People’s Democratic Republic of Algeria
Ministry of Higher Education and Scientific Research
KASDI MERBAH UNIVERSITY, OUARGLA

FACULTY of MATHEMATICS and MATERIAL SCIENCE
DEPARTMENT of MATHEMATICS

The memory submitted in partial execution of the requirements of:

The Master Degree

Option: Probability and Statistic

Presented by: Rania Yousfi
Title:

Generalized backward stochastic differential equations, which involves the

integral with respect to a continuous increasing process

Examination Committee:
Brahim mansoul M.C.B U.Ouargla President

Saouli Mostapha Abdelouahab M.C.A U.QOuargla Supervisor

Nadjat Belatreche M.A U.Ouargla Examiner

2025/2026



Acknowledgements
I would like to express my profound gratitude and deepest appreciation to my supervisor,
Dr. Mostapha Abdelouahab Saouli,
for his invaluable guidance, unwavering support, and the generous gift of his time
throughout the development of this work.

His intellectual rigor and insightful critiques have been a constant source of inspiration,
pushing the boundaries of my understanding and shaping the scholarly foundation of this
work.

I am truly honored to have benefited from his exceptional mentorship and vast expertise.
I also extend my sincere thanks to the esteemed members of the jury for their time and
effort in reviewing this dissertation. Their scholarly evaluation and constructive feedback

are highly valued and will undoubtedly contribute to the refinement of this research.

Furthermore, I would like to express my sincere gratitude to Dr. Mensoul Brahim, Dr.
Ben Brahim Radia, Dr. Belatreche Nadjat, and Dr. Arabia Hanane for their
valuable guidance, support, and dedication throughout my academic journey.
Finally, my heartfelt thanks go to my dear classmates and friends, Afra, Chaima, Hala,
and Wafa, for the beautiful memories, shared moments, and encouragement. I am also

grateful to all my colleagues and classmates for making this journey memorable.

RANIA YOUSFI (© 2026



™) = S
&) -
R e Q‘MY‘ _ﬁ\_/
o 13] ] 0, abdaiy V) a5 Y e a2 HJ;dntJL.J,ftMIJF_ng,JI.:deJ.Lu-H.

L#JJLI..-...!...;-JE._U_;
laaly o S5 bl el sk 550 g3

e a2 o 8 Gl ) i 01 sl g I s et e o S A o 0 )

Ilrlju' -Il—p'"

Zogrally L Lot o, U1 3 i i g ol T e st cpn 0 LB s ol By 1
ot o L1 ) ety e N ) bty 5

"
s ol sl Ragy ol By Silawe 20y pene molias wgy (sduas Il el
S amea g BBy s 8ty bes]
A b |l ey f ST i s (g0 el Gy (e300, dlnal) b all) s 5
o sl
o33 e N g pleT LN (g il
Flodarls g3l dorma

?ﬁ_,b ?S#JFFFJAMJM‘T‘WJJJ“HHJP“HFJMJJJ Le 1o s,!’f*‘“n,!‘!*’jﬂ-"J-"ﬂli"ﬁiﬂw\
3 ghind) i S Y e Y Vi Salal s s Ll ) s

| il

RANIA YOUSFI (©) 2026

i



Abbreviations and Notations

The different abbreviations and notations used throughout this dissertation are explained

below:

SDE Stochastic Differential Equations.

BSDE Backward Stochastic Differential Equation.

GBSDE Generalized Backward Stochastic Differential Equation.

E[X] Expectation at X.

E [X|B] Conditional expectation of X given the o-field 5.
Fundamental space of a random experiment.
Propability.

(Q, F,P) Propability space.

A generic positive constant that may vary from line to line depending
C = C(M7O{767K7T)
only on the parameters (u,a, 3, K,T).

a.s. Almost surely.

i.e That is.

P—a.s Almost surely in propability.

a.e. Almost everywhere.

r.v Random variable.

r.c.l.l. Right continuous with left limits.

11, LP-norm of the function f.
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Introduction

In the modern and intricate domain of stochastic analysis, backward stochastic differ-
ential equations, commonly referred to as BSDEs, have undeniably emerged as a crucial and
transformative mathematical framework that is instrumental in various applications. In con-
trast to the more traditional and widely used forward equations, BSDEs possess a distinctive
design that allows them to ascertain not only the current state of a system but also to for-
mulate the necessary hedging strategy that is imperative for achieving a specified objective
in the future. This unique feature makes BSDEs particularly valuable in fields such as math-
ematical finance, stochastic control, and risk management, where future targets and current
decision-making are intrinsically linked. Since their introduction by Pardoux and Peng [§],
the theory of BSDESs has witnessed remarkable growth, evolving from linear to nonlinear for-
mulations and extending into generalized frameworks that accommodate more realistic and
complex system behaviors.

This dissertation delves into an advanced and intricate class of generalized backward sto-
chastic differential equations (see Pardoux and Zhang [7]), which are characterized by their
complexity and their capacity to extend the conventional understanding of BSDEs. Unlike
standard BSDEs that rely solely on a Brownian motion driven term, the generalized for-
mulation considered here incorporates an additional stochastic integral with respect to a
continuous increasing process. The dynamics governing this sophisticated system are fun-
damentally driven by the following principal equation, which serves as the cornerstone for

further exploration and analysis, setting the stage for a comprehensive investigation into the



Introduction

implications and applications of these equations in various theoretical and practical contexts:

T T T
Yt:§+/ f(s,Ys,Zs)der/ g(s,Y,) dA, — / Z,dB,, t € [0,T).
t t t

In this study, the addition of the integral with respect to a continuous increasing process A; is
not merely a mathematical abstraction; it represents the inclusion of cumulative, irreversible
factors such as continuous operational costs, asset depreciation, or systemic friction that
persistently influence the trajectory of the system. This term, governed by the driver g (s, Y),
fundamentally alters the structure of the equation, introducing a path-dependent and non-
reversible component. While the process W; captures the random, diffusive noise (hedged by
Z;), the process A; models a deterministic or predictable drift that accumulates over time,
reflecting real-world phenomena where certain effects (like wear, tear, or cost accrual) cannot
be reversed by future randomness.

Despite the extensive literature on standard BSDESs, the class of generalized BSDEs driven
by a continuous non-decreasing process A; remains relatively less explored, particularly when
the driver ¢ depends nonlinearly on the solution variable Y. The central objective of this
study is therefore to establish the well-posedness of this class of Generalized BSDEs. We
address the complexities arising from the nonlinear driver g (s, Y;) and the associated integral
ft (s,Ys)dAg, which does not fit into the classical It6 framework. A key contribution of this
work is determining whether classical IL? estimates (e.g., energy estimates, Burkholder-Davis-
Gundy inequalities) and stability results (e.g., continuity with respect to terminal data and
coefficients) remain robust under the influence of this additional drift term. More precisely,
we investigate the conditions under which existence and uniqueness of a solution pair (Y, Z)
can be guaranteed, and whether the presence of A; introduces new technical challenges, such
as a breakdown of standard comparison theorems or a need for refined a priori bounds.

To address the problem statement and test the above hypotheses, this research adopts an
analytical approach grounded in stochastic calculus and functional analysis. The main steps

include:
1. Defining appropriate function spaces (e.g.,L.? or ILP spaces) of progressively measurable

2



Introduction

processes with norms adapted to the presence of both W, and A;.

2. Proving a priori estimates using It6’s formula, Gronwall-type lemmas, and careful han-

dling of the integral with respect to A; (viewed as a Stieltjes integral).
3. Establishing existence and uniqueness via a contraction mapping argument.

4. Investigating stability by examining the continuous dependence of (Y, Z) on the para-

meters (&, f;9).

5. Exploring potential extensions, such as allowing g to have quadratic growth or relaxing

the Lipschitz condition.

The remainder of this dissertation is organized as follows: In the first chapter, we present
all the concepts related to stochastic calcul that we need in this work. Chapter 2 presents
the existence and uniquesess result for SDEs and BSDEs. Chapter 3 contains the main theo-
retical results: existence and uniqueness theorems for the generalized BSDE under Lipschitz

conditions, along with detailed proofs.



Chapter 1

Background on stochastic calculus

1.1 Conditional expectation
Definition 1.1 A probability space is defined as a triple (2, F,P), where:

1. A non-empty set €2, called the sample space.

2. A o—algebra F of subsets of €2 with the following properties:

o JgcF.
e Ac F = A°ec F, where A°is the complement of A in (.

o Ay, Ay, ... € F implies that | A; € F.

=1
3. A probability measure P : F — [0, 1] on measurable space ({2, F), that satisfies the

following axioms:

e Non-negativity: P(A) > 0, for all A € F.
e Normalization: P(2) =1, P(@) = 0.

e o—additivity: For any sequence of disjoint events {A4;}:>;, C F, we have:

(00)- S



Chapitre 1. Background on stochastic calculus

Definition 1.2 (Random Variable [1]) Given a probability space (2, F,P), a random vari-
able X is a measurable function X : Q0 — R such that for every Borel set B € B(R), the

preimage in the o-algebra F :

X'B)={weQ: X (w)eB}eF.
Remark 1.1 The Borel o—algebra on R, denoted by B (R), is the smallest c—algebra con-
taining all open intervals of the form (a,b) for any (a,b) € R2.

Definition 1.3 (Conditional Expectation) Let X € L' (Q, F,P), and G be sub o—algebra
of F (GCF), the conditional expectation of X given G denoted by Y = E[X| G|, is the unique

r.v satisfying the following two conditions:

1. G—Measurability: Y is measurable with respect to the sub o—algebra G.

2. Integration Property: For every set A € G, we have:

[y = [ X,

1.1.1 Properities of conditional expectation

Proposition 1.1 Let X,Y € L' (Q, F,P) and G sub o—algebra of F, then, we have P—almost

surely the following properities:

1. Linearity: For any constants a,b € R: E[aX +bY |G| = aE[X|G] +bE[Y]|G].

2. Monotonicity: If X <Y almost surely, then: E[X|G] <E[Y|J].

3. Independence: If X is idependence of the o-algebra of G, we have E[X|G] = E[X].
4. If X is G—measurable, then E [ X |G| = X.

5. If Go C G; C F, then, we get B[E[X]|G1]|Go] = B[ X| G,].

6. If Y is G—measurable and bounded r.v, we have E [Y X|G] = YE [X].

5



Chapitre 1. Background on stochastic calculus

7. Jensen’s inequality: If ¢ : R — R is a convex function and E [|¢ (X)|] < oo, then
¢ (B[X|G]) <E[¢(X)|g].

Following the development of the static framework of random variables and conditional expec-
tations, the introduction of time becomes essential. In the framework of backward stochastic
differential equations, uncertainty evolves dynamically over a fixed time horizon [0, T]. This

temporal evolution is rigorously formalized through filtrations and stochastic processes.

1.2 Stochastic process and filtration

Definition 1.4 A stochastic process is a family of random varibales X = (X;):>0,defined on

(Q,F,P) and taking values in (R?, B (R?)) :

e For each fixed w € Q) the mapping: ¢ — X (w), is called a sample path (or trajectory)

of the process.

e For each fixed t € T the mapping: w — X; (w), is a r.v.
Remark 1.2 FEquivalently, the process may be viewed as a measurable mapping

X: (TxQ)— (R,B(RY))

(t,w) — X (t,w).

Definition 1.5 A filtration on (Q, F,P) is a sequence of sub o—algebra (F;),s, of F that is

increasing with respect to inclusion meaning, for all 0 < s <t <T such that Fy, C F;.
Remark 1.3 We said a filltration (E)tZO satisfy the usual conditions if:

e F, contains all P—null sets of F.

® (Fi);s is right-continuity: For all ¢ > 0, we have

Fo=Fu 2\ Fe

s>t



Chapitre 1. Background on stochastic calculus

Definition 1.6 (Adaptivity) A process X is (F;),s, —adapted if the r.v X, is F;—measurable

for each t > 0.

Definition 1.7 The stochastic process (Xi)i>o is progressevly measurable with respect to the

filtration (F;)e>o if the mapping
X: ([0, x,B([0,1) @ F) — (RY,B(RY))
(w,s) — X (w,s),
is mesurable for each ¢t > 0.

Theorem 1.1 (Relation between Adaptivity and Progressive Measurability [2]) Let
(X¢)i>0 be an adapted process with respect to the filtration (Fi)i>o. If the sample paths
t — Xi(w) are right-continuous (or left-continuous) for almost all w € Q, then (Xi)i>o

is progressevely measurable with respect to (Ft),,-

Definition 1.8 (Continuous Increasing Process) A process (At), is called a continu-
ous increasing process if it 's (F;),5o —adapted, Ag = 0 a.s, and the mapping t — A; (w) is

continuous and non-decreasing for almost all w.
Theorem 1.2 (Doob-Meyer Decomposition) Let Y, be a right-continuous supermartin-
gale. Then there exists a unique decomposition:

Yi =M — A

where M; is a martingale and A; is a predictable increasing process.

Definition 1.9 A process X defined a filtered probability space (2, F, (Ft)io0,P) is called a

Markov process if it satisfies the following conditions:
1. Adaptivity: X; is adapted to the filtration (F3):>o.

2. Independence of the future: For any s > ¢, the future state X, is independent of

the past information F;, given the present state X;.



Chapitre 1. Background on stochastic calculus

1.3 Martingale and Brownian motion

Definition 1.10 (Martingales) Let (2, F,P) be a probability space and (F;), a filtration.

An stochastic process M = (M;)i>o is a martingale if:
L. M; is (F),, —adapted.
2. For any ¢ € [0,T], M;—is itegrable, i.e.(E[| X || < c0).
3. Forall 0 <s <t, B[M| Fs] = M.

And is a called (Supermartingales, resp Submartingales) when:
For all 0 < s <t, B[M,;| Fs] > M, resp E[M,| F,] < M.

Definition 1.11 (Stoping Time) A random variable T : Q — [0,T] U {+o0} on a filtered

probability space (Q ,F, (ft)tzo ,IP) 15 called a stoping time if for every t > 0, we have
{’7_ S t} € Ft.

Definition 1.12 (Local Martingale [}]) A continuous stochastic process M on (Q, F o (Ft)iso ,]P’)

is called local martingal if there exists a sequence of stoping times {T} -, such that:

1. The sequence is non-decreasing, i.e.7, < 7,41, and lim, ., 7, = o© a.s.

2. For each n > 1, the stopped processM;,,, is an <~7:t>t20 —martingale.

1.3.1 Brownian motion

Definition 1.13 A standard, one-dimensional Brownian motion (also known as a Wiener
process) is a stochastic process W = (W (w)),sq, defined on a probability space (22, F,P),

that satisfies the following fundamental properties:

e Initial Value: P{w, Wy (w) =0} = 1, such that Wy (w) = 0.



Chapitre 1. Background on stochastic calculus

e Independent Increments: For any times 0 < s < ¢, the increment W, — W is

independent of the information (filtration) available up to time s, denoted by Fs.

e Stationary Gaussian Distribution: Each increment (W, — W) ~» N (0,¢ — s).

e Path Continuity: The sample paths ¢ — W, (w) are continuous functions of time

almost everywhere, meaning the motion has no jumps.

1.3.2 The Browian sample paths

Definition 1.14 A stochastic process (Xi)i>o s defined as Gaussian if, for any finite set of
times 0 <ty <ty <--- <t < oo, the random vector {Xy,,--- , Xy, } follows a joint normal

distribution.

e Characterization: The distribution is entirely determined by its mean function m(t) =

E[X;] and its covariance function p(s,t) = E[(X, — m(s))(X; — m(t))"].

e Application to Brownian Motion: Standard Brownian motion W, is a zero-mean

Gaussian process m(t) = 0 with a covariance function p(s,t) = s A t.

Lemma 1.1 Brownian motion possesses remarkable structural flexibility. The following
transformations of a standard Brownian motion W result in a new process that is also a

standard Brownian motion:

1. Scaling: For ¢ > 0 X; defined as

2. Time iversion: The processY = (Y;),., defined by

tWa, 0<t<oo
vi={

0, t=0.



Chapitre 1. Background on stochastic calculus

3. Time reversel: For T'> 0 Z = (Z;),, defined by

Zt:WT—WT,1 ,O§t<OO.

4. Symmetry: =W = (=W4),, -

Nowhere Differentiability

Theorem 1.3 The Brownian motion Wy (w) is nowhere differentiable for almost w € €.

Proof. See [4, page 110]. =

Law of iterated logarithm

While Brownian motion is characterized by its high volatility and non-differentiability,
its long-term and short-term fluctuations are not completely arbitrary. The Law of the
iterated logarithm provides the precise growth envelopes that bound the sample paths with

probability one.

e The Growth Envelopes: The theorem identifies a specific function, ¢ (t), which acts

as a stochastic boundary for the process. This function is defined as

¢ (t) = +/2tloglog (t).

Theorem 1.4 (Khinchin’s Law) For a standard Brownian motion Wy (w), the sam-

ple paths satisfy the following limits a.s:

lim sup W (w) =1, lim inf Wt—(cd) =—1

t—00 2t log log (t) t—oo /2t loglog (t)

e Local Behavior at the Origin: Due to the Time-Inversion property, a similar law

applies as t — 0. This describes how the process "starts" its fluctuations immediately

10



Chapitre 1. Background on stochastic calculus

after leaving the origin:
Wi (w)

limsup ———=——==1
tloo 2t loglog ()

Modulus of continuity

A function ¢ (-) is called a modulus of continuity for a function f:[0,7] — R if, for all

sufficiently small positive 9§, we have:

lf () — f(s)] <g(9), whenever 0 < s <t < T and |t —s| <.

Theorem 1.5 (Lévy’s Exact Modulus) Let g (6) = \/2dlog (1/6) for 6 > 0. Then, for a

Brownian motion W, we have

W, — W,
P | limsup le =1L
510, 0<s<t<1 g (5)
[t—s|<o

Proof. See [4]. =

1.4 The stochastic integral

Stochastic integral are a central in stochastic calculs,especially in the study of Brownian
motion and It6 processes. Since classical integration is not applicable in this setting, a
rigorous construction is reauired to define the Ito integral properly. This construction is
carried out in a stepwise manner, starting from simple processes and extanding to more

general cases in order to ensure mathimatical consistency.

1.4.1 Construction of the It6 integral

The construction follows a three-step approximation procedure (See [6] for more details):

1. Integration of Elementary Functions: We begin by defining the integral for elementary

11



Chapitre 1. Background on stochastic calculus

functions ¢ € IL2, which are step functions of the form:
Z e] 1[t3 tit1) (t) .

The It6 integral for such a function is defined as:

/¢tw ) dWy = Zej Wt+] Wil (w).

7>0

Crucially, the evaluation point e; (w) is taken at the left endpoint of each sub-interval.

2. The It6 Isometry provides a link between the stochastic world and the deterministic L2

([ovam)]-s[([ovra)]

3. Extension to General Functions: Since the set of elementary functions is dense in L2,

space:

for any X € IL? there exists a sequence of elementary functions {¢,} such that:

t
E[/X¢ndt]—>0 as n — o0.
0

The It6 integral of f is then defined as the limit in L2 :

t

/th ) dW; = lim gbn(tw)th

n—oo

1.4.2 Fundamental properties

1. Linearity: For a,b € R and two process X,Y € L2 :

/ (aX; + bY;) dW, = a / Xy dW, + b / Y, dW,.

12



Chapitre 1. Background on stochastic calculus

2. Martingale property: The process J; = fot XdW;y is an F;—martingale, this implies

E[Ji| Fs) = Js, for all s < t.

3. E[J}] =0.

Lemma 1.2 Assume Y and Z are two progressively measurable processes such that

T
E(Sup |Yt|2+/ ||ZS||2dt) < 0.
0

0<t<T

Then, the process defined by
t
M= [ Yiz.aw.
0

constitutes a uniformly integrable martingale on [0,T] .

Proof. We aim to show that the expectation of the supremum of the stochastic integral is

bounded. Using the BDG inequality, there exists a constant C' > 0 such that:

T 3
( | stuzds) |
0

Applying the Cauchy-Schwarz inequality within the integral, we can bound the term as

, ;
sup % (/ HZsH2d5> ]
0<t<T 0

Next, we invoke Young’s inequality for the product of two terms. This yields:

O T
B | sup (i) < 5 (B | sup 1] +B[ [ 12000 ).
0<t<T 2 0<t<T 0

Since both Y € S? (Rk) and Z € M? (Rk Xd) , the expectation is finite. Thus M, is a uniformly

E { sup ]Mt\] < CE [<Mt>:ﬂ — CE

0<t<T

follows:

E l sup |Mt|] < CE

0<t<T

integrable martingale. m

13



Chapitre 1. Background on stochastic calculus

1.4.3 1to6’s processes and Itd’s formula

Definition 1.15 Let (2, F,P) be a filtred probability space. An Ité process is a stochastic

process X; on [0, T] that can be represented in the form:

t t
X, =Xo+ / bsds +/ o, dWs,
0 0

where X is Fp-measurable, by is an adapted drift process, and o, is a diffusion process such

that [ (|bs| + 02)ds < 00 as.

Theorem 1.6 (One-dimensional Ité formula) Let {Xt}te[o,T] be an Ito process and f :
R — R be a C* function. The process f (X;) is also an It6 process, and its dynamics is given
by:

Fo =+ [ feaxg [, (1)

Theorem 1.7 (Time-dependent It6 formula) Let X, be an It6 process and f(t,x) €

Ch2([0,T] x R). Then f (t,X;) is also an Ité process, and its integral form is

FeX)=F X0+ [ fsX)dss [ pexgaxe; [ s x)dx . 02

Theorem 1.8 (Multidimensional Ité formula) [9] Let X = (X',..., X?) be a vector

of Ité processes and f € C**([0,T] x R?). Then

df (t, X;) = adeZ dXZ+ Z

l]—

a:c ax d(XZ,XJ>t.

Remark 1.4 This general version is essential for analyzing systems of BSDFEs where the

solution Y, takes values in RY.

Proposition 1.2 (Multiple Processes) Let X (t) and X5 (t) two Ité processes.then:

t t
Xth—Xon/ Xdes+/ Y,dX, + (X,Y).. (1.3)
0 0

14



Chapitre 1. Background on stochastic calculus

Notation 1 The term d(X; Xs)s represents the quadratic covariation between the two processes,

which is calculated using the heuristic rules:

X dt | dW,
dt 010
AWy |0 |t

15



Chapter 2

Forward and backward stochastic

differential equations

2.1 Stochastic differential equation

Stochastic differential equations (SDEs) are introduced as differential equations with
random coefficients, which are interpreted as Itd integral equations. The general form is

given as:

dX; =b(t, Xy)dt + o (t, X;) dW,, (2.1)

X():.ZU,

where:

e W, represents a standard m-dimensional Brownian motion defined on a filtered proba-

bility space (Q,}—, ("T;f)tZO ’P) :

e The function b (¢, X;) denotes the drift coefficient, which dictates the average rate of

change of the process.

e o (t, X;) represents the diffusion coefficient, measuring the intensity of the stochastic

noise.

The existence of a solution to differetial equation ([2.1)) is not guaranteed without imposing

16



Chapitre 2. Forward and backward stochastic differential equations

regularity constraints on the coefficients. For the system to be well-defined, we assume that

b and o satisfy the following two fundamental conditions for a constant C' > 0:

1. The Lipschitz Continuity Condition: For z,y € R" and ¢t € [0,7] :

[b(t,2) =b(t,y)| + o (t,2) — o (t,y)] < Clo =yl

This condition ensures that the paths of the solution do not deviate too abruptly, which

is the key to proving the uniqueness of the solution.

2. Linear growth condition: For x € R" and ¢ € [0, 7]
bt 2)] + o (t,2)] < C 1+ |z]).
This condition guarantees that the solution process (X;) does not "explode" and re-

mains within the space of square-integrable processes, i.e., [E [ fOT | Xy | dt] < 00.

Theorem 2.1 Under the above assumption, the SDEs (2.1]) has a unique solution X which

18 an a progressively measurable process such that

E ( sup \Xt|2) < 00.

0<t<T

Remark 2.1 While SDFEs are driven by an initial condition Xo, BSDFEs arise when we specify

a terminal condition & at time T'. In the following section, we introduce the framework of

BSDEs

2.2 Backward stochastic differential equation

Let (2, F, (Fi)i>0, P) be a filtered probability space and € be a random variable measur-

able in relation to (F3):>0. The following fundamental stochastic equation could be solved:

e

L= f),  teloT), with Yp=¢

17



Chapitre 2. Forward and backward stochastic differential equations

This means that the process Y must be adjusted to the filtering (F;):>o in order for the
solution at time t to depend only on the past. Let’s start with the case f > 0. It is
attempted to provide the solution Y7 = &, which is only applicable if £ is deterministic.We
have just an adapted approximation in IL? space, which is the martingale Y; = E(¢| F;). If
(Ft)t>0 is the Brownien movement’s filtration, the theory of martingale representation can

be used to create a Z—adapted process with an intractable characteristic like

t

Y =B(¢|7) =B + | Z.dW.
0
Given that E({| F;) is a martingale, it follows that:
t
Vi—B©+ [ Zaw., e,
0
therefore

T
Yr =E(@) + /0 Z,dW..

Then, we get

¢ =E(¢) + /Ot Z,dW, + /tT Z,dW,

T
=Yt+/ Z,dW,,
t

then we have

T
Y, =¢— / Z,dW, ie.—dY, = —Z,dW, Yy =E¢.
t

As a result, we notice the formation of the process Z, whose function is to guarantee that
the process Y is modified. As a result, we let the function f to depend on the process Z in
order to get the highest degree of generality because a second variable appears. As a result,

the equation becomes

_d}/;f = f (ta }/;fa Zt) - thWt7 YT = 5

o Let (92, F, (Fi)i>0,P) be a complete probability space, and let W be a d-dimensional
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Brownian motion on this space.

(Fi)t>0 denotes the natural filtration of the Brownian motion.

S? (Rk) denotes the vector space of progressively measurable processes Y taking values

in R¥such that

¥l == ( sup ) <o
0<t<T

S2 (Rk) is the subspace consisting of continuous processes.

M2 (]R’“d) denotes the vector space of progressively measurable processes Z taking

values in R¥*4such that

T
122 = E (/ ||ZS||2dt) <o
0

and 2z € RF*?||2]|2 = trace (22*).

o B2 =52 (R¥) x M? (R**?) is a Banach space.
Now, we assume

o f:Qx[0,T] x RF x R*% — R* such that V(y,z) € R* x R¥*? (f (t,y,2))cicrp i

progressively measurable.

e ¢ is an R¥—valued random vector that is F,—measurable.

Consider the backward stochastic differential equation:

—dY; = f (t,Y;, Z) dt — ZudW;, 0<t<T,

Yy = €.

Rewriting in the integrale form:
T T
Yt:5+/ f(s,YS,Zs)ds—/ ZdW,, 0<t<T. (2.2)
t t
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Definition 2.1 A solution to the BSDEs associated with the terminal conditio & and the

driver f is pair processes (Yi, Zt)ogth taking values in R¥ x R¥*4 sych that:
T T 9
1E<ft |f (s,Ys, Zs)| ds — |, sts><oo

2. The equation holds P — a.s.for all ¢t € [0, 7] i.e.
T T
Y, :§+/ f(s,Y;,Zs)ds—/ ZdW,
t t

The next proposition ensures that Y € S? under a weak assumptions to the ceofficient f.

Proposition 2.1 Suppose there exists a non-negative process ( ft)ogth belonging to M? (]Rk)
and a positive constant X > 0 such that for allV (t,y,z) € [0,T] x R* x R**4 the driver f

satisfies the following growth condition:

Lf &y, 2) < fot Ayl + 2[1)

if {(Ys, Zt)}o<y<r is a solution to the BSDE (2.2)) such that Z € M? (R¥), then the process
Y belongs to the space S? (Rk), ie. E ( sup \Yt\2) < 00.

0<t<T

Proof. We have for all t € [0, 7] :

t t
}/;f - }/0 - / f (87 }/:9; ZS) dS + / ZSdWSa
0 0

Under a relatively weak hypothesis on f

t t
Yl < |Yo|+/ If(S,Ys,Zs)IdS+/ 2, W,
0 0

t
/ ZsdW
0
t
/ ZdW
0

T
< |Yo|+/ (fo+ A Z]) ds + sup
0

0<t<T

¢
-I—)\/ |Ys| ds.
0

Set

T
e=l+ [ (+AIZD)ds+ sup
0

0<t<T
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Considering the integrability properties of the coefficients, we note that Z belongs to the
space Z € M? (Rk) Applying Doob’s inequality ensures that the third term in the equation
is of integrable square. Given that f € M? (R¥) and Y; is a constant, we conclude that
¢ is a square integrable random variable. Accordingly, the continuity of the process Y is

maintained under the condition:
t
Yi<ean [ vids, veep.1).
0
By applying Gronwall’s Lemma, we obtain:
Y| < Eexp (AT).
Finally, since ¢ is sequare-integrable E (£2) < oo, it follows that:

E ( sup |Yt|2) <exp (A1) E (&%) < .

0<t<T

This confirms that the process Y belongs to the space S*. m

2.2.1 The Lipschitz case

In this section, we present the fundamental result concerning the existence and unique-
ness of solutions for backward stochastic differential equations. This pioneering work, es-
tablished by E. Pardoux and S. Peng (1990) [?], provided the first proof for BSDEs with
non-linear generators.To esure the existence of a unique solution pair (Y, Z), we impose the

following conditions on the driver f:

1. (L1) Lipschitz Continuity: There exists a constant A > 0 such that P — a.s.for all

t€[0,T] and (y,z2), (v, 2") € RF x RF*<:

|f Gy 2) = f (2 < Aly =y [+ 11z = 21]) -
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Chapitre 2. Forward and backward stochastic differential equations

2. (L2) Integrability Conditions:
T
B (I + [ 100 ) <0
0

To begin, we examine a simplified framework in which the generator f does not depend
on the solution components (y, z). Given ¢ € L? and a process (F;);>o in the space M? (Rk),

we seek a pair of processes (Y}, Zt)ogth that satisfies the equation:
T T
Y, :§+/ Fsds—/ ZdW,, 0<t<T. (2.3)
t t

Lemma 2.1 Let & € L% Fr—measurable and (Fi)i>0 in the space M? (Rk) The BSDE
[23) have a unique solution (Y, Z;), such that Z € M? (RF).

Proof. To establish the existence of a solution for the linear BSDE (2.3]) we take the

conditional expectation with respect to F; on both sides. This directly defines the process

T
Y;:E<§+/ Fyds }"t)
t

Since Y, is well-defined and square-integrable, we have

T T
K:E(§+/ Fsdsﬂ>:E<£+/ F.ds
0
tt
::Mt—/Fsds.
0

Applying the Brownian martingale representation theorem ?? to M;, there exists a unique

Y, as:

t
ft) —/ FSdS
0

process Z € M? (R*), such that:
t
M; = M, +/ ZdWs.
0
Thus, the process Y; is expressed as:

¢ t t
Y, = M; — / Fids = M,y —{—/ ZdWy — / Fds.
0 0 0
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To verify that the pair (Y, Z) satisfies the original BSDE, we use the fact that Y, = £. By

calculating the difference Y, — £, we obtain:

t t
Yt—g:Mﬁ/ stws—/ F,ds
0 0

T T
— (Mg +/ ZSdWS —/ Fsds) .
0 0

Simplifyig the terms yields:

T T
Yt=5+/ Fsds—/ Z,dW,.
t t

This confirms that constructed pair is indeed a solution to eaqution (2.3). Finally, the

uniqueness of the solution in the space M? is established. m

Theorem 2.2 Under the assumptions (L1) and (L2), the BSDE (22)) admit a unique
solution (Y, Z) with Z € M?.

Proof. By defining a mapping ¥: B*> — B? we seek a solution to the BSDE (2.2]) as a
fixed point in the Banach space B?. Specifically, for an element (U,V) € B?, the image
(Y,Z) =V (U,V) is given by the solution to:

T T
Yt=§+/ f(s,Us,Vs)ds—/ Z,dW,, 0<t<T.
t t

Note that the aforementioned BSDE admits a unique solution within the space B?. To see
this, we define the process |F,|* :=| |f(s, Us, V4)[>. Under the Lipschitz continuity of f, we

can establish the following estimate:
[E* <[ f(5,0,0) | +2% (JU]* + Vi) 4

where these three processes are square-integrable.it follows that ' € MZ2. By virtue of
Lemma there exists a unique pair (Y, Z) where Z € M? and (Y, Z) € B2 Specifically,

the integrability of Z is guaranteed by the construction of the solution, while the fact that
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Y belongs to S? is a direct consequence of Proposition Consequently, we conclude that
the operator ¥ is a well-defined mapping from B? to itself.consider (U, V), (U’, V') € B? and
thier respective images (Y, Z), denoting the differences by y :=Y — Y’ and 2z := Z — 7' we
get:

dyy = —{f (t, U, Vi) — f (£, U}, V) } dt — zdWr.

By invoking It6’s calculus (1.2]) on the process exp (at) |yt\2 with f(t) = [f (t,U, Vi) — f (t, U, V)],

yields:

d (exp () [yi*) = exp (at) [yl dt — 2exp (at) (yr. F (1))

+ 2exp (at) (ys, 2:dWy) + exp (at) ||zt||2dt,

integration over [0, 7 then yields

T T T
/ d(exp (aus) |y5 a/ exp (@s) |ys|° d5—2/ exp (as <ys, >ds
t

T T
+2/ exp (as) ys,zdes>+/ exp (as) ||z *ds.
t

In addition, we observe that

T
/ d (exp (s) [3s[2) = exp (aT) [yrl? — exp (at) [l
t

with yr = 0, we can get:

T T T
exp (at) lyrl* + [ exp(as) alPds = —a [ expas)nds +2 [ exp(as) (5o F () ds
t t t

T
— 2/ exp (CVS) <y57 stWs> )
t
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Given the Lipschitz continuity of f, and defining u = U — U’ and v =V — V7, we obtain:

T
exp (at) |yt\2 + / exp (as) || z||*ds
t
T T
< —a/ exp (as) |ys|2 ds + 2)\/ exp (as) ys, (Jus| + ||vs||) ds
t t

T
— 2/ exp (as) (ys, zsdW) .
t

Using, for any € > 0, the following inequality

a2
2ab < — + €b?,
€

we have

T
exp () [l* + [ exp (@) 1 s
T
—a [ exp(as) |yl ds—l——/ exp (as) |ys|” ds

/\

+e | exp(as)|u d5+—/ exp (as) |ys|” ds

+e€

/T
f

T
exp (as) ||o |2ds — 2 / exp (05) (g1, s}
t

taking o = %, leads to

T
exp (at) |y ]” + / exp (as) || zs||*ds (2.4)
t

T T
<e [ ewas) (uf + ol ds =2 [ exp(as) (g 2.
t t

In view of Lemma[2.1] the integrability properties Y,Y’ € S? and Z, Z' € M? guarantee that
the local martingale defined by { ftT exp (as) (ys, zSdWs)} is a true martingale starting from

the origin. Consequently, its expectation vanishes. By taking the expectation on both sides
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of the identity and setting ¢t = 0, we straightforwardly obtain:

o ([ ewlnleias) <8 ([ et (uf o) i) @3)

In view of inequality ([2.4)), Burkholder-Davis-Gundy inequalities ((A.5)), yield

E [ sup exp (at) |yt|2}
0<t<T

T
< el / exp (as) (Jus|” + [[v]|?) ds
LJ ¢t -

+ 2K { sup ( /t ' exp (as) (s, stWs>):|

0<t<T

T b T 1/2
< eR / exp (as) (|u5|2 + ||lvs||?) ds| + 2CepcE (/ exp (2s) |ys|” ||ZS||2d8> ]
¢ t

T T 1/2
< | [ expas) (juf* + o?) ds| +2CancE | sup exp(at) i ( [ e ||zs||2ds) ]
t t

0<t<T

Moreover, with ab < % + %, we get

E [ sup exp (at) ]yt|2}
0<t<T

T
1
< E { / exp (@s) (Jusf? + [loa]?) ds] + 2B { sup exp (at) |yl
] 2 |o<i<r

T
+203pcE [/ exp (as) H25H2d5] :
t

After grouping the terms associated with (ds), multiplying by 2 leads to:

E [ sup exp (at) |yt|2} < 2R MTexp (s) (Jus)? + [|vs]1?) ds}

0<t<T

T
+ 4C'%DGE {/ exp (as) ||zs||2ds] , (2.6)
¢
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By gathering (2.5 and (2.6, it follows that:

T
E { sup exp (at) Iyt|2 +/ exp (as) ||Zs|\2d5]
t

0<t<T

T T
< 3l {/ exp (as) (|Us|2 + ||Us||2) ds] +4C3pcE {/ exp (as) (|Us|2 + ||vsH2) ds]
t t
T
<e(3+4C3pc)E (/ sup exp (as) |ug|” ds) +¢€(3+4Chpg) E (/ exp (as) ||Us||2d5)
t t

0<t<T

T T
(3+4C%pc) |E ( sup exp (at) |us| ) / ds] +¢€(3+4Chpe) E (/ exp (as) HUSHQdS) .
¢ ¢

0<t<T

we get

T
E { sup exp (at) ‘3/t!2 +/ exp (as) stH2ds}
t

0<t<T

<esup(1,T) (34 4C3pc) E (OiltlgT exp (at) \ut|2>

T
+esup (1,7) (3 + 4C%DG) E </ exp (as) HU8H2d8> .
¢

Under the condition € (3 + 4C3p¢) (1 V T) = 2, U defines a strict contraction on B?, ensuring

that the mapping possesses a unique fixed point

T
O VIE =B ( sup oxp at) U+ [ exp s Hvsu%zs).
0<t<T t

Given that B? is a Banach space under a norm equivalent to the case o = 0, ¥ has a unique
fixed point, guaranteeing a unique solution for the BSDE . Moreover, according to
Proposition [2.1], any solution with Z € M? falls within B2, thereby confirming the uniqueness
in the broader sense. m

The Role of the processus 7/

The function of the martingale term LT ZdWy is to ensure the process Y remains adapted
to the filtration (.7-})095 < T. Essentially, Z acts as a corrector that compensates for the
stochastic fluctuations of the terminal condition, ensuring that Y; does not depend on future

information. When the randomness is resolved before the terminal time 7', the component
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Z naturally vanishes.

Proposition 2.2 Let (Y, Z) be the solution to the BSDE (2.2) and let T be a stopping time

bounded by T. Under the assumptions (L1) and (L2), suppose further that:

1. The terminal condition £ is F;-measurable.

2. The generator f(t,y,z) =0 for all t > 7.

Then, the following properties hold:
Y=Y\, and Z, =0, forallt>r.

Proof. we have

T T
Yt:§+/ f(s,Ys,Zs)ds—/ Z.dW.,
t t

Consequently, for ¢ > 7, the vanshing property of the generator f(¢,y, z) = 0 implies that:

T T
Y}zf—{—/ f(s,Ys,Zs)ds—/ ZsdW

T

T
:g—/ Z,dW,.

It follows that:

in addition
T
/ ZdW, =0,
from which we infer that:
2

E (/T stWS> =E (| Z]*) = 0.

This immediately implies that Y; = Y, for all ¢ > 7, this shows that the trajectory of Y

becomes stationary after the stopping time 7. =
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Remark 2.2 When the terminal condition & and the generator f are deterministic:

e 7 vanishes identically (Z; = 0).

e The BSDE simplifies to a classical ordinary differential equation:

dY

_E:f(ay;‘/?o)a YT:§:0

2.2.2 Linear BSDEs

Linear BSDEs are a fundamental class of equations where the generator f is an affine function

of the processes (Y, Z). Consider the case where k = 1, such that ¥; € R and Z, € R%

Proposition 2.3 Let {(ay, bt)}ogth be a bounded and progressively measurable process. Let
{cthocicr € M? (R)and the terminal condition & € IL* (Fr). We consider the following linear
BSDE:
T T
Ytzf—f—/ (a3K+szs+cs)ds—/ Z dW,, 0<t<T.
t t

The unique solution (Y, Z) is explicitly given by the formula:

T
Y, = A'E {gAT +/ c\yds
t

Ft:| ) (27)
where the adjoint process A is defined as the unique solution to the linear SDE.
dAt = At (atdt + btth) s AU =1.

Proof. To derive the explicit formula, we define the product A;Y;. By applying It&’s formula
to d (A+Y;), we have:
d (AY;) = NedYs + YidAy + d (A4, Y:) .
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Substituting the expressions fo rdY; and dA;:

dm = — ((Itn -+ tht -+ Ct> dt,
dAt = Atatdt + Atbtth;
d <At, Yt> - Atthtdt.

After simplification, the terms involving Y; and Z; in the dt part cancel out, yielding:
d (Ath) = —AtCtdt + At (Zt + }/tbt) th

By integrating from 0 to t, we observe that the process M; = A,Y; + fg csN\4ds is a martingale.
Taking the conditional expectation E [-| F;| and using the martingale property, we arrive at

the representation (2.7). m
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Chapter 3

Generalized backward stochastic

differetial equations

In this chapter, we extend the results obtain in chapter 2 to a more general class of
BSDEs where the driver depends not only on the time dt but also on a continuous increasing

process dA; (See [7, 10, IT]).

3.1 The assumptions

The main object is to establish the existence and uniqueness of the solution (Y;, Z;)
under a specific set of assumption with 7" > 0, is the final time and ¢ € L2 (Q, Fr,P, Rk), is

the final condition, such that for all ; > 0, we have
E (exp (1A7) [€]%) < oo,
and the two coefficients

f:Qx[0,T] x RF x R*™4 — RF

g:Qx[0,T] x R¥ — R*
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satisfying the following assumptions for some constants « € R, § < 0, K > 0 and some

adapted processes { ¢y, 1;; 0 < t < T}, with values in [1, 00) , for all (¢,y, 2) € [0, T]xRF x R*¥*d

1. f(.,y,2) and g(.,y, 2) are progressively measurable.
2. & <f0T exp (,szlt> ¢?dt + fOT exp (,Ulet> Qﬂ?dAt) < 0.

3. f is monotone, i.e., there exists a € R such that
(=o' fs,9,2) = f(s,9,2) <aly—y[".
4. ¢ is monotone with § < 0, i.e., there exists § < 0 such that
=o', 9(s9) =g (s,9)) <Bly—yI".
5. f satisfies a Lipschitz condition with respect to z, i.e., there exists K > 0 such that
[f(s,y,2) = [ (s,9,2)| < K]z = 2|

6. [f(s,9,2)] < &+ K (ly[ + [I2[]); |9 (&, 9)] < o + K (ly[ +[I2]]) -

7. y— (f(t,y,2),9(t y)) is continuous for all z.

Definition 3.1 The pair {(Y;, Z;);0 <t < T} is the solution of the generalized BSDE if

(i) B (supnecr Vil + f (ViPdAc+ )12 dt) < oo,

(3.1)
(@) Y =€+ [ f(s,Ys, Zo)ds + [ g(s,Ys) dA, — [ Z,dW,.

The proof of existence is preceded by the establishment of a crucial stability result,
termed the a priori estimate, which asserts that the solution norm is constrained by the

given initial and boundary data.
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3.2 A priori estimation

Proposition 3.1 Standard Estimate: Under assumptions bellow, if (Yy, Z;) is a slution

of GBSDE, then there exists a constant C' = C (u, o, 5, K, T) such that

T T
E(sup wis [t | ||zt||2dt)
0<t<T 0 0

T T
< CE (yg|2+/0 ]f(t,O,O)\2dt+/0 ]g(t,())]2dAt>. (3.2)

Weighted Estimate: Furthermore, for any continuous increasing process A, satisfyig

E (exp (,uflt)> < 00, there exists a constant C' = C' (u, o, 3, K, T') such that

E ( SUp_exp (uflt) Yy + /OT exp (u&) Y. [? dA, + /OT exp (u&) ||Zt||2dt)

0<t<T
T

T

< CE <exp (/LAt> €2 —i—/ exp (,uAt> £ (t,0,0)]* dt —|—/ exp (MA&) g (t,0)? dAt) .
0 0

Proof. The weighted estimate can be established using a similar argument by applying Itd’s

formula to the process exp (uflt> |Yt|2 instead 0f|Y;|2, From It&’s formula ((1.2]) appling to

Y;|?, we find:

T 1 T
W[ = el —2/ V.Y, - 3 x 2/ a(Y., Y.)
0 0
T T
= !5I2—2/ <K,f(s,K,Zs)ds+g<s,1@>dAs—stws>—/ Z2ds,
0 0
Traspose fOT Z2%ds to the right side, we get
T
\Yt\2+/ Z2ds (3.3)
0
T T T
= |¢° - 2/ (Ys, f (5,Ys, Zg) ds) — 2/ (Ys,g(s,Y,) dA,) +2/ (Ys, ZsdW,) .
0 0 0
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Firstly, simplify the scalar product (Y, f(s,Y,Z)) by adding and substructing the term

f(s,0,7), then apply the monotonicity condition for f, we can obtain

<Kf(S7KZ)> = <Y_07f(57Y72)_f(S’OaZ)+f<8707Z)>
< <Kf(57KZ)_f(S7O>Z)>+<Kf(3vOaZ)>
<alY[P+[Y[|f (5,0,2)]

<alYP 4+ [Y]1f(s,0,2) = f(s,0,0) + f (5,0,0)]
from the Lipschitz condition with respect to Z for f, we get
(Y, f(s.Y.2)) < a|Y " + [Y{E | Z]| + |/ (,0,0)[},
with the same method we can simplify the scalar product (Y, g(s,Y"))

Y,9(s,Y)) = (Y = 0,9(s,Y) = g (5,0) + 9 (5,0))
< (Yig(s,Y) = g(5,0)) + (Y9 (s,0))

<BIYT +1Y1lg (s.0)]
After substitution in (3.3, we find:

T T T
|Yt|2+/ IIZS||2ds§|€|2+2oz/ |Ys|2ds+2/ YL (K[| Z]] + | (5,0,0)[}ds
t t t

T T T
28 / Va2 dA, +2 / 1Y, Jg (s,0)] dA, — 2 / (Y, Z,)dW,.
t t t

Using the elementary inequality 2ab < a? + b2, we have:

T T T T
IY;|2+/ ||ZS||2ds§|§|2+2a/ |Y5|2ds+/ |Y;|2ds+/ |f (5,0,0)|* ds
t t t t
T 1 T T
2k [ WiPdse s [ 1Z0Pds w28 [ VA,
t t t

T T T
+/ |Ys|2dAs+/ \g(s,o)2ydAs—2/ Yy, Z)dW,,
t t t
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thus, grouping like terms together, we find

2 1 T 2 T 2
iy 120 s - @) [ vaa,
' T ' T
§\§|2+(2a+2z(2+1)/ |YS|2ds+/ £ (5,0,0)|* ds
t t
T

T
+/ mwﬁW¢@—2/‘&;&mw;
t t

By taking the expectation of both sides,the martingale term vanishes [E ( ftT(Y;, ZS)dWs> =0

and put C' = (2a 4+ 2K? + 1) we obtain:

2 1 g 2 g 2
B+ [ 120705 - 2541) [ 1vPda,)
t t

gEuaﬂ+0E([ﬂan)+E([ﬂf@amﬁ%)+E(le@ﬁWd&>,

we know that

B(vi) <B(ef) + a ( [ 1v.fas)

+]E(/tT\f(s,0,0)|2ds) +E</tT|g(s,0)\2dAs>,

from the Gronwall’s Lemma we get:

E (|vi[*)

<c{mer) < ([ mras) +5( [ 1reo0rs) 5 [ aeori)l,

where ¢ = exp (CT') . Consequently, we deduce:

T T
E(sup |Yt|2+/ | 2, y|2ds+/ \Y5|2dAs)
0<t<T 0 0

gc{E(|£|2) +E</tT|Y5|2ds) +E(/tT|f(s,O,0)|2ds) +E</tT|g(s,0)|2dAs)}.

For the weighted estimate we use the same method of standard estimate. m
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Proposition 3.2 Webut (Y., f,9,4) = (Y =Y. Z-Z' £ —¢, f—f,g— g, A—A). Then,

for any p > 0, there exists a constant C' such that

T
E < sup exp (uk) ’}/}12 +/ exp (k) HZdeS)
0<t<T 0

T
S CEeXp (ukt) ‘E|2 + CE </0 €xXp (/Jlkt) ‘f (t,Y;, Zt) - f/ (tay;ﬁa Zt)‘th)

T T
e ( / exp (ki) lg (£, V) — <t,m>|2dA;> +CE ( / exp (k) |g <t,m|2d||z||t) ,
0 0

where k; = ||A|; + A, ||A|l; denoting the totale variation of the process A, on the interval

[0,77].

Proof. To prove this result in the case where k;,is a bounded r.v. Using It6’s formula 1.3 to

the process exp (uk,) |Y;|”, we have:

T
exp (kr) [V [* = exp () [Tif +2 | exp (k) V..
0

T
+ u/ exp (pks) !75‘2 dks + (exp (uky) , |?t‘2>.
0

We know that (exp (uk:) , }Y}‘z) = fOT exp (uk:) H?t”Z ds, then we obtain

T
exp (pky) ‘?t‘2 = exp (pkr) ‘5}2 - 2/ exp (k)Y dY
0

T T
. / exp (k) |V | i, — / exp (k) ||Z. | ds. (3.4)
0 0

Another side we know that ftT dYy, =Yr =Y, with Y = £ We get:

o _ T_ T . T_
Y—§+/ fds+/ gdAS—/ Zdw..
t t t
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Substituting into equation (3.4)), we obtain:

exp (th) ‘Yt| = €xp (:U’kT> ‘f} + 2/0 €xXp (Nks) <Y87f (57}/87 ZS) - f/ (87}/5/7 Z;)> ds

T T
+ 2/ exp (uks) (Y, g(s,Ys) dAs — ¢’ (s,Y]) dAL) — / exp (k) (|Ys|, ZodWy)
0 0

T T
- M/o exp (pks) |75|2dks - /0 exp (puky) ”73”2618'

More precisely.by substracting and additing the term, we have:

T T
exp (puky) |?t‘2 + ,U/O exp (uks) ‘73‘2 dk "‘/0 exp (piks) H7SH2 ds

—2 T —_
= exp (pkr) €] +2 / exp (piks) <Ys,f(s,Ys,Zs)—f’(s,Y;,Z;>>ds
0
T o T —
+2/0 exp (k) (V. {g (5,Ys) — ¢ (s,Y])} dAL) —2/0 exp (1tks) (Y, g (s,Ys) dAL)

+ 2/0 exp (uks) <73,g (s,Y5) dAS> — 2/0 exp (pks) <‘73} ,7SdWs> )

Distinguishing between the dA, terms and the dA, terms, we get:

exp (uky) !715‘2 — u/o exp (uks) ‘73‘2dk5 +/0 exp (pks) HZSHst

= exp (IukT) |€‘ + 2/(; exp (,Uk's) <Ysa f (87 Y:@a Zs) - f, (87 Y:sla Zé)> ds
T

+2 [ exp(phs) (Ve {g(s,Y2) — g (s, Y])} dAL)

T
+2

J
J

T
exp (jihs) (Vo g (5, Y) dAL) — 2 / exp (jik,) (V. Z,dW,)
0
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Then, by adding and subtracting,the terms f(s, Y/, Z); g(s,Y.) we have

Y R

exp (ko) |?t\2_M/OTexp<ﬂks> |?s\2dks+/Texp (uk) | Z.|[ ds

< oxp akr) [6 +2 [ exp (k) (T 6,02 = 1 (5,102 s

v2 [ exp (uh) (Voo £ (5,Y/, Z0) = £ (5, Y1, 2 d5)

+2 /OT exp (phs) (Yo, 9 (5,Ys) — g (s,Y]) dA,) + 2/OT exp (pks) (Y, 9 (5,Y) — ¢ (5, YY) dA;)

T T
+ 2/ exp (pks) <75,g (s,Y5)d Hsz> — 2/ exp (pks) <75,75dW5> )
0 0

From, the monotonocity condition of f and g, we get:

T T
exp (pky) |?t‘2—,u/ exp (pks) !78‘2d/€5+/ exp (uks) ||Z || ds
0
T
< exp (ukr) €+ 2 [ exp (uh) 7. ds
. B 0
w2 [ e (ub) (Vo f (Y1 2) = (5, Y1, 20 ds
0
T T
[ exp (k) [V a4 [ exp (k) g (5, Y0 — o' (5, Y2) a2
0 0

T

T T
+ / exp (pks) |Y$|2 dl| As || + / exp (pks) |g (s, Y8>|2 dl| As || — 2/ exp (pks) <YS> stWS> .
0 0 0

Applying the Lipschitz condition, with Young’s inequality, we deduce:

T
exp (k) |7t‘2+/ exp (pks) HZ H ds — / exp (uks) |?S|20lkS
0
T
5 [ exp (k) [T a3 [ exp (uk) [T ]
0 0
—2 T — 2 T — 2 - 112
< exp (ukr) [€] +2/ exp (pks) [V ] d8+2K/ exp (uhs) (Vo[ | Z|I” ds)
0 0
T T T
T / exp (juk,) [V ds + / exp (juk,) [V ds + / £ (5.Ya Z) = f' (5. Ve Z2)[ ds
0 0 0
T

T
+/ exp (pks) |g(S,Y;)—g’(8,Ys)|2dA’s+/ exp (pks) g (s, Vo) d || A||
0 0

T
! / exp (jiks) (Vo Z,dW.) |
0

38



Chapitre 3. Generalized backword stochastic differetial equations

we set = 3.and apply inequality 2ab < 2a* + $b%.with a = K |Y,| and b = ||Z, . Since
ki = || Al + A} it follows that
exp (k) }7,5’2—{—/ exp (uks) || Zs H ds
_ T — 1
< exp (pkr) ‘5}2 + (3+2K?) / exp (pks) ‘YS}ZCZS + 5/ exp (pks) HZ H ds
0 0
T T
Jr/ exp (pks) |g (s, Y2) — g (s, Y3)[* dA] +/ f (s,Ye, Z) = [/ (5, Y, Zo)| " ds
0 0

T

T
+ / exp (uks) g (s,Y3)|? d | As || - 2/ exp (pks) (Y5, ZdWy) .
0 0

Finally, we traspose 3 fo exp (pks) HZ H ds in the right side and we but C' = (3 + 2K?), we
have
—p2 1 (7 = 112
exp (piky) ‘Yt| + B exp (pks) ||Zs|| ds
0
-2 T — 12 T ’ 2 /
<exp(pkr) ||+ C | exp(uks)|Ys| ds+ [ exp(uks)lg(s,Y:) — g (s,Ys)| dA,
0 0
T A T ,
[ e (k) lg (VORI + [ 15 (Y2 - (5. Ve Z) s
0 0
T — —
—2/ exp (uks) (Y, Z dWy) .
0
The result follows by taking the expectation without the sup term. Then, by taking the

expectation inside the sup and applying Gronwall’s lemma, the final result follows from the

BDG’s inequality. m

3.3 Existence and uniqueness results

Now, we establish the fundamental theorem for the existence and uniqueness of the solution.
To achieve this, we impose a regularity condition on the coefficients. Specifically, we assume

that the functions f and g are Lipschitz continuous with respect to the variable y. Namely,
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there exists a positive constant K such that the following inequality holds

(L) |f (ty,2) = f(t, 9, 2) +1lgty) —gt,y)| < Kly—41]; Vt>0; y,y/ €R" as

Theorem 3.1 Under the assumptions (1), (2), (5), (6) and (L), the generalized BSDE (3.1l

has a unique solution (Y,Z) € B? (Rk) )

Notation 2 Let M, (A) denote the set of progressively measurable processes (Xy),s, which

are such that

T T
E (/ exp (nA;) | Xo|? dt + / exp (nA;) | X,|? dAt> < 00.
0 0

Mi the same space without the second term.
We define B2 £ (M2 (A))k X (Mi)md.

Proof. Let the fuction ® : B2 — B2, which is defined as follows. Given (U,V) € B such

J73

that (Y, Z) = ® (U,V), then we have
T T T
Yi =£+/ f(s,Us,Vs)dH/ g(s,Us)dAs—/ ZdW, 0<t<T.
t t t
Taking [E (-| F;) of the last equation yields

Y;:E(YH}Q)

T T
—E(£+/ Fs.UaVoyds+ [ g(s.00)dA,

7).

By virtue of Proposition the uniform integrability of the martingale M, = fg ZdWy
ensures that E(Mr — M;) = 0, and by the Brownian martingale representation theorem,

there exists a unique square-integrable and adapted process (Z;),-, such that:

t
]-'0) +/ ZsdW,
0

T T
YFE(“/O f<s,Us,vs>ds+/o g (5.0,) dA,
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we deduce:
T T t
Y, —E (5+/ Fls.UnVds+ [ g(s,Us>dAs) v [ zaw,
0 0 0
In addition, we observe that:
T T T
ve-B (e [ evidst [CgGuan) s [ zaw,
0 0 0
Furthermore,a direct calculation yields:
t T
Y, —Yr :/ ZsdW —/ ZdWs.
0 0
Thus

T
Yt =Yr _/ stWs7
t

T
]-"T) —/ ZsdW
t

T T T
e+ [ revvydst [ u)da - [ zaw.
t t t

T T
=E(§+/ Fls. UV ds+ [ g(s,U)da,

Then, from it6 formula (T.3) to the process exp (uA,) |Y;|?, we have

T T
exp (uA) [Vl + 1 / exp () Vil dA, + / exp (uAL) | 2| ds
t t
T
= oxp (uAr) [¢[2 + 2 / exp (1A,) (Y, f (s, U, V) ds)
t

T T
e / exp (uA,) Yy g (s,U,)) dA, — 2 / exp (1A,) (Yo, Z,dWV,)
t t
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Taking the expectation on both sides of the inequality, we obtain:

B (exp o) )+ [ e uad v aa, ) + B ( [ e (u 1207 a5 )
< E (exp (uAr) |€]*) + 2E (/tT exp (pAs) (Y, f (5,Us, V5) ds>) (3.5)

T
+28 ([ e (u) (Vg (s, U} aA).
t
Consider the following inner product term:

(Yoo f (5, U, Vo)) < S IV 4 5 If(s U, Vo)I*

r—t[\:Jlr—\

5 Vel +5 If(s Us, Vi) = £ (5,0,0) + £ (5,0,0)|?

< S 1 (5,00 V) = £ (5,0.0)F + £ (5,0,0)1,
from the assumptions (5) and (L) we get

(Yo, f(5,Us, Vo)) < S IVl* + K2 (U + VAIP) + 1 (5,0,0),

[\.'JIH

by using the assupmtion (6)

(Y, f (5, U, VA)) < S |YLl + K2 (JUSS* + Vi) +

l\.’)lr—t

The same with the scalar product (Ys, g (s, Us)) we deduce

Y, + K2 |UJ* + 2.

N —

(Y, 9(s,Us)) <
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Back to inequality (3.5)), we get

E (exp (1A Vi) + (4 — D E < / " exp (uA) wdAs) TE ( / Cexp (i) HZSHst)
<8 e (1) ) + 678 ([ xp ) 0 s) + %8 ([ xp o) 12 as)

T T T
+E (/ exp (uAS)qugds) + K’E (/ exp (uAsy) |US|2dAS) +E (/ exp (uAs)q/deAs> :

(3.6)

By invoking Fubini’s Theorem, assumption (2), and the fact that (U, V') € IB%Z, the application

of Gronwall’s Lemma, we get
B (exp (nA) [Yo[*) < Ayexp (T — 1), (3.7)
with A defin as

T T
Ay =E (exp (pAr) |§|2) + K°E (/ exp (1Asy) |Us|2ds> + K°E </ exp (uAsy) |V;|2ds)

T T T
+E (/ exp (nAs) ¢§d$> + K’E (/ exp (1A,) |U? dAS) +E (/ exp (uAs)wfdAs) :
¢ ¢ ¢

Consequantly, by applying Fubini’s theorem and substituting the estimates (3.6 and (3.7))

with = 2, we have

T
B (exp (1) ) + B ([ exp (uA) 127 d5) < o0
t

Hence, we deduce that the couple (Y, Z2) € ]B%i is a solution to the equation if and only
if it is a fixed point of the operator S,let (U, V), (U',V') € B%; ®(U,V) = (Y,Z) ,and
U, V') = (Y, Z")with (U,V) = (U-U",V-V')and (Y,Z) = (Y -Y',Z—Z') and

we know that { f(f exp (nA) (Y, ZSdWS)tZO} is a martingale unifomly integrable. For each
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v € R we have from It6’s formula that

@ (exp (vt + py) [Vi[) = d (exp (48) exp () [Fi]*)
= yexp (vt) exp (1A) |?t}2 dt + pexp (nA;) exp (1) ‘ZF dA,
+ 2exp (1) exp (nAy) |Vi| dY; + d (Y1, Yr)
with
dY; = — (f (U, Vi) — f (UL, V) dt — (g (Uy) — g (U))) dAy + (Zy — Z7) AW,

where d <7t, 7t> = HZtHQ dt. Then, we get the integrale form

T
exp (vt + pA) [YVi]* + / exp (s + iAy) |7 Vo[ ds + u[ V[ da,]
T
= / exp (5 + ) (V. (f (Us, Vi) = £ (UL V1)) ds
T
2 / exp (v5 + 1A5) (Vo (g (UL) — g (U1)) dA,

- T
— 2/ exp (vs + pAs) <75775dWs> - / ”75”2 ds,
¢ t

we also have that

T
exp (vt + pdy) IVt}2+/ exp (v + pAy) |7 Vo[ ds + u[V|" da,]
t
T
< 2/ exp (7 + A [V If (U V) — f (U, V)] ds
t
T
o / exp (75 + pAy) [V] |9 (U) — g (U7)) dA,
t

T T
9 / exp (vs + pAs) (Yo, ZodW,) — / .| ds,
¢ t
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from the Lipschitz assumption (L), we get

T
exp (vt + pAy) [YVi[* + / exp (s + uA,) |7 Vo[ ds + u[V[* aa,]
t
T
§2K/ exp (75 + A [T] (7] + 7] ds
t
T
+ QK/ exp (s + pAs) |?S| !US‘ dA,
t

- T
— 2/ exp (vs + pA,) (Y, Z,dW,) — / ”25”2 ds.
¢ t

Using the inequality ab < ‘12—2 + %, and by the passage of expectation, we deduce

T
E (eXp (vt + pAy) ‘th) +E (/ exp (s + pAs) [fy ‘75‘2d5 + i ‘78‘2dA3 + HZSHQCZS])
t
T
<E (/ exp (s + pAsy) ‘73‘2 [4K2d8 + 2K2dAS})
t

+38 ([ e st [([0 + V) ds] + [0 aa.).

Taking v > 1+ 4K? and > 1+ 2K?2, we deduce:

B (/tTexp s+ ) [(77 + 1)) ds |78\2dA5D

1 r =12 15 |12 = 12
< B (/ exp (s + pAy) | ([T, + V| ds] + [T dAS),
t

from which it follows that ® is a strict constraction o ]B%i equipped with the norm

1
2

2, = B ( [ Cexp (9 ) [(U + [VaIP) ds] + . da, )

Next, we prove the existence and uniqueness of generalized BSDE (B.1]) under the monotone

conditions.

Theorem 3.2 Under the conditions (1) — (7), the generalized BSDE ([81) has unique solu-

tion.
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Proof. Uniqueness has been established in proposition[3.2for ¢ = ¢, f = f,g=¢, A= A,

implies that:

T
E ( sup exp (pky) |Y;|? —|—/ exp (pky) ||7tH2d8> =0Y=Y'and Z=27, Pp.s.
0

0<t<T

For the proof of existence, we need firstly the following proposition. =

Proposition 3.3 TakingV € (MQ)kXd, there exists a unique pair of progressively measurable

processes (Yy, Zt),~q such that

(i) B (supoecr Vil + J Vil dA+ f) 1 Z)2 dt) < oo,

(i) Yo=¢+ [ f(s,Ys, Vi)ds + [ g(s,Ys)dA, — [ Z,dW,.

Proof. The uniqueness of the solution has already been established in proposition [3.2, We
focus here on proving the existence of a pair of progressively measurable processes(Y, 7). We

shall write f (s,y) for f(s,y,Vs). Note that f (s,y) satisfies

a) B (fOT l, f(s,())|2 dt> < 00;
)y =y f(s.y) — f(s,9) S aly—y[;
). |f(s,y,2)| < &, + K (Jy| + [|2]]) , where E <fUT exp (1A:) (¢)? dt) < 00;

d).y — (f(t,y,2),g(t,y)) is continuous, dP x dta.e.

Step 1: Approximation of the generators f and g¢: Since f and g satisfy the monotonic-

ity conditions but are not necessarily Lipschitz continuous, we use an approximation argu-

ment. For each n € N, we define

Jals. ) 2 (o * f(6) (W) gn(s,y) = (pnxg(t, ") (y),

fn and g, be a sequence of Lipschitz continuous functions (e.g., via convolution with a Dirac

sequence p,)

pn:Rk_)R+7
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and satisfies

/pn (2)de = 1, sup/|x|pn (2) dz < oo,

that converge to f and g respectively. According to Theorem [3.1], for each n, there exists a

unique solution (Y, Z™), to the following approximated generalized BSDE

T T T
=gt [ heyast [as v [ zan, osist
t t t

has a unique solution which satisfies

T
E < sup |Yt"]2+/ HZfH2dt) < 00,
0

0<t<T

Moreover, using Ito’s formula for the process |Y;"|* we get

T T
Yo = (e 42 / (V7 Fu (5, Y)Y ds) + 2 / (Y, g (5, V7)) dA,

T T
2 [ orziawy - [z s
t t

and like ftT (Y, Z"dWs), is a uniformly integrable martingale. Thus, from Lemma it

follows that

E (|Y"*)+E (/tT ||Zg||2ds) =E (|¢°)+2E (/tT (Y, fo (s, Y1) ds>)+2E (/tT (Y7, gn (5,Y7)) dAS> .

From the conditions (b) for f and (4) for g, we obtain

E (Y +E (/tT ||Zg||2ds) <E(|¢f°) +2E (/tT (Y7, fo (5, Y7) = fo (5,0) + fu (5,0) ds>)
#28 ([ 0000 (572 = 50 5:0) 40 5.0 4.

T T
<E(|é) + 20E </t m"\?ds) LR (/t V2| x | (5,0) ds>

T T
vagm ([ ivrran) vom ([ v o))
t t
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Using Young inequality, then we have

E(Y"f)+E (/T ||Zg||2ds) <E(|¢]*) +20E </T |Y;"|2ds> +E (/T |Ys”]2ds)
+E (/T | fn (3,0)|2ds) + 28E </T |Ys”|2dA5)
+E (/TmnﬁdAs) 1E (/T|gn (s,o>|2dAs).

Hence

T T T
B (v )+ ([ 1zzRas) +iois ([ weraa) scies ([ nrpaa)],

and from this, Gronwall’s Lemma and the Burkholder inequalities, we have that

T T
E ( sup |Y;")? —i—/ Y[ dA, +/ HZt”H2dt) < 0.
0<t<T 0 0

Step 2: Uniform estimates and weak convergence: By applying the a priori estimates

from Proposition it can be shown that the sequences (Y™"), .y and (Z"), .y, are uniformly
bounded in the spaces L? (Q; (C[0,T],R*)) and L? (Q x [0, T];R¥*?) respectively. Further-

more, let us define the auxiliary processes:

Uféfn@»zn)v Vinégn@aytn)'

By the assumptions on f and g, these sequences are also uniformly bounded in L2. Con-

sequently, by the Banach theorem, we can extract a subsequence (still denoted by n) such

that:
(Y™, Z") — (Y, Z) weakly in L?(Q x [0,7T]);

U" — U weakly in L% (dPxdt) ;
V™ — V weakly in IL? (dPxdA;) .
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It is then easy to deduce that
T T T
Yt:£+/ Usd5+/ VsdAs—/ Z AW, 0<t<T.
t t t

Step 3: Identification of the Limits: The final and most critical step is to prove that

U = f(t,Yy) and V; = ¢(t,Y;), Since the generators are non-linear, weak convergence
(Y™ —Y) does not immediately imply f (Y") — f (V). Applying It&’s formula to the process

exp (at) |Y;"[?, and taking the expectation, we have:

B+ B ([ oo 217 ds)
=8 (e ar) i) <28 ([ @ —ava) e ([ rviea).

Recall the monotonicity conditions (3) and (4). For any test process X € M? ([0,7];R"),

we have:

T T
E (/ exp (o) (Y7 — Xy, fo (6, Y7) = fo (5, X)) dt) < ol (/ Y — Xﬁdt) .
0 0

By utilizing the fact that the norm is weakly lower semi-continuous in Hilbert spaces, specif-

T T
E </ exp (at) ||Z:H2ds) < liminf & (/ exp (at) ||Z;‘H2ds) :
¢ nmee ¢

And combining this with the weak convergence of U™ and V", we pass to the limit as n — oo

ically:

to arrive at the fundamental inequality:

E/T exp (at) (Vs — X0, Uy — (£, X0, Z) — o (Vi — X)) dt
0

+E /T exp (at) (Y — Xy, Vi — g (¢, X3)) d Ay (3.8)

<0
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for any progressively measurable process X, let us choose X; = Y; — €¢,;, for an arbitrary

bounded process ¢ and € > 0. Substituting this into inequality (3.8)) yields:

T T
eE/O exp (at) (¢, Uy — f (£, Yy — €py, Z4) — (e¢t))+E/0 exp (at) (¢, Vi — g (t,Y; — epy)) dA, < 0.

Dividing the entire inequality by € and letting ¢ — 0, and invoking the continuity of f and

g (Assumption (7)), we obtain:

T T
E/ exp (at) <¢ta Ut - f (ta Y%v Zt)) + E/ exp (O-/t) <¢t7 ‘/;f —4g (t7 }/t)> dAt S 0.
0 0

Because this inequality holds for both ¢ and —¢, the integrand must vanish a.s. Therefore:
Ut:f(tvytvzt)a W:gn(tn)

This completes the proof that (Y, Z) is the solution to the generalized BSDE under the given
monotonicity conditions. m

Proof. of Theoreme [3.2, we have

(i) B (supocyer [V + fy V2 dd, + [ 1Z)7 dt) < oo,

(3.9)
(i) Yo =&+ [, f(s. Yo Vi) ds + [ g(s,Y2) dA, = [ Z,dW,.

We sall use the natation B?.with the help of proposition ,we constract a mapping @ : B* —
B? —, which to (U, V) € B? associates (Y,Z) = ® (U, V), the solution of generalized BSDE
B9). Although the first component U of the pair (U, V) is not needed in order to constract
(Y, Z), it is convenient to consider the mapping (U,V) — (Y, Z) in making a fixed point
argument. Let (U, V), (U, V') € B?

Y, 2)=@(U,V), (Y,2)=a (U, V"),
U V)y=wu-v,v-v), Y, 2)=Y-Y,Z-2).
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It follows from It6’s formula that

exp (vt) E ‘7t|2 +E (/tT exp (7s) <fy ‘73‘2 + ||75||> ds)
< 9B (/tTexp () (a7 + K [T + |7.) ds)
< %E (/tTeXp (95) (o + K2 [V + [|[7.]*) ds) .

Choosing v =1+ 2 (o + K?), we deduce that

2 ([ ewi (7. 4 1Z00) s ) < 38 ( [ e 0) (0 + [V ar).

and we have proved that ® has a unique fixed point, which satisfies generalized BSDE (3.9)).

o1



Conclusion

This dissertation provides a rigorous analysis of generalized backward stochastic differ-
ential equations that incorporate an integral with respect to a continuous non-decreasing
process. By applying It6’s formula and appropriate fixed-point theorems, we establish the
existence and uniqueness of the adapted solution pair (Y}, Z;). Beyond the theoretical frame-
work, the main contribution of this work lies in providing a mathematical guarantee that a
terminal payoff £ can be replicated or achieved through a proactive control strategy Z;. This
approach not only mitigates the impact of stochastic market fluctuations but also accounts

for the irreversible cumulative costs modeled by the process A;
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Appendix A

Some mathematical tools

Theorem A.1 (Brownian martingale representation [{l]) Let (M), be a square in-
tegrable with respect to the filtration generated by a Brownian motion W .Then ,ther exists a

unique progressively measurable process Z € M? (RkXd) such that:
t
Mt:MO—i—/ M, dWs, P —a.s forallt € [0,7T].
0

Theorem A.2 (Banach fized point [5]) Let (E,d) be a non-empty complete metric space
(a Banach space) and let ®: E — E be a contraction mapping, i.e., there exists k € [0,1)

such that for all (u,v) € E?
d(®(u) — P (v)) < kd(u,v).

Then, ® admits a unique fized point u* € E such that ® (u*) = u*.

Theorem A.3 (Doob’s ¥ inequality [2]) Let (M), be a square-integrable martingale.
For anyT >0

E ( sup ]Mt]) <J4E (\Mt\z) :

0<t<T

Theorem A.4 (Fubini’s theorem []])Let (2, A1, 1) and (2, Az, p2) be two o-finite

measure spaces. If f(x,y) is a non-negative measurable function, or if it is integrable with
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respect to the product measure (f € L' (g X o)), then:

/91 ( Q2f(x,y)du2 (y)> dpn () = /Q ( . fl,y)dm (y)> dpis ().

Lemma A.1 (Fatou’s inequality []])Let (X,), .y be a sequence of non-negative r.v’s de-

neN

fined on a probability space (2, F,P). Then

E [hm inf Xn] < liminfE[X,].

n—oo n—oo

Theorem A.5 (Burkholder-Davis-Gundy Inequality [4|]]) Let (M;),., be a local mar-

>0
tingale starting at zero Mo = 0, For any p € (0,00), there exist universal positive constants
¢, and C,, depending only on p, such that:

B (M M)}?| <B { sup yMt\p} <GB (M )77,

0<t<T

In prticular, for a stochastic integrale fot ZsdWs and p = 2 the inequality is closely related to

the Ito isometry.

Lemma A.2 (Gronwall’s inquality [9]) Let H (t) a contiuous and non-negative function
Jor any t € [0,T] we have:
t
H(t) < a—l—b/ H (s)ds,
0

such that a,b a constants, where b > 0 we obtain
H (t) < aexp (bt).

Lemma A.3 (Young’s Inequality) Let a,b be a real numbers non-negative, if p,q > 1

are two reals numbers such that % + % =1, then we have the following inequality

al b
ab < — + —.
p q
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Furthermore, for any € > 0, the inequality can be expressed in the following e—version, which

18 particularly useful for stochastic estimates:

ab < ea? + C (e) V1.

where C (¢) = ——. In the specific case where p = q = 2, the inequality takes the form:

q(pE)%

b2
ab < ea® + —.
4e

Lemma A.4 (Hoélder’s inequality [1]) Let p,q > 1,be conjugate exponents such that
% + % = 1.For any two r.v's X € LP(Q,F,P) and Y € L1(Q,F,P), their product XY

18 integrable, and the following inequality holds
1 1
E[XY|] < (E[X[])r &Y]])".

In the particular case where p = q = 2, this inequality reduces to the Cauchy-Schwarz in-
equality:
B (XY | < B[|IXP]E Y],
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Abstract

This dissertation investigates a class of generalized backward stochastic differential equations
(GBSDEs for schort) driven by an stochastic integral with respect to a continuous increasing
process. The main objective is to establish the existence and uniqueness of the solution (Y, Z).
The analytical approach relies on deriving a priori estimates and applying the Banach fixed-
point theorem within appropriate Hilbert spaces. Our results demonstrate that well-posedness
is guaranteed under both Lipschitz continuity and monotonicity conditions for the drivers,
providing a rigorous mathematical framework for analyzing such complex stochastic systems.

Keywords: GBSDEs; Increasing process; Existence and Uniqueness; Lipschitz condition;
Monotonicity conditions.

Résumé

Ce mémoire examine une classe d'équations différentielles stochastiques rétrogrades
géneralisées (EDSRG) caracterisées par un intégrale stochastique par rapport a un processus
croissant continu. L'objectif central est d'établir I'existence et I'unicité de solutions (Y, Z).
L'approche analytique repose sur I'établissement d'estimations a priori et I'application du
théoreme du point fixe de Banach dans des espaces de Hilbert adaptés. Les résultats prouvent
que le caractére bien posé de ces équations est assuré sous des conditions de Lipschitz ainsi
que sous des conditions de monotonie des générateurs.

Mots-clés : EDSRG; Processus croissant; Existence et Unicité; Condition de Lipschitz;
Conditions de monotonie.
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