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Abstract

The objective of this dissertation is to study the double Laplace-Sumudu Transform and its ap-
plication in solving linear partial differential equations. First, the Laplace transform and the Sumudu
transform, along with their main properties, are introduced as the basis of this double transform. Then,
some partial differential equations are solved using each transform separately and solved again using
the double Laplace—Sumudu transform in order to compare the solution procedures and highlight its
effectiveness in simplifying and reducing the steps required to obtain the solution. In addition, the

dissertation includes applications to some physical equations.

Keywords: Laplace Transform, Sumudu Transform, Double Laplace-Sumudu Transform, Partial Dif-

ferential Equations, Initial and Boundary Conditions, Exact Solutions.

Résumé

Le but de ce mémoire est d’étudier la transformée double Laplace—Sumudu et son application dans
la résolution des équations aux dérivées partielles linéaires. Dans un premier temps, les transformations
de Laplace et de Sumudu ainsi que leurs principales propriétés sont présentées, considérées comme la
base de cette transformée double. Ensuite, quelques équations aux dérivées partielles ont été résolues
en utilisant chaque transformée séparément, puis résolues a nouveau a ’aide de la transformée double
Laplace-Sumudu afin de comparer les étapes de résolution et de mettre en évidence son efficacité dans
la simplification et la réduction des étapes nécessaires pour obtenir la solution. Enfin, ce mémoire inclut

des applications a certaines équations physiques.
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Notations

2L{f(1)}

L~ HF(s)}
(f*g)()
L)}

S HF(u)}
LS f(x,1)}
Sy HF (s,u)}

fx) xxg(1)

Laplace transform of a function with respect to time .
Inverse Laplace transform.

Convolution of two functions in one variable.

Sumudu transform of a function with respect to time ¢.
Inverse Sumudu transform.

Double Laplace-Sumudu transform of a function with
respect to x and .

Inverse double Laplace—Sumudu transform.

Double convolution of two functions in two variables.
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Introduction

The transformations defined by integrals are classified among the most important methods
used in solving linear ordinary differential equations, linear partial differential equations and
in solving linear integral differential equations of integer order or fractional order. Among the
applications of these transformations are their use in electrical engineering and control, signal
processing and communications, physics and mechanics, and pure mathematics., etc... and
among these transformations that were discovered during the eighteenth and nineteenth centuries
and that were used and are still used in these two important fields of science (mathematics and
physics), we find the Laplace transform method [15], the Fourier transform method [7] , the
Hankel transform Method [13], and the Mellin transforin method [11].

Given the importance of using single transforms in solving differential equations, interest
began to focus on using them in another way, this way is represented by introducing the concept
of double integrals, so they became known as double transforms. Due to this new form that
includes two variables, they are only used in solving partial differential equations of integer or
fractional orders, as well as integro partial differential equations of integer or fractional orders.
For example, among the works that were concerned with the double Laplace transform, we find
9],[4] as well as the works that used the double Sumudu transform [9] ,[12].

The main objective of this thesis is, firstly, to present two important transformations: the
Laplace transform and the Sumudu transform, as well as their combinations to obtain a new
method known as ” double Laplace-Sumudu transform” for solving partial differential equations.

This thesis consists of an introduction and four chapters. The first chapter is devoted to
the presentation of the definition of the Laplace transform, as well as the conditions of existence
and some basic properties.

Finally, we present an application to a partial differential equation in order to compare the
solution method with the new method.

In the second chapter is devoted to the presentation of the definition of the Sumudu trans-
form, as well as the conditions of existence and some basic properties. In the end, We present
an application to a partial differential equation in order to compare the solution method with
the new method.

In the third chapter we have presented the definition and properties of the double Laplace-
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Sumudu transform, as well as the fundamental formulas of the double Laplace-Sumudu transform
of derivatives.

In the fourth chapter, we applied the new method to re-solving the two examples presented
in chapters one and two in order to compare and demonstrate its effectiveness. Furthermore, we
applied it to solve examples of homogeneous and non-homogeneous partial differential equations

such as Wave equation, the Klein—-Gordon equation and the Heat equation.



Chapter 1
Laplace Transform

The Laplace transform is considered one of the most powerful and important mathematical
tools for solving differential and integral equations. It transforms these equations into simpler
and easier algebraic equations to solve. Therefore, it is widely used in applied mathematics and

engineering to study physical models.

1.1 The Laplace transform

In this section, we introduce the definition of the Laplace transform together with its ex-
istence conditions, and we also present some of its important properties. Finally,we present an

[lustrative example.

1.1.1 Definition of Laplace transform

Definition 1.1.1. [15] Let f(¢) be a function defined for 7 > 0. Then the Laplace transform of
f(t), is defined by

LU0 =F©) = [ e fr (L1)

where s is a real parameter.



Chapter 1. Laplace Transform

Example 1.1. We compute the Laplace transform of the function f(¢) =1 for # > 0, then

3{1}:F(s):/0°°e—“(1)dz

= / e S dt
0

y
= lim |—e ¥
y%oo —S 0

1
=—. fors>0.
S

Example 1.2. We compute the Laplace transform of the function f(¢) =1, then
L{t}=F(s)= /Owte‘”dt.
Applying integration by parts, we get
24t} :/Oooe”-tdt
= lim [_—te_”r + ! /oo e *dt,
y=eo | s o SJo

: : I ) A R
since hmy%oo( =e ) =0, then

1
=5

1
Z{t} =-2(1)
s
For the function f(r) =1t", we prove by recurrence that

n!

L) = /0 e = (1.2)

e For n=0, we have 1 =1, and
oo 1
3{1}:/ e dt = .
0 s

On the other hand,
o 1
0L T

Thus, the formula (1.2) holds for n =0.

o Let us Assume that formula (1.2) holds for some n € N, and let us show that the result
holds for n+ 1, we obtain

1 T
L) = / t"He v dt.
0



Chapter 1. Laplace Transform

Using integration by parts

tn—b—l y 1 r+e
g{tn-ﬁ-l} — lim |:_ e—st:| + n—+ / e dt.
s 0

y—reo 0 S

. . yn+l _
Since limy_e (—Te Sy) =0, then

1
2ty = gy
N
_n+1 n!
=y

(n+1)!
snt2

Thus, the formula (1.2) holds for all n € N.

Example 1.3. We compute the Laplace transform of the function f(¢) = ¥, where a is a

constant. Then

L} =F(s) = / e ST dt
0

= / e~ (5= gy
0

‘ [ e (s—a)t ]y
=lim | ——
y=o | —(s—a) 0

1
= , fors>a.
s—a

1.1.2 Existence conditions for the Laplace transform

A function f(¢) is said to be of exponential order a(>0) on 0 <r < oo if there exists a positive

constant M such that for all t > T,

[f(6)] < Me”, (1.3)
and we write this symbolically as
f(t)=0(e") ast—oo. (1.4)
Or, equivalently,
: —bt < : —(b—a)t _ )
lh_}rge ]f(t)]_Mlh_gloe 0, b>a (1.5)

Such a function f() is simply called an exponential order as t — oo, and clearly, it does not

grow faster than Me® ast — oo [8].



Chapter 1. Laplace Transform

Theorem 1.1.2. [8] If a function f(¢) is continuous or piecewise continuous on every finite
interval (0,7), and of exponential order ¢, then the Laplace transform of f(¢) exists for all s

provided that s > a.

Proof. We have

[F(s)] =

/ e f(t)dt
0
< [ sl
0
Using (1.3), we obtain

|F(s)| §/ e 'Me" dt
0

<M/2r@wm
- 0
1

X
=Mlim |[—— ¢ "9
x—eo | —(s—a) 0
M
= , for s>a.
s—a

1.1.3 Inverse of the Laplace transform

Definition 1.1.3. [8] Let F(s) be the Laplace transform of a function f(z). Then the inverse
Laplace transform of F(s), is defined by

L HF ()} = f(1) = L/CCJrl.we‘”F(s)ds, c>0, (1.6)

where .Z~! denotes the inverse Laplace transform operator.

1.1.4 Properties

In this section, we present the main properties of the Laplace transform, presented in the

following references [15] and [§].

1. Linearity property

Let f(z) and g(r) be functions for which the Laplace transform exists. We denote

L)y =F(s),  ZL{g(1)} =G(s). (1.7)

6



Chapter 1. Laplace Transform

Then, for any constants a,b € R, it follows that
LLaf(t) +bg(t)} = aL{F(1)} +bL{g(1)} = aF(s) +bG(s). (1.8)
Proof. Using the definition of the Laplace transform, we have
Zlaf)+be)y = | e (af (1) +bg(n) dr

By the linearity of the integral, we obtain

L{af(t)+bg(t)} :a/o S dt—l—b/
=aZ{f(t)} +bL{g(1)}
= aF(s) +DbG(s).

2. Scaling property
If Z{f(t)} =F(s), then
1 s
LA{fla)} = ~F (;) . a>0. (1.9)
Proof. Using the definition of the Laplace transform, we obtain

L{f(ar)} = /0 e flar)di

We make the change of variable

Thus,
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3. First shifting property

If Z{f(t)} =F(s), then
Lle ™ f(t)} =F(s+a), (1.10)

where a is a real constant.

Proof. According to equation (1.1), we obtain

7(11‘ 7St 761[

=)
:/ et
F

4. Laplace transform of derivatives

Theorem 1.1.4. The Laplace transform of derivative of order n € N* of the function f is given
by

LU 0Hs) = LS 0) f (1.11)

Proof. The proof is done by recurrence.

For n =1, we have

2L 0} (s) = Z{f (1)} (s)

—+oo
= / e f(t)dt
0

We perform integration by parts with

Then,

L4 (0}(s) = lim | +s/0 e £ (1) (1.12)
=s2{f(t)}(s) — f(0), (1.13)



Chapter 1. Laplace Transform

and
s"L{f(t)}(s) —kzn: SR 0) = s.2{f (1) }(s) — £(0). (1.14)
=1

Thus, relation (1.11) holds when n=1.

Let us assume that formula (1.11) holds for a certain rank n, and let us show that it remains
valid for rank (n+1).

So,

2L (s) = 2{(f) "} (s)

— 2 (0} s)— Y S () (0)

k=1
= (L0} s) — F(0) = Y IR o)
k=1
=" 2L{f(1)}(s) —s"F(0) = Y s p IR o)
k=1
n+1
L))~ Y 80 )
k=1

Finally, formula (1.11) is indeed at rank (n+1).
Thus, relation (1.11) holds for all n € N*.

O
Result 1
o For n=2 from formula (1.11), we obtain
L{f"(0)} =5 Z{f (1)} = s£(0) = f(0) = s°F (s) = s£(0) = f'(0). (1.15)
o For n=3 from formula (1.11), we obtain
L)} =5"2{f(1)} = 5*£(0) —s1'(0) — £"(0) (1.16)
= F(s) —s°£(0) —sf"(0) — f"(0). (1.17)
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Result 2

Based on the Laplace transform of ordinary derivatives, we can deduce the Laplace transform

of partial derivatives

x{afg;’t)} — $F(x,5) — f(x,0). (1.18)
g{%} = 2F(x,s) — sf(x,0) — afg,()). (1.19)
x{afg;t)} = ng’s). (1.20)
2{Th0 =T a2

5. The Laplace transform of integral

Theorem 1.1.5. If Z{f(¢)} = F(s), then

.i”{/otf(u)du} - FES).

Proof. Let g(t) = [ f(u)du, then g'(t) = f(t) and g(0) = 0. Taking the Laplace transform of

both sides, we have

(1.22)

2{g (1)} =sZL{g(t)} - 5(0)

=s2{g(1)},
and
L{g (1)} =F(s).
Thus F(s)
2lgly==",
therefore

3{/Otf(u)} Fis).

6. Convolution property

Theorem 1.1.6. If Z{f(¢)} = F(s) and £{g(t)} = G(s), then

10



Chapter 1. Laplace Transform

L) xg(0)} = L{f ()} Z{g(t)} = F(5)G(s). (1.23)

Or equivalently

LHF(5)G(s)} = f(1) * (). (1.24)
Where the convolution is defined by the integral
t
:/ f(t—u)g(u)du. (1.25)
0

Proof. We start with the definition of the Laplace transform of the convolution product

LUy = [ e (70 +g0)dr

:/0 = (/0 f(t—u)g(u)du) dr.

By Fubini’s theorem [5], we can switch the order of integration

21060} = [ o ([ re-wear) du

We perform the change of variable v=1t—u, and t = u+v, then dt = dv. The inner integral

becomes

/,:of o5 df — /f s(wtv) 4
e [ e ay

=20}

Thus, we have

(o)

| Slwe LS (1) tdu

}/ Sudu
L{f(0)}Z{g(1)}
(5)G(s)-

L{f(t)xg(t)} =

S~

ol
*@

I
~

11



Chapter 1. Laplace Transform

1.1.5 Table of Laplace transform

The following table presents the Laplace transforms of some elementary functions.

Table 1.1: Table of Laplace transform

f(t) L{f)} =F(s)
1
1 - s>0
N
1
t S—z, s>0
n!
t" (n:0,1,2,) ) s>0
s
1
e , s>a
sS—da
s
COS(CZ[) m, s>0
Sin(at) sz_{_Laz, s>0
S
COSh(at) m, s > \a]
. a
smh(at) m, s > |(l|
e“’cos(bt) (S;ﬁ, s>a
S—da
art i b
e sm(bt) m, s>a

1.1.6 Illustrative example of the Laplace transform to solving a par-

tial differential equation

We consider the partial differential equation

d d
8_?:8_u_u’ x,t >0, (1.26)
X
with the initial and boundary conditions
u(x,0) = 6e 3, u(0,1)=6e . (1.27)

12



Chapter 1. Laplace Transform

We apply the Laplace transform to (1.26), we obtain

22 {22 () gy

let Z{u(x,t)} =U(x,s), and from (1.18) and (1.20), we obtain

g{%} = sU(x,5) — u(x,0),

du dU

By substituting into (1.28), we get

and

dUu
2(sU — 0)=—-U
(sU(x,s) ~u(x,0)) = 2 v,
substituting the initial condition u(x,0) = 6e~3*, we get
dUu
2(sU (x,s) —6e ) = — —U.
(sU(x,) ~ 66 = 7
Simplify
dUu
25U —12¢ ¥ = — U,
dx
rewriting
dU
S~ (s+ U= —12¢7%,

This is a first-order linear ordinary differential equation. The integrating factor is

,Ll(x) — ef—(Zs—i—l)dx _ e—(25+1)x

Y

multiplying both sides of equation (1.29) by the integrating factor

e_(s-i—l)xd_U _ (2S+ 1>e—(2s+1)xU _ _126—3x€—(2s+1)x - i (Ue_(zs+1)x> _ —12e_(25+4)x_
dx I
Integrating
Ue_(25+l)x = /—126_(2S+4)xdx — 12 e—(2s+4)x +C7
2s+4
thus,
12
U(X, S) = me_(25+4)e(25+1)x+Ce(ZS—H)x'
Hence,
12
Ulns) = 5 e 4 G,

13

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)
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-2

using the boundary condition u(0,7) = 6e~ ', we obtain

1

U(0,s) = L{6e )} =6-——. 1.34
(0.5) = Z{6e 7} =6: — (1.3)
substituting x =0
12
= = 1.
U(0,s) 2s+4+C:>C 0, (1.35)
then,
6 ;3
U = x. 1.
(x,s) 2¢ (1.36)
Taking the inverse of the Laplace transform
u(x,t) =2 YU (x,5)} = 2! 6 e H Y (1.37)
9 9 S—|—2
Using
1
g—] — —Zt.
{ s+2 } ¢
Therefore, the solution to the partial differential equation is
u(x,r) = 6e 2. (1.38)

14



Chapter 2
Sumudu Transform

The Sumudu transform is considered a relatively modern integral transform, having emerged
in the early 1990s as an effective tool for handling differential and integral equations. This
transform is distinguished by its ability to simplify many mathematical problems, particularly
due to the "unity” property, which makes dealing with certain functions and equations easier
compared to some other transforms. This feature makes it useful in physical and engineering

applications.

2.1 The Sumudu transform

In this section, we present the Sumudu transform in its series form and integral form, and

we also state its main properties. Finally, we present an Illustrative example.

2.1.1 Series form of the Sumudu transform

Definition 2.1.1. [17] The Sumudu transform amplifies the coefficients of the power series of
the function N
ft) =ap+ait+ay*+--- = Zant”, (2.1)
n=0

by transforming it into the power series

F(u) = ag +aju+2lay® +3lazu’ 4 - = Z nlauu". (2.2)
n=0

15



Chapter 2. Sumudu Transform

2.1.2 Integral form of the Sumudu transform

Definition 2.1.2. [10] Let f(¢) be a function defined for # > 0. Then Sumudu transform of f(t),
given by

SLFE)} = F(u) = i/owe’/”f(t)dt, we [—1,1l, (2.3)
or equivalently, 3
SLF()) = F(u) = /O e Flur)dt, ue -1, (2.4)
on the set,
A= { F(0)/3M, 71,1 > 0, | £(1)] <Me'%, if 1€ (—1)7 x[0,00) } (2.5)

Example 2.1. We apply Sumudu transform to function f(z) = 1.

Since f(t) =1, we have f(ut) =1. We obtain

oo

S} = F(u) = / e (1)dt = lim [—e ]2,

0 y—roo

since limy_,o (—e™) =0, then

{1} =1.

Example 2.2. We apply Sumudu transform to function f(r) =¢, we obtain

S{1} = F(u) = /O e turdr

:u/ te 'dt.
0

Using integration by parts, we obtain

/ te”'dt = lim [—tet]g—i—/ e 'dt,
0 y—roo 0

/ te 'dt=1.
0

S{t}=u-1=u.

since limy_. (—ye™) =0, then
Therefore

For the function f(r) =1t", we prove by recurrence that

S = /0 e () di = nu. (2.6)

16



Chapter 2. Sumudu Transform

« For n=0, we have f = 1. Then

5’{1}:/0 e tdt=1.

On the other hand,
0u’=1.

Thus, the formula (2.6) holds for n = 0.

o Let us assume that formula (2.6) holds for some n € N, and let us show that the result
holds for n+ 1, we obtain

y{tn—i-l}:/ e—t(ut)n—i-ldt
0
= "] /wt"He’ dt
0
— I/ln+11

n+l1-

Using integration by parts

0 0

y—roe

Where limy e, (y"t!(—€7)) =0, then

/ e ldt = (n+ 1)/ e~ dt
0 0

= (n+1)I,.
Using integration by parts

In:/ t"etdt:n/ " el dt = nl,_.
0 0

Similarly, we obtain that
Liyi=m+ 0L, =0+ 1)nl,y=n+nn—1), r=--=n+1nn-1)(n-2)---1.

Since Iy = 1, we find that
b1 = (n+ 1)!'

Thus,
LN = (n+ 1)1

Therefore, the formula (2.6) holds for all n € N.

17



Chapter 2. Sumudu Transform

Example 2.3. We apply Sumudu transform to function f(r) =¥, we obtain

F{e"=F(u) = /oo e ') gy
0

_ /Do e—t(l—au) dt
0

[ e—t(1—au) ] .
=lm|——
x—oo 1—au

B 1
Cl—au

2.1.3 Inverse of Sumudu transform

Definition 2.1.3. [16] The inverse Sumudu transform of F(u) is defined by

7Py =10 =5 | Hi“’e“’F(l) du 27)

2T Sy u) u

where u and y are real parameters ,and . ~! denotes the inverse Sumudu transform operator
which maps F(u) into f(z).

2.1.4 Properties

In this part, we introduce some properties of the Sumudu transform. Presented in the
following references ([17],[16],[6]).

1. Linearity property

Let f(¢) and g(f) be functions for which the Sumudu transform exists, we denote
S} = Flw), #{g(t)} = Glu), (2.5)
for any constants a,b € R, it follows that
F{af (1) + bg(t)} = aF {f(6)} +b.7{g(t)} = aF (u) + bG(u). (2.9

Proof. Using the formula (2.3), we obtain

Faf@)+bg(0)} =, [t ar ) +bg(0)

18



Chapter 2. Sumudu Transform

by the linearity of the integral, we get

LH{af(t)+bg(t)} = 5 [/Oooaf(t)e_;dt—l—/ooobg(t)e_;dt}
= al /wf(t)e_;dt —I—b% /Ooog(t)e_;dt

uJjo

—a{f(t)} +b{g(t)}
= aF (u) +bG(u).

2. Scaling property

If Z{f(t)} =F(u), then
S{f(at)} = F(au), a>0. (2.10)

Proof. We apply the integral formula (2.3), then

S{f(at)} = i /O "ok flar dt.

We make the change of variable

X 1
x=at t=-—, dt=—dx.
a

Substituting into the previous expression, we obtain

I [~ 1
Afa)y = [T w2 de
= 1 Me*ﬁf(x) dx

au Jo
= F(au).

3. First shifting property

If Z{f(t)} =F(u), then

S (1)) = — F( u ) (2.11)

Cl—au 1—au
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Chapter 2. Sumudu Transform

Proof. From (2.4), we have

y{eal‘f / —t abttf Ltl

— —(1— autfut)

We perform a change of variable, let w = (1 —au)r. Then

y{eaff(;)}:/o“e—wf( uw ) dw

l—au/) 1—au

1 —w

_l—au/ f(l—au )dw
1 u

B l—auy(l—au)'

4. Sumudu transform of integral

Theorem 2.1.4. If S{f(¢)} = F(u), then
K% {/Otf(r)dr} — uF(u).

f(t)=ap+a1t+art* 4+ +a, 7"+

Proof. We have

Integrating, we obtain

1 1 1
/f d’C—aot—i— alt + azt +t+— ant"+1+...

2 3 n+1

Applying the Sumudu transform term by term, we get

t
Y{/ f(’c)d’v} (u) = agu+ ayu® +2laxu’® + -+ nlau 4 -
0

= uF(u).

20
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Chapter 2. Sumudu Transform

5. Sumudu transform of derivatives

Theorem 2.1.5. If {f(¢)} = F(u), then the Sumudu transform of f/(r) is given by

u u

Proof. Consider functions which can be expressed as a power series or as a polynomial
f(t) =ap+ayt+ast> +---+a"+---
By the definition of the Sumudu transform
)} =F(u) = ag+aju+2\au’ + - +nlau + - -
The derivative of f(¢) and its transform are
f'(1) = ay + 2ast +3art> + -+ nat" ' + -

L ()Y = ay 4+ 2a0u+3lazu® + - +nlau 4
F(u)—ao _ F(u)—F(0) _ F(u)—f(O)‘

u u u

Result

Based on the Sumudu transform of ordinary derivatives, we can deduce the Sumudu trans-

form of partial derivatives

y{@} = i [F (x,u) — f(x,0)]. (2.14)
2 X X
y{a giz’t)}:%F(x,u)—%f(x,O)—iw. (2.15)
y{af(gi’”} = ng;’”>. (2.16)
9% f(x, d*F (x,u
5/{ ]a:(@ ’>} = diz ) (2.17)
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Chapter 2. Sumudu Transform

6. Duality with Laplace transform

If #{f(1)} = G(u) and L{f(t)} = F(s). Then

G(u) = d (i), (2.18)

and

F(s) = 0, (2.19)

7. Convolution property
Theorem 2.1.6. If 7{f(¢)} = F(u) and .#{g(t)} = G(u), then
T )+ g(0)} =us{f (1)} S {g(t)} = uF (u)G(u). (2.20)
Where the convolution is defined by the integral
Fyrg) = [ fDsl-7)dr. (2.21)
0
Proof. First, recall that the Laplace transform of the convolution (f*g) is given by
L{(fx8)(0)} =2{f(1)} ZL{s()}.

Now, by the duality relation (2.18), we get

A 0) = 290} (1)

since L) = %"%{f@} <l) . g} = i.ﬁf{g(t)} G) :

u

200 (5) 20 (5|

L{(f+8)0)} = i [? {f (1)} S {g(1)}] =u s {f(1)} 7 {g(1)}.

Thus, we obtain

< | =

S{(fxg)t)} =

Hence
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Chapter 2. Sumudu Transform

2.1.5 Table of Sumudu transform

The following table lists some basic functions along with their Sumudu transforms.

Table 2.1: Table of Sumudu transform

f() F(u)
1 1
t u
" (n=0,1,2,...) n'u"
1
e 1 , au<1
—au
te (1_—uau)2, au < 1
. au
sin(at) T (an?
1
cos(at) T (a)?
sinh(at) %, lau| < 1
1
COSh(Cll) 1_—512u2’ |au] <1

2.1.6 Illustrative example of the Sumudu transform to solving a par-

tial differential equation

We consider the partial differential equation

du du
—_— == t>0 2.22
o ox = (2.22)
with the initial and boundary conditions
u(x,0)=x, u(0,¢)=rt. (2.23)
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Chapter 2. Sumudu Transform

We apply the Sumudu transform to (2.22), we obtain

2N s

let #{u(x,t)} =U(x,u), and from (2.14) and (2.16), we obtain

y{Qu} _ U(xu) —u(x,0)

En u
du dUu
y{a}:a'

Ulx,u) —u(x,0) _dU
u ~dx’

Y

and

By substituting into (2.24), we get

substituting the initial condition u(x,0) = x, we obtain

Ulx,u)—x dU
u Codx’
Rewriting o
X
= _ - == 2.2
d.x MU(x7u) u? ( 5)

Multiplying both sides of equation (2.25) by the integrating factor

e*x/"d_U _ 1e*5U = Loy 4 (e*x/”U) = Lex/u
dx u u dx u ’
integrating

e "U (x,u) :/—Ee_x/”dx.

u

Using integration by parts

1 1
—— /xe_x/”dx =—— (—xue_x/” - uze_x/”> ,

u u

thus,
e (x,u) = xe ™" +ue ™" 4-C.
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Chapter 2. Sumudu Transform

Hence,
U(x,u) = x+u-+Ce",

using the boundary condition u(0,7) =, we obtain
UO,u) =74t} =u.

Substituting x =0
UO,u)=u+C=C=0,

then,
U(x,u) =x+u.

Taking inverse Sumudu transform
u(x,t) = Hx+u},
therefore, the solution to the partial differential equation is

u(x,t) =x+t.
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Chapter 3
Double Laplace—Sumudu Transform

The double Laplace-Sumudu transform is an efficient integral transform that combines the
properties of both the Laplace transform and the Sumudu transform. It also contributes to
reducing computational complexity and facilitates finding solutions in a systematic and concise
way. This transform is considered an important tool in mathematical analysis and in physical

and engineering applications.

3.1 The double Laplace—Sumudu transform

3.1.1 Definition of double Laplace-Sumudu transform

Definition 3.1.1. [1] The Double Laplace-Sumudu Tranform of the function f(x,z) of two
variable x > 0 and ¢ > 0, denoted by

DZC%{f(xvt)}ZF(Svu)a (3'1)
is defined as follows

LA flt)) =Fls) = [

0

/ e_sx_ﬁf(x,t)dxdt, (3.2)
0

where s > 0 and u > 0.

3.1.2 Inverse of double Laplace—-Sumudu transform

Definition 3.1.2. [1] The inverse of the double Laplace-Sumudu transform it is written in the

form

L STHF (s )y = f(x), (3.3)
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Chapter 3. Double Laplace-Sumudu Transform

is defined by

-1 -1 1 e X 1 Hotice ] L
LS H{F (s,u)} = f(x,1) :%/ni e’ ds%/u. ;euF(s,u)du. (3.4)

3.1.3 Existence and uniqueness of double Laplace—Sumudu transform

Theorem 3.1.3. [4] Let f(x,7) be a continuous function on every finite intervals (0,X) and

(0,T) and of exponential order, that is for some a,b € R

| (x,1)]
2150 elax+bt) ! (35)
then the double Laplace-Sumudu transform of f(x,#) exists.
Proof. Using definition of the double Laplace-Sumudu transform
| LS f(x,1) } / / f(x,t)dxdt
/ / f(x,t)|dxdt
/ / (sx—ax) )dxa’t
= —/ e - “)xdx/ ~G=b) gy
u.Jjo 0
B k
 (s—a)(1—bu)
O

Theorem 3.1.4. [4] Let g(x,#) and h(x,7) be a continuous functions and having the double
Laplace-Sumudu transform 2.7 {g(x,1)} and L. {h(x,1)}. If LS {g(x,1)} = LS {h(x,1)}
then g(x,1) = h(x,t).

Proof. Assume n and u to be sufficiently large, then since

Fl0) = L0 S (.0} = 5 /W sy, /Mm1 “F(s.u)d
X = S, u e S— —eu S, U u
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Chapter 3. Double Laplace-Sumudu Transform

we deduce that

1 n-ties SX 1 IJ_HOOI I8
g(x,1) :2_m/17 e ds—,/ —euG(s,u)du

1 1 +ioo 1 Htico |
= — esxds—‘/ —eiH(S,u)du
2751 n—ico 27171 “—loo u
= h(x,t),
and the theorem is established. ]

3.1.4 Properties

In this section, we present the main properties of the double Laplace-Sumudu transform.
Presented in the following references ([1],[3]).
1. Linearity property

Let f(x,7) and g(x,¢) be functions for which the double Laplace-Sumudu transform exists,
we denote

LI f(x0)} =F(s,u), ZS{g(x,1)} =G(s,u). (3.6)

For any constants y and &, it follows that

LI {rf (0 1) +88(x, 1)} = v LS { f(x,0) } + 8271 {g(x, 1)} (3.7)
= YF (s,u) + 6G(s,u). (3.8)

Proof. From (3.2), we obtain

LA )+ 8een)t = [ [T i ypnn) + 8gan)} dwa

zl/w/w “ayf(x,n) + // uSg(x,r) dxdt

ujo Jo

:yl/ / e—sx—if(x,t)dxdwr&—/ / g(x,1)dxdi
ulo Jo 0 J0

=4S f(x, 1)} + 845 {g(x,1)}
}/F(s u) + 8G(s,u).
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Chapter 3. Double Laplace-Sumudu Transform

2. Shifting property

If 2.7 {f(x,t)} = F(s,u), then

LAl f (1)) = — (s——c “ ).

1 —du "1—du (39)
Proof. From (3.2), we obtain
%%{e(cx—i-dt _ ;/ / Cx+dtf x t) dxdt
:l/ / (=== f(x, 1) dxdr.
u
We perform a change of variable w = %, thus u = w(1 —du), then
(cx+dt) fv
LS e flx,0)} l—du / / Yo~ w f(x,t)dxdt
1—duw/ / flwp)dxdr
=3 —duF(S_C w)
1 u
- 1—duF(s_c’ 1—du) '
[
3. Product of two separate functions
Let f(x,1) = f(x)g(z), then
F(s,u) = Z{ f(x)}{s(1)}. (3.10)
Proof. From (3.2), we have
LAY We0) =Fl) = [~ ["e 1) ddr
= (/ e " f(x) dx) (/oo le;g(z‘)dt)
0 0 u
= Z{f(0)}7{s(0)}-
[
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Chapter 3. Double Laplace-Sumudu Transform

4. Double Laplace—Sumudu transform of derivatives

In this property, we study the partial derivatives in the double Laplace-Sumudu transform,

if 2.7 {f(x,1)} = F(s.u), then

g;y;{%} — $F(s,u) — 7 {F(0,0)). (3.11)
zy{ o) } = LP(s.u)~ - 2{f(x,0)}. (3.12)
2 X
27 TS = 25 =5 (1100} = {00} (313)
2 X
2] HIE = PG - 2 0] - L2 O (314
2 X S N
27 TSI = 2 F (5= 250} - Z (00} 3,15

Proof. According to (3.2), we obtain

« For (3.11)

Z&%{

D)L [ [ g

= —/ —udt /°° e_sxaf<x ) dx.
u.Jo 0 ox

Using integration by parts, let u = e, dv = of a(i’t), then

8 1 o t e o
2 LI L e tar g+ e rena

u

1 [~ _: o
:;/0 e“dt{_f<07t)+s/0 esxf(xvt)dx}

= sF(s,u) — {f(0,1)}.

« For (3.12)

Z&%{

} / / —Sx—*af“ dxdt
:;/0 e_sxdx/o e_ﬁ fix)
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Chapter 3. Double Laplace-Sumudu Transform

Using integration by parts, let u = e’tr’t, dv = af(x ) , then

d , 1 [ . ot L Y
;fxy,{ fg; t)}:—/o e dx{e uf(x,r)‘OJr;/o e uf(x,t)dt}

u

1 [ I [~
:;/0 e_”‘dx{—f(x,O)—i—;/o e_uf(x,t)dt}

= iF(s,u) - 5,,2”{]‘()6,0)}.

« For (3.13)
f(x, )\ 1 [~ [ _o 1d*f(x1)
9%“%{ o0x? } ;/o 0 ox? dxdi
| R * —sxazf(x7t)
. /0 §dt /O et

Usi : : _ ,—sx _ 9 f(xt)
sing integration by parts, let u =e™, dv = =55, then

92 f(x,1) R o Of(xt) > * _ . 0f(x,1)
D e R e 0 ST

= l/we_idt _o(0.1) +s/we_sx—8f(x’t) dx .
uJo dx 0 dx

Similarly, using integration by parts, let u =™, dv = of a();’t), then

(5,”*7}{ azgi);,t) } = %/Oooe_;dt {—@ +s (—f(O,t) +s/0°°e_sxf(x,t)dx> }
= PF(s.u) 7 {f(0.1)} — F{f(0.0)}.

« For (3.14)

82]0 )C t —vx—fazf )

fx%{ ot? } / / ddi

—sx = 7L82f(x?t)

_;/0 dx/oeu 572 dt.
o : o 2 (xy)
Using integration by parts, let u=e™ v, dv = =55, then
azf(xat) L= —sx —Laf<x7t) ° 1 [ —Laf(xat)
iﬂx%{ P }—;/0 e dx{e v ‘0+;/0 v dt}

N ELIC U
u Jo ot uJo ot
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Chapter 3. Double Laplace-Sumudu Transform

Similarly, using integration by parts, let u = e’ﬁ, dv="21 (gf’l), then

%%{azgg’”}zi/je”d}c{ 3f(at 0,1 ( 0)+- / (x,2)e” udt>}
=if@m»;gfwuﬁn—;£%ﬁwm}

u2

« For (3.15)

9% f(x,1) et 07 f(x,1)
Z { Aot } / / ‘ axa duxdt

_ Cf W)
_;A e u{/o e axa dX}dt

Using integration by parts with respect to x, let u =%, dv = aa);(at ), then

azf(xat) _ L= . fsxaf(xat) « = af(xvl) —sx
"%‘y’{ o }‘Z/o ¢ ”d’{e a ‘o“/o o ¢ dx}
{ af('x7t) esde}

0 dt

_ _%/Ome / —af OO0
=—ywmmwﬁzx{”§”}
= —y{ft(o,t)}jts{iF(S,u) - if{f(x,O)}}

_ gF(s,u) - 23{]‘(}@0)} —Z{£(0,0)}.

]
5. Heaviside step function
Theorem 3.1.5. If Z.%{f(x,t)} = F(s,u), then
LI {f(x—8,t—e)H(x— 8,1 —€)} = e *0 uF (s,u), (3.16)

where H(x,t) is the Heaviside unit step function defined by

H(x—5,t—€):{ L x>0,1>¢ } (3.17)

0, otherwise.
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Proof. From (3.2), we have

LI f (=8, —€)H(x— 5,1 —€) // Fr—8,1—)H(x— 8,1 — &) dxd

// f(x—0,t—¢€)dxdt,

that is, by putting x— 8 =¢q,t—€=w, thus x =g+ 8, t = w+ €, we obtain

LS flx— 8,1 —e)H(x— 5, —¢) / / Sa+8)=5E £(g. w)dgdw
o1 / / w)dgdw
= e uF (s,u).
0
3.1.5 Convolution theorem of double Laplace-Sumudu transform
Definition 3.1.6. [1] The convolution of two functions f(x,t) and g(x,) is defined by
(f**g)(x,t):/Ox/ozf(x—57t—8)g(6,6)d6d8. (3.18)
Theorem 3.1.7. If Z.%{f(x,1)} =F(s,u) and Z.%{g(x,1)} =G(s,u), then
LI (fxxg)(x,0)} = uF (s,u) G(s,u). (3.19)

Proof. From (3.2), we obtain

LS (f xxg)(x,1)} / / f**g (x,1)dxdt

// _Sx_{//fx 6,1 —¢€)g(9, 8)d5d£}dxdt,

which is, using the Heaviside unit step function

:l/w/we_”‘_;{/w/wf(x—5,t—8)H(x—5,t—8)g(5,8)d6d8}dxdt
—// 68d8d8{ // F—8,1—€)H (x—&t—e)dxdt},
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Chapter 3. Double Laplace-Sumudu Transform

by Theorem 3.1.5, we get

2I(F )= [ ] °°g<6,e>d5de{e—sﬁ—%ns,u)}

—Fsu/ / 2(5,)dé de

=uF(s,u)G(s,u).

3.1.6 Double Laplace-Sumudu transform of basic functions

In this part, we study the double Laplace-Sumudu transform of basic functions by relying
on its main properties to simplify computations and obtain results in a direct way:
(1) We compute the double Laplace-Sumudu transform of the function f(x,#) =1, for x > 0 and
t >0, then

LS} =~ / / 1)dxdt

KT

— 2 (A1) =

(2) We compute the double Laplace-Sumudu transform of the function f(x,7) = x, then
1 oo oo 7SX7L
LS x} = —/ / e " uxdxdt
uJjo Jo

_ (/wae—sxczx) (% /Oooe_;dt)

- LA =

(3) We compute the double Laplace-Sumudu transform of the function f(x,7) =1, then

1 [ [ t
ﬁ!}%{t}:;/o /O e Y utdxdt

= (/Owe_‘“dx) G/Owe—itdt>

= Z{ {1y ==
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(4) We compute the double Laplace-Sumudu transform of the function f(x,7) = xt, then

1 /= [ t
%%{xt}:;/o /0 e T uxtdxdt

o0 1 />~
= (/ esxxdx) <—/ eutdt>
0 u.Jjo

u
- LAl =
(5) We compute the double Laplace-Sumudu transform of the function f(x,t) = e then

O%C%{ecx—o—dt} / / ecx—i—dt dxdt
::_(/“e<sonu)(/“e<idwm)
u 0 0
_! (_ L —(—om °°> <_1 L —(t-ay
0 1_g

)

u\ s—c
B 1
(s—c)(1—du)
Similarly, for the function f(x,t) = e~ (extdl) e obtain the following result
@ y{ef(chrdt)} _ 1
e (s+c)(1+du)

(6) We compute the double Laplace Sumudu transform of the function f(x,r) = €/(““+4") then

%%{ei(cx—kdt / / ue i(ex+dr) dxdt

_ _/ e —(s— ’C)xdx/ooe_(zll_id)ld[
u.Jjo 0

_ 1 <_ 1 e—(s—ic)x oo) (_ 1 e_(%—id)t oo)
0 %— id 0

1
~ (s—ic)(1 —idu)
(s+ic) (1+idu)

T (s—ic)(s+ic) (1—idu)(1+idu)
_ (s—cdu)+i(c+sdu)
(2 +du?)

i(cx+dr)

Similarly, for the function f(x,t) =e~ ( , we obtain the following result

(s —cdu) —i(c+ sdu)
(s2+c2) (1 +d%u?) -

D%C%{efi(cﬁrdt)} _
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Chapter 3. Double Laplace-Sumudu Transform

(7) We compute the double Laplace-Sumudu transform of the function f(x,t) = sin(cx+ dr),
then

using

ei(cx+dt) _ —i(cx+dr)

e
2i ’

applying the linearity property of the double Laplace-Sumudu transform, we obtain

sin(ex+dt) =

L Ssin(ex+dt)} = % (B%C,%{ei(CX+dt)} _%%{e—i(cwdz)})
1 ((s—cdu)+i(c+sdu) (s—cdu)—i(c+sdu)
2 ( (2+2)(1+d2u?)  (s2+ ) (1+d%u?) >
1 2i(c+ sdu)
2 ((52+02)(1+d2u2))
c+sdu
(s2+c2)(1+d%u?)

Similarly, for the function f(x,7) = cos(cx+dt), since

ellex-+dr) + g —ilcx+dr)
2 )

cos(cx+dt) =

we obtain the following result

s—cdu

LS cos(cx+dt)} = ()

(8) We compute the double Laplace-Sumudu transform of the function f(x,7) = sinh(cx+ dr),

then using

cx+dt _ ,—(cx+dt)

e e

2 b
applying the linearity property of the double Laplace-Sumudu transform, we obtain

sinh(cx+dt) =

%%{sinh(cx+dt)} = % <%%{ecx+dt} _%%{e—(cx—i—dt)})

1 1 1
T2 ((s—c)(l —du) (s+c)(1+du)>
B c+dus
(2= (1 —d%u?)’

Similarly, for the function f(x,7) = cosh(cx+dt), since

eCxtdt teo (cx+drt)
2 )

cosh(cx+dt) =
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we obtain the following result
s+cdu
(s2—=c2)(1 —d?u?)’

LS {cosh(ex+dt)} =

3.1.7 Table of double Laplace—Sumudu transform

The following table presents the double Laplace-Sumudu transforms of some basic functions

Table 3.1: Table of double Laplace-Sumudu transform

f(X,t) F(S,I,t)
1
1 - s>0,u>0
s
1
X X S>O7 M>O
s
n!
x" R s>0, u>0
! - s>0,u>0
14,1
" B 5>0,u>0
s
Xt %a S>0, l/l>0
s
1
cx—+dt 1
TN/ g > -~ >d
‘ ol _dg ‘=%
i(ex+dt) (s — cdu) +i(c+dus)
’ (s2+cA)(1+d%u?) ’ $>0,u>0
. c+dus
sin(cx +dt) EEA (1 +dad)’ §>0, u>0
s—cdu
cos(cx+dt) P+ )1+ )’ s>0, u>0
. c+dus
sinh(cx + dt) (sz—cz)(l —dzuz)’ s> |c|, |du| < 1
s+ cdu
cosh(cx +dt) =) (1 —d%d) s> lc|, |dul <1
. a
sin(ax) cos(bt) 1)1+ b52) s>0,u>0
s
cos(ax)e’” Er A0 )’ s>0, bu<1
. a
sin(ax)e” i) b §>0, bu<l1
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Chapter 3. Double Laplace-Sumudu Transform

3.1.8 Principle of double Laplace-Sumudu transform method

We consider linear one dimensional, time dependent partial differential equation (PDE) of

the form [2
. Noo9f(xt) M 9" f(x,1)

Z" ot" Z

+glxt), (x1)€ ]R%L, (3.20)

n=0 m=1 axm
with the initial conditions
2" 0
%:fn(x), n=01,...N—1, xecR,, (3.21)
and boundary conditions
a"f(0,t)
W:hm(l), m:O,l,...,M—l, tER+, (322)

where ¢,, 0 <n <N; dy, 1 <m <M are given coefficients and N,M are positive integers and
g(x,r) is the source term.

Applying the double Laplace-Sumudu transform on both sides of (3.20), we get

n—1 j X
u "F(s,u)— Z w2, {W}] (3.23)

j=0

k£ (0,1)

m—1
s"F(s,u) — smlk%{—’}
k:zf) dxk

+ G(s,u). (3.24)

Further, applying single Laplace transform (LT) to initial (3.21) and single Sumudu trans-
form (ST) to boundary (3.22), we get

%{%}:Fn@), n=01,...,N—1, (3.25)
%{%}:Hm(u% m=0,1,.... M—1, (3.26)

substituting (3.25) and (3.26) in (3.23) and simplifying, we obtain

N n—1
cp |u "F(s,u) — Z u " E(s) (3.27)
n=0 j=0
M m—1
= Z dp |S"F (s,u) — Z S"URH () | 4 G (s, u), (3.28)
m=1 k=0

equation (3.27) is an algebraic equation in F(s,u). Solving this algebraic equation and taking
L7V HF(s,u)} = f(x,1), we obtain an exact solution f(x,t) of equation (3.20).
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Chapter 4
Applications

In this chapter, we apply the double Laplace-Sumudu transform to some partial differential
equations previously solved using the Laplace and Sumudu transforms, in order to highlight
its role in simplifying the solution steps and reducing the time required to obtain the solution.
We also study the solution of some non-homogeneous physical equations to demonstrate its

effectiveness in dealing with this type of equations.

4.1 Double Laplace—Sumudu transform for homogeneous

partial differential equations

Example 1:

We consider the partial differential equation

du du
-— == t>0 4.1
o ox e (4.1)
with the initial and boundary conditions
u(x,0)=x, u(0,¢)=t. (4.2)

We apply the double Laplace-Sumudu Transform to (4.1), we obtain

u u
D%‘%{E} Zﬁcﬂ{a},

let £ {u(x,t)} =U(s,u), and from (3.11) and (3.12), we obtain
%U(s,u) - %f{u(x, 0V} = sU (s, 1) — #{u(0,0)}. (4.3)
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Substituting the initial and boundary conditions
1
Lulx,0)} = Z{xt = 5, SHu0.0)) =St} =u,

from equation (4.3), we get

1
-U — =sU —u.
(5,) = =5 = 5U(5,) ~
Multiplying by u, we obtain
(1= su) U s,u0) = 5 — 1
— Su S, U)=—=—u
) S2 )
and
Lo
U =2
<s7u) l—Su

Noting that
1 —s%u? = (1 —su)(1 +su),

by simplification, we find that

U(s,u) = Slz(l + su).

Thus |
u
U == +4-
(s0) =5+,

taking inverse of the double Laplace-Sumudu transform
u(x,t) =L S H{U(s,u)}-
The solution to the partial differential equation is

u(x,t) =x+t.

Example 2:

We consider the partial differential equation

Ju  Jdu

—=—=——u, x,t>0,
dt  0x -

with initial and boundary conditions

u(x,0) =6e ¥, u(0,t) =6e .
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We apply the Double Laplace-Sumudu Transform to (4.4), we obtain

du du
2L {E} =2 {g} — LS {ud,
let LS {u(x,t)} =U(s,u), and from (3.11) and (3.12). We obtain

% (U(s,u) — ZL{u(x,0)}) = sU(s,u) — L {u(0,t)} —U(s,u).

Substituting the initial and boundary conditions

6
14+2u’

L{u(x,0)} = L{6e ¥} = H%’ F{u(0,1)} =.7{6e 2} =

from equation (4.6), we get

2 U 6 U 6 U
— J— =9 J— i
u s+3 1+2u

Multiplying both sides by u

12 _ b
s+3 Y T "
rearranging
12 6u
2— = -
(2—us+u)U 3 Tt
_ 12(142u) — 6u(s+3)
o (s+3)(1+2u)
6(24u — us)
(s +3)(1+2u)
Thus 62 )
—us+u
2— U=
@-ustulU = 3 2u)
by simplification, we find that
6
U = :
(su) = a2

Taking inverse of the double Laplace-Sumudu transform

u<x7t) = "%c_l‘gﬂt_]{U(svu)}a

the solution of the partial differential equation is

u(x,r) = 6e >,
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Chapter 4. Applications

Example 3: The Wave Equation

The wave equation is used to describe the propagation of waves and vibrations in many
physical phenomena such as sound, water waves, and electromagnetic waves. In this example,
we study the linear homogeneous wave equation with initial and boundary conditions using the
double Laplace-Sumudu transform method in order to obtain the exact and concise solution of

the equation, which demonstrates the effectiveness of this method.

u  ,0%u
W:C w, c€R. (47)
With initial and boundary conditions
u(x,0) =sinx, u(0,¢)=2t, wu(x,0)=2, u,(0,¢)=cosct. (4.8)

We apply the double Laplace-Sumudu transform to (4.7), we obtain

d%u ’ d%u
-iﬁx«yt{w} =c ﬁc%{ﬁ}v

let LS {u(x,t} =U(s,u), and from (3.13) and (3.14), we find

LU(s,) 5 L5 0)} L {u(x,0)) = A (PU(s,0) 57 (0,00}~ # {ul0.0)}) - (49)

u2

substituting the initial and boundary conditions

1 2
ZL{u(x,0)} = ZL{sinx} RN ZL{u(x,0)} = 2{2} =
L{u(0,t)} = {2t} =2u, S{u(0,¢)} =.S{cosct} = T+ (@?
From equation (4.9), we get
1 1 2 22 2 C2
—U(s,1) — ———— — — = 252U (5,1) — 252U — ———
" (s,u) 21T w c“s7U(s,u) — c*s2u T (ca)?”
then
1 —cs%u? 1 2 > c?
— " \u - 4% 22y
( u? ) (s,) u(s2+1) * ws T (cu)?
C2-2%% (L+ %) — u(sP+ 1)
B us u?(s2+1)(1+c%u?)
2(1 — 25%u?) 1 —c%s?u?

us +u2(s2—|—1)(1—|—c2u2)’
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by simplification, we obtain

2u 1

Ulsu) =5+ 2+ 1)(1+2u?)’

taking inverse of the double Laplace-Sumudu transform

_ -1 -1 _ —1 -1 2_” 1
) = 2 7 U =20 2 o)

therefore, the solution of the equation is
u(x,t) = 2t + sin(x) cos(ct).

This result is presented in the following reference [14].

Example 4: The Klein—Gordon Equation

The Klein-Gordon equation is used in physics and quantum mechanics to describe the
behavior of relativistic particles and waves and their propagation in spacetime. In this example,
we study the linear homogeneous Klein—Gordon equation with initial and boundary conditions
using the double Laplace-Sumudu transform method in order to obtain the exact and concise

solution of the equation, which demonstrates the effectiveness of this method.

9%u 0%u
— U= —=—. 4.10
oz T ox (4.10)
With initial and boundary conditions
u(x,0) = 1+sinx, u(0,7) =cosht, u(x,0)=0, u,(0,7)=1. (4.11)
We apply the double Laplace-Sumudu transform to (4.10), we obtain
0u 0u
%ﬂ{w}—ﬁﬂ{u}chxﬂ{ﬁ}, (4.12)

let £ {u(x,t)} =U(s,u), and from (3.13) and (3.14), we obtain

1 1 1
;U(S,M) - pZ{MOC,O)} - ;g{ul(-xao)} - U(S,I/t) = SZU(S,M) _S‘y{u(OJ)} - y{ux«)?t)}u
(4.13)
substituting the initial and boundary conditions
ZL{u(x,0)} = L{1 +sinx} = ! + %, L{u(x,0)} =£{0} =0,
s s
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1
1—u?’

F{u(0,1)} = .{cosht} = L{ue(0,0)} = S{1} = 1.
From equation (4.13), we get

S

1 1 /11 )
;U(s,u)—;(;—i—ﬁ)—U(s,u):s U(s,u)—m—l,
then
1 1 /1 1 s
1=\ Usu) = — [ - - 1
(u2 s) (s, 1) uz(s+s2+1) 1—u?
1 n 1 s |
s u(s2+1) 1—u?
_1—u2—s2u2+1—u2(s2+1)
osu(1—u?) u(s2+1) 7
therefore

1 —u? —s2u? 1 —u?—s2u? 1 —u?s? —u?
e u
u

T si2(1—u?) + u?(s>+1)

By simplification, we obtain

1 1

U = .
(s,u) s(1—u?) + 5241

Taking inverse of the double Laplace-Sumudu transform

1 1
) = 20 W) = 2 e ]
thus, the solution of the equation is
u(x,t) = sinx+ cosht.

This result is presented in the following reference [9].

4.2 Double Laplace—-Sumudu transform for nonhomoge-

neous partial differential equations

Example 5: The Linear Dissipative Wave Equation

The linear dissipative wave equation is used to study waves that weaken over time and

eventually disappear due to effects such as friction or resistance of the medium. In this example,

44



Chapter 4. Applications

we study a linear and non-homogeneous dissipative wave equation with initial and boundary
conditions, using the double Laplace-Sumudu transform method in order to obtain an exact

and concise solution of the equation, which highlights the effectiveness of this method.

du d*u d*u du

R e I 4.14
5 o o T o T2 (4.14)

with initial and boundary conditions
u(x,0) =x%, u(0,t) =r> u;(x,0)=0, u(0,r)=0. (4.15)

We apply the double Laplace-Sumudu transform to (4.14), we obtain

zf{‘;f} z%{‘fg} fﬂ{gzz} 3%{‘3“}+$%{2(r— 0} (4.16)

let £ {u(x,t)} =U(s,u), and from (3.11), (3.12),(3.13) and (3.14), we obtain

since

x%{za—x)}—z(——%),

N S

from equation (4.16), we get

1 1 1 1 1

;U(s,u) — ;.ﬁf{u(x, 0)}+ ;U(s,u) — ;f{u(x, 0)} — ;iﬂ{u,(x, 0)} (4.17)

1

= s2U (s,u) — 5.7 {u(0,8)} — 7 {ux(0,6)} + sU (s,u) — S {u(0,1)} +2 (% - s_z) , (4.18)

substituting the initial and boundary conditions
2
Llulx0)) = 212} = 5, A0} = S 1P) =22,

Ll (x,00} = 2{0} =0, F{u(0,1)} =.{0} =0.

Substituting into (4.17), we obtain

1 12 1 12 ) ) 2u 2
-U —U ———=s5U -2 U W= =
. (s,u) — 3 +u (s,u) 3= (s,u) —2su” +sU(s,u) —2u + 2
then 1 1 2 2 2 2
) u
——5—s|U = — — 2su® —2u? - —
( + s s> (s,u) 3 + == 23 su* —2u + 2
u+1—s2u? —su? 2 2 2u 2
( u2 U(S,M)—E W—Zsu —2I/l +__s_2,
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therefore
(u+1—5%u* —su*)U(s,u) = %+£—2su4—2u4+%—2—u2
’ 383 s 52
u 2 2’ 2 2 2P
R S B AL G e L
s s s s s s
2 2t
_ 1— 22— o au
(u+1—s5u"—su”) (s3 ; )
By simplification, we obtain
Us.) 2 2u?
S,u) = —5+—
’ 3 s

Taking inverse of the double Laplace-Sumudu transform

S3 N

-1 -1 N 2u?
u(x,t) =2 S H{U(s,u)} =275, +—1
thus, the solution of the equation is
u(x,1) = x> 1%

This result is presented in the following reference [9].

Example 6: The Heat Equation

The heat equation is used to describe how heat is transferred and distributed within a given
medium over time, where heat flows from hotter regions to colder ones until thermal equilibrium
is reached. In this example, we study a linear and non-homogeneous heat equation with initial
and boundary conditions, using the double Laplace-Sumudu transform method in order to obtain

an exact and concise solution of the equation, which highlights the effectiveness of this method.

ou J*u |
5 = a2 +sinx, (4.19)
with initial and boundary conditions
u(0,) =e~", u(x,0)=cosx, u0,t)=1—e". (4.20)

We apply the double Laplace-Sumudu transform to (4.19), we obtain

du 2%u

-’%CL%{E} Z%%{w}+ﬁc%{sinx}, (4.21)
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let £ {u(x,t)} =U(s,u), and from (3.12) and (3.13), we obtain

1 1 )
;U(s, u) — ag{u(x, 0)} =sU(s,u) —sL{u(0,t)} — S{u(0,1)} + EERE (4.22)
Substituting the initial and boundary conditions
— _ 5 _ -1\ __ 1
Ll 0)} = Z{coss} = 5, Aul00)} = S e =
1

S (0,0)y =S {1 —e '} =1—

b

14+u

from equation (4.22), we get

1 s 2 s 1 1
“Usu) - = PU(su) - —— (1
u (s,u) u(s2+1) sUlsu) 1+u ( 1+u>+s2+1’

then
| U s, ) s s u n 1
—— — — _
u ’ u(s2+1) 1+u 1+u s2+1’
1 —s%u s (s+u) 1
U(s,u) = -
( u ) (s,u) u(s2+1) 1+u +s2+1’
therefore
s (s+u)u u
1—su)U (s,u) = -
(1=sw)Us,u) 5241 14+u +s2+1
_ s(I4u) (su+u?)(s*>+1) u(l+u)
(2D (THu) (AFu)(s2+1) 0 (s2H1D)(1+u)
s(1—s%u) u(1—s%u)

(I4+u)(s2+1)  (14u)(s®2+1)

By simplification, we obtain

Ry 1 1
Ulsw) = Grmmsn T 271 <1_ 1+u)'

Taking inverse of the double Laplace-Sumudu transform

1 1
)=\ S U(su)} = L ° -
M()C, ) X t { (S,M)} X t (1+u)(s2+1)+s2+1 1+u )
thus, the solution of the equation

u(x,t) = cosxe ' +sinx(1—e™").

This result is presented in the following reference [12].
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Conclusion

In this work, we have presented the double Laplace-Sumudu transform method for solving
linear partial differential equations. The applications presented in Chapter Four have shown that
the double Laplace-Sumudu transform method is an excellent alternative compared to classical

transforms in handling many partial differential equations in physics and mathematics.
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