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Abstract

In this work studies the existence of solution for some fractional differential inclusions
problems in Banach and Sobolev spaces. Subject to boundary and initial conditions, using
strategy of fixed point theorems.

First, we present the basic definitions of fractional calculus and multivalued map,then we
prove main existence resulte for both convex and non-convex by using fixed point theorems
like (nonlinear alternative of Leray-Schauder and Covitz-Nadler ).

Finally,we discussed the existence and uniqueness of solutions for fractional differential in-
clusions under initial conditions in unbounded domains.

Key words: Riemann-Liouville integral, Riemann-Liouville derivative, set valued mapping,
boundary and initial value problems, measurable selection, fixed point theorem, fractional

differential inclusion, unbounded domains.



Résumé

Dans ce travail, nous étudions ’existence de solutions pour certains problémes d’inclusions
différentielles fractionnaires dans les espaces de Banach et de Sobolev, soumis a des condi-

tions aux limites et initiales, en utilisant la stratégie des théorémes du point fixe.

Tout d’abord, nous présentons les définitions de base du calcul fractionnaire et des appli-
cations multivoques. Ensuite, nous démontrons les principaux résultats d’existence pour les
cas convexes et non convexes en utilisant des théorémes du point fixe, tels que (I'alternative

non linéaire de Leray-Schauder et le théoréme de Covitz-Nadler).

Enfin, nous discutons de I'existence et de I'unicité des solutions pour les inclusions dif-

férentielles fractionnaires sous des conditions initiales dans des domaines non bornés.

Mots-clés: Intégrale de Riemann-Liouville, dérivée de Riemann-Liouville, application
multivoque, problémes aux limites et aux valeurs initiales, sélection mesurable, théoréeme

du point fixe, inclusion différentielle fractionnaire, domaines non bornés.
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Introduction

The field of Fractional Calculus, which generalizes the classical concepts of derivatives
and integrals to non-integer orders a € C (with Re(a) > 0), is not merely a modern
mathematical abstraction. Its theoretical inception can be traced back to September 1695,
when Leibniz addressed a profound question to L’Hépital regarding the possibility of a
derivative of order n = 1/2. Leibniz’s prophetic response- "It will lead to a paradox, from
which one day useful consequences will be drawn"—laid the groundwork for a discipline that
would eventually be refined by the foundational works of Euler, Liouville, Riemann, and
Caputo.

For centuries, fractional calculus remained primarily within the realm of pure math-
ematics. However, in recent decades, it has emerged as a cornerstone of Mathematical
Modeling. The fundamental advantage of fractional-order operators lies in their non-local
nature. Unlike classical integer-order derivatives, which describe local rates of change, frac-
tional operators possess an inherent "Memory Effect" and capture hereditary properties.
This makes them exceptionally robust for modeling complex systems in anomalous diffusion,
viscoelasticity, and biological dynamics, where the future state of a system depends not only
on its current status but also on its historical evolution.

In this dissertation, we extend the study of fractional dynamics into a more general and
sophisticated framework: Fractional Differential Inclusions (FDIs). While classical
differential equations rely on single-valued functions, differential inclusions involve multi-

valued maps (or set-valued maps) of the form:
D*u(t) € F(t,u(t)) (1)

where I : J x R" — P(R") is a multifunction. This framework is the most rigorous mathe-



matical tool for describing systems characterized by uncertainty, structural discontinu-
ities, or multi-state evolution, where the governing laws are not uniquely determined.
The primary objective of this Master’s thesis is to establish the existence and unique-
ness of solutions for a specific class of semilinear fractional differential inclusions. Our
analytical strategy involves transforming the FDI into an equivalent integral inclusion
using the Riemann—Liouville fractional integral operator. By defining an appropriate
fixed-point operator N acting on specific Banach spaces, we seek to prove the existence of

solutions using two distinct mathematical scenarios:

e The Convex Case: Where the multifunction F' takes convex values. We estab-
lish existence results by employing the Leray—Schauder Nonlinear Alternative,
ensuring the compactness and upper semi-continuity (u.s.c.) of the associated

operator.

e The Non-Convex Case: Where the convexity assumption is relaxed. In this context,
we utilize the Covitz—Nadler Fixed Point Theorem, relying on the Hausdorff

metric H,; to establish a multi-valued contraction condition.

Furthermore, we extend our investigation to Fractional Sobolev Spaces W“P provid-
ing a natural functional environment for handling the regularity of solutions. Additionally,
we address the complexities of unbounded domains [0, +oo[. In such cases, we introduce
weighted Banach spaces to control the asymptotic behavior of the solutions at infinity

and ensure the stability of the analytical approximations.



Chapter 1

Preliminary

1.1 Notations

Let a,b € R, J = [a,b] and (X, ||.||x) be a Banach space.

C(J,X) the space of all continuous functions from J into X associated the norm

]| = max [|l=(t)l|x-

L!(J,X) the space of all Bochner integrable functions from J into X associated the norm

b
el = / ().

L*°(J,X) the space of all Bochner functions from J into X bounded for almost everywhere

associated the norm
|2]|co = Inf{M > 0;||z(t)||lx < M a.e.on J}.

For a given Banach space X, let
P(X) be the set of all subsets of X.
Pp(X) ={Y C X;Y bounded in X}.
Pu(X) ={Y C X;Y closed in X}.



1.2 Set valued map

Definition 1.2.1. [17, 27] Let X and Y two sets.
A set valued map ( multivalued ) from X into P(Y) is an application, i.e. each v € X

associate subset in Y.
Definition 1.2.2. [14] Let F': X — P(Y) be a set valued map.

(a) The domain of F is the set Dom(F') where

Dom(F) = {z € X; F(x) # 0}.

(b) If Y =X, the point x € X is called a fized point of F' if x € F(z).

(c) For all M C X

(d) The graph of F is defined to be the set

G(F) ={(z,y) e XxY;y € F(x)}.

(e) For all ACY
F1A) ={z e X;F(z) C A}.

Proposition 1.2.1. [1}] Let F : X — P(Y) be a set valued map, (A;)icr C P(Y). Then

FHNA)=NFYA).

iel iel
Definition 1.2.3. [27] Let X, Y are topological spaces, F : X — P(Y) be a set valued map.

We say that F is an upper semicontinuous if for every open set O in Y the set F~1(O) is

an open set in X.

Example 1. Let fi1, fo : R" — R continuous such that fi < fo, then the set valued map
F:R" — P(R) defined by
F(x) = [fi(2), fa()]

1S upper semicontinuous.



Proposition 1.2.2. [27] Let X, Y are two topological spaces and A C X, F: A — P(Y) be
a set valued map.

If F is upper semicontinuous, then for every xo € A and € > 0 there exist 6 > 0 such that
F(x) C F(x9) + B:(0) on AN Bs(zo),

where Bs(xg) the ball with centered at a point xo and the radius §. The converse is true if

F has a compact values.

Definition 1.2.4. [7] Let X, Y are two normed spaces, F': X — P(Y) be a set valued map.
We say that F' is Lipschitzean if there exist L > 0 such that

F(x) € F(y) + B(0, Lllx — yll) for each z,y € X.
If the constant L < 1, we say that the set valued map F is contraction.

Proposition 1.2.3. [7] Let X,Y are two normed spaces, F : X — P(Y) be a set valued
map with compact values.

If F' is Lipschitzean then F' is upper semicontinuous.

Proof. Let xy € X and € > 0, then there exist 6 = ¢ such that
F(z) C F(x) + B-(0) for all x € Bj(xo).
O

Proposition 1.2.4. [14] Let X, Y are two metric spaces and F' : X — P(Y) be a set valued
map.

F has a closed graph if and only if for each (x,) C X converge to x € X and for each (y,)
such that y, € F(x,) converge to y we have y € F(x).

Definition 1.2.5. [14] Let X,Y be two topological spaces and F : X — P(Y) be a set valued

map.

(i) F is called completely continuous if for each B € Pyp(X) the set F(B) is relatively

compact i Y.

(ii) F is called compact if the set F(X) is relatively compact in Y.



Proposition 1.2.5. [25] Let F': X — P.,(Y) be a set valued map such that F' is completely

continuous. Then F' is upper semicontinuous if and only if F' has a closed graph.

Definition 1.2.6. [9] Let (X,d) be a metric space and A, B € Py(X).
The Hausdorff metric is an application Hy : Py(X) X Py(X) = Ry U {400} defined by

max{sup,c 4 d(a, B);sup,cg d(A,b)} if sup,cqd(a, B),sup,cgd(A,b) € Ry,
Hd(Aa B) =

+00 else.

(1.1)
Proposition 1.2.6. If A, B € P.,(X), then Hy(A, B) € R;.

Proof. For all A,B € P.(X), the application a € A — d(a, B) is continuous. Then by
theorem 1.13-6 in [15] there exist ag € A and by € B such that

sup d(a, B) = d(ao, B) = d(ao, bo) € R

a€A

Then Hy(A, B) € R,. O

Proposition 1.2.7. [7] Let X,Y are two normed spaces, and F': X — P, (Y). Then
F is Lipschitzean if and only if there exist L > 0 such that for all x,y € X we have

Proof. Let x,y € X and F is Lipschitzean set valued map, then for each a € F'(x) we have
d(a, F(y)) = lla = bl| < L|lz —y| where b € F(y)

then
Hy(F(2), F(y)) < Lljz — y]|. (1.2)

Conversely if F' verify (1.2), then for all a € F'(x) we have
d(a, Fy)) < Ha(F(2), F(y)) < Lllx = y]|.
After that there exist by € F'(y) such that
d(a, F(y)) = [la = bo| < Lz —y].

That means a € F(y) + B(0, L||jz — y||), i.e. F is Lipschitzean. O



1.3 Fixed point theorem

Theorem 1.3.1. [16] (Covitz-Nadler). Let (X,d) be a complete metric space.
If T : X — Py(X) is a contraction, then T admits at least a fized point, i.e., there exists
u € X such that u € T'(u).

Theorem 1.3.2. /23] (nonlinear alternative of Leray-Schauder). Let X be a Banach space,
C' a closed convex subset of X, U an open subset of C' with 0 € U.

Suppose that T : U — Pepe(C) is an upper semicontinuous compact map. Then either T
has a fized point in U, or there exist u € OU and s € (0,1) such that u € sT(u).

Theorem 1.3.3. [34/(Kakutani) Let X be a Banach space. Suppose that
(i) the set valued map T : K C X — P(K)is upper semicontinuous,
(i) K is a nonempty, compact, conver set in X,

(iii) the set T'(u) is closed, and convex for all u € K.

Then T has a fixed point in K.

1.4 Measurable multifunctions and measurable selection

Definition 1.4.1. Let f : [a,b] — R. We say that f is measurable if for each open set U in
R, we have [20].

[ U)eM
where M be a o—algebra.
Proposition 1.4.1. [14]. Let (t,A) be a measurable space and X be a separable Banach

space.g : t — Ry be a measurable function. Then the set valued map t € t — B(f(t), g(t))
( the closed ball with center f(t) and radius g(t)) is a measurable.

Proposition 1.4.2. [14]. Let F\,Fy : t — Y are set valued map with compact valued .
Then the set valued map t € t — F1(t) N Fy(t) is a measurable.



Proposition 1.4.3. [1}]. Let Fy, F> :t — Y are set valued map with compact valued. Then
the set valued map t € t — Fi(t) U Fy(t) is a measurable.

Definition 1.4.2. [27] Let a,b € R and X,Y be two separable Banach spaces.
A set valued map F : [a,b] x X — P, (Y) is said to be Carathéodory if

(i) for every x € X the set valued map F(.,x) : [a,b] — P(Y) is measurable,

(ii) for almost t € [a,b] the set valued map F(t,.) : X — P(Y) is upper semicontinuous.

Definition 1.4.3. [27] A Carathéodory set valued map F : [a,b] x R" — P(R) is said
Lt-Carathéodory if

(i) F is Carathéodory set valued map.
(ii) for each 1l > 0 there exist x; € L*([a,b]; R) such that

1E(t 2)| = sup{viv € F(t,2)} <x(t)
for all |x;] <1 (1 <i<mn) and almost t € [0,1].
Definition 1.4.4. [27] Let a,b € R and Y be a Banach space.

A function f :[a,b] — Y is said to be a measurable selection of a set valued map

F :la,b] = Pe(Y) if f is measurable and
f(t) e F(t) ae.te€]a,b].

Lemma 1.4.1. [25] Let J be a subset in R"™, Y is a complet separable space and F : J —

Pa(Y) be a measurable set valued map. Then F admits a measurable selection.

Proposition 1.4.4. [27]. Let F : [0,1] x Xo — P.,(X) be a Carathéodory set valued map

and
f:10,1] = Xy be a measurable function. Then the set valued map t € [0,1] — F(t, f(t)) is

measurable.

Lemma 1.4.2. [13] Let G : [0,1] X R™ — P, ,(R) be an L'— Carathéodory set valued map
and let a linear continuous theta from L*([0,1];R) to C([0,1];R). Then the operator 6 o Sg
defined by 6 o Si(u) = 0(Se.) has a closed graph, where

Scu={veL'([0,1;R: v(t) € G(t,u(t)) for almost t € [0,1])}.



Definition 1.4.5. [14] Let G : [0,1] x R* = P, ,(R), we say that G is integrably bounded
if there exist ¢ € L'([0,1];R) such that for any v € Sg,, we have

lu(t)| < @(t) for almost t € [0, 1]

Lemma 1.4.3. [36] Let F': [0, 1] — P(R) be a measurable set valued map and x : [0,1] — R
a measurable function. Then for every measurable function y : [0,1] — RT there exist a

function v such that

v(t) € F(t) forall t€|0,1],
lo(t) —z(t)] < d(z(t), F(t)) +y(t) for almost t € [0,1].

1.5 Riemann-Liouville integral and derivative
Definition 1.5.1. [31] The Euler v function noted by T'(.) is defined by
[(t) = /+OO s exp(—s)ds, t>0
0
Remark 1.5.1. [31] For allt > 0 we have tI'(t) =T(t+1).

Definition 1.5.2. [31, 32] Let p > 0 and ¢ € L'([0,1];R). The following integral

I§+ So(t) =

1 t o1
W/o (t —s)" " p(s)ds,

1s named the Riemann—Liouville integral of order p.

Lemma 1.5.1. /28] The fractional integration operators If. with p > 0 are bounded from
C([0,1]; R) into C([0,1];R), and for each f € C([O, 1;R) we have

1511 < s /1

(p+1)
Proof. For any f € C([0,1];R) we have

1 o1
15,501 = 705 |/ (t - 5) " F(5)ds]

1 o1 .

o = s



then

L/l
15 f1l < T+ 1)
O

Definition 1.5.3. [31, 32] Let ¢ a function given on the interval [0,1]. The fractional

derivative of Riemann-Liouville of order > 0 is defined by

Do) = 7= (7). (1= sy P (s)is,

= (5) et

where n = [p] + 1 and [p] denotes the greatest integer number less than p.

Corollary 1. [31] Let p > 0 and n = [p] + 1.
The equality Dy, p(t) = 0 is valid if and only if

olt) = 3
j=1

Lemma 1.5.2. /28] Let u € L!(0,1) and §; > §, > 0. Then,

(i) Iov I3 u(t) = IV *2u(t),

(ii) Do Igtu(t) = Igh~*u(t),
(iii) DL Iu(t) = u(t).
Lemma 1.5.3. /28] For a given f € L([0,1];R) the solution of
s given by

p(t) = 15 f(1) + Y eit”™,
j=1

where n = [p] + 1.

Proof. From precedent lemmal.5.3, we have f(t) = Dy, I}, f(t), then writing

Dy p(t) = f(2)

10



is equivalent to
D (p(t) = 17, f(t)) = 0.

Then .
o) = I8, F(8) + S estr .
j=1

Lemma 1.5.4. [28] If p > 0 and o > 0, then

(@) ta—p-1 ;
R e L A
0
0, of a—peZ”

.. P o0 F(CH—I) o
(ZZ) IO+t = mt er.

1.6 Some properties of functional analysis

Lemma 1.6.1. [13] Let K be a compact set in a Banach space (X, |.||). Then for each
x € X there exist yo € K such that

d(z, K) = inf ||z —y|| = || — yol|.

(z, K) = inf [lz —y[| = [lz — g

Proof. Let x € X, by definition of inf, for each n > 1 there exist y, € K such that
inf o — )l < Iz — gl < inf [}z — ] + -
inf ||z — T — Yy inf ||z — -
yeK yih= Y yeK y n

and by definition of the compact set, there exist a subsequence (y,,) € K such that (y,,)

converge to yg € K and
. _ < B . B
inf Jlz =yl <l = yo | < inf flz =yl + -

that means

inf ||z —y|| = ||z — vo.
inf ||z —yll = lle — yoll

11



Theorem 1.6.1. [13]. Let A be a bounded set in L'(R). Assume that

lim ||7,f — fllL =0 for each f € A.

h—0
Then the closure of Ajpay in L1([0,1]) is compact in L'([0,1]), where 7, f(t) = f(t + h).
Theorem 1.6.2. [13]. Let (f,) be a sequence in L1([0,1]) and let f € L1([0,1]) be such that

[fn =l = 0.
Then, there ezist a subsequence (fy,) such that
fn,(t) = f(t) a.e. on|0,1].

Definition 1.6.1. [15] Let X be a Banach space, and let A be a subset in X, we called A is
weakly compact if A compact set in weak topology o(X,X").

Theorem 1.6.3. (Dunford - Pettis)[13] Let A be a bounded set in L'([0,00[,R). Then A is
weakly compact in L1([0, 00, R) if and only if

(i) for all e > 0 there exist 6 > 0 such that for all f € A
[ 11 << or1a1<s
A
(i1) for all e > 0 there exist A C [0, 00] measurable such that for all f € A

|Al < o0 and/ |f] <e.

[0,00[—A
Theorem 1.6.4. (Ascoli- Arzela) [13]. Let K be a bounded subset of C([a, b], R) and equicon-

tinuous set. Then the closure of K is compact in C([a, b, R).

Proposition 1.6.1. [15] Let X be a Banach space. A set A is weakly compact if and only

if for any sequence (x,,) in A contains a subsequence (z,,) that weakly converge in X.
Proposition 1.6.2. [27]. Let A C L'([0,1];R) such that
(i) A(t) are relatively compact for a.e t € [0, 1].

(ii) There exist h € L'([0,1];R) such that

v(t) < h(t) forve A and almostt € [0,1].

Then A is weakly compact in L'([0,1]; R).

12



Chapter 2

Existence results for fractional
differential inclusions in the Banach

space

2.1 Existence results in the Banach space :

Let the following problem:

Dbiu(t) € F(t,u(t),u'(t)), a.ete]0,1]
u(0) =0, (2.1)
v (1) =0.
Where 1 < p <2, F: [0,1] x R* — P(R) is a multi-valued and u is a function defined on
0, 1].

Lemma 1.1. For a given v € L*([0, 1], R), a function u is a solution to

Diu(t) =v(t), a.etel0,1]
u(0) =0, (2.2)
W' (1) =0,

if and only if

13



u(t) = % -

) /0 (t—s) " v(s)ds — = D=1 /o (1 —s)"""v(s)ds.

Proof: Researching the equation integral

Du(t) = v(t), l<p<2

u(t) = Igv(t) + Cltp_l + Cgtp_2

By boundary condition u(0) = 0 we obtain Cy =0

%(Cltp_l) == Cl(p — l)tp_2.
So
u'(t) = F(pl— 0 /0 (t — )" 2v(s)ds + Cy(p — 1)t°72,
u'(1) =0,
1 ' p=2 —

0= T 1) /0 (1 —5)"v(s)ds + Ci(p—1)

Hence
! 1 P=2y(s)ds

“= _(p—l)F(p—l)/o S

So




Let X = {u € C([0,1]), D}, u(t) € C([0,1]) with 0 < 3 < p— 1} equipped with the
norm

lullx = l[ulloot[1Dg' oo (2.3)
Lemma 2.1.1. The space X is Banach space.

Theorem 2.1.1. [22] Let K be a bounded set in X and equicontinuous i.e.,

Ve > 0,30 > 0,Vf € K,Vx,y e [0,1] |z—y|<o

— |f(z) — f(y)| + DS, f(z) — DPor f(y)| < e.

Then K is compact in X.

Let the set

Sku={ve L'([0,1],R) | v(t) € F(t, u(t),u'(t)) a.e. t €[0,1]}.

2.2 The case where F' is convex

Theorem 2.2.1. Assume that the following hypothesis (A1) to (A3) are met.
(A1) F:[0,1] x R* = P, ,(R) is Carathéodory multifunction.

(A2) ||F(t z,y)|| = sup{|v|;v € F(t,z,y)} < |z|.

1 L(p—5)
(43) Gearem T oo < L
Then there exist at least one solution to problem (2.1) in X.

Proof:
Define the multivalued N : X — P(X) by

N(w) = {f e X | f(t) = ﬁ /0 (t =) ols) ds — 1t>pF<p

Step 1. (N(u) is convex) From (A1) the set Sp, is non-empty set.

—/ (1 o u(s) s, e s}

For prove the set N(u) is convex set, let f; € N(u) then there exist v; € Sg,, such that

= :

t =1y (s) ds — ! 1 —§)P " 2;(s)ds, 0=
P)/o(t_s) vils)d (p_1)p(p_1)/0(1 )P vi(s) ds, 1,2
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L t pl — v 1 — 5)"2auy(s) ds
@h+ =)0 = g [ =9 tands - o [ 1= an(s) d
—i—ﬁ /0 (t—8)P 11 — a)vy(s) ds
o1 1 s
RTESRrESY /0 (1 —=39)P2(1 — a)va(s) ds
_ ﬁ /0 (t = 5)" awi(s) + (1 — a)vs(s)) ds
e f)pr(lp Y /0 (1= 8)"2(avi(s) + (1 — a)vy(s)) ds.

Since F' has a convex values, we have av; + (1 — a)vy € Sp,

that means af; + (1 — ) fo € N(u).

Step 2. (N maps bounded sets into bounded sets in X.) Let B, = {u € X;||ul]|x <r}. We
necessitate an alternative approach to establish the existence of a constant [ > 0 such that
for every u € By, one has || f||; <1 for f € N(u).

Let u € B, and h € N(u), then there exists v € Sg,, with

1 tr=1

ft) = W/o (t —s)"lv(s)ds — T /0 (1 —5)""%v(s)ds.

By simple calculation, we have

FOI< 55 " o= POl mger =y T o - 1y
then
[P oL(p) + (p—1)2T(p—1) + (p—1)2T'(p—1) - (p—1)*T(p—1) =t
A€ s 4 <
<o oG- S

Step 3: (INV(B,) is equicontinuous)
Let B, be a bounded set in X. Let 0 <t <k <1 and u € B,. For each f € N(u), there

exists v € Sp,, such that:

16



10 = 10 = |5 [ €= sp et is - s [ - usas
1 kr=t

g -1
7@4%”)“w”@4mw1

1 t p=1 1 ' — )P u(s)ds
%mbw@fmﬁwﬂkﬁ<m
'”‘”Uluﬂvww@

) /O 1(1 — §)2u(s) ds

(p=1DI'(p—1
< ﬁ /0 (t —s)"v(s)ds — /0 (k —s)""1u(s)ds
+ ﬁ /0 (k — )" o(s)ds — /0 (k — s)*"'v(s)ds| (Adding terms)
< = = = o) s+ s [ 10— ) s

So

|f(t) — f(k)] = 0 as t — k, and we use same method for show that

D2 F(t) = DO f(k) =0 as t— k.

Step 4: (N has a closed graph)

Let (z,, fn.) be a sequence such that z,, — = and f, € N(z,) with f, — f. We must
show f € N(z).

Since f,, € N(uy,), there exists v, € Sp,,, such that:

fult) = ! ) /0 (t —5)" v, (s) ds — ( " Y /0 (1 —5)""20,(s)ds

I(p p—1(p
Passing to the limit as n — oo:

1 [t i P!
— f(t):m/o(t—s) vls)ds = ey

Where v(s) € F(s,z(s),2(s)) almost everywhere.

) /01(1 — 5)"2u(s)ds

Since F' is upper semi-continuous, then Ve > 0, dng € N, Vn > ny

17



F(t, an(t), 2,(t) € F(t, x(t),2'(t)) + B:(0)
,that means
vn(8) € F(s,x(s),2'(s)) + B(0),
there exists v € Sp, such that
va(8) —v(s) € B:(0) ie., |v,—v| <e.

By simple calculation, we can easily to see

P

f(t) - (m /Ot(t —5)"lu(s)ds — TESN T /01(1 — s)p’zv(s)) — 0.

Step 5: (Priory poinds of solution)

By Leray-Schauder fixed point theorem 1.3.2, we have u € sN(u) (0 <s<1)
or u € N(u).
Let C ={u € X | ||lul]|x < r}, and let s €]0, 1] such that u € sN(u)

s tr—1

u(t) = m/o (t —s)" " v(s)ds — S(p T - 1) /0 (1 —s)""v(s)ds

s ¢ - o1 1 -
lu(t)] < ‘m/o (t— )" w(s)ds — S(p D=1 /0 (1 —s)Pv(s)ds

p—1

o |, (1= s

< W/o (t—s)""v(s)|ds + s

slullx s|lullx
) (p=DT(p—1)
sC(p— gt~

_° t — )PP 1u(s)ds — 1 — $)P2u(s)ds
Ty, s = ey [ (ot
sllullx sU'(p — B)lullx

~(p=BT(p=6) (p=1(p—-DI'(p—-1)
From (A3) and Leray-Schauder theorem 1.3.2 we have u € N(u). That means N has a fixed

| Dy u(t)] <

point theorem which represent a solution.

2.3 The case where F' is nonconvex

Theorem 2.3.1. Assume that the following hyopothesis (B1) — (B3)
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(B1) The set valued map F : [0,1] x R* = P, (R)

(B2) There exists v >0 such that, For all t and 1, xs,y1,y2 € R, we have :

|F<t795175132) - F(tv ylay2>’ < ”Y|$1 - yﬂ-

(B3)
v v
pL(p) ~ (p—1)(p)

Our existence result is based on the Covitz-nadler fixed point theorem for multi-

<1

valued contractions. Since the problem is formulated as a differential inclusion, this theorem
provides the necessary framework to ensure the existence of a fixed point for the set-valued
operator in the considered functional space.By utilizing the Hausdorff metric H;, we will
show that the operator satisfies the contraction conditions required by this theorem.

Step 1. (N(y) € Pu(X)). Let (y,) be set of element in N(y) with y, — ¢ in X. Then
y € X and there exists v, € Sp, with for ¢ € [0,1],

! t pl — v 1 —5)" 20, (s)ds
W/o (E= 5)" va(s)ds (p—1(p - 1)/0 SR

Let V = {v, € Sru;n > 1}, since F has a compact values, and by proposition 1.6.2 there

Yn =

exist a subsequence to obtain that v,, converges weakly to v in L!([0,1];R). Therefore

v € Sr, and for t € [0, 1]

: t o ! t — s)Ptu(s)ds
W/o (t—s)" " v, (s)ds — m/o (t—s) (s)d
tp—1 1 o -1 1 o

therefore v, — v Hence g € N(y).
Step 2. (N : X — P,,(X) is a contraction)

We prove that there exists a constant 0 < v < 1 such that:

Hy(N(y), N@)) <lly —9llx, Vy,9€X.

Let y,4 € X and f; € N(y). By the definition of the operator N, there exists a

measurable function vy € Sp, such that for each ¢ € [0, 1]:

1 t p—1 _ tp—1 1 V.
W/o(t_8> v (s)ds (p_1)r(p_1)/0 (1—3s) 1(s)ds.

fi(t) =

19



From the Lipschitz condition on the multi-valued map F' (as shown in the hand written

notes), we have:
Ha(F(t,y(t),y' (1), F(t,§(t),y' (1)) < Aly(t) = 5(1)].
Therefore, for v (t) € F(t,y(t),y'(t)), there exists w € F(t,§(t), y'(t)) such that:
vi(t) — w] < yly(t) — (1],

Let us define vy(t) = w(t) and consider the function f, € N(y) defined by:

1 tr—1

R0 = 7 /0 (1= ta(s)ds = o /O (1= )20 (s)ds.

Then, for each t € [0, 1], we have:

I 1
|[f1(t) = f2(8)] < W/o (t =) |vi(s) — va(s)lds
Pt
VRS

Substituting the inequality |v1(s) — va(s)| < ¥lly — 7|l x, we get:

0 /0 (1 —5)P"|v1(s) — va(s)|ds.

700 = 501 < (5 [ €= ds s [ =9 as) b=l

By taking the supremum over ¢ € [0, 1], we obtain:

_ g gl o~
= felle < (s ol =il

To prove that N is a contraction, we evaluate the norm || f; — f2||x. From the previous
steps and the definition of the operator, we have:
Pt

(p=1(p

Using the Lipschitz condition (B2) where |vi(s) — va(s)| < ||y — 9llx, we compute the

1 t p—1 —v9(5)|ds 1 —38)P72|vy (8)—vo(5)|ds
MWMMWMWQM@AW+ Ju>hmxw

integrals as follows:

1. First Integral:

N aeige O [Z=9 atr tr
WA@)dFW{PLKW)WW

For ¢ € [0, 1], the maximum value is NPESVE
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2. Second Integral:

v ' -2 _ g —(1—s) 17" v
(p—1>r<p—1>/0“‘5> d‘<p—1>r<p—1>{ PR } (- D)

Combining these estimates, we obtain:

v v -

Thus, Hy(N(y), N(9)) < <p&p) + (pf)F(p)) ly — 7llx, and N has a fixed point which

represent a solution.
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Chapter 3

Existence and uniqueness results for
fractional differential inclusions in

sobolev fractional space

3.1 Existence and uniqueness results in sobolev fractional
space

In this chapter we study the existence and uniqueness for BVP of fractional differential

inclusion
Df u(t) € H(t,u(t)), for almost t € [0,1],

u(0) =0, (3.1)

u(1) = pIitki (&1, u(&r)) + qli2ka(E2, u(€2)),
where 1 < p<2,p,q >0, 1,2 >1, 0<&,&% <1, kj:[0,1] x R — R is a continuous
function for 1 < j <2, and H : [0,1] x R — P(R) is a set valued map.

Definition 3.1.1. A function z is said to be a solution of the problem (3.1), if there exists
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a function v € L}([0,1],R) with v(t) € H(t,u(t)) for almost t € [0,1] such that
Dh,u(t) =wv(t), 1<p<2,
u(0) =0,
u(1) = pItki (&, u(&r)) + qli2ka (&2, u(éa)).
Lemma 3.1.1. For a given y € L'([0,1],R), a function u is a solution to
Dfu(t) =y(t), 1<p<2, foralmost te0,1],
u(0) = 0, (3:2)

u(1) = pIitki (&1, u(&)) + gL ka(&o, u(&2)),

if and only if

1 t o1 B L 1 . - e
u(t) = —F(p>/0(t—s) y(s)ds [F(p)/o (1— )" y(s)d
P " M= (s, u(s))ds — —2 “ — )21 (s u(s))ds | #1
s | @ kst - o [ 6 - (s us)as| e 63

Let
X = {u € L2([0,1];R); DJ,u € L*([0, 1; R)} where 0 < 8 < p — 1.
The space (X, [|.]|x) is complete reflexive space [26], with
lullx = llullz + | Dg: ulle.
In this section we study the existence solution for the problem (3.1).
Theorem 3.1.1. Assume that the following assertions (D1) — (D3) hold

(D1) H :[0,1] x R — P, (R) is a Carathéodory set valued map and integrably bounded with
¢ € C([0,1]; R).

(D2) There are Cy,Cy > 0 such that
ki (t, x) = k;(t,y)| < Cjle =yl

and
k?j (t, O) — O,

fort €[0,1] and j € {1,2}.
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C pé-ﬂl_l C. qé-HQ_l
(DB’) 1F(111) - 2F(/jz) <L

Then there ezists a solution for the problem (3.1).

Proof. For each measurable function u, the set Sy, is nonempty.

We use the iterative method, let (u,) be a sequence of measurable function with uy € X

such that
w) = i [= sy s [ [a- s
s [ s
= &2) /0 ® (6 — 5y (s, un(s))ds] 1 (3.4)

with v,, € Sy, for each n € N.

Step 1 ( u, € X).
We use the proof by recurrence, since ‘H integrably bounded, then there exist a function

¢ € LY(]0,1]; R) such that
va(t) < @(t) for almost ¢ € [0,1],

then uy € X and if u,, € X, we get

Aol | Crpglt (o Cogtf?™" [
(8] < Ft + / (s s + 2L / 0 (5)]ds,

hence u, 1 € L([0,1]; R) and

D€+ unt1(t) =

e t — )PP, (s)ds
T ), o e

— L(p) ! 1 — 5)P o, (s)ds
o 27 [ J, (9o

&1
S

(1) Jo
q &2
_F(u ) / (& — s)“2_1k2(s,un(s))ds PP
2) Jo
that means
2(|vn T(p) Cip"™"  Coglh®™
|D§+un+1(t)| < ” Hl ( ) ( 1751 2462 >||UnH2>

L(p—8) T(p—5)" () ['(p12)
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that means Dg+un+1 € L2([0,1];R), then the sequence (u,) belongs to X.
Step 2 (boundedness of (u,) in X).
Let n > 1 and t € [0, 1], then

2 ! Cipt' ™! | Coggy™
a1 < 2y [ ol 4 (S G

then by simple calculation, we have

s (2ol O~ Ol Cagg O gl e )
[ (2] §<r<p+1>;( o)+ T ) Ty T T ) elz)

finally we get

20l <~ Ciel" " Caggy*
U, < + 3.5
Il <15 2 oy Ty )
Ol Cogs* '\ -

I'(p1) I(p2)
i.e., the sequence (u,) is bounded in L%([0, 1];R), and

5w = 1 t — )PPy (s)ds — L(p) 1 — 5)P o, (s)ds
Poctnnt) = 5,75 /0 (=) w(8)ds = 50, 5 [F(P)/o (1= 8)" onls)d
p ; P=Lp (s, un(s))ds
s | 6= s )
__ 4 . — 5)H2 o (5, un(s))ds | PP
i [ s eas] e

2””71”1 F(p) (Clpfi“_l CquéLz—l)”u ||2)2
L(p—B) Tlp—p)" T(u) P(pa) 77707 )7

Since (u,) is bounded in L2([0,1]; R) and H integrably bounded, we can easily to see that

IDE a8 < (

there exist v > 0 such that
||Dg+un\|2 <~ for every n > 1. (3.7)

From (3.5) and (3.7) we conclude that the sequence (u,) is bounded in X.
Step 3 (Passage to the limit).
Since (u,) is bounded in X and X is reflexive Banach space, then has a subsequence (uy, )

converges weakly to an element in X noted by #. Now we show that u is solution to the
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problem (3.3).
Let (v, ) be a sequence in L!([0, 1]; R) with

Un,, (1) € H(t, up,, (t)) for almost ¢t € [0, 1].

By proposition 1.6.2 the sequence (v, ) has a subsequence converge weakly to v in L*([0, 1]; R).
The sequence u,, (t) be a bounded sequence in R, then has a subsequence noted by w,, (%)
converge to u(t) and u(t) = u(t) for each ¢ € [0, 1].

The sequence (v, (t)) be a bounded sequence in R (because ¢ is bounded), then has a sub-
sequence noted by vy, (t) converge to w(t) and w(t) = v(t).

The upper semicontinuous of H dictates that
o(t) € H(t,u(t)) for almost ¢ € [0,1].

Passage to the limit of the equation (3.4), we get

w0 = 5 [ == [ [ -t

(p) '(p)
p & q &2
_—F(,ul) /0 (fl - 3)“1—1161(8, ﬂ(S))dS - —F(”Q) /0 (52 — 3)u2_1k2(87ﬂ(8))d8 tp—17
that means @ is solution to problem (3.1), and u € X. 0

Example 2. Let us consider the following problem
DiPu(t) € H(t, u(t)) for almost t € [0,1],
u(0) =0, (3.8)
4 5
ul——/sl—s u(s)ds,
)= g7 [ 509

where
|zsint| t|z]

”H:(t,x)G[O,l]x]RH[ ) ,T—i-arctant € P(R).

We have

(i) the set valued map H is carathéodory set valued, and H(t,x) is nonempty and compact

set in R.

(111) ki(t,x) = tx and ko(t,z) = 0.
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(w) p=19,p=pu; =4,¢q=0 and C; = 1.

Since

Cipett ™ Coqeh>™

T (p1) ) -

Consequently, by theorem [3.1.1] the considered (3.8) admits a solution.

Remark 3.1.1. If the function ¢ is not continuous functions, but ¢ is measurable and

bounded on [0,1]. Then the result of theorem [3.1.1] still valid.
Theorem 3.1.2. Assume that the following assertions (D1*),(D2) and (D3) are satisfied
(D1*) H :[0,1] x R = P.,(R) is integrably bounded with ¢ € C([0, 1];R) such that

— The set-valued map H(t,.) is K-lipschitzean.

— The set-valued map H(.,x) is measurable for x € R.
(D2) There are Cy,Cy > 0 such that
ki (t, x) = k;(t,y)| < Cjle =yl

and

k;(t,0) =0,

forte[0,1] and j € {1,2}.

2K Cipth1™! | Coqeh?™!
(D3) £+t T T < L

Then the problem (3.1) has one solution in X.

Proof. From theorem [3.1.1] the problem (3.1) has a solution, now we prove this solution is
unique.

Let u; and uy be two solution for the problem (3.1), then there exist v; € Sy, and
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vy € Sy, such that

w0 = i [t o [ [a- s

__P ; — $)M 7k (s, ui(s))ds
e GO

_F(i - /0 ® 6y — sy (s, uj(s))ds] L,

for 1 < j <2, then
2K (!
) =@ < s [ () —w(olds

Cypcti—t c p2—l
+( 23] q£ )/|u2 iy (s)|ds.

['(p1)
after that
2K O™ Chqlh®” 1)
Uy — U < + + Uy — U1||2,
b=l < 75+ g+ oy =
while
p1—1 p2—1
2K Cip&} 4 Caq&s <1,
Llp) ~ T(m) ['(p2)
then u; = uo. O

Example 3. Let us consider the following problem
(

Du(t) =t + L2t g gimost t € [0, 1],

u(0) =0, (3.9)

where H(t,x) = {t + M}
The set valued map H is == szschztzean

In this problem, we have
(1) ki(t,x) = 1.9tz and kqo(t,z) = 0,
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(iii) Cy = 1.9.

Since

2L Cyp&t™! Cygehr ™

+ ~ (0.8981 < 1.
F(P) F(Ml) F(Mz)

Consequently, from theorem [3.1.2] the considered (3.9) has a unique solution.
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Chapter 4

Existence and uniqueness results for
IVP of nonlinear fractional inclusion on

an unbounded domain

4.1 Existence and uniqueness results in unbounded do-
main

In this chapter we study the existence and uniqueness for IVP of fractional differential

inclusion
Df u(t) € H(t,u(t)), for almost t € J =[0,400]

u(0) =0, (4.1)
Dy u(0) = I u($),
where 1 <p <2, 0<¢<1,>1,and H:J xR — P(R) be a set valued mapping.

Definition 4.1.1. A function u is said to be a solution of problem (4.1), if there exists a

function v € L*([0, 1], R) with v(t) € H(t,u(t)) for almost t € J such that
Df u(t) =v(t), for almost te€ J1<p<2,
u(0) =0, (4.2)

Dgilu(o) = [()64—“(5)-
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Lemma 4.1.1. For a given y € L'(J,R), a function z is a solution to

Df u(t) =y(t), for almost te€ J1<p<2,
u(0) =0, (4.3)
Dy u(0) = I u(§),

if and only if

1 /t B =t t _
ult) = —— [ (t—s)"y(s)ds + —/ (&€ —5)tu(s)ds. (4.4)
R Ol COE)
Proof. Assume that u satisfies (4.3), from lemma 1.5.3 we have
u(t) =I5, y(t) — art’ " — et 2, (4.5)
where ¢, ¢y € R.
By using first boundary condition, we get that c; = 0 and from the second boundary

condition, we find

Dy u(t) = 15 'y(t) — el (p),

this means that

Dy u(0) = —aT(p) = I u($),
that is

C1 =

-1 3 1
NM@A@”)“W&

By replacing ¢, in (4.5) we get the equation (4.4).
Conversely, if u satisfies (4.4) by lemma [ 1.5.2] and lemma [1.5.4], we have D{ u(t) = y(t),

and

€
D= u(t) = 7 9(0) + 7 [ (€= 9 (o),

by simple calculation, we get Df, "u(0) = ]§+u(§), and we can easily to see that u(0) = 0. O
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4.2 Study the existence and uniqueness in weight spaces

Let C(J;R) the space of all functions defined on J and continuous on J, and let
(t)]
X = R);
{ueC(J, )7Stl€1£) EEE < o0},
equipped the norm

u(®)]
(1+tr—1)%
Lemma 4.2.1. The space (X, ||.||x) is Banach space.

[[ullx = sup
ted

Proof. Let (u,) be be a Cauchy sequence in X. Then for every € > 0 there exist N € N such
that

|um(t) = un(t)] _ €
Hum—unHX:stgp 1 t0) <3 for m >n > N.

We remark that
|Um(t> - un(t)|

< Nt — unlxc < % for all £ € J.

(14 tr=1)2
The sequence ((lz:p(f)lp) be a Cauchy sequence in R, thus it’s converge to % for all
t € J, and
u(®) —ulto) | < |un(t) —u@)] + |un(t) — un(to)| + [un(to) — u(to)]
_ t) u(t)
(1t t® (1) =y (t
< 1+ |(1+tp‘1)2 (1+tp—1)2|+|u (£) = n{fo)l
- n(to) u(to)
14124 (to _
+( + ) |<1 _|_tp,1)2 (1 +tp,1>2|
as t — to and n — oo we have u(t) — u(ty) — 0.
Then u € C(J,R) and for each ¢ € J there exist Ny = Ni(e,t) € N such that
un(t) —u(t)] e
W<§ for all n > Nj.
Let n > max(Ny, N) then
| u(t) < |un(t) — u(t)| |un(1)]
(1 +tr—1)2 = (L4tr1)? (14 tr—1)2
< () —u@®)] | |un(t) — un(t)] |un (1))
= (L4te1)2? (1 +tr1)2 (14 tr=1)2
€
< gt llun = unllx + flunllx < e+ [lun]lx.
Then u € X, i.e., X is Banach space. O
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Lemma 4.2.2. Let A be a bounded set in X. Then A s relatively compact in X if the

following conditions hold
e (i) A is equicontinuous in [0, 4+00).

e (ii) for all e > 0, there exist x > 0, for allu € A and t >z

u(t)

(1+ 00 1)

Proof. For each € > 0, by (ii) there exist # > 0 such that for each u € A and ¢t > x, we have

u(t)

(RSO

Let
Ajjoa) = {wo.a), v € A}.

In view of (i) and theorem 1.6.4 we get that the closure of Ay, is compact set in C([0, ], R),

that means there exist uq,...,u, € A such that
t) —u;(t

maxM<s for some 1 < j < n.

te0,2] (14 tr—1)2
Thence

|u(t) — u;(t) |u(t) — u;(t)
Hu—u]HX_maX{trélg%(] <1+tp—1)2 7?25 (1—|—tp 1 } <é&.

Hence A is precompact,i.e., the closure of A is compact set in C(J,R). O]

4.2.1 Existence result in convex case

Theorem 4.2.1. Assume that the following assertions (B1) — (B3) hold

(B1) H :J xR — P.,(R) such that for every measurable function uw : J — R we have
teJ— H(t,u(t)) is measurable.

(B2) There are ,v € LY(J,R) NL>®(J,R) such that

(i) 1Mt 2)|| = sup{v] : v € H(t, 2)} < o(t) + (pﬁﬁLﬂ

(i1) Ye > 0,3b. > 0 such that f @(s)|ds < § and f Y(s)|ds < §
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(B3)

Then the problem (4.1) has a least one solution.

Proof. Using the conditions (B1),(B2)(i) and by applying lemma [1.4.1] we can easily to
see that Sy, # 0 for all u € X. Define an operator N : X — P(X) b

N(u) = {h eX:h(t) = ﬁ/o (t —s)"1v(s)ds
p—1 3
+m/o (€ — )P tu(s)ds,v € SH,U} :

(4.6)

We will show that N satisfies all hypotheses of the theorem [1.3.3].
Step 1. (V is convex valued.) Let u € X, and hq, hy € N (u), then there exist vy, v2 € Sy

such that
1 p—1

t 3
hi(t) = W/O (t — s)Ptvi(s)ds + m/o (€ — 5)Ptu(s)ds fori € {1,2}.

Then for s € [0, 1] we have

shi(t) + (1 — s)ha(t) ﬁ/ﬁ (t —s)P " (svi(s) 4+ (1 — s)va(s))ds
1 3 51
T Jy € e

Since H is convex set-valued, then shy + (1 — s)hy € N (u).

Step 2. (N bounded set into bounded set.)
Let B, = {u € X, |Jullx < r} and let h € N'(u) with u € B,, then there exist v € Sy, such
that

tr!

_ b t —5)" " t(s)ds + ——— € — 5)7 " u(s)ds
MO = g, (0= olobs ey [ (€= 9 atohs

For all t € J we have

A ()]
o1 = ]v |ds—|— ]u )|ds

||<P||1+||¢|| s e e
< IR EIIE o € Sl

lollx B i1 2_§p g1

= 1o (T + € 5 et
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remark that

: : uls ¢
/0 |u(s)\ds:/0 (1+sp1)2x(|(—)_|2ds < ||u||x/ (1+ s*~1)2ds

14 s71)
9er g2
=€+ =+ ol
Then
el (||@/f||1 gh-1 9er g2 >

h = 5"

1h]lx < ORISR +F(p)F(ﬁ)(§+ o+ 2p_1) 7
and

lim M < lim l =0.
t—+oo (1 4 1P71)2 = t—+too 1 + tP—1

Step 3. (N bounded set into equicontinuous set.)
Let B, the set as defined in step 2, and t,ty € J where t; < t5, then

ht) b)) | L (s
T aT Ty~ (W), G

L/f(éi:‘;)i‘; )
+ {P — s)ﬁlu(s)dsl
% 15#’1 ! (1 ftf’l 12 ;)

(752 —tl) &
= r(p) RNTEWTEDT /t [o(s)]ds

L (o)l % sup |22 (sl
*iy ) el e FEE -
—1 ‘ B=Lu(s)ds
+{F<p>r<@>/o“‘s) “d}
! ot

X‘ p—1\9o - 1 2|
(I+67) (1+t)
o ey )
X y N y
L(p) ~ (145712 lollr 4 (el lullx
1 (ty —s)P~t  (t; —s)P7!
(0) " o | (467 (e

F
(nsoul Il Hu\lx>

<
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p—1
t2

ot -
(1410712 (1—1—15'0 1)2
1 (ty —t1)P~

— T(p) % (1+t5 1) <||90H1 + H¢||1HUI|X)
1 su (ty — s)P~t (- s)P1

F(p) 86[01?1 (1 + tg_l)Q (1 + tfl’—l)Q

x@m+wwwg

IN

P R
LTE) 1+ (14172
where ¢ = f0£(1 + 577 D)2(6 — 5)P s, Asty — 11 we have | U M) ¢

(a+77H2 ()2

Step 4. (N has a closed graph.)
Let u,, — u., h, € N'(u,) and h,, — h,, we need to show that h, € N (u,). Now h,, € N(u,)

implies that there exists v, € Sy, such that

— L t —5)" ", (s)ds —tpil 5 — 5)7 " u,(s)ds
mt) = g [ = s+ s [ €= uns

we have to show that there exists v, € Sy, such that for every ¢t € [0, +00),

1 t tp—]. £
ho(t) = —/ (t —8)P o, (s)ds + —/ (&€ — 5)7 M, (s)ds.
I'(p) Jo L(p)L(B) Jo
By theorem 1.6.3, we prove that the set V = {v, € Sy.u,;n > 1} is weakly compact in
LY(J;R)
[ ntelids < [ fets)ds + fuall [ 1otolas
< JA(lelloo + lunllxlltllo) < e,
we take § = - , then the first conditions of theorem 1.6.3 is satisfied.

llollootsup,> 1 lun llxll¥]loo
Now we prove the second conditions of this theorem

+o0 +oo +oo
/ vn(s)ds < / o(s)ds + ||un||x < P(s)ds < e.
be be

be
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Then by theorem 1.6.3 we conclude that V is weakly compact set in L!(J, R).
Conclusion

There exist a subsequence vy, € Sy, such that v, — v, in LY(J,R), then

t p—1 3
h.(t) = ﬁ/o (t—s)p_lv*(s)ds—i—m/o (&€ — 8)u,(s)ds, (4.7)
because
(€ = 5 (o) — lun(s) — u(s)lds = |14 sry2lins) —uls)]
i (€ —8)" un(s) —u(s)|ds < i un(s) — u(s)|ds = i (1+s"7) (14512 ds

(see 0 <€ < 1)

3
< up — z||x X / (1+s"1)2%ds =0 as n — oco.
0

Step 5. (A priori bounds on solutions.)

- L) h(t) EPRVET

K =B(0,——=) n {h €X;| TEET=ichaTn t§_1)2’ < Aty — 1) + s1(t1, t2)

A Owum—mpl GV S S
B I'(p) T(p)DB) = "1 +¢H2 (1+57)?

+82(t1,t2)) },

where

lollx Ik £h1 og¢r g2l
A= dB= 26°
) P =10 TerE T, Tt
_ el (ta =) (= s)!
s1(t1,t2) = T'(p) 82[%51] (1+ t§—1)2 1+ tllj_l)2
_ 19l (=) (b= s)!

So(l1,19) = X su — —
r,%2) T(p) * sepou] (L5712 (1+81)2

’

_
(

_
(

The set K is nonempty convex and compact set in X, by theorem 1.3.3 the set valued map

N has a fixed point, which represent a solution. O]
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Example 4. Consider the following fractional differential inclusion

§+U(t) € H(t,u(t)), for almostt € [0, +ool,
u(0) =0, (4.8)

1

Dy u(0) = 00'6(0.6 — s)u(s)ds,

where
_ bl
H(t,2) = [p0) 0(0) + 7t 0],
(1) = Vi—t  tel0,1] ; (1) = cost tel0,5]
0 t>1 0 .

and

KR ¢h-1 ¢

['(p) T T'(p)T(B) &+ P ) =~ 0.8041.

Then the problem (4.8) has a least one solution.

Corollary 2. On suppose that the all conditions of theorem [4.2.1] hold with ¢ = 0. Then

the function w =0 is a solution for (4.1) .
Theorem 4.2.2. Assume that the conditions (B1) — (B3) are hold

(B1) H : J xR — P.,(R) such that for every measurable function uw : J — R we have

t € Jw— H(t,u(t)) is measurable.

(B2) There are m € L'(J,R) NL>®(J,R) and ¢ continuous nondecreasing such that

(i) [H(t,2)]| = sup{Jo] : v € Ht,2)} < m(D)p( i)

(i1) Ye > 0,3b. > 0 such that fb:roo m(s)ds < e.

(B3) There exist L > 0 such that

lmllie(z) | &

2w Tttt

Then the problem (4.1) has a least one solution.
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Proof. To prove the problem (4.1) admits a solution, we have shown that A" admits a fixed
point.

From (B1) and (B2)(i) we can easily to show that Sy, # 0.

From step 1 in proof of theorem [4.2.1], we can see that A is convex valued. Now we prove
that satisfied all hypothesis of theorem [1.3.2] the proof is given in four steps.

Step 1. (N bounded set into bounded set.)

Let B, = {u € X, ||Jul]|x < r} and let h € N'(u) with u € B,, then there exist v € Sy, such
that

t p—1 13
h(t) = L/0 (t — s)Ptv(s)ds + ﬁ/{) (€ — 5)Ptu(s)ds fori € {1,2}.

I'(p) p)L(

For all t € J we have

-1 3
1|f:(2|—1 = /|“ Nds + & 5 (ﬁ)/o ju(s)|ds

_ [Imllx % 90(||U||X) ¢t e g2
= T(p) +r(p)r(5)(§ T, )||U||X,
and
POl o ! e

t—+o0o m - t—}—i-oo 1+ ¢tr!
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Step 2 (N bounded set into equicontinuous set.)

| h(t) bty |- 1 /Q(tg—s)p_l

p=1y2 p—1y2 p—1 QU(S)dS
T+ (1+t5) L(p) Jo (1+157)
AR N Gt G W
F_/o ((1+tf’ 12 (1+t§‘1)2> (s)d
— )P tu(s)ds 5 tll)_l
[F (p)T 6) ) uls)d ]{

L+t (L+5h)?
1 (t2 . tl)p 1 to
meﬂ+£ﬁyl|wﬂw
(tQ — S)p_l (tl — S)p_l

m/ lv(s)|ds x sup

+

IA

(L+tg)2  (L+e)?

s€[0,t1]
3 e i
- _ &\8-1 2 o 1
e [ € el - e
< ||m||1 p(lullz) | (2 —t)"
- I'(p) (1+t571)2
[mlls x o(]|ullx) (=)t (ti—s)"
" I'(p) - SB%] (T4+t57H2 (A +¢0h)?
1 13 tp 1 t/l) 1
J{ L(p)T (B)/(g } 1+t (1+t§1)2‘
< mll > ellullx) |, (2 = 8)
- L'(p) (1+t571)2
[l x o(]|ullx) (=)™t (ti—s)"
M) o042 (+e )y
4+ Cellullx | ot
L(pT(B)  '(1+712 1+

where ¢ = fo —5)P71(1 + s771)2ds. As ty — t; we have |1+:,,1)1 — 1+tt”2)1| — 0.

Step 3. (N has a closed graph.)

Let u,, — ux, h,, € N(u,,) and h,, — h,, we need to show that h, € N (u.). Now h,, € N (u,)
implies that there exists v,, € Sy, such that

h — 1 t p—1 te~ ¢ -1

W) = m/o (t — )" ou(s)ds + W/o (& — 8)"uy(s)ds, (4.9)
we have to show that there exists v, € Sy, such that for every t € [0, 1],

1 Pl

t £
hall) = W/O“‘S)p‘l““)d”m [e=sr s @)
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By theorem 1.6.3, we prove that the set V = {v, € Sy.u,;n > 1} is weakly compact in
L'(J;R)

/Alvn(S)\dS < [Alllmllop(lJunllx) < e,

we take 6 = = , then the first conditions of theorem 1.6.3 is satisfied.
[mlloo¢(supp>1 [[unllx)
Now we prove the second conditions of this theorem, from (B2)(ii) there exist b = b(e) such

that

/;oo Un(8)ds < o(||unlx) /;oom(s)ds <e.

Then by theorem 1.6.3 we conclude that V is weakly compact set in L'(J, R).
Conclusion.

There exist a subsequence vy, € Sy, such that v, — vin LY(J,R), then

t p—1 3
ha(t) — ﬁ /0 (t—s)plv(s)ds—i—m /0 (€ — ) lu(s)ds.  (411)
because
/E(f—s)ﬁ—wu (5) — u(s)|ds < /E [t (5) —u(s)|ds—/5(1+3P—1)2—‘“”(8) —ul)l g
0 ' ~Jo " —Jo (14 sp71)2

(see 0 < &< 1)

£
< N, — ul|x X / (1+s"1)2%ds =0 as n — .
0

Step 4. ( a priori bounds on solutions.) Let u € N(u) for s € (0,1). Then for every t € J,

lu@]  _ llmlls x e(|lullx) &t €
then
milp X U||x A1 P
fufle < ol € e

Now, Let V = {u € X: |lu|lx < L}.

The set V is an open set in X with 0 € V. From the steps 1, step 2, step 3 and step 4,
together with theorem 1.3.2, we get that s : V — P.,,(X) is upper semicontinuous and
completely continuous. From (B3) there is no v € 9V such that u € sN(u) for s € (0,1).
Therefore by theorem 1.3.2, we deduce that N has a fixed point v € V, which represents a
solution of the problem 4.1. This finishes the proof. O
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Example 5. Consider the following fractional differential inclusion
3
D u(t) € H(t,u(t)) for almost t € [0, +ool,
u(0) =0, (4.12)

D2,u(0) = [*°(0.6 — s)u(s)ds,

where (0) .
m(t) exp —%—
(1+V1)? x
H(t,x) = ,m(t)exp ————|,
(t.2) 5 e

—L - telo1],

m(t) _ 7(1+t) [ ]
0 t>1,

_ [lmly x (L) 3 ENT ~
we take L =1, we have L > FEp 82 4 s &+ p )L ~ 0.9602.

Then the problem (4.12) has a least one solution in X.

4.2.2 Existence and uniqueness result in nonconvex case
Theorem 4.2.3. Assume that the following assertions are met

(C1) H : J xR — Py(R) such that for every measurable function u : J — R we get

t— H(t,u(t)) is measurable.
(C2) There is a function my € L=(J,RT) such that

(i) 17t z)] < malt)
(i1) Ve > 0, 3b. > 0 such that

+oo
/ my(s)ds < e.
be
(C3) There are my € L'(J,RT) such that
HA(H(t,): (1)) < malt) 2 Y
d ) ) Y)) = 2 (1 + tp_1>2-
(C4)
£
22l + € <1 with ¢g = / (& — S)B_l(l + 577 1)2ds.
0

L(p) — T(p)I(B)
Then the problem (4.1) has a unique solution in X.
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Proof. Let N the set valued map defined (4.2.1), we prove that N has a unique fixed point,
which represent the unique solution.

Let u € X, from (C1) and (C2)(i) and lemma 1.4.1 the set Sy, # 0.

1. Proof the existence.

Step 1. (N (u) € Py(X)). Let (u,) be a set in N(u) with u,, — @ in X. After that v € X
and there exist v,, € Sy, with for ¢t € J

P!

1 / ' _1 / ¢ _1
up(t) = —— t—s)"u,(s)ds + ————— € — s)P tu(s)ds.
=1 J, O gy g, )
By (C2) the set V = {v,, € Spu;n > 1} satisfies all the conditions of theorem 1.6.3. Then
we have V is weakly compact in L!(J,R), then there exist v € V such that

Pt

i(t) — — t p=l _— 5 — 5)7 tu(s)ds
u(t)—m/n(t—s) v<s)ds+r(p)r(6)/o(g JA~Lu(s)ds.

Step 2. There exists v < 1 such that
Hy(N (), N (@) < ~llu—allx.

Indeed. Let u,u € X and hy € N(u), then there exist v; € Sy, such that for every
telJ

ha (1) = ﬁ /O (t = )7 Lo (s)ds + W /0 "= 8 u(s)ds.
From (C3), we deduce
H, (H(t, u(t)); Hit, ﬂ(t))) < mg(t)% for almost ¢ € J.
Hence, there exists ¢ € H (¢, u(t)) such that
u(t) — u(®)|
|1 (t) —t] < mg(t)m for almost ¢ € J.

For almost t € J, we consider the set-valued map defined as follows:

|u(t) — a(t)

00) = 1 € B () — 1] < mo) "Iy g0, ),

where ((t) = ma(t) |u1(§2;fi(f )l Assumption (C1) implies that the set-valued map

t — F(t,u(t)) is measurable. Since v; and (¢ are measurable, it follows from
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proposition 1.4.1 that the multivalued U is measurable, and the set valued map
t— V(t) = U(t) N H(t,a(t)) is nonempty, measurable ( see proposition 1.4.2) and closed
set-valued, there are by lemma 1.4.1 an element v, which is a measurable selection for V.
So

va(t) € H(t, ult)),

and for almost t € J, we have

n(0) = o)) < o) 5=
For each t € J, let us define

t p—1 3

ho(t) = ﬁ /0 (t = )7 vy (s)ds + m /O (€ — )P Vi(s)ds.
Hence
o) =ht)) < g [ 0= n(s) = (s
p—1 13
o | €9 o) = il

and

hat) = ho()] _ 1
A+e)? T

with ce = [5(€ — 5)P~1(1 + s»~1)%ds. Then

t — va(8)|ds Lu—ﬂx

[malx Ce ) N
+ [ — alx.
[(p) — T(p)I(B)
We apply theorem 1.3.1 we get the set valued map A has a fixed point, which represent a

nm—mms(

solution.

2. Proof the uniqueness.

Let uy, uy are two solution for (4.1), then there exist v; € Sy, and vy € Sy ., such that
1 et

t €
U = — —5)"w(s)ds + ———— — 8) 7, (s)ds

for 1 < j < 2. Then

—u [[ma]lx Ce U —
bl < (2} o

It’s obvious that u; = us. O
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Example 6. Consider the following fractional differential inclusion

§+U(t) € H(t,u(t)) for almost t e J,
u(0) =0, (4.13)

1
§+u(0) = I&f“(};)a

where
H(t,x) = {1} U [g,§+ %mmu,
and
m(t) = 3 t €[0,1]
0 t>1.

1 llm2|lx ce
ce < 5 and T00) + RORE) < 0.9031.

After that we conclude the problem (4.13) has a unique solution.

Corollary 3. If the conditions of precedent theorem are satisfied and the function my = 0.

Then the unique solution for (4.1) is u = 0.

Corollary 4. If the conditions of precedent theorem are satisfied and 0 € F(t,0) for almost
t € J. Then the unique solution for (4.1) is u = 0.
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Conclusion

In this work, we have conducted a detailed study on the existence and uniqueness of
solutions for a specific class of semilinear fractional differential inclusions on unbounded do-
mains. By employing the properties of fractional calculus and various fixed point theorems,
we successfully established a solid theoretical framework for these systems.

While this work provides significant insights into the qualitative theory of fractional
inclusions, there are several important aspects that remained beyond the scope of this

Master’s research. These limitations provide fertile ground for future investigations:

e Numerical Approximation: Our study was primarily focused on the theoretical
existence of solutions. Due to the complexity of fractional operators on the half-line,
we did not implement a numerical scheme. In the future, we aim to develop efficient

algorithms to simulate these models.

e Stability Analysis: We did not address the Ulam-Hyers stability of the considered
problem. Investigating how small perturbations in the initial conditions or the frac-

tional order affect the solution would be a crucial next step.

e Practical Applications: While the mathematical foundation is now established,
the application of these specific inclusions to real-world problems in physics or biology

remains an open area for our future work.

Moving forward, I plan to extend the results of this thesis in the following directions:

1. Developing numerical codes using software such as FreeFem+-+ or MATLAB to

visualize the behavior of fractional inclusions.
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2. Exploring the Global Controllability of these systems, which is a key topic in control

theory and engineering.

3. Extending the current results to Stochastic Fractional Inclusions to account for

random perturbations and uncertainty in mathematical modeling.

Finally, this research has been a significant learning journey, allowing me to deepen my
understanding of functional analysis and fractional operators, which I hope to apply in my

future doctoral studies or professional career.
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