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Abstract

In this work, we study the effects of the linear–quadratic Generalized Uncertainty Principle (GUP)

on canonical ensemble systems. Using the deformed phase-space structure associated with GUP,

we derive modified partition functions and investigate the resulting corrections to the Helmholtz

free energy, entropy, and internal energy. The formalism is applied to the non-relativistic ideal

gas, the ultra-relativistic gas, and the three-dimensional harmonic oscillator. Our results show

that the thermodynamic behavior strongly depends on the deformation parameters. In particular,

the quadratic contribution generally increases the free energy while reducing entropy and internal

energy, whereas the linear term produces opposite effects. The combined linear–quadratic defor-

mation leads to crossover behaviors due to the competition between both contributions. These

results highlight the influence of minimal-length effects on statistical systems and provide further

insight into possible quantum gravity corrections in high-energy thermodynamics.
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1
General Introduction

The theory of Statistical Mechanics provides the fundamental framework for understanding the

relation between the microscopic dynamics of elementary constituents and the macroscopic be-

havior of physical systems. Among its various formulations, the Canonical Ensemble occupies

a central role in the description of systems in thermal equilibrium with a heat reservoir. Through

the partition function, one can derive the principal thermodynamic quantities such as free energy,

entropy, internal energy, and heat capacity. Owing to its broad applicability, the canonical formal-

ism has been extensively employed in condensed matter physics, quantum gases, cosmology, and

black-hole thermodynamics.

In recent years, increasing attention has been devoted to the study of possible quantum gravi-

tational effects on statistical and thermodynamic systems, especially near the Planck scale where

the standard description of spacetime is expected to break down. Several candidate theories of

quantum gravity predict the existence of a minimal measurable length, a maximal momentum,

or both. Such predictions naturally lead to modifications of the Heisenberg Uncertainty Principle

and motivate the introduction of the Generalized Uncertainty Principle (GUP) [1, 2, 3, 4].

The concept of GUP emerges in different approaches to quantum gravity, including string the-

ory, loop quantum gravity, black-hole physics, and doubly special relativity [5, 6]. In these ap-

proaches, the standard commutation relations between position and momentum operators are

deformed in such a way that a nonzero minimal uncertainty in position appears naturally. De-

pending on the adopted deformation scheme, the modified algebra may also imply the existence

of a maximal observable momentum or modified dispersion relations.

One of the earliest formulations of GUP was introduced by Kempf, Mangano, and Mann [4],

where the deformation of the Heisenberg algebra leads to a minimal measurable length. Later,

Ali, Das, and Vagenas proposed a linear–quadratic form of the GUP compatible with doubly spe-

cial relativity and black-hole phenomenology [5]. Their model predicts both a minimal length

and a maximal momentum and has attracted considerable interest in different areas of theoretical

9



CHAPTER 1. GENERAL INTRODUCTION 10

physics.

The implications of GUP on thermodynamics and statistical mechanics have been investigated

in numerous works. In particular, the deformation of phase space induced by GUP modifies the

density of states and consequently alters the partition function and the associated thermodynamic

quantities. Such corrections become increasingly important at high temperatures and energies

approaching the quantum gravity regime.

Several authors have studied canonical systems within the GUP framework. Vakili and Gorji

analyzed the effects of minimal length on classical ideal gases and showed that the deformed

phase-space measure leads to corrections in entropy and heat capacity [7]. Moussa investigated

the thermodynamics of photon gases under GUP corrections and demonstrated the existence of

modifications to black-body radiation and thermal spectra [8].

The harmonic oscillator, which represents one of the most fundamental systems in both clas-

sical and quantum statistical mechanics, has also been extensively studied within deformed quan-

tum frameworks. Pedram examined the quantum harmonic oscillator in the presence of a minimal

length and obtained modified energy spectra and wave functions [9]. Other investigations showed

that GUP corrections induce measurable modifications to the partition function and to the ther-

modynamic behavior of oscillator systems, particularly in the high-temperature regime [10].

In black-hole thermodynamics, Nozari and collaborators demonstrated that GUP corrections

modify the entropy–area relation and affect the evaporation process of black holes, leading to the

possibility of stable black-hole remnants [11, 12]. Similar corrections have also been reported in

studies of Bose–Einstein condensation, degenerate fermion gases, and relativistic quantum sys-

tems [13, 14].

These studies indicate that the Generalized Uncertainty Principle not only represents a phe-

nomenological signature of quantum gravity but also provides a powerful framework for studying

the deformation of thermodynamic and statistical properties of physical systems.

Motivated by these developments, the present thesis investigates the effects of the linear–

quadratic Generalized Uncertainty Principle on canonical ensemble systems. Particular atten-

tion is devoted to the modification of the partition function and the resulting corrections to the

Helmholtz free energy, entropy, and internal energy for several representative thermodynamic

models. The objective is to analyze how linear and quadratic deformation terms influence the

equilibrium properties of canonical systems and to identify the regimes where quantum gravita-

tional effects become significant.

This thesis is organized as follows. In the first chapter, we review the basic principles of sta-

tistical mechanics and the canonical ensemble formalism. The second chapter is devoted to the
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theoretical foundations of the Generalized Uncertainty Principle, including different deformation

schemes and the corresponding modifications of the phase-space structure. In the third chap-

ter, we apply the linear–quadratic GUP formalism to several canonical systems and investigate the

resulting thermodynamic corrections through analytical and numerical approaches.



2
Systems in Canonical Ensembles

2.1 Introduction

The canonical ensemble is considered one of the fundamental concepts in statistical physics, as

it is used to describe physical systems that are in thermal contact with an external environment

called a heat reservoir. In this description, the number of particles N and the volume V of the

system are fixed, while the energy is not strictly fixed, since the system can exchange energy with

the heat reservoir until it reaches thermal equilibrium at a constant temperature T [15].

2.2 Ideal Gas

In the canonical ensemble, we model an ideal gas as a collection of N non-interacting particles

confined to a fixed volume V and kept in thermal contact with a large reservoir at constant temper-

ature T . Since the particles do not interact, the total energy is purely kinetic, and the Hamiltonian

takes the familiar form:

H =
N∑

i=1

p⃗ 2
i

2m
(2.1)

Pi:Momentum./ m:Mass of the particle.

[16] With the Hamiltonian in hand, we can construct the canonical partition function. Follow-

ing standard conventions, we include the 1/N ! factor to account for particle indistinguishability

and the 1/h3N factor to render the phase-space integral dimensionless :

ZN = 1

h3N N !

ˆ
d 3N q d 3N p e−βH(q,p) (2.2)

Because there are no interaction terms coupling coordinates and momenta, the integral fac-

torizes cleanly into independent spatial and momentum contributions:

12



CHAPTER 2. SYSTEMS IN CANONICAL ENSEMBLES 13

Z (T,V , N ) = 1

N !h3N
V N

3N∏
ν=1

ˆ +∞

−∞
d pν exp

{
−β p2

ν

2m

}
(2.3)

The spatial part simply integrates to the available volume for each particle,

ˆ
d 3r =V (2.4)

while each momentum integral is a standard Gaussian that evaluates to

ˆ
e−β p2

2m d 3p = (2πmkB T )3/2 , (2.5)

Pi:Momentum./ m:Mass of the particle./kB:Boltzmann constant./

and combining these results yields

Z (T,V , N ) = V N

N !h3N

(
2mπ

β

) 3N
2 = V N

N !

(
2πmkT

h2

) 3N
2

(2.6)

It is often convenient to express this result more compactly by introducing the thermal de

Broglie wavelength, which sets the quantum length scale of a particle at temperature T . After

evaluating the integral over all N particles, we obtain:

Z (N ,T,V ) = 1

N !

(
V

λ3

)N

(2.7)

where

λ= h√
2πmkB T

is the thermal de Broglie wavelength.

2.2.1 Free energy:

In statistical mechanics, free energy is defined as the bridge between microscopic properties (such

as particle states) and macroscopic properties (thermodynamics), where the number of particles

N, volume V, and temperature T are constant.[17]

F =−kB T ln Z (T,V , N ) (2.8)
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By replacing Eq.(2.6) in Eq.(2.8), the free energy of an ideal gas contracts as follows:[18]

F =−N kT

(
1+ ln

{
V

N

(
2πmkT

h2

) 3
2

})
(2.9)

2.2.2 Internal Energy

In the canonical ensemble, the internal energy corresponds to the ensemble average of the total

kinetic energy. Because the particles follow the Boltzmann distribution and do not interact, the

internal energy depends solely on temperature and remains completely independent of volume.

U = F +T S = 3

2
N kB T (2.10)

2.2.3 Entropy

Entropy quantifies the number of accessible microstates compatible with a given macrostate. For

an ideal gas, it measures how the particles’ positions and momenta can be distributed through-

out phase space. Expanding the volume or raising the temperature increases the available phase

space, thereby multiplying the number of possible configurations and, consequently, the entropy.

S =− ∂F

∂T

∣∣∣∣
V ,N

= N k

[
5

2
+ ln

{
V

N

(
2πmkT

h2

) 3
2

}]
(2.11)

2.2.4 Chemical Potential

The chemical potential represents the change in the system’s free energy when a single particle is

added, while holding volume and temperature fixed. It governs how the system exchanges parti-

cles with a reservoir and determines the condition for diffusive equilibrium.

µ= ∂F

∂N

∣∣∣∣
T,V

=−kT ln

{
V

N

(
2πmkT

h2

) 3
2

}
(2.12)

2.2.5 Pressure

Pressure arises from the momentum transfer of gas particles colliding with the container walls.

Within the thermodynamic framework, it is naturally obtained by differentiating the free energy

with respect to volume, yielding the familiar ideal gas law.

P =− ∂F

∂V

∣∣∣∣
T,N

= N kT

V
=⇒ PV = N kT (2.13)
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While the entropy expression above is written in terms of (T,V , N ), we can eliminate temper-

ature in favor of internal energy using U = 3
2 N kB T . This gives the fundamental microcanonical

form:

S(U ,V , N ) = N k

[
5

2
+ ln

{
V

N

(
4πmU

3h2N

) 3
2

}]
(2.14)

The study of the ideal gas is a cornerstone of statistical mechanics and thermodynamics, repre-

senting an abstract model that reduces the complexities of molecular interactions to simple math-

ematical laws with high accuracy at low densities and high energies. Therefore, the success of this

model lies not only in its ability to describe classical gaseous systems, but also in its role as a "the-

oretical laboratory" that allows us to explore the limits of physics when incorporating quantum

and gravitational effects, as seen in modifications of the general uncertainty principle (GUP) [19].

2.3 Harmonic Oscillators

Harmonic oscillators have a very important position in classical and statistical physics. For any

system that deviates from its stable equilibrium point, there is a restoring force that is propor-

tional to the deviation, resulting in a parabolic potential energy function. This seemingly basic

yet incredibly useful approximation helps us describe many processes, and atomic movements in

condensed matter due to thermal motion. In statistical physics, the simplest solvable many-body

problem is an ensemble of harmonic oscillators.

A classic application of this framework is Einsteins model of a crystalline solid. In this picture,

each atom is treated as an independent oscillator vibrating around its fixed lattice site, all sharing

a single characteristic frequency ω. While real materials exhibit a broad spectrum of vibrational

modes (later captured by Debyes model), Einsteins assumption isolates the core physics of ther-

mal oscillations and provides a clean starting point for deriving thermodynamic quantities from

first principles.

Mathematically, the total energy of a system of N independent harmonic oscillators is de-

scribed by a Hamiltonian that simply sums the kinetic and potential [16] contributions of each

mode:

H(qν, pν) =
N∑
ν=1

[
p2
ν

2m
+ 1

2
mω2q2

ν

]
Here, qν and pν denote the position and momentum of the ν-th oscillator, respectively.

With the Hamiltonian established, we can construct the canonical partition function. As spec-
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ified, we omit the Gibbs factor (1/N !) since the oscillators are distinguishable by their fixed lattice

sites:

Z (T,V , N ) = 1

h3N

N∏
v=1

[ˆ +∞

−∞
d qv exp

{
−β1

2
mω2q2

v

}
×
ˆ +∞

−∞
d pv exp

{
−β p2

v

2m

}]
(2.15)

Because the Hamiltonian is a simple sum of independent single-particle terms, the multidimen-

sional phase-space integral naturally factorizes into a product of identical one-dimensional inte-

grals.

Each of these integrals is a standard Gaussian. By introducing the dimensionless substitutions

√
βmω2/2 qv = x and

√
β/2m pv = y, (2.16)

the integrals reduce to well-known forms that evaluate analytically. Carrying out the integration

yields:

Z (T,V , N ) = 1

hN

[(
2π

βmω2

) 1
2
(

2mπ

β

) 1
2

]N

(2.17)

Simplifying the constants and expressing the result in terms of the reduced Planck constant, we

arrive at the compact form for the partition function:

Z (T,V , N ) =
(

kT

ℏω

)N

(2.18)

where the reduced Planck constant is defined as

ℏ= h

2π
. (2.19)

2.3.1 Free energy

In the canonical ensemble, the Helmholtz free energy captures the balance between internal en-

ergy and thermal disorder. For a collection of independent harmonic oscillators, F depends loga-

rithmically on temperature and inversely on the characteristic frequency ω. This functional form

reflects how thermal energy progressively populates higher vibrational states as the reservoir heats

the system:

F =−kT ln Z =−N kT ln

(
kT

ℏω

)
(2.20)
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2.3.2 Internal energy

Physically, the internal energy corresponds to the total energy stored in the microscopic vibra-

tional motion of the oscillators. In the classical limit, each oscillator possesses two quadratic de-

grees of freedom (kinetic and potential), contributing kT per mode via the equipartition theorem.

Thus, the total internal energy scales linearly with both particle number and temperature:

U = F +T S = N kT (2.21)

Substituting this relation back into the entropy expression eliminates the temperature depen-

dence in favor of the internal energy, yielding the microcanonical form:

S(U ,V , N ) = N k

[
1+ ln

{
U

Nℏω

}]
(2.22)

The harmonic oscillator model serves as a universal framework for describing any physical

system perturbed slightly from stable equilibrium. Whenever displacements remain small, the

restoring force is approximately linear (F = −kx), and the potential becomes quadratic. This ap-

proximation underpins a wide range of phenomena, from the macroscopic elasticity of springs

to atomic-scale vibrations in crystal lattices and the quantized sound waves (phonons) that carry

heat through solids. Despite its simplicity, the model captures the essential statistical mechan-

ics of vibrational energy and provides a foundational tool for analyzing mechanical, atomic, and

condensed-matter systems.

2.3.3 Entropy

Entropy quantifies how thermal fluctuations distribute the system across its available vibrational

states. At low temperatures, the oscillators remain largely confined to their ground states, yielding

minimal disorder. As temperature rises, thermal excitation populates higher energy levels, and

the entropy grows logarithmically, reflecting the expanding phase space of accessible microstates.

In this picture, entropy measures the competition between the oscillator’s natural tendency to

remain ordered (set by ω) and the randomizing influence of the thermal reservoir:

S =−
(
∂F

∂T

)
V ,N

= N k

[
1+ ln

{
kT

ℏω

}]
(2.23)

Entropy can be negative, but it should ideally be positive, provided that the quantity
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ln

{
kT

ℏω

]
(2.24)

Greater than zero

2.3.4 Chemical potential

The chemical potential represents the free energy cost of introducing an additional independent

oscillator mode into the system while holding temperature and volume fixed. Since the oscillators

are distinguishable (e.g., pinned to specific lattice sites), µ directly tracks how the partition func-

tion scales with N and indicates the system’s tendency to exchange vibrational degrees of freedom

with a particle reservoir:

µ= ∂F

∂N

∣∣∣∣
T,V

=−kT ln

(
kT

ℏω

)
(2.25)

2.3.5 Pressure

Pressure arises from the system’s thermodynamic response to volume changes. In the harmonic

oscillator model, however, the Hamiltonian contains no explicit volume dependencethe oscilla-

tors are either bound to fixed lattice sites or confined by an external potential that does not scale

with the container size. Consequently, differentiating the free energy with respect to volume yields

zero:

P =− ∂F

∂V

∣∣∣∣
T,N

= 0 (2.26)

This result highlights a key physical distinction from gases: the thermodynamic pressure of a pure

oscillator ensemble vanishes because the restoring forces are internal and independent of the sys-

tem’s boundaries,Likewise, due to the absence of external forces, pressure is not a function of the

state.

2.4 Ultra-Relativistic Gas

When particles carry kinetic energies far exceeding their rest mass, their dynamics enter the ultra-

relativistic regime: the rest energy mc2 becomes negligible, and the dispersion relation simplifies

to E ≈ pc. This limit is not just a theoretical curiosityit is routinely realized in modern high-energy

experiments. In particle accelerators like the Large Hadron Collider, protons and electrons are

boosted to Lorentz factors γÀ 1, so that their motion is governed almost entirely by momentum

rather than mass.
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Under these extreme conditions, ensembles of such particles can be treated statistically as an

ultra-relativistic gas. A striking example is the quark-gluon plasma produced in heavy-ion colli-

sions: a short-lived, strongly interacting state of deconfined quarks and gluons that, despite its

complexity, exhibits collective behavior well-described by relativistic statistical mechanics [20].

Analyzing these systems does more than test the limits of thermodynamics; it offers a window into

the state of the universe microseconds after the Big Bang, bridging quantum field theory, special

relativity, and statistical physics in a single framework.

From a modeling perspective, the key simplification is the energy-momentum relation. Whereas

the non-relativistic ideal gas uses E = p2/2m, the ultra-relativistic limit replaces this with the linear

form:

E = pc (for massless or highly relativistic particles),

a change that propagates through every thermodynamic quantity we derive.

Accordingly, the Hamiltonian for the system depends exclusively on the magnitude of the par-

ticle momenta :

H(qV ,PV ) =
N∑

v=1
c |p⃗v |, (2.27)

and the canonical partition function, including the standard Gibbs factor for indistinguishable

particles, takes the form [21]:

Z (T,V , N ) = 1

N !h3N

ˆ
d 3N q d 3N p exp{−βH(q, p)} (2.28)

Because the Hamiltonian contains no position-dependent potential terms, the particles are

free to explore the entire volume independently. The spatial integration therefore simply con-

tributes a factor of V per particle. As before, the absence of coordinate-momentum coupling

allows the multidimensional phase-space integral to factorize into a product of identical single-

particle momentum integrals:

Z (T,V , N ) = 1

N !h3N
V N

N∏
v=1

ˆ
d 3pv exp{−β|p⃗v |c} (2.29)

To evaluate the momentum integrals, we switch to spherical polar coordinates. The angular

integration yields a geometric factor of 4π, leaving a radial integral over the magnitude of the mo-

mentum:

Z (T,V , N ) = V N

N !h3N

(
4π

ˆ ∞

0
p2d p e−βcp

)N

(2.30)

The radial integral is evaluated via the substitution x =βcp, which transforms it into a standard
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Gamma function integral:

ˆ ∞

0
p2d p e−βcp =

(
1

βc

)3ˆ ∞

0
x2d x e−x =

(
1

βc

)3

Γ(3) (2.31)

Using the identity Γ(n +1) = n!, we find Γ(3) = 2! = 2. Substituting this result back and simpli-

fying the constants yields the compact form of the partition function:

Z (T,V , N ) = V N

N !h3N

(
8π

(
1

βc

)3)N

= 1

N !

(
8πV

(
kT

hc

)3)N

(2.32)

2.4.1 Free energy

In the ultra-relativistic regime, the Helmholtz free energy captures the thermodynamic potential

available for work when particle speeds approach c. Because the partition function scales as T 3N

rather than T 3N /2, the free energy acquires a stronger logarithmic dependence on temperature,

reflecting the rapid expansion of accessible high-momentum states as the system heats up:

F (T,V , N ) =−kT ln Z (T,V , N ) =−N kT

[
1+ ln

{
8πV

N

(
kT

hc

)3}]
(2.33)

2.4.2 Internal energy

The internal energy represents the total thermal energy stored in the relativistic motion of the

gas. Applying statistical averaging to the linear dispersion relation yields 3kT per particletwice the

non-relativistic valuebecause the relativistic phase space weights higher momenta more heavily.

Thus, the total energy scales linearly with both particle number and temperature:

U = F +T S = 3N kT (2.34)

Eliminating temperature in favor of internal energy gives the microcanonical entropy expression [22]:

S(U ,V , N ) = N k

[
4+ ln

{
8πV

N

(
U

3N hc

)3}]
(2.35)

Real-world systems that exhibit ultra-relativistic behavior include:

1. High-temperature plasmas: such as those in stellar cores or supernova remnants, where

temperatures reach millions or billions of kelvins, rendering rest mass negligible compared

to kinetic energy.
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2. Radiation and nearly massless particles: including photon gases in thermal equilibrium or

high-energy neutrino backgrounds, where E ≈ pc holds exactly or to excellent approxima-

tion.

3. Extreme astrophysical environments: such as the crusts of neutron stars or the early uni-

verse microseconds after the Big Bang, where particle energies vastly exceed mc2.

In all these regimes, the thermodynamics are governed by the linear energy-momentum rela-

tion, leading to distinct macroscopic signaturesmost notably the U = 3N kT scaling and the mod-

ified entropy densitythat clearly separate ultra-relativistic matter from its classical counterpart.

2.4.3 Entropy

Entropy quantifies how thermal fluctuations distribute the system across its available relativistic

momentum states. The T 3 scaling in the partition function leads to a logarithmic term that grows

more rapidly with temperature than in the non-relativistic case, capturing how phase-space vol-

ume expands when particles become ultra-relativistic and access a broader range of momenta:

S =− ∂F

∂T

∣∣∣∣
V ,N

= N k

[
4+ ln

{
8πV

N

(
kT

hc

)3}]
(2.36)

2.4.4 Chemical potential

The chemical potential measures the free energy change associated with introducing an additional

ultra-relativistic particle into the system at fixed T and V . Its logarithmic dependence on density

and temperature reflects how the availability of high-momentum states shifts as the particle num-

ber changes, governing the system’s tendency to exchange particles with a reservoir:

µ= ∂F

∂N

∣∣∣∣
T,V

=−kT ln

{
8πV

N

(
kT

hc

)3}
(2.37)

2.4.5 Pressure

Pressure emerges from the momentum flux of particles striking the container boundaries. Inter-

estingly, despite the radically different energy-momentum relation, the equation of state retains

the familiar ideal gas form. This occurs because the linear dispersion E = pc modifies both the en-

ergy density and the momentum transfer in a way that leaves the macroscopic relation unchanged:

p =− ∂F

∂V

∣∣∣∣
T,N

= N kT

V
or pV = N kT (2.38)
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2.4.6 Internal energy

The internal energy represents the total thermal energy stored in the relativistic motion of the

gas. Applying statistical averaging to the linear dispersion relation yields 3kT per particletwice the

non-relativistic valuebecause the relativistic phase space weights higher momenta more heavily.

Thus, the total energy scales linearly with both particle number and temperature:

U = F +T S = 3N kT (2.39)

Eliminating temperature in favor of internal energy gives the microcanonical entropy expression [22]:

S(U ,V , N ) = N k

[
4+ ln

{
8πV

N

(
U

3N hc

)3}]
(2.40)

Real-world systems that exhibit ultra-relativistic behavior include:

1. High-temperature plasmas: such as those in stellar cores or supernova remnants, where

temperatures reach millions or billions of kelvins, rendering rest mass negligible compared

to kinetic energy.

2. Radiation and nearly massless particles: including photon gases in thermal equilibrium or

high-energy neutrino backgrounds, where E ≈ pc holds exactly or to excellent approxima-

tion.

3. Extreme astrophysical environments: such as the crusts of neutron stars or the early uni-

verse microseconds after the Big Bang, where particle energies vastly exceed mc2.

In all these regimes, the thermodynamics are governed by the linear energy-momentum rela-

tion, leading to distinct macroscopic signaturesmost notably the U = 3N kT scaling and the mod-

ified entropy densitythat clearly separate ultra-relativistic matter from its classical counterpart.

2.5 Conclusion

In this chapter we have presented how the canonical ensemble connects microscopic Hamilto-

nians to macroscopic thermodynamics. By analyzing three representative systemsthe classical

ideal gas (E ∝ p2), harmonic oscillators (E ∝ q2 + p2), and an ultra-relativistic gas (E ∝ p)we

showed how the energy-momentum relation directly determines the partition function and all de-

rived quantities. Despite their different physical regimes, each model yields to the same statistical
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approach: factorization of independent degrees of freedom, analytical phase-space integration,

and thermodynamic differentiation. Together, they illustrate the power and flexibility of statistical

mechanics in describing matter from everyday conditions to the extremes of high-energy physics.



3
The formalism of Generalized Uncertainty Principle

3.1 Introduction and Motivation

The Heisenberg Uncertainty Principle (HUP) is a cornerstone of non-relativistic quantum me-

chanics, establishing a fundamental limit on the simultaneous precision of conjugate observables.

[2] While the HUP successfully describes microscopic phenomena at low energies, it assumes a

fixed, classical background spacetime and neglects gravitational backreaction. When attempting

to probe distances approaching the Planck scale, this assumption breaks down. [23]

According to general relativity, localizing a particle within a region of size ∆x requires a probe

energy E ∼ ℏc/∆x. Concentrating such energy in a sufficiently small volume curves spacetime

significantly, and when ∆x approaches the Planck length,

ℓP =
√

ℏG

c3
≈ 1.616×10−35 m, (3.1)

the system is expected to undergo gravitational collapse into a microscopic black hole. This gedanken

argument reveals a fundamental contradiction: standard quantum mechanics permits arbitrarily

small ∆x by accepting unbounded ∆p, whereas gravitational physics imposes a lower bound on

spatial resolution.

The Generalized Uncertainty Principle (GUP) resolves this tension by deforming the canonical

commutation relations to incorporate Planck-scale gravitational effects. It emerges naturally in

several independent approaches to quantum gravity, including string theory (via T-duality and ex-

tended objects), black hole thermodynamics (through entropy corrections), and non-commutative

geometry. The primary physical consequence of the GUP is the existence of a minimal measurable

length, reflecting a finite resolution of spacetime at ultra-high energies.

24
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3.2 Heisenberg Uncertainty Principle Revisited

In standard quantum mechanics, the kinematical structure is built upon the canonical commuta-

tion relation (CCR)

[x̂, p̂] = iℏ, (3.2)

where x̂ and p̂ are the position and momentum operators acting on a separable Hilbert space H .

For any pair of observables Â and B̂ , the Robertson–Schrödinger inequality states

(∆A)2(∆B)2 ≥
∣∣∣∣ 1

2i
〈[Â, B̂ ]〉

∣∣∣∣2

+
∣∣∣∣1

2
〈{Â, B̂}〉−〈Â〉〈B̂〉

∣∣∣∣2

, (3.3)

where ∆A =
√

〈Â2〉−〈Â〉2 denotes the standard deviation in a given quantum state. Applying this

to x̂ and p̂ and neglecting the covariance term for symmetric minimum-uncertainty states yields

the familiar Heisenberg relation

∆x∆p ≥ ℏ
2

. (3.4)

Equality is attained by Gaussian wave packets or harmonic oscillator coherent states. Crucially,

Eq. (3.4) expresses a preparation uncertainty intrinsic to the quantum state, not a limitation of

measurement apparatus. Because the right-hand side is constant, standard quantum mechanics

allows ∆x → 0 provided ∆p →∞. This mathematical feature relies entirely on the linearity of the

CCR (3.2) and the assumption that spacetime remains smooth and non-dynamical at all scales.

3.3 Mathematical Formulation and Deformed Algebra

3.3.1 Deformed Commutation Relations

To incorporate gravitational backreaction at the Planck scale, the canonical algebra is deformed

by replacing the constant iℏ with a momentum-dependent function:

[x̂, p̂] = iℏ f (p̂), (3.5)

where f (p̂) satisfies f (p̂) → 1 as p̂ → 0, ensuring recovery of standard quantum mechanics in

the low-energy limit. Substituting Eq. (3.5) into the Robertson inequality gives the generalized

uncertainty relation

∆x∆p ≥ ℏ
2

∣∣〈 f (p̂)〉∣∣ . (3.6)
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The functional form of f (p̂) depends on the underlying quantum gravity framework. Parity sym-

metry and rotational invariance in three dimensions typically restrict f (p̂) to even powers of mo-

mentum, though odd terms may appear in models with broken Lorentz symmetry or Doubly Spe-

cial Relativity (DSR).

3.3.2 Quadratic GUP and the Minimal Length

[4] The most widely studied ansatz is the quadratic deformation

[x̂, p̂] = iℏ
(
1+βp̂2) , (3.7)

where β> 0 is a small deformation parameter. For a minimum-uncertainty state with 〈p̂〉 = 0, the

variance relation 〈p̂2〉 = (∆p)2 +〈p̂〉2 simplifies to 〈p̂2〉 = (∆p)2. Substituting into Eq. (3.6) yields

∆x∆p ≥ ℏ
2

[
1+β(∆p)2] . (3.8)

Solving for ∆x and treating the right-hand side as a function of ∆p,

∆x ≥ ℏ
2

(
1

∆p
+β∆p

)
, (3.9)

we minimize with respect to ∆p:

d

d(∆p)

(
1

∆p
+β∆p

)
=− 1

(∆p)2
+β= 0 ⇒ ∆pmin = 1√

β
. (3.10)

Inserting ∆pmin back gives the fundamental minimal position uncertainty

(∆x)min = ℏ
√
β. (3.11)

This result establishes a non-vanishing lower bound on spatial resolution, in direct contrast to

standard quantum mechanics.

3.3.3 Linear and Linear-Quadratic Deformations

A purely linear deformation of the canonical commutation relation,

[x̂, p̂] = iℏ(1+αp̂), (3.12)



CHAPTER 3. THE FORMALISM OF GENERALIZED UNCERTAINTY PRINCIPLE 27

does not, by itself, imply the existence of a minimal length for symmetric states satisfying 〈p̂〉 = 0,

since the linear contribution vanishes at the level of expectation values. Linear corrections typi-

cally arise in frameworks such as doubly special relativity (DSR) or theories with preferred refer-

ence frames, and are physically more consistent when accompanied by higher-order (quadratic)

terms.

A widely studied extension is the linear–quadratic generalized uncertainty principle (GUP),

defined by

[x̂, p̂] = iℏ
(
1−αp̂ +βp̂2) , (3.13)

where α and β are deformation parameters with dimensions of inverse momentum and inverse

momentum squared, respectively.

Using Eq. (3.13), the generalized uncertainty relation can be written as

∆x∆p ≥ ℏ
2

[
1−α〈p̂〉+β

(
(∆p)2 +〈p̂〉2)] . (3.14)

In the case of symmetric states (〈p̂〉 = 0), this reduces to

∆x∆p ≥ ℏ
2

[
1+β(∆p)2] , (3.15)

which is formally identical to the purely quadratic GUP and leads to the existence of a nonzero

minimal length.

The linear parameter α, however, plays an important role for asymmetric states (〈p̂〉 6= 0), mod-

ifies the structure of momentum space, and deforms the phase space integration measure. In par-

ticular, the associated deformation function,

f (p) = 1−αp +βp2, (3.16)

must remain positive to ensure a well-defined algebra and integration measure. This requirement

can lead to a bounded momentum domain when the condition α2 ≥ 4β is satisfied, in which case

a maximal observable momentum emerges,

pmax =
α+√

α2 −4β

2β
. (3.17)

This feature introduces a natural ultraviolet cutoff and has important consequences for quantum

gravity phenomenology and statistical mechanics.
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3.3.4 Dimensional Consistency and Phenomenological Parameterization

To ensure dimensional consistency of the deformation terms in Eq. (3.13), the parameters α and β

are expressed in terms of the Planck length ℓP as

α=α0
ℓP

ℏ
, β=β0

ℓ2
P

ℏ2
, (3.18)

where α0 and β0 are dimensionless constants typically assumed to be of order unity.

Substituting Eq. (3.18) into the expression for the minimal length yields

(∆x)min = ℏ
√

β= ℓP

√
β0, (3.19)

which naturally relates the minimal length scale to the Planck length.

3.4 Jacobian

In classical statistical mechanics, we use canonically conjugate variables (q, p) to compute the

partition function.

However, when introducing the Generalized Uncertainty Principle, these variables no longer

directly represent the true physical quantities, as the physical variables become deformed com-

pared to the canonical ones.

3.4.1 Jacobian of the Deformed Phase Space

In the presence of the linear-quadratic GUP deformation,

[x̂, p̂] = iℏ f (p), with f (p) = 1−α′p +αp2, (3.20)

the usual phase space structure is modified. As a consequence, the standard measure d 3x d 3p

must be corrected in order to preserve the consistency of the theory.

From commutator to Poisson structure. In the semiclassical limit, commutators are replaced

by Poisson brackets according to
1

iℏ
[x̂, p̂] −→ {x, p}. (3.21)
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Therefore, the deformed algebra implies

{x, p} = f (p) = 1−α′p +αp2. (3.22)

Canonical transformation. To construct the phase space measure, we introduce canonical vari-

ables (X ,P ) satisfying

{X ,P } = 1. (3.23)

We assume that the physical variables are related to the canonical ones through

x = X , p = p(P ), (3.24)

so that all the deformation is encoded in the momentum sector.

Using the chain rule for Poisson brackets, we obtain

{x, p} = {X , p(P )} = d p

dP
{X ,P } = d p

dP
. (3.25)

Comparing with the deformed bracket, we arrive at the fundamental relation

d p

dP
= f (p) = 1−α′p +αp2. (3.26)

Jacobian of the transformation. The transformation from canonical variables (X ,P ) to physical

variables (x, p) is characterized by the Jacobian matrix

M =

 ∂x

∂X

∂x

∂P
∂p

∂X

∂p

∂P

 . (3.27)

From x = X and p = p(P ), it follows that

∂x

∂X
= 1,

∂x

∂P
= 0,

∂p

∂X
= 0,

∂p

∂P
= d p

dP
. (3.28)

Thus, the Jacobian determinant is

J = det(M) = d p

dP
. (3.29)

Using Eq. (3.26), we obtain

J = f (p) = 1−α′p +αp2. (3.30)
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Extension to three dimensions. Assuming isotropy, the three-dimensional phase space trans-

formation factorizes, and the total Jacobian becomes

J(3D) =
(

d p

dP

)3

= (
1−α′p +αp2)3

. (3.31)

Transformation of the phase space measure. The invariant phase space element is defined in

canonical variables as

d 3X d 3P. (3.32)

Using the Jacobian, we relate it to the physical variables:

d 3X d 3P = d 3x d 3p

J(3D)
. (3.33)

Therefore, the deformed phase space measure takes the form

d 3x d 3p −→ d 3x d 3p(
1−α′p +αp2

)3 . (3.34)

Physical interpretation. This result shows that the GUP deformation effectively modifies the

density of states by a momentum-dependent factor. In particular, high-momentum contributions

are suppressed, reflecting the presence of a fundamental scale and, in certain parameter regimes,

a maximal momentum. This modified measure is central to the construction of the partition func-

tion and the resulting thermodynamic corrections.

3.5 Conclusion

In this chapter, we have introduced the main forms of the Generalized Uncertainty Principle and

discussed their physical implications. We highlighted how the quadratic deformation leads to the

existence of a minimal length, while the linear term brings additional features, such as asymmetry

in momentum space and the possibility of a maximal momentum.

We then focused on the linear–quadratic case and showed how the deformation modifies the

structure of phase space. In particular, we derived the associated Jacobian and obtained the cor-

rected phase space measure, which plays a key role in practical applications.

These results provide the necessary groundwork for the next chapter, where the deformed

framework will be applied to canonical ensemble systems in order to study its impact on ther-

modynamic properties.



4
Canonical ensemble system in deformed spaces with

minimal length

4.1 Introduction and Motivation

The existence of a fundamental minimal length, commonly associated with the Planck scale, is

a recurring prediction of several quantum gravity approaches. Early arguments based on high-

energy scattering and black hole thought experiments [23, 1, 24] suggest that attempts to probe

arbitrarily small distances require energies that inevitably lead to gravitational collapse, thereby

limiting spatial resolution. This idea is further supported by string theory, where the extended

nature of strings prevents the exploration of sub-Planckian distances [2, 25].

A convenient way to incorporate this feature into quantum mechanics is through a deforma-

tion of the canonical commutation relations, leading to the so-called Generalized Uncertainty

Principle (GUP). Early formulations were proposed by Maggiore [26], while a consistent Hilbert

space representation was later developed by Kempf et al. [27]. These frameworks provide a sys-

tematic way to introduce minimal-length effects and study their consequences in quantum sys-

tems.

Beyond formal developments, GUP has been widely applied to investigate modifications in

quantum mechanics and statistical physics. In particular, the deformation of the phase space

structure leads to corrections in the density of states, which in turn affect thermodynamic quan-

tities. Such effects have been explored in various contexts, including modified oscillators, atomic

systems, and quantum gases [14, 28, 29, 30].

In this chapter, we focus on the implications of GUP within the canonical ensemble. We con-

sider a non-relativistic ideal gas and derive the modified partition function using the deformed

phase space measure. From this, we obtain corrections to thermodynamic quantities and analyze

their behavior across different regimes. Particular attention is given to how minimal-length effects
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influence the density of states and, consequently, the thermodynamic properties of the system.

4.2 Theoretical Framework

We consider a system of N identical, non-interacting particles described by the Hamiltonian

H = p2

2m
+U (x), (4.1)

where U (x) represents an external potential. In the canonical ensemble, the partition function is

the central quantity from which all thermodynamic properties can be derived. In the semiclassical

limit, it is written as

Z =
ˆ

e−βH(x,p) d D x d D p, (4.2)

with β= 1/(kT ).

In the standard formulation, the phase space measure is uniform. However, within the frame-

work of the Generalized Uncertainty Principle (GUP), the structure of phase space is modified.

As discussed in the previous section, the deformation introduces a nontrivial Jacobian, which

changes the density of states through the replacement

d D x d D p −→ d D x d D p(
1−α′p +αp2

)D
. (4.3)

Accordingly, the partition function takes the form

Z =
ˆ

e−βH(x,p)(
1−α′p +αp2

)D
d D x d D p. (4.4)

As a result, the partition function of a non-relativistic ideal gas becomes

Z (T,V , N ) = 1

N !h3N

N∏
i=1

ˆ ˆ
d 3xi d 3pi exp

(−βH(pi , xi )
)(

1−α′pi +αp2
i

)3 . (4.5)

In the present work, we assume that the deformation parameters are sufficiently small,

α′p ¿ 1, αp2 ¿ 1, (4.6)

which allows the deformation factor to be expanded perturbatively up to second order:

(1−α′p +αp2)−3 ≈ 1+3α′p + (6α′2 −3α)p2. (4.7)
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This approximation significantly simplifies the momentum integrals while preserving the lead-

ing GUP corrections relevant to the thermodynamic properties of the system.

In the following subsections, this general formalism will be applied to different physical sys-

tems by specifying the appropriate form of the Hamiltonian and deriving the corresponding ther-

modynamic quantities.

4.3 Ideal gas in canonical ensemble under the GUP

In studying an ideal gas within the canonical system and under the influence of the generalized

uncertainty principle, we assume a system consisting of N identical and non-interacting particles

confined within a volume V. In the non-relativistic limit, the particle dynamics are described by

the given Hamiltonian:

H(q, p) =
3N∑
i=1

p2
i

2m
. (4.8)

From Eq.(2.2) the partition function in the Canonical set is defined as follows:

Z (T,V , N ) = 1

N !h3N

ˆ
d 3N q d 3N p exp

(
−β

3N∑
i=1

p2
i

2m

)
. (4.9)

Where

β= 1

kT
. (4.10)

We know that a non-relativistic gas has a Hamiltonian

H = P 2

2m
. (4.11)

Where the partition function becomes of the form:

Z (T,V ) = V

h3

ˆ
d 3p exp

(
−β

3∑
i

p2
i

2m

)[
1+3α′p + (6α′2 −3α′)p2] . (4.12)

The hash function has no unit.

By performing Gaussian integrations in spherical coordinates,we obtain:

Z (T,V ) = Z0

1+6

√
2α′mkT

π
+9(2α′2 −α)mkT

 . (4.13)

where:

Z0 = V

λ3
. (4.14)
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is the standard partition function and

λ= hp
2πmkT

. (4.15)

is the thermal wavelength. In the case of N indistinguishable particles, the partition function is

given by:

Z (T,V , N ) = [Z (T,V ,1)]N

N !
= Z N

0

N !

1+6
p

2α′
√

mkT

π
+9(2α′2 −α)mkT [1+6

√
2α′mkT

π
+9(2α′2 −α)mkT

 .

(4.16)

Note: In an ideal gas, we cannot integrate from positive infinity to infinity because we would then

have an infinite volume, making integration difficult.

The generalized uncertainty principle leads to corrections reflected in a decrease in the size of

the available phase space, and this effect is only achieved at extremely high temperatures.

The Hamiltonian free energy is derived from the distribution function by the following expres-

sion:

F =−kT ln Z (T,V , N ). (4.17)

By substituting into the distribution function, we find:

FGU P =−N kT

[
1+ ln

(
V

N

(
2πmkT

h2

)3/2
)]

︸ ︷︷ ︸
Fstd

−6N kTα′
√

2mkT

π
−9(2α′2 −α)N mk2T 2. (4.18)

Figure (4.1) illustrates the variation of the normalized free-energy correction,

∆F

N kT
= FGUP −Fstd

N kT
, (4.19)

knowing that Fstd is the Free energy of the ideal gas (before distortion).

as a function of temperature for different values of the deformation parameters α and α′.

For the purely quadratic deformation (α′ > 0, α′ = 0), the correction remains positive over the

entire temperature range. This indicates that the deformed free energy is always larger than the

standard one,

FGUP > Fstd. (4.20)

Moreover, the difference increases almost linearly with temperature, showing that quadratic GUP

effects become progressively more significant at higher thermal energies. Physically, this behavior
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Figure 4.1: Variation of ∆F /N kT as a function of kT for different values of the deformation pa-
rameter α and α′ for m = N = 1.

reflects the reduction of accessible microstates caused by the existence of a minimal length, which

effectively increases the thermodynamic cost of the system.

In contrast, for the purely linear deformation (α= 0, α′ 6= 0), the correction is negative through-

out the considered interval,

FGUP < Fstd. (4.21)

The magnitude of the deviation also grows with temperature, but in the opposite direction. This

suggests that the linear contribution modifies the phase space structure differently, leading to an

effective decrease in the free energy.

The most interesting behavior appears in the linear–quadratic case (α 6= 0, α′ 6= 0). In this

regime, the curves initially take negative values at low temperatures, indicating that the linear

contribution dominates in the weak thermal regime. As the temperature increases, the correction

gradually approaches zero until reaching a particular point where

∆F = 0, (4.22)

meaning that the deformed and standard free energies become equal. Beyond this transition

point, the correction becomes positive, showing that the quadratic contribution eventually over-
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comes the linear one at higher temperatures.

This crossover behavior highlights the competition between the linear and quadratic sectors

of the GUP deformation. At low temperatures, the linear correction governs the thermodynamic

response, whereas at higher temperatures the quadratic term, associated with minimal-length ef-

fects, becomes dominant. Furthermore, increasing both deformation parameters enhances the

magnitude of the correction, making the deviation from the standard thermodynamic behavior

more pronounced.

The pressure is obtained from the thermodynamic relation:

p =−
(
∂F

∂V

)
T,N

= N kT

V
or pV = N kT (4.23)

We observe that the pressure expression remains unchanged, which indicates that the modifica-

tions introduced by GUP focused solely on the energy and thermal behavior of the molecules, but

did not alter the way the molecules are distributed within the normal volume. Since the volume

relationship in the equations remains the same, the final result remains the same, which is the

previously known ideal gas law.

Entropy. The generalized uncertainty principle modifies the structure of phase space by intro-

ducing a minimal measurable length. As a consequence, the number of accessible microstates

available to the particles is altered compared to the standard case. This modification is reflected

in the density of states through the deformed phase space measure, leading to corrections in the

thermodynamic quantities of the system.

From a physical point of view, the existence of a minimal length limits the localization of par-

ticles at very small scales, effectively reducing the available phase space volume at high momenta.

Consequently, the entropy acquires additional GUP-dependent contributions beyond the classical

ideal gas expression.

Using the thermodynamic relation

S =−
(
∂F

∂T

)
V ,N

, (4.24)

we obtain

S = N k

5

2
+ ln

(
V

N

(
2πmkT

h2

)3/2
)
+9α′

√
2mkT

π
+18(2α′2 −α)mkT

 . (4.25)

The first two terms correspond to the standard entropy of a classical ideal gas, while the re-

maining terms represent corrections induced by the linear–quadratic GUP deformation. The lin-
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Figure 4.2: Variation of ∆S/N kT as a function of kT for different values of the deformation param-
eter α and α′ for m = N = 1.

ear contribution scales as
p

T , whereas the quadratic correction grows linearly with temperature,

indicating that GUP effects become more significant in high-temperature regimes.

The Generalized Uncertainty Principle (GUP) reshapes our understanding of phase space through

studies of the coefficients α and α′, where the quadratic coefficient alpha reduces the number of

available microstates, leading to lower entropy, while the linear coefficient α′ increases the den-

sity of these states. This mathematical conflict means that quantum gravity not only confines the

universe to Planck scales.

The internal energy:U = F + TS evaluates to:

U = 3

2
N kT +3N kTα′

√
2mkT

π
+9(2α′2 −α)N mk2T 2 (4.26)

In this physical context, the increase in internal energy refers to the change or additional amount

that occurs in the internal energy of the system as a result of introducing the effects of the gener-

alized uncertainty principle.

Heat capacity can be described as a measure of the elasticity of spacetime in an energy-dense

environment. Physically, it is thought that an infinitely large container could accommodate any
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Figure 4.3: Variation of ∆U /N kT as a function of kT for different values of the deformation pa-
rameter α and α′

large flow of momentum. However, the new CV formula tells us that when the limit

(α< 2α) (4.27)

is exceeded, spacetime begins to exhibit a rigidity that prevents particles from absorbing addi-

tional energy, resulting in a decrease in heat capacity.The heat capacity is given by the following

equation:

CV = 3

2
N k + 9

2
N kα′

√
2mkT

π
+18(2α′2 −α)N mk2T (4.28)

Figures (4.2) and (4.3) display the temperature dependence of the normalized entropy and

internal-energy corrections,

∆S

N k
= SGUP −Sstd

N k
,

∆U

N kT
= UGUP −Ustd

N kT
, (4.29)

for different values of the deformation parameters α and α′. A behavior similar to that observed

for the free-energy correction can clearly be identified. In the purely quadratic case (α 6= 0, α′ = 0),

both ∆S/N k and ∆U /N kT remain negative and decrease almost linearly with temperature, indi-

cating that the quadratic deformation reduces both the entropy and the internal energy compared
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to the standard ideal gas. This behavior is consistent with the interpretation of the quadratic GUP

as introducing a minimal length that suppresses the number of accessible microstates and re-

stricts the available phase space at high energies. In contrast, the purely linear deformation (α= 0,

α′ 6= 0) produces positive corrections over the entire temperature range, showing that the linear

contribution enhances both entropy and internal energy.

For the mixed linear–quadratic deformation, the behavior becomes more intricate due to the

competition between the two sectors. At low temperatures, the corrections are initially positive, re-

flecting the dominance of the linear contribution in the weak thermal regime. As the temperature

increases, the quadratic term gradually becomes more important, causing the curves to decrease

until they cross the zero line at a particular temperature where the deformed and standard quan-

tities become equal. Beyond this transition point, the corrections become negative, signaling the

dominance of quadratic minimal-length effects at higher temperatures. Furthermore, increasing

the values of α and α′ amplifies the magnitude of the deviations, leading to more pronounced

departures from the standard thermodynamic behavior. Overall, these results show that the in-

terplay between the linear and quadratic GUP terms strongly influences the thermal properties of

the system and becomes increasingly significant as the temperature grows.

4.4 Harmonic oscillators in the canonical ensemble under GUP

We consider a system of N non-interacting quantum harmonic oscillators, each described by the

Hamiltonian

H =
N∑

i=1

[
p2

i

2m
+ 1

2
mω2q2

i

]
(4.30)

After introducing corrections for the generalized uncertainty principle, the distribution function

for a single particle becomes the following relation;

Z (T,V ,1) = 1

h3

[ˆ
d 3q exp

(
−βmω2

2
q2

)ˆ
d 3p

(1−α′p +αp2)3
exp

(
−βp2

2m

)]
(4.31)

When the scale is expanded to the second degree, it becomes

(1−α′p +αp2)−3 ≈ 1+3α′p + (6α′2 −3α)p2 (4.32)

After performing Gauss’s integration on spherical coordinates, we find
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Figure 4.4: Variation of ∆F /N kT as a function of kT for different values of the deformation pa-
rameter α and α′ for m = N = 1.

Z (T,V ,1) =
(

kT

ℏω

)3
1+6

p
2α′

√
mkT

π
+9(2α′2 −α)mkT

 (4.33)

The distribution function for a number N harmonic oscillators is given by the following:

Z (T,V , N ) = [Z (T,V ,1)]N =
(

kT

ℏω

)3N
1+6

√
2mkT

π
α′+9(2α′2 −α)mkT

N

(4.34)

Therefore, the calculation of free energy, which is expressed by the figureF =−kT ln Z

F =−3N kT ln

(
kT

ℏω

)
−6

p
2α′N kT

√
mkT

π
−9(2α′2 −α)N mk2T 2 (4.35)

Internal energy is not volume-dependent, therefore thermodynamic pressure vanishes com-

pletely

p =−
(
∂F

∂V

)
T,N

= 0 (4.36)

The entropy, obtained via

S =−
(
∂F

∂T

)
V ,N
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Figure 4.5: Variation of ∆S/N k and ∆U /N k as a function of kT for different values of the deforma-
tion parameter α and α′

:

S =−
(
∂F

∂T

)
V ,N

= 3N k

[
1+ ln

(
kT

ℏω

)]
+9

p
2α′N k

√
mkT

π
+18(2α′2 −α)N mk2T (4.37)

The internal energy

U = F +T S

evaluates to

U = 3N kT +3
p

2α′N kT

√
mkT

π
+9(2α′2 −α)N mk2T 2 (4.38)

CV = 3N k + 9

2

p
2α′N k

√
mkT

π
+18(2α′2 −α)N mk2T (4.39)

The application of the Generalized Uncertainty Principle (GUP) to the three-dimensional har-

monic oscillator leads to modified thermodynamic quantities, namely the Helmholtz free energy

F , entropy S, and internal energy U . The obtained expressions can be written as the sum of the

standard contributions and correction terms induced by the deformation parameters α and α′.

In the limit α = α′ = 0, the ordinary thermodynamic expressions of the harmonic oscillator are

recovered, which confirms the consistency of the formalism.
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For convenience, the deviations from the standard thermodynamic quantities are defined as

∆F = FGUP −Fstd, (4.40)

∆S = SGUP −Sstd, (4.41)

and

∆U =UGUP −Ustd. (4.42)

The behavior of these corrections as functions of kT is illustrated in Figs. (4.4) (4.5).

The free energy correction ∆F /N kT exhibits markedly different behaviors depending on the

nature of the deformation. In the purely quadratic case (α′ = 0), the correction remains positive

over the whole temperature range. This indicates that the quadratic GUP increases the free energy

of the system compared to the standard harmonic oscillator. Moreover, the correction grows al-

most linearly with temperature, showing that quadratic effects become increasingly important at

high thermal energies.

In contrast, for the purely linear deformation (α = 0), the correction becomes negative and

decreases monotonically with kT . Physically, this means that the linear GUP contribution lowers

the free energy relative to the undeformed case. The magnitude of the deviation also increases

with temperature, which highlights the sensitivity of the system to linear deformation effects in

the high-temperature regime.

The mixed linear–quadratic case (α 6= 0, α′ 6= 0) displays an intermediate and more interesting

behavior. At low temperatures, the linear contribution dominates, causing ∆F to take negative

values. As the temperature increases, the quadratic contribution becomes progressively stronger

and compensates the negative linear term. Consequently, the curves cross the horizontal axis at a

specific temperature where

FGUP = Fstd, (4.43)

that is,

∆F = 0. (4.44)

Beyond this transition point, the quadratic contribution dominates and the correction be-
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comes positive. This crossover behavior clearly reflects the competition between the linear and

quadratic deformation terms.

A similar analysis can be made for the entropy correction ∆S/N k. The quadratic deforma-

tion produces negative corrections, meaning that the entropy of the deformed system becomes

smaller than the standard entropy. This reduction may be interpreted as a decrease in the number

of accessible microstates due to the quadratic GUP effects. On the other hand, the linear defor-

mation leads to positive entropy corrections, indicating an enhancement of the accessible states

of the system. For the mixed deformation, the entropy correction first increases, reaches a max-

imum, and then decreases as temperature grows. This nontrivial behavior again results from the

competition between the linear and quadratic contributions.

The internal energy correction ∆U /N kT follows trends similar to those observed for the en-

tropy. In the quadratic case, the correction is negative, implying that the quadratic GUP lowers

the internal energy relative to the standard oscillator. Conversely, the linear deformation yields

positive corrections, corresponding to an increase in the internal energy. For the combined linear–

quadratic deformation, the correction initially increases due to the dominance of the linear term,

then decreases when the quadratic contribution becomes more significant at larger temperatures.

Overall, the figures clearly demonstrate that the thermodynamic properties of the harmonic

oscillator are strongly affected by the type of GUP deformation considered. The quadratic defor-

mation tends to increase the free energy while decreasing entropy and internal energy corrections,

whereas the linear deformation produces the opposite effect. The mixed deformation reveals a

transition between both regimes, emphasizing the interplay between linear and quadratic quan-

tum gravity corrections. These results show that GUP effects can become significant at sufficiently

high temperatures and may provide useful insights into quantum gravitational modifications of

statistical systems.

4.5 THE ULTRA-RELATIVISTIC GAS UNDER THE GUP

Let’s consider a perfect super-relative gas, where the particles move at speeds close to the speed of

light, where the relationship between energy and momentum is expressed as follows:

E = |p⃗|c

After applying the job corrections, the financial distribution function is given
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Z (T,V ,1) = V

h3

ˆ
d 3p

(1−α′p +αp2)3
exp(−β|p|c)

After expanding the denominator to second order and transforming to spherical coordinates

in momentum space

d 3p = 4πp2d p (4.45)

yields

Z (T,V ,1) = 4πV

h3

ˆ
p2d p exp(−β|p|c)

[
1+3α′p + (6α′2 −3α)p2]

We know that ˆ ∞

0
pne−ap d p = Γ(n +1)

an+1
(4.46)

After performing the Gaussian integrations, we find

Z (T,V ,1) = 8πV

(
kT

hc

)3 [
1+9α′ kT

c
+36(2α′2 −α)

(
kT

c

)2]
(4.47)

For N indistinguishable particles, the full partition function is:

Z (T,V , N ) = 1

N !

{
8πV

(
kT

hc

)3 [
1+9α′ kT

c
+36(2α′2 −α)

(
kT

c

)2]}N

(4.48)

The effect of the Generalized Uncertainty Principle (GUP) is fundamentally demonstrated by mod-

ifying the statistical weight of the system. The presence of a minimum quantized length, ∆xmi n ∼
ℏ
p
α, restricts the density of states at high momentum levels, thus reducing the number of states

available to the system in phase space. To derive macroscopic thermodynamic properties, we use

the Stirling approximation for large particle numbers, ln N ! ≈ N ln N −N , allowing us to write the

Helmholtz free energy F =−kT ln Z as follows:

F =−N kT ln

[
1+ 8πV

N

(
kT

hc

)3]
−9α′ N k2T 2

c
−36N (2α′2 −α)

(kT )3

c2
(4.49)

The pressure statement is given as follows:

P = N kT

V
(4.50)

It is noteworthy that this derivation reproduces the standard state equation for a super-relativistic

ideal gas (P = N kT
V ). This result is consistent with the physical predictions of GUP models; the
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Figure 4.6: Variation of ∆S/N k and ∆U /N k as a function of kT for different values of the deforma-
tion parameter α and α′
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correction limits arising from the generalized uncertainty principle depend exclusively on the

microscopic variables related to momentum and temperature, and are volume-independent (V -

independent). Consequently, the additional contribution of Helmholtz free energy does not gen-

erate additional mechanical stress when the derivation is performed with respect to volume, leav-

ing the macroscopic mechanical behavior of the system constant despite quantum distortions in

phase space:

S = N k

[
4+ ln

(
8πV

N

(
kT

hc

)3)]
+18α′ N k2T

c
+108N (2α′2 −α)

k3T 2

c2
(4.51)

Internal energy is given in the following form

U = 3N kT +9α′ N k2T 2

c
+72N (2α′2 −α)

(kT )3

c2
(4.52)

The expression for heat capacity is given as follows:

CV = 3N k +18α′ N k2T

c
+216N (2α′2 −α)

k3T 2

c2
(4.53)

Figures (4.6,4.7) show the temperature dependence of the normalized corrections to the free

energy, entropy, and internal energy of the ultra-relativistic gas within the linear–quadratic GUP

framework. In all cases, the corrections increase significantly with temperature, indicating that

GUP effects become more pronounced in the high-energy regime, where ultra-relativistic systems

are expected to be more sensitive to quantum gravity modifications.

For the purely quadratic deformation (α 6= 0, α′ = 0), the correction to the free energy remains

positive and grows rapidly with temperature. This means that the deformed free energy is larger

than the standard one, with the deviation becoming increasingly important at high thermal ener-

gies. On the other hand, both the entropy and internal-energy corrections are negative throughout

the considered range. This behavior reflects the restrictive effect of the quadratic GUP term, which

is associated with the existence of a minimal length and the suppression of accessible microstates

at high momenta. As the value of α increases, the magnitude of these deviations becomes larger,

leading to stronger departures from the standard ultra-relativistic behavior.

In contrast, the purely linear deformation (α = 0, α′ 6= 0) produces the opposite effect. In this

case, the free-energy correction is negative, while the entropy and internal-energy corrections re-

main positive and increase with temperature. Physically, this indicates that the linear contribution

modifies the phase space structure in a way that effectively enhances the number of accessible

states, leading to larger entropy and internal energy compared to the standard system.
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For the mixed linear–quadratic deformation (α 6= 0, α′ 6= 0), the thermodynamic behavior re-

sults from the competition between the two contributions. At relatively low temperatures, the

linear term tends to dominate, producing corrections similar to the purely linear case. However,

as the temperature increases, the quadratic contribution becomes progressively more important

due to its stronger temperature dependence. Consequently, the curves gradually shift toward the

quadratic behavior, with the corrections eventually becoming dominated by minimal-length ef-

fects. This transition is clearly visible in the entropy and internal-energy plots, where the initially

moderate deviations evolve into large negative corrections at high temperatures.

Overall, the figures demonstrate that the interplay between the linear and quadratic sectors of

the GUP deformation has a strong impact on the thermodynamic properties of the ultra-relativistic

gas. The corrections are negligible at low temperatures but become increasingly significant in

the high-energy regime, emphasizing the relevance of GUP-inspired modifications in systems ap-

proaching Planck-scale physics.

4.6 Conclusion

In this chapter, we investigated the effects of the linear–quadratic Generalized Uncertainty Princi-

ple on the thermodynamic properties of several canonical ensemble systems. Using the deformed

phase space measure, we derived modified partition functions and obtained the corresponding

corrections to the free energy, entropy, and internal energy.

The results show that the thermodynamic behavior strongly depends on the type of defor-

mation. The quadratic contribution generally increases the free energy while reducing entropy

and internal energy, whereas the linear deformation produces the opposite effect. In the mixed

linear–quadratic case, the competition between both contributions leads to crossover behaviors

that become more pronounced at high temperatures.

Overall, these results demonstrate that GUP corrections can significantly influence the ther-

modynamics of statistical systems and provide useful insight into possible quantum gravity effects

at high energies.



5
General Conclusion

In this thesis, we studied the implications of the Generalized Uncertainty Principle within the

framework of statistical physics and canonical ensemble systems. We began by reviewing the the-

oretical foundations of GUP and discussing the main types of deformations, namely the linear,

quadratic, and linear–quadratic forms. Particular attention was given to the physical interpreta-

tion of these deformations, including the emergence of a minimal measurable length and, under

certain conditions, a maximal momentum.

We then established the deformed phase space formalism associated with the linear–quadratic

GUP by deriving the corresponding Jacobian and modified density of states. This framework al-

lowed us to construct corrected partition functions and systematically investigate the resulting

thermodynamic modifications.

The formalism was applied to several physical systems, including the non-relativistic ideal gas,

the ultra-relativistic gas, and the three-dimensional harmonic oscillator. Analytical expressions for

the Helmholtz free energy, entropy, and internal energy were obtained, together with their leading

GUP corrections. The analysis revealed that the thermodynamic behavior strongly depends on the

nature of the deformation. In general, the quadratic sector introduces restrictive effects associated

with minimal-length physics, while the linear contribution tends to produce opposite corrections.

The combined linear–quadratic deformation leads to richer behaviors characterized by transitions

between both regimes.

The obtained results confirm that GUP-induced modifications become increasingly important

at high temperatures and energies, where quantum gravity effects are expected to emerge. Al-

though these corrections remain extremely small at ordinary scales, they provide valuable insight

into the possible interplay between quantum gravity and thermodynamics.

Finally, this work may be extended in several directions. Possible perspectives include the

study of interacting systems, relativistic quantum gases in external fields, Bose–Einstein conden-
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sation, black-hole thermodynamics, and nonextensive statistical frameworks within GUP-inspired

models. Such investigations could further clarify the physical consequences of minimal-length

deformations and their role in connecting quantum mechanics, gravity, and statistical physics.
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