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Abstract :

In this dissertation, we study the non-linear Volterra integro-differential equa-
tion. This equation plays a very important role in modeling phenomena in
Various sciences.

We prove the existence and uniqueness of the solution of the proposed equation
by applying Schauder’s fized point theorem. We also use Krasnoselskii’s fized
point theorem to handle cases where Schauder’s compactness assumptions
are not directly satisfied. The numerical solution of the equation is obtained
using the Nystrom approrimation method.

Keywords: Volterra integral equation; integro-differential equation; Schauder
fizxed point theorem; Krasnoselskii’s fixed point theorem; numerical approzi-
mation; Nystrom method.



Résumeé :

Dans ce mémoire, nous étudions [’équation intégro-différentielle non linéaire
de Volterra. Cette équation joue un role trés important dans la modélisation
des phénomeénes dans diverses sciences.

Nous prouvons l’existence et ['unicité de la solution de [’équation proposée en
appliquant le théoréme du point fize de Schauder. Nous utilisons également le
théoréme du point fize de Krasnoselskii pour traiter les cas ot les hypothéses
de compacité de Schauder ne sont pas directement satisfaites. La solution
numérique de I’équation est obtenue en utilisant la méthode d’approximation
de Nystrom.

Mots clés :Equation intégrale de Volterra, Equation intégro-différentielle,
Théoreme du point fize de Schauder, Théoréeme du point fixe de Krasnoselskit,
Approximation numérique, Méthode de Nystrom.
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Introduction

Since the late nineteenth century, a new type of equation known as Fredholm
or Volterra integral equations has emerged. This type of equation plays
a very important role compared to differential equations due to its wide
applications [4, 5, 6], in all fields of science: physics, chemistry, biology,
engineering, electronics, signal processing, quantum mechanics, and others.
Moreover, most of these phenomena can be modeled as integral equations for
the purpose of studying them in an easy and inexpensive way.

It is also well known that linear and nonlinear Volterra and Fredholm integral
equations play a fundamental role in many other scientific and applied fields,
such as population dynamics, epidemic modeling, and semiconductor physics,
due to their ability to describe systems that depend on the entire history
of their evolution ("memory”)[5, 9, 14, 15] . As a result, researchers have
dedicated significant resources to understanding the different types of these
equations [2, 6, 7, 11] and improving techniques for studying them [4, 10, 12,
13].

In this work, we consider a new class of Volterra integro-differential equations
of the second kind, where the kernel depends on both the unknown function
and its first derivative. We study two cases:

» First case (Chapter 2): The source term is linear, denoted by f(t),
depending only on t:

u(t):/ k(t s, u(s), /() ds + f(£), Vit € [a,)

» Second case (Chapter 3): The source term is nonlinear, denoted by
f(t,u(t)), depending also on the solution u:

u(t) :/0 k(t,s,u(s),u'(s))ds + f(t,u(t)), Vtel0,1]

where:




e u(t) is the unknown function to be determined,
o f is the source term (linear or nonlinear),

o k is a known kernel, generally nonlinear, depending on ¢, s, u(s) and

u'(s).

Therefore, this dissertation is divided into three chapters as follows:

o Chapter 1: We present the basic concepts, tools, and theorems that
will be used in the following chapters (such as Schauder’s theorem,
Krasnoselskii’s theorem, and the Nystrom technique).

o Chapter 2: We study the equation in the linear case where the source
term f(¢) is independent of u(t). We prove existence and uniqueness
using Schauder’s fixed point theorem, then we treat this equation nu-
merically using the Nystrom technique to find an approximate solution.

» Chapter 3: We study the equation in the nonlinear case where f (¢, u(t))
depends explicitly on u(t). We prove existence and uniqueness using
Krasnoselskii’s fixed point theorem, then we also apply the Nystrom
technique to obtain the numerical approximate solution.

At the end of each of the two chapters, we present numerical examples illus-
trating the obtained results.




Chapter 1

Fundamental notions and
preliminaries

In this chapter, we recall some basic notions.

1.1 Banach spaces

1.1.1 Normed space

Definition 1.1.1. Let V' be a vector space. A norm is a function defined on
V' with values in R™, denoted by || - ||, such that the following three properties
are satisfied:

(1) Yoe V. |v|ly =0 v=0.
(2) VA€ R, Vv eV, [|Av[lv = [A[jv]lv.
(3) Yv,w eV, ||Jv+wlv < ||v|v + ||lwlv. (Triangle inequality)

We then say that V is a normed vector space (n.v.s).

1.1.2 Cauchy sequence

Definition 1.1.2. Let (Uy)nen be a sequence in V', We say that (Uy)nen s
a Cauchy sequence for the norm || - ||v if:

Ve > 0,3N >0,Yn > N,¥p > 0, |Upyp — Unlly <e.
Proposition 1.1.3. Every Cauchy sequence is bounded.

Proposition 1.1.4. Every convergent sequence is Cauchy.
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Remark: Not every Cauchy sequence is necessarily convergent in an arbi-
trary space. Hence, the interest in introducing a new definition: complete
spaces.

1.1.3 Banach space

Definition 1.1.5 (Complete space or Banach space). A normed vector space
V' is said to be complete for the norm || - ||v if every Cauchy sequence is
convergent (for this norm). Such a space is also called a Banach space.

Example 1.1.6. Consider C*([a,b],R), the set of real functions of class C*
on [a,b]. We equip this space with the norm

Ifller = I fllee + 1 f'locs  f € C*([a, 0], R).

Then, (C'([a,b],R),|| - |[1) is @ Banach space.

1.2 Fixed point theorems

For nonlinear equations, fixed point theorems are generally used to show the
existence of their solutions. We mention here the Banach and Schauder fixed
point theorems.

Definition 1.2.1. Let X be a Banach space and T : X — X. We say that
x 1s a fixed point of T if and only if:

r=T(x).

1.2.1 Krasnoselskii’s fixed point theorem

Let X be a Banach space, and let M be a closed, convex, and non-empty
subset of X. Consider two operators A : M — X and B : M — X that
satisfy the following conditions:[5]

« (Contraction) A is a contraction mapping. There exists a constant
k € ]0,1) such that for all z,y € M:

[A(z) = Ay)ll < kllz = yl.

« (Compactness) B is compact (i.e., it is continuous and maps bounded
subsets into relatively compact subsets).




o (Invariance) For all z,y € M, the following holds:

A(z) + B(y) € M.

If these conditions are satisfied, then the operator A + B has at least one
fixed point z* € M. In other words, there exists +* € M such that:

A(z")+ B(z") = 2",

Proof. For more details on the proof of this theorem, see reference[5]. ]

1.2.2 Schauder fixed point theorem

Theorem 1.2.2. Let S be a closed convex subset of a Banach space X and
T:8 — S. IfT is continuous and T'(S) is relatively compact, then T' admits
a fized point [27].

1.2.3 Banach fixed point theorem

Theorem 1.2.3. Let X be a Banach space. If T is a contraction mapping
from X into X, then T possesses a unique fized point [27].

1.3 Useful analytical properties

1.3.1 Lipschitz function

Let I be an interval of R and f a function from I to R. We say that f is
Lipschitz with constant k& > 0 if for all =,y in I,

[f(x) = f(y)| < klz —yl.

More generally, one can define a Lipschitz map from a metric space to an-
other. The map is called a contraction if & < 1.

1.3.2 Mean value theorem

Let f : [a,b] — R be a function continuous on [a,b] and differentiable on
Ja,b[. Then there exists ¢ belonging to ]a, b such that

f(b) = f(a) = f'(c)(b - a).

10



1.3.3 Derivative of an integral function
Let G(x) be a function defined by the following integral formula:
b(z)
Gla)= [ gatyat,
a(x)

then its derivative is given by:

(b(z) b(x)
T@ =gy = v@gta o)~ @l o)+ [ Pty

() a(x)
Example 1.3.1. Consider the following Volterra equation:

u(t) :/ k(t,s,u(s))ds + f(t),

then the derivative of the previous equation is given by:

u'(t) = k(t, t,u(t)) —I—/ %(t,s,u(s)) ds + f'(t).

Lemma 1.3.2. [8] Let ¢(t) be a positive continuous function on [a,b] such
that: .
A0, e <L / o(s) ds,

then
Vit € [a,b], p(t) = 0.

Proof. Since ¢(t) is a positive continuous function on [a, b], then I > 0 such
that:
o(t) <n Vteab],

then,
ot) < Ln [ ds = Lt a).

By induction, we find:

11



1.4 Numerical integration methods

The main goal of numerical integration methods is to estimate the value of
the definite integral over a particular domain for a given function. There
are several techniques; we mention the Trapezoidal method and Simpson’s
method [30, 11].

1.4.1 Trapezoidal method

The Trapezoidal method consists of dividing the integration interval [a, b]
into n equal segments, thus obtaining (n + 1) equally spaced points. We set:

b—a
—

ri=a+1th, 1=0,1...n, with h=

We approximate the area of each ”slice” by a trapezoid constructed from the
values of the function at the boundaries of each sub-interval.

[ tin =il Slon)

2

The function f is thus replaced by a straight line (polynomial of degree 1)
on each sub-interval. By adding the sum of the areas of all the trapezoids,
we obtain:

we can simplify this expression as follows:

[ t@ds =5 5@+ 1) +2 Y flw)|.

12



1.4.2 Simpson’s method

Simpson’s method consists of dividing the integration interval [a,b] into n
equal segments with n an even number (n = 2m), thus obtaining (2m + 1)
equally spaced points:

b—a

Tp=a+1th, 1=0,1.n, with h= ,
n

Approximate the function f on each "slice” by a parabola constructed from
three consecutive points.

/abf(:v)dxz/$:2f(x)dx+/x:4f(x)dx+..._|_/x:m2f(x)dm

Between xy and x5 passing through x;, there are three interpolation points,
so we can replace the function f(z) by a polynomial of degree 2:

/w @) do = / Py(x) da.

According to Lagrange interpolation, this polynomial can be written as:

Py(x) = f(xo)Lo(w) + f(21)La(x) + f(22) La(2),

with

(x —x1)(x — 29)
Lofe) = (20 — 1) (w0 — 22)’
(x — x0)(x — x9)
Lafe) = (21 — o) (21 — 22)
o) = (x — xo)(x — 21)
Ll )

If we set © — x1 = th , so
m_x2:(37_1'1)—<$2—$1>:th—h:h(t—1)
T —xg= (v —x)+ (1 —29) =th+h=h(t+1)

which yields

Lo(z) = %(t2 S Li(x) = 1 — £, La(z) = %(tZ 1)

13



. by replacing ps(z) with its expression, we obtain:

/x:Qf(I)dxz @h/l(ﬂ_t)d“rf(ﬂ?l)h/l(l—t?)dt

1 -1

+Mh/1(t2—t)dt,

2
_ f@o),  Af(x1), | flz2)
=3 h + 5 h + 3 h,

- g (f(xg) +4f (1) + f(m)) :

we deduce that:

/ab fz)de = g (f(a) + f(b) +4 Z:: fxai1) + 22 f(g;%)) ,

14



Chapter 2

Analytical and numerical study
of the first model (with linear
source term f(t))

2.1 Analytical Study of the First Model

In this chapter, we follow the same approach described in [8], in order to
demonstrate the existence and uniqueness of the solution of the proposed
equation.

2.1.1 Problem formulation and hypotheses
We consider the following nonlinear Volterra equation of integro-differential
type:
u(t) = /tk(t, s,u(s),u'(s))ds + f(t), Vté€ [a,b (2.1)
We assume that k is geﬁned by:
k:la, b x R* =R, (ts,2,y) = k(t,s,z,y)

satisfies the following hypotheses:

1)% € O([a, b]* x R?),
(H1)§2)3M e RY, Vt,s € [a,b],Va,y € R,

%(t,s,2,y)]) < M.

max (lk(t,S,ZE,y)L

Furthermore, for f € C'([a,b],R), we differentiate equation (2.1) to obtain
another equation that contains more information about the solution wu, given

15



by:

u'(t) = k(t,t,u(t),u(t)) +/ %(t,s,u(s),u’(s)) ds+ f'(t), Vt € [a,b].

(2.2)
In the next section, we will see that the hypothesis (H;) allows us to ensure
the existence of the solution of equation (2.1).

2.1.2 Existence via Schauder’s fixed point theorem
We consider the notation U = (u,u’) € B = C([a, b], R) x C([a, b], R). There-

fore, we can group equations (2.1) and (2.2) into the problem:

U = ¢;(U),

where ¢ is the functional defined from B into itself by:

¢f<U) - (¢1(U)7 ¢2<U))7 Vf € Cl([aab]vR)7

with

o1 (U)(t) :/ k(t,s,u(s),u'(s))ds + f(t), Vté€ la,b],

do(U)(t) = k(t, t,u(t),u'(t)) + %(1&, s,u(s),u'(s))ds+ f'(t), Vit € [a,bl.

It is clear that if ¢, has a fixed point, then equation (2.1) admits a solution.
This means we must prove that ¢; satisfies the conditions of the Schauder
fixed point theorem.

Proposition 2.1.1. For all f € C*([a,b],R), ¢; is continuous from B into
itself.

Proof. For more details, see reference [8]. O

Theorem 2.1.2. Let F' be the set defined by:

F= {5 € Cl([a’vb]uR)af(a’) = f(a’)7Vt € [CL,b], |€(t)_f(t)| < M(a_b)7 |£l<t)_
SO < Mb—a+1)}.
Thus, ¢5(F') is relatively compact.

Proof. We will show that ¢;(F) is relatively compact.

16



First, it is clear that the set F'is closed and convex. For any £ € F' and any
t € [a,b], we have:

|61(E)(E) — f(B)] = /k(t>8,§(8)75’(8))ds+f(t)—f(t) ,

t
S/kﬂﬁ£@%€@D%7
<M/t1d5
<M/ 1ds,

< M(b—a)
Similarly, we find:

wx&@—fﬁﬂ=‘tt£ / (1.5, 6(5).€/(5)) ds + F(Y — (1)

/ (t,s,6(5),£'(s))ds

Y

< |k(t,t,&(t)

Y

SM—I—M/ 1ds,

<M+ M(b-—a),
<M(b—-a+1).

We deduce ¢¢(F) C F, which confirms that ¢;(F') is uniformly bounded.
It remains to prove that ¢;(F') is equicontinuous. For all ¢1,t5 € [a,b] with
t; > ty, we have:

61(U)() — dn(U)(12)] < /”kuhau@»w@»ds—/”k@mau@»w@»ds
+|f(t1) — f(t2)],
< /Qk(tl,s,u(s),u'(s))ds—i-/t k(ty,s,u(s),u'(s)) ds

"/anﬁmwxw@»w+f@o—f%>y

<

/ 2 k(t1, s,u(s),u'(s)) ds — k(ta, s, u(s), u'(s)) ds

+

/t1 k(ty,s,u(s),u'(s))ds

+[f(t1) = f(t2)],

17



the mean value theorem gives us:

to t1
60 (U) () — 61 (U)(ta)] < M |ty —t2]/ 1ds+M/ 1 ds
a to
+ max [ f'(s)] [ty — 2],
s€a,b]

§M|t1—t2](t2—a)+M|t1—t2|

+ max | f'(s)] [t1 — t2|,
s€[a,b]

< (M(b—a+1)+ max [f/($)]) [t =t

< Cylty —tof .
Similarly one can write:
to ok , to ok .
|62(U)(t1) — ¢2(U)(t2)] < 5 (B s uls),w(s))ds — | = (b, 5,u(s), u'(s)) ds
nok

[yt ). s)) ds| 17 (1) = £'2)

+ |k’(t1, tl,u(tl),u’(tl) — k(t?,tQ, U(tg), U,/(tg))| s

+

we also apply mean value theorem to obtain:

to t1
|¢2(U)(t1)—¢z(U)(t2)|§M|t1—t2|/ 1ds+M/t 1 ds

+o([ty —ta]) + M |t; —to]

< Mty — to] (ta — a) + M |ty — tao] + o(|t1 — t2])
+ M |ty — ty],

<(M(b—a+2)) |ty — tao| + o|t1 — ta]),

= Oy |t — to] + o[ty — ta]).

The two preceding inequalities demonstrate equicontinuity. Since ¢;(F) is
uniformly bounded and equicontinuous, then by Arzela-Ascoli theorem, we
can say that the set ¢¢(F) is relatively compact. Finally, Schauder’s theorem
confirms that ¢; has a fixed point, which means that equation (2.1) admits
at least one solution. O

18



2.1.3 Uniqueness of the solution

First, to show the uniqueness of the solution of equation (2.1), we need to
add the following hypotheses:

1)3A, B, A, B € R,,Vx,y,%,9 € R,Vt, s € [0,T]
|k(t,8,$,y) - k(tv Sajvg” < A|‘T - ‘li‘| + B|y - g|7
Bt s,x,y) — Bty s, 2,9)| < Ale — 2|+ Bly —

2)B < 1.

(Ha)

Theorem 2.1.3. Let (Hy) and (Hy) be satisfied. Then, the solution of
equation (2.1) is unique.

Proof. Assume that there exist two solutions u,v € C*([a, b], R) for equation
(2.1). Let us define ~(t), For all ¢ € [a, b]by:

V() = [v(t) —u@®)] + V() —u'(F)].
it is clear that:

= ["k(t, s, u(s),u/(s))ds + f(t) u solution

t) = fat k(t,s,v(s),v'(s))ds + f(t) v solution

By subtraction we obtain:
u(t) —v(t)] < / |k(t, s,u(s),u'(s)) — k(t, s,0(s),0'(s))| ds
< [ Alus) = o) + Blu'(5) - ()} s

< max(A, B) /tv(s) ds

Hence
lu(t) — v(t)| < max(A, B) / +(s) ds. (2.3)
also we have:
' (t) = k(t, t,u(t) +ft8ktsu ),/ (s)) ds
V'(t) = k(L t,u( —i—ft Ok (t,s,u(s),v'(s)) ds

19



subtraction gives :

' (t) = ' ()] < [k(t,t, u(t), u'(£) — k(t,t,0(t), v'(1))]

/t ok ok
+

—(t, s,u(s),u'(s)) — = (t,s,v(s),0v'(s))| ds
< Alu(t) — v(t)| + Blu'(t) — v'(t)] + max(A, B)/ v(s) ds

ot ot

Using inequality (2.3), we get:
[u/(t) — v'(t)| < Amax(A, B)/ v(s)ds + Blu/'(t) — v'(t)| + max(A4, B)/ v(s) ds,
— BI/(t) — /()] + (Amax(A, B) + max(A, B)) / +(s) ds,

=mw@—wﬁﬂ+¢/v@ma

with -
a = Amax(A, B) + max(A, B).
Since B<1=1— B >0, we have:

(1= B ()~ @] <a [ 1(s)ds

and thus .
[/ (t) — ' (t)] < : féB /a v(s) ds. (2.4)
Adding inequalities (2.3) and (2.4):
u(t) — ()] + [ (t) — ' (t)] < (% + max(A, B)) / ~(s)ds,
WO <L [ s
with

L= % + max(A, B).

Using Lemma 1.3.2, we obtain:

_ u(t) = v(t)
=0= {u’(t) 0)

Therefore, the solution of the equation is unique. [

20



2.2 Numerical study of the first model

In general, we cannot determine the exact solution of the proposed equation,
so we must use numerical techniques to approximate its solutions[1, 4, 3, 2].
In this chapter, we will use the method known as: the Nystrom numerical
method [8] based on numerical integration to obtain an approximate solution
to our equation.

2.2.1 Nystrom approximation

Under hypotheses (H1), (H2) it has been shown that equation (2.1) admits a
unique solution. In this section, we use the Nystrom method to approximate
its solution. We define the general form of the numerical integration by: for

N e N:
b N
[ rwae=nYws)
a i=0
where w? are real numbers such that there exists w > 0:

VN € N, max |w;| < w.
0<i<N

Applying this quadrature to equations (2.1) and (2.2),we obtain the following
algebraic system:

(a),
f'(a) + k(a,a, Uy, Vp),

—

(
° U == f(tn) + hZ?:O U}zk’(tn,tz, UZ‘,‘/;), 1 S n S ]\/v7 (25)
o« Vo= F(tn) + kb to, Un, Vi) + h S0 w2 (5, Ui, Vi), (2.6)

where U, V,, approach u(t,), u'(t,) respectively. In the following, we will
deal with the algebraic system obtained

2.2.2 Algebraic system and solvability

In order to study the existence and uniqueness of the solution of system (2.5)
and (2.6), it is necessary to add the following new hypothesis:

(Hg) A<,

Theorem 2.2.1. Let (Hy), (H2), (Hs) be satisfied, and for sufficiently small
h, then system (2.5) and (2.6) has a unique solution.
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Proof. Suppose the space R? has the following usual norm:

(e |G-

For all n > 1, we define:

“(5)-

It is clear that:

Ftn) + hwnk(to, to, 2, y) + b S0 wik(tn, ti, Us, Vi)

F(tn) + k(tn, tn, 2, y) + hw, ety to, 2, y) + B Y0 szat(t ti, Ui, Vi)

() - @) -G

with
|51| = hwn|k(tnatnaw7y) - k(tnatnam/ay/”a
< hw(Alz — 2’| + Bly — y'|),
and
ok ok
’52’ = ‘k<tn>tn>$ay) - k(tmtmm/ay/)‘ + hwn E(tnatnaxﬂ/) - a(tn7tn7x,>y,) 9

< Alz — /| + Bly —y/| + hw(Alz — 2’| + Bly — y/)),
= (A + hwA)|x — 2'| + (B + hwB)|y — /|

Adding the two inequalities:

1B1] + |B2] < (wWhA + A+ whA)|x — 2’| + (WhB + B + whB)|y —1/|.

T o T x
n - ¥n / SL - !
() Gl =£]G) -Gl
L = max (whA—i—A—i—whfl, th—i—B—i—th).

Since h is small, B < 1 and A < 1, we deduce that 0 < L < 1, therefore,
by the Banach fixed point theorem, v,, admits a fixed point, which confirms
that the solution of system (2.5) and (2.6) is unique. O

where
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2.2.3 Error analysis and convergence

In this section, we will show that the numerical method constructed in the
previous section is convergent. For this reason, we define:

en = U, —u(ty)| + |V, — v (t,)], n>0.

We say that the method is convergent if:

lim ( max 5n) =0,
h—0 \ 0<n<N
which we will see in the following theorem:

Theorem 2.2.2. Let (Hy),(Hs), (Hs) be satisfied. Then,

lim ( max an) =0.
h=0 \ 0<n<N
Proof. Initially, the consistency of the Nystrom method [8] gives us:
d(h,ty) = 01 + 09, where,

tn
(51:/ k(tn, s, u(s), ds—thl (tn, ts, u(t; u/(tz))‘

Ok ~ Ok
b= [ 5yt s uls), o (s) ds—thz (tn, ti, u(t:), ' (:))

a

Y

with

h—0 \ 0<n<N

Yu € C*([a,b],R), lim ( max d(h,t )) 0.

It is clear that for n > 1:

tn
|u(tn)—Un]:/ k(tn, s, u(s), u ()ds—thZ (tns i, U, Vi) |

IN

?

/nk(tn,s u(s), w(s)) ds—thz (bt (), o ()

=0 1=0

< hwAlu(t,) — Uy,| + hwBlu' (t,) — V|
n—1
+61 + hwmax(A, B) Y e (2.7)

=0
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the same way, we find:

U (t) — V| < |k(tn, toy u(tn), ' (tn)) — k(tn, tn, Un, Vi, )|

b Ok ,
+ oy — (tn, s, u(s), ds—thl (tn, iy u(t;), u'(t;))

)
a

n

+ hzwl tn7tlau ) [ (t’b>) - hzwz%(tn7tw U’L?‘/Z) )
i=0

< (A + th)\u( n) — Un | + (B + hwB)|u/(t,) — V|

+ 0y + hwmax(A, B Zgz

From (2.7) and (2.8), we obtain:

[u(tn) — Un| + [t/ (tn) — Vi| < (A + hwA + hwA)|u(t,) — U,|
+ (B + hwB + hwB)|u'(t,) — V|

+ [hwmax(A, B) + hwmax(4, B)] Zez

+ 01 + 09,
then,
n—1
en < ag, + hwmax(A+ A, B+ B) Zai + §(h, t,),
i=0
where

o = max(A + hwA + hwA, B+ hwB + hwB).

Since h is sufficiently small, A < 1 and B < 1, we have:
O<a<l=p=1—a>0,

then

T =\ n—1
. < hwmax(A+ A, B+ B) Zgi N 5(h,tn)'
0

B 0 0
By applying Theorem 7.1 of [21], we obtain:

3 =y -1
8ngl(14_hwmax(A—I—A,B—l—B)) (
0 0

1<i<n

max 0(h,t;) + hwmax(A + A, B+ B)e

24
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the other hand, we have:

<1+ hwmax(A—i—fl,B+B))"1 . (1 N (b— a)wmaX(A‘f‘/_l,B—l-B))N )
0 NQ N—+o00

Finally, we deduce that if h tends to zero, then:

lim | max &, | =0.
h—0 \ 0<n<N

2.2.4 Nwumerical results

In this section, we will treat two examples in order to prove the efficiency
of the proposed numerical method. We mention that the examples satisfy
hypotheses (Hy), (Hy) and (H3), then we present the error tables and the
figures using the Matlab software [25].
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Example 1:

We consider the following integral equation:

st

ult) :/0 T (us) + ()

where the exact solution of this equation is u(t) = t. We use the trapezoidal
quadrature formula, then apply the successive Picard iteration technique to
find the approximate solution of system (2.5) and (2.6), considering a toler-
ance of order 1077, Next, we calculate the error obtained for each subdivision,
given by:

7 In(2) t
Sds+ {1 - —+ —] t+tan(t)—§ In(t?+2t+2),

4 2

ey = max {|u(t,) — Uy, [/ (t,) — Val}.

0<n<N

We also draw the figures which represent the exact and approximate solution.

N eN
10 | 7.76e-03
50 | 1.68e-03
100 | 8.50e-04
250 | 3.42e-04
500 | 1.71e-04
1000 | 8.57e-05

Table 2.1: Numerical results for example 1.

Interpretation: The error table shows that if h approaches zero, then the
error ey also approaches zero. This confirms that the approximate solution
converges to the exact solution. Moreover, it can also be seen in the graphs
presented below
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Figure 2.1: The solution (exact and approximate) N=100

Derivative
1.0004 T T T
000000000,
1.0003 55707020
[ o
o
o
o
o
1.0002 < 9
o
3 o +  Exact derivative
3 =, O Approximate derivative
1.0001 o 9
o
o
Y I O (O S ol T O O R T O R O
0.9999 L . L . L L . it .
0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1

Figure 2.2: The derivative of the solution (exact and approximate)N=100

Example 2:

We consider the second integral equation:

/o %cos[s +t — sin(2ms) — 27 cos(27s) + u(s) + u'(s)]ds + f(¢),

F(t) = sin(2rt) — sin(t)(cos(#) — %).

The exact solution is u(t) = sin(2nt). We treat this equation in the same
way as for studying example 1, but using the Simpson quadrature formula.
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N eN
10 | 4.85e-02
50 | 9.74e-03
100 | 4.90e-03
250 | 1.95e-03
500 | 9.75e-04
1000 | 4.87¢-04

Table 2.2: Numerical results for example 2.

Interpretation:The second error table and the graphs presented below for
example 2 also confirm the convergence of the approximate solution to the
exact solution. Finally, from these numerical results we can judge that the
Nystrom method is efficient for approximating this type of Volterra integral
equations.

28



#  exact solution
+  approximate solution |-~

-05F

Figure 2.3: The solution (exact and approximate) N = 100
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Figure 2.4: The derivative of the solution (exact and approximate) N = 100
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Chapter 3

Analytical and Numerical
Analysis of the second
Model(with Nonlinear source

Term f(t, u(t)))

3.1 Analytical Analysis of the second Model

3.2 Extended Hypotheses

The Volterra and Fredholm integral equations have a great importance in
both theoretical and practical mathematics, since their presence and crucial
significance in several fields, including physics, engineering, and biology[10,
16, 24, 28]. As a result, researchers have dedicated significant resources to
comprehending the many kinds of these equations [7, 13, 14, 19] and improv-
ing techniques for studying them [8, 22, 18, 20].

In this chapter, we consider a new class of Volterra equation as follows:

u(t) = /0 k(t,s,u(s),u'(s))ds+ f(t,u(t)), Vtelo,1] (3.1)
where:
f(t,z) € CY([0,1] x R,R)and k(t,s,z,y) € C'([0,1] x R?* R)are given func-

tions and wu(t) is the unknown solution which is to be found in the space

C*([0,1]).
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We mention that the kernel & is nonlinear and contains the unknown wu(t)
and its derivative u/(t), and the source term f is also nonlinear and contains
the unknown u(t).

Before studying this equation, we need to derive it with respect to variable ¢
to get an alternate equation that provides additional insight into the solution
u(t) as follows:

u'(t) = k(t, 1, u(t), U’(t))+/0 %(t s,ul(s), u'(s)) ds+fr(t, u(t))+fa(t, u(t)) w'(1)

(3.2)
in which,

ity = L) g ) = 2]

So, our main objective is to reveal this new kind of equation according to
the next sections that involve conducting a thorough analysis of the equation
as follows: First, we examine the system of equations (3.1)-(3.2) analytically
by proving the existence and uniqueness of its solution using Krasnoselskii’s
fixed point theorem [15]. Second, we treat our equations numerically by
applying the Nystrom technique [2] in order to approach their solutions.
Finally, we provide some numerical examples.

3.2.1 Existence via Krasnoselskii’s fixed point theorem

In order to establish the existence of the solution of system (3.1)-(3.2), it is
necessary to impose certain hypotheses (#;) on functions k, f and «/, which
are given in the following manner:

(H1): Vt,s € [0,1], Va,y € R, there exists M > 0, F > 0, F; > 0, F, > 0,
R>0,L>0,L;>0,Ly>0,60 >0, such that:

ma’X(|k(t7 S,ZL’,y)|7 %(t73,$,y)|) S M7

[f(t,2)] < F, [ 0)] < By L fa(t o)) < B

u'(t)] < R,

|f(t,x) = f(t,y)| < Llz —yl,
|filt, ) = filt,y)] < Lafz —yl,
| f2(t,2) = fo(t,y)| < Lofz —yl,
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e 0= maX{L -+ L1 + RLQ,FQ} < 1.

Theorem 3.2.1. Let (Hy) be verified. Then the system of equations (3.1)-
(3.2) has at least one solution.

Proof. Consider the Banach space C*([0, 1]) which is equipped with the fol-
lowing norm:

luller = Nlulloo + [1u'lloc = sup fu(t)] + sup |u'(t)].
t€[0,1] t€[0,1]

We define the operator T' from the space C1([0, 1]) into itself, as a decompo-
sition into the sum of two operators 77 and 15 as shown below:

T)(t) =Ti(u)(t) + Ta(u)(t),  YueC([0,1)), Vte[o1],

where,

Ty (u)(t) :/0 k(t,s,u(s),u'(s))ds, To(u)(t) = f(t,u(t)).

Clearly, if the operator T has a fixed point on the space C*([0,1]) then the
system of equations (3.1)-(3.2) has at least one solution, which we will prove
by using the Krasnoselskii fixed point theorem, when the theorem states that
the following conditions are fulfilled:

1. Yu,v € &, T1(u)+Ty(v) € £, where £ is a given non-empty, closed and
convex subset,

2. T} is compact and continuous,
3. 15 is a contraction.
First, we take into account the subset £ by the following form:
E={uecC(0,1]),|lullcr <3M + F + F, + F,R}.

1. It is evident to see that the subset £ is non-empty, closed and convex.
For all u,v € £ we have:

T4 () ()] = /Ok(t,s,u(s),u’(s))ds g/o (5, u(s), v/ (s))]ds < M.

Similarly, one may find:

110 = K tule). ' 0) + [ Gt s.u(o). /()]

0
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%(t, s,u(s),u(s))| ds < 2M.

< [k(t, t,u(t), u'(t))] +/0 ot

Therefore, we obtain: ||7}(u)||c: < 3M. On the other hand, we have:
Ta(0)(B)] = [f(t,0(B)] < F,

And
[ T5(v) ()] = [fo(t, v (@) + [ fa(t, v(0)V' (1) < FL + F2R,

then || Ty(v)||cr < F + Fy + FyR. Thereby: ||T1(u) 4+ T2(v)||cr < 3M +
F + Fy + F5R. We deduce that Ti(u) + Th(v) € €.

. It is clear that T} is continuous. The inequality |7} (u)||c: < 3M
confirms us that 77(€) is uniformly bounded, so to verify that T; is
compact we just need to prove that 77(€) is equicontinuous.

For all u € &, for all ¢1,t5 € [0,1], with ¢; > t5 we have:

Ty (u)(t1) — Ti(u)(t2)| = :

/01 k(ty, s, u(s),u'(s))ds — /0 2 k(ta, s,u(s),u'(s))ds

<

/02 k(t1,s,u(s),u'(s))ds

—l—/1k(tl,s,u(s),u'(s))ds—/Qk(t2,s,u(s),u/(s))ds

to 0

3/02|k(t1,3,u(3),u'(3))d5

— k(ta, s,u(s),u'(s))|ds + / 1 |k(t1, s, u(s),u'(s))|ds.

to

The mean value theorem gives us:
to t1
0 to

Similarly, we can get:

T (u)(t1) — T7(u)(ta)| < /0 2 %(tl,s,u(s)’u’(s))ds - %(tQ,S,U(S)’U’(S)) ds,
ok

ds,

+/

R (t t ult), 0/ (81)) — K(ta, ta, u(ts), o (t2))].

E(tb S, ’LL(S), ul(s))
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Furthermore, the function 2 (t s, x,y) is continuous with respect to the
variable t over the 1nterva1 [0 1], so it is uniformly continuous, which
permits us to write:

ok ok

S (tsu(s), () =

(t2, 5, u(s), u'(s))

< (5(’t1—t2|) — 0asty — ts.
(3.3)

From (3.3) and by using the mean value theorem again, we get:

t1
|77 (w)(t1) — Ti(u)(t2)] < 0([tr — t2]) + M/ lds + M|ty — ta,
to
= 5(Jt1 — to]) + 2M|ty — to].

We conclude that [T} (u)(t1)—=T1(u)(t2)| — 0and |T7(w)(t1)—T7 (u)(t2)| —
0 as t; — to. So, T1(€) is equicontinuous, and according to the Arzela-
Ascoli theorem, we can say that T(€) is relatively compact, i.e. Tj is
compact.

. Now, we go to prove Ty is contraction mapping. For all u,v € &, for
all t € [0, 1], we have:

| To(u)(t) = Ta(v)(@)] = [f(t, u(t)) — f(t,0(E)] < Llu(t) — v(t)],
Subsequently
[T2(u) = T5(v)|oe < Lt = v]]so. (3.4)
Also

T5(u)(t) = To(0) (@) = [fu(t, w(®) + fa(t, u(t))u' () = fi(t, v (1))
— fa(t,v(®)1' (1)),

< At ut) = frlt, v(®)] + | fat, u(®)u'(2)
— fa(t, 0 (D)0 (1)],

< [fi(tu(t) = fult, v(®)] + [fa(t; ult))

— falt, v ()R + Fuolu/(t) = v'(1)],

< Lafu(t) = vo(t)] + RLolu(t) — v(t)|

+ Falu'(t) — o'(1)],

Then

175(u) = T5(0)lloe < (Ly + RLo)[lu = v]loo + Foflu’ = ]loc. (3.5)
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From (3.4) and (3.5) we get:

1T2(u) = Ta(v)ller < (L + Ly + RLy)|lu = oo + Fallt = 0|,
S maX{L + L1 + RLQ, FQ}HU - VHcl

= 0llu — v||ca.

since 0 < 6 < 1,we conclude that T, is a contraction mapping. thus, the
operator 1" has a fixed point, which means that the system (3.1)-(3.2)
has at least one solution.

3.2.2 Uniqueness of The solution

In the previous theorem we have demonstrated that the hypothesis (Hoo)
guarantees the existence of a solution of the system of equation (3.1)-(3.2)
in order to ensure the uniqueness of this solution, the following additional
hypotheses (H) is required.

(Hz): For allt,s € [0,1], for all z,2’,y,y" € R, there exist A > 0,B >0, A >
0, B > 0 such that:

o |k(t,s,z,y) —k(t,s,2",y)| < Alx — 2’| + Bly — v/,
o« |5t s, 2,y) = Gt s, 2, y)| < Alx — 2| + Bly — /|,
e B+ Iy < 1.
0

Theorem 3.2.2. Let (H1) and (H2) be verified. Then the solution of the
system of equations (3.1)-(3.2) is unique .

Proof. We assume that there exist two solutions u(t),v(t) € C*([0, 1])for the
system (3.1)-(3.2) we define the function v(t) for ¢ € [0, 1]by:

Y(#) = fu(t) = v(t)] + [/ () = v'(1)]

. From lemma 3 in [8],if we can prove that:
3C >0, such that v(t) < C [, v(s)ds, then y(t) = 0.
which means that the solution of the system (3.1)-(3.2)is unique. For all
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€ [0,1], it is apparent that:

) —o(t)] </ |k(t, s, u(s — k(t, s,v(s),v'(s))|ds
It u(t) — F(t (D),
SALﬂwﬁ—M@HJWM@—VSM@+LW@—UWL

< max(A, B) /0 Y(s)ds + Llu(t) — v(®)|.

According to the parameter 6, we obtain that L < 1. this is meaning that:

[u(t) = v(t)| < mafEA’LB ) /0 7(s)ds. (3.6)
In a similar way we get:
u'(t) — '(8)] < |k(E,t, ult), u'(t) — k(t t,0(t),0'(2))]
+[fi(t, u(t)) St o)),
+ |f2(t u(t)) — falt, v () ()] + [f2(t, v(@) ][ (2) — V' (2)]
Y10k , ok /
+ T —(t, s,u(s),u'(s)) — a—(t, s,v(s),v'(s))| ds,

< Alu(t) — v(t)] + Blu/(t) — v'(t)] + max(A, B)/O v(s)ds

(
+ Li|u(t) — v(t)] + RLa|u(t) — v(t)| + Falu'(t) — v'(¢)],
= (A+ Ly + RLy)|u(t) — v(t)| + (B + Fy)|u/(t) — /()]

+ max(A, B) /Ot’y(s)ds.

From hypothesis (H3) we have B + F, < 1, then:

u6) = 0] < T (0 — o]+ R [

By using the inequality (3.6), we obtain:

, , (A+ Ly + RLy) max(A, B) + (1 — L) max(A, B) !
W“%”WS( -0 (Bt F) )A (s)ds
(3.7)
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By combining the inequalities (3.6) and (3.7) we get that:
t

3C > 0, such thaty(t) < C/ v(s)ds,
0

where,

(A+ Ly + RLy) max(A, B) + (1 — LYmax(A, B)  max(A4, B).

¢= 1-L)(1l—(B+ ) L

Thus, by applying the Lemma 3 described above, we find v(¢) = 0 , i.e.
u(t) = v(t) and u/(t) = v'(t) . Therefor, the system (3.1)-(3.2) has a unique
solution. n

3.3 Numerical Analysis of the second Model

In the previous section we have shown that the system of equations (3.1)-
(3.2) has one solution in the space C'([0,1]) . But it is very hard to find this
exact solution. For this reason, we approach the solution of this system by
the following strategy: First, we discretise the equations (3.1)-(3.2) by using
the well- known Nystrém method [2] which gives us a non linear algebraic
system. Second, we solve this algebraic system by applying the successive
Picard method [29].

3.3.1 Nystrom Discretisation

In beginning, we define the generic of Nystrom method as: For N € N | for
g € C(]0,1]) , we have:

/0 g(t)dt ~ h Z wig(ts), (3.8)

Where:

h = % is the step of discretisation, t; = th , 7 =0,...,N , and w; are real
numbers (weights) which satisfy: maxo<;<y |wi| < w.

By applying the previous formula (3.8), the equations (3.1) and (3.2) yield
the following nonlinear algebraic system:

® UO = f(07 U0>7
o Vo =Ek(0,0,Uo, Vo) + f1(0,Up) + f2(0,Up) Vb,
. Un = hz;lzo wlk‘(tn,tl, Ui, ‘/;) + f(tn, Un), 1 S n S N, (39)
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* Vn = k(tn7 tn; Un7 Vn)+h Z?:() wl%(tna ti7 Ui7 ‘/7,)+f1 (tn; Un>+f2(tna Un)vn>

1<n<N, (3.10)

Where: U,, and V,, approaches u(t,) and '(t,), respectively.

3.3.2 Existence and uniqueness of the Algebraic sys-
tem solution
Now, an important question must be asked: has the algebraic system (3.9)-

(3.10) a unique solution under the previous hypotheses (H;) and (Hz)? That
we will see in the next theorem.

Theorem 3.3.1. Let (H1) — (Hz) be verified. Also we assume that: A+ L+
L+ RLy < 1. And when h is sufficiently small, then the non linear algebraic
system (3.9)-(3.10) has a unique solution.

Proof. First, from hypotheses (H;) and (Hs) we have L < 1 and B+ F, < 1,
respectively. So, Uy and V} are exists. Now, consider the Euclidean space R?

equipped the fOHOWiIlg usual norm:
y y *

v (x> c R
)

For 1 <n < N, the algebraic system (3.9)-(3.10) can be represented by the
following application:

” (a;) B ( hwk(tn, tn, x,y) + f(tn, ) + 51 )
"\ Kty tn, ©,y) + Do Gy (tns t, @, y) + fi(tn, @) + foltn, @)y +55)
where,

81 = hZ?;& wik(tn, ti, Ui, Vi), s2 = hZ?:_ol Wi%(tmtia Ui, Vi).

It is clear that:
_ 01
02

x '
\% (y) Y (y)
with

lo1] < hlwp|[k(tn, tn, 2, y) — k(tn, tn, @', Y")| + | f(tn, ) — f(tn, 2]
< hw(Alz — 2| + Bly — y'|) + L|z — 2|

= (L + hAw)|z — 2'[) + hBuwly — y/|
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and:

ok ok
’QQ‘ S |k(tn7tn7x7y) - k(tnatnaxluyl)’ + hwnla(tn7tn7x7y> - _<tn7tn7‘r/7y/)‘

ot
+ [ fi(tn, ) = filtn, )| + [ fa(tn, 2) = foltn, )y,
< Alz —2'| + Bly — /| + hw(Alz — 2'| + |y — ¢/])
+ Li|z — 2’| + RLy|x — 2’| + Faly — v/,
= (A+hAw + Ly + RLy)|x — 2| + (B + hBw + Fy)|y' — /|

thus,

lo1] + 02| £ (hAw+hAw + A+ L+ Ly + RLy)|x — 2’| + (hBw + hBw + B +
B)ly —y/'l.

Consequently

I R (I O RE]

0 = max{hAw+hAw+ A+ L+ L+ RLy, hBw+hBw+ B+ F,} . Assuming
that h is very small, we obtain p = max{A + L + Ly + RLy, B+ F,} < 1.
Which confirms that 1, has a one fixed point according to the Banach fixed-
point theorem. So, we conclude the existence and uniqueness of the solution
of the algebraic system (3.9)-(3.10). O

3.4 Numerical Examples

In this section, we present two illustrative examples, where the functions of
these examples satisfy all previous hypotheses. We choose the Trapezoidal
rule in Nystrom method to build the algebraic system (3,8)-(3,9), then we
solve this system in the Matlab software by using the Picard method under
a tolerance of order 10~7. After getting the approximate solutions of our
examples, we need to define the following error functions:

1 N 2 Iy 1_ 1 2 _ 2
By = lu(t:)=U, B =|uw(t)-Vil, B = max{E}and E°= max{E},
in order to compare between the exact and approximate solutions for a dif-
ferent values of V.

Example 3.4.1. Consider the following equation:

B t sin(0t) cos(6s)
ult) = 29/0 (14 sin(fs) 4 u(s)? 4+ 672u'(s)?)

_ds+ f(t,u(t), Vte[o,1],
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where,
2 sin(6t) s
tu(t)) = ——" d 6=".
(o) = S and 0= ]
The exact solution of this example and its derivative are given by:

u(t) = sin(6t), u'(t) = 6 cos(0t), vt € [0, 1].

Table 3.1: The error functions F; and E? of example 1 for N =5
0 | 0.0000 | 0.0000 | 0.0000 | 0.7854 | 0.7854 | 0.0000 | 1
0.2 ] 0.1564 | 0.1516 | 0.0049 | 0.7757 | 0.7553 | 0.0204 | 11
0.4 | 0.3090 | 0.3022 | 0.0068 | 0.7470 | 0.7342 | 0.0127 | 14
0.6 | 0.4540 | 0.4469 | 0.0071 | 0.6998 | 0.6917 | 0.0081 | 16
0.8 ] 0.5878 | 0.5815 | 0.0063 | 0.6354 | 0.6304 | 0.0050 | 17
1.0 | 0.7071 | 0.7023 | 0.0049 | 0.5554 | 0.5526 | 0.0027 | 18

Table 3.2: The error functions E' and E? of example 1 by varying the values
of N

N E! E? Time (s)
10 | 3.32E-3 | 1.23E-2 0.237
50 | 6.35E-4 | 2.94E-3 0.221
100 | 3.15E-4 | 1.50E-3 0.285
500 | 6.28E-5 | 3.06E-4 | 0.510
1000 | 3.13E-5 | 1.53E-4 1.112
2000 | 1.56E-5 | 7.70E-5 3.675
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Figure 3.1: Graphical representation of the error functions E! and E? of
example 1.
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Exact solution Exact derivative
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0 I | | 0.55 I | 1
0 0.2 0.4 0.6 i 0 0.2 0.4 0.8 1

Source: Authors

Figure 3.2: Exact solution (derivative) versus approximate solution (deriva-
tive), of example 1 for N = 50.

Example 3.4.2. Consider the following equation:
t

u(t) = 10/ c0s(0.05(u(s)+u'(s) —s* —0.55+1) +arccos(0.1t)ds + f (¢, u(t)),
0

Vt € [0, 1], where,
f(t,u(t)) = 4cos(0.1u(t) — 0.1¢* + 0.15¢t — 0.05 + arccos(—0.375¢ + 0.125)).
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The exact solution of this example and its derivative are given by:

3

u(t) = %(2t S(-1), W@ =2-5,  weel1]

Table 3.3: The error functions E! and E? of example 2 for N =5

0 | 0.5000 | 0.5000 | 0.0000 |-1.5000 | -1.5000 | 0.0000 | 154
0.2 | 0.2400 | 0.2257 | 0.0143 | -1.1000 | -1.1488 | 0.0488 | 158
0.4 ] 0.0600 | 0.0359 | 0.0241 | -0.7000 | -0.7464 | 0.0464 | 155
0.6 | -0.0400 | -0.0734 | 0.0334 | -0.3000 | -0.3442 | 0.0442 | 147
0.8 | -0.0600 | -0.1023 | 0.0423 | 0.1000 | 0.0576 | 0.0424 | 119

1 | 0.0000 | -0.0509 | 0.0509 | 0.5000 | 0.4592 | 0.0408 | 130

Table 3.4: The error functions E' and E? of example 2 by varying the values

of N

N Et E? Time (s)
10 | 2.43E-2 | 2.53E-2 0.245
50 | 4.70E-3 | 5.23E-3 0.341
100 | 2.34E-3 | 2.62E-3 | 0.507
500 | 4.67E-4 | 5.26E-4 2.258
1000 | 2.33E-4 | 2.63E-4 5.584
2000 | 1.16E-4 | 1.31E-4 15.963
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Figure 3.3: Graphical representation of the error function E'and E? of ex-
ample 2.
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Figure 3.4: Exact solution (derivative) versus approximate solution (deriva-
tive), of example 1 for N = 50.

Interpretation: Tables 1 and 2, show us that the error function E' and
E?of example 1 converge to zero by increasing the values of N, likewise also
regarding the example 2 from Tables 3 and 4. which implies that the ap-
proached solution and their derivatives close to the exact solution and their
derivatives respectively. Moreover,in Figures 2 and 4, the graphical repre-
sentation of the exact and approximate solutions with their derivatives, seem
that are nearly identical for only N=50.
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Conclusion :

In conclusion, this dissertation has studied a monlinear Volterra integro-
differential equation. In chapter 2, we proved the existence and uniqueness
of the solution by applying Schauder’s fized-point theorem, after establishing
the necessary assumptions that guarantee the well-posedness of the problem.
In chapter 3, we constructed an approximation technique based on the Nys-
trom method, and the numerical results confirmed the effectiveness and ac-
curacy of this approach in obtaining an approximate solution to our proposed
equation.

The main objective of this work has been achieved by introducing a new class
of such equations and providing both a theoretical and numerical framework
for solving them.

As future perspectives, we aim to extend this study to higher-order integro-
differential equations, weakly singular kernels, or to apply other analytical
methods for comparative efficiency.
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