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Abstract

In this memoir, we study the long-time behavior of certain truncated Timoshenko ther-
moelastic systems, which are free from the adverse effects associated with the second spec-
trum of the frequencies. We examine tow problems involving different heat effect conduction
laws, and prove exponential stability result for each system.

In the first problem, the thermal disturbance is described by the Cattaneo law, leading
to a problem characterized by second-sound heat conduction. The second problem consists
hereditary heat conduction governed by the Gurtin-Pipkin law.

For all the problems, well-posedness is established using a semigroup approach along
with the Hille-Yosida and Lax-Milgram theorems. Additionally, stability is achieved by
employing the multiplier method and Lyapunov functionals.

Keywords: Timoshenko system, thermoelasticity, well-posedness, exponential stability,

second spectrum, truncated equation.

v



Résumé

Dans cette memoir, nous étudions le comportement a long terme de certains systemes
thermoélastiques Timoshenko tronqués, non affectés par les effets indésirables liés au second
spectre de fréquences. Nous analysons deux problémes présentant des effets thermiques
distincts et démontrons un résultat de stabilité exponentielle pour chacun de ces systemes.

Dans le premier probléme, la perturbation thermique est décrite par la loi de Cattaneo,
aboutissant a un modele caractérisé par une conduction de chaleur du second son. Le
deuxiéme probleme carractérisé par la conduction thermique héréditaire, régie par la loi de
Gurtin-Pipkin.

Pour tous ces problemes, ’existence et 'unicité ont été établies grace a une approche par
semi-groupes ainsi qu’aux théoremes de Hille-Yosida et de Lax-Milgram. De plus, la stabilité
a été démontrée par la méthode des multiplicateurs et les fonctionnelles de Lyapunov.

Mots clés: Systeme Timochenko, thermo-élasticité, second spectre, existence et unicité,

décroissance exponentielle, équation tronquée.
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Notation

C(0, L) the test functions space,
LP(0,L), L*>=(0,L) the Lebesgue space,
1 1
L9(0, L) = (LP(0, L))" the dual space of LP(0,L), — + — = 1,
p q

Hm Sobolev Spaces,

H(0,L) the closure of C§°(0, L) in H'(0, L),

H'(0,L) =2 (H}(0,L),R) the dual space of HJ(0, L),

D (A) the domain of the operator A,

o (A) The spectrum of operator A,

p(A) The resolvent set of the operator A,

N (A) = ker(A) The kernel of the operator A,

R(A) The range of the operator A,

|| The euclidean norm on R,

1l The norm on a normed space H,

() the inner Product in a Hilbert space,

0 The operator of partial differentiation,

L(H) The space of bounded linear operators from H into H,
H The dual space of H,

Re(.,.) The real part of the inner product,

(T'(t))=0 A semigroup of linear operators,

C(X)Y) The space of all continuous functions from X into Y,
a.e. almost everywhere (except on a negligible set).
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Introduction

The Timoshenko beam theory, introduced in 1921 by Stephen Timoshenko [25], is a
fundamental model in structural mechanics for describing the transverse vibrations of elastic
beams. In contrast to the Euler-Bernoulli and Rayleigh theories, it accounts for both shear
deformation and rotational inertia effects, leading to a more realistic description of beam

behavior. The model is governed by the following system

prou — k(g + 1) =0,
1021/}tt - br‘/}:px + ’1(9% + w> = 07

where p; = pA, po = pl, b= FEI, and kK = koG A are positive constants. Here, p denotes the
mass density of the material, A the cross-sectional area, I the second moment of area, E
Young’s modulus of elasticity, G the shear modulus, and kg the shear correction factor. The
unknown functions ¢ and i represent the transverse displacement and the angular rotation
of the beam, respectively.

The asymptotic behavior of the Timoshenko system has attracted considerable attention
over the past decades. Various damping mechanisms have been introduced to stabilize the
system, leading to numerous uniform and non-uniform decay results. See, for example,
(12, 15, 20, 21].

A distinctive feature of the classical Timoshenko beam model is the presence of two
natural wave propagation speeds, which give rise to a non-physical phenomenon known
as the second spectrum. Although this paradox was not observed in the original work of
Timoshenko, it was subsequently identified through several analytical investigations [2, 9].

To overcome this drawback, Elishakoff [11] proposed, in 2010, a truncated version of the
classical Timoshenko system, which eliminates the second spectrum while preserving the

essential mechanical characteristics of the model. The modified system is given by

prpw — K (@ +1), =0, )
— 201tz — D + K (0r + 1) = 0,

Recently, Almeida Junior et al [7]. studied system (m) with a linear frictional damping

mechanism pp; acting on the rotational variable and demonstrated that the corresponding
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energy decays exponentially, regardless of the positive values of the system parameters.
A similar exponential stability result was established in [5] when the damping term was
incorporated into the transverse-displacement equation.

Also, similar results were obtained in [3, 4].

The effect of thermal dissipation on system @) was examined by Apalara et al. [8], who

studied the following Timoshenko-type system

prgw — K (0 +¢), =0,
,039t - 663336 + ’szt = OJ

Here, 6 is the temperature difference and the parameters ps, 5 > 0 and 7 # 0 represent the
capacity, diffusivity, and coupling constants, respectively. The authors proved an exponen-
tial decay result irrespective of the parameters of the system.

Note that the heat conduction described by Fourier’s law
q = _/{exy (3)

leads to a parabolic equation. Consequently, the heat propagates at an infinite speed, which
is unrealistic. To overcome this physical paradox, many alternative theories have been

developed. Lord and Shulman [19] replaced Fourier’s law () with Cattaneo’s law
T0q: + q + Kb, = 0, (4)

where the positive constant 7y represents the time lag in the response of the heat flux to the
temperature gradient. According to this theory, called second sound thermoelasticity, the
system becomes fully hyperbolic, and heat propagates as a wave with finite speed. Conse-
quently, the speed of the heat equation is involved in the exponential stability condition.
Moreover, the theory of thermoelasticity with second sound is incapable of depicting the
memory effect that prevails in some materials, particularly at low temperature. This fact
leads to the search for a more general constitutive hypothesis that links the heat flux to
the thermal memory. Gurtin and Pipkin [16] proposed that the heat flux depends on the
cumulative history of the temperature gradient weighted by a relaxation function called the

heat flux kernel. They formulated a general nonlinear theory in which thermal perturbations
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disseminate with finite speed. According to this theory, the linearized constitutive equation

for ¢ is written as follows

q:—/_ g(t—s)0,(x,s)ds, (5)

where ¢g(s) is the heat conductivity relaxation kernel.

This memoir is divided into three chapters and is organized as follows: In the first
chapter, we give some functional preliminaries and tools that we used in the subsequent
chapters. The second chapter is devoted to the study of a thermoelastic Timoshenko system
free of second spectrum, where the heat conduction is given by Cattaneo’s law. In the third
chapter, we investigate a a thermoelastic Gurtin—Pipkin—Timoshenko system without the

second spectrum.
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]_ Preliminear

In this chapter, we review a few mathematical ideas that will be needed in the subsequent
chapters of this memoir.
Throughout this chapter, €2 denotes a bounded domain in R™ and X denotes a Hilbert

space.

1.1 Sobolev Spaces

Definition 1.1. 10/ Let p € [1, +o0o[, we define the space
LP(Q) = {f Q= R; f is measurable and / |f(x)]P do < —1—00} :
Q

which is a Banach space with respect to the norm.

1/p
T [/Q\fwczm] l<p< o0

For p = oo,
f:Q—=R; fis measurable and 3 M > 0 suth that

L>(Q) = :
&) |f(x)] < M a.e. on$)

which is a Banach space with respect to the norm
1l = Iflloe = mE{M; [f(z)] < M a.e. onQ}.
Remark 1.1. For p =2, L*(Q) is a Hilbert space with respect to the inner product
(o) = [ f@(o)do.
Lemma 1.1. The subspace L2(Q) of L*(Y), defined by
2@ = {7 e @) [ fwde=o}.

is a Hilbert space.



1.1. SOBOLEV SPACES CHAPTER 1

Proof. Let (¢,) C L? () be a convergent sequence to ¢ in L?(£2), then

/gb(a:)dx x)dm—/qbn () dx
Q Q

[0 -0 @)

Using the Cauchy-Schwarz inequality, we obtain

1/2
< mes( {/ | (x )| dx} :

Since lim / | (x z)|* dz = 0, we get

/ch@:)dx:

which implies that ¢ € L? (). Consequently L?(Q) is closed in L*(Q), which completes

x)dx

the proof. n
Definition 1.2. [26] For k € N and 1 < p < oo, we define the Sobolev space WFP() by
Whe(Q) = {u € LP(Q); D*u € LP(Q), Ya € N with |a| < k;}
where |a| = a1 + ... + a,, and D*u is the a-th weak derivative of w which is defined as
/Qu(:v)Dav(x)dx = (—1)“/(290(35)1)(3:)61% Vv e C°(Q)
and

dlely

= Da e ——
4 " Ox(t - - 0xbn

The space W5P(Q)), equipped with the norm

B =

lullp={ D IDllp | , 1<p<oo

| <k
and

[llk00 = |m‘aX||D“UI|oo

are Banach spaces. The space W*2(Q) is denoted by H*(Q) and it is a Hilbert space with

respect to the inner product

(U, v) g = /Da ) D (z)dz, Vu,v € H*(Q).

la|<k
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Remark 1.2. We denote by H}(Q), H*(Q) and H2(Q) the Hilbert spaces

HX Q)= HY(Q)NLXQ) = {u c H'Y(Q); /Qu(x) dr = o} :
H(Q) = {u c H*(Q) ; g_:; =0 on aQ} = {Vu c (H' Q)" g_:; =0 on 89} ,

H3(Q) = {u € H*(Q) N Hy(Q); ginz =0 on 89},
where 1 is the unit outward vector on OS2.
Definition 1.3. [10] Given 1 < p < oo, we denote by WEP(Q) the closure of C°(Q) in
Wk2(Q).

For p =2, we note

Hy (2) = Wy*(Q).

Notation 1.1. For 1 <p < oo and 1/p+1/q = 1. The dual space of W(f’p(Q) is denoted
by W=r4(Q) and the dual space of HE(Q) is denoted by H=*().

Theorem 1.2. (Rellich-Kondrachov)/1] Suppose that Q is bounded and of class C*.

Then we have the following compact embedding:
H™(Q) C H(Q), Vj <m.
Definition 1.4. (Bilinear form) Let H be a Hilbert space over R.
A:HxH—R.
is called a bilinear form if it is linear in each component separately, i.e.,
Al +1,p) = Alg, ) + A, ), Alug, ¥) = A9, ),
and similarly in the second argument.

Definition 1.5. (Continuity) A bilinear form A : H x H — R is said to be continuous
(or bounded) if there exists a constant M > 0 such that

[A(g, )l < Mlo[l[[¢ll,  Ve¢,4 € H.
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Definition 1.6. (Coercivity) A bilinear form A : H x H — R is said to be coercive if

there exists a constant o« > 0 such that

A9, 0) = all0]?, Vo€ H.

Theorem 1.3. [10/ (Laxz Milgram)
Assume that b(zx,y) is a continuous and coercive bilinear form on X. Then, given any

¢ € X', there exists a unique element x € X such that

b(z,y) = (¢, y), VyeX.

Moreover, if b is symmetric, then x is characterized by the property

%b(:c,x) — (¢,7) = min {%b(y,y) — {9, y>} :

1.2 Some inequalities

Theorem 1.4. |10/(Young’s inequality) Let p,q be real conjugates, then

P |ple
Va,b € R, |ab Sﬂ—i-u.
p q

In particular if g, h € L?(0, L) we have, for any & > 0,

L L 1 [t
/ |gh|dz < 6/ g dx + —/ |h|*dx.
0 0 4e Jo

Theorem 1.5. [10/(Hélder’s inequality) Suppose that g € LP and h € L? where 1 <
p < oo and

1 1
Syt =1
p q

Then, gh € L' and
[ 1ab] <1lgl il

Theorem 1.6. /10/(Cauchy-Schwarz inequality) Let X be a Hilbert space and (-,-) be

its inner product, then

N[

(g, k)| < (g, 9)2(h,h)3, Yf,g€X.




1.3. SPECTRAL THEORY OF OPERATORS CHAPTER 1

Theorem 1.7. (Poincaré’s inequality) Suppose that ¢ € Hi(0,L). Then there exists a
constant M > 0, depending only on L, such that

ol r20.0) < M| dallr2or), Vo € Hy(0,L).

Remark 1.3. Poincaré’s inequality also holds for all ¢ € H'(0, L) that satisfy

/OL 6(x) dz = 0.

1.3 Spectral Theory of Operators

Definition 1.7. Let H be a Hilbert space and A : H — H an operator,
1. The operator A is said to be positive, if

(Ag,¢) >0, Vo€ H.
2. The operator A is said to be self-adjoint, if

(Ap, ) = (¢, Ap), Vo, € H.

Theorem 1.8. [2/] (Invertibility of positive self-adjoint operators)
Let A: H — H be a bounded, self-adjoint operator. Suppose that there exists ¢ > 0 such
that

(Ag,¢) > cllol®, Vo € H,

then A s invertible and

1
A < -
C

1.4 Some Semigroup arguments

Definition 1.8. /23] Let H be a Banach space. A semigroup of bounded linear operators is
a family of linear operators T'(t) € L(H), which depend on a parameter 0 <t < oo and that
fulfills the following characteristics.

(i) T(0) = I, (I is the identity operator on H ).
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(ii) T(t +s) =T (t)T(s) for every t,s > 0 (the semigroup property).

A semigroup of bounded linear operators T(t) is uniformly continuous if

lim | T7(t) — I = 0.

t—0t+

The infinitesimal generator of a semigroup T'(t) is the operator A defined on

D(A) = {x € H: lim M em’sts}

t—0t

Az = lim T(t)r —

t—0t t ’

for x € D(A).

Definition 1.9. /10 (Maximal Monotone Operators) Let H be a Hilbert space, an
unbounded linear operator A : D(A) C H — H is said to be monotone (accretive) if it
satisfies

Re (Au,u) >0, VYue D(A).

In addition, the operator is said to be mazimal monotone, if R(I + A) = H i.e.,
Vg € H, Jv € D(A), such that v+ Av = g.

Remark 1.4. If —A is monotone, we say that A is dissipative.

Proposition 1.1. [10] Let A be a mazximal monotone operator on a Hilbert space. Then
(i) D(A) is dense in H.

(ii) A is a closed operator.

(iii) For all a > 0, (I + «aA) is bijective from D(A) into H, (I + aA)™! is a bounded
operator, and ||(I + o A) | gy < 1.

Remark 1.5. If the operator A is coercive (strictly monotone) and mazximal then
(7 + ) e < 1.

Theorem 1.9. [10/(Hille-Yosida) Let A be a mazimal monotone operator. Then, given any

vy € D(A) there ezists a unique function

v e CY[0,+00); H) N C([0, +00); D(A))
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satisfying
d
Y A=0 on 0, +00),
dt (1.1)
v(0) = vp.

Theorem 1.10. /29/,/26] (Lumer-Phillips) Let A : D(A) C H — H be a densely defined
operator on a Hilbert space H. Then A generates a Cy-semigroup of contractions on H if
and only if

(i) A is dissipative.

(ii) there exists a > 0 such that ol — A is surjective.

Remark 1.6. Suppose that assumptions (i) and (ii) of Theorem 1.10 are satisfied, then
D(A) is dense in H.

Theorem 1.11. [18] Let A : D(A) C H — H, be a linear operator and H Hilbert space.
Suppose that D(A) is dense in H, A is dissipative and 0 € p(A). Then, A is the infinitesimal

generator of a Cy-semi-group of contractions on H.

Theorem 1.12. [24] Let H be a Banach space and A : D(A) C H — H be the infinitesimal
generator of a Cy-semigroup {S(t);t > 0} on H. Then, for each & € D(A) and each t > 0,
we have S(t)§ € D(A), and the mapping

t— S(t)¢
is of class C' on [0,400) and satisfies
(5(1)8) = AS(1)€ = S(1) A€ (12

1.5 Exponential stability notions

Definition 1.10. The solution U(t) = eUy of (1.1) is said to be exponentially stable if

there exist two positive constants A and M > 1 such that

U@ < Me™, ¥t >0.

10
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Theorem 1.13. [15],/18] (Gerhard-Bruss) A Cy-semigroup of contractions S(t) = e
generated by an operator A in a Hilbert space H is exponentially stable if and only if

i) iR = {i\, X € R} C p(A),

i) 1y Seo || (A — A) 71| < 0.

Theorem 1.14. [6] Let A (unbounded operator) be the infinitesimal generator of a semigroup

At

of contractions S(t) = e”*. Then, S(t) is exponentially stable if and only if

there exists a positive constant ¢ such that
inf [|(iIAT = AU > c|[U]l, VU € D(A). (1.3)
€

Theorem 1.15. [19],/18] A Cy-semigroup of contractions S(t) = e, generated by an
operator A in a Hilbert space H, is analytic if and only if

i) iR C p(A),

i) iy e0 [[AGAT — A) 71| < 0.

11
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2 Exponential Stability of a Trun-
cated Timoshenko system with

second sound thermoelasticity

2.1 Introduction

In this chapter, we are concerned a thermoelastic Timoshenko system which has only
one spectrum and where the heat conduction is given by Cattaneo’s law. We study the

well-posedness and an exponential decay result. More specifically, we consider

(

p1pu — K(pzr +1)e =0, in (0,1) x (0, 00),

—poPria — Dy + K(Qp +10) + 66, =0, in (0,1) x (0, 00), 2.1)
By + qu + 6 = 0, in (0,1) x (0, 00),
|74+ Bg+ 0. =0, in (0,1) x (0,00),

where the positive constants ¢ and J represent respectively, the specific heat of the material
and the coupling constant; and ¢ is the heat flux.

It is associated with the boundary conditions of Dirichlet-Neumann-Dirichlet type:

We also assume that the unknown functions ¢, 1,6 and ¢ satisfy the following initial

and boundary conditions

0(0,1) = o(1,8) = (0, 8) = p(1,8) = 0(0,) = O(1,¢) = 0, V¢ >0, (2.2)

g0($,0) = 900(1')’ Sat(x70) = 901<x)7 ’QD([B,O) = ¢0(x)a
(2.3)

0(z,0) = Op(x), q(x,0) = qo(x), Vz e (0,1).

12



2.2. WELL-POSSEDNES CHAPTER 2

Since the boundary conditions on 1 are of Neumann type, then they prevent the application
of Poincaré’s inequality. To overcome this inconvenience, we use the second equation of (@)

and the boundary conditions (@) to obtain

/Olwdx:O.

2.2 Well-possednes

In this section, we start by applying a series of transformations to the system (@)—(@)
to recast it within the framework of the Hille-Yosida theorem. This approach enables us to
establish the existence and uniqueness of the solution.

First, multiply the second equation of (@) by x and differentiable with respect to z.

We then find

Ky = P11t — KPaas

J —paru K1 K2 (z + )z + 0K (2.4)
el + @z + 0y = 0,

TQt—i_ﬂq_l_ex:Oa

\

we substitute the first equation of (@) into the second and the third equation of (@) to

arrive that
—P2RPtize — b(ﬂl@tt - ’fspmm)x;t + RP1Pet + 5/€6zx - 07

)
cby + gz + E(ﬂl@tt — Kz )t = 0, (2.5)
Tq: + Bq + 0, = 0,

therefore,

(/fplj - (P2l€ + bpl)axm)gptt + b’ﬁpaxxmx + 5ﬁeasx = 07

)
cti + Gz + E(/Ol(;pttt — KQzat) = 0,
th—i_ﬁq—i_ex :07

Putting B = kp1I — (pak + bp1)0y with domain D(B) = H?(0,1) N H(0,1), we obtain

BQPtt + blﬂpxwzx + 5/€0$z - O,

5
;(Pl@ttt — KPuat) = 0, (2.6)
¢+ B8q+ 6, =0

13



2.2. WELL-POSSEDNES CHAPTER 2

and
1

812 = 5
p2k + bp

(kp1I — B). (2.7)

Remark 2.1. The operator B = kp11 — (kpa + bp1)0ys is invertible.
Indeed:
By applying the Laz-Milgram Theorem, for any g € L*([0,1]), the problem

—(kp2 + bp1)Pea + Kpro = g, in (0,1),

(2.8)
p(0) = (1) =0,
admits a unique solution ¢ € H}([0,1]) that satisfies the inequality
el < Cligllez - (2.9)

Next, by using standard elliptic reqularity theory, we infer that the solution  belongs to
(H2(0,1) N H§(0,1)). From the equation in (@), we have

1

— (K —4g).
Hp2+bp1( pr1e —9)

Prz =
Therefore,
leaallzzon < C(llellon + lgllzzomn)-
By wvirtue of ), we obtain
||90xa:||L2(0,1) < C/||9||L2(0,1)-
Consequently,

el a2, < C'llgllr20,1)-

Thus, for every g € L*(0,1), there exists a unique p € H*(0,1)NH(0,1) such that By = g.
Hence,

B~ : L*(0,1) — H?*(0,1) N H(0,1)

is a bounded operator, and therefore B is invertible.

In addition B! is positive and commutes with O, since B does. [

Now, By differentiating the first equation of (@), we get

Pt = _bB_llﬁpwxth - 5/{B_16x$t7 (210)

14
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substituting () into the second equation of (@), we find
by — 6p1 B gt — 0Puat — Obp1 B Pugpat + 42 = 0,
this is equivalent to
(c] = 6°p1B™" 0 052)0y — 6(Oaw + bp1 B~ © O 0t + o = 0. (2.11)
On pose S =cl — 6?01 B 100, and T = —(0pp + bp1 B™" © Oppae), We obtain
SO+ qp — 6T, = 0. (2.12)

In addition, from (@) and since B : L?(0,1) — H?(0,1) N H}(0,1), we have

5201
S=cl ———(kpyB™' —1):L?0,1) — L?*(0,1
ol = (ke )£ L2(0,1) — L*(0,1)

and
T = _(8961 + bplB_l o axx:c:r:)
= _(I + bplB_l © azm) o a’px
1
=————{I +bpB ' 00y)0 (kpi] — B)

ke T bp1
- —m(ﬁ;pll — B+ kpibB™! 0 0y — bp10yy)
B _pz%ﬂ?m(’imf — kp1] + (p2k + bp1) sy + £p{bB ™ 0 Oy — bp10ss)
_ _m@”% + k2B~ 0 0,)
- _ﬁ(m[ + P2bBY) 0 0,

this equivalent to

T = —m(pﬂ + pibB ') 0 0,y : L*(0,1) — L*(0,1).
On the other hand, we multiply the first equation of (@) by m(m I+ p?B™1) to
obtain
m[(ﬂzl + pibB™1) 0 Blpy — bTppe — 0TO = 0,
we put R = m[(pzl + p2bB~1Y) o B] to find

15
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In addition,

[(po + pibB~) 0 B]

B W
= —————[p2B + p3bl].
P2fi+bp1[p2 + pibl]
Substituting B, we arrive at
1
= m[m(ﬁpz + 010)T — pa(paki + bp1)Bial

= p1] — poOyy : L*(0,1) — L?(0,1).
Finally, from () and (), problem (@) can be written as the following auxiliary
problem
Ry — bT'pzy — 070 = 0,
S0, + q + 0T, =0, (2.14)
7¢ + Bq+ 0. =0,

Remark 2.2. The operator S is invertible.
Indeed: we have

<SU7U> = CHU”%2 + 52p1<B_1Ux7Ux>‘

Since B~! is positive self-adjoint, the second term is nonnegative, so
(Sv,v) > c|jv||72, Vv € L*(0,1).
Therefore, S is coercive and consequently, is invertible. O

In fact, R = piI — p20,, is clearly positive definite. Moreover, since both B and
—0,, are positive definite operators, we deduce that —B~'9,, is also positive definite,
and consequently S = ¢l — 62p1 B! 0 9,, is also positive definite. In addition, we have
T = —k(p1I — p30yz) B! 0 0y on H?(0,1) N H(0,1). Then, for any ¢ € D(T), recalling

that B~! is positive, we have
<T¢a ¢> = —K <(p1[ - p28wz)B_1¢:c$7 ¢>
= Rp1 <B_1¢:c7 ¢z> + Kp2<B_1¢$$7 gbzax) > 0.

Moreover, if (T'¢, ¢) = 0, then (B~1¢,, ¢,) = 0. Since B~! is positive definite, this implies
that ¢, = 0. Because ¢ € H}(0,1), it follows that ¢ = 0. Therefore, T is definite.

16
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Consequently, R, S, and T admit well-defined square roots, denoted by R'/2, S¥/2 and
T2, with domains D(RY?) = D(T"?) = H}(0,1) and D(S'?) = L?(0,1).

Remark 2.3. The operator T is self-adjoint.

Indeed: we have
T =—kR (B_1 o &M,) = —k(p1] — p20pe) B~ 0 0pe = —K(p1B 1 Opz — 2002 B ' 0rr).
Taking into account the commutativity of B~' and 0,, together with
D(R) = D(B™" 00,,) = H*(0,1) N Hy(0,1),
we deduce that

T = —K(Plasz_l - ,028sz_189593> - _K'aa:xB_l(pll - p28:caz)
= —kB 0, (p1] — p204s) = —k (B_lam) R.

Thus, R and B'0,, commute therefore T is symmetric.
Since R and B~'0,, are self-adjoint operators and commute, the product theorem for

self-adjoint operators yields that T is self-adjoint. O

Next, in order to apply the Hille-Yosida Theorem ??; we introduce the new variables

¢ = p; and defined the Hilbert space
H = (H?*(0,1) N Hy(0,1)) x Hy(0,1) x L*(0,1) x L2(0,1).
The space H is equipped with the inner product
(©, 0%)2 = b(Tpa, 03) + (RO, ¢") + (50,6%) + 7(q, ¢7),

where ® = (i, ¢,0,q)T, ®* = (o*, ¢*,0%,¢*)T € H.
Hence, the problem () can be written as follows

' (t) + BO(t) = 0, vt > 0,

(2.15)
<I>(()) = (8007901,907610)T,

17
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where the operator B : H — H is defined by

—¢

—bR™' Ty —OR™'TH
B® = : (2.16)
S7tq, + 0S¢

Bq+ 10,
with domain

D= (p,0,0,9)" €H:pe HXN0,1); ¢ H*0,1)NH(0,1);

D(B) =
0 € H}(0,1); q€ H'(0,1)NL2(0,1)
Our well-posedness result for the auxiliary problem () reads as follows:

Theorem 2.1. Let &g € H. Then there exists a unique solution ® € C(R*, H) of problem
). Moreover, if ®y € D(B), then ® € C(RT, D(B)) N CY (R, H).

The proof of Theorem @ is based on the Hille-Yosida Theorem @ and the Lax-Milgram
Theorem @, and it will be established through several lemmas.

Lemma 2.1. The operator B defined by ) s monotone
Proof. A direct calculation, yields, for & € D(B)

(BP, ©)3y = =b(Thw; pu) = b{T0w, ) = 6{T0,0) + (g, 0) + 0(T0,0) + 5{q,q) + (02, 0)-
Since T' is a self-adjoint operator, we obtain

(BD, @)y = =b(T'ha, Pu) = b(paa; TP) — 6(0,T¢) + (42, 0) + 6(T'0,0) + 5(q,q) + (b, @)

Using integration by parts and the boundary conditions, we obtain

(B, @)y = —b(T'¢s, pz) + b{pz, (T})z) — (0, Th) — (q,0.) + 5(T'¢,0) + 5{q,q) + (0, q)
= —0(Thz, pz) + b{@z, (T0)s) + B{q,q)-

Now, as T' commutes with differentiation, that is,

(B, ®)5 = B(q,q) = Bllq||32 > 0.

Therefore, the operator B is monotone. O

18
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Lemma 2.2. The operator B defined by ) s maximal.

Proof. Let G = (g1, 92, 93,94)T € H, we seek ® € D(B) such that

(I-B)® =G,
this means
Y — gb = 01,
¢ - bR_lTSOxz —6RITO = g2,
6 — S‘l(—qz —0T¢) = gs,
[+ 1(Bg+0:) = ga.
Therefore,

¢

¥ — ¢ = g1,
Rp —bTp,, — 6T0 = Rgs,

S0+ q, + 0T'¢ = Sgs,

(T +B8)g+ 0, =Ty

\

From the first and fourth equations of (), we deduce that
¢ =¥ =91,
0, =794 — (T + F)q.

The integration of the second equation in () yields

o) = [ oy =+ [ aw)dy.
0 0
Substitute equation () and equation () into equation (), we find

xT

Ro = 00w, + 30+ 0T ( [ atw)d) = R+ g0 4077 ([ astiay )
¢ — (1 +B)S (/qu(y)dy) +0Tp =S5 <93 - T/Ox 94(y)dy> + 0T g1

At this point, we define the space

W = (H?*(0,1) N H}(0,1)) x L2(0,1),

(2.17)

(2.18)

(2.19)

(2.20)

19
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endowed with the norm

1 DIy = llall® + llme I + llall*

We then consider the following variational problem associated with the system ()

Al(p,a), (.9) = L(&,9),  Y($,q) €W, (2.21)

where A and L are the bilinear and linear form defined on W by

A9, ), (8.0) =(R7p, R3@) + b(T20,, T2 3,)

and

57+ ) <Tgl, [ awas).

Clearly, A and L are bounded. Moreover,

Al(20). (0.9) =R, @) + b(T g, 00} + 57 + ) <T ( Ox () dy) ,90>

+ (14 B){a,q) + (T + B)° S(/g qy)dy),(/oxq(y)dy»
~atr+8) (7o ([ atnan))

=(Rp, ) + WL, 0u) + (T + B){q. q)

sieeor(s([na). ([ o)

The definition of T" and R, yield

Kbps (Gare o) — Kb*p}

A((p,q), (v, q)) =(pr, ©) — (P202a> ) —

20
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By integration by parts and the boundary condition, we obtain

bpo kb2 p?
A ) ) ) = 2+ :):2 li— :1::):2 2 T,
(0.0 (2:0)) =prllel + palleal® + P el + 7+ Bl + = 0

Hre 8P (s (/qu@)dy) ([ awan)),

The positivity of B~! implies that

(B 00, Oz

Kbps
bp1 + K

> C (|lpal* + ||903:x||2 +lql?)

A((p,q), (:0)) Zpa2lleall* + Hsom\lz + (4 B)llql?

for some C' > 0; hence, A is coercive. Consequently, Lax-Milgram theorem guarantees the
existence of a unique solution (¢, q) € W satisfying ()
By substituting ¢ and ¢ into the equation (), we infer that

¢ € H*(0,1) N Hy(0,1)

and

0 € Hy(0,1).

Next, we take (¢,q) = (0,q) in () to get

-4 <T<p, /Ox é(y)dy> + (7 + ) <S/OxQ(y)dy7 /Ox @'(y)dy> + (4, 7)
=— <S (93 - T/()x 94(y)dy> /Ox d(y)dy> -0 <Tgl, /Ox &(y)dy> :

for all ¢ € L2(0,1). In particular, for ¢ = v,, with v € C}(0,1), we get
(q,vy) = < T+ 5) S/ y)dy — 6T+ S (g3 - T/Ox g4(y)dy> + (5Tg1,v> . (2.22)
for all v € C}(0,1). From the definitions of S and T" we have that
7o~ (495 [ s =5 (w7 [ aitwiy) - 5Ton € 220.)
this shows that ¢ € H}(0,1). In addition, an integration by parts in () shows that

0T — (1 + B)S/O q(y)dy — S (93 - T/o 94(y)dy) + ¢o = 6T g1.
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By using (), we obtain

¢z = Sgs — 6T¢ — SO € L*(0,1),

then,
q € Hy(0,1) N L2(0,1)

and

0T'p + S0+ q, = Sgs,

which shows that ¢ solves the third equation of ()
Similatly, by taking (,) = (2,0) in (2.21), we obtain

b (T, Pu) + (Rep, @) + 0(T + ) <T/0I q(y)dy, 95>
— (R(g: + 02), 5) + b7 <T I g4<y>dy,¢> Vg e HA0,1) N H(0,1)
Consequently
DT ) = - <R90 o+ 00T [ty — Blar + ) = 05T [ autyan ¢> Vg e Cl0,1),
which implies that
W00 = R +3(r + AT [ awdy ~ Rlor+ 90) =577 [ n(w)iy (2.23)

Replacing (M) into (M) we find

bV 0w = R(¢ — go) — 6T € H*(0,1).

Remark 2.4. Rgo € H*(0,1) and T0 € H~'(0,1).

Indeed:

Since g, € HJ(0,1), then, the functional —0,.go : Hy(0,1) — R operates on H}(0,1)
through the bilinear pairing

L 9g, Ou
<—angg,u>— ; %%dl’

By the Cauchy—-Schwarz inequality, we obtain

|<_6x:v927u>{ < ||92ac||L2(0,1)||Uz||L2(o,1)-
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Therefore, this operator is bounded on H}(0,1), which implies that —0y.g0 € H1(0,1).
Furthermore, by applying the Laxz—Milgram theorem, it can be rigorously established that

the operator —0,, defines an isomorphism between H{(0,1) into H='(0,1). Moreover,
Rgs = (p1] — p20.z) g2 € H'(0,1).

On the other hand, recalling that the identity T = — (I + B™') O4s, and using the fact
that
—0pp : Hy(0,1) — H™(0,1)

and

D(I+B™") =L*0,1),

it follows that
T0 € H(0,1) and Vo€ H)0,1).

Consequently,

apT ., € H1(0,1).
Based on the preceding analysis and the definition of the operator T', we can deduce that
o € Hy(0,1),
which implies that ¢,,(0) = ¢..(1) = 0. Consequently,
0 € H*(0.1)

and
R — T, —6T0 = Rgs.
As a result, (p,0,60,q) € D(B) and it satisfies system (), demonstrating that B is

maximal. O]

Thanks to the Hille-Yosida Theorem, problem () has a unique solution. This com-
pletes the proof of Theorem @
At this stage, we denote by H the Hilbert space

H=(H?(0,1) N Hy(0,1)) x H"(0,1) x L*(0,1) x L2 (0,1),
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and define the set

= (p,0,0,0,9)" € H:p€ H0,1); ¢ € H?(0,1) N HL(0,1);
1/16]‘[3(0,1); GeHg(o,l); qul(O,l)mLi(o,l)

D=

The well-posedness result of problem (@)—(@) is given by the following theorem:

Theorem 2.2. Let (o, ¢1,%0,00,q0) € D. Then there exists a unique solution (@, v, 1,0, q) €
C (RT,D)NC*(R*, H) of problem (21) — (23).

Proof of Theorem 2.2

Based on Theorem @, there exists a unique solution (i, ¢y, 0, ¢) in the space C' (R*; D(B))N
C' (RT;H) to the problem () Thus, the problem (@)-() can be reduced to finding
a solution to the following problem:
—0pe + £ = f in (0.1),
¥2(0) = ¢(1) =0,

(2.24)

where
f = p2panr — Koy — 00,.

From Theorem @, we have
¢ € C (R H(0,1) N Hy(0,1)) nC* (R*, H?*(0,1) N Hy(0,1)) N C* (R, Hy(0,1)) ,
and
0 € C (R H(0,1)) nCH (RT; L*(0,1)) .
On the other hand, from (), we have
ew € C (RT; L*(0,1)) .

Therefore, p € C* (RT, L*(0,1)).
The function f is formed by summing several terms that are continuous over time and

take values in the space L?(0,1). Since the term ., p, and 0, each possess the required
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smoothness and are in L?(0, 1), and because multiplication by constants does not affect their

smoothness, it follows that:
f = patpens — kip — 00, € CH(RT, L*(0,1)).

To prove that the problem () admits a unique solution, we apply the Lax-Milgram

theorem. Let be consider the following variational formulation

A(,u) = L(u), Vu € HY(0,1), (2.25)

where ) )
/T(w,u) = b/ Ypuzdr + m/ Yudx
0 0
and

L(u) = /0 1 fudz.

It is clear that A is a bilinear form and L is linear form. Both A and L are bounded.

Moreover

1 1
/T(¢,¢):b/o ¢§dx+m/0 Y da

zc(/olngdwr/olw?dx).

By choosing C' = min(b, k), we get g(% ) > CH@DH%Q- We conclude that, the bilinear form
A is coercive.

Thanks to the Lax-Milgram theorem, the problem () has a unique solution v €
H!(0,1). Furthermore,

1 1
b/o Ypuydr = /0 (f — k)udz, Yu € HX(0,1). (2.26)
Here, we cannot apply the elliptic regularity directly. To do so, we proceed as follows: Let
v € Hy(0,1) and set u = v — fol v(z)dz. We easily check that u € H}(0,1). Plugging u in
(), taking into account that
kb — f € L2(0,1),

we obtain

1
0

b/ol Yyl da :/ (f — k)udw, Yu € Hy(0,1).
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This shows that
Y € H*(0,1) N HL(0,1).

An integration by parts leads to
bpw = K — f = h, € L*(0,1).

On the other hand, since b, = h € L*(0,1) then

1 1
b/ wm\pd:c:/ hUdz YU € H'Y(0,1).
0 0

Integration by parts gives

1 1
bww\If\})—b/ wx\yxdx:/ hUdr YU € H'Y(0,1).
0 0

As H!(0,1) € H'(0,1), we get
1 1
b%\lf\é—b/ wx\Ifxda::/ hde WU € HY(0,1).
0 0

The use of () leads to

since W is arbitrary, we deduce that:

¥2(0) = 1h2(1) = 0. (2.27)

Consequently, ¢ € H2(0,1), and it satisfies the equation given in ()

Therefore, (v, ¢, 1,60,q) belongs to the domain D. Moreover, since (¢, s, 0, q) is a
solution of equation (), we conclude that (¢, ¢, 1, 0, q) is the unique solution to problem
(@) with the initial and boundary conditions given by (@) and (@) This completes the
proof of Theorem @

2.3 Exponential stability

In this section, we prove the exponential stability of the solution of system (@) We

use the multiplier method to achieve our goal.
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First, we define the energy associated to the solution of (@)—() by

1
E(t) =5 / (plwf + 22002 0%, b2 + ki, + )2 + e + 7 ) dz. (2.28)
0

We have the following result

Lemma 2.3. The energy E(t), defined by ), satisfies, along the solution (¢,v,0,q) of
@), the estimate

'(t) = -8 /01 ¢*dr < 0. (2.29)

Proof. Taking the L?—inner product of the equations of (@) by y, ¥y, 6 and q, respectively,

and applying integration by parts, the boundary conditions , we obtain

P1 d ', '
5 7 o; dr — K | (pz+ U)o de =0, (2.30)
0
1 1 1
_Pz/ Ozt dx + 5@ 1P dx + H/ (pz + )y dx + (5/ O, dx =0, (2.31)
0
1
/ 0% dx —|—/ q.0 dx + 6/ V) dx = 0, (2.32)
2 dt ;
T d 1 1 1
—— | Fdx+ ﬁ/ ¢ dx —|—/ 0,q dz =0, (2.33)

The addition of ()—() and using integration by parts, we find

1d 1 1 1 1
—— pl/ (pfdm—i—b/ @bzdquc/ 02dx+7/ ¢ dx
2dt 0 0 0 0

1

1 1
—Hi/ (9096 + 1/})(9035 + ¢)t dx — ,02/ thtw@bt dx + ﬁ q2 dr = 07
0 0 0

therefore,

1d

1 X 1
§E/ [,01%? * bd}i b + Tq2 + (s + w)z} dr — pz/ Pitathr dx = —ﬁ/ Q2 dz.
0 ; i

(2.34)
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On the other hand, applying integration by parts and using the first equation of (@), we

get
1 1 1 n
—,02/ iy dr = ;02/ PetPer dx = ,02/ Pt [;@ttt - ‘Pmt] dx
0 0
1
p11‘;02 SOttSOttt dz — pa / PetPagt AT
1 1
_pp2d 2 d 2
, dr + —— d 2.35
2/@dt/ +2dt Pat AT, (2.35)
substituting equation () into equation(), we obtain
1d !
S [plgof + b2 + b + 7¢% + k(. + ) + wgoft + pg%} dr = —ﬁ/ ¢* dx.
0
Consequently,
1
’t):—ﬂ/ ¢* dx <0.
0
which complete the proof. O

Our stability result reads as follows:

Theorem 2.3. The energy functional of system (E) — (223) satisfies, for two positive
constants A and &,

E(t) < Xe * Wt > 0.
The proof of Theorem @ will be established through several lemmas.

Lemma 2.4. Let

1 5p1 1
/ / s)ds dx — (57’/ q(pr + ) dx + — Qgpt dz,

D(t) = —ps / (g + ) i+ 222 /wtdx—— Oon de,
and

F = mJi+ pods.

The functional F' satisfies, along the solution of (@)—(@), the estimate

1 1
F’(t)g—c—;“/ 92dx—p22“°/ 2 dy — ’2“) ( ,,,+¢)2dx+m/ Pdr, (2.36)
0 0 0 0

2 . . .
where oy = % >0, 1 = po + 222 > 0 and m > 0 is a positive constant.
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Proof. By differentiating J;, we obtain

1 1
—TC/ Ht/ dsdx—irTc/ / a(s dsd:z:—(ST/ qt(%—l—?ﬁ)daj—&/ q(pz + V) dx
0 0

) )
+ % Qt‘;@t dz, ‘|‘ P

0%0% de

From equations three and four in (@), we infer

:—7'/ qx/ dsdx—&'/ Q/th/ dsdx—cﬂ/ / dsdx—c/ 02 dx

—|—5B/ Q(90x+w)dx+5/ 9(80z+w)da:—57/ Gt dor — 57/ qy m——/ Qoo dx

0
52

Using integration by parts and the boundary conditions, we get

1
Ji(t) = / 0*dx — cﬁ/ / s) dsdx +7‘/ ¢dx
0

1
+5B/ q(goz—i-ib)dx—é/ 0(90,,34—1/1)93(196—57'/0 Qi dT

)
+§ qozdr — —/ ¢xt%0td$+—/ Opudz.

Using the first equation (Ell), we infer that

1
E@tt = (vz +7),,

which yields

—C/@dx—i—T/ 2dm—cﬁ// dsdx+56/ (0o + ) dz

+0 <& — 7') / qPerdr — ,uo/ Yrpprd. (2.37)
CK 0

Furthermore, differentiation of Jy gives

1

1
0
dp1

(5 1
oPL etSDt dx — — Oy dx,
Kk Jo Kk Jo
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using the second and third equation of (@), we arrive that
1 1 ) 1
B0 =b [ lor b 0)de—x [ (prt0) dw—é/@ (o ) dr
0 0

1 1
) / w?xdx—pa / sotxwtda:+— / wztwtdw+ / Yyppud

O

)
+ % Qm@td + / Yapppdr — — HSOttde

Integration by parts together with the boundary conditions yields
1 1 1
50 ===b [ vulpnt 0ok [ <¢x+w>2das+a/ (s +v), do
0

1 1
—P2/ SOdeerz/ th%ctdff‘i‘—/ ¢zt<ﬂtd$+ / Yypud
0

_I;m
CcCKk Jy

gDmtd +_/ th td.fC— / GQOttd.fC (238)

By substituting &gott = (¢ + 1), into (), we obtain
K

1 1 1
B(t) = —b wm«mmdaz—m/ <som+w>2dx+6/ 0 (o0 + 1), do
0 0 0

1 1
- /)2/ fodl’ + PQ/ Crhpdr + —/ Yarprdx + b/ Ve (0r + ) d
0 0

_om
CR

1 52p1 1
domnd + 2P / barprde — 6 / B + )ude,
0 Ck Jo 0

hence,

1 1
Jo(t) = —H/ (0o +1)° dm—pg/ @2 dr — —/ qpzde. —l—ul/ Yupprdr.  (2.39)
0 0
Combining () and () with (), we find

1 1 1 1
F’Z—Cul/ 0 dw—fwo/ (%+¢)2dfc—uop2/ SOfmderulT/ ¢ dx
0 0

o / / 5) dsdz + jndp / 0 (o + 1) dz
+ (ulé (g—; - 7) - m%) /01 q@aedr. (2.40)
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At this point, we apply Cauchy—Schwarz and Young’s inequalities to obtain

—culﬁ/ / s)dsdx < cu 3 (/01 e%m) (/01 (/qu(s)ds>2da:)
< %/19%1:”0“%52/01 (/qu(s)ds)zd:c

2

N
D=

2 1
< Mgy, P / (/ q(s)ds) dx
2 0 2 0 0
2 1
< / 0%d +C“;5 / Az (2.41)
0 0
and 1
252 2
uléﬂ/ (pr + 1) dx < 2o (903;+w)2dx+u/ ¢*dx. (2.42)
2 Jo 2640 Jo

Similarly, we have

5 ! ! 1 op1\* [
6 <& — T) - Hoﬂ / qprdr < HoP / P+ f110 <& - T) - Moﬂ / ¢ da.
CK ck ) Jo 2 Jo 2002 CK CK 0
(2.43)
The substitution of (), ( and () into () yields () O

Lemma 2.5. The functional

1 1
G(t) = Fum/ Popar dT + ,.@57/ qps dx
0 0
satisfies, along the solution of @)-(@), the estimate

G'(t) < ’”2”2 02 dz ——/ w2 dx—l—m/ 02 dz
1
—l—m/ (80x+w)2d:v—|—m/ 92dx+m/ ¢ dx, (2.44)
0 0 0

for some constant m > 0.

Proof. Multiplying the equation (1), by papy yields

1 1
p1p2/ gpftdx - 592/ (92 + 1), predx = 0.
0 0

An integration by parts over (0, 1), together with the boundary conditions, gives

1 1
,01/)2/ ppdr + Fum/ (Yo + V) Qyadr = 0.
0 0
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By using equation (21),, we obtain

1 1 1 1 1
p1p2 / opdr—br / V) dr—bK / Ouppdr+K? / (9o +0)* do—0r / (e + 1), 0dz = 0.
0 0 0 0 0

Applying integration by parts and using the boundary conditions, we find

1 1 1 1 1
plpa/ w?tdeb/f/ @Didw—bﬁ/ soxwmdﬂﬁ/ (%er)zdrc—%/ (e + 1), Odx = 0.
0 0 0 0 0

Replacing b, by —pous + K (@r + 1) + 06,, we obtain

1 1 1 1
P1P2 / gpftd:c + b/é/ @/)idl‘ + Kpo / OrPrpdr — K / 0z (r + 1) dx
0 0 0 0

1 1 1
— /@6/ 0 0. dx + /<¢2/ (9o + )% dx — 5&/ (P2 +¢), 0dz = 0.
0 0 0

Again replacing & (@, + 1), by pi1pu, we get

1 1 1 1
p1p2 / ordr + br / V2dx + Kpy / Do Prradr — K / 0o (o + 1) d
0 0 0 0
1

1 1
- ’%5/ Spmemdx + 52/ (QOI + 1/1)2 dx — (5p1 / QOttedZ' = 0,
0 0 0

consequently,

1 1 1 1
plpg/ @2 dr + brﬁ/ V2dx + Kpy / Ve Prizdr + K2 / (pz + V) dx
0 0 0 0

1 1
— /{5/ Y0 dr — dpy / pufdx = 0.
0 0

By virtue of the fourth equation in (E=1), we infer that

1 1 1 1
plpg/ @ftd:); + b/{/ wid:r + Kp2 / Vo Puadr + K2 / (pe + ) Ydx
0 0 0 0

1 1 1
+ mST/ qrodr + /155/ qpzdx — 0py / ppbdx = 0. (2.45)
0 0 0
On the other hands, by differentiating G(t), we get
1 1 1 1
G (t) = Iipg/ 2. dr + mpg/ O Priadr + /{57/ qpadr + mST/ qrpzde, (2.46)
0 0 0 0

substituting the terms rps f01 Ve Puadr + KOT fol qp.dr from () into (R.46), we arrive

that
1

1 1 1
G (t) = —plpg/ i dr — bH/ Vidr + Hpg/ @2, dr — 52/ (pz + ) Ydx
0 0 0 0

1 1 1 1
+ mﬁ/ qppdr — ,{55/ q (¢ +1p)de + FM/ qdx + dp, / pnbdz.
0 0 0 0
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Cauchy-Schwarz and Young’s inequalities yield
1 1 5272 1
/1(57'/ qodr < /pr/ o2, dx + T / ¢dz, (2.47)
0 0 4p2 o
1 1 ) 52(5252 1
k6B | q(ps+ ) de < e/ (pz + )" dx + ” / ¢ dx (2.48)
0 0 0
and
! P1P2 5°pr !
01 / oufdr < == [ ¢ldr+ —— 92dx. (2.49)
Similarly, using Poincaré inequality, we obtain
(5252 1
Héﬁ/ qdr < — / Vidr + ——2L 2 / ¢*dx (2.50)
0
and
1 b 1 30 1
Ry Y (251)
0 4 Jo b Jo
Therefore, () follows from ()—() O
Lemma 2.6. The functional
1
K(t) = —pl/ prpdr
0
satisfies, along the solution of @)—@)7 the estimate
1 1 1
K'(t) < —pl/ ©? d:z:—l—m/ (¢ + ) d:c—l—m/ V2 du, (2.52)
0 0 0

for some constant m > 0.

Proof. Direct differentiation of K yields

1 1
K'(t) = —pl/ ©? dr — pl/ Vo da.
0 0

The use of the first equation of (@) gives

1 1
K'(t) = —pl/ 02 dr — Ii/ (pzr + U)o dr,
0 0
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2.3. EXPONENTIAL STABILITY CHAPTER 2

using integration by parts and the boundary conditions, we get

1 1
K’(t)——pl/ gofdx—l—/i/ (pz + V), dz,
0 0

consequently,
1 1
K ==p [ ddesn [ oot v)lle+0)-0)do

1 1 1
:—pl/o @fc&—i—/{/o (gox+¢)2d:v—/</0 (o + V) dx. (2.53)

Cauchy Schwarz, Poincaré’s and Young’s inequalities yield
K

1 wC 1 1
o [t vyvde <52 [ a5 [ o2 (2.54)

0 0 0
The substitution of (M) into (M) yields () ]

Now, we define the Lyapunov functional £ by

L(t):=NE(@{t)+nF(t)+G(t)+eK(t),
where N, n, e are positive constants to be fixed later.
Lemma 2.7. There exists a positive constant m such that

(N =) E(t) < L(t) < (N+m)E(t). (2.55)

Q/qu(S)dS

Y pib 5
b [ (2ol + 22 s ) 0] ) da
0

K

Proof. We have

()~ NE ()] < n/ (e

+ 071 |q (@2 + )| + patio |Pre (2 + ¢)|) dx

1 1
i / (k2 | @nia| + K67 [qa]) da-+pre / pug| da.
0 0

By using the Young, Poincaré, Cauchy—Schwarz inequalities and that

02 < 2(pp + 1) + 202,

we have, for a positive constant my,

1
L (t)— NE(t)] < mo/ (02 + 02 + 2+ (pr + ) + 02+ ¢*) du.
0
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2.3. EXPONENTIAL STABILITY CHAPTER 2

Then, from the definition of E, we conclude, for some constant m > 0,
|IL(t)— NE(t)| <mE ().

Therefore,

Thus,
(N—m)E@t) <L) <(N+m)E(). (2.56)

Proof of theorem
By differentiating £ and using (}22(1),(}23(1%(}244]) and (), we get

2
1 1
_ (P2H0_ 2 5. (BKblo 2
( 5 n m)/o o dr ( 5 n m(l—i—a))/o (pz + ) dx

1 ! '
b
_ P1p2 o2 dr — (_'i _ mg) / Vid — p1€/ prd.
2 Jo 2 0 0

Now, we choose carefully the constants.

[,'(t)§—(6N—m(n—|—1))/01q2dx— (ﬁn—m) /0192dx

First, we take £ small enough so that

b
;—m6>0.

Next, we pick n large enough so that

m(l+e) m m}
Kplo  papto cia )

n>2max{

Finally, we select N large enough so that

maxmw}
N > {, 5 :

Therefore, there exist three positive constants w, o and ay such that

L (t) < —wE(t)

and
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CHAPTER 2

consequently, we get

LN(t) < =EL (1),

for some £ > 0.

An integration over (0;t) gives
L(t) < L(0)e vt >0.
Again, the equivalence (2257) yields

E(t) < e * Wt >0,

for some constant A\ > 0; which completes the proof of Theorem .
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chapter

Exponential stability of a
thermoelastic Gurtin—Pipkin—
Timoshenko system without

the second spectrum

3.1 Introduction

In this chapter we study the well-posedness and asymptotic stability of a thermoelastic

Timoshenko system with one spectrum, utilizing the Gurtin-Pipkin thermal law for heat

conduction and the rotation angle equation for coupling. Specifically, we consider the fol-

lowing system

;

pl%ptt - K(QDJC + w)x = 07 in (07 1) X (07 00)7
_p2¢ttz — bwmm + /ﬁ?(g@m + w) + (591- = O, iIl (0, 1) X (0, OO), (31)
1 [t
cl, — E 9(8)0:(t — 8)ds + 0,y =0, in (0,1) x (0, 00),
0

where ¢ as the transverse displacement, ¢ as the volume fraction, and 6 as the temperature

difference from

a reference configuration of a porous material and The coefficients py,po ,&

,3, b, , ¢ are positive constants .

Supplemented with the following boundary conditions of Dirichlet—-Neumann—Dirichlet type:

90(07t) = %(Qt) = 9(07t> =0,

cp(l,t) = %(1,75) = Q(Lt) =0,

vt >0, (3.2)
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3.2. PRELIMINARIES CHAPTER 2

and initial conditions

@(I,O) = (,00(1'), (pt<x70) = Qpl(x)v
(2, 0) = vo(z), O(z,0) = (),

Va € (0,1). (3.3)

3.2 Preliminaries

In order to formulate problem (@) in the semigroup setting, we adopt the methodology
developed by Giorgi et al. [14] and define the new variable

0'(x,s) :==0(x,t —s), s>0
and

n(z,s) = n'(x,s) = /08 0'(z,7)dr, s >0, (3.4)

which represent the past history and the integrated past history of 6 up to t, respectively.

Clearly, we have
n(x, s) +ns(x,s) = 0(x,t).

The system (@) is supplemented with the following initial and boundary conditions with

boundary conditions

gp(x, O) = 900(33)’ 901?(377 0) - @1(@%(% 0) = Yﬁo(f), 9(3:’ O) = 90('73)7 S (07 1) )
O(x,—s) = h(x,s),s >0, n°%(z,s) = /0 h(z,T)dT = no(z, s), (3.5)

— Tim nt _
n(z,0) = Sh_r>1f1077 (x,s) =0.

@(O’t) = <p(1,t) = ¢x(07t) = ¢x(17t) = Q(Ovt> = ‘9(17t) =0

n'(0,s) =n'(1,s) =0, t € (0,+00), s >0,

(3.6)

where, h € C'((0,4+00); H'(0,1)) expresses the history of 6.
Since 1 satisfies Neumann boundary conditions, the classical Poincaré inequality cannot

be applied directly. However, combining the second equation of (@) with the boundary
conditions (@) yields

1
/ Y(x,t)dr = 0.
0
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which enables us to apply Poincaré’s inequality.
Regarding the memory kernel g, we assume that lim g (s) =0 , and that there exists a
S§—00

function p such that ¢'(s) = —u(s), with the following hypotheses:
(h1) p € C(RT) N LYRT),

(h2) p(s) >0, /' (s) <0, Vs >0,

(h3) [y~ p(s)ds = g(0),
(h4) there exists A > 0 such that u' (s) < —Au(s), Vs > 0.

A formal integration by part yields

q:—/t g(t—s)@w(x,s)ds:—/O+Oou(s)n;(x,s)ds.

Thus, the system (@) becomes

4

P11t — H(Qoz + w)m = 07
—pP2Pttz — wa:r + H(SD:L" + w) + 59:): = 07

ety — % f0+oo 1(8)Nez(8) ds + d1hyy = 0,

(3.7)

| s = 0.
Let define the weighted Hilbert space
+0o0
M=mMﬁmwh{ww%%mm/’mwww%<ﬂ4,
0
and the inner product
+oo
(n,0);m = / p(8) (12, Oz ) s,
0

with the associated norm

—+o00
Mm=A 1()llma () 2.

where (-, -) denotes the L% inner product

<%@=Awwﬂmm

and || - ||z is the associated L?-norm defined by

1
WM:/wwm
0

N:={neM:n eM,n(0)=0}.

and
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3.3 The well-posedness of the problem

In this section, we subject system (@)7(@) to a series of transformations, thereby
recasting within the framework of the Hille Yosida theorem. This approach enables us to
establish the existence and uniqueness of solutions.

First, we multiply the second equations in (@) by k, and then differentiate it with respect

to x, to obtain

Ky = p1u — KPaz,

—P2RPttzr — b"iwxx:c + '%2(903: + ¢)x + 5'%99096 = 07

(3.8)
cby — % 0+OO 1(8)Nzz(8) ds + 6Py = 0,
|15 =0,
by substitute the first equation of (@) into the second and the third equation, we get
—P2KPitas — bP1Pttas + VK aes + KP1Pu + 0Kbyy = 0,
0o o
b= 5 Jo 1(8)has () ds + (0101t + Kprar) =0, (3.9)
yr + Ns = 07
consequently,
BSOtt + bﬁ@zxww + 6/<vexw = Oa
0 4]
0= 5 J ™ () () ds + —(prpu + ipuar) =0, (3.10)

ne+ns =0,
where B is a self-adjoint, positive operator defined on L?*(0,1) with domain H?(0,1) N
H(0,1), defined by B = kp1I — (pak + bp1) s
Clearly, we have

1

= I — B). A1
lei—i—bm(mm ) (3:11)

xrx

Not that B is invertible because it is coercive.
Next, applying B~! to the first equation of () and differentiating with respect to ¢,

we obtain

Pt = _f{B_l (b@zmaﬁxt - 5‘91:315) ) (312)
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substitution of () into the second equation of () gives

ngtt + bﬁ@zxazx + 550;1?3: = 07

(cI — 6%*p1B710,,)0; — % 0+°° 1(8)N2z(8) ds — 8(p1 B7100, 000 + Ope) s = 0, (3.13)
ui + Ns — 0= 07
therefore,

Bsptt + bﬁgpzwxw + 5"19%73 =0

SO, — % 0+°° p(8)Nea(s) ds — 0T = 0, (3.14)
m+ns—0=0,

where S and T : L?*(0,1) — L*(0, 1), are operators defined by S = ¢ — §*p; B~'9,, and

T=|I+bynB*! I — B))| 0ya,
pB (el B)

bpiB 'k bp11
bpy + Kp2 bpi + Kips

[(p2l 4 bpi B™1) 0 Dy,

 bp1+ kps
On the other hand, multiply the first in equation () by m[,ogl +bp?B~1], we obtain

— 0B+ bp 1oy — bT0py — 6T0 = 0.
bp1+ﬁp2[ﬂ2 1 ]@tt 2

Setting R = paB + bp?1], we get

bp1+rp2 +fip2 [

st — 0T pre — 0T0 = 0.
Moreover substituting B, we arrive at

- I— bp1)0,s| + bp21
bpﬁm[pz[pm (p2k + bp1)Ous) + bpil]

1

~ bp1 + Kpy
1

~ bpr + Kpe
1

B bpr + Kp2

(2151 — p2kOna — bp10sa] + bp3]
[p2p16] — P3KOys — bp2p1Oyy + bpi]
[p1(bp1 + par)l — pa(pak + bp1)Oue]

- plI - )028133
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Finally, we can reformulate the system (@) as the following auxiliary problem:

SO, — % 0+°O p(8)Nee(s)ds — 6Ty = 0, (3.15)
Ul + Ns — 0= 07

In order to formulate the auxiliary problem within the semigroup framework, we introduce

the Hilbert space
X = (H*(0,1) N Hy(0,1)) x Hy(0,1) x L*(0,1) x M,
The space X is equipped with the inner product

(0,0 = b(Tp, 0%) + (Ro, &) + (59,6%) + %m, ) a

for U= (p,¢,0,m)7, U = (¢*, ¢*, 0%, 7")" in X.
Moreover, we define a new independent variable ¢ = ¢,

then, the system () can be written as follows:

V() + AT(t) =0, Vit >0,

U(0) = Wy = (o, 1, 00,m0)7,

(3.16)

where A is the operator defined on X by
—¢
bR T pyy + OR™'TO
~S (4 ) (5)ds — 6T9)
Ns — 0

AV =

with domain
U= (p,¢,0,n)"eX:peH}0,1),¢ec H*0,1)NH(0,1),

D(A) = 0 e H&(O, 1),ne N, /+OO 1(8)Nee(s)ds € Lz(o’ 1)

(3.17)

Lemma 3.1. [14] For any n € N, we have

1

+oo
et ==5 [ w9l (315)
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Proof. By the use of integration by parts, we have

—+00

(eihae = / () (5), 1m0 (8)) s
! / " () () s
line(s) 2|7 / " () Ine(s)]7ds,

therefore,

2nmaa = lim (e ~ () (o) = [ W @ma(s) s, (319

Since 1 (s) ||nz (s) || and w1 (8) [|nzs (s) || belong to L' (R*) and n,(0) = 0, then, the second
term in the right hand side of () worth

s 2

Nes(T)dT
0

I*

lim ju(5) 1 (5)]? = lim pu(s)

s 2
< limsup ( 6 st )HdT) |
S— 0

The use of Cauchy-Schwarz inequality, leads to

lim pu(s) 17z (5)[I* < limsups/ p(7) |nas(7)]* dr = 0.
$ 0

s—0

Therefore,
+oo
2n)aa = i ) (F = [ s 6) (o) P

The left-hand side of the last equation is bounded, and from Al both terms on the right-
hand side are non-positive. Therefore, we infer that the above limit exists and is finite.

Consequently, it is equals zero. Thus

1 [e.e]
(et == [ i) lPds
0
Moreover, the use of the assumption (h4) leads to (), which completes the proof. O
The following theorem establishes the well-posedness of the auxiliary problem ()

Theorem 3.1. For any Vo € X, the problem (4.11) has a weak unique solution VU &
C(R™,X). Moreover, if ¥y € D(A), then ¥ € C(R*, D(A)) NCYRT, X).
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Proof. The proof will be based on the semigroup theory. According to the Hille-Yosida
theorem @ and the Lax-Milgram Theorem @, it suffices to prove that A is maximal and
monotone.

First, we prove that A is monotone. Let ¥ € D(.A), we have

+o0
(AT, W) = 0T, 9ua) + b{Tip0n, &) + 5(T0, ) 6/’ ) (las(5), 0)ds — 6(T), 0

1

+ E<775777>M - E<9777>M

since T is a self-adjoint operator, we obtain

“+oo
(AT W) = =b0, Tna) DT, )+ 50.T0) = 5 [ 1(5)0na(s),0)ds = 5(70,6)
1 1
+ E@?s, ) Mm B< m M
L 5 e, 00 + S — 20,1
= A Nzx\S 5775777/\/( 3 y )M
Using integration by parts and the boundary conditions, we find that
Foo 1 1
(AT, ) 5/ (5):02)ds + (1o )an = 310, )
5<>M+¢%m = 0
1
= B(ns, M

From Lemma @ and the hypothesis (h4), we infer that
1 [t

28 Jo

and hence, A is monotone. O

(AV, ¥)x W (s)lna(s)13ds > 0,

Secondly, we prove that the operator (I — A) is maximal. Let K = (ki, ko, ks, ks)? € X,
and we seek ¥ € D(A) that satisfies

(I— AW =K, (3.20)
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3.3. THE WELL-POSEDNESS OF THE PROBLEM CHAPTER 2

that is,

;

©—¢ =k,

Ré + 0T gy + 6T0 = Rk,
v ’ (3.21)

50 = 5 Jy 7 m(s)nas(s)ds — 6T¢ = Sk,

n+ns—0=ky.

From the first and fourth equations of (), we have

and

dn
—! =0+ k
ol + ka(s),

by multiplying both sides of the equation by e°, we obtain:

d
esd—z +e’n=e°0 + e°ky(s),

since the left-hand side is the derivative of a product, we get

d
%(esn) = €0 + e"ky(s).

An integration of both sides over [0,s] gives:

e’n(s) —n(0) = /OS e"0dr + /08 e"ky(r)dr.

Since 6 is independent of r, and 7(0) = 0 we have:

e‘n(s) = (e* = 1)0 + /08 e"kq(r)dr,

dividing both sides by e™*, we find that

e n(s)=e*(1—e*)0+ 68/ e"ky(r) dr,
0

hence, the solution simplifies to:

n(s)=(1—e?*)0+ /OS e" " *ky(r)dr. (3.23)
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Replacing ¢ and 7 from (M) and (M) into the second and third equations of (), we
get

R(,D + ngOm; + 0760 = R(lﬁ + kg) € H_I(O, 1),

+o0 s

S6 — %cuem — 6T = Sks — 6Tk, + % / p(s) ( / e”(lu)m(r)dr) ds € H'(0,1),
0 0

(3.24)

where

com [ na— e ds < 0)

Let W = (H?(0,1) N H}(0,1)) x H}(0,1). By ‘formally’ multiplying the equations of ()
by » € (H?*(0,1) N HL(0,1)) and § € HL(0,1), respectively, we arrive at the following
variational formulation

A((p,0),(2,0)) = L(5,0),  Y(p,0) €W, (3.25)
where A( -, -) and L( - ) are the bilinear and linear forms defined over W by
A((,0), (,0)) = (R2p, R2g) — b(T 0, T2 ¢,) + 6(T20, T2 3) + (S0, S20)

+ =cu0,,0,) — 6(T2p, T36), (3.26)

™|~

and

L($,0) = (R(k1 + k), §) + (Sks, 0) — 6(Tky,0) — 5

(3.27)

A straightforward calculation shows that A and L are bounded. In addition, we have

A((0,0), (0,0)) = (R, ) — b(T'py, 0z) +0(T0, 0)

+(50,0) + %cﬂwx, 0,) — 5(T, 0)

(R, o) — BTy, 02) + (S0,0) + %cﬂwx, 0,), (3.28)

from the definition of R, S and T, we obtain

4 Kkbpa
bp1 + Kkp2

1
<B_1<pm, Ozz) + 62p1<B_10x, 0.) + Bcu(ﬁx, 0.). (3.29)

A((@? 6)7 (907 9)) =P <(107 ()0> + C<67 6) + p2<9017 (10:10> <901x7 @:m:)

Kb}
bp1 + Kkp2
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Then, the operator B~! define positive, we deduce that

kbp 1
A((,0),(,0)) > pa{ar Pa) + m@m Paz) + (0 0s)
kbp 1
> p2||‘:0x||g #HSOMHQ BCMHQ’C”%
> M(llezll3 + lleaalls + 1162113) = M| (0, 0) 13, (3.30)

hence, A is coercive. Consequently, Lax-Milgram theorem guarantees that the equation

() has a unique solution (p,0) € W.
Next, by substituting ¢ into (), we infer that

6 € (H(0,1) N HA(0, 1).
On the other hand, using () together with the Cauchy—Schwarz inequality, we obtain

“+00 [e¢)
/0 p(s)|n:l3ds < 2/0 p(s)(L—e™*)?[10:3ds

w2 [Tt ([ e )(/ ) ) s
<2016 +2 (o) (5 )( [l ) as
<2908+ [ wto) ([ ||k4mu§dr) s

0 +o0
<208+ [ Wl [ ns)dsar
0 r

Applying hypothesis (h4), we arrive at

| s < 210,08 - 5 [kl [ we)dsar

1 o
<29(O)8,18+ 5 [ nlr)lbsldr < oo
0

Which shows that n € M.

From () we have 7(0) = 0.
ns(s) = e °0 4 ky(s) — / e Cky(r)dr =0 + ky — n(s) € M.
0

Therefore, n € N.
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At this stage, taking § = 0 in (), we get
D(Ts, ) = —(R(ky + k) — Rp — 070, %), Yo € Cy(0,1),

which gives

bT'0ypr = R(ky + ko) — 6T0 — Ry, (3.31)
Replacing (B222) into (B2331) we find

bT' 0y = Rky — 6170 — R, (3.32)
Using elliptic regularity theory together with the definition of the operator 7', we deduce
$aa € Hy(0,1),

which implies that

Pr2(0) = @ua(1) = 0,
consequently
o € HX(0,1).
Similarly, by taking ¢ =0 in (), we obtain for any 6 € C1(0,1) :

1 +oo S - ~
B(c,ﬂx - / u(s) / " (ky)z(r)drds,0,) = (—=SO0 + 0T + Sks — 0Tk, 0).
0 0

Note that, using the definitions of the operators S and T, together with the facts that
o,k € H*0,1) N HY(0,1), 0 € H}(0,1), and k3 € L?(0,1), we deduce that:

SO — 6T — Sks + 0Tk, € L*(0,1),

which gives,
400 s
by +/ p(s) (/ e’"_sk4x(r)dr) ds € H(0,1)
0 0

and therefore

1

+o00o S
ﬁc,ﬂm + % / p(s) (/ €' (kq) g (r) dr> ds =80 — Ty — Sks + 0Tk,
0 0
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By virtue of () and (), we arrive that

1 [t
5/ 1(8) e (8) ds = S0 — 6Té — Sky € L2(0,1).
0

Therefore, the solution (¢, ¢, 8, 1) of system () belongs to D(A)and hence A is maximal.
This completes the proof of Theorem @
At this point, we put

H = (H?(0,1) N Hy(0,1)) x Hy(0,1) x H'(0,1) x L*(0,1) x M,

and

¢ € HX0,1), ¢ € H*(0,1)NH(0,1), v € HZ(0,1),
D: CD:(QD,QS,@ZJ,@,T])TGH +o0
0 € Hy(0,1), neN, / 11(8) e (s)ds € L*(0,1)
0

where
H2(0.1) = { € H(0,1) : 4,(0) = v(1) = 0}

and

H3(0,1) = {go e H3(0,1) N HL0,1) : .0 € HL(0, 1)}.
The well-posedness of problem (@)7(@) is established in the following theorem.
Theorem 3.2. Let (¢, v1,%0,00,1m0) € D, where the following compatibility condition:
B(poz + 10) = —p1(bpozas + 000z)

is satisfied. Then, there exists a unique solution (o, s, 1,0,n) € C(RT, D) N CYR*,H) of

problem )f@)

Proof. Let (o, p1,00,m) € D(A), then from theorem @, there exists a unique solution
(o, 01,0,m) € C(RT; D(A)) N C' (RT;H) to the problem () As a result, we have

¢ € C (R HX0,1) N Hy(0,1)) nC* (RT; H*(0,1) N Hy(0,1)) N C* (RY; Hy(0,1)) .
Thus, () obtains

Spttt = —HB_léxx (wamt — (59,5) - C (R+, LQ(O, 1)) .
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Next, let define ¢ by

p T
0

then we get

prow — K (e +1), =0. (3.34)
Replacing () into the second equation of (), we arrive at

1 S

by — 3 K(S)Nzz(s)ds + 6thy, = 0. (3.35)
0

Consequently,
Y € C (RT,L%(0,1)),

which implies that
¥ € CHR*, H(0,1)).

Moreover, from (), we have

_ K PL
wx - b(p:m: + b Sptt-

Bearing in mind that ¢ € H3(0, 1), we infer that ¢y € H?(0,1). Therefore, (¢,,6,n) solves
the problem (@) with the initial and boundary conditions (@) and (@) which completes
the proof of Theorem @ O

3.4 Exponential stability

In this section, we analyze the time-behavior of the solution to problem (@)—(@) We
demonstrate that the solution exhibits exponential decay without imposing any restrictions
on the coefficients of the system (@)

First, we introduce the energy associated with the solution (¢, 1, ,n) of problem (@)—

(@), defined as:

1 1
E(t) =3 / (/wf + %e@i + poly + b2 4+ k(ps +¥)? + 092) dx
0

1 [t

*55 ). p(s)lIna(s) 1 2ds. (3.36)

The main result reads as follow:
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Theorem 3.3. The energy functional E(t) satisfies, along the solution of (@)—@), the

estimate
Et) <cge*,  Vt>0, (3.37)
where o and ¢ are two positive constants.

The proof of Theorem @ will be established by the multipliers method through several

lemmas.

Lemma 3.2. Let (,v,0,n) be a solution to )—) Then , the energy functional E(t)

satisfies

+o00
< .
55| HElmIks <o (3.38)

Proof. Taking the L?-inner product of the first three equations of (@) with ¢y, ¥y, and 6,

respectively, and then applying integration by parts, we arrive at

d 1 1
%% ©2dx + /i/ (pz + ) @udr =0, (3.39)
0 0

o /lwttwmdw /wdwm/o (60 + 1) wt+6/ Oudr=0  (3.40)

g% 6dx — —/ (/ (5) 7 (s )ds) do — / Gz = 0. (3.41)

On the other hand, applying integration by parts and using the first equation of (@), we

and

get

1 1
pz/ Oy do = pz/ Pt [&(pttt - (P:mt] dz
0 0 K

1
= p1p Crrpur dr — po / Ot Paazt AT
Kk Jo 0
1 1
p1p2 d 2 p2 d / 2
= ——— d —— d 3.42
% di J, Py AT + 2 dt J, Pot AT, ( )

substituting m into (M), we find

pp2 d [ pad [
2k dt d+2dt P+

2dt/¢d$+“/o (¢o + ) wt+5/ 0, da = 0.
(3.43)
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Moreover, integration by parts and the boundary conditions (@) we obtain

/019(/;00 11(8) N (8 ds)dx— /m/ )01 (s)dxds.

From the fourth equation of (@ we get

+00 +oo
/ / )6,110(5)dads = — / / ) 4+ 1u(5)), 70(5)dds
1d ) L[t d )
__1ld 2 4 ds.
s [ s =3 [ o) ol
Using (), we obtain

[o( [ somatoris ) ar =~ [ wmtsitpas 5 [ wsiimtotias

(3.44)
substituting() into () we arrive at
cd 1 d 1 [t !
—— " d ! . 2d —(5/ 0.dx = 0.
s [ [ w5 [ w8 o [ o
(3.45)
Finally, adding (), (), and () yields the desired estimate (B.35). O
Lemma 3.3. For any ¢ € L*(0,1) and any € positive, we have
L Y o0
/ / §)dsdz < ¢ / 2y — 2290 / 1(5)|Ima(s)|2ds. (3.46)
0 de 0
and
1 +oo 2 g(O) oo )
[ ([ momtoas) ae< =20 [ olias (3.47)
0 0 0

Now, we consider the following two functional:

Fi(t) :—L/+oou< )/ On(s )dxds+—/ o 0dx

+oo
— 5/)1 /gott/ s)dsdz,
2 t) = b/ Yepdr — 5/ Opid,
0 0

and the two positive constants

be + 62
Mo = )
C
62p1
= ——.
CKR
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Lemma 3.4. Let (¢,v,0,n) be the solution of problem )f ) Then, the functional
F = po 'y + pn Fy

satisfies the estimate

2 1
P <L [ 20 [ [y ppa
0 0 P1 Jo

1 1 “+o00
va [ehde—m (14 1) [T ol (3.49
0 1 0

for any 1 > 0 and for some constant m > 0 independent of ;.

Proof. we differentiation the equation Fj(t), we get

F{(t)z—ﬁ/ﬁou( >/1em< ards - [ s >/1ent< ) dr ds

5 6 +oo
+ A Sotte dx + — / 00y dx — P / Ot / dS dx
0

K
+oo
- 5p1 /@tt/ TIt d8d$

using (B72)3, and (B0)4, leads to

R = [0 [ [ womatomdsards 00 [ 460) [vntsyanas
——/ (s )/ 92dxds+m/ u(s )/ Qnsdxds+—/ ol dz
62105/ sot/+o° (5 dsdx_a_g/ iy o

1 / / d dx — / 00 / ( ) dsd
S S s axr
ttt g(o) 0 tt 0 /"L

+oo

s)dsdz,

Pttl)s
0

Integration by parts and the boundary conditions , we get

o ([ ire) e o s
—c/ 92d£€—|——/ 9/+Oou(s)ns(s)dsdx

5 Feo 6
pl / Pt / nrmc dS d]} - Sotht dI
/‘605 0
5 “+oo —+00
- / Pt / SOtt s)1s(s) ds da,
0 0

93
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using the first equation in (BZ74) , we find that

R = / 1 ( / 7 ulsnals) ds>2 t—c | B dr
+ﬁ/019/0+mu(8)nsdsdm+—/ %/m $)Nea(s) ds da
(5

2 1 5
pl thl/}xtd«r (O)/ N(S)/[) szmttn( )dIds

0

+o00
(5p1 / Pt / 775 dS dx,

Applying integration by parts with respect to s and x, we obtain

il g(éﬁ/ (/ )1z () ) f‘f‘—C/@zdw
_ﬁ/ /end“ls_% M(S)/O Ot (5) d ds

5201 Uy dr + — /00 (s) /1 (8), dxds
th xt g(o) 0 M 0 Spactn x

KRC

- n(;%) / ) / uns) d ds.

By virtue of (), we get
1 1
Fl(t) < —5—/ $)|n (s |\2ds—c/ 0% du

/ / Qndmds——/ it da
j(1-

+oo 1
p19(0 ) ,u(s)/ CutN(s) dx ds
0

ckf
~ rg(0) /0+ wis )/0 pun(s) dz ds.

Next, differentiating F»(¢) with respect to ¢, we get

1 1 1 1
Fé(t) = b/ thsot dx + b/ ¢x90tt dr — 6/ et@t da:, —5/ 9§0tt dx,
0 0 0 0

using the first and third equation in (@) leads to

W
5
90
5y

, B 1 b_li 1 _i 1 )

52 1 6/€ 1
¢ Jo P1 Jo

(3.49)

54



3.4. EXPONENTIAL STABILITY CHAPTER 2

thanks to integration by parts, we obtain

Fy(t) ( )/ ¢xt¢tdx+—/ /goxmx( ) dz ds

[t 0yde s 2 [0t v) o

From the second equation in (@), it follows that

, 52 1
Fy(t) = (b + ?) Yappr do + — / / ©ue(8) dx ds
0
o 1
+ ﬁ/ Otz (2 + ) dx — —/ (0r +1p)*dx
P1 Jo P1 Jo

Applying integration by parts and using the first equation in (@), we obtain

Fy(t) ( >/ thsotdsw—/ /goxmz( ) dz ds

K
_ i Sott((»pw + w)w dr — _/ (9093 + 1/})2 dx
P1 Jo P1 Jo

1 /12 1 52 1
:_pQ/ gpftcu——/ (gox+w)2d$+ <b+—)/ YV dx
P1 Jo C 0

5 / / OutNe(8) dz ds. (3.50)
Substituting () and () into F'(t) = poFi(t) + 1 F5(t), we arrive at

F(t) < 2 e [ ’
< —cpis z—popn | g dr — o (92 + )" dx
0 0 0

pac [T ' H2 Ly 2
_m/o ﬂ(s)/o On(s)dxds — 59(0)/0 1 (s)|1n=(s) |2 ds

_Opape [T ! +o0 1
KQ(O)/O M(S)/O ©un(s) dxds—i—{/o u(s)/o ©atN(s) dz ds, (3.51)

where

Opta p19(0) 0
m(“ cif )*W

Applying the Cauchy—Schwarz and Young inequalities yields

§/+OO /1 Pattz(s) dr ds < Uol soitdwr [(/+wu(8)>2/1€2nz(8)2 dﬂfr ds
Ss/olgoitdx+£2 / / 17:(s)|ds.  (3.52)
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Similarly, using poincaré’s inequality and (?77), we obtain

—%/;mu%s)/olen( )drds < Lo [/01 wa [/0 (/()mu’(s)n(s)ds)Q dxr

1 2200 +oo +00
<e | 02de 4 H2C p/ W (s ds/ 1 (8)|[na ()% ds
[ a2 [ s [ e

Mc cu\C, [T,
2¢ [ g2 gy — 427G / W) ma()2ds  (3.53)

2 Jo 29(0)
and
dp1pa /+°° ) /1 p2ii /1 9 (0p1p2)?Ae, [T, 9
- (s wun(s)drds < godx——/ 1 (s)|[n=(s)|3ds.
/fg<0> 0 ( ) 0 tt ) 9 0 tt 2529(0)102#1 0 )H ( )H2
(3.54)
substituting the equations()—() into (), we find that
1 2 1
F) < — cua/ 02 do — paul/ I . ,Ul/ (0n + )2 d
! 1 e / 2
ve [ hde—m (10 2) [T wo R s (3.59
0 1/ Jo
which completes the proof. [

Lemma 3.5. Let (¢,v,0,n) be the solution of problem (|3 /.) /.) Then, the functional

1
g(t) = _Kv/ PrPat dx
0

satisfies the estimate

1 1 1
1
g'(t) < —/i/ @2, dx + 52/ Yidr +m (1 + —) / ohdx (3.56)
0 0 €/ Jo
for any €5 > 0 and for some constant m > 0 independent of €.

Proof. By differentiating G(t) and applying integration by parts, we obtain

1 1
g/(t) = _"{/ Soxt(pxtdx - I{/ QOxgpa:ttdl'
0 0

1 1
=—K / 2 drk / PeaPrrdr,
0 0

By virtue of the first equation in (@), we get

1 1 1
gt)=—~x / o2dx + py / epde — K | Yppude,
0 0 0
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using Young’s inequality, we obtain

1
G'(t) < —ff/ ¢xtd$+p1/ %tdwr—/ 1/12dx—|——/ oy dx
0 0

1 1
< —m/ gpxtdx+€2/ Yidx +m (1—|— 52)/ oz dx. (3.57)

Hence, the proof is complete. Il

Lemma 3.6. Let (¢,v,0,n) be the solution of problem )f ) Then, the functional

1
H(t) = 102/{/ Patprdr
0

satisfies, for some m > 0, the estimate

b 1 1 1 1 1
H'(t) < —;/ Vidx —|—p2f£/ @2, dx +m/ 2 dx —|—m/ (¢ + 1) %dx —|—m/ 0*da.
0 0 0 0 0
(3.58)

Proof. We differentiation #(t) and using the third equations in (@), we get
1 1

H(t) = pw/ Patrspr Az + PQH/ Patpat d

0 0

1

1 1 1
= pQ,Lg/ gpit dr — bk Varpe dr + K2 / (e + V) p dr + 5/@/ 0,0, dx.
0 0 0 0

Applying integrating by parts and using ¢, = ((¢. + ¥) — ©), we find that
1 1 1
H'(t) = p2/<a/ @2, dx + b%/ Vo Pre dT + ,%Q/ (0p + ) da
0 0 1 0
i [ et 0)odn b5 [ Opuds
0 0
the use of the first equation in (@) yields
1 1 1 1
H'(t) = ,02/4/ @2, dx — b/{/ V2 dx 4 bp / Yoo dx + /462/ (z + V) do
0 0 0 0

1 1 1
—RQ/ (goz+¢)@/)da:+5/ ngttdx—éﬁ/ O, dx.
0

0 0

An application of Young’s inequality yields

bpls 24 bp1 2 2 ! 2
H'(t) < par %t dx — bk wd +— ¢ T+ %tderff (¢z + )" dx
0

0 2¢ Jo
—/ ¢2dx+—/ (cpx—l—w)QdaH—?/ cpttd:v—l——/ 6* dx
5/%/ 2 do + 62 dr.
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An application of Poincaré’s inequality yields

b [l 1 1 1 1
H'(t) < —;/ Vidx —|—p2/<:/ @2, dx +m/ 0z dx —|—m/ (¢ + 1) %dx —|—m/ 0*da.
0 0 0 0 0
(3.59)

]

Lemma 3.7. Let (p,1,0,n) be the solution of problem )f ) Then, the functional

1
K(t) = —pl/ o dr
0

satisfies, for some m > 0, the estimate

1 1 1
K'(t) < —py / 2 dr + m/ (o + 1) dx + m/ V2 da. (3.60)
0 0

0

Proof. Differentiating K and using the first equation in (@), we obtain
1 1
K'(t) = —m/ prpr d —pl/ Pupdr
0 0
1 1
= _Pl/ <P? dx — / K’(QDJJ + %D)xSO dzx,
0 0
by integration by parts and ¢, = ((¢, +¢) — ¢), we find

1 1 1
IC/(t):—pl/O gpfdm—l—/f/o (gom—i-w)de—m/o (pz + V)Y da.

An application of the Cauchy—Schwarz, Young’s, and Poincaré’s inequalities yields

1 1 e [l we (1
KO <-p [ ot [ (ropdos o [ (v [
0 0 2e Jo 2 Jo
1 1 1
< —pl/ gofdx—irm/ (tpx+¢)2dx+m/ V2 dx. (3.61)
0 0 0
O
Now, we introduce the following Lyapunov functional:

L(t) = NE(t) +niF(t) + n2G(t) +nsH(t) + K(t),

where nq,n9,n3 and N are positive constants to be determined later.
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Lemma 3.8. The functional E(t) and L(t) satisfy
(N = E(t) < L) < (N+)B(t), V>0, (3.62)
for a positive constant x.

Proof. Simple calculation shows that

+oo 1
/ u()/HU()dﬂcds
+oo
/ @tt/ s)dsdx
1
0 0

Therefore, Cauchy-Schwarz and Young’s inequalities yield

L(t) — NE(t)| < C{‘j

501#2

6/)1,u2
K

/gpted:v

/¢x@td$
1

/ prpd).
0

+ b

+ 0p + K(p2 + 1) + 1

[£(t) = NE@)| < XE(?).

Consequently,

(N =X)E(t) < L(1) < (x + NE(1))E(?).

O
Proof of Theorem 77
By differentiating £(t) and using (8.35), B8.55), (B.57), (B.59), (7?), we get
! bk
L'(t) <— pl/ ©ldr — (—ng — 1) / Vida

0

— (kng — pakng — 1)/ 2. dx
0

2 1
— (K ulnl — mns — m) / (p +)dx

P1 0

1
[p22u1 ny —mna(l + ng) — mng] / 2 dx
0
1
e 2
< 5 mn3> /0 0-dx
1 e 2
+ %N mny (1 +n) W (s)||m=(s)]5ds. (3.63)
0
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First, we choose ng > 0, Large enough, such that

2m + 2
bk

ng >

Then, we select ny
o Parns 1'
K

ng

After fixing no and ns, we select ny such that

m>rnaux{mp1(n3+ ) 2mna((1+ n2) + ny) mn3}.

K21y ’ P11 e
Finally, we choose for N to be large enough such that

1
N = max {%mnl(l + nl),x} :

Therefore, there exist constant v > 0 and mgy > 0 such that
moE(t) < L(t) < moE(t) (3.64)
and

L'(t) < yE(t). (3.65)

Using (), we infer that there exists ¢ > 0, such that

L'(t) < —=CL(t) Vt>0.

An integration over (0;¢) leads to
L(t) < L(0)e " Vvt >0.

Using () again, we get
Et) <oe™*t vt>0.

This completes the proof of Theorem @
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