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Abstract

This thesis investigates the existence and uniqueness of solutions for a coupled nonlinear pseudo-
hyperbolic system with Neumann and integral boundary conditions. We first establish a priori
estimates for the associated linear system and prove that the range of the operator generated by the
problem is dense. Then, by applying an iterative process based on the results obtained for the linear
system, we establish the existence, uniqueness dependence of the weak solution for the nonlinear
problem.

In the numerical part, the Homotopy Analysis Transform Method (HATM) is employed to ob-
tain approximate solutions. An iterative scheme is constructed based on HATM, and its effective-
ness is illustrated through numerical examples, including tables and graphs, which confirm the
efficiency of the method in solving coupled systems of differential equations.

Keywords:

Coupled nonlinear systems, Weak solutions, Energy Inequality Method, Homotopy Analysis
Transform Method (HATM), Nonlocal boundary conditions.




Introduction

Partial differential systems constitute one of the most significant areas of contemporary math-
ematical research, having witnessed remarkable advancements over the past decades. They have
become indispensable tools for modeling complex phenomena in physics, engineering, and applied
sciences [1]. The increasing interest in these systems is largely due to their capability to describe
dynamics with long-term memory effects and nonlocal interactions-features . Notably, such equa-
tions have found prominent practical applications, including the modeling of heat transfer in hetero-
geneous materials and the analysis of the motion of charged particles in intricate electromagnetic
fields. In these contexts, the solutions of partial differential systems provide insights that surpass
those obtainable through traditional modeling approaches [2].

Amidst these developments, the study of differential equations subject to integral (non-local)
conditions has attracted considerable attention. Such conditions provide a crucial extension to
classical mathematical models, particularly in situations where direct boundary measurements are
infeasible or only averaged or aggregate data are accessible. One of the pioneering contributions
in this area was made by Cannon [3], who employed integral conditions to analyze heat transfer
in metallic materials via heat-section equations. This foundational work paved the way for sub-
sequent studies, including significant contributions by Lonkin and Yorshuk [4, 5], who applied
sophisticated techniques such as the Fourier method and energy estimates to rigorously investigate
the existence and uniqueness of solutions in these systems. More recent research [6] has further
extended these analyses to encompass nonlinear coupled systems, highlighting the growing com-
plexity and applicability of differential equations with non-local constraints.

From a theoretical standpoint, considerable research efforts have been devoted to investigat-
ing the qualitative properties of such equations, with particular emphasis on establishing the exis-
tence and uniqueness of solutions. To this end, a variety of powerful analytical techniques have
been employed, including fixed-point principles and the Lax--Milgram theorem [7]. Among these
approaches, energy estimate methods originally introduced in the pioneering works of Petrovsky
[8] have proven to be especially effective and have become a fundamental tool in the analysis
of systems subject to integral boundary conditions. Over time, this framework has been signifi-
cantly developed and extended, enabling the treatment of a broad class of differential equations, as
demonstrated in [9].

To address the inherent difficulties in solving nonlocal coupled systems, a variety of advanced
numerical techniques have been developed in recent years to produce highly accurate approximate
solutions. These approaches can be broadly classified into two main categories: classical methods,
such as the Finite Element Method (FEM) and the Finite Difference Method (FDM), and modern
analytical-numerical methods, including the Adomian Decomposition Method (ADM) [10], the
Homotopy Analysis Method (HAM) [11], and the Homotopy Analysis Transform Method (HATM).

Among these, the HATM represents a significant advancement in the numerical treatment of
differential equations. It combines the strengths of the classical homotopy analysis framework with
integral transform techniques, leading to a more efficient and flexible solution procedure. The core
idea of this method consists in transforming the original problem into a more tractable form, which

vi




enables the construction of a convergent sequence of iterative approximations to the solution.
This approach is particularly distinguished by its ability to accelerate convergence, improve

the accuracy of the obtained solutions, and provide a high degree of flexibility when dealing with

complex and nonlinear systems. Consequently, the HATM has emerged as a powerful and reliable

tool for the analysis of nonlocal coupled differential systems [12].

In this thesis, we are concerned with the study of a nonlinear coupled system of the form:

Uy —~(xug),—x(xu) +2v+u,=f(x,t,u,v,u,v,),
vi—5 (x0v), =1 (x0) + 2u=g(x, 1,1, v, u,, ),

1§ ulx,0)=pi(x), u(x,0)=py(x), (1)
v(x,0)=1,(x),

| u (1,8)=0, v,(1,2)=0, folxudsz, folxvdx:O,

where: Q=0x[0,T]={(x,1):0<x<1,0<t<T}.

The functions f and g are L? (0, T;L;(Q) given Lipschitzian functions, for all (x,¢) € Q. The
functions ¢, v, and ¢, are in H pl(Q), and z,, z, are positive constants. In some physical problems,
u is the displacement, v is the difference absolute temperature, f is an external force, g is a heat
supply. The present coupled system provides a suitable framework for applying the Homotopy
Analysis Transform Method (HATM) to obtain approximate solutions, subsequent to proving the
solvability of the system through the energy inequality method. This approach aims to emphasize
the capability of the proposed techniques in effectively addressing complex nonlinear systems.

Chapter One: This chapter lays the theoretical foundation of the study by introducing the

necessary function spaces together with their definitions and norms. It also presents the key lemmas
and inequalities that will be employed in the subsequent analysis. Moreover, particular attention is
given to the relationship between orthogonality and density in Hilbert spaces, along with an outline
of the energy inequality method.
Chapter Two: We study the solvability of a nonlinear coupled system arising, for example, in heat
conduction models involving both thermodynamic and conductive temperatures. The associated
linear system is first reformulated within an operator framework. An a priori estimate, in the form
of an energy inequality, is established, leading to the uniqueness of a strong solution.

Next, we demonstrate that the range of the corresponding operator is dense, which allows us

to infer the existence of a strong solution. Building upon these results, an iterative procedure is
employed to address the nonlinear problem, through which the existence, uniqueness of the weak
solution are established.
Chapter Three: In this chapter, we construct an iterative scheme based on the Homotopy Analysis
Transform Method (HATM) to approximate the solution of a singular linear pseudo-hyperbolic cou-
pled system. The performance of the proposed approach is highlighted through two representative
examples, demonstrating its accuracy and computational efficiency.

Finally, we highlight the principal findings and discuss the overarching conclusions derived
from the study.




Notation

Symbol Meaning
<, Linear operators.
D(L) Domain of definition of the operator L.
R(L) Image of the operator L.
L; (9) (S)pace of square integrable function u with weight function p, defined on
HAM Homotopy analysis method.
HATM Homotopy Analysis Transform Method.

H(Q) A weighted Sobolev space
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Chapter one

Preliminaries and functions spaces
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Preliminaries and functions spaces Chapter one

This chapter presents function spaces, their norms, and the fundamental inequalities and tools that
will be used throughout this thesis.

1.1 Functions spaces

Definition 1.1.1: See[15] p

e denote by L?(2) the space of square-integrable functions on Q. A complex-valued function
u on £ is square-integrable if it is measurable and satisfies |u|*> € L'(€2). The norm in L?(Q)

is given by:
| well L2y = (J |u(X)|2dx) )
Q

Definition 1.1.2: See[19, 16] p

o investigate the problem under consideration, we introduce the necessary function spaces.
We denote by L;(Q) the Hilbert space of weighted square-integrable functions, endowed
with the inner product

(u, v)Lg(mz(xu, V)LZ(Q)zf xuvdx, (1.1)
Q
with associated norm
||u||i%(m=IIEuIIiZ(m:(Lxuzdx) : (1.2)

The space H ;(Q) denotes the weighted Sobolev space with norm:
Let L?(0, T; L;(Q)) be the space consisting of all mesurable functions:

u:[0,T]— L;(Q) with scalar product:

T
(u, U)LZ(O,T;Lf,(Q)) :f (u, V)Lf,(fz)d t, (1.4)
0

associated with finite norm

T
2
||u||L2(o,T;L§,(Q)) :Jo ||u||L]29(Q)‘ (1.5)

The space L?(0, T; H ;(Q)) consists of all functions that are square-integrable in the Bochner
sense, with inner product

T
(u, V)Lz(o,T;H,}(Q)) :J (u(, 1), v(, f))H,}(Q)d L, (1.6)
0
and the associated norm is given by
T T
||u||Lzm,T;H,;m=L s Oy g e + L e, DI, gyt (1.7)




Preliminaries and functions spaces Chapter one
1.2 Lemma and Some Inequalities
Lemma 1.2.1: Gronwall's lemma (See [16]) ~
et fi, f>, and f; be nonnegative functions on the interval [0, T'], with f; and f, integrable on
[0, T], and f; bounded and nondecreasing on [0, T']. Let C be a positive constant. Then, the
inequality
t
f Am)dr+ fi(r) < e fi(2), (1.8)
0
is a direct consequence of
t t
f fl(T)dT+fz(t)§fs(t)+Cf f(r)dr. (1.9)
0 0
J

We need the following Cauchy-¢ inequality (see [16]):

ab<faz+ib2 Ye>0 (1.10)
2 2 ' '

where a and b are positive numbers.
For our purposes, we employ Poincaré-type inequalities (see [16])

b3
2 2
2 b?
320 < IS0 (1.12)
||‘3x(§u)||iz)(m< b 13 W72y (1.13)
b2
2 2
llulx, Dll}zq) < i llux(x, Dl 720y (1.14)
b2
2 2
w0, )l < T v (3, Ol (1.15)

where: §,(£v)= ["Eu(E, 0dE,  2Ev)= [ [Fnvn, Hdn.

1.3 The Relationship between Orthogonality and Density in Hilbert
Spaces

rroposiion |

Let M be a vector subspace of a Hilbert space H. Then, M is dense in H if and only if
Mt ={0}.
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Chapter one

Part 1: Assume M is dense in H. Let f € H, and suppose {f,} is a sequence in M
converging to f. For every n €N, we have:

{fsfadu =0.

Taking the limit as n — 0o, we obtain (f, ) =0, which implies f =0. Thus, M+ = {0}.
Part 2: Conversely, assume M+ = {0}. Then:

(MY ={o}' =H.

Since M C (M), it follows that M € H. Moreover, (M+)* C M implies (M*)* = M.
Combining these results, we have:

M'CM — HCM.

Therefore, M is dense in H.

1.4 The Energy Inequality Method

(See [8]) The Energy Inequality method, also known as a priori estimates, is an important math-
ematical framework for solving boundary value problems for differential equations, particularly
Cauchy problems for hyperbolic equations. This method was developed by E. G. Petrovsky. The
fundamental idea consists of transforming the problem into an operator form and analyzing the
behavior of the solution through norm estimates.

First, the problem is formulated in the operator form:

Lu=%, YueD(L), (1.16)

where the operator L maps from a Banach space B to a Hilbert space H. The uniqueness of the
solution is then studied by establishing the following energy inequality:

llullg < cllLully, (1.17)

This inequality bounds the norm of the solution u in terms of the norm of Lu, and is typically
derived by multiplying the equation under study by an operator M u (which involves u, its deriva-
tives, and a suitable weight function) and performing the necessary computations. The choice of
M u depends strongly on the specific equation and the boundary conditions.
It is then shown that L admits a closure L, so that the solution u can be regarded as a strong
solution of the equation:
Lu=2%, ueD(L) (1.18)

the inequality (1.17) is extended to the closure L, yielding:
lullg < clLully, (1.19)

which confirms the uniqueness of the solution to equation (1.18).

To guarantee the existence of a solution, the image of the operator L must be both closed and
dense in the Hilbert space H.

Explanation of the Existence Proof: To prove existence, we employ the energy inequality
(1.19) together with the properties of the operator L. We analyze the image of L, denoted by Im(L).

4



Preliminaries and functions spaces Chapter one

If this image is closed in H (meaning that any convergent sequence of outputs in H belongs to the
image) and dense (meaning it is sufficiently rich throughout H), then the given data Z for the
equation Lu =.Z is compatible with the operator L.

Under these conditions, the energy inequality ensures that the mapping u — Lu admits a
bounded inverse on its image. Consequently, the equation Lu = .Z can be transformed into a
suitable framework to guarantee the existence of a solution u € D(L). In other words, if the data Z
is consistent with the nature of the process represented by L (expressed by closedness and density),
then the energy inequality ensures the existence of a solution that is properly bounded and well
defined.

1.5 Homotopy Analysis Transform Method

Definition 1.5.1 )

In the framework of the Homotopy Analysis Method (HAM), the homotopy function is
defined as a continuous mapping that deforms an initial approximation of the solution into
the exact solution of a given nonlinear problem.

Let us consider the nonlinear problem:

N u(x, £)]=0, (1.20)

where .4 is a nonlinear operator.
The homotopy function is constructed as follows:

H(u,p)=Q—p)ZLlu—u)|+phANu]=0, pel0,1], (1.21)

where:

* p €[0,1] is an embedding parameter,

* uy(x, t)is an initial approximation of the solution,

* % is an auxiliary linear operator,

» ¥ is the original nonlinear operator,

* 71 #0 is a convergence-control parameter.
The main idea of the homotopy is based on the following properties:

* When p =0, we have

H(u,0)=%u—uy]=0 = u=u,. (1.22)

* When p =1, we obtain

H(u,l)=faA{u]=0 = A u]=0. (1.23)

Thus, the homotopy provides a continuous deformation from the initial approximation
to the exact solution u of the nonlinear problem, see[14].
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Definition 1.5.2

The Laplace transform . of the ordinary derivative of integer order n of a function u(x, )
is defined as:

n n—1
< [8 o u(x, t)] =s"L{u(x, t)}—; s B (x,0), (1.24)

where u'®(x,0) denotes the k-th derivative of u(x, t) evaluated at ¢ =0.

J
Consider the following ordinary differential equation of integer order:
n
e u(x,t)+R(u(x,t)+N(u(x,t))=F(x,t), neN, (1.25)
where u(x, t) is a differentiable function, % is the ordinary derivative of order n, R is a linear

differential operator, N denotes a nonlinear differential operator, and F(x, t) is a known source
function.
Applying the Laplace transform to both sides of equation (1.25) gives:

s"L{u(x, t)}—ni s Bk, 00+ L{R(u(x, 1))+ N(u(x, t))} = L{F(x, t)}. (1.26)
k=0




Chapter two

Existence and Uniqueness of Solutions
for Linear and Nonlinear Problems

;\'f;
A9

Contents
2.1 Reformulation of the linear problem .................. .. vt 8
2.2 Uniqueness of the Solution to the Linear System . .................... 9
2.3 Existence of Solutions to the Linear System ................0000u... 13
2.4 Existence and Uniqueness of Solutions for the Nonlinear System ......... 17




Existence and Uniqueness of Solutions for Lir rnd Nonlinear Problems Chapter two

2.1 Reformulation of the linear problem

We consider a linear singular pseudo-hyperbolic coupled system of the form:

0? 1 1
zl(u)v): u+__(xux)x__(xux)xt+zlv+ut:f(x’t)»
at? X X (2 1)
v 1 1 '
Z(u, v):E"'_;(xvx)x_;(xvx)xt-i_ZZu:g(x’ £),

associated with the initial conditions:

Liu=u(x,0)=¢(x), lru=u,(x,0)=p,(x),

(2.2)
v =v(x,0)=1y,(x),
and the Neumann and integral boundary conditions:
1 1
u,(1,t)=0, vx(l,t)zo,f xudx=0, f xvdx=0. (2.3)
0 0

We assume that there exists a solution (u, v) € (C*?(Q))? consisting of the set of functions together
with their partial derivatives of order 2 in x and ¢, which are continuous on Q.
The solution of system 2.1-2.3 can be regarded as the solution of operator equation

W=7, (2.4)
where W, LW and .7 are respectively the pairs:
W =(u,v),
LW =(L,u,L,v), (2.5)
T =(F1, F>),
with
Liu={%u,l,u,l,u}, Lyv={%v,{;3v}, (2.6)
and
glz{f’%»‘ﬁz}» 3;2:{8’901}- (2.7)

The operator L is considered from a space B into a space H, where B is a Banach space consisting
2
of all functions (u, v) e (L2 (0, T; Lf) (Q)D satisfying conditions 2.3 and having the finite norm:

1, ) = sup { (Il 0+ 14 o) H 132 E w1021 )
0<t<T P 4 P

2 2
el 1 30 I E U 0 112000} 2.8)

2 3
and H = {LZ(O, T, Lf} (Q))} x {HF} (Q)} is the Hilbert space consisting of vector-valued functions

9=({f,901,902}»{g,¢1}), (2.9)
with norm
”‘g”il = ”f”iZ(o,T,L,Z,(Q))"' ”g”iZ(o,T,Lf,(Q))"' ||¢1||2;(Q)+ ”‘PZ”ZPI(Q)'F ”7701”;1(9)' (2.10)
Let D(L) be the domain of definition of the operator L, defined by:
(u,v)e (L2 (0, T; LIZ)(Q)))2 such that ‘Z,Z—tﬁ‘, %,
D(LY=1 t,, Vs, Uy y, Virs Uprs Vpr Uprs Vprx € L2 (0, T; LIZJ(Q)), (2.11)
u,(1,t)=0, wv,.(1, t):(),folxudx =0, folxvdx =0.

8



Existence and Uniqueness of Solutions for Lir &= J 1d Nonlinear Problems Chapter two

2.2 Uniqueness of the Solution to the Linear System

In this section, we prove the uniqueness result for the linear coupled system (2.1)-(2.3), that is we
establish an energy inequality for the operator L and we give some of its consequences.

B rieoren |

For any (u,v) € D(L), f,g € L? (0, T;LIZO(Q)) and ,, 9, Y, € H;(Q), the solution of the
problem (2.1)-(2.3) verifies the a priori bound

(e, V5 < GIIZ I, (2.12)
where
3 z5
C =max]z +2, 2422 411, (2.13)
2 2 2
C,=C,exp(C,T). (2.14)

Taking the inner products in Lf) (Q2), of the partial differential equations in (2.1) and the op-
erators /4 u = u, —3(Eu,), Mrv = v, —3%(£v,) respectively, we have

1 1
9 2
(g 1) 2009 — (e, 35(E ”t))L,%,(n) — (; (Xuy)y, ut)Li(m + (; (X 1), 35(E ut))Li(m

(e ) () $Ew)
X L3(9) L

— x2
. o +(21v, w0 — (20 3 (Ew)

~2
+(uy, ut)Lf,(Q) + (up Jx(g ut))L%(Q)

1 1
v, v —(v,,3%(Ev —=(xv,).,v —(xv.),,3%(Ev
T U o e LG B (LT ) B
— l(xv) v + l(xv) 52 (Ev,) (2o, V) 120 — (201, 32 (E 1))
% x)xtr Yt @) % xX)xtr Dy t 2@ 2% VL5 (Q) 22Uy 9y t)12(Q)

= (f» ut)LIZJ(Q) _(f, ‘31(5 ut))L%(Q) +(g, Vr)L,%(Q) —(g, ‘31(5%))&,(9)-
(2.15)
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Chapter two

left-hand side of (2.15), we obtain:

10
(uye) ut)LZ(Q) ”ut”

P 26t

(utt"\z(gut 12(Q) zéallgi(gut)”iz(m
10
L%(Q) 23t

)iz
)
_(%(xux)x,‘ji(iu )) L = (e 3(Cu )iz )
)
)

2
” ux ”L%(Q)

(u,3%(E U, 2 o = 135 E U

(v, Vt)L%,(Q) =l Vt”z

(1( ) ) la|| 12,
—|=(xvy),, v =——
X x)x tle,(Q) 20t Uy )’

1
_ 2
_(; (xvx)xt ’ UI)LIZ,(Q) - ” Uxt”L;Za(Q)

(221, Vt)L%,(Q) = zy(u, Vt)Lf,(Q),

1
—(;(xvx)“,sz £v) )Lz(m=—( 03 E 0500
1
(;( R(Ev,) ) (00 3 E )
(ZZM J gvt L :_ZZ(“Z Su) Ut) (Q)
(0r—32(E00) g = I2EDIE,,

N

(Fr 1) 20
= (=33 6 v, )Lz(m
(g, ”t)
=

g “2 gvt))Lz

BN

( “2 gvt
(&
( “2 th 13(

L (

BN

Ly (

BN

Jp
iz
(f ) 30y
iz
) a0
iz

Using the conditions (2.3) and applying standard integration by parts to some terms on the

(2.16)
2.17)

(2.18)

(2.19)

(2.20)

2.21)

(2.22)
(2.23)
(2.24)
(2.25)

(2.26)

(2.27)

(2.28)
(2.29)

(2.30)

2.31)

(2.32)
(2.33)
(2.34)
(2.35)
(2.36)
(2.37)

10



Existence and Uniqueness of Solutions for Lir < ~/1d Nonlinear Problems Chapter two

Substituting (2.16)--(2.37) into (2.15) and using the symmetry of the problem, we obtain:

2l )+ 110175 o+ 1212 ) + 135 (E 1) 17 )+||uxt|| (A

129 (2.38)

277
+ ||Si(§ut)||Lz(Q) + ”vxl’“i%(m + ” Ut”L%J(Q) + ||S’§C(§ut)||L2(Q)

<(f, ut)L%(Q)_(fr‘si(gut))L“Z)(Q) +(8, )z~ (8 32 (Ev))zw
+ (Zl v, ut)L%(Q) _(ux’ Sx(gut))LIZ,(Q) _(uxt» Sx(gut))Lf,(Q) + (ZZ u, Si(gv))Lg(Q)

+ (2,1, Vt)Lf,(Q) —(vy,3:(& Vt))LZ(Q)

P

By applying the Cauchy-¢ inequality (1.10) and the Poincaré-type inequalities (1.11)-(1.15)
to the terms on the right-hand side of (2.38), we obtain:

1 1
(F 1) oy S S W+ 5 Nt (2:39)
~2 1 2 1 ~2 2 1 1 2
(£, Ty < SRy SIS E Uy < SR )+ Sl By (240)
2 2
_(Zl v, ur)L?,(Q) < E” vx”i%(m + E” ut”i%(g)) (241)
1 1
_(uxr Sx(gut))L%(Q) < 5” ux“i%(m + E”Sx(gut)”i%(mr (242)
1
_(uxtr S'x(gut))L%(Q) < ” uxt”i%m) + Z“S'x(gut)”i%m); (243)
~2 222 2 1 ~ 2
(ZZ u, Jx(é:vt))L’Za(Q) < Z” ux”L%,(Q) + Z||§X(§ut)”L§,(Q)’ (244)
Z22 2 1 2
(Zz u, Ut)L%(Q) < E” ux”L’Z?(Q) + 5||vt||L’2](Q): (245)
1
(Ve 3 E Ve <Ml g+ 213 (E VI (2.46)
p 4 p
1
_(Ux’ Sx(gvt))Lf,(Q) < ” vx”i%(m + legx(gvt)”i%(mr (247)
1
(8 v1) 30 <8N 0+ S 10T 0 (2.48)
1 1
(& 3E0) 0y < 5 181 0+ I E Ry (2.49)

Inserting (2.39)--(2.49) into (2.38) yields:

10
537 (Ilu 12, +||Sx(§ur)lli2(m+Iqulliz ) +||vx||iz Q)+IILttllizmﬁII‘S,C(évt)IlizQ
sCl(llvxllL;,(QpLIIutlligmﬁlluxll I3 (E il +||f|| +||g||i§(m), (2.50)
where 2
3
C, =max{ z; + -, A% 0l (2.51)
2" 2 2

11



Existence and Uniqueness of Solutions for Lir < ~/1d Nonlinear Problems Chapter two

Using the Gronwall’s lemma (1.8), by taking: f,(¢)=]| u||§_12(m +|| U”?{Z(n)’ it leads to
p b

t t
2 2 2 2
(”ut”i%m)'i_||ux||i,2)(g)+||‘3x(€ut)||L2(Q)+”vx”LIZj(Q))'i_J ||u7||L§(Q)dT+f ”‘Sx(gur)”L’Zg(de
0 0

t
SCleXp(ClT)U £ 1172, dT+J 1811720y @7 + 112t (3, 07z ) + 124 (6, Ol
1
+ Ellut(x,o)ll s, 0)|| (2.52)

where: C, = C,exp(C, T).
Then, by substituting the initial conditions (2.2) into (2.52), and after some calculations, we
obtain:

t t
(”ut” +||ux||L2(Q +”‘Ex(gut)”iz(g)'i'”Vx”i%(m)-i'J ||u7||i%(ﬂ)dT+f ”‘3x(€ur)”i}27(mdf
0 0

t t
CZ lJ‘ ”f”if,(ﬂ)df-i_f ”gHZL,%(Q)dT"'||(p1||§1,}(9)+||902||?{,}(ﬂ)+”lpl”?{,}(m]’ (253)
0 0

and since its right-hand side does not depend on ¢, we take the upper bound on the left-hand
side with respect to ¢ from 0 to T, and we have the a priori estimate

sup (11215 0y + 1kl 0+ I13(E My + 10l |+ 1801 1130 + 13 E UM 1 51
2 2
< o[ 0.1 13000 + 18 712y + 11+ 12l )+ 101 1 | (2.54)
this leads to:
l(w, )% < GIZI, (2.55)

By employing the final energy inequality (2.55), we can establish the uniqueness of the so-
lution to the coupled system (2.1)--(2.3). Suppose W, = (u;, v;) and W, = (u,, 1,) are two
solutions of the system (2.1)--(2.3).

LW, =F,
= LW —LW,=0. (2.56)
LW, =F,
Since L is a linear operator, we obtain:
LW, —W,)=0. (2.57)
According to (2.55), we have:
Wi =Wallp < v G0z =0, (2.58)

which implies the uniqueness of the solution.

W, = W, (2.59)

12



Existence and Uniqueness of Solutions for Lir &= “1d Nonlinear Problems Chapter two

It can be proved in a standard way that the operator L : B — H is closable. Let L be its closure.

\ Proposition 2 ’

The operator L : B — H has a closure.

Ca

The proof can be established in a similar way as in [20] .

These are some consequences of Theorem (2.12).

\ Corollary 1 ’

There exists a positive constant C such that

1w, v)llg < CIIL(w, V)|,  ¥(u,v)€ D(L), (2.60)

where: C =+/C,.

The inequality (2.60) means that inequality (2.12) can be extended to strong solutions after
passing to limit.

Inequality (2.60) leads to the following results:

\ Corollary 2 ’

A strong solution of system (2.1)-(2.3) is unique and depends continuously on % = (%,, %,) €
H, where 7, = {f, 901,(P2} and 7, = {g,wl}-

u

\ Corollary 3 ’

The set R(L) of L is closed in H and R(L)= R(L).

This last corollary shows that in order to prove that system (2.1)-(2.3) has a strong solution for
arbitrary (Z,, Z,) € H, it is sufficient to prove that the range of L is dense in H, that is R(L)=H.

2.3 Existence of Solutions to the Linear System

\ Proposition 3 ’

2
If for some function: Y(x,t) = (y,)») € L? (0, T;L;(Q)) , and for all W(x,t)=(u,v) €
Dy(L)={W/WeD(L): £ ,u=0,{,u=0,{;v =0}, (satisfying homogeneous initial condi-

13



Existence and Uniqueness of Solutions for L11 1d Nonlinear Problems Chapter two
tions), we have:
(LW, Y)ia(o,1;130) = (L, J’l)LZ(o,T;L%,(Q)) +(&, yz)Lz(o,T;L,%(m) =0, el
then Y is vanishes "a.e" in the domain Q.
We first set
W =(u,v)=(3(), 37(9)), (2.62)
Y = (31, 00) = (3(@) = 33 (E3:(@)), 3.(0) = 3% (£3:(9))), (2.63)
where
rt
S, (w)=| w(x,s)ds, (2.64)
Jo
(W)= [ f (x,z)dzds, (2.65)
Jo
3% (E3. ()= 5 f f ,$)dsdndé. (2.66)
Jo
We suppose that the function @, @ satisfying conditions (2.3) and such that
= s R () XD K27 N *2( ‘~2~;~2‘~~‘~2‘~~82aaﬁ 2
u,v, ux;nyJt(u);ﬁt(v)y3t(u))ﬁt(v))xﬁt(ux);xﬁt(vx))ﬁx(gjt(u))yﬁx(gjt(v)):ﬁ;aEL (Q)
(2.67)
Now replacing (2.62) and (2.63) in the relation (2.61), we obtain
1
2 ~ 1y | Z A ve2(7 ~
(3 iz 30) 5~ (80 3@) (e, @)
+(21380), () 13 ) + (37 (@), 34 () 1 )+ (3@, =3 (E3:() 15
1 N - 1 _ _
-(F (@), ~R @) (a2 € @)
X L3 \X L3()
+(2135(0), =35 (E30(8)1) 3 )+ (35(8), —F5(ES (@) 15 )+ (35(0), 34(9)
1(~2~ S (7 _l(\2~ & (5 X207 % (79
(x(x.st(vx))x,st(v))L%(ﬂ) (a0 3:00) |+ (22200, 8,00 5
1
R2(75) —R2(Ex (75 | Z(+%2( 7 _R2(Ex (7
#(§(0), 2 E3,(00) = ST E sx(i.st(v)))L%(ﬂ)
1 - -
- (@), 3 @) 3 R0 4 = (2.68)
5
Consider the following Poincaré inequality:
T2
132 (w75 ) < ?”St(w)”ig(m) (2.69)

14



Existence and Uniqueness of Solutions for Lir < 1d Nonlinear Problems Chapter two
then, using conditions (2.3), and computation each term of (2.68), gives
1 x2( 77 (77 — ~2( 1 2
—(;(x.st(ux))x,st(u))m—Eanst(ux)nm, @.71)
1 20~ & ([ ~ (2
—(;(xst(ux))xt,st(u))ﬁpmf||‘3t(ux)||L§(m, 2.72)
(2135(0), 3:(2) 30 = 21 (37(0), 3e(@)) 5 (2.73)
(3%(@),, 3, (a))L,%(Q) =13 (@172 (2.74)
10
~2( = 2 ~ (7 _ ~l ~ 2
(s,(u)m—‘sx(5.st(u)))Lp2(Q)—Eﬁllsx(é‘st(u))llwm, (2.75)
1
(——(x‘si(ux)) ,—Si(i‘st(a))) =~ (30 32 (€3,(@) o (2.76)
X L3(Q) 7
1 - - -
(—;(x‘si(ax))xt,—‘si(ést(u)))m):—(st(ux)x[,sx(gst(u)))%(m, (2.77)
P
(2135(0), =35(E30(@)) 1 ) = (21 32(D), =F5(E3 (@) 5 (2.78)
(32(@),—32(E St(a)))Lg(m =133 (D30 (2.79)
(320), 3:(9)) 130 = I3 (D)3 (2.80)
—(1(3632(17 )) ,St(ﬁ)) A . (2.81)
x T B 20t "0 TTHO
1
(D) =1 (2.82)
X L3(Q)
(235(2), 3:(8)) 15 ) = (2 35(2), 3:(2)) 1 (2.83)
—(3%(),3%( S[(ﬁ)))@m) = 11323 (E D720 (2.84)
GGG ) B CCARE NG XE) P 2.85)
X L3(Q)
1
—(;(x‘st(vx))xt,Si(ist(a))) (mz—(‘st(ﬁx)x, 32 (E3:(0N) 12y (2.86)
Lp
(2 33(10), =37 (E3:(0)) 30 = (2237(8), 3 (E3:(P)) 5 (2.87)
Insertion of equations (2.70)--(2.87), into (2.68), yields
10 3 N 3 _
55(IISt(u)IligmﬁIl‘si(ux)lli;mﬁ||‘3x(éSt(u))lliZ(m+||‘3§(vx)lli§(m) (2.88)
< My (I3 (@133 )+ 1@ ) + 13 (DI ) + 13 (€3 (@350 )
where
T2z T?z2 T%z2 1 T2z 1 T%z?
Mlzmaxl L, % 2 “y 1]. (2.89)

+ ) )
2 4 32 2T2z, 2

15
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Taking into account the homogeneous initial conditions in Dy(L), replacing ¢ by 7 in (2.88),
and integrating with respect to T from 0 to ¢, we obtain:

(13 @ oy IS EE ) + 15 (E3 (@) + 12D )

e[ @002 1550, 09)

szm[ J (||~sf(u)||L§(m+||3i(ux)||L§(Q)+||sx(53T(a))||i§(Q)+||‘3,(ﬁx)||i§(m)dfl. (2.90)
0
Using the Gronwall’s lemma (1.8), by taking:

L) =13 (@1 ) + N3 (@ 3 ) + 1132 (E3 (@D oy + 135(P 2 (2.91)
it follows that

(13 @ oy + ISR ) + 15 (3 (@) + 12D )

+(2f (I3, d7+2f 15, dT)) (2.92)

Hence, we deduce from (2.92) that Y = ( Vi yz) =(0,0) almost everywhere in Q.

B o Jf

For any f,g € L? (0, T;Lf)(Q)) and @, p,, Y, € HPI(Q), there exists a unique strong so-
lution W = T & = LLF of the system (2.1)-(2.3), where & = (%,,%,) € H, F, =
{f.ov9.}, Zo={g, ¢}, W=(u,v)and

IWllp < CIILW |4, (2.93)

for a positive constant C, independent of .

It is sufficient to prove that the range R(L) of L is dense in H. Suppose that for some:
Y=(%,%)= ({yl,yz,ys} {y4,y5})eH the orthogonal of R(L), so that

(LW, Y)y =({Lyu, Ly,v} {?%, %}y
= ({(-551 u,byu,bru),(L,v,l50)}, {(J’l’ Yo» J/3)» (J’4» J/s)})H

2.94
:(.,%1 u,yl)Lz(O’T;L%(Q))-I—(flu, yZ)H,}(Q)+(€2u’y3)H/JI(Q) ( )

+ (‘22 v, y4)L2(0,T;Ll2,(Q)) + (63 v, yS)Hl}(Q) =0.

We must show that: Y =0. Putting W € Dy(L) in (2.94), we get
($1U,J/1)Lz(0_T;L§(Q))+($2 v, J’4)L2(0,T;le)(ﬂ)) :0; VW EDo(L)» (295)
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hence proposition (2.3) implies that: y; = y, =0, the relation (2.95), implies that
(¢1u, yz)H[}(Q) +(tyu, yg)HI;(m +(L3, yS)H[}(Q) =0, YW eDy(L). (2.96)

The three sets ¢, u,l;u and ¢, u are independent, and the images of the trace operator ¢,
and ¢, are respectively everywhere dense in the Hilbert spaces le(Q), then it follows from

2.96, that y, = y3 = y5 =0 almost everywhere in Q. Hence R(L)=H.

2.4 Existence and Uniqueness of Solutions for the Nonlinear
System

We are now in a position to solve the nonlinear system (1). Relying on the results obtained previ-
ously, we apply an iterative process to establish the existence and uniqueness of the weak solution
of the nonlinear system. If (u, v) is a solution of system (1) and (¢, ¢) is a solution of the homo-
geneous system:

( %z—tlf+—%(xl/)x)x—%(x1/)x)xt+zl¢+1/)t:0,

S+ —t(xgs), —1(x9.),, + 2y =0,

1 Y(x,0)=p(x), Pi(x,0)=py(x), (2.97)
¢(x,0)=1,(x),

| v.(1L,0)=0, ¢,(1,0)=0, [ xypdx=0, [ xpdx=0.

Then (U, V)=(u—vy,v—¢) is a solution of

U L(xU), —L1(xU),, + 2 V+U,=F(x,t,U,V,U,, V),
VoLV —L(x V), +2U =G (x,£,U,V, Uy, V),
U(x,0)=0, U,(x,0)=0, V(x,0)=0,

[lxUdx=0, [ xVdx=0, U(1,1)=0, V,(1,1)=0,

(2.98)

where F and G are Lipschitzian functions

|F(x» t’ U, v, wlrzl)_F(xr t! Uy, Uy, w2»22)| < 51(|u1 - u2| +|V1 - U2| + |wl - w2| + |Zl _ZZD»
|G(x, T, uy, vy, Wy, 20)— G(X, T, Uy, Vs, Wy, Z5)| < 05(|1y — Up| + |1y — 0] + |y — wi| + |2, — 2,]),
(2.99)

for all (x,t)€Q.
According to theorem (2.3), system (2.97) has a unique solution that depends continuously on
Y1, €H ;(Q). We should prove that system (2.98) has a unique weak solution, for this end,
we constitute the weak formulation of the system (2.98).

Suppose that w, U, V € C?(Q), such that:

1
w(x,T)=0, w/x,T)=0, fxw(x,t)dx:O. (2.100)
0

Consider the identity
(-gl Ur S‘x(gw))Lf,(Q) + (-22 V’ Sx(gw))Lﬁ(Q) = (F» Sx(gw))L’Z,(Q) + (G» Sx(gw))Lf,(Q) ’ (2 101)
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In light of the above assumptions, we obtain

(U;,3:(8)) L2(0,T,L3(Q (Utt»(Jx(gw)))LonLz(Q)) (2.102)
( (x Uy )x,.sx(iw)) —(Ux,xw)m0 L3 (2.103)
L2(0,T,L5(Q
1
( (JCU xt’Jx(gw Ux»xwt)LZOTLz(Q)) (2104)
X 2(0,T,13(Q
(21V,3,(E W))LZ 0,T,L3(Q) — <1 (3:(EV), W)Lz 0,T,L3())” (2.105)
(U, 3«( gw))LZOTL2 —(U,3,(Ew)) £2(0,T,L3()) (2.106)
(F,3:(& W))Lz 0,T,L3(Q —(3:(EF), w L2 0,T,L3(%) (2.107)
Vpr gc‘)))LZOTL2 —(Vt» x(iw LZOTLZ(Q)) (2108)
1
_(_ 50))) —(er xw)])(o T,L3(Q) (2109)
X L2(0,T,L3(2
1
_(_ 50))) Vx; xw)Lz(o T,L3()? (2110)
X 12(0,T,L3(9
(—z,U, Jx(gw))p 0,T,L35(Q) = —2,(3,(EU, C‘)))LZ 0,7,L3(Q) (2.111)
(Giﬁx(gw))LZOTLz __(Jx(gG w))Lz()TLZ Q)- (2112)

Using the symmetry in the system, and inserting equations (2.102)-(2.112) into (2.101), yields:

(U6, (3:(Ew))) 120,712 2 T (U, (x w))Lz(o,T,L,%,(Q)) —(Uy, x wr)LZ(o,T,L,Z,(Q))

—2z1(3,(EV), )L2 0,T,L3(Q )_(U, 3.(& Wz))LZ(o,T,L,%,(Q))_(Vw 3.(& w))Lz(o,T,Lg(Q))

+ (Ve x w)LZ(o,T,L,Z,(Q)) — (Ve xwy), w)LZ(O,T,L,z,(Q)) —2,(3,(EU, w))LZ(o,T,Lf,(Q))

=—(3:(EF), W) 20,7,03) + (G 3.(& W))2(0,1,12(0) - (2.113)

We denote the LHS in (2.113) by A(w, U, V'), we have

A(w,U,V)=(w, Sx(gp))LZ(o,T,Lg(Q)) +(w, Sx(gG))LZ(O,T,L?,(Q)) . (2.114)

Definition 2.4.1

A function (U, V)€ (L?(0, T, H pl(Q)))2 is called a weak solution of problem (2.98) if (2.114)
hold.

We now consider the iterated system

3261{2@) 1 (XU ) _ %( ) + 2z v 4 Ut(n) —F (x, t, U(n—l)’ V(n—l)’ Ujgn—l), V(n—l)),

o - ( ) —1(xv ) +2,U" =G (x,t, U, v, gy,

U™ (x,0)=0, U"(x, 0) (" (x,0)=0,
xV

[l xumdx=o0, [ dx=0, Um(1,6)=0, V)(1,1)=0,

(2.115)

where the iterated sequence { U™, V(”)}n2 , is constructed in the following way: Given: (U, V%) =
(0,0) and the element (U=, V(*=)  then for n=1,2,..., we solve the problem (2.115). Accord-
ing to theorem (2.3), for fixed 7, each problem (2.115) has a unique solution (U™, V().
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If we set (% "(x, 1), V"(x,1)) = (U (x, £)— U (x, 1), V*D(x, 1)— V" (x, 1)), then we
have the new problem

S+ —L(xwu™) —L(xu™),, +z1“I/(”)+OZ/§") =H" " (x,1),
~y(n) _
o +—%(x”V£”))x—%(x‘V£”) +ZOZ/ =H" V(x, 1), 2.116)
U"(x,00=0, %"(x,0)=0, ¥"(x,0)=0, ¥ "(x,0)=0, '
[ xu™ax=o, [ xv© )dx 0, %"(1,1)=0, ¥(1,1)=0,
where
H{" V(x,0)=F (x,0,u", U, v, VW)= F (x, ¢, U, g, v vil) o (2.117)

HI (2, 0)= G (e, 1, U, U9, V0, V)G (1, 1,070, U0, VOt voe) 2atg)

N

Assume that conditions (2.99) hold, then for the coupled linearized system (2.116), we have
a priori estimate:

-1 -1
Il OZ/(n)”LZ(o,T,H,;(Q)) + ||7/(n)||L2(0,T,H;(Q)) <K* (” " )||L2(0,T,H,}(Q)) + ||"V(n )||L2(0,T,H,;(Q))) )
(2.119)

where K* is a positive constant given by:

Ca

k*=4%6"exp"*" T(c’+0?2). (2.120)

_/

The consideration of the inner products in Lz (Q2), of the PDEs in (2.116) and the integro-

differential operators .4, %" = A" — ‘Si(i%t(")), My =y ‘Si(i”i/t(")) respectively,
gives the equation

1
(%t(?),oz/t(n)_sz(gaz/[(n)))mm_(—(xﬁz/)gn))x,az/[(n)_gi(gag/t(n)))
Z x L3(9)
1
—(;(xazzm,ozz:M—si(wi”)))m“Zf“”*“Z/f”)—%%‘")))m
P
>+az/;")—‘si(éazzt(")))ﬁ(m+(w;"),"V;”)—‘si(w;")))ﬁpm)
1
(— ), Y=g r )
X L5
1
- (1) _ 2 (g0 (1) ay(n) _ 2 (g q(n)
(x ,~V," sx(m"))L%(ﬂ)+(zzdz/",%" BEV)
(H w2(€@/(n))) +(H(n—1) af/(n)_wz(é‘ﬂj/(”))) 2.121
.Sx t L?)(Q) 2 » t Jx t LE)(Q). ( . )

As in the proof of Theorem (2.2), we obtain

T T
||%(")||§,;(m+||"V<")llif,;(mSK*U I )7 + f ”Hz(”‘”“izm)df) @.122)
0 0

We now turn to the right-hand side of the inequality (2.122). Using the Lipschitz conditions
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(2.98), we obtain:

T
f "5 )47 <487 (1% Wiy ey 17" W iiey)s i= 1,20 (2.123)
0

L2(0,T,H)(Q

Hence, inequality (2.122) becomes

191y + 1 1y gy < 4K (64 62) (1 "N oy + 17

UOTHsm)
(2.124)

L20TH

By integrating both sides of (2.124) with respect to ¢ over the interval [0, T'], we obtain

12 o I IILZOTH <K*(|IOZ/" il oy HIPVIE

L2(0,T,H} Q)))

(2.125)

||LZOTH LZOTH

where K* is given by (2.120). This achieves the proof of Lemma (2.4).

B Ticorens

Suppose that conditions (2.99) hold, and K* < i , then the nonlinear coupled system (2.98)
admits a weak solution in L?(0, T, le(Q)).

Ca

From Lemma (2.4), we conclude that the series >~ %™ and Y>> ¥ converge, if K* < ;.
Indeed, inequality (2.125) implies

Nl—

T 1 1)
||U(n)||L2(O,T,H1 < (”%n ”LZOTH +”4Vn ||L20TH Q)))’

1
(n—1) 2
2 cormey Y n )

1Vl 0,1 s < VEF (1212 (2.126)

it follows from (2.126) that

1
2
Tl 20113000+ IV Pl mzbien < V(12 Wy sy 1o i)
(2.127)
Now since
1) 1)
1T+ VOll iz gt U2 N sy + 17 Wi sy (2.128)

then, we infer from (2.127) and (2.128) that

1/2
127+ 5 o iy <2V (12 oo + 17 Vesgo )
< 2«/@(“ gy 4 “I/(”—U||L2(0,T;H,;(m))l/2
%(n—l)+ay(n—1)||L2(0’T;le(Q))_ (2129)
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Inequality (2.129) shows that the series > o (% +¥™) =32 9/ 4+ 3% 4™ con-
verges if K* < 1/4. Since (%(”), "I/(”)) = (U(”“) —yWn yintl) V(”)), then it follows that the
sequence (U™, V("))neN with U™ and V™ defined by

T
L

n—

1
U (x, )= u¥(x, )+ Ux, 0)=> (UFD-UD)+ U %x, 1), n=12,...,
k=0 0

~
Il

(2.130)
and

(x, )= Z”V (x, )+VO(x, )= Z vED_y®) vy ), n=1,2,..., (2.131)

converge to an element (U, V) (L2 (0, T;H I}(Q))) , which must be proved that it is a solution
of problem (2.98). In other words, (U, V') must satisfy (2.114).
From the iterated system (2.115), we have:

A(w U V ) (w Jx(é—F(é— t Un 1) U(n 1)’ V(n—l)’ VE(”—U)))LZ(OTLz(Q))
I, Lp

+(w,3,(£6 (6,0, U ULV VI V) L (21132)
We infer from (2. 132) that
Alw,U"-U, v —-V)+A(w, U, V)
= (w,53 x(m@ LU ol )8 (EF (£ U, U V),
(w3, (g6 (£, 0,00, Ug“ )-8 (EG (1 UL U V) i
+(w,3:(£F (£,1,U, U, V, %)))Lzmzmﬁ(w, (EG(86,U, U5 Vi Ve))) g 1210 -
(2.133)

Now from the PDEs in (2.115), we obtain
Alw, U™ -U,v"W-v)

a 23 (n) _
+ (w, 573 E(w™-u )))LZ(OM% o

i“ (n) _ — e
+(w,at5x(§(V V)))Lz(o,T,Lg,(m) ( ( 5(5 )) o
( Gq (O (9 (ym_

(LU, a1 Sx 35 (535 (V V))))LZ(O,T,LI%(Q)) 2 (w ~5x( ( U)))Lz 0,T,L3(Q
=(w,‘3x(5F(€,t,(U‘"‘“—U)»(Ué”‘”—Ug),(V(”‘”—V),(Vé"‘”—Vg))))Lzmz
+(w"3x(§G(§’t»(U(n_l)_U)'(UE( U’) (Vn 1)_V)’(Vi(n_l)_v‘g))))BOTLz

(2. 134)
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Conditions on functions w, U, V, and integration of each term on the right-hand side of
(2.134), yield

Alw,Uu"—-Uu,vW-v)

:—(U(n)— U, Sx (gw)tt)Lz(o,T,Ll%(Q))_(

( g (U(”)—U),xwt)

o

E(U(”)—U),xw)

L2(0,T,L5(9)

+
D
2|

—z (V" -V, w
LZ(O,T;L%(Q)) Zl( fx(g ))LZ(O,T;L,%(Q))

U™ =U, £:(€w) 1oz + (V= VoI EW00) o 1310

(
0
(V= V. A0 gy~ 3 (V= V)

1%}
+ =— (VW —Vv), xw )
( ox ( ) !
Applying of the Cauchy—Schwarz inequality, to the terms on the RHS of (2.135) gives

—(U™"-u.,3, (5“’)”)L2(0,T,L%(m) = ” Ut U”LZ(O,T,L%(Q)) 135 (o, 1300, (2-136)

+

12(0,T;L3 ()

—ZZ(U(n)_U’jx(gw))U(O,T;L%(Q))' (2.135)

12(0,T;L3 ()

0 1%
—(—(U(")—U),xw) <||=—(u"-U) lwllzorz@, (2.137)
ox 120,113@) ||9X L2(0,T,L2(22)) !
O (1 O (17
+ _(U _U),xwt < _(U _U) ||wf||L2(0,T,L2(Q))! (2.138)
dx r2or3@) ||[0X L2(0,7,HA(@) g

(n)
L2(0,T,L3 () Sz ” [ V”LZ(O,T,L%,(Q)) 13 (gw)lle(O,TvL%(ﬂ)) , (2.139)

Q) < || V(n) — V||L2(0,T,L129(Q)) ||‘3x (g W)t ||L2(0,T,L12,(Q)) y (2140)

L2(0,T,L3
%) 0
—(a—(V(")—V),xw) < a—(V(n)—V) ”w”LZ(O,T,LIZJ(Q))’ (2141)
X L2(0,T,13(%)) X 12(0,T,13(%))
o (n) 0 (n)
a—(v V), xw, < a—(v —V) lwill 2,20, (2.142)
X L2(0,T,L%(5) X L2(0,T,L3(%)

=2, (U™ = U, 3 (€)oo 1 1200 < 22 [ U™ = U oo 1120y 135 G 10 20,7231 (2:143)
))LZ(o,T,Lg(Q)) < ||U(")— U“LZ(O,T,L%)(Q)) I3 (gwt)”u(o,T,Lf,(Q))- (2.144)
Combination of equality (2.135) and inequalities (2.136)-(2.144), leads to
Alw,u"-uU,vW-v)

<o -u IILz(o,T,H;m»)(n‘sx(gw)nn+||3x(5w)||L2(o,T,L;m»+““’“LZ(OM%W»
+|lw, ||L2(0,T,L§,(Q)))
+lz(llV(’“—Vlle(o,T,H;m»)(nsx(iw)tn+||sx(§w)||L2(o,T,Lzm»+l'W”szyTvL%m

+|lw, ||L2(0,T,L§,(Q)))'
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where:
ll = l2 = '\/Emax(]., 21 Zz).

On the other side of (2.134), we have

(w» x(gF(g L, ( U)’(U( U’) (Vn e V) (Vi(n I_V‘i)))) 2(0,T,L} ()

+(w,3 x(fG(i»f,(U(n_n—U)»(Ug(n V-, (v —v), (Vi(n Y ))))LZ(O,T,L},(Q))

<V2max (81,8} [ U= U oo + 1V =Vl o oy 10 iz 755000
(2.145)

As n— o9, it follows from (2.145)-- (2.145) and (2.133) that

Alw,U,V)=(w, Sx(gF))LZ(O,T,LI%(Q)) +(w, Sx(gG))LZ(O,T,L%(Q)) (2.140)

To conclude that problem (2.98) admits a weak solution,

It remains now to prove the uniqueness of solution of system (2.98).

B o s f

If hypotheses (2.99) are satisfied, then the system (2.98) has only one solution.

Suppose that (U, ), (U, V,) € (L*(0, T, H,()))* are two different solutions of the system
(2.98), then: (%, V)= (U, —U,, Vi — V5) € (L*(0, T, H(£2)))* verifies

S —L(xU), —L(xU) 2V +U =H(x,1),
%“I/—%(x”ffx)x—;(x“l/x)xt +2,% = H,(x,1),

U(x,0)=0, %,(x,0)=0, ¥(x,0)=0, (2.147)
[Jxudx=0, [ xvdx=0, %(1,)=0, ¥,(1,1)=0,
where
Hy(x,t)=F(x,t,U, U, V}, Vi) = F(x, 1,0, Uy, V3, Vio), (2.148)
Hy(x,t)=G(x,t,U,U;, V1, V) =G (x,t,0,, Uy, Vo, V). (2.149)
By applying the same procedure used in the proof of Lemma (2.4), we obtain:
(RN [ o ([ e 4 ) A CA R I
where K* is the same constant as in Lemma (2.4). Since K* < 1, it follows from (2.150) that
=K (110 1 100 + 1 oo 113) = O 2.151)

which implies that : (%, V) =(U,—U,, V, —V,)=(0,0), and hence
(U, W) =(Up, V3) € (L0, T, Hp(2))). (2.152)
This achieves the proof of Theorem (2.4).
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3.1 Homotopy Analysis Method (HAM)

In this section, we present the Homotopy Analysis Method (HAM), originally introduced by Liao
in 1992 as a versatile tool for solving both linear and nonlinear equations [11]. Liao later provided
a systematic formulation in 2003, which significantly enhanced its theoretical understanding and
practical application [13]. Here, we review the fundamental principles of HAM and extend its
framework to systems of partial differential equations. Over the years, HAM has proven to be
highly effective for addressing complex nonlinear equations and coupled systems [14].

We consider the following coupled system (see[17]):

Mlu(x, t)]=0,
Molv(x, t)]=0,

where 4] and .4 are linear or nonlinear operators, x and ¢ denote the independent variables, and
u(x,t) and v(x,t) are unknown functions. For simplicity, all boundary or initial conditions are
ignored, as they can be treated in a similar manner.

Based on the zero-order deformation equation constructed by Liao (see [18]), we present the
following zero-order deformation equation in a similar manner:

A=q)2[p(x,1;q9)—uo(x, 1)] =qhM(@(x, 1; q)),
A=q)2[Y(x, t;q)—vo(x, )] =qh N (Y(x, t;q)),

where g €[0, 1] is the embedding parameter, & is a nonzero auxiliary parameter, and .Z is an aux-
iliary linear operator of non-integer order satisfying the property .£(C)=0, where C is a constant.
The functions uy(x, t) and vy(x, t) are initial guesses of u(x, t) and v(x, t), respectively. More-
over, ¢(x,t;q) and Y(x, t; q) are unknown functions depending on the independent variables x,
t,and q.

It is important to note that there is considerable freedom in choosing the auxiliary parameter h
in HAM.

If g =0 and g =1, then we have:

3.1)

(3.2)

P(x,1;0)=uy(x, t), and o(x,t;1)=ul(x,t),
Y(x, t;0)=vy(x, 1), and Y(x, 6;1)=v(x,1).
Thus, as g increases from 0 to 1, the solutions ¢(x, ¢; g) and Y (x, t; q) vary from the initial guesses
uy(x, t) and vy(x, t) to the exact solutions u(x, t) and v(x, t).
Expanding ¢(x, t;q) and Y(x, t; q) into Taylor series with respect to g, we obtain:

(3.3)

¢(x’ [;q) :u0(x! t)+z um(xr t)qm;
m=1

oo (3.4)
P, 5q) =ux, 1)+ D vnlx, 1)g",
m=1
where:
1 9"¢(x,t;9) 1 3™Y(x,t;9)
um(x,f)——!TM:o» and  vy(x,t)= ﬁT"FO' (3.5)

Ifthe auxiliary linear operator, the initial guess, the auxiliary parameter &, and the auxiliary function
are properly chosen, then the series (3.4) converges at ¢ = 1. Consequently, we have:

u(x, t)=uy(x, t)+ Z Uy(x,t),
o (3.6)
v(x,t)=vy(x, t)—l-z U,(x,1),

1
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which must be one of the solutions of the original linear or nonlinear equation, as proved in [18].
When h =—1, equation (3.2) becomes:

1—q)L[p(x, t;q)— ug(x, t)]+qN (P (x, £;9)) =0,

(3.7)
1—q)Z[Y(x,t;q)— vo(x, 1)+ g Ay (x, ;) =0.

According to (3.4), the governing equations can be derived from the zero-order deformation equa-
tion (3.2).
Define the vectors:

(x,t)={uo(x, 1), uy(x, 1), us(x, t), us(x, t),..., u,,(x, t)}, (3.9)

>
m
-
v

(B ={v(x, 1), v(x, 1), vu(x, t), 15(x, t),..., v,,(x, £)}.

Differentiating (3.2) m times with respect to the embedding parameter g, then setting g = 0, and
finally dividing by m!, we obtain the so-called mth-order deformation equations:

g[um(xr t)_){m um—l(x’ t)] = hﬁl(um—l(-xr t))r

(3.9
L [Vn(X, )= fm Vs (%, 1) | = h R (V1 (x, 1)),
where : PR )
1 m- X, t;
Rt (x,1)) = otx, Gl
mothoamt e (3.10)
RV (x, 1)) = 1 9" M(x, £9)) |
AT (m—1)! dqm-1 o
and
0 m<l1,
X = { (3.11)
1 m>1.
Applying £~ to both sides of (3.9), we obtain:
um(x’ t) =Xm um—l(xr t) + hzil [ﬂl(um—l(-xr t))]; (3 12)
Um(x»t):)(mvm—l(x’t)‘i'hg_l [%2(Um—1(xrt))]- .
In this way, it is easy to obtain u,, and v,, for m > 1. At the mth order, we have:
M M
u(x, t) :Z u,(x,1), v(x,t)= Z v,,(x, t). (3.13)
m=1 m=1

When M — oo, we obtain an accurate approximation of the original equation (3.1). For the con-
vergence of the above method, we refer the reader to Liao’s work.

If equation (3.1) admits a unique solution, then this method will produce that unique solution.
If equation (3.1) does not possess a unique solution, the HAM will provide one solution among
many possible solutions.

3.2 Iterative Scheme Based on the Homotopy Analysis Trans-
form Method

The HATM method, also known as the Modified Homotopy Analysis Method, is considered one of
the most efficient and accurate techniques for solving mathematical models of integer and fractional
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orders. It is distinguished by its ability to handle a wide range of problems across various scientific
fields, as demonstrated in [17, 18].
To solve the problem (2.1)—(2.2), we begin by applying the Laplace transform to both sides of
each equation in the system, this yields:
s2Lu(x; 1)) —su(x;0)— u,(x;0)+ L2 u(x; t)+ M u(x; 1)) = L[ f(x, 1)),
sZ[v(x, t)]—v(x;0)+ L[R,v(x; 1)+ Mv(x; )] = L[g(x, t)],

thus, we obtain:

(3.14)

Ll D)= 1 ()= Pl)— S L)+ (¥t — 20—, + 120,

1 1 1 1 (3.15)
Lol )= i) = LI (x0)+ (X0 — 22+ G1=0.

Next, we introduce two nonlinear operators, denoted by .4, and .45, defined as follows:

M[1(x, ;0), @olx, ;)] =L {1(x, 15 ) }——¢( ——¢z X)——-ff{ (xP1,)e

+;(x¢~1x)xt_zl¢52(x’ t;q)_élt +f(x’ t)}:
(3.16)

AL 13) Gl 50 =2 {30} = 1 (0)= 20— L2 | L),

1 - -
F e = 21 10) + Gl 1)
Hence, we take the zeroth deformation equations as:

(1—q)¥¢ [‘.51(35: £;q)— ug(x, t)] =qh M [‘.51»‘.52]’

(=)L [§x(x, t;0)— vo(x, 1)] = a7 N[ 1, D],
which implies that the mth-order deformation equations are given by:

A [um(x) )= X mUm_(X, t)] =19, (U1, Vi)

A [Um(x’ E)= XmUma(X, t)] =1, (U1, V1)

(3.17)

(3.18)

where:
Ry (1) Opp) = LUy ]— (1 )(m)( ¢1(x + ¢z(x

1 1 1
- _zg[_(xum—l)x + _(x um—l)xt —Z1Up— U +(1 _Zm)F(x’ t)]’
=X * (3.19)

1
Rolllm—1, D) = L[V ] = (1= 2 NS (x))

1 1 1
- _z[_(-xvm—l)x + _(x Vm—l)xt —ZoUpm— +(1 _Zm)G(xy t)]
S X X

Therefore, successive terms of the approximate series solution can be computed recursively from
the iterative schemes:

um(x’ t): Xm um—l(xr [)+ 7/'11=%_1 [ml(izm—li l_}m—l)]:

1 S - (3.20)
Vm(x’t):)(mvm—l(x’t)'i_h}’% [%Z(Um—livm—l)]r mZ 1
and the solution will be given as:
u(x,t)=uy(x, t)+ Z u;(x
= (3.21)

v(x,t)=uvy(x,t +Zv,

i=1
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3.3 Numerical Results

In this section, we employ the iterative scheme (3.20), derived using the HATM, to numerically

solve a set of examples. These examples are used to assess the efficiency of the proposed scheme
in handling problems of the form (2.1)—(2.2).

— Example 3.3.1 &

Consider a coupled system (2.1) with z, =z, =1:

82_;24_% xux)x_%(xux)xt'kzlv‘i'ut:lnx_e_t’ (3.22)
L1 (xv),—L(xvy),, +2u=Inx+2e7, ’

subject to the following initial conditions:

¢,=u(x,0)=lnx+1,
Y1=v(x,0)=lnx—1, (3.23)
@, =u,(x;0)=—1.

| sotution 1 [} ‘

Let uy(x, )= u(x,0)=Inx+1 and vy(x, t) = v(x,0)=In x—1. In view of (3.20), by setting
n =1 and %, = h1, = #i, the first term of the series solution is given by:

uy(x, £)=yyup(x, )+ hlz_l[ml(iim l_}o)],

=27 | 2 {ur 0} ~(1-) 2001+ S000)

1 1

- _22{_(3‘: qu)x + l(xumc)xt - VO_(uo)t +(1 _XI)F}]’
) X X

= hle‘f_llff {In(x)+1}—1 (%—l)— 12.,% {~In(x)+1—0+In(x)—e "} H

§2 s_
| +1 1 +1 1 1
=771-551[ nx)+1_ In(x) +———${1—efH,

S S §2  s2

12
-m(2i-f-ree)
2!

(3.24)
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We now proceed to compute v;(x, t):
v(x,1)=y1v(x, 1)+ hzg_l[ml (o, 170)],

1
= 110(x, t)+h2$_ll$Vo—(1—X1)(§¢1)

1 1 1
— —2{_(35 Uox)x T = (X Upx)xr — 2o g +(1 —Zl)GH,
S X X

(1 2 1
e (L-2e1)

s2 s s+1 s2 s s+1

1 2 2
Y LY

The next step is to compute u,(x, t)

1 1
uy(x, t)= oy (x, t)+hff_1[-5f ul_(l_)fz)(;(pl + ;‘pz)]

(3.25)

=n,27 ' %(n(x)—1)— %(ln(x)— 1)— %.ff{—ln(x)— 1+In(x)+ Ze_[}],

— hzlt—2+2€_t].

=u,(1+h)+he™?
=u,(1+h)+h°¢™?!
=u,(1+h)+h*e?!
=u,(1+h)+h*e™?!

=u,(1+h)+h*e?!

1 1 1
- —2.2{—(36 ulx)x + _(xulx)x — U _(ul)t +(1 _)(Z)F}’
S X X

1
—;Z{—ht +277—277e_[—77(2—t—e_t)H,

—Y-e ,
52
[ 1 1
_*_
| 52 s+1
[1—5 1
+—
| s2 s+1

1 1 1

(3.26)

)

)

)

+—
| s2 s s+1

=u,(1+7)+ hz(t— 1+ e‘f).
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Next, we compute v,(x, t):
1
v(x, )= youn(x, 1)+ h.ffll.ff 41 _(1_)(2)(;1/)1)
1 1 1
- _‘g{_(-x le)x + _(xle)xt — 22Uy +(1 _XI)G}]»
S X X

=1y (1+ h)—hz‘lléf{—ul}],
(3.27)

=1+ +PL - (=—c=—-+—
n(l+7)+ ls(sz 21s3 s s+1)

— v1(1+h)+172££‘1l%————+

=v(1+h)+7r*

r
tz—s——t—e_t+1.

We now determine the value of us(x, t):
. 1 1
us(x, t)= ysu, + hL g(uz)_(l_xs)(g(f’l"‘;q’z)
1 1 1
- _z-g{_(xubc)x + _(xu2x)xt - UZ_(uz)t +(1 _XS)F}]’
S X X
=u,(1+h)—he?!

ég{_vz_(uz)t}

)

[ 1 i
=u,(1+h)+ne™ —x{tz—g— t+2—2e‘tH, (3.28)

:u2(1+h)+h3.5£_1-—(—'——+—+———)

=u,(1+M)+° ¢ —————+ ———x——

4 > 3 e
2————— +2——2t+2—26_t].
4! 5! 3! 2!
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Next, we determine v5(x, t):

1
S

vs(x, 1) = Y51+ 772_1[.%(1/2)—(1—)(3)( Y1)

1 1 1
— —Z{—(x Vo )y + = (X Vo )xr — 2o Uy +(1 —Xs)GH»
S X X

)

) (3.29)
=v(1+ 7))+ hf‘z—ll;z{t— 1+ e‘tH,
1

1 1 1
=u,(1+h)+ h3.5£‘1l——— +(—*
s3  s2

ot
————g ]l
2! 1

w(l+h)+ 71

If we set 77 =—1 in the previously calculated terms, we obtain:

ug(x;t)=u(x;t)=Inx+1,
v(x;t)=v(x;t)=Inx—1,
t2
u(x;t)=—2t+ BT l1—e™',
vix;t)=—t+2-2e7",

w(x;t)=t—1+e", (3.30)
. _ 42 tS —r 1
v(x;t)=t —g—t—e +1,
t4 5 3 2
us(x;t)=—2—+—+——2—+2r—2+2e ",
4! 5! 3! 2!
t2
vg(x;t)=—§+t+e_”—1.

Hence, the solution of the coupled system is given by:

{u(x, )= ulx; 1)+ 22 wilx; 1), 3.31)

v(x,0)= ulx; 1)+ > vilx;t),

{u(x;t)=anC+1—f+§—!—%+---’ (3.32)

v(x;t):lnx—1+t—§—i+g—3,—

The series (3.32) converges to the following analytical function (exact solution):

{u(x;t)zlnx+e’, (3.33)

v(x;t)=Inx—e".

Figure 3.1 shows the graph of the truncated series solution for different numbers of terms in
Example 1 at x =0.9 and i =—1. The figure illustrates the rapid convergence of these approximate
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out[21]= B©.9
— U1
— U2
Out[30]=
— U3
- exact
05
out[1]= B.9
— 1
— \f2
out[10]=
— V3
— Vexact

Figure 3.1:
shows the convergence of numerical approximations to the analytical solutions of u(x, ¢) and
v(x,t)under varying m at x =0.9, with m=1,2,3, h =—1.
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solutions.

In Table 3.1, we present the numerical solutions of Example 1 obtained from the kth-order
truncated series solutions Uy, = uy+ 1y +...+ uy and Vi, = vy + v; +... + vy generated by the HATM
for several values of k, x, and ¢, rounded to six significant digits. These results illustrate the rapid
convergence of the truncated solutions after only a few terms. As shown in the table, both methods
demonstrate good performance for this example.

l X m ([J(m)) V(m)) (Uexactr Vexact) Error
05109 1 | 0413109 0.50117 0.0880613
-0.818422 -0.711891 0.106531
2 | 0.519639 0.50117 0.0184693
-0.695786 -0.711891 0.0161053
3 | 0.498586 0.50117 0.00258392
-0.695786 -0.711891 0.00236399
0.1]03] 1] -0.30381 -0.299135 0.00467484
-2.11365 -2.10881 0.00483742
2 | -0.298973 -0.299135 0.000162582
-2.10865 -2.10881 0.000158497
3 | -0.299135 -0.299135 4.1653 x107°
-2.10881 -2.10881 4.0847 x 107°

Table 3.1: Comparison between approximate and exact solutions for parameters h =—1,
m=1,2,3.

The numerical results show that the proposed algorithm is highly efficient and exhibits stable con-
vergence as the approximation order m increases. High accuracy is achieved at low orders, with
errors falling below 1076 at m = 3. These results confirm the robustness of the method and its effec-
tive balance between computational cost and numerical accuracy, making it suitable for practical
engineering applications.

—g Example 3.3.

|

28

Consider a coupled system (2.1) with z; =z, =1:

_%(xux)x_%(xux)xt_'_zlv-i_ut:f(x’ t))

—L1(xv) = (xvy) +2u=g(x,1),

where f and g are defined by:

f(x, 1) =lnx[t3 +3t2+6t],

g(x,t)=In x[t3 +2t],

associated with the following initial conditions:

¢1 = u(x,O):O,
¢>=u,(x,0)=0,
Wy = v(x,0)=0.

(3.34)

(3.35)

(3.36)
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Let uy(x,t)=u(x,0)=0 and vyy(x, t) = v(x,0)=0. In view of (3.20), by setting n =1 and
h, = h, =T, the first term of the series solution is given by:

/ sform Method Chapter three

u(x, 1)= yru(x, 1)+ hz_l[ml(ﬁm l_’)o)]’

1 1
:Zluo+h$_1[$u0_(1_xl)(§¢l+§¢2)

1 1 1
——3{ —(xuoy)c + x(xu0x)xt _le’o_UOt"‘(l_)(l)FH,
(3.37)
1 3! 21 6
:h.,%_ll——.%(F)]:hlnx.ff_l[———'&———],
2 36 35 84
o 2! 613
=—hlnx[3'—+3—t =,
5! 3!
5 [4
:—hlnx(—+—+t3).
20 4
We now proceed to compute v;(x, t):
n(x, t)=yiv(x, t)+nL” [2( 0) — Zl)( Y1)
1 1 1
_;g{;(XVOx)x+;(XUOx)xt_22u0+(1_X1)G}]»
(3.38)

:—h.z‘l[%.%(G)

:—hlnx.,‘f—l[j—i+%],
4

=—filn x(tz & tz).

The next step is to compute u,(x, t)
. 1 1
U(x,1)= youn(x, 1)+ 1 g(ul)_(l_XZ)(E¢l+§¢2)
1 1
_—-g{ (X Ui+ (xulx) —z1n— (), +(1_}(2)FH,

82
| 1
;.,‘Z —Uy— U ()

1 4 tt
_ -1 2 3 2
=u,(l+h)+h [—823{—hlnx(—4 +t )—hlnx(—4 +t°+3¢t )H, (3.39)

=u1+7’_lu1—hff

- ”
=u,(1+h)—Hlnxg™?! —.2{ 5 +41%+ ¢ }

SZ
(141 21 3l
=u,(1+A)—’nx L -—+4—+—|,
|27 s> s6
t6 4 t5
=u,(1+h)—H’lnx(—+—+
(1+72) (60 3 20)
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Now, we calculate v,(x, £):

w(x,t)= yu(x, t)—l—hﬁf—lljf(vl)—(l—){ﬁ(%l/)l)

1 1 1
- —ff{—(x le)x + _(x le)xt — U +(1_X2)G}]»
S X X

)

1
=y +hv,—he! —.,‘Z{— u(x, t)}
s

(3.40)

)

1 ot
= v1(1+h)—h21nx$_1l—_g{_+_+ t?’}
N 20 4

1% 1 5
=v,(1+h)—m*Inx L' —5— 44— +3—|,
207760 4751 T4l

5 > ot
= v1(1+h)—h21nx(ﬁ+%+z).

We now determine the value of us(x, t):

us(x, t)= yauy(x, t)+ hpg_l[fg uz_(l_)(zs)(%‘.bl(x)“‘ éﬁbz(x))

1 1 1
— —2.55{—(16 Upy)x +—(X Uy )i — 21— (Up), +(1_}(3)FH,
S X X

izg{_UZ_(MZ)t}]r
s

1 t® 3> t* 413
=u,(1+7)—hnxL| —L{ —+—+—+—¢|, (3.41)
s2 120 20 2 3

6! 1 351 41 43'1
=u(l+h)—-hx? | — —+ o — = — —.— |,
120 s9 20 s8 2 s7 3 s6

= u2(1+h)+77$_1

6! t® 35! 7 4 5 43! ¢
=w(1+h)—Flnx| —.—+ ==+ ==+ —.— |,
120 8! 20 7' 2 6! 3 5!

18 t7 18 t5]

=u,(1+h)—#h’Inx et —+—
6720 280 60 15
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Next, we determine v5(x, t):

vs(x, 1) = Y31+ nL™ lg( h)— )(3)( Y1(x))

1 1 1
- _‘g{_(x UZx)x + _(xv2x)xt —Up +(1 _ZB)G}]r
S X X

=1+ M- [~ 2(~ )],

AN A
“utem-nnsz| (G L)) (3.42)
s 60 20 3

60 s8 20 s7 3 s6
6! t7 5!1¢6 4!t5)

6/l 1 51 41
=u(l1+h)—hR’lnxe [ +—.—+——l,

=v,(1+7)-lnx| ——+—=—+——),
2 )= (607' 206! 3 5!
t? 5
=p(1+h)—F’Inx(—+—+—|.
= vl )= le( 420 120 15)

We now determine the value of u,(x, ):

i = 74t + 127 L = (1= 2D 0+ 59000}

1

—;X{l(xus)x)x-i- l(xusx) Zle_(ua)t+(1_}(s)F}»

= uy(1+h)—he™

! ég(_ U3_(u3)t)];

il t6 g

— =+ ’ 0
280 30 6 3 } (3.43)

771 61 51 41
— t—— =+
280510 3059 658 357

1
=us(1+h)—H'lnxg™! {s L7 p—

=uy(1+h)—h'lnxe" l

7! t9 6! t8 517 41¢
=uy(1+A)—A'Inx|——+——+==—+——|,
280 9! 30 8 67 36!
t? 7 t” 8

:u3(1+h)—h4lnx( + + +—).
20160 1680 252 90
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Next, we determine v,(x, t):

Uy = Y4Vt hgllff U3 —(1— xa)(W1(x))

1 1 1
- _«Z{_(wic)x + _(xvfix)xt — U3 +(1 _X4)G}];
S X X

= vy(1+ )+ hz—lllz(ug)],
S

1 8 t7 £6 Al
=u(1+h)—hA'lnxg | -¥ LA |
S 6720 280 60 15

88 1 71 61 51
— =+ ——
6720 s10  280s9 60s8 1557

=y(1+h)—nh'ln x.,%_ll

8 9 7 ¥ 6!'t? 5!
=u(l+h)—-A'hnx| — —+ ——+ —— + —— |,
67209! 2808! 607! 156!
t° 8 t7 t6
+ +—+—|
60480 2240 420 90 l

= v3(1+h)—h4lnxl

If we set 7i =—1 in the previously calculated terms, we obtain:

Ug(x;t)=u(x;t)=0,
v(x;1)=v(x;£)=0,
ot
;) =Inx(=+—+1°),
(i )= In (s + -+ 1)
l»4
vl(x;t)zlnx(z+t2),

6 l—4 l—5
w(x;t)=Inx(———— —),
2(x; 1) ( 60 3 20)
5 5
wx;t)=Inx(———————),
2(%; 1) ( 120 20 4 )
8 7 tG f5
us(x;t)=Inx(—+-—+—+-—),
6720 280 60 15
7 t6 t5
vx;t)=Inx(—=+-—+-—),
5(%3 1) (420 120 15)
td i 7t
uy(x; t)=Inx(— — ===
20160 1680 252 90
i 7 7t

).

vy(x; ) =1n x( — — -
60480 2240 420 90

Hence, the solution of the coupled system is given by:

{anz Uo(3; 1)+ D o0, uy(x;1),

v(x,0)= wulx; 1)+ > vilx;t),

u(x;t)=ug+u;+u,+us+us+ ..,
v(ix;t) =+ v+ v+ v+ o+

|

(3.44)

(3.45)

(3.46)

(3.47)
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The series (3.46) converges to the following analytical function (exact solution):

)=t Inx.
wx;)=1rInx (3.48)
v(x;t)=1tInx,
Cut[424]= .82
_1[] L
— U1
20k uz
Out[435]= — U3
_3[] L
— U4
40k — Jexact
_5[] L
Qut[571]= .82
-2 _
_4:_ — 1
[ W2
G
Out[582]= I — V3
-8+
i — /4
-10 —— Vexact
_12 L
14 F

Figure 3.2:
shows the convergence of numerical approximations to the analytical solutions of Uexact and
Vexact under varying m at x =0.02, with m=1,2,3, h =—1.

Figure 3.2 shows the graph of the truncated series solution for different numbers of terms in Ex-
ample 1 at x =0.02 and & =—1. The figure illustrates the rapid convergence of these approximate
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solutions.

In Table 3.2, we present the numerical solutions of Example 1 obtained from the kth-order
truncated series solutions Uy = uy+ uy + u, +...+ uy and Vi = vy + vy, + v, +... + v, generated by the
HATM for several values of k, x, and ¢, rounded to six significant digits. These results illustrate
the rapid convergence of the truncated solutions after only a few terms. As shown in the table, both
methods demonstrate good performance for this example.

! X m ([](m)’ V(m)) (Uexactr Vexact) Error
04 1009 1 -0.170752 -0.154109 0.0166437
-0.400682 -0.385271 0.0154109
2 -0.148807 -0.154109 0.00530133
-0.383956 -0.385271 0.00131506
3 -0.15063 -0.154109 0.0034788
-0.385692 -0.385271 0.000420349
0.05 | 0.02 | 1 |-0.000495177 | -0.000489003 | 6.17366 x 10~°
-0.00978617 | -0.00978006 | 6.11254 x 10~°
2 1-0.000486964 | -0.000489003 | 2.03853 x 10~°
-0.00978 -0.00978006 | 6.16347 x 1078
3 | -0.000487047 | -0.000489003 1.956 x 107°
-0.00978008 | -0.00978006 | 2.03824 x 107®

Table 3.2: Comparison between approximate and exact solutions for parameters h =—1,
m=1,2,3.

The numerical results confirm that the proposed algorithm is both efficient and strongly convergent
toward the exact solution as the approximation order m increases. High accuracy is achieved at
low orders, with errors dropping below 107° already at m = 3. This demonstrates the robustness of
the method and its excellent balance between computational cost and numerical precision, making
it suitable for efficient simulation of applied problems.

The detailed tables and graphical illustrations are presented in the thesis. All numerical
results and visualizations were generated using Mathematica (Wolfram, Version 14.3).
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Conclusion

This thesis has focused on the analysis of a nonlinear pseudo-hyperbolic system subject to both
classical and nonlocal integral boundary conditions. The associated linear problem was first re-
formulated, and the existence and uniqueness of strong solutions were rigorously established in
an appropriate Sobolev space. A priori bounds for the solution were derived, from which unique-
ness directly follows. By employing density arguments, the solvability of the linear problem was
fully justified. Building on these foundational results, the well-posedness of the nonlinear problem
was investigated through an iterative process. This iterative approach proved particularly effective
in managing the complexities introduced by nonlinearity, where small variations in the input can
cause significant differences in the output.

The theoretical analysis relied heavily on the energy inequality method from functional anal-
ysis. It is worth noting that the application of this method becomes challenging in the presence
of nonlinear source terms, singularities, and nonlocal integral conditions. Nevertheless, careful
handling of these difficulties allowed us to obtain rigorous existence, uniqueness, and continuous
dependence results for the weak solution of the nonlinear system.

In the numerical part of this work, an iterative scheme based on the Homotopy Analysis Trans-
form Method (HATM) was developed to approximate the solution of the singular nonlinear pseudo-
hyperbolic coupled system. Two representative examples were provided to illustrate the accuracy
and efficiency of the scheme. Error analysis was conducted for the computed solutions, with results
displayed both graphically and numerically. The plots of the truncated series solutions demon-
strate convergence to the exact solution as the number of terms increases, indicating stability of the
scheme and a systematic reduction of error. Numerical results reported in Tables further confirm
that the absolute error decreases as the number of terms increases, demonstrating the reliability and
precision of the HATM. Notably, the method achieves optimal performance for &7 =—1.

In summary, this research confirms that the HATM is an efficient, reliable, and easily im-
plementable method for solving coupled nonlinear pseudo-hyperbolic systems with singularities
and nonlocal boundary conditions, without requiring restrictive assumptions. The combination of
rigorous theoretical analysis and robust numerical validation underscores the applicability and ef-
fectiveness of the approaches developed in this dissertation, providing a solid foundation for future
research in the study of complex nonlinear differential systems.
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