatriz(4] | ;

RhoFEtatGlobal = Porte01Choix02Controleur. RhoEtatGlobal ;
RhoFtatGlobal = RhoEtatGlobal. Porte01Choiz02Controleur’ ;

ps = H (Qc,,,) sH' (Qc,,,) (5.85)

The following result demonstrates the application of the Hadamard gate to the second
controller choice and the corresponding update of the global density matrix in Mathema-

tica :

Porte02Choiz02Controleur = KroneckerProduct[IdentityMatriz[4] , H];
Porte02Choiz02Controleur = KroneckerProduct/ Porte02Choiz02Controleur
IdentityMatriz/[8] | ;

RhoEtatGlobal = Porte02Choiz02Controleur. RhoEtatGlobal ;
RhoEtatGlobal = RhoEtatGlobal. Porte02Choiz02Controleur’ ;

Measurement : A second measurement is carried out in the computational basis on
(]UbltS (QCtT47 QCtr5)'

The following result demonstrates the construction of the global projector for the

second controller and the subsequent update of the density matrix in Mathematica :

Projecteur02Controleur = Projecteur00' ;

ProjecteurGlobal = KroneckerProduct| IdentityMatriz[4] , Projecteur02Controleur];
ProjecteurGlobal = KroneckerProduct| ProjecteurGlobal , IdentityMatrixz[4] | ;
RhoEtatGlobal = ProjecteurGlobal. RhoFEtatGlobal ;

RhoEtatGlobal = RhoFEtatGlobal. ProjecteurGlobal' ;

Finally, the controller applies a Hadamard gate :

ﬁ5 =H (QCM‘3) ﬁ4HT (QCtr3) (586)

100



I'CHAPITRE 5. EFFECTS OF NOISE =0

The following result demonstrates the application of the Hadamard gate to the control-

ler and the subsequent update of the global density matrix in Mathematica :

PorteHControleur = KroneckerProduct[IdentityMatriz/2], HJ;
PorteHControleur = KroneckerProduct| PorteHControleur , IdentityMatriz[]] | ;
RhoEtatGlobal = PorteHControleur. RhoFEtatGlobal ;

RhoFEtatGlobal = RhoEtatGlobal. PorteHControleur! ;

A final measurement on qubit Qc,,, is performed in the computational basis.

The following result demonstrates the construction of the global projector for the third

controller and the specific arrangement of the system’s identity matrices in Mathematica :

Projecteur03Controleur = QubitZero' ;

ProjecteurGlobal = KroneckerProduct| IdentityMatriz[2] , Projecteur03Controleur];
ProjecteurGlobal = KroneckerProduct| ProjecteurGlobal , IdentityMatrixz[4] | ;
RhoCharlieAliceBob = ProjecteurGlobal. RhoFEtatGlobal ;

RhoCharlieAliceBob = RhoCharlieAliceBob. ProjecteurGlobal ;

After receiving the classical measurement outcomes from both the transmitters and
the controller, the receivers (Alice, Bob, and Charlie) apply the necessary unitary cor-
rection operations to their respective qubits. In the presence of Werner noise, the final
reconstructed state of the system pg, r,r,is no longer a pure product state, but a mixed

density matrix :

1=
8

PR1R2R3 = A (pQB ® PQc ® pQA) + 18 (587>

This final expression confirms the successful execution of the clockwise cyclic controlled

teleportation

The following result demonstrates the calculation of the final density matrix for the

Charlie-Alice-Bob system using the adjoint of the global projector in Mathematica :

RhoCharlieAliceBob = ProjecteurGlobal. RhoEtatGlobal ;
RhoCharlieAliceBob = RhoCharlieAliceBob. ProjecteurGlobal' ;

Controller’s Operations in the Counter-Clockwise Scenario
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To initiate the counter-clockwise flow, the controller applies a C_NOT gate followed

by a Hadamard gate to the first set of controller qubits :

P2 = C-NOT, pIC-NOT (5.88)

Qey, ,QctQ) Qo 7Qctr2>

The following result demonstrates the state evolution after applying the controlled

unitary operations :

Porte01Choiz01Controleur = KroneckerProduct/CNot , IdentityMatriz[64]] ;
RhoFEtatGlobal = Porte01Choix01Controleur. RhoFEtatGlobal ;
RhoEtatGlobal = RhoFEtatGlobal. Porte01Choiz01Controleur' ;

p3 = H (Qctrl) ﬁQHT (Qctrl) (589)

The following steps describe the application of the second Hadamard gate operation

on the global state :

Porte02Choiz01Controleur = KroneckerProduct[H, IdentityMatriz[128]];
RhoFEtatGlobal = Porte02Choixz01Controleur. RhoEtatGlobal ;
RhoFEtatGlobal = RhoEtatGlobal. Porte02Choiz01 Controleur! ;

Measurement : The qubits (Qctr1 , QCtTQ) are measured in the computational basis.

The following steps illustrate the construction of the global projector and the sub-

sequent update of the density matrix :

Projecteur01Controleur = Projecteur00' ;

ProjecteurGlobal = KroneckerProduct/Projecteur01Controleur , IdentityMatriz[64]] ;
RhoFEtatGlobal = ProjecteurGlobal. RhoEtatGlobal ;

RhoFtatGlobal = RhoFEtatGlobal. ProjecteurGlobal' ;

The controller applies a Hadamard gate :

pr=H (Qc,,,) psH' (Qc,,.) (5.90)

The next step involves applying the second choice of the controlled gate using the

Hadamard matrix, as shown in the following evolution :
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PorteChoiz02Controleur = KroneckerProduct[IdentityMatriz/4] , H];
PorteChoiz02Controleur = KroneckerProduct| PorteChoiz02Controleur
IdentityMatriz[8] | ;

RhoEtatGlobal = PorteChoiz02Controleur. RhoEtatGlobal ;
RhoFEtatGlobal = RhoEtatGlobal. PorteChoiz02Controleur ;

Qubits Q¢,,, and Qc,,. are measured in the computational basis.

The following steps detail the construction of the second global projector and the

subsequent evolution of the system’s density matrix :

Projecteur02Controleur = Projecteur00' ;

ProjecteurGlobal = KroneckerProduct| IdentityMatriz[4] , Projecteur02Controleur];
ProjecteurGlobal = KroneckerProduct| ProjecteurGlobal , IdentityMatriz[4] | ;
RhoFEtatGlobal = ProjecteurGlobal. RhoEtatGlobal ;

RhoFtatGlobal = RhoFEtatGlobal. ProjecteurGlobal' ;

As with the first scenario, the final phase adjustment is performed :

ps = H (Qc.,,) p1H' (Qc,s) (5.91)

The following lines describe the application of the Hadamard gate as a controlled

operator on the global density matrix :

PorteHControleur = KroneckerProduct[IdentityMatriz(2], H];
PorteHControleur = KroneckerProduct| PorteHControleur , IdentityMatriz[]] | ;
RhoEtatGlobal = PorteHControleur. RhoEtatGlobal ;

RhoFtatGlobal = RhoEtatGlobal. PorteHControleur! ;

A final measurement on qubit Qc,,, is performed in the computational basis. The
following lines describe the initialization of the third controller projector and its expansion

into the global system space :

Projecteur03Controleur = QubitZero' ;
ProjecteurGlobal = KroneckerProduct| IdentityMatriz[2] , Projecteur03Controleur];
ProjecteurGlobal = KroneckerProduct| ProjecteurGlobal , IdentityMatriz[4] | ;
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After the receivers (Alice, Bob, and Charlie) apply their specific unitary corrections

based on the controller’s results, the system collapses into the final noisy state :

(1=X)
8

PRiR2Rs = A (PQe ® PQa @ Pop) + I (5.92)
The equation describes the output density matrix of the protocol under the influence

of Werner noise. It consists of two main parts :

The Signal Part (A) : This term represents the desired quantum state (the tensor
product of the states at 4, @p, and Q¢. It is scaled by the purity parameter A, which

indicates the probability that the system remained in its ideal state.

The Noise Part <%[8> : This term represents the Werner noise contribution. Since
we are dealing with a 3-qubit system, the noise is distributed over a Hilbert space of
dimension 2% = 8. The term Iy (the identity matrix) represents the maximally mixed
state, which signifies total randomness or white noise introduced by the environment. The
following result demonstrates the calculation of the final density matrix for the Charlie-

Alice-Bob system using the adjoint of the global projector in Mathematica :

RhoCharlieAliceBob = ProjecteurGlobal. RhoFEtatGlobal ;
RhoCharlieAliceBob = RhoCharlieAliceBob. ProjecteurGlobal' ;

5.6 Program MATHEMATICA

104



Chapitre 6

(General conclusion

In conclusion, this research has explored the complex dynamics of the Double Cyclic
quantum teleportation protocol in realistic conditions. By transitioning from ideal ma-
thematical models to noisy environments, we have gained a deeper understanding of how

quantum information behaves when subjected to environmental decoherence.

The rigorous analysis conducted in this thesis, using the Werner Noise model, has
demonstrated that while noise remains a significant challenge, the Double Cyclic archi-
tecture offers a promising framework for multi-party quantum networking. Through our
numerical simulations in Mathematica, we successfully identified the critical thresholds of

fidelity, providing clear insights into the protocol’s robustness and efficiency.

The findings of this work emphasize that the success of a Quantum Internet depends
not only on the design of the protocols but also on our ability to optimize them against
noise. As a perspective for future research, we suggest extending this analysis to more
complex noise models and larger network scales. Ultimately, this thesis serves as a contri-
bution toward bridging the gap between theoretical quantum mechanics and the future

of secure, global quantum communication.

105



Annexe A

Appendix A

Simulation and Study of a Mixed Cyclic Quantum

Teleportation Protocol via a Noisy Channel

In this section, we present the Mathematica implementation of the 3-party cyclic
protocol in the presence of noise. The simulation confirms the success of the protocol for

both orientations.

1. First Orientation (Direction 01)

This part describes the implementation when the quantum information flows in the
first direction (Alice —Charlie — Bob — Alice) :

X=01,1,0;Y=0-I10;
Z7=1,0,0, -1;

H=1/2, 1/N2, 1/V2, -1/V2;
CNot=1,0,0 0, 0,1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0;
Swap =1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1;

(EeeeS————————————————,
(* 2. Initialisation du Canal (10 Qubits) *)

L —————————————
Canal = KroneckerProduct[QubitZero, QubitZero];

(* ¥)

Do[Canal = KroneckerProduct/Canal, QubitZero], 8];

Porte01 = KroneckerProduct[H, IdentityMatriz[1024]];
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Canal = Porte01 . Canal; Remove[Porte01];

Porte02Swap = KroneckerProduct[IdentityMatrix/2], Swap,
IdentityMatriz[256]] ;

Porte02CNot = KroneckerProduct[CNot, IdentityMatriz[512]] ;

Canal = Porte02Swap . Porte02CNot . Porte02Swap . Canal;

(* 3. Matrices de Densité et Bruit (Werner) *)

RhoCanal = Canal . Canal' ;
RhoCanal = X RhoCanal +
((1-X)/2048) * IdentityMatriz[2048] ;

RhoAlice = QubitAlice . QubitAlice' ;
RhoBob = QubitBob . QubitBob' ;
RhoCharlie = QubitCharlie . QubitCharlie' ;

(* 4. Projections et Mesures de Bell *)

RhoEtatGlobal = KroneckerProduct/[RhoAlice, RhoCanal];

ProjecteurGlobal = KroneckerProduct[BellO0,
IdentityMatriz[1024]] ;

RhoFEtatGlobal = ProjecteurGlobal . RhoFEtatGlobal .

ProjecteurGlobal' ;
e ————————————————.
(* 5. Simplification et Résultat Final *)
(EeeEeS————SSSS——_—_—,,

TraceFinal = Tr[RhoCharlieAlice Bob] ;

RhoFinal = FullSimplify/RhoCharlieAliceBob / TraceFinal,
TransformationFunctions — Automatic,
# /. al Conjugatefal] + B1 Conjugate[51] — 1 &];

Print[”Matrice de Densité Finale (Simulation) :”];
RhoFinal // MatrizForm

2. Second Orientation (Direction 02)

This part describes the implementation for the reverse cyclic direction (Alice —Bob

— Charlie — Alice) :



I'CHAPITRE A. APPENDIX A =0

(* 1. Definitions des Operateurs de Base *)

X=0,1,1,0;Y=0-I10;

Z=1,0,0,-1; R =1,0,0, Exp[l Pi / }];
H=1/N2, 1/V2, 1/V2, -1//2;

CNot =1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0;
Swap =1, 0, 0,0, 0,0, 1,0, 0, 1, 0, 0, 0, 0, 0, 1;

(* 2. Initialisation du Canal (10 Qubits) *)
(EEEE————————————————,

Canal = KroneckerProduct[QubitZero, QubitZero];

Do[Canal = KroneckerProduct/Canal, QubitZero], 8];

(* Sequence des Portes (01 a 09) *)

Porte01 = KroneckerProduct[H, IdentityMatriz[1024]];

Canal = Porte01 . Canal ;

Porte02Swap = KroneckerProduct[IdentityMatriz/2], Swap,
IdentityMatriz[256]] ;

Canal = Porte02Swap . (KroneckerProduct/CNot, IdentityMatriz[512]])
. Porte02Swap . Canal ;

(* 3. Matrice de Densite et Bruit de Werner *)

RhoCanal = Canal . Canal' ;

RhoCanal = A RhoCanal + ((1 - \)/2048) * IdentityMatriz[2048] ;
RhoAlice = QubitAlice . QubitAlice' ;

RhoBob = QubitBob . QubitBob' ;

RhoCharlie = QubitCharlie . QubitCharlic' ;

(* 4. Projections et Mesures (Orientation 02) *)

RhoEtatGlobal = KroneckerProduct/RhoAlice, RhoCanall;

ProjecteurGlobalA = KroneckerProduct/Bell00",
IdentityMatriz[1024]] ;

RhoFEtatGlobal = ProjecteurGlobalA . RhoEtatGlobal .
ProjecteurGlobalAT ;

(* Measurement of Bob and Charlie *)

RhoFEtatGlobal = KroneckerProduct/RhoBob, RhoEtatGlobal] ;

ProjecteurGlobalB = KroneckerProduct[Bell00,
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IdentityMatriz[512]] ;
RhoEtatGlobal = ProjecteurGlobalB . RhoFEtatGlobal .
ProjecteurGlobalB' ;

RhoEtatGlobal = PorteHControleur . RhoEtatGlobal .
PorteHControleur' ;

RhoCharlieAliceBob = ProjecteurGlobalCtrl . RhoEtatGlobal .
ProjecteurGlobalCtrl' ;

RhoCharlieAliceBob = FullSimplify/RhoCharlieAlice Bob,
TransformationFunctions — Automatic,
# /. al Conjugatelal] + 1 Conjugate[51] — 1 &,
# /. a2 Conjugatela2] + B2 Conjugate[52] — 1 &,
# /. a8 Conjugatela3] + B3 Conjugate[33] — 1 &];

TraceFinal = Tr[RhoCharlieAlice Bob] ;
Print[” Trace Finale : 7, FullSimplify/TraceFinal]];
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