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Abbreviations and Notations

The different abbreviations and notations used throughout this dissertation are explained

below:

BSDEFEs Backward stochastic differential equations.

SDFE Stochastic differential equation.

(Ft) >0 The filtration.

(Bt) >0 Brownian motion.

Q Fundamental space of a random experiment.

(Q, A P) Probability space.

B (R9) Borel tribe on RY.

1p Indicator function of the set B.

E [X] Expectation of X.

E[X|B] Conditional expectation of X given B.

L? (92, A,P) Set of random variables, A-measurable and square integrable.

R Real numbers set.

P Probability.

P—a.s Almost surely in probability.
a.e. Almost everywhere.

a.s. Almost surely.

r.ov Random variable.
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(Q, A, {E}te[O,T] ,]P’> Filtered probability space.

i.e
inf
lim
sup
max

CZ

C12([0,7] x R)

]Rk

kad

R+
£,

That is.

Infimum.

Limit.

Supremum.

Maximum.

Space of twice continuously differentiable functions.
Space of functions f(¢,z) continuously differentiable once
with respect to the time variable ¢, and twice
with respect to the space variable .

Scalar product.

Enclidean real space of k-dimensional.

Set of real matrice k x d.

Equal by definition.

The set of positive real numbers.

LLP-norm of the function f.
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Introduction

Backward stochastic differential equations (BSDEs) currently occupy a prominent place
in the field of stochastic analysis. The origin of these equations dates back to the pioneering
work of Bismut (1973) [2], who introduced them in a linear form within the framework of the
stochastic maximum principle. However, it was not until 1990 that the theory truly began
to flourish with the seminal work of Pardoux and Peng [I1], who proved the existence and
uniqueness of solutions for nonlinear BSDEs under a Lipschitz condition, thereby opening
the way to a vast field of research.

Interest in these equations has grown considerably due to their concrete applications, par-
ticularly in mathematical finance. As demonstrated by El Karoui, Peng, and Quenez [5],
BSDEs provide a natural framework for modeling asset pricing and hedging problems, as
well as for studying recursive utilities.

A nonlinear BSDE is defined as follows: let £ be a square-integrable Fr—measurable random
variable, and let ¢ (¢,Y,Z) be a progressively measurable function. Then, the associated

BSDE is written as:

dY, = —g(t.Y;, Z)dt + Z,dB,,  t€[0,T)

YT:§,

where the pair (Y3, Zt)te[QT} represents the adapted solution, g is called the generator (or
driver), and ¢ is the terminal condition.

In the classical framework established by Pardoux and Peng, the well-posedness of these
equations relies on the assumption that the generator ¢ is uniformly Lipschitz continuous in

(y, z). Nevertheless, this condition often proves too restrictive for numerous applied models.
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Consequently, research has focused on relaxing these hypotheses, moving from the Lipschitz
condition to conditions such as linear growth, and later to monotonicity conditions. In this
direction, Mao [10] proposed weaker conditions based on a non-Lipschitz approach. More
recently, Fan and Jiang [6] introduced the concepts of weak monotonicity and general growth
conditions. This generalization encompasses both classical monotonicity and Mao’s condition,
thereby allowing for the treatment of a broader class of equations.

The main objective of this thesis is to study the solvability of BSDEs when the generator
satisfies this weak monotonicity condition. We structure our work around three main axes:
Chapter 1: This introductory part lays the necessary theoretical foundations. We recall key
concepts of stochastic analysis, ranging from martingales and Brownian motion to stochastic
differential equations, without omitting the essential tools of It6 calculus.

Chapter 2: We dedicate this chapter to the study of the standard framework. We present
the classical existence and uniqueness results obtained by Pardoux and Peng [I1] when the
coefficients of the equation are Lipschitz, thus providing a benchmark for subsequent exten-
sions.

Chapter 3: This final chapter constitutes the core of our contribution. We analyze BSDEs
under weak monotonicity and general growth conditions. Building on the recent results of
Fan and Jiang [0], we demonstrate that the existence and uniqueness of solutions remain

valid under this less restrictive condition.



Chapter 1

Preliminaries in stochastic analysis

In this chapter, we present the fundamental probabilistic foundations and analytical
tools required for the study of backward stochastic differential equations (BSDEs). These
preliminary results constitute the essential framework that will be utilized throughout the
subsequent chapters of this dissertation. For a comprehensive treatment and detailed proofs
of the theorems presented here, the reader is referred to the standard literature such as

[9, 13, (1]

1.1 Conditional expectation

We begin by recalling the notion of conditional expectation, which plays a fundamental role

in stochastic analysis.

Definition 1.1 (Random variable) [9] Let (2, A,P) be a probability space. A random
variable X is a measurable function X : Q — R such that for any borel set B € B (]Rd),
the set {w € Q : X (w) € B} belongs to the o-algebra A. In this work, we primarily consider

square-integrable random variables.

Definition 1.2 [9] Let (2, A,P) be a probability space. For any measurable set B € A, the

indicator function of B, denoted by 1g, is a measurable mapping from § into {0,1} defined
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as follows:

Ly (1) 1 4if we B,
w) =
’ 0 if w¢B.

This function is a vital tool in stochastic analysis, allowing the probability of an event to be

expressed as an expectation, such that P (B) = E[15] = [, 15dP.

Definition 1.3 [J] Let (2, A,P) be a probability space and B a sub-o-field of A. For an
integrable random variable X, the conditional expectation of X given B, denoted by E[X|B],

1s the unique B-measurable random variable that satisfies:

E[X1s) = E[E[X|B|1s], VB e B. (1.1)

Theorem 1.1 (Orthogonal projection) [13] If X € 1.2 (Q, A, P), the conditional expec-
tation B [X|B] is the orthogonal projection of X on to the subspace IL? (0, B,P). This means

that B [ X |B] is the best estimate of X given the information contained in the sub-o-field B.
Properties [9, [13]

1. Linearity: E[aX + bY|B] = aE [X|B] 4+ bE[Y|B] for any a,b € R.

2. Monotonicity: If X <Y a.s.,then E[X|B] <E[Y|B] a.s.

3. If H C B, we have B[E [X|B] |H] = E [X|H].

4. If X is B—measurable, then E [XY'|B] = XE [Y|B] a.s.

5. Independence: If X is independent of B, then E [X|B] = E[X] a.s.

6. Jensen’s inequality: For any concave function &, E [x (X) |B] < s (E [X|B]) a.s.

7. Conditional Cauchy-Schwarz inequality: (E[|XY||B])* < E[X?B]E[Y?|B] a.s.

This notion constitutes a basic tool for the study of martingales and BSDEs.
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1.2 Brownian motion and martingales

We now introduce martingales and Brownian motion, which are central objects in stochas-
tic calculus. This section provides a rigorous treatment of the processes that govern the

stochastic component of BSDEs.

Definition 1.4 (Stochastic process and sample paths) [9] A stochastic process is a
collection of random variables {Xi},c (o 1) defined on (2, A,P). It can be viewed as a mapping
X 1[0, T]xQ — Re. For each fized w € 2, the functiont — X; (w) is called the sample path
or trajectory of the process. In the context of BSDFEs, we focus on processes with continuous

tragectories to ensure the applicability of Ité’s calculus.
Remark 1.1 [75/ A stochastic process can be viewed as a random evolution indexed by time.

Definition 1.5 (Progressively measurable process) [13] A stochastic process X = {Xi},c(o 1
defined on the filtered probability space <Q, A, {]:t}te[o,T] ,]P’) 15 said to be progressively mea-
surable if, for every t € [0,T], the mapping (s,w) — X, (w) from [0,t] x Q into R¢ is
B ([0,t]) ® F;-measurable. This property is crucial in the study of BSDEs as it ensures that

the generator g (t,w, Y, Z;) is well-defined and integrable.

Definition 1.6 (Filtration) [9] A filtration on a probability space (2, A,P) is an increasing
collection of sub-o-algebras {.7-}}20 of A (i.e., Fs CF, C A for all0 < s <t). It represents
the information flow available up to time t. A probability space equipped with a filtration is

called a filtered probability space.

Definition 1.7 (Filtered space and usual conditions) [J] Let (2, A, P) be a complete
probability space, we equip it with a filtration {F;} te[0,T]- We assume that the filtration satisfies
the usual conditions, meaning it is complete (contains all P-null sets) and right-continuous
(Fr = Ny Fs). This structure is essential to ensure that our processes are non-anticipative

and possess reqular paths.

Definition 1.8 (Adapted process) [9] A stochastic process X = {X},(o 7y i called adapted

to the filtration {E}te[U,T] if, for every t € [0,T], the random variable X; is Fy-measurable.

5
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Intuitively, this means the value of the process at time t is known based on the information

available up to that time.

Remark 1.2 [9] The adaptedness condition ensures that the process does not depend on

future information.

Definition 1.9 (Markov process) [J] A stochastic process {Xi},., is called a markov
process if for any s > t, the conditional distribution of X, given the information up to

time t depends only on the value of X at time t. Formally:

P (X, € B|F,) =P (X, € B|X,), a.s.

for any borel set B.

Remark 1.3 This property is fundamental when connecting BSDEs to the theory of partial
differential equations (PDEs).

Among stochastic processes, Brownian motion represents the fundamental driving noise of

backward stochastic differential equations.

1.2.1 Brownian motion and path properties

Definition 1.10 (Standard Brownian motion) [13] A stochastic process B = {B;,t > 0}

defined on (2, A,P) is called a standard Brownian motion if:

1. By=0 a.s.

2. Independent increments: For any 0 < s < t,, the increment B, — B, is independent

of the o-field Fy.
3. Stationary gaussian increments: B, — B, ~ N (0,t — s) fort > s.

4. Continuity: The mapping t — By, (w) is continuous for almost all w.
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Remark 1.4 [15/ Brownian motion plays the role of the fundamental source of randomness

i stochastic differential equations.

Proposition 1.1 (Invariance properties of Brownian motion) [15] Let B = {B:},.,
be a standard Brownian motion. The following transformed processes are also standard

Brownian motions:
1. Symmetry: {—DBi},-
2. Scaling: For any c > 0, {%Bct} .
>0
3. Time inversion: The process Yy, defined as Yo =0 and Y; = tB% fort > 0.

Proof. It is sufficient to check the Gaussian character of these processes and to calculate
their expectation and covariance. m

The key path properties [13].

Non-differentiability: Almost surely, the Brownian paths are nowhere differentiable. This

justifies the need for It6 calculus rather than classical calculus.

Theorem 1.2 (Quadratic variation) Let (B), be a standard Brownian motion. For any

fized t > 0, define the quadratic variation along a partition II, : 0 = t((]n) <t =y

with mesh ||11,,|| = max; tgi)l - tgn) — 0, asn — oo. Then

fon—1

n 2
lim g <B m — B (n)> =t, almost surely.
n—00 4= tir1 b

1=

FEquivalently, in probability,
(B,B), =t,

where (B, B), denotes the quadratic variation process.

Proof. We'll prove the theorem for dyadic partitions: tl(n) = 2’—:2 fori =0,1,---,2". Then

we note that if a sequence of quadratic sums converges a.s. for dyadic partitions, and the

Brownian paths are continuous, the limit is the same for any sequence of partitions with

7
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mesh— 0.
Let
on_1 N
Qn (t) = 2 (B(v:-;)t - B%) )

Let A; = By, , — By,. Then A; ~ N (O, 2%) independently for different ¢ and

2n—1
E = E A2 = 27l - —_ =
(Qn (t)) ; ( 2) on ¢
and for the variance (using that for a normal r.v. X ~~ N (0,0%), VAR (X?) = 20%), we get
— ~— [ t)\? t\? 2
AR (@, AR (A?) = 2(—) =22 ) ===
v (Q ZV ) ; (Qn) (271) on —0

as n — oo. Thus for any € > 0, by Chebyshev’s inequality, we have

VAR (Qn (t)) 2t

€2 e2on’

P(1Qn (1) —t[>€) <

Hence,
P(|Qn(t) —t] >¢€) < — —
LICAOREPEES SRR

By the Borel-Cantelli lemma, for each € > 0
P(|@n (t) —t[ > €) =0,

thus, @, (t) — t almost surely. m
Holder continuity: Almost surely, the sample paths of Brownian motion are locally holder

continuous for any exponent o € (0, %) , L.e.

|Bt_Bs’ Scyt—3|a

Remark 1.5 This means that while the paths are non—differentiable, they possess a specific

degree of reqularity that is essential for the construction of stochastic integrals [13].
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1.2.2 Martingales and maximal inequalities

In the study of BSDESs, we rely heavily on the stability of martingales to prove the convergence

of solutions.

Definition 1.11 (Martingales,Submartingales, and Supermartingales) [13] Let {F},.,
be a filtration. A adapted process M is a martingale if E[|M;|] < oo and for each s < t
E [M,|Fs] = M.

o If for each s < t, B [M|Fy] > M,, it is a submartingale.

o If for each s < t, E[M|F,] < Ms, it is a supermartingale.

Remark 1.6 A martingale models a fair differential game, a submartingale models a game

that is favorable to the player, and a supermartingale models a game that is unfavorable.

Definition 1.12 (Stopping time) [13] A random variable T : Q — [0, T)U {400} is called
a stopping time with respect to the filtration {F;} if for everyt > 0, the event {T < t} belongs
to F;. This implies that the decision to ’“stop’ at time t depends only on the information
accumulated up to that time. Stopping times are vital tools for the localization of martingales

and for defining solutions to BSDEs on random intervals.

Definition 1.13 (Uniformly integrable martingale) [13] A martingale M = { M}, 1y
is said to be uniformly integrable (UI) if the collection of random variables {Mt}te[O,T] is
uniformly integrable,i.e., limy_, SUPye(o,1] E [|Mt\ 1{\Mt|>k}] = 0. In the context of BSDEs,
every square-integrable martingale on a finite horizon [0,T] is uniformly integrable, which is

a key property for proving the convergence of solution sequences.

Theorem 1.3 (Optional stopping theorem) [13] Let M be a uniformly integrable mar-
tingale and let o, T be two stopping times such that 0 < o < 17 <T'. Then, the stopped process

maintains the martingale property, and the conditional expectation satisfies:

E [M,|F,;| = M,, a.s.
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This theorem is a powerful tool for analyzing BSDE solutions over random time horizons.

Definition 1.14 (Local martingale) [13] An adapted process M is a local martingale if
there exists an increasing sequence of stopping times {7,} such that 1, — 00.a.s as n — oo,

and each stopped process Min,, s a uniformly integrable martingale.

Theorem 1.4 (Doob-meyer decomposition) [13] Let {Y;},, 7 be a right-continuous su-
permartingale. Then there exists a unique decomposition Y; = M, — A;, where M; is a local
martingale and Ay is an adapted, non-decreasing predictable process with Aqg = 0. In the study
of BSDFEs, this result provides the theoretical justification for the structure of the equation,

separating the martingale part from the generator’s integral.

Definition 1.15 (Semi-martingale) [13] A process X = {Xi}, is called a semi-martingale
if it can be decomposed as Xy = Xo + M; + Ay, where M is a local martingale and A is a
process of finite variation, both being adapted and starting at zero. Semi-martingales repre-
sent the most general class of processes for which the stochastic integral and Itd’s formula

can be consistently defined.

1.3 Itd’s calculus

To analyze stochastic differential equations, we introduce It6’s stochastic calculus. It6
calculus provides the necessary framework to integrate with respect to processes of unbounded
variation, such as Brownian motion. Unlike classical riemann-stieltjes integrals, stochastic

integrals require a different approach due to the non-differentiability of Brownian paths.

1.3.1 Construction of the It6 integral

The construction of the It6 integral follows a limit procedure from class of simple processes

to a more general class of integrands, for more details see for example [9, 13].

1. Elementary processes: A process H is called elementary (or simple) if there exists

a partition 0 =ty < t; < --- < t, = T and F;,-measurable random variables ¢ such

10
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that:

n—1

Ht = ZSZ 1[t¢,t¢+1] (t) :

=0

The integral of such a process with respect to B is defined as:
T n—1
/ H.dB, =Y & (B, — By).
0 i=0

2. The Hilbert space M?(0,7): To extend this definition, we consider the space of

progressively measurable processes ¢ such that:

T
E [/0 EXE ds] < 00.

The Ito integral for ¢ € M? (0,T) is defined as the L?-limit of integrals of elementary

processes.

3. Key properties (Essential for BSDEs):

e Martingale property: The process M; = fot ¢sdBs is a square-integrable mar-
tingale. In BSDE theory, this property ensures that [ [ ftT ZSdBS|]-"t] = 0.

e It6 isometry: This is the most crucial property for proving the uniqueness of

(/OT (bsst) =E UOT ¢§d5} : (1.2)

e Continuity: The mapping ¢t — fg ¢sdB; is almost surely continuous.

solutions:
2

E

1.3.2 Quadratic variation and bracket process

For any continuous local martingale M, there exists a unique increasing process (M), called

the quadratic variation, such that M? — (M) is a local martingale, (see for exemple [13]).

e For Brownian motion: (B), =t.

o For an Ito integral: ([ ¢dB), = [; ¢ds.

11
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e Covariation (Crochet): For two processes X and Y ,(X,Y) represents their joint

variation. This is used in the integration by parts formula.

Theorem 1.5 (Brownian martingale representation) [13] Let {M:}, (7 be a square-
integrable martingale with respect to the filtration generated by Brownian motion. Then, there

exists a unique progressively measurable process Z € M?(0,T) such that:
¢
M, = My —I—/ ZsdBs, vVt €10,T].
0

This result is fundamental for BSDE theory as it guarantees the existence of the control

process Z that "compensates” the randommness to reach the terminal value.

The following result, known as It6’s formula, is one of the main tools of stochastic analysis.

1.3.3 1Itd’s formula (The stochastic chain rule)

[t6’s formula is the generalization of the classical chain rule to the stochastic setting. It
provides the necessary second-order correction terms to account for the non-zero quadratic
variation of Brownian motion. This formula is indispensable for establishing the a priori

estimates and deriving the dynamics of BSDE solutions.

Definition 1.16 (It6 process) [13] An It6 process is defined as a stochastic process { Xt} o
that can be decomposed into a sum of an initial value, a lebesgue integral (representing the
drift), and a stochastic integral with respect to Brownian motion. Specifically, it takes the

form:

t t
Xt:X0+/ bsds+/ o,dD, (1.3)
0 0

where by and o5 are progressively measurable processes such that fOT |bs| ds < oo and fOT olds <

0 a.s.

Theorem 1.6 (First Ité formula) [13] Let {X;}, o7 be an It process and f : R — R

12
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be a C? function. The process f (X;) is also an Ité process, and its dynamics is given by:

F(X0) = f(Xo) /f dX+/f” X), .
This version is the simplest form, focusing on the second-order correction term % 1.

Theorem 1.7 (Second Ité formula) [13] For a function f (t,x) of class CY*([0,T] x R),

the stochastic differential df (t, X;) is expressed as:

10°f
2022

of
ot

af

df (t’ Xt) 8

(t, X)) dt + 2= (8, X,) dX, + (t, X;) d (X)), .

Setting f (t,x) = eP'a? in this formula is a standard technique for proving the stability of
BSDEs.

Notation [15]: The term d(X;,Xs), denotes the quadratic covariation between two Ito
processes. In practice, this term is computed using the following heuristic multiplication

rules for stochastic differentials:

X | dt | dB,
dB, | 0 | dt
da | 0| 0

these rules specify that while the square of the Brownian increment d B? yields dt, any product

involving dt (such as dt* or dt - dB,) is of higher order and thus vanishes in the limit.

Theorem 1.8 (Multidimensional It formula) [13] Let X = (X',..., X?) be a vector

of Ité processes and f € CH* ([0, T] x R?). then:

df (t, X,) = dt+zamldXz+ Z 8x &C X', X7

Remark 1.7 This general version is essential for analyzing systems of BSDEs where the

solution Y; takes values in R<.

13
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Remark 1.8 It is important to note that the presence of the term d(X), (the quadratic
variation) is what distinguishes stochastic calculus from deterministic calculus. In the deter-

manistic case, this term vanishes, and the formula reverts to the classical chain rule.

Integration by parts [13]

As a direct consequence of the multidimensional It6 formula, the product of two stochastic

processes {X;} and {Y;} satisfies the following relation:
d(X,Y}) = X,dY; + Y;dX, + d(X,Y),.

This rule is frequently applied to compute the squared norm of the difference between two

solutions, which is the starting point for proving uniqueness.

1.4 Stochastic differential equations

Using the previously introduced stochastic processes, we now define stochastic differen-

tial equations (see for more details for example [13]).

1.4.1 Formulation and existence via Picard’s approximation method

An SDE describes the dynamics of a process X; as:
dXt =b (t, Xt) dt +o (t, Xt) dBt, XO = 5
This differential form is shorthand for the integral equation:

Xe =&+ /Otb(s,Xs) ds + /Ota (s, Xs) dBs. (1.4)

To guarantee the existence of a unique solution for a stochastic differential equation (SDE),
certain regularity conditions must be met by its coefficients. Let b and o be borel measurable

functions (drift and diffusion coefficients, respectively). We postulate the existence of a

14



Chapitre 1. Preliminaries in stochastic analysis

constant L > 0 such that the following conditions hold:

1. Lipschitz continuity: For all ¢t € [0, 7] and any two states z,z € R", the coefficients

satisfy the Lipschitz condition with respect to the spatial variable:

b(t,z) —b(t,T)| + ||o(t,z) — o (t,7)|| < Lz — 7. (1.5)

2. Linear Growth condition: For all ¢ € [0,7] and any state x € R", the coefficients

exhibit at most linear growth in z:

[b(t, )] +[lo (¢, 2)[ < L(1+|2]). (1.6)

3. Initial value constraint: The initial value X (0) must possess a finite second moment:

E (]X(0)]*) < +o0. (1.7)
Theorem 1.9 (Existence and Uniqueness) [10] Under the above assumptions, the SDEs
has a unique strong solution X € S2.

Proof. We define §? as the banach space comprising progressively measurable processes X,

provided they satisfy the following condition:

E ( sup |Xt|2) < o0,

0<t<T

equipped with the norm:

N

|1 X = {E ( sup |Xt|2) < +oo}
0<t<T

15



Chapitre 1. Preliminaries in stochastic analysis

We denote by S? the subspace of S? consisting of continuous processes.

Existence part: We construct the solution using picard’s approximation method. We set:

:g+fga (s, X071 dB, + [ob(s, X27") ds,
£+f0 (s,z)dBs —i—fo (s,z)ds,
Xf:g.

We verify the well-definedness of the stochastic integrals. By clear induction, we establish
that for every n, the process Xt(n) is continuous and adapted, which implies the process
o (s, X 5(n71)> is also progressively measurable.

Let us fix a real value 7" > 0 and proceed with the proof on the interval [0,7]. First, we

verify by induction on n that there exists a constant C,, such that for all ¢ € [0, T:
B [(X})?] < G (1)

This bound holds true for n = 0. Subsequently, assuming it holds at order n — 1, we utilize

the bounds from the previous steps to prove it for order n.
o (s, )l <K' +rlyl, Vse[0,T],yeR.
To write

+E

| Tl

§3<|£!2+E[/0t(a(s,xgl }+tE{/O b (s, X271)) dsD

§3<|£!2+E[/Ot(a(s,X§1 ]+TE[/O 5, X' 1)) dsD
<|gy2 +4(1+T)E [/Ot (FJ“Q + K (X;H)Q) dSD

< C, with C, =3 (|€* +4T 1 + T) (k"% + K*Ci))

16



Chapitre 1. Preliminaries in stochastic analysis

to justify the calculation of the second moment of the stochastic integral, we utilized the fact

that E [(f(fa (s, Xn1)? ds)] < oo.

This result follows directly from the preceding bound for ¢ and the inductive hypothesis.

The bound , along with the hypothesis on o, implies that the local martingale fot o (s, X" 1) dB,
is, for each n, a true martingale bounded in I.? over the interval [0, T]. We leverage this re-

mark to majorize by recurrence:

E [ sup | X7 —X{ﬂ .

0<t<T

We have
t t
XpH - X = / (0(5,X]) — 0o (s, X)) dB, +/ (b(s, X)) —b (s, X)) ds,
0 0
By applying Doob’s inequality, we obtain:

E [Sup }X;‘_l — Xgﬂ
0<s<t
2

+ sup
0<s<t

< 2E | sup

0<s<t

/OS (a (u, X)) — 0o (u, Xg’l)) dB,

/0 (b, X1 — b (u, X27Y)) du 2]

(41@ ( /0 o (X7 — o (u, X2Y)) dBu>2 ( /0 (5 X7) — b (u, X2 du>2]>

<2 (419:, /Ot (0 (u, X") — 0 (u,X{fl))Qdu] +1E Uot (b (u, X1 — b (u,Xgl))QduD
(

<

\V)

+E

t t
A /52|X3—X31\2du} +tB [/ H2|X;}—X31\2duD
0 0

IN

t t
2 (4/-@21@ [/ pep= X31|2du} + TKE V |Xn X;}lfdu])
0 0

t
2(4+T)KE [/ X - Xﬁl‘gdu]
0

t
< CrE U sup }X?—Xflfdu}.
0

0<r<u

17
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Let’s note O = 2(4+T) k% If g, (u) = E |:Sup0§r§u | X — X71?|, we can therefore see

that:

t
Int1 < CT/ 9n (U,) du.
0

Furthermore, inequalities (1.8]) together with the preceding results demonstrate that each
function g, is bounded on [0, T|. Specifically, there exists a constant C such that go () < Cy
for allt € [0,T]. A straightforward induction argument, utilizing inequality (|1.8)), then proves
that for all n > 0 and ¢ € [0, T7:

TTL

0 (8) < 5 (Co)"

From this last inequality, we obtain:

2

n>0

sup | X[t — X7'|
0<t<T

sup |Xn+1 Xn‘

<Z 0<t<T
<\/72 (cT)f _

n>0

Lt L2

Therefore, the series sup, !X;‘“ — Xt”‘ converges P — a.s., ensuring that X" converges uni-
formly on [0, 7] to a continuous process X. Furthermore, X € S? because the convergence
takes place within S?. We then verify that X is a solution to equation .

By taking the limit in the recurrence equation for X", we find that X is a (strong) solution
of equation (1.4)) on [0, 7.

Uniqueness part: Assume that X and X are two solutions to equation ([1.4)). For all

0<t<T:
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Since (a + b)2 < 2a? + 2b%, we can estimate:

)2 2
>+2E(

EQX@-X@
(

X.)-b(s.X.)) ds [ (o650 =0 (5.%.)) a2

According to the Cauchy-Schwarz inequality, we have:

E(/ (b5 =5 (5. X,) ) s )SE((/CZ> (/
([
([ e
SRV
o [

Similarly, It6’s isometry provides us with:

E ( /Ot (0’ (s,Xs) — 0o (s,)A(S>> dB,

For some constant ¢, we have:

E(’X(t) —)A((t)DQ < 2L2T/OtE(
:2L2(T+1)/OtE(
o

as))

b(s, X,) — b( 5{)

')

| /\

(S ¥ )
ds)
w[)as

"a)

) =5([[ote 30 (+.%)
gﬁ[m( 13@.

2
ds)

2
—S)ds

2
s — X, )ds, for any, ¢ € [0,7],
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Noting that ¢ = 212 (T + 1) .
Let ¢ () = B (]X(t) _ )?(t)f), so:

qﬁ(t)gc/otqb(s)ds VO<t<T.

Applying Gronwall’s lemma, the condition ¢y = 0 implies g(t) = 0. Therefore, X (t) = X(t)
almost surely for all 0 < ¢ < T. Since both X (¢) and X (t) are continuous processes, we
deduce that X (r) = X (r) for all rational numbers 7 in [0, T, excluding a set of measure zero.
Thus, X and X have almost surely continuous trajectories,

i (max ‘X(t) — )A((t)‘ > 0) —0.

0<t<T
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Chapter 2

Backward stochastic differential

equations

The main objective of this chapter is to establish the theoretical foundations for BS-
DEs. We start by defining the fundamental structure of these equations and clarifying the
mathematical notations required for our study. A primary focus is placed on the adaptedness
requirement, which distinguishes BSDEs from standard forward equations. Furthermore, we
provide a detailed exposition of the classical existence and uniqueness results under the global
Lipschitz framework, as originally presented by Pardoux and Peng [I1]. This standard
setting serves as a crucial benchmark for the extensions and generalizations that will be

discussed in the subsequent parts of this dissertation.

2.1 Vocabulary and notation

2.1.1 Presentation of the problem

Let (Q,}" , ("Tt)tZO ,]P’) be a filtered probability space, and consider an Fr-measurable

random variable £. Our goal is to find a solution to the following differential equation:

—dy,
dt

= f(V3), t €10,T] with Y =¢.
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Chapitre 2. Backward stochastic differential equations

Under the requirement that Y is adapted to the filtration {ft}tzm we ensure that for every
time ¢, Y; remains independent of information from the future (See [3]).

Consider the simplest scenario where the generator g is identically zero (g =0). In this
case, although Y; = ¢ appears to be a straightforward candidate, it lacks adaptedness unless
¢ is deterministic. The optimal adapted approximation in the L? framework is given by
the martingale Y; = E ({|F;). When using the natural filtration of a Brownian motion,
the Brownian martingale representation theorem facilitates the construction of an adapted,

square-integrable process Z such that:
t
Y ~BF) =Bl + | ZdB.
0
Indeed, this may be expressed differently:
t
Yi—Blg+ [ ZdB., tel0T),
0
from where

T
Yr =E[¢] —f-/ Zd By
0
¢ T
<:>§:E[§]+/ ZSdBS—I—/ ZdBy
0 ¢

T
<:>§:Yt+/ ZdB;.
t
we then have
T
Y, =& — / Z,dBsy, i.e. —dY, = —ZydB; with Yp=¢&.
t

This elementary example highlights the necessity of a second unknown component, the
process Z. The primary function of Z is to guarantee that the solution process Y remains
adapted to the underlying filtration.

Accordingly, to attain the highest level of generality given the emergence of this second vari-
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Chapitre 2. Backward stochastic differential equations

able, the generator ¢ is permitted to depend on the process Z. Consequently, the equation

is reformulated as follows:
—dY, =g (t,Ys, Zy) dt — Z,d By, with Yr=¢.

Notations

o Let (Q,f , (Ft)tzo ,]P’) represent a complete filtered probability space, equipped with
a d—dimensional Brownian motion B and we denote by {F;},., the natural filtration

generated by the Brownian motion B, augmented by the P-null sets of F.

e The Space S? (Rk): This vector space consists of all R*-valued, progressively measur-

able processes Y that satisfy the following norm condition:
Y] : =E { sup |Y;|2} < 00.
0<t<T

Furthermore, S? (R*) denotes the closed subspace of S? (R¥) containing processes with

continuous trajectories.
e The Space M? (RkXd): This space is composed of progressively measurable processes

Z taking values in the set of k x d matrices, such that:

< Q.

T
12 : =E[ [ 1z a

For any matrix z € R¥*? the norm is defined as ||z||> = trace (zz*), where z* is the

transpose of z.

e The Generator g. Let g: Q x [0, T] x RF x R¥*? — RF be a function such that for every
fixed pair (Y, Z) € R*xR**?, the stochastic process {g (w,t,Y, Z)}, << 18 progressively

measurable.

e Terminal Condition &: We consider a random vector £ € R¥ that is measurable with

respect to the o-field Fr.
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e It should be noted that the spaces S?, S?, and M? are complete normed spaces, thereby

constituting Banach spaces under the norms introduced above.

Let BSDE
—d}/t =g (t,Yt, Zt) dt — thBt 0 S t S T,

Yy = €.

Alternatively, the equation can be written in its integral representation as follows:
T T
Ytzé—l—/ g(s,Y;,ZS)ds—/ ZsdBs 0<t<T. (2.1)
¢ t

The function g is referred to as the generator (or driver) of the BSDE, while £ denotes the

terminal condition. We shall now formally establish the definition of a solution for equation

ED).

Definition 2.1 A pair of stochastic processes {(Y:, Zt) }g<y<rp 18 called a solution to the BSDE
(2.1)) if it satisfies the following conditions:

1. 'Y and Z are progressively measurable processes taking values in R¥ and R¥*?, respec-

tively.
2. The integrability condition fOT (lg (s, Ys, Zo)| + HZSH2) ds < 0o holds P — a.s.

3. P — a.s., the processes satisfy the following integral relation:

T T
Yt:g+/ g(s,Y;,Zs)ds—/ Z.dB.  0<t<T
t t

Proposition 2.1 Assume that there exists a non-negative process {g;}o<,r belonging to the

space M? (R), along with a strictly positive constant \, such that:
V(t,Y,Z2) € [0,T] x R* x R™, g (t,Y, Z)| < g + A([Y ]+ [ Z]])-

If {(Yi, Z1) Yoy Tepresents a solution to the BSDE (2.1) such that Z is an element of M?,

then it follows that the process Y necessarily belongs to the space S>.
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Proof. The conclusion is primarily reached by applying Gronwall’s Lemma and noting

that the initial value Y} is deterministic. Specifically, for every ¢ € [0, 7], we have:

t t
nzn—/g@mawwjiwm
0 0

Then, by applying the assumptions regarding g,

¢
/ ZsdBy
0
t
/ Zsd By
0

t
/ Zsd By
0

Under the assumption that Z € M2, we invoke Doob’s inequality to show that the third

t
vl < Yol +/ 19(s, Yo, Z2)| ds +
0

T
<l + [ (g4 MIZ)ds + sup
0

0<t<T

t
+)\/ Vi) ds.
0

Let’s set

T
¢ — w+/ (g + A\ Z,) ds + sup
0

0<t<T

term is square-integrable. This property is also shared by the process {g; }, <t<p- Furthermore,
since Yj is a deterministic constant, it is naturally square-integrable, which implies that ¢ is

a square-integrable random variable. Given that Y is a continuous process satisfying,

t
Wﬂ§£+A/IKM&
0

Applying Gronwall’s Lemma, we obtain

E ( sup ]Yt!> <E(¢)eM,

0<t<T

since ¢ is square-integrable, it follows that the process Y belongs to the space S?. m

Lemma 2.1 [13] Consider the processes Y € S*(R¥) and Z € M? (R**?). Then, the

stochastic integral defined by { fot Y;.ZSdBS} o] 18 a uniformly integrable martingale.
teo,T
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Proof. The Burkholder-Davis-Gundy (See Theorem inequalities provide:

t
/ Y. Zsd By
0

| < cm[(vP iz as)]

i T 3
_ CE (/ rm?uzsu%s)]
0

— 1
T 2
<cs | sw il ([ 1z ) ]
0<t<T 0

]E{sup

0<t<T

Consequently, by applying the elementary inequality ab < “2—2 + %,

! C 2 T 2
Yo ZdB|| < = (B | sup [Yil*| +E | [ [IZ]"ds
0 2 0<t<T 0
T
= (E{sup \Yﬂ +EU HZS|]2dsD.
0<t<T 0

Since the latter quantity is finite by assumption, the desired result follows. m

E[sup

0<t<T

2.2 The lipschitz case

2.2.1 The result of Pardoux-Peng

In this section, we present a fundamental existence and uniqueness theorem, which serves
as a precursor to the generalized version discussed in the following chapter. This landmark
result, established by E. Pardoux and S. Peng [11], represents the initial breakthrough in
proving the solvability of BSDEs with non-linear generators.

(L) There exists a non-negative constant A such that, P — a.s.

1. Lipschitz continuity in (Y, Z): For all ¢ € [0, T, and for any pairs (Y,Y”) and (Z, Z'),

the generator satisfies:

9(t.Y, 2) =g (.Y Z)| < MY =Y'[+|Z - Z']).

2. Integrability condition: The terminal condition and the driver at the origin fulfill
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the following square-integrability requirement:

T
E [\a% / |g<s,o,o>|2ds} < o0,
0

We initially consider a simplified scenario where the generator g is independent of
both Y and Z. Specifically, given a square-integrable terminal value ¢ and a process

{G:}o<i<r belonging to M? (R¥), we aim to find the solution to the following BSDE:

T T
n:g+/<ym—/zw&, 0<t<T. (2.2)
t t

Lemma 2.2 Let § € L? (Fr) and {gi}gcycp € M? (R¥). Then, the BSDE (2.2) admits a

unique solution pair (Y, Z) provided that the condition Z € M?is satisfied.

Proof. First, let us assume that (Y, Z) is a solution satisfying the condition Z € M?. By

taking the conditional expectation with respect to the o-field F;, it follows that:

T
n:m@+/1@@m>.
t

We proceed to define the process Y according to the aforementioned formula, which leaves
the identification of Z as the next step. It is important to note that, by applying Fubini’s
Theorem and considering the progressive measurability of G, the integral process f(f Gds is
adapted to the filtration {ft}te[O,T}' Furthermore, since G is square-integrable, this integral

process is an element of S?. Thus, for all ¢ € [0, 7], we obtain:

T
Y, =E (5 —I—/ Gsds]}"t)
t

T ¢
=E <§ + Gsds]}}) — Ggds
0
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Since M is a Brownian martingale, the Brownian martingale representation theorem

allows us to construct a unique process Z belonging to M? such that:
t
M; = M, —I—/ ZdBy,
0
and so

t
}/t:Mt_/ Gsds
0

t t
= My + / ZsdBs — / Gds.
0 0

It is straightforward to verify that the pair (Y, Z) constructed in this manner constitutes a
solution to the BSDE under consideration, specifically because the terminal condition Y = ¢

is satisfied,

t ¢ T T
Y, — &= M, +/ ZsdBg — / Gyds — (Mo +/ Zsd By —/ Gsds)
0 0 0 0
T T
:/ Gsds—/ ZsdBs.
t ¢

Uniqueness is straightforward to establish for any solution pair that satisfies the condition
Z e M.
We now proceed to establish the existence and uniqueness theorem originally proven by

Pardoux and Peng. =

Theorem 2.1 (Pardouzr and Peng, 1990) [11|]. Under the validity of hypothesis (L),
the BSDE (2.1)) admits a unique adapted solution pair (Y, Z) such that the control process Z

belongs to the space M?2.

Proof. We employ a fixed-point argument within the Banach space S? (R¥) x M? (RF*9).
To this end, we define a mapping ¥ from S? (R*) x M? (R**¢) into itself such that a pair
(Y, Z) € 8% (R*) x M? (R¥*%) solves the BSDE (2.1 if and only if it constitutes a fixed point

of the operator V.
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For any pair (U,V) € 8% (RF) x M? (RF*?), we define (Y,Z) = ¥ (U,V) as the unique

solution to the following BSDE:
T T
Y;t:§+/ g(‘gaUsa‘/s)dS_/ stBs> 0<t<T.
t t

Observe that this final BSDE possesses a unique solution within the space S? (Rk) x M? (R’”d).
Indeed, by setting G, = ¢ (s,Us, V), we can show that this process belongs to M?. This

follows from the Lipschitz property of g, which yields the estimate,

G* = |g (s, U, Vi)|?
=9(s,Us, Vi) — g(5,0,0) + g (5,0,0)
<21g(s,Us, Vi) — g (5,0,0)]* +2]g (s,0,0)|?

<25 20 (|U* + [[Vi]I*) + 219 (5,0,0) "

t t t t
@E{/ ]Gﬁds} < AN’E U yUsdes]HAQE [/ HVSHMS]HE U \g(s,0,0)]st]
0 0 0 0

t t t
§4)\2E{sup \USF} / ds + 4N’E U Hvsuzds] + 2 [/ ]g(s,0,0)Fds}
0<t<T 0 0 0

< 400,

since these three components are square-integrable, the integrability of. G, is guaranteed.
Consequently, we can apply Lemma to ensure the existence of a unique solution pair
(Y, Z) with Z € M?. Furthermore, d’apreés Proposition the process Y resides in S, con-
firming that (Y, Z) € 8% (R¥) x M? (R**¢). Thus, the mapping ¥ : §? (RF) x M? (R**4) —
S? (R¥) x M? (R*4) is well-defined.

Let (U, V) and (U’, V') be any two elements of the space S* (R¥) x M? (R**%), and let their
respective images under the mapping ¥ be denoted by (Y,Z) = ¥ (U,V) and (Y',Z') =
U (U',V'). By defining the differences y =Y — Y’ and z = Z — Z', we observe that yr = 0
and

dys = — (g (t, U, Vi) — g (t, U, VY)) dt + zd By,
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2 .
|”, we obtain:

By applying Ito’s formula 2 to the process g (t,y) = e* |y,

1
d (eat |yt|2) = e |yt\2 dt + 2¢* || dy: + B} x 2e*'d (Y, Y>t
= ae® |y dt + 2 |y, {— (g (t, Uy, Vi) — g (¢, U/, V) dt}

+ 2€at ‘yt| .thBt + eat ||ZtH2 dt.

Consequently, by integrating from ¢ to T',we obtain

T T T
/ 4(e™ [5,2) = a / e [y ds — 2 / e Lyl {(g (5, Vs, Vi) — g (5, U7, V7)) ds}
t t t

T T
+ 2/ Y5250 By +/ e ||z * ds,
t t

this is equivalent to writing

e |yr|® — e |y,
T T

B a/ e Jys|* ds — 2/ e lys| {(g (s, U, Vi) — g (s, UL, V) ds}
t t

T T
+ 2/ ™Yy 2,d By +/ € ||z ds,
t t

and since yr = 0, we have

T T
eyl = —a / e [y ds + 2 / e Lyl {(g (5, Vs, Vi) — g (5, U, V7)) ds}
t t
T T
—2/ easys.zsst—/ e || 24| ds,
t t

then we can rewrite

T
et | +/ € || 2| ds
t

T T T
S / e |y ds + 2 / e |ys {(g (5. U, Vo) — g (5, U, V1)) ds} — 2 / ey 2By,
t t t
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furthermore, by leveraging the Lipschitz continuity of g and letting u = U—U" andv = V -V

denote the respective differences, we obtain

T
eat|yt]2+/ €2 || 2| ds
t
T T T
< —a/ e“s|y8|2ds+2)\/ e ys| (Jus| + ||vs||)ds—2/ e*yy.2,d By
t t t
T T T
_ —a/ eo‘s|ys|2ds+2)\/ eo‘s|ys||us|ds+2)\/ € [ys| [[vs ] ds
t t t
T
—2/ €**ys.25dBs.
t

For every € > 0, we employ the inequality 2ab < “8—2 +¢eb?. Consequently, the preceding bound

yields

T
el [ e s
t
T )\2 T T
< —a/ e |y > ds + —/ e |y, |* ds +&?/ e |u,|? ds
t € Jt t
/\2 T T T
+ —/ e |y, ds + 8/ e ||vg||” ds — 2/ e*ys.25d By
€ Jt t t
r as 2 2/\2 T as 2 T as 2 2
= —a e |ys| ds+? e |ys|” ds + e (|us|® + [lvs]|7) ds
t t t

T
—2/ € ys.2sd By,
t

by taking o = %, we have Vt € [0,T], the following estimate

T T T
et \ytIQ +/ e’ HZSH2 ds < 5/ e’ (|us|2 + ||vsH2) ds — 2/ e**1y,.2,dBs. (2.3)
t t t

According to Lemma the local martingale { fg easys.zSst} o is actually a true mar-
te[0,,T

tingale starting at zero. In particular, by taking the expectation which eliminates the sto-

chastic integral term as established in the previous remark we straightforwardly obtain the

following for ¢ = 0,

T T
E [eat & +/ e stﬂzds] <¢cE [/ e (Jus|® + ||vs||*) ds| .
t t
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Thus, we get

T T
E {/ e’ ||z5||2ds] <eE {/ e’ (|u5|2 + ||vs||2) ds| . (2.4)
0 t

Returning to inequality (2.3), the Burkholder-Davis-Gundy (BDG) inequalities

provide where C' denotes a universal constant the following estimate,

E | sup e |y,|*
t€[0,T
T 7 T
<eE / e \us\ —i—HvsH) —|—2E{sup </ e“sys.zsd33>}
0 ] 0<t<T \J¢
T 1 [/ T 3
<eB | [ (ult 4 lol?) ds| + 2Copcm | ([l ) ds)
0 J 0
T - i T , 2
<eB | [ e (uuf s+ 10l) ds] +2CmncB | sup el ([ el as) |
0 ] o<t<T 0

. 2 2
then, since ab < % + %,

E

sup e [y, [?
te[0,7

T
<R {/ e (|u5|2 + ||vs||2) ds] +
0

T
= cE [/ e (]uSIQ + HUSH2) ds} +
0

Taking {%E [SUPogth et ]ytﬂ} to the other side, and multiplying the inequality by 2, we

402 T
E [ sup e™ |yt|2] + —BDGR {/ e*s ||zs||2ds]
0

0<t<T 2

= N

T
E [ sup e |ytl2} +20% B [/ e H25H2d3} :
0<t<T 0

find

sup e |y,|”
te[0,7)

T T
E < 2¢E [/ e (|us|2 + ||vs||2) ds} +40% B [/ e™* ||z8||2ds} . (2.5)
0 0
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By inequalities (2.4) and ({2.5]), we obtain

E

te€[0,7)

T
sup e"‘t|yt|2+/ eastsHst]
0

T

T
< 3cE [/ e (|u5|2 + ||vs||2) ds} +40% pcB [/
0 0
T T
=c(3+4ChHp0) E [/ € Ju,|* ds + / e ||vg)? ds}
0 0

T T
<e(3+4Chpe) E [ sup e™ \utIZ/O ds —l—/o e ||U5H2d3]
T

e (Jug|? + [|vs]?) ds}

0<t<T

<e(3+4CEpe) AVT)E [ sup e |uy|? +/ e Hvs||2ds] :
0

0<t<T

By selecting ¢ such that € (3 + 4C% ;) (1 V T) = 2, the mapping ¥ becomes a strict contrac-
tion on

3
T 1
||<U,v>||a=E[sup i+ [ easnv;n?ds} ,
0

0<t<T
which endows the space with a Banach structure. It is important to note that this specific
norm is equivalent to the standard one where o = 0.

Consequently, the mapping ¥ possesses a unique fixed point, thereby guaranteeing the exis-
tence and uniqueness of a solution to the BSDE ([2.1]) within the space S? (Rk) x M? (R’”d).
Furthermore, we obtain a unique solution satisfying the requirement Z € M?2, as proposition

ensures that any such solution is necessarily contained in S? (Rk) x M? (RkXd). [

Remark 2.1 The role of the process Z: The significance of the process Z, specifically
within the stochastic integral term ftT ZdByg, lies in ensuring the adaptedness of the process

Y. Consequently, in scenarios where such an adjustment is redundant, Z vanishes.

2.3 Linear BSDEs

In this section,we investigate the specific case of linear BSDESs, for which a closed-form
solution can be derived. We focus on the one-dimensional case (k = 1), where Y is a real-

valued process and Z is viewed as a 1 X d row vector.

33



Chapitre 2. Backward stochastic differential equations

Proposition 2.2 [13] Let {(as,b:)}cj0) be a bounded and progressively measurable process
taking values in R x R,  Consider a real-valued, Fr-measurable terminal condition & €
L2 (Q, Fr,P), and let {cthicior) be an element of M? (R).

Then, the following linear BSDE:

T T
Yt—5+/ {aSYS—i—ZSbS—i—cs}ds—/ ZdBs, 0<t<T,
t t
admits a unique solution pair (Y, Z) € 8* x M?, which is explicitly given by the formula:
T
vt € [0,7], Y, =T,'E {ng +/ cSFsds|ft} ,
t

where the process {I't},co 7y s defined as:

t 1 t t
I'; = exp (/ by - dBs — —/ |bs|2ds +/ asds> )
0 2 /o 0

Proof. We begin by observing that the process I' satisfies the following;:
dFt = Ft (atdt + btdBt) s FO = 1.

The boundedness of the process b ensures that the stochastic exponential I' is a well-defined

martingale. Applying Doob’s maximal inequality, we obtain the following estimate:
Pl =B | sup 0| < 48 (]
0<t<T

since E [|FT|2] < oo under the given assumptions, it follows that ' € S2.

Furthermore, the conditions set in this proposition guarantee that the linear BSDE possesses
a unique adapted solution (Y, Z). This is verified by setting the generator ¢ (¢,Y,7) =
a;Y + b, Z + ¢, which satisfies the Lipschitz requirement (L). According to proposition ,
the process Y also belongs to S2.

By leveraging the It6 integration by parts formula, we compute the differential of the product
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Ft}/;f:

dl'Y, =TdY, + Y,dly + d (1Y),
=T [— (Y + b2y + &) dt + ZydBy) + Y [Tiagdt + Tibd By) + Tiby Zydit
= —Ia,Yidt — U'ybi Zydt — Tyepdt + 1 2:d By + Yilvapdt + Y Uibid By + U'yby Zydt
= —Iqdt + ' ZdB, + Y, I'1bid By

= —Ftctdt + Ft (Zt + Y;bt) dBt

This differential form implies that the process I'Y; + f(f cs['sds is a local martingale. Given
that ¢ € M? and I',Y € S?, this process is, in fact, a true martingale. Consequently, the
value at time ¢ can be expressed as the conditional expectation of its terminal value at time

T:
T

t
DY + / Pycds =B [FTYT+ / Fscsds\]-}],
0 0

this lead directly to the announced closed-form solution. =
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Chapter 3

An existence and uniqueness result of
solutions for BSDEs under a weak
monotonicity and general growth

conditions

The main objective of this chapter is to establish an existence and uniqueness result for
solutions to multidimensional Backward Stochastic Differential Equations (BSDEs). Unlike
classical works that assume a Lipschitz condition or a standard monotonicity condition, we
will work here under weaker hypotheses. Specifically, we assume that the generator g satisfies
a weak monotonicity condition in Y as well as a general growth condition in Y.

To conduct this study, we impose the following hypotheses on the generator g(w,t,Y, Z):
(H1) Weak monotonicity condition: There exists a non-decreasing and concave function
k() : RY — RT with £ (0) = 0, (u) > 0 for u > 0 and [, k' (u)du = +o0, such that

dP x dt — a.e., for all Y7,Y, € R* and Z € R¥*4:
<Yi - ng,g(’lU,t,Yl,Z) - g(wataYV%Z» S I{(|le - }/2|2)

(H2) Continuity in Y: dP x dt — a.e., for all Z € R**4_ the function Y —— g(w,t,Y,7) is
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continuous.
(H3) General growth in Y: The generator g has a general growth with respect to
Y, i.e.,dP x dt — a.e.,

VY € R |g(w,t,Y,0)| < |g(w,t,0,0)| + (]Y]),

where ¢ : Rt — R is a continuous and increasing function.
(H4) Lipschitz condition in Z: ¢ is Lipschitz continuous in Z, uniformly with respect to

(w,t,Y), i.e., there exists a constant ;1 > 0 such that dP x dt-a.e.,

VY € RkaZIaZQ € Rkde |g('lU,t,}/,Z1) - g(w,t,Y, ZQ)| < H |Zl - ZQ| :

(H5) Integrability: g(w,t,0,0) € M?(0,T;RF).

Theorem 3.1 (Existence and Uniqueness) Under the validity of assumptions (H1) to
(H5), for any terminal variable & € 1L2(Fr;R¥), the BSDEs [2.1)) admits a unique pair of
processes (Yy, Z;) belonging to the space S*(0, T; RF) x M2(0,T; RF*%).

Remark 3.1 The weak monotonicity hypothesis (H1) is a strict generalization of several

known conditions. In particular:

1. If k(u) = Au (linear), we recover the standard monotonicity condition used by Pardoux

2.

2. If k(-) corresponds to the Mao function (i.e., [, u™'du = +00), we recover the Mao

condition [10].
3. Hypothesis (H1) also covers the Osgood condition and the constantin condition.

Thus, Theorem unifies and extends the existence and uniqueness results established in
[12, 10, [7), 4].
The proof of this theorem relies on the use of a priori estimates and approximation techniques.

We start by establishing a fundamental a priori estimate.
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3.1 Estimate for the solutions of BSDEs

To establish this estimate, we introduce an intermediate hypothesis on the generator g,
denoted (A), which will serve as a technical tool (see proposition |3.1]in [6]):
(A) dP x dt — a.e., for all (Y, Z) € R* x RF¥*4,

(Y,g(w,t,Y, 2)) (Y ]) + AY[|Z] + V] ¢,
where \ > 0 is a constant, ¢, is a progressively measurable process satisfying

T
E [/0 qﬁfdt] < 400,

and 1 (-) is a non-decreasing concave function such that ¢(0) = 0.
Justification of estimation (A):
To establish this inequality, we begin by decomposing the scalar product (Y, g(¢,Y, Z)) by

adding and subtracting the intermediate term ¢(¢,0, Z), which gives us:

(Y,g(t,Y, Z)> = <Yag<t7KZ) —g(t,O,Z) +g<t>07 Z)>

= (Y, g(t,Y, Z) — g(t,0, 2)) + (Y, g(t,0, Z)) .

Regarding the first term, since Y can be written as Y — 0, we are able to apply the weak

monotonicity condition (H1) with ¥; =Y and Y, = 0. This yields:
(Y = 0,9(t,Y, 2) = 9(t,0, 2)) < w(|Y = 0F) = s([Y ).

Regarding the second term, by adding and subtracting the intermediate term g(¢,0,0), then

using the Cauchy-Schwarz inequality and the Lipschitz hypothesis (H4) with respect to the
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variable Z (with Z; = Z and Z; = 0), we obtain the following estimation:

<Yag(t707 Z)> = <Y7g(t707 Z) - g(t,0,0) +g(t’070)>
= <ng(t70> Z) - g(t,0,0)> + <K g(t7070)>
< |Y| |g(t70’ Z) - g<t7070)| + |Y| |g<t>070)|

<wlY[|Z] +1Y]]g(t,0,0)].

Finally, by grouping these estimations and identifying ¢ (-) with x(-), the constant A with p,

and the process ¢; with |g(t,0,0)|, we arrive at the desired inequality:
(Y,g(t,Y. 2)) S o(IY]") + AY[1Z] +[Y] 6.

Proposition 3.1 Assume that g fulfills (A) and let (Y;, Zi)icjo,r) denote a solution to the
BSDE associated with the parameters (§,T,g). Then, for any 6 > 0, there exists a positive

constant ¢, depending solely on X\ and 6 such that, for all 0 < u <t <T:
sup |Y,|* | F.

T
LK [/ 7.2 |]—"u]
relt,T) t

< eeT-1) {cE [1€)7F.] + c/tTw(E [Y5]? |fu})ds} L eeT-1) {%E MT ¢§ds|fu] } . (3.1)

E

Proof. To establish this estimate, we first apply It6’s formula to the function ]Yt]2 over the

interval t € [0,T]. Considering the terminal condition Y7 = ¢ we obtain:

T 1 T
\YT|2:|Y;|2—|—2/ (YS,dY;>+§ ><2/ d(Y,Y),
! T ! T
o lef = Vi + 2 / (Y, —g(s, Vs, Z.)ds + ZodBy) + / 12,2 ds
tT T ! T
o Y2 = |ef? +2 / (Vs g(s, Y, Z2)) ds — 2 / Y., Z.dB.) — / 2P ds
t t t

T T T
o W+ / 2,2 ds = €2 + 2 / (Vs g(s, Y, Z2)) ds — 2 / (Y, ZodB)) . (3.2)
t t t

Utilizing assumption (A) together with the algebraic inequality 2ab < fa? + % for any 6 > 0,
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we obtain:

2(Ys, g(s, Ys, Z5)) < 20(|Va]?) + 2N V3] | Z| + 2|V ¢

¢2
2900

1
+3 1Z,? . (3.3)

1
< 20(|Y, %) + 22|V, ]* + 3 | Z,|> + 2900 |Y,|* +

2

< 20(|Y, | 2 Yy|?

Consequently, combining (3.2)) and (3.3)) we obtain

T
|Yt|2+/ 2.2 ds
t

T 2 1 T
< | +/ 20 (|Y4]?) + (272 +2900) |Y4|? + 0 + 2| Z?| ds — 2/ (Y,, Z,dBy) .
¢ 2000 ' 2 )
This allows you to write
o 1T
Yil"+ < [ |Zs"ds
2/,
T ¢2 T
< |€]> + / lZl/J (IVL%) + (222 +2900) |Y|* + M] ds — 2/ (Y, Z,dB,),
t t
thus, we get, forall 0 <u <t < T,
1 ro ., .
éE 1 Z,? ds|F, | < X1, (3.4)
t

where

T
Xt =B [|€7|F.] + (2A% + 2900) E U Y, [? ds|.7—"u}

t

T 2
+E [/t <2¢ (1Va)%) + 2{%) ds|}"u] .
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And since |V,]* < SUD, (57 Y|, we have:

T
XL =E [ |F.] + (2% +2900) / E
t

sup |Y,[*|F, | ds
rels,T]

+E [/t <2¢ (IV:%) + zg)ﬁ) dsm] .

Moreover, by virtue of the Burkholder-Davis-Gundy inequality,the process

t
{Mt: :/ <YS7stBs>} )
0 t€[0,T]

constitutes a uniformly integrable martingale. Indeed, for every 0 < u <t < T', we have

, ;
sup [V (/ |Zsr2ds) .
re(t,T) t

2 | sup

re(t,T)

T
/ (Y, Z.dB.)
t

|7-"u] < 12F

And by applying ab < a?6 + %, we have

T 1 [ ) 144 T
2 | sup (Y, ZodB) | | Fu| < =E | sup |Y,|"|Fu| + - | Zs|” ds|F,
re[t,T] |Jt 2 | relt,T] | 4 x5 t
.| 2\ | T
< SE| sup |Y,[7|F,| + T2E |Zs|” ds| F
2 _re[t,T] } t
< +00. (3.5)

Taking into account (3.3) and ({3.5)), and using (3.2)), we deduce that

T
+E U |ZS\2ds\]-“u}
t

T
<E[¢P|F] +E [ / 2 (Y, g(s. Yy, Z,)ds) m] Lo
t

E | sup ]YT]Q]}"U

relt,T)

T
sup / (Ys, ZsdBs)
¢

re(t,T)
T
+ 72E V ]Zs|2ds].7-"u] :

t

sup \Y}|2 | Fu
relt,T]

1 T 1
<E [15\2 | Fu] + X, + §E [/ st|2dsyJ-“u} + 5]]51
t
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This allows you to write

E | sup |YT|2|]:u

relt,T)

T T
+EU |ZS|2ds|}"u] < 2X! 4+ 144F [/ |ZS|2ds|]-"u]

t t

Combining the previous estimate with (3.4)), we obtain

E | sup ]Y}]Q]}"u

relt,T)

T
+E U |ZS\2ds\fu] < 2X! + 144 x 2X!

t

< 290X

Let h(t) = E [sup,cpr Y, [Fu] + E [ftT | Z,|? ds|fu] by the definition of X!, we obtain, for

every 0 <u<t<T,

h(t) < 290 <E [1€)71F.] + (202 + 2900) /TE

sup ]Y,q|2 ]fu] ds)

reft,T)

o (8] [ (o071 ) 042
¢

T T 2
< 290E [|¢]*|F.] + 290(2)2 + 2909)/ h(s)ds +E U (580¢ (1Y5]?) + ?> dsm] ,
t t
by combining this with Gronwall’s inequality, Fubini’s theorem, and Jensen’s inequality, and
taking into account the concavity condition of v (-), we obtain inequality (3.1)). m

In the next two subsections, we present the proof of Theorem [3.1] We begin by addressing

the uniqueness part.
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3.2 Proof of uniqueness

Proof. Let (Y,', Z})icpo,r) and (Y3, Z}?)icjo.r) be two solutions of the BSDE with parameters

(&,T,g). we have

T T
Yi—ed / o(s, Y2, Z1)ds — / 71dB,,
t t

T T
Y= ¢+ / o(s, Y2, 22)ds — / 72dB,.
t t

Then (Y;' — Y2, Z} — Z?)1e01) is a solution to the following BSDE:

T T
Vv = [ ol YhZh - gl Y2 Z2)ds - [ (21 - 2B,
t t

this can be rewritten as,

T T
Y, — / 3,0, Z24) — / Z.4B., (3.6)
t t

where, Y, = V' =V}, Z, = Z — Z¢ and §(s,Y,, Zs) = g(s,Y], Z;) — g(s, Y2, Z2). By

assumptions (H1) and (H4). We get

(Y,4(t,Y, 2))

=Y, 9(t,Y +Y* Z+ Z%) — g(s,Y?,Z7))

=Y, 9(t.Y +Y* Z+ 2% —g(s,Y*, Z+ Z°) + g(s,Y*, Z + Z%)) — (Y, g(s,Y*, Z%))
=Y, 9(t,Y +Y* Z+2%) —g(s,Y*, Z+ Z°)) + (Y, g(s,Y*, Z + Z%)) — (Y, g(s,Y?, Z7))
<k(|Y[})+ (Y. g(s, Y%, Z + Z%) — (Y, (s, Y?, Z%))

= k(|Y]?) + (Y, g(s, Y%, Z + Z°%) — g(s,Y?, Z%))

<k([YP)+1Y]|g(s,Y? Z + Z%) — g(s,Y?, Z?)]

< w(IY]") +ulyllz].

Consequently, the generator §(t,Y,Z) of BSDE (3.6) fulfills assumption (A) by setting

Y (u) = k(u),\ = p, and ¢, = 0. therefore, applying proposition with the specific
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values © = 0 and # = 1, we deduce the existence of a positive constant ¢, which depends

solely on p and T, such that for every ¢ € [0,77] :

+E [/tT]ZS|2ds|.7-"0] < T {c/tTm(E [|Ys\2|.7-"0])ds},

E | sup |V,|°|Fo

re(t,T)

this allows you to write

T
B | sup v+ [ | ds
t

re(t,T)

T
< c/ K <E lsup |YT|2}) ds,
t 0<r<s

using the fact that  is an increasing and concave function, we obtain

T T
Sc/ m(E [Sup |YT|2+/ |ZT|2dT:|)dS.
t 0<r<s s

Given that fo . k Yu)du = +o0, an application of Bihari’s inequality [I] implies that, for any

T
E | sup |5c|2+/ |Z,[* ds
t

reft,T)

tel0,7],

E <0

Y

T
sup W+/ |Z,|* ds
t

reft,T)

then we will have the following equality

E =0.

T
sup ‘Y;I—Y;?‘Q—i-/ ‘Z;—fods
] t

reft,T

The proof of the uniqueness part of Theorem [3.1]is then complete. m

3.3 Proof of existence

The following result is crucial for our proof. We assume that the coefficient g does not depend

on the variable z.

Lemma 3.1 Let for each V€ M? (0,T;R**%) and & € L* (Fr; R¥) if there existe constant
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k > 0 such that

dP — a.s., [¢| < Kk, dP x dt — a.e., |g(t,0,0)| < k and |V;| < &, (3.7)

then there exists a unique solution to the following BSDE:

dY; = _g(tv Yy, V;f)dt + thBt7 te [07 T]
Yr=E¢.

(3.8)

Proof. We introduce a standard mollifier ¢ € C* (Rk,R+) supported on the closed unit
ball, and normalized such that [, ¢ (Y)dY = 1. By means of convolution, for any integer
n > 1 and given (w,t,Y) € Q x [0,7] x R¥, we construct the sequence of approximated

generators g, as follows:
gn(, Y, Vi): =n"g (¢, Y, Vy) x4p (nY),
by the definition of the convolution product, we obtain:

Gu(t, Y. Vi) = / g (tu, Vi) ¥ (nY — nu) du, (3.9)

]Rk:

By construction, the sequence g,, preserves the (F;)-progressive measurability for any given
Y € R*. Moreover,taking into account that the mollifier ¢/ vanishes outside the unit ball, the

convolution integral simplifies to:

it vV = |

Rk

- /{u i<ty <t’ T % Vt) vl 0

g(t,Y—%,%)zﬁ(u)du

By utilizing hypotheses (H3) and (H4) in conjunction with the bounds established in ([3.7)),
we obtain an upper estimate for the generator g. For any Y € R¥ and dP x dt — a.e., we begin

by adding and subtracting the term ¢(¢,Y,0) inside the absolute value, and then applying
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the triangle inequality:

9(t, Y, V)| = |g(t, Y, Vi) — g(¢. Y, 0) + g(¢, Y, 0)]
<lg(t,Y, Vi) — g(t,Y,0)[ + [g(¢, Y, 0)]
< wlVil +g(t, Y, 0)|
< wlVil 4+ 19(,0,0)| + o([Y])
< uk+ K+ ([Y])

=1+ p)r+e(Y]). (3.11)

Consequently, one can readily verify from (3.9)) that the function g,(t,Y,V;) satisfies a local
Lipschitz condition in Y, uniformly in (¢, w), for all n > 1. Moreover, by combining relations

(3.10) and (3.11)), we deduce that dP x dt — a.e., for any Y € R¥, the following bound holds:

eyl =|[ gy - L) vwa
{u: [u|<1} n

{u: [ul<1} n

< / (4 ) 5+ (Y]] 1) du
{u: Jul<1}

¥ (w)] du

—@rwrte(V) [ ewlda

{u: |ul<1}
< (1 +p) e+ e(Y])

<(A+p)r+e(Y|+1). (3.12)

Let us introduce a smooth cut-off function 6, for a sufficiently large positive integer r, which
will be specified later. This function satisfies 0 < 6, < 1, taking the value lon{|Y| < r}
and vanishing for |Y'| > r + 1. Consequently, for any n > 1, the product 6,.(Y)g,(t,Y,V;)
becomes globally Lipschitz with respect to Y, uniformly in (¢, w). To verify this, consider
two arbitrary points Y, Y’ € R¥. The Lipschitz condition holds trivially if both |Y| > r + 1
and |Y’| > r + 1; thus, it suffices to examine the case where |Y'| > r + 1. Recognizing

that 6, is globally Lipschitz and g,(¢,Y,V;) is locally Lipschitz in Y (uniformly in ¢ and w),
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we can deduce from ([3.12)) the existence of strictly positive constants C; and Cy such that,
dP x dt — a.e.,

10-(Y)ga(t, Y, Vi) — 0,:(y)gn(t, Y, V2]

= 10:(Y) {gn(t. Y, Vi) — gu(t,Y", Vi) } = {(0:(Y") — 0,(Y)) g (2, Y, Vi) }|
<10 (V)| [(gn(t, Y, Vi) = ga(t, Y, V2))]

+10:(Y') = 0,(Y)[ |gn(t, Y, V2)]

SCLY =Y+ 10.(Y") = 0,(Y)[(1 + p)s + o(|Y'| +1)]

SCY =Y+ G [(1+ p)r+ (Y[ + D]Y = Y|

SCY =Y+ G [+ pr+ (Y[ +2)][Y =Y.

Consequently, it follows from [I1] that for every n > 1, the following BSDE admits a unique

solution (Y, Z}"),co.77 :

T T
Y'"=¢+ / 0-(Y)gn(s, Y], Vi)ds — / Z"dBs, te0,7]. (3.13)
t ¢

By virtue of (H1) and (3.10), we deduce that for all n > 1 and any Y;,Y, € R* it holds
dP x dt — a.e.,

<}/1 - }éagn(ta }/17 ‘/t) - gn<t7}/2a ‘/t)>
u u
= [ 0= Yag(t Y- ) - g(t. 2 — S V)
RE n n
<w(¥i-al) [ dludu
Rk

— x(¥: - 1), (3.14)

47



Chapitre 3. An existence and uniqueness result of solutions for BSDEs under a weak
monotonicity and general growth conditions

By putting together ([3.14]) and ([3.12)), we deduce that for every n > 1 and any Y € R, it
holds dP x dt — a.e.,

Y7, 0,(Y™")gn(t, Y™, Vo)) = 0(Y") (Y™, gu (£, Y™, V2) = gn(t, 0, Vi) + 0, (Y™ ) (Y™, gn (2,0, V3))
<0, (Y"E(Y"™) + 0.(Y") [Y"] |ga(t,0, V)]

< K(IY"P) + YL+ s+ (1)}

Consequently, the generator 6,(Y")g,(t, Y™, V;) associated with BSDE fulfills condition
(A) when setting ¥(u) = k(u),A = 0, and ¢, = (1 + p)x + ¢(1). Therefore, by applying
proposition with 6 = 1 and taking into account, we can find a strictly positive
constant c—which depends exclusively on T—such that for all integers n > 1 and any 0 < u <

t<T,

T
E [ sup |[Y)? \fu} +E [/ \Z" ds]}"u}
0<s<r t
T T
< e {aael 17 e [ I PIEDds b+ e {B| [ s ppaln] |
t t
T
< e {a o [ RBVIE IS )+ e (e )T -0}
t
T
<eT {cm2 + c/ r(E [y |fu})ds} +eT{((1+ pr+e(1)*T}.
t
Moreover, the fact that  (-) is concave, nondecreasing, and vanishes at the origin (x(0) = 0)
implies that its growth is at most linear. In other words, we can find a strictly positive

constant A satisfying x(z) < A(z + 1) for all > 0. An application of Gronwall’s inequality

then leads to

T T
E [ sup |Y7"|* + / 1z |? ds\fu} <eT {C/i2 + cA/ (E [V |F] + Dds + ((1+ p)r + @(1))2T}
0<s<r t t
T T
< e {C/iz + CA/ (E [|YS"|2 +/ ]Zf|2dr|.7:u} )ds}
t t

vet {ea [Cass @ wn oy
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On note f(t) = E [supogsg,. Yo+ ftT I ds|.7—"u]. Then, we have

ft) <e”t {6/12 + cA(T —t) + (1 + )k + o(1))*T + CA/t f(s)ds}

<A{ew® + cAT + (1 + p)k + (1))*T} e =12,
By setting u = t in the preceding inequality, we obtain that for all n > 1,
T
Vte[0,T], [V*| <rand E [/ |Z;l\2ds] <r (3.15)
0

Combining (3.13)) and (3.15)), we deduce that the pair (Y;*, Z}") tejo.r) Satisfies the following
BSDE:
T T
ve—g+ [arvods— [ zas, rep). (3.16)
t t

[e.@]
We now proceed to demonstrate that the sequence of processes{(Y;”, Zt")te[0 T]} consti-
’ n=1

tutes a Cauchy sequence within the product space S (O, T, ]Rk) x M? (O, T; R’”d). To this end,
for any integers n, m > 1, we introduce the notations ynm — yn_ymand Znm = 7" — Zmo

represent the respective differences. Thus, we have

T T
s [Cpe sy ) ds- [ zimas, e, (3.17)
t

t

In this framework, the driver increment g™ (s,Y,V;) = g, (s, Y + Y V) — gm (s, Y™, Vi)
for any Y € R*. By leveraging the result established in (3.14) and applying the Cauchy-
Schwarz inequality (X,Y) < |X]|Y], it follows that for every Y € R¥, the following holds

true dPP x dt — a.e.,

(Y, g"" (£, Y, V) = (Y, 90 (£, Y + Y, Vi) — g (£, Y™, V2))
= <}/7 9n (tv Y + Y;Emv V;f) — 9m <t7 §/tm7 ‘/t) — 9n <t7 }/tm7 Vt) + 9n (tv Yma Vi»

<& ([YF) + Y] lgn (£, Y™, Vi) = g (1, Y, V)]
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Consequently, the generator g™™ (¢,Y,V;) associated with BSDE (3.17) complies with the

requirements of assumption (A) by identifying ¢ (u) = x (u), A = 0, and

(bt = ‘gn (tv Y;‘/ma V;) — 9m <t7Y;‘,ma Vt)| .

By invoking proposition [3.1] with the parameters u = 0 and # = 1 we can establish the

existence of a positive constant ¢, which depends solely on 7" such that for every t € [0,7],

~ 2 T, 2
E | sup Y™™ —l—E{/ zZm ds]
relt,T) t
T R 9 T
<c / kB sup [V7m[ ] ) ds+cB U |gn<s,1@m,vs>—gm(s,nm,m>12ds]- (3.18)
t re(s, T 0

Conversely, (3.10) implies that for all integers n,m > 1, every s € [0,7], and Y € R* it
holds dP x dt — a.e.,that:

o (Y V) =0 (X VO = | [ (o (3= B0) =g (3 = 202) 0

<)
{u: |u|<1}

In light of assumption (H2), the estimate (3.15)), and the uniform continuity theorem, it

g (5770 =2V =g (5.7 = V)| () du.

is straightforward to see that lim, ;e }g (s,YSm -2 VS) —g (s,Y;m -z VS)‘ = 0 holds

n’ m’

dP x dt — a.e., for any u € R*. Furthermore, applying (3.11]) alongside (3.15) ensures that

for all s € [0,T], n,m > 1, and u € R¥ satisfying |u| <1,

S )g (S7Ysm - E7‘/8)
n

‘g<87)/sm_37‘/;)_g(87ysm_£7‘/s> _i_’g(s,}gm_ﬂ’%)
n m m

u
Ysm—ED—FunerJrgo(

u u
(e )
n m

<2(k+ps+p(r+1)).

§f<a+s0< Ysm—EDJrM
m

:2(/<a—|—,tm)+<p<

20
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Then, we obtain

gn (5, Y™, Ve) = g (8, Y], V3)| < 2/ (K +pr+@(r+1))¢Y (u)du

{u: Jul<1}

:2(/f+;m—|—go(r—|—1))/ Y (u) du

{u: |ul<1}

s =2(k+us+p(r+1)).

Consequently, two successive applications of Lebesgue’s dominated convergence theorem lead

to the following;:

T
lim E {/ |G (5, Y V) = g (5, Y, V)P ds] = 0. (3.19)
0

n,m—00

Next, for any ¢ € [0, 7], let us define

HE:,U

Recalling the estimate (3.18)) and using the non-decreasing property of « (-), we can inject

R (t): =K | sup }A/S”’m

’2
s€t,T]

2
ngm) ds] and h(t) = lim suph™™(t).

n,Mm— 00

the positive integral of Z inside k. Denoting this sum by A™™ (-), we obtain:
2
sup

T
+E { /
relt,T] t
. _
<ec / K (E sup
t re(s, T

T T T T
gc/ k|E | sup |Y,"" ds+c/ /@(E[/
t _rG[s,T] | t s

T
0

~
ynm

T

E

—~ 2
ngm‘ ds}

~ 2
n,m
Y,

T
> dS+CE |:/ \gn (S,Y;m;‘/s) — 9m (S>Y’sm7VS)’2d8:|
0

a] )

Zn,m
zZy
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Now, applying the lim,, ,,,—,c sup to (3.18)) and taking into account relation ([3.19)), the second

2
ds
9 T
+f

term vanishes, which leaves us with:

~

Znm

s

vn,m
‘Yr7

2 T
o
t

vn,m
.}/;,.’

lim suplE ( sup

n,m—00 relt,T)
T

<c¢ lim sup / k| E
n,m— 00 ¢

this last one allows us to write the following

Z\nm
)

sup I

rée(s, T

2
du| | ds,

n,M—00 n,1Mm—00

T
lim suph™™(t) <c lim sup/ Kk (h™™ (s)) ds.
¢

Furthermore, the function h (t) is properly defined by (3.15]). By means of Fatou’s lemma,combined
with the fact that x () is continuous and non-decreasing, we obtain the following integral

bound for each ¢ € [0, T :

h(t) gc/tTH( lim Suph”’m(s)) dsgc/tT/{(h(s))ds.

n,m—00

Consequently, in light of the condition fo + k71 (u) du = 400, Bihari’s inequality dictates that

h(t) < 0. Coupled with the obvious positivity & (t) > 0, we conclude that h () = 0 for all ¢.

il

This implies that the sequence of processes {(Y;”, Z7) te[0 T]} forms a Cauchy sequence
’ n>1

Thus, at t = 0, we have:

2

Anm Anm
Y," Zs

sup
re(t,T)

lim {E

within the product space S? (0,7;R¥) x M? (0, T; R¥*4).

To conclude the proof of this lemma, we denote (Y, Zt)te[O,T] as the limit of the convergent

sequence {(Yt”, Z8) o T]} within the product space S (0, T;R¥) x M? (0, T; R*4). By
’ n=1

taking the limit as n — oo in the sense of uniform convergence in probability (ucp) for equa-

tion (3.16)), and relying on Lebesgue’s dominated convergence theorem alongside assumption
(H2) and estimates (3.10) — (3.12)) and (3.15)), we verify that the pair (Y, Z;)¢cjo,r is indeed
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the unique solution to BSDE (i3.8)). This completes the proof of the lemma 3.1, =

Lemma 3.2 Let V € M? (0, T;R¥*?) and & € L? (Fr; R¥). We assume that there eists a

constant k > 0 such that
dP — a.s.,|&| < k and dP x dt — a.e.,|g(t,0,0)| < &, (3.20)

then the BSDE (3.8]) has a unique solution.

Proof. Let us introduce the truncation function ¢, (Z) = (|ZZ|—$n)’ for any integer n > 1 and
Z € RF*4 Tt is easy to observe that this function satisfies the bound |g, (Z)| < |Z]| A n.
Relying on the result established in the previous lemma [3.1], we can guarantee that for every

n > 1, there exists a solution pair (Y;", Zt”)te[O,T} satisfying the subsequent BSDE:
T T
ve—er [ g raVds— [z, telor). @2
t t

o
We now proceed to demonstrate that the sequence of processes{(Yt”, Zt”)te[0 T]} con-
’ n=1
stitutes a Cauchy sequence within the product space 8% (0,T;R*) x M? (0, T;R*?). To
this end, for any integers n,m > 1, we introduce the notations ynm — yn — Y™ and

Znm = gn _ gm tq represent the respective differences. Thus, we have

T T
yrm = / gom (sY"mv) ds — / ZrmdB,,  te[0,T). (3.22)
t

t

In this framework, the driver increment

gﬂ’m (57 Y, VS) = 9(57 Y+ Y qn (V;)) - g(s, Y™, am (V:s)) for any Y € RF

S S
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By leveraging hypotheses (H1) and (H4) and applying the cauchy-schwarz inequality (X,Y) <

| X|]Y], it follows that for every Y € R*, the following holds true dP x dt — a.e.,

(Y, g™ (£, Y, V)

= (Y, g(t,Y + Y, 4. (V) — 9 (£, Y{", 4 (V)

=Y, g(t.Y + Y, an (V1) = g (£, V)", am (Vi) — g (Y], ¢ (Vi) + 9 (£, Y], 4 (V2)))
=Y g(t.Y +Y", 4. (Vi) =9 (&, Y™, ¢a (VD)) + (V.9 (£, Y/, ¢n (V1)) — g (£, Y/ g (V2)))
<k (IYP) + Y9 (6 Y™ a0 (V) = g (8, Y™, g (V1))

<K (IYP) + 1Y gn (Vi) = g (V2)]

Consequently, the generator g™ (t,Y,V;) associated with BSDE ([3.22)) complies with the re-
quirements of assumption (A) by identifying ¢ (u) = & (u) , A = 0 and ¢, = 1 |gn (V2) — ¢ (V3)].
By invoking proposition |3.1| with the parameters © = 0 and § = 1,we can establish the exis-

tence of a positive constant ¢ > 0, which depends solely on T" such that for every ¢t € [0, 7],

2 Ty 2 T 2
E | sup anm‘ +/ Z;””) ds Sc/ k| E | sup YTnm‘ ds
relt,T] t t re(s,T]
T
e R AT SR
0

o4
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Taking into account the linear growth bound « (z) < A (z + 1) valid for all z > 0, we have

the following estimate for every t € [0, 7] and integers n,m > 1,

E

sup
relt,T)

T
Sc/ AE | sup
t

_TE[S,T]

T
§CA/ E
t

n,m
}//r’

_TE[S,T}

-
§CA/E
t
-
§CA/E
t

_TE[S,T}

_TE[S,T}

sup

sup

sup

9 T
o
t
T
Sc/ m(E sup
t

| 7€ [s,T]

~ 2
Z™ ds

2] r
y ) ds + cp*E [/ lan (V2) = g (V) ds]
0
N 2] T 2
0

2 T
Y ds + cA(T — t) + cp®B U (Ign (VO I? + lam (Vi) [?) dS}
0

T
Y| ds + cAT + 2ci°R [ / V. |? ds}
0

~ 2 T
an,m + /

—~ 2
Z{j’m) du

T
ds + cAT + 2ci°E {/ |V5|2ds] :
0

An application of Gronwall’s inequality leads to the following estimate for every t € [0, 7]

and integers n,m > 1,

E

sup
relt,T)

~ 2 T
Yn,m‘ 4 /
t

~

Zmm

s

9 T
ds] < (CAT + 2cp*E {/ V|2 ds}> L ecA S ds
0

T
< (cAT—{—Qc,uQE [/ |Vs|2ds}> ceAT
0

The inequality (3.23)) allows us to write the following

~
ymm

T

E | sup

relt,T)

T
gc/ﬁE
t

, -
gc/ﬁE
t

sup
| re [,

sup

re [s,T

2 T
o
t

~

Znm

s

2
ds

T
) ds+ cp® lim supE [/ |0 (V) — am (Vs)‘gds]
7,M—00 0

2 T
o

—~ 2
n,m
Y,

~

ynm

ATL m
; Zr

: du] ) ds + cpi’E UOT lan (V) = g (VO)I* dS}
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Now, applying the lim,, ,,,—, sup to inequality (3.23)), and noting that the truncation differ-

ence |g, (Vi) — qm (V)| vanishes almost everywhere, then, we obtain

2 T 2
lim suplE | sup ‘Yfm’ +/ ‘an’m‘ ds
n,m—00 relt,T] t
T ~ 2 T . 2
<c¢ lim sup/ k| E | sup anm’ —|—/ ng’ du| | ds
n,m—00 t re(s,T) s

T
& lim suph™™ (t) <c¢ lim sup/ Kk (R™™ (s))ds.
¢

n,m—00 n,m—00

By means of Fatou’s lemma, combined with the fact that x(-) is continuous and non—
decreasing, we can pass the limit inside the integral. This yields the following bound for
each t € [0,77] :

h(t) gc/tT/-i( lim suph”’m(s)) dsgc/tTF;(h(s))ds.

,1M—00

Consequently, in light of the condition fo . k1 (u) du = +oo, Bihari’s inequality dictates that
h(t) < 0. Coupled with the obvious positivity h(t) > 0, we conclude that h(t) = 0 for all .

Thus, evaluating at t = 0, we have:

~ 2 T 2
lim {E|sup V"] | +E [ / ‘Z;%m ds] _
n,m—00 r€[0,T] 0
This rigorously demonstrates that the sequence of processes {(Yt", Zf)te[0 T]} forms a
’ n>1

Cauchy sequence within the product space S (0,T;RF) x M? (0, T;R**%). To conclude
the proof of this lemma, we denote (Y}, Zt)te[o,T] as the limit of the convergent sequence
{(Yt”, Zf)te[o,T]};:l within the product space S? (O,T; Rk) x M? (O,T; RkXd). By taking
the limit as n — oo in the sense of uniform convergence in probability (ucp) for equa-
tion , and relying on Lebesgue’s dominated convergence theorem alongside assumption
(H2)—(H4), we verify that the pair (Y}, Z;)¢cjo,r) is indeed the unique solution to BSDE

(3.8). This completes the proof of the lemma. m

Lemma 3.3 Let £ € .2 (]:T; R’“) , if condition (3.20)) holds, then there existe a unique solu-
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tion to the BSDE (3.8).

Proof. Building upon the conclusion of the preceding lemma we construct the Picard
iterative sequence. For any integer n > 1, this sequence is defined recursively by the following

system:

T T
e s, Yr, 2V ds — [T ZzndB,,  te[0,T],
4 J, g( ) I, [0, T (3.24)
(Y, Z7) = (0,0).

By (H1) and (H4), we have dP x dt — a.e., for each Y € R*

Y,g(t.Y, 2} ")) = ,g(t Y, ZY) —g(£,0,27") + g (¢,0,277Y))

Y,g(£,Y,Z)7") — g (6,0, Z77")) + (Y, g (£,0,Z71))

<k (|Y|2) +[Y]|g (t,0,Z77Y)|

<k (|Y]*) +|Y]]g (£,0,Z17) — g(t,0,0) + g(¢,0,0)|

<k (V") + Y] (lg (£.0, 277" — g(¢,0,0)| +|g(t,0,0)|)
(

<k (|Y]*) + Y] (|27~ +19(2,0,0)]) .

Consequently, the generator associated with BSDE ({3.24)) fulfills condition (A) by setting
¥ (u) =k (u), A =0and ¢, = pu| 2| +g(t,0,0)| . Therefore, applying propositionwith

u = 0 and 6 = 162, alongside the algebraic inequality (z 4 y)* < 222 + 2y?, ensures the
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existence of a positive constant ¢ > 0, depending solely on p, such that for every ¢t € [0,7] :

E

T
sup [V + / |Z:|2ds]
t

relt,T)

< st {E ) ve [ (E ) ds}

vt et [z + o001 4

< st {E P)ve [ (E ) ds}

sl o ([ g (o)

T 1 T
< eC(T_t)M(t) + ceC(T_t)/ K (E ) ds + eC(T_t)gE {/ ‘Z;“_lf ds} ,
t t

sup Y7
re(s,T)

sup [Y;"|”
r&(s,T]

sup |Y;"[?
re(s,T)

where, in view of condition ([3.20)),

M(t) = cB (j¢]%) + 8%215 UtT |g(s,0,0)|2ds}

1 T KT
§0ﬁ2+—/§2E[/ ds}ﬁcnz—i——::M.
8u? t 8

We introduce the time threshold 77 = max {T — 1“72, T— é‘z—i, O}. Consequently, whenever
t € [Ty, T, the specific choice of T} ensures the validity of the exponential bounds "% < 2

2cA(T—t)

and e < 2. Furthermore, we obtain

T 1 T 9
§2M—|—20/ k| E ds+ B [/ |z ds]
t t

Additionally, keeping in mind the linear growth condition x (z) = A (z + 1) valid for all

E sup |v;"[?
re(s,T)

T
sup |V + / 20 ds
t

relt,T)

x > 0, an application of Gronwall’s lemma on the interval [T7,7] leads to the following
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estimate

T
B | sup v+ [ 122 ds
t

reft,T)

T i 1 1 T
§2M—|—20/ k|E | sup |an|2 ds + -E [/ }Z§_1|2ds]
t _re[s,T] 4 t

T 1 T
< 2M + 20/ (AE sup |YT”|2 + A) ds + ZLE {/ ‘Z;‘_l}st]
. ¢

_TG[S,T]
T 1 T 9
ds—l—QCA/ ds + 1B [/ |Z2 7 ds}
t t

1 T
ds +2cA(T =) + 7B {/ |Z§‘1\2ds}
t

T
<2M + QCA/ E | sup |Y]?
t _TE[S,T}

T T
< 2M+20A/ E | sup |Y"]? —I—/ | Z7 du
t s

| re [,T]

1. /" T
< <2M + 2¢AT + Z_IE / |Zg71|2 ds > @20AftT ds
L/t |

1.7 (T T
S <2M + 2cAT + Z__lE / |Z;L71{2 ds > 62CA(T*t)
Lt |

1 [ /" ]
< <4M+40AT+§E / |z ds >
LJt i

proceeding by mathematical induction, we can conclude from the above estimate that for all

integers n > 1 and every ¢ € [T}, 7], we obtain

E |2

sup |Y"
relt,T)

T 1 T
+E[/ |Z§|2ds}§4M+4cAT+§E[/ ‘Z;“‘lfds].
t t
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By dropping the non-negative supremum term on the left-hand side, we deduce a recursive

inequality for Z", which we then iterate successively down to the initial term n = 0 to obtain:
T
JRARE
t

1 g n—1|2

<AM +4cAT + SB |27 ds
t

1 1 r n—2|2

< AM +4cAT + 5 §4M + 4cAT + 5B |Z27%|" ds
t
1 1 1 r _312
< (4M + 4cAT) + 3 (4M + 4cAT) + 1 94M + 4cAT + B 12273  ds
t

1 1 1 1 T
< (4M + 4cAT) + 3 (4M + 4cAT) + 1 (4M + 4cAT) + 3 {4]\/[ +4cAT + SB [/ |Z=4) ds} }
t

1 1 1 1 r
< (4M + 4cAT) + 3 (4M + 4cAT) + 1 (4M + 4cAT) + S (4M + 4cAT) + -+ + T [/ \ZS}st] :
t

recognizing the partial sum of a geometric progression, this bound can be explicitly computed

as:

]_ _
(4M + 4cAT) x -6

Substituting this upper bound back into the initial estimate, and using the fact that 1— (%) "<

1 for all n > 1, we finally arrive at the uniform bound:

B | sup Y7
re(t,T)

T
1
+E [/ |Z§|2ds] < AM + 4eAT + 5 (2(4AM + 4cAT))
t

: = 8M + 8¢AT. (3.25)
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Subsequently, for any pair of indices n,m > 1, we introduce the notations ynm —yn _ym

and 2™ = 7" — 7™ to represent the respective differences. Consequently, we obtain

T T
yrm = / g (s ¥ ds - / ZrmdB,, e 0,17, (3.26)
t t

in this framework, the driver increment "™ (s,Y) = g (s, Y + Y™ Z"71) — g (s, Y™, Z™ 1)
for any Y € R*. By leveraging hypotheses (H1) and (H4) and applying the Cauchy-
Schwarz inequality (X,Y) < |X||Y], it follows that for every Y € R*, the following holds

true dP x dt — a.e.,

YV, g™ (t,Y) = (Y9 (Y +Y", 207") — g (.Y, Z171))
=Y, g(t,Y+Y" 2 —g (&Y, 2 — g (6, Y, 20 ) + g (£, Y, Z71))
< (Yog (&,

<k (IYP)+IY] g (6Y™ 207Y) —g (6Y, 2]

<n(YP)

LY + Y 20N — g (Y, 20 + (Y, g (6,Y7, 207N — g (6Y,", Z7Y))

nlml

Consequently, the generator g™™ (t,Y") associated with BSDE ([3.26)) complies with the re-

quirements of assumption (A) by identifying ¢ (u) = x(u), A = 0 and ¢; =

By invoking proposition with the parameters u = 0 and 6 = 8u2, we can establish the

existence of a positive constant ¢ > 0, which depends solely on p such that for every ¢ € 0,77,

2 T2
E | sup ’ +E {/ ‘Z;””‘ ds]

re(t,T) t

_ T 2 _ 1 T, 2
< 4T E/ k| E | sup ’ ds p 4 T { 2u2E {/ T ‘ ds} }

t rels,T) 8 t
_ T ~ 2 ee(T—t) T . 2
< EeC(T_t)/ k| E | sup ‘YTn’m‘ ds + E {/ [ ‘ ds] .
¢ re[s,T] 8 ¢

Without loss of generality, we may assume that ¢ = c¢. Reintroducing the time threshold
T} = max {T — lnTZ, T — ;ré—j, 0}. Consequently, whenever ¢ € [T1, T, the specific choice of T}

ensures the validity of the exponential bounds e“T*) < 2 and e2*4(T—* < 2. Furthermore,
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we obtain

~ 2 Ty 2
E | sup an’m‘ +E {/ Z;”"‘ ds}
relt,T) t
T 2 1 T, _ 9
< 20/ k| E | sup anm‘ ds + -E [/ Z;L_l’m_l‘ ds] .
¢ rels,T] 4 ¢

Our next objective is to demonstrate that the sequence{(Y;", ZP )eerr,m }n>1 forms a Cauchy

sequence within the space S? (T3, T;R*) x M? (Ty, T;R¥*?). To this end, for any integers

—i—E[/tT 2ds}.

In view of the uniform estimate established in (3.25) and the preceding derivation, we have

n,m > 1, we define:

~ 2 ~
R (t) =E | sup |Y,™ zmm

relt,T)

2

for every t € [T3,T] :
E | sup

T 2
+ E [/ ds]
relt,T) t
T i 9] 1 T, 9
< 20/ k| E | sup ds + -E l/ ‘Zf’l’m’l ds]
t _re[s,T] ] 4 t

T 2 T T 9 1 T
SZC/ k|E| sup |V, d8+20/ m<E[/ dr})ds—l——E{/
t _re[s,T] i t s 4 t

Let h(t) = limsuph™™(t). Since the sequence is uniformly bounded by (3.25)), h(t) is well-

Anm Anm
Y," Zs

v n,m
.}/r?

n,m 7n—1,m—1
Zr Zs

2
ds] .

defined and finite. By taking the limsup on both sides of the previous inequality it follows
that:
~ 2 T, . 2
lim supE | sup anm) +E {/ ‘Z;””‘ ds]
n,m—00 ret,T] t
T —~ 2 T, . 2
<2c lim sup/ KE | sup ‘anm +/ Zm du)| ds
n,m—00 t re(s,T) s

7n—1,m—1
Zs

2
ds] ,

1 T
+ - lim supE [ /
4 n,m—oo ¢
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the latter is equivalent to the following

T,,M—00 n,Mm—00 n,Mm—00

T
1
lim _sup " (1) < 2 lim sup [ (1 (9)ds+ ; lim_suph® ),
t

thus, we obtain

h(t) <2 Tim sup /t U (T (s) s+ ).

n,1M—00 4

By virtue of Fatou’s lemma and the continuity of the function « (-), we can pass the limit

inside the integral:

h(t) < 2 /t . (nﬂlggoo sup ™" (s)> ds + ih(t) <2 /1t *lh(s))ds + }lh(t).

Rearranging the terms, we obtain:

zh(t) < 2c /tT k(h(s))ds, vt e 11,17,

then, we get
T
h(t) < —/ k(h(s))ds, vt e [T1,T].
t

Given that « (-) is a non-decreasing concave function with « (0) = 0, and since it satisfies
the Osgood condition [, x™'(u)du = +oco from hypothesis (H1), an application of the
uniqueness case of Bihari’s inequality dictates that h(t) < 0. Coupled with the obvious

positivity h(t) > 0, we conclude that h(t) = 0 for all ¢ € [T}, T]. Thus, we have

T 2
lim (E +E [ / ds] =
,M—00 ¢

This rigorously demonstrates that {(Yt", AR }n>1 is indeed a Cauchy sequence. By the

~ 2 ~
sup }/Tn,m Z:,,m
relt,T)

completeness of the process space S? (11, T; R¥) x M? (T3, T; R¥), the sequence converges
to a limit (Y3, Z;), which constitutes the unique solution to the BSDE over the interval [T7, T'.
By taking the limit in the ucp sense for the BSDE (|3.24)) and employing Lebesgue’s dominated

convergence theorem alongside assumptions (H2)—(H4), it follows that the limit process
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(Yi, Zt )iy ) satisfies the BSDE with parameters (£,7),g) over the interval [T3,7]. The
step size T' — T} is a positive constant determined solely by p and A. Consequently, this
construction can be extended to the entire interval [0, 7] by repeating the same argument
over a finite number of successive sub-intervals [T;,1,7;]. m

Now, let us address the proof of the most important results of this section, namely Theorem

B.1
Proof. Let us approximate the generator g(¢,Y, Z) and the terminal condition £ to satisfy

the bounds assumed in the preceding lemma |3.3] For any integer n > 1, we introduce the

truncation function ¢, (x) = nvn for each = € R*, and we define:

fn: =(qn (f) and Jn (t,)/, Z) =49 (t7Y7 Z) -9 (t,0,0) + an (g (t,0,0)) : (327)

Clearly, the sequence of generators g, satisfies the assumptions of the previous lemma, and

by virtue of (H5) and Lebesgue’s dominated convergence theorem, we obtain as n — oo :

T
E [|6, — énl?] — 0 and E [/0 g0 (9 (5,0,0)) — g (5,0,0)Pds| 0. (328

Relying on the result established in the previous lemma, we can guarantee that for every

n > 1, there exists a solution pair (Y,", Ztn)te[O,T} satisfying the subsequent BSDE:
T T
Y =&, +/ gn (8, Y, Z2) ds — / ZdBg, tel0,7]. (3.29)
t t

Subsequently, for any pair of indices n,,m > 1, we introduce the notations ynm —yn_ym

and Znm = 7" — 7™ to represent the respective differences. Consequently, we obtain

T T
=gt [ (s Tz s [ Zimap, teTl. (330)
t

t

In this framework, the driver increment for each pair (Y, 7) € RF x R¥*d

g (8, Y5, Zs) s = gn (8, Y + Y 2+ Z]) — g (5, Y Z])
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By considering the formulation provided in ([3.27]), leveraging hypotheses (H1) and (H4),
and applying the cauchy-schwarz inequality (X,Y) < |X]||Y], it follows that for every (Y, Z),

the following holds true dP x dt — a.e.,

(Y, g™ (1Y, Z))
=Yg 0Y + Y Z+ 2Z7) — g (£, Y™, Z}"))

= <Y’gn<t7Y+Y;m’Z+Z;n)_gn(t>Y;tm7Z+Ztm)>+<Y’gn<t7y;tm>Z+Ztm)_gm(tﬂy;:m>ZZn)>

IN

ot ’Y’ ) an (t Y;t 7Z+Zm> QM(tnmaZtm)_gn(uyim’Ztm)_'_gn(tﬁy{tmaztm»

Y gn t th7 Z+ Zm) Gn (thtm7 Zzn» + <Yv gn (t’tha Zzn) —9m (t,Y;/m, Zln»

IN

K

R

(

s (IYF) +
(
(

Y1) Y] 1ga (0, Y Z + Z7) = g0 (Y7, Z0)| + |V | gn (8, Y7, Z1) = g (8, Y™, Z°)]

IA

V%) + 1Y 1Z] + Y] 1gn (9 (£,0,0)) = am (g (£,0,0))]

Consequently, the generator g"™ (t,Y, Z) associated with BSDE (3.30) complies with the

requirements of assumption (A) by identifying ¢ (u) = k (u) , A = p, and

¢r = 1qn (9 (,0,0)) — g (g (£,0,0))] .

By invoking proposition with the parametersu = 0 and § = 1, we can establish the

existence of a positive constant ¢ > 0, which depends solely on 7" and p, such that for every

€[0,77]:
~ 2 T2 9 T 2
E | sup Y™ ’ —I—E[/ v ‘ ds}gcﬂﬂ“fn—fm”—l-c/ k| E | sup ‘ ds
relt,T) t t re(s,T)

v [ 100 (9(5,0.0)) — g (9 (50,00 ds].

(3.31)

Taking into account the linear growth bound k() < A(z+1) valid for all x > 0, an

application of Gronwall’s inequality leads to the following estimate for every ¢ € [0, 7] and
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integers n,,m > 1,

~ 2 T 2
E | sup |Y,"™ +/ Z;””‘ ds
relt,T) t
T e T
< cE [|§n — §m|2} + c/ k| E | sup YTn’m‘ ds + clE {/ lgn (9 (5,0,0)) — g (g (s,(),O))|2 ds]
t re(s,T) 0

—~ 2
sup |77
re(s,T)

~ ‘2
T
< 2cE [|§|2] +CA/ E | sup
t

~ 2 T
Sy
_TG[S,T] s

T
< <20]E Ufﬂ + cAT + 2cE [/ lg (5,0,0)\2615}) AT
0

< 2¢E [[¢]7] +c/t (AE

T
< 2cE [|€|2] + CA/ E | sup
t

_TG[S,T]

T
ds + cA(T —t) + 2cE {/ |g(s,0,0)|2d5}
0

2 T
‘ du| ds + cAT + 2¢E {/ lg (5,0, O)|2 ds}
0

Now, applying the lim,, ,,—,o sup to estimate (3.31]), and noting that the truncation difference
&0 — Enl” and |g, (g (5,0,0)) — gm (9 (5,0,0))|* vanish almost everywhere as n,m — co due

to the convergence properties established in (3.28)), we are left with

~ 2 Ty 2
lim suplE | sup K"m’ +/ Z;‘m‘ ds
n,m—00 relt,T) t
T ~ 2 T2
<c lim sup/ kE | sup Y,f”"‘ —|—/ Zm ds
n,m—00 t re(s, T s

T
lim suph™™ (t) <c¢ lim sup/ Kk (h™™ (s))ds.
t

n,Mm—00 n,Mm—00
By means of Fatou’s lemma, combined with the fact tha x(:) is continuous and non-
decreasing, we can pass the limit inside the integral. This yields the following bound for

each t € [0,77] :

T
I{

T
c/ /£< lim sup ™™ (s )) ds
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Consequently, in light of the condition [, x'(u) = +o0 from hypothesis (H1), Bihari’s
inequality dictates that h(t) < 0. Coupled with the obvious positivity h(t) > 0, we conclude

that h(t) = 0 for all . Thus,evaluating at ¢ = 0, we have:

~ 2 T . 2
lim {E| sup |V,""| | +E [/ ‘Z;"m ds] =0.
T,M—00 re(t,T) t
This rigorously demonstrates that the sequence of processes {(Y;”, Z7) [0 T]} forms a
) n>1

Cauchy sequence within the product Banach space S? (O, T, Rk) x M? (0, T, RkXd). To con-
clude the proof of this lemma, we denote (Y, Zt)te[O,T} as the limit of the convergent sequence
{(Yt", ZP) o) }:;1 within the product space 8% (0, 7; R*) x M2 (0, T; R*?). by taking the
limit as n — oo in the sense of uniform convergence in probability (ucp) for equation (3.29)),
and relying on Lebesgue’s dominated convergence theorem alongside assumptions (H2)—
(H4) and estimates ([3.28)), we verify that the pair (Y, Zt)te[O,T} is indeed the unique solution
to the BSDE associated with parameters (£, T, ¢). This completes the proof of the theorem

BI m
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Conclusion

In this work, we studied the existence and uniqueness of solutions for BSDEs within a
framework of relaxed assumptions. Unlike classical approaches that rely solely on the Lip-
schitz condition, our objective was to expand the validity of these results to a broader class
of equations by considering the weak monotonicity condition.

We first laid the necessary theoretical foundations, covering essential concepts from stochas-
tic analysis, including conditional expectation, martingales, and Itd’s calculus. We then
reviewed the classical existence and uniqueness results for BSDEs under the standard Lip-
schitz hypothesis, which served as a reference point for our extensions.

The core contribution of this thesis lies in analyzing BSDEs under the hypothesis of weak
monotonicity and general growth. We demonstrated that the existence and uniqueness of
solutions remain valid under this less constraining condition, which notably generalizes both
Mao’s monotonicity condition and the Osgood condition.

To achieve these findings, we leveraged a combination of powerful mathematical tools, in-
cluding a priori estimates and generalized Gronwall’s inequalities. These techniques were
crucial in overcoming the analytical challenges posed by relaxing the Lipschitz constraint on

the generator function.

68



Bibliography

[1] Bihari, I. (1956). A generalization of a lemma of Bellman and its application to unique-

ness problems of differential equations. Acta Mathematica Hungarica, 7(1), 81-94.

[2] Bismut, J. M. (1973). Conjugate convex functions in optimal stochastic control. Journal

of mathematical analysis and applications, 44(2), 384-404.

[3] Brezis, H. (2011). Functional Analysis, Sobolev Spaces and Partial Differential Equa-

tions. New York, NY: Springer.

[4] Constantin, G. (2001). On the existence and uniqueness of adapted solutions for
backward stochastic differential equations. Analele Universitatii din Timisoara, Seria

Matematica-Informatica, 39(2), 15-22.

[5] El Karoui, N., Peng, S., & Quenez, M. C. (1997). Backward stochastic differential equa-

tions in finance. Mathematical finance, 7(1), 1-71.

[6] Fan, S. J., & Jiang, L. (2013). Multidimensional BSDEs with weak monotonicity and

general growth generators. Acta Mathematica Sinica, English Series, 29(10), 1885-1906.

[7] Fan, S., Jiang, L., & Davison, M. (2013). Existence and uniqueness result for multidi-
mensional BSDEs with generators of Osgood type. Frontiers of Mathematics in China,

8(4), 811-824.
[8] Kuang, J. C. (2004). Applied inequalities. Shangdong Science Technic Press, Jinan.

[9] Le Gall, J. F. (2022). Measure theory, probability, and stochastic processes (Vol. 295).

Springer Nature.

69



Bibliographie

[10] Mao, X. (1995). Adapted solutions of backward stochastic differential equations with

non-Lipschitz coefficients. Stochastic Processes and their Applications, 58(2), 281-292.

[11] Pardoux, E., & Peng, S. (1990). Adapted solution of a backward stochastic differential

equation. Systems & control letters, 14(1), 55-61.

[12] Pardoux, E. (1999). BSDEs, weak convergence and homogenization of semilinear PDEs.
In Nonlinear analysis, differential equations and control (pp. 503-549). Dordrecht:

Springer Netherlands.

[13] Revuz, D., Yor, M. (2005). Continuous Martingales and Brownian Motion. Berlin:

Springer.

[14] Saouli, M. A. (2026). Multidimensional generalized discontinuous BSDEs with weak
monotonicity and general growth coefficients. Random Operators and Stochastic Equa-

tions, (0).

[15] Shreve, S. E. (2004). Stochastic calculus for finance II: Continuous-time models (Vol.

11). New York: springer.

70



Appendix A

Some mathematical tools

Definition A.1 (Convolution Product) [3] Let f be a locally integrable function on R?
and ¢ be a continuous function with compact support. The convolution of f and ¢, denoted

by f * ¢, is the function defined for all z € R? by:

(F0) ) = [ Fw)o(e—v)dy

Definition A.2 [3] A sequence of functions (Vn,), o« 15 called a sequence of standard mol-

lifiers if it is generated from a "prototype” function ¢ € C (]Rd) satisfying:
1. ¢ (x) >0 for all v € R%
2. The support of v is contained in the unit ball {z € R : |z| < 1}.
8. Jpa® (x)dz = 1.

The sequence is then defined as:

Yn (2) = (na).

Approximation by Convolution As applied in the current work, for a given generator

g (t,Y, V), the sequence of approximated generators g, is constructed using the convolution
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product:
i 0YV) = [ gt V) = w)du
Rk

By a change of variables u =Y — £, this integral is equivalent to:

gn(t,KV):/|Z<1g(t,Y—§,V> U (2) d2

This approximation ensures that g, is locally Lipschitz with respect to Y, even if the original

function ¢ is only continuous.

Theorem A.1 (Lebesgue’s Dominated Convergence Theorem) [9] Let (2, F,P) be a
probability space. Suppose that (f,)nen S a sequence of measurable functions that converges

pointwise to f for almost every w € ). If there exists an integrable function g such that:
| fu(w)| < g(w), for almost all w € €,

then the limit function f s also integrable, and we have:

lim / |fu — f|dP = 0.
n—oo Q

Lemma A.1 (Fatou’s Lemma) [9] Let (2, F,P) be a probability space and {X,} ea

neN

sequence of non-negative random variables (or measurable functions). Then:

E [lim inf Xn] < lim inf B [X,].

n—o0 n—oo

In terms of integration, it is expressed as:

/ lim inf X, (w) dP (w) < lim 1nf/X
Q

n—0oo n—0oo

Remark A.1 (Superior and inferior limits): For any sequence of real numbers {a,},

we define
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1. Limit inferior (liminf): The smallest limit point of the sequence. It represents the

"eventual lower bound" and is defined as:

lim inf a,, = lim (inf ak) .

n— 00 n—oo \ k>n

2. Limit superior (limsup): The largest limit point of the sequence. It represents the

"eventual upper bound" and is defined as:lim,, .. sup a, = lim,, . (Sup@n ak) )

The Relationship between them:

1. Always: lim,, ., inf a, <lim,_, . sup a,.

2. Convergence: A sequence {a,} converges to a limit L if and only if lim,, ., inf a,, =

lim,, . supa, = L.

Lemma A.2 (Gronwall’s Inequality) [8] Let g: [0,T] — R be a non-negative, mea-
surable, and Bounded function. Suppose there exist strictly positive constants a and b satis-

fying the following integral inequality for all t € [0,T] :

g(t) < a-+ b/t g(s)ds.

Then, we have g(t) < ae® ™Y for everyt € [0,T].

Proof. We begin by defining an auxiliary function

v(t) = /tTg(s)ds.

From the hypothesis, we obtain:

g(t) < a+bo(),

by the fundamental theorem of calculus, the derivative of v(t) with respect to t is given by

v'(t) = —g(t). Substituting this into the inequality from the hypothesis yields:

—/(t) < a+bu(t) & V() + bu(t) > —a.
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To solve this inequality, we multiply both sides by the integrating factor e":
e’ (t) + bev(t) > —ae™,

and the latter is as follows
d

pr (v(t)ebt) > —ae®,

now, we integrate both sides from ¢ to 7"
ftT L (v(s)e*) ds > ftT —ae®ds,

T
& v(T)eT —v(t)e’ > —a [ebs] :

b1y

S o(T)e" —v(t)e’ > 74 (P — bt
from the definition of v(t), we know that v(7T) = fTT g(s)ds = 0. So we have:
—v(t)e > —Ta (e —e™).
By multiplying the inequality by —1, and dividing by e*, we find:
025 (G 1) =50
by substituting v(¢) into the hypothesis g(t) < a + bu(t), we find:

g(t) <a+b [% (P71 — 1)} — a+ ae?TD _ g = qeTD).

Lemma A.3 (Bihari’s inequality) [1] Let u(t) be a non-negative continuous function
defined on the interval [0,T], and let a > 0 be a constant. Let f(t) be a non-negative
integrable function on [0,T]. Suppose that r : Rt — R* is a continuous and non-decreasing

function such that k (0) = 0 and k(r) > 0 for r > 0. If u(t) satisfies the following integral
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inequality:

u(t) <a —l—/t f(s)r(u(s))ds, t€[0,7]

then, the following results hold:

1. Ifa>0, then u(t) < G(G(a) + ftT f(s)ds), where G(z) = [T —L-dr.

zo k()

2. fa=0 and the function k satisfies the condition:

1
dr —
/0+/£(T)T 400

then u(t) =0 for allt € [0,T].

Theorem A.2 (Hélder’s inequality) [3] For X € P with 119 + % =1, we have
EXY] < [1X], 1Yl -

Theorem A.3 (Stochastic Fubini theorem) [15] Under suitable integrability conditions,

the order of expectation and time integration can be interchanged:

EUOTf(s)ds] :/OTE[f(s)]ds.

Theorem A.4 (Banach fixed point theorem) [5] Let (E.|-||;) be a non-empty Banach
space. A mapping T : E — E is said to be a contraction if there exists a constant k € [0, 1)

such that for all x,y € E :

1T (@) =T Wllg < #llz =yl

Under this condition, the mapping T possesses a unique fized point x* € E, such that T (x*) =

*

x*. This fized point is the unique limit of the sequence defined by x,.1 = T (x,), for any

arbitrary starting point xg € E.

Remark A.2 (Application of fized point theorem to BSDEs) In the proof of existence
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and uniqueness of solutions to BSDEs, this theorem is applied to the picard iteration sequence
(Y("), Z(”)). By showing that the map associated with the BSDE generator is a contraction
on the Banach space 8% x M?, we guarantee the convergence of the iterations to the unique

solution (Y, Z).

Lemma A.4 (Young’s inequality) [8] Let a and b be non-negative real numbers. For any

positive parameter € > 0, the following relationship holds:
2, 19
2ab < ea” + -b°.
€

Lemma A.5 (Elementary power inequality) [8] The subsequent inequality provides a
useful bound for the p-th power of a sum of two real numbers a and b. For any p > 1, the
following holds:

la + b7 < 271 (|a]? + [b]") .

Theorem A.5 (Cauchy-Schwarz inequality) [§] Consider two vectors x and y within the
d-dimensional euclidean space R%. The absolute value of their inner product is consistently

Bounded by the product of their respective norms:

{2, y)| < Ja - [yl -

Theorem A.6 (Doob’s 1. maximal inequality) [13] Let M be a continuous martingale.
A fundamental result in martingale theory states that the expected value of the squared running
supremum of M over the interval [0,T| is dominated by the second moment of its terminal

value:

E { sup |Mt|2] < 4E [|Mr|] .

0<t<T

Theorem A.7 (Burkholder-Davis-Gundy inequalities ) [15] For any continuous mar-

tingale M and any power p > 0, there exist universal positive constants c, and C, such that
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the following two-sided estimate holds:

e, [(M}ﬂ <E {

sup ’Mt ‘p
0<t<T

7

} < O,E [<M>

Noks



Abstract

In this work, westudy the existence and uniqueness of solutions for backward stochastic
differential equations under relaxed assumptions on the generator. We specifically focus on the
case where the generator satisfies a weak monotonicity and a general growth conditions with
respect to the variable Y, while remaining Lipschitz continuous in Z. By employing a priori
estimates, approximation techniques and Bihari's inequality, we demonstrate that these
equations admit a unique solution under these weakened hypotheses. These results provide a
significant generalization of classical frameworks based on standard Lipschitz or monotonicity
conditions, allowing for the treatment of a broader class of equations.

Keywords: Backward stochastic differential equations; Weak monotonicity; Existence and
uniqueness, General growth condition; Bihari sinequality.
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Résumé

Dans ce mémoire, nous etudions l'existence et I'unicité des solutions pour les équations
differentielles stochastiques rétrogrades sous des hypothéses affaiblies sur le générateur. Nous
nous concentrons principalement sur le cas ou le générateur satisfait une condition de
monotonicité faible et une croissance générale par rapport a la variable Y, tout en étant
Lipschitzien par rapport & Z. En nous appuyant sur des estimations a priori, des techniques
d'approximation et I'inégalité de Bihari, nous démontrons que ces équations admettent une
solution unique sous ces hypothéses relaxees. Ces résultats constituent une généralisation
importante des cadres classiques basés sur les conditions de Lipschitz ou de monotonicité
standard, permettant ainsi de traiter une classe plus large d'équations.

Mots-clés : Equations différentielles stochastiques rétrogrades; Monotonicité faible; Existence et
unicité; Croissance génerale; Inégalité de Bihari.
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