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Abbreviations and Notations

The different abbreviations and notations used throughout this dissertation are ex-

plained below.

Probabilistic Notation

E[X] Expectation of X.

E[X | F] Conditional expectation of X given the o-field F.
Var(X) Variance of the random variable X.
(Q,F,P) Probability space.

Q Fundamental space of a random experiment.
P Probability measure.

a Filtration at time t¢.

Abbreviations

BSDEs Backward stochastic differential equations.
a.s. Almost surely.

a.e. Almost everywhere.

ie. That is .

r.v. Random variable.

Stochastic Processes and Mathematical Symbols

B Brownian motion (also denoted W).
1z Indicator function of the set B.

lim Limit.

lim™ Limit from the right.

inf Infimum.

sup Supremum.

min Minimum.

max Maximum.
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Introduction

Backward doubly stochastic differential equations (BDSDEs) currently occupy a promi-
nent place in the field of stochastic analysis. The origin of these equations traces back
to the pioneering work of Bismut [5], who introduced linear BSDEs within the frame-
work of the stochastic maximum principle. However, it was not until the seminal work
of Pardoux and Peng [9] that nonlinear BSDEs theory truly began to flourish under a
Lipschitz condition. Subsequently, Pardoux and Peng [10] extended this framework to
backward doubly stochastic differential equations (BDSDEs), which incorporate both
a forward integral with respect to a Brownian motion and a backward integral with
respect to an independent backward martingale measure. This doubly nature makes
BDSDESs particularly suitable for applications in stochastic control and partial differ-
ential equations.

Interest in these equations has grown considerably due to their concrete applica-
tions, particularly in stochastic partial differential equations (SPDEs) and mathemat-
ical finance. As demonstrated by Bally and Matoussi [4] and others, BDSDEs provide
a natural probabilistic representation for solutions of semi-linear SPDEs, thereby es-
tablishing a powerful connection between probability theory and partial differential
equations.

A nonlinear BDSDE is defined as follows: let £ be a square-integrable Fp-measurable
random variable, and let f(t,w,Y,Z) be a progressively measurable function. Then,
the associated BDSDE is written as:

<_
dY, = —f(t. Yy, Zy)dt + Z,dBy + Z;d By, t € (0,7,
(1)
Yr :§7

where (Y%, Z;)tco,r) represents the adapted solution, f is called the generator (or
driver), ¢ is the terminal condition, B, is a standard Brownian motion, and %t denotes
an independent backward Brownian motion. The presence of the backward integral
Zy d%t introduces additional analytical challenges compared to classical BSDEs.

In the classical framework established by Pardoux and Peng [10], the well-posedness
of BDSDES relies on the assumption that the generator f is uniformly Lipschitz con-

tinuous in (y,z). Consequently, research has focused on relaxing these hypotheses,



Introduction 2

moving from the global Lipschitz condition to conditions such as local Lipschitz, lin-
ear growth, and later to monotonicity conditions. In this direction, Mao [8] proposed
weaker conditions based on a non-Lipschitz approach. More recently, efforts have been
directed toward introducing local monotonicity conditions, which allow the genera-
tor to behave poorly for large values of y while remaining well-behaved locally. This
generalization encompasses both classical monotonicity and Mao’s condition, thereby
allowing for the treatment of a broader class of equations with coefficients that are
monotone only in a local sense.

The main objective of this thesis is to study the solvability of BDSDEs when the
generator satisfies this local monotonicity condition. We structure our work around

three main axes:

e Chapter 1: This introductory part lays the necessary theoretical foundations.
We recall key concepts of stochastic analysis, ranging from martingales and Brow-
nian motion to stochastic differential equations, without omitting the essential

tools of Itd calculus.

o Chapter 2: We dedicate this chapter to the study of the standard framework.
We present the classical existence and uniqueness results obtained by Pardoux
and Peng [10] for BDSDEs when the coefficients of the equation are globally

Lipschitz, thus providing a benchmark for subsequent extensions.

o Chapter 3: This final chapter constitutes the core of our contribution. We
analyze BDSDEs under local monotonicity. Building on techniques such as a
priori estimates, approximation procedures,and gronwall’s inequality, we demon-
strate that the existence and uniqueness of solutions remain valid under this
less restrictive condition, thereby extending the classical results to a significantly

broader class of equations with locally monotone coefficients.



Chapter 1
Stochastic Analysis

In all that follows, we work on a complete probability space (2,4, P).

1.1 Processes and Martingales

1.1.1 Processes

Definition 1.1. A (random) process on the probability space (2, A, P) is a family of

random variables (X;)cor)- It is therefore a function of two variables:
X:[0,T] x Q2 —R.

Remark 1.1. The variable t € [0,T] represents time, but one could also considert € R

ort € R%. Similarly, the arrival space could be much more complex than R.

Remark 1.2. We can view a process as a function that associates to each w € ) a

function from [0,T] to R, t — X;(w), called the trajectory of the process.

Definition 1.2. We say that X is a continuous process (a.s.) if it has continuous

trajectories, i.e. t — X (w) is in C° for almost all w € Q.

1.1.2 [P Spaces

Definition 1.3. For all p € [1,00), we denote:

[P = {X ru. such that | X||,, := (E[X]"))"" < oo},

T 1/
017 = {(@s)o<s<r process, 0, T|xQ-measurable, such that |||p, := (E[/ |ps|P ds]) ' < o0}
0
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1.1.3 Filtration

Definition 1.4. A filtration (F})cjo,r 95 an increasing collection of sub-o-algebras of
F;ie.
fs g ‘B g F?

for all s,t € [0, T] such that s < t.

Remark 1.3. F; represents the amount of information available at timet; it is therefore

logical that this amount increases with time.

Definition 1.5. A process (X;)co,1] 95 said to be F-adapted if the random variable
X is Fy-measurable for all t € [0,T].

Proposition 1.1. For p > 1, the spaces LP equipped with ||-||;, and 73[% 7] equipped

with ||-||p» are Banach spaces (i.e. complete).

Proof. We will skip the proof; the space LP is complete, and 77{(’) 1] is likewise complete
for the same reasons: instead of considering functions of a single variable, it suffices to

consider functions of two variables (¢; w). O

Proposition 1.2. If X is F-adapted, then the random variable X, is Fi-measurable
for all s <t and all t € [0,T].

Proof. This result is natural when reasoning in terms of information: the o-algebra
F; is larger than the o-algebra Fj, so if X, is known given the information F, then
it is known given the information F;. Analytically, let B be a Borel set of R. Then
the preimage of B under X, namely X '(B), is an element of F, and is therefore an
element of F; D Fi. ]

Definition 1.6. The filtration generated by a process X, denoted by FX, is the in-

creasing sequence of o-algebras (F;¥)ieior) generated by (Xi)iep,r), i-¢.
-EX = U(Xsa s < t)a

for all t €0, 7).

Remark 1.4. FX is the smallest filtration that makes X adapted. A o-algebra is said
to be complete when it contains the collection of negligible sets of (0, F, P), which is
defined by:

N ={NCQ:3AeF, NCA, P(A) =0}

Definition 1.7. A filtration (F;)icor) s complete when F; is complete for every
t €[0,T] (which is equivalent to Fo being complete).
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Remark 1.5. To complete a filtration it suffices to replace F; by o(F; UN) for every
t € [0,T]. The completed filtration generated by a process X is generally called the
natural filtration of the process. If the filtration is complete and X and Y are two

processes, then for fixed t we have
X =Y a.s. = X, is Fi-measurable <Y, is Fi-measurable.

It then follows that, if the filtration is complete and (X™),>0 is a sequence of processes,
then for fixed t:

X/ L% X, and X;" is Fy-measurable for alln > 0, = X, is F;-measurable.

This result remains valid for convergence in LP with p > 1. In this case, one can extract
a subsequence that converges almost surely to the same limit; thus, the limit remains

measurable:

X} i X, and Vn, X|' is Fi-measurable = X, is F;-measurable.

1.1.4 DMartingales

Definition 1.8. A stochastic process (My)scjo,r) is an F-martingale (resp. F-supermartingale

and F-submartingale) if:
(i) M is F-adapted;
(ii) M; € L', i.e. E[|M]] < oo, for allt € [0,T];
(1i1) E[M; | Fs] = My for all s,t € [0, T] such that s < t.

A process is a supermartingale (resp. a submartingale) if it satisfies properties (i) and
(i1), and E[M, | Fs] < My (resp. E[M, | F5] > M) for all s,t € [0,T] such that s < t.

Remark 1.6. A martingale represents a fair game, a supermartingale a losing game,

and a submartingale a winning game.

Proposition 1.3. Fvery martingale satisfies:
EM;] = E[Mo],

for allt €[0,T].
Proof. We have E[M,] = E[E[M, | Fo]] = E[M], for all ¢t € [0,T]. O

Proposition 1.4. Let M be an F-martingale and ¢ : R — R be a measurable convex
function. If p(My) € L' for all t € [0, T, then (p(My))iepr) is a submartingale.
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Proof. o(M) is integrable and adapted, and the conditional Jensen’s inequality yields:
Elp(My) | Fo] 2 @(E[M, | Fi]) = o(M),

for all s,t € [0, 7] such that s < t. O

Proposition 1.5. Let M be a square-integrable F-martingale (i.e. E[|My|?] < oo for
allt €10,T]), then

E[|Mt — M,|? | }'s} =E[M? | F,] — M2

Proof. For every t € [0,T]:

E[|M, — M,|* | ;] = E[M} | F] — 2M,E[M, | F,] + E[M? | F]
E[M} | F,] — 2M?2 + M

E[M152|-/T8]_M3

Hence, it follows that |M|? is a submartingale. O

Proposition 1.6 (L? Stability of Martingales). Let p > 1 and (M™),>o be a sequence
of F-martingales such that M]* € LP for alln > 0 and t € [0,T]. If the random
variable M]' converges to My in LP for every t € [0,T], then the limiting process M is
a martingale and M, € L? for allt € [0,T].

Proof. 1t is necessary to demonstrate three properties:
1. M is adapted;
2. For every t € [0,T], M; € LY,
3. For 0 < s <t < T, the martingale property holds: E[M, | F] = M.

Step 1. For every n, M]" is F;-measurable. Consequently, M, is also F;-measurable
(assuming the filtration is complete).

Step 2. For any fixed ¢, since M;* converges to M, in LP, it follows by the properties
of L? spaces that the limit M; belongs to LP.

Step 3. For 0 < s <t < T, we observe:

1M = E[M; | Fll o < 1M = Myl == 0.

Furthermore, since M converges to M in LP, the term M — E[M, | F,] converges to
M — E[M, | F] in LP. Given the limit is 0 in LP, we conclude that E[M; | Fs] = M,

almost surely. O
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1.2 Gaussian Processes

Definition 1.9. A vector of random variables (X1, ..., X,) is a Gaussian vector if and
only if every linear combination of the X; is Gaussian; i.e. the random variable {a, X)
defined by:

n

(a, X) := Z ar Xk

k=1

is a Gaussian random variable for every a = (aq,...,a,) € R".

Proposition 1.7. If the vector (X1, Xs) is Gaussian, the random variables X7 and X,
are independent if and only if cov(X;, Xz) = 0.

Proof. If X; and X3 are independent, then cov(Xy, Xs) = E[X;X5] — E[X4]E[X,] = 0.
Conversely, if (X, X») is a Gaussian vector with cov(Xi, Xs) = 0, then the joint
characteristic function factors: E[elt1X1+u2X2)] = Ele®1X1]|E[e™2X2] which implies in-

dependence. O

Proposition 1.8. Any vector consisting of independent Gaussian random variables is

a Gaussian vector.

Proof. Let Xi,..., X, beindependent Gaussian random variables. For any a = (a4, ...,a,) €
R", the linear combination ) ;_; a;xX} is a sum of independent Gaussian random vari-

ables, hence Gaussian. Therefore (X7, ..., X,) is a Gaussian vector by definition. [J

Remark 1.7. Note that it is possible to find non-independent Gaussian random vari-
ables with zero covariance. The continuous-time version of Gaussian vectors are Gaus-

$1am PrOCEesSSEs.

Definition 1.10. A process (X;)ico,r) 5 called a Gaussian process if, for any n and

any ty <ty < .-+ <t, in [0,T], the vector (Xy,,...,Xs,) is Gaussian.

1.3 Brownian Motion

Brownian motion is generally denoted by B (for Brown) or W (for Wiener).

Definition 1.11. Let F be a filtration. An F-Brownian motion (standard) is a process
B satisfying:

1. B is F-adapted;
2. By =0 P-almost surely;

3. B is continuous, i.e. t — By(w) is continuous for P-almost all w € Q;
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4. B has independent increments: By — By is independent of Fs for all t,s € [0, T
such that s <'t;

5. B has stationary Gaussian increments: By — By ~ N(0,t —s) for all t,s € [0,T]
such that s < t.

Remark 1.8. Sometimes, when there is no ambiguity regarding the filtration to be
considered, or when F is the natural filtration of the process B, we simply refer to it

as Brownian motion.
Theorem 1.1 (Existence of Brownian Motion). Brownian motion exists.

Proof. This non-trivial result is assumed here without proof. The primary technical
challenge lies in establishing the sample path continuity of Brownian motion. Brownian
motion can be formally constructed as the limit of random walks as the time steps

approach zero. O

Proposition 1.9. Let B be a Brownian motion and F its natural filtration. The

following processes:
2
B, B?—t, Bt (Exponential Brownian Motion)

are martingales.

Proof. These three processes are adapted. They are integrable because B; ~ N (0, 1),
ensuring that its expectation, variance, and all finite moments exist. It remains to
verify the martingale property (conditional expectation condition).

For the first process:
E[B; | 75| = E[Bs | Fs] + E[B; — Bs | 75| = Bs + (By — Bs) = B; + 0 = B,.

For the second process: Since B is a martingale, we utilise the independence of

increments:
E[B? — B? | F,) =E[(B; — B,)? | 7] + E[B, — By | F,] = Var(B; — B,) =t — s.

Thus, E[B? —t | F,] = B? — s.
For the third process: The condition is derived using the Laplace transform of

a Gaussian distribution:
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Theorem 1.2 (Characterization of Brownian Motion). A process X is a Brownian
motion if and only if it is a centered, continuous Gaussian process with covariance
function cov(Xs, Xi) = s A t, for s,t € [0,T].

Proof. Forward direction: For t; <ty < --- < t,, the vector (By,, By,—By,, ..., B;, —

n

B, ,) consists of independent Gaussian random variables; therefore, it is Gaussian.

Any linear combination of By ,..., By, is a linear combination of these independent

n

Gaussian variables and is thus also Gaussian. Consequently, the process B is Gaussian.
It is continuous by hypothesis and centered since E[B;] = E[B; — By| = 0. For s < t,

the covariance function is:
cov(Bs, By) = E[B;By;] = E[Bs(Bt—Bs)]—i—]E[BSQ] = E[B|E[B,— Bs|+Var(Bs) = 0+s = s.

Converse direction: We verify the properties of the definition of BM sequentially:
« E[B2] = Var(By) = cov(By, By) = 0, hence By =0 a.s.
e B is continuous by hypothesis.

o Letr <---<r, <s<t. Thevector (B,,,...,B,,, B — B;) is Gaussian. Since
cov(B; — Bs,B,.,) =ri ANt—r; ANs=r; —1r; =0,

it follows that B; — By is independent of any vector (B,,,..., B,, ) and conse-
quently, independent of the filtration F2 = o(B,,r < s).

e For s < t, B, — By is Gaussian and is therefore determined by its expectation
E[B; — B;] = 0 and its variance:

Var(B; — B;) = Var(B;) + Var(B;s) —2cov(By, Bs) =t +s—2s =t —s.

Thus, B; — B, ~ N(0,t — s). Since the distribution of B; — B, depends only on

the difference t — s, the increments are stationary.

]

1.3.1 Properties of Brownian Motion

Remark 1.9. The fact that the process %Ba% remains a Brownian motion represents
the fractal property of Brownian motion. Its behaviour is invariant under scaling (self-
similarity). This also reflects the fact that the trajectories of Brownian motion have

infinite length.

We cite several properties of Brownian motion without proof, intended to provide

a better understanding of its behaviour:
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1. If B is a Brownian motion, then:

B
Tt 1H—OO> 0 a.s.

This follows from the Law of Large Numbers, as the increments B; — B;_; are
independent and identically distributed (i.i.d.) with law N (0, 1).

2. Brownian motion has continuous trajectories, yet they are nowhere differentiable.

3. If B is a Brownian motion, then:

limsup B; = +o0  and liminf B, = —o0.
t—00 t—00

Thus, Brownian motion visits every point in the space almost surely.
4. Brownian motion returns to any given point infinitely many times almost surely.

5. Brownian motion is a Markov process:

s<t, B,/F,<B,B,.

In conclusion, Brownian motion exhibits extreme oscillation. It is both continuous

and inherently unpredictable.

1.4 Total Variation and Quadratic Variation

Definition 1.12. Let X be a process on the interval [0,T]. We define the infinitesimal

variation of order p associated with a partition m, = (t7,...,t") of [0,T] as:
n
Vi () =3 | Xer — X 7.
i=1

If VT(p ) (m,) converges in a certain sense (e.g. L? convergence or almost sure conver-
gence) as the mesh size

7] = max|[ti, — ] =0,

then the limit is independent of the chosen partition. We refer to this limit as the

variation of order p of X over [0,T]. Specifically:
« For p =1, the limit is called the total variation of X over [0, 7.

o For p = 2, the limit is called the quadratic variation of X over [0,T], denoted by
[X]r.
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Remark 1.10. If the total variation of a process exists almost surely, it is given by:
1
VY(“ : := sup Z |th - Xti—1| a.s.,
Toi=1

where m denotes the set of all possible partitions of [0,T]. Conversely, if this supremum
is finite, the process admits a total variation. This follows from the monotonicity of the
infinitesimal variation with respect to the partition: if # O 7, then Vél)(ﬂ’ ) > V:,(,l)(w),

a property derived naturally from the triangle inequality
[z —y| < |z —z[+]|z -yl

The total variation of a process is interpreted as the path length (arc length) of its

trajectories.

Proposition 1.10. The quadratic variation of Brownian motion on [0,T] exists in
L? (i.e. the infinitesimal variation converges in the L?-norm) and is equal to T. Fur-
thermore, if the sequence of partitions (m,) satisfies the condition - | |m,| < oo, the

convergence holds in the almost sure sense. Thus:
[Blr =T.

Proof. The quadratic variation of Brownian motion is given by:

V7(~2)(7Tn) = Z |Bt7 — Bt;t_1’2.
=1

Recall that if X ~ N(0,0?), then E[X?] = 0% and Var(X?) = 20?. Consequently:

n

2 n n
E[Vi? (ma)) = Y El(By = By )l = Y (67 — 1)) = T.
i=1 i=1
By denoting the mesh size as |m,| := max [t} — ¢ ||, we obtain:

Var(VT(2)(7Tn)) = ZVar[(Bt? — Bt?_1)2] —9 Z(t? _ t?—l)Q < 9T|m| oo

i=1 i=1

2
Thus, VT(Q)(W,L) LS T. To establish almost sure convergence, we employ Markov’s

inequality: for any € > 0:

_ Var(Vi2 (7)) - 2T ||

P(’Véz)(ﬂn) -T[> 8) = g2 g2
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Hence, if Y2%°, |m,| < oo, then for any € > 0, >°°  P(|[V\? (1) = T| > ¢) < 00. [

Proposition 1.11. By the Borel-Cantelli Lemma, sincey .~ P(|VT(2) (m)=T| >¢) <
oo for any e > 0, it follows that VT(2) (mn) — T almost surely.

Proof. This is a direct application of the Borel-Cantelli Lemma: if Y~  P(A,) < oo,
then P(limsup,, A,) = 0, i.e. only finitely many events A,, occur almost surely. Taking
A, = {|VT(2)(7rn) —T| > e} and using the bound P(A4,,) < % with Y |m,| < oo gives
the result. [

Proposition 1.12. For any sequence of partitions (m,) satisfying Y - |m,| < 0o, the
total variation of Brownian motion on [0,T] associated with these partitions converges
almost surely to +o00. Consequently, the total variation of Brownian motion is almost
surely infinite:

VT(U i= sup VT(l)(Wn) =400 a.s.

Proof. Let (m,) be a sequence of partitions of [0, 7] such that ">, |m,| < co. Then,

for almost every path w, we have the following inequality:

Vil(m) < sup B = Byl Vy'(ma).
lu—v|<|mn|
The left-hand side converges to T" due to the almost sure convergence of the quadratic
variation. The first term on the right-hand side tends to 0 because Brownian motion
paths are uniformly continuous on [0, 7] (as they are continuous functions on a compact
interval). Therefore, the second term on the right must necessarily tend toward infinity.
In conclusion, the quadratic variation of Brownian motion is non-zero (equal to 7" in

L?), whereas its total variation is almost surely infinite. ]

Definition 1.13. A process X is said to be a process of bounded variation on [0, 7] if

its trajectories exhibit bounded variation almost surely:
supz | Xy, — X, | <00 a.s.
T =1

Proposition 1.13. A process is of bounded variation if and only if it can be represented

as the difference of two non-decreasing processes.
Proof. Assuming X is of bounded variation, for any ¢ < T', let:

n

X" = sup Z Xy, — Xi, | <00 as,
wC[0,¢] i—1

where 7 denotes the partitions of [0,¢]. Then, X; can be decomposed as follows:

_Xt—l—X;r X - X,

1 2
: X xp.

Xy
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The processes Xt(l) and Xt(Q) are non-decreasing since, for s < t, the inequality |X; —

X, < X;* — X} holds. Conversely, if X = X — X@ where X1 and X® are

non-decreasing, then for any partition of [0,7:
> o IXe =Xl < oGl -X, +Z X)) = (XXX X7 < oo

Thus X is of bounded variation. O]

Proposition 1.14. If X is a continuous process of bounded variation, its quadratic

variation vanishes almost surely: [X|r = 0.

Proof. As previously established, for almost every w:

VP (m) < sup [ Xy — X, |- VA ().

lu—v|<|mn|

Since X is continuous on the compact interval [0, T], the supremum tends to zero as
|mn| — 0. Given that the total variation of X is finite, the quadratic variation is

necessarily zero almost surely. [

The following summary table highlights the fundamental distinctions between Brow-

nian motion and continuous processes of bounded variation:

Comparison of total and quadratic variation

Property Total Variation Quadratic Variation
Brownian Motion +00 T
Continuous Process with Bounded Variation < 00 0

By construction of the quadratic variation, [X|r = [X, X]r; hence, it is natural to

extend the mapping X — [X] = [X, X] into a bilinear form.

Definition 1.14. Let X and Y be two processes such that [X], [Y], and [X + Y] have
finite quadratic variation in L?. The quadratic covariation between the processes X
and Y is defined as:

(X, Y]p =S (X +Y]r = [X = Y]p).

| —

By construction, this definition ensures the mapping (X,Y) — [X, Y] is bilinear:
[X + Y7X + Y]T = [X7 X]T + 2[X7 Y]T + [Y’ Y]T

Remark 1.11. [X, Y]y is identified as the limit in L? of Y7 | | X — X |[Yen =Y |.
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Proposition 1.15. Let X be a continuous process of bounded variation with a quadratic
variation in L*. Then:

(X 4+ Y]r =[Y]r,
which is equivalent to saying that [X,Y]|r = 0.

Proof. We have the following inequality:

n n n

Z |Xt1 - Xti—1||}/ti - }/ti—ll < Z |Xt1 - Xti—1|2 Z |Y;fz - }/ti—1|2'

i=1 =1 i=1

The first factor is bounded by supj,_, <jr,| [Xu—Xo| -VT(,I)(X) — 0 as |m,| — 0, since X
is continuous on the compact [0, 7] and has finite total variation. Therefore [X,Y]r =0
at the limit. ]

Remark 1.12. We have just observed that the quadratic variation of Brownian motion
over the interval [0,T] is T. Recall that we previously established that the process
B? — t is a martingale. This is not coincidental; there exists a more general result,
which we shall state without proof, that characterizes square-integrable martingales.

This is known as the Doob—Meyer decomposition.

Theorem 1.3 (Doob-Meyer Decomposition). If M is a continuous square-integrable
martingale (such that E[M?] < oo for all t), then [M] is the unique, continuous,

increasing process starting at 0 such that M?* — [M] is a martingale.

1.5 Stochastic Integration

Our objective is to provide a formal definition for the random variable:

T
/ @5 dBs.
0

When integrating a function g with respect to a differentiable function f, provided g

is sufficiently smooth, the integral is defined as:

T T
| asdrs) = [ ao)rs)as
0 0
In cases where f is not differentiable but is simply of bounded variation, the integral
can still be defined as the Riemann-Stieltjes integral:

n—1

[ st drts) = Jim S gt (5 (tin) £t
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In our context, however, Brownian motion is not of bounded variation; consequently,
this limit cannot be defined on a path-by-path basis. Nevertheless, since it possesses
finite quadratic variation, it is natural to define the integral with respect to Brownian

motion as the limit in L? of:
n—1

¢sdBy = lim > ¢y, (B, — By,).
=0

We further require the integrand ¢ to be F-adapted, ensuring that ¢;, remains inde-
— By,.

7

pendent of B,

i1
Definition 1.15. A process (¢¢)ico,r) 95 called an elementary process if there exists a
partition 0 =tg < t; < --- <t, =T and a discrete process (¢;)o<i<n—1, where each ¢;

is JFi,-measurable and belongs to L?, such that:

n—1
d)t = qui]'(tiytu»l](t)'
=0

We denote by E the set of elementary processes, which is a subspace of M*(F,[0,T]).

Definition 1.16. Using the same notation, the stochastic integral between 0 andt < T

of an elementary process ¢ € &€ is the random variable defined by:

t k—1
/ ¢ dBy =Y (B, — Bi,) + ox(By — By,), on (b, trs],
0 i=0
which can be written as:

t n
/ ¢S dBS = Z ¢i(Bti+1At - Bti/\t>'
0 i=0

Remark 1.13. We naturally define:

t t s
/ ¢, dB, == / O dB, — / Ou dB,.
s 0 0

Proposition 1.16 (Properties of the Stochastic Integral on £). On the set of elemen-

tary processes &€, the stochastic integral satisfies the following properties:
1. Linearity: The mapping ¢ — fot ¢s dBy is linear.
2. Path Continuity: The mapping t — f(f ¢sdBy is a.s. continuous.

3. Adaptivity: The process (f(f 0s st) is F-adapted.

te(0,7

4. Mean and Variance: E[fot b5 dBS] =0 and Var (fot b st> = ]E[fot ®? ds} .
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10.

11.

;:E[f(fgzﬁgds].

(/:cbvdBv)z 7

Isometry Property: Hf(f ¢, d B

Conditional Properties:

E t w A By,
K

Generalized Result:

g [ suan. [ voan | 2] ~5[ [ owar | 5]

Martingale Property: ( fot Os dBS> o] is an F-martingale.
telo,T

:E{/:qszdu‘fs].

]—"5} =0, E

2
Martingale Characterization: The process (fot Os dBS> — fot @ ds is an F-

martingale.

Quadratic Variation: The quadratic variation of the stochastic integral is

{/O.gbsst]t:/otgbzds.

Quadratic Covariation: The quadratic covariation between two stochastic

given by:

integrals is given by:

{ /0 6.dB,, /0 ¢, dBS] - /0 " b ds.

Example 1.1. [/ dB, = B, — By = B, for all t € [0, T].

Theorem 1.4 (Extension of the Stochastic Integral). There exists a unique linear
mapping I from M?*(F,[0,T]) into M?([0,T)) that coincides with the stochastic integral

on the set of elementary processes £ and satisfies the isometry property:

I, QQ—E{ t 2d],
L) / ¢ ds

for all t €0, T].

Proposition 1.17. On M?*(F,[0,T]), the stochastic integral satisfies the same prop-

erties as those stated above (Properties 1-11).

Proposition 1.18 (Special case: non-random integrand). If the process ¢ is not ran-

dom but simply a function f of time, then in addition to the preceding properties, the
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stochastic integral—then referred to as a Wiener integral —is Gaussian:

[ rsyaz~ (o [ tf(s)QdS) .

Proof. Indeed, fo s) dB, can be written as the limit in L? of random variables of the

form:

> Ft) B~ B) S [ (908

i=0
Now, S0 f(t:)(Bs, ., — B:,) is Gaussian, being a linear combination of elements of
the Gaussian vector (B, ..., B, ). Therefore, fo s) dB; is Gaussian. Indeed, conver-
gence in L? implies the convergence of the expectation, the variance, and consequently
the characteristic function of the Gaussian random variables. Furthermore, any linear
combination of fot " f(s) dBs is also a Wiener integral and is thus Gaussian. Hence, the

Wiener integral fo s)dBs is a Gaussian process characterized by:

o[ sy [Co) )~ | ™ Fs)g(s) ds

1.6 1to’s Formula

Theorem 1.5 (It6’s Formula for Brownian Motion). Any function f € C* with a

bounded second derivative satisfies almost surely:

f(By) = f(By) + /f )dB, + = /f” t<T.

The infinitesimal notation of this relation is:

df(B,) = f'(B,) dB, + % F/(By) dt

1.7 1ItO0 Processes

Definition 1.17. An It6 process is a process of the form:

t t
Xt:X0+/ usds—i—/ o, dB,, (1.1)
0 0
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where Xq is Fo-measurable, and p and o are two F-adapted processes satisfying the

following integrability conditions:

T T
/ log|?ds < 0 a.s. and / |ps| ds < oo.
0 0
In infinitesimal notation, this is written as:
dXt = U dt + O¢ dBt

Proposition 1.19. The quadratic variation over [0,t] of an Ité process X given by

(1.1) is t
[X], = UO'anBSLZ/O o2 ds.

Proposition 1.20. The quadratic covariation between two Ité processes X' and X?
given by dX; = pidt + ol dBy is:

t
[X17X2]t:/ oro?ds.
0

Definition 1.18. For an element ¢ € M?(F,[0,T]) satisfying appropriate integrability

conditions, the stochastic integral with respect to an It06 process X is defined as:

t t t
/ ¢s dXs = / ¢50'5 st + / ¢SM5 ds.
0 0 0

Theorem 1.6 (I1td’s Formula for 1t6 Processes). Let f be a function of class C*. Then:

f(Xy) = f(Xo) /f )dXs+ = /f”

1 t
f(Xo) / ' (Xs)us ds + / f'(Xy)osdBs + = 5 / f"(X,)o? ds.
0
The infinitesimal notation of this relation is:
1
df(Xt) - f/(Xt) dXt + §f”(Xt) d[X]t

Proposition 1.21 (Integration by Parts Formula). Let X andY be two It6 processes.
Then:

t t
XY, =XYoo+ | X,dY,+ / Y,dX, + [X,Y].
0 0

Alternatively, in infinitesimal notation:

d(X:Y;) = Xi dY; + Vi d X, + d[X, Y],



Chapter 2

Backward Doubly Stochastic

Differential Equations

2.1 Setting and Notation

The Euclidean norm of a vector z € R¥ is denoted by |z|. For a d x d matrix A, we

define the Frobenius norm as: ||A| = /Tr(ATA).

Let (2, F, P) be a probability space, and let T' > 0 be fixed throughout this paper.
Let (Wy)o<t<r and (Bi)o<t<r be two mutually independent standard Brownian motion
processes with values in R? and in £2, respectively, defined on (Q, F, P). Let N denote
the class of P-null sets in F. For each ¢ € [0, 7], we define the following filtration:

.Ft ::.Ftw\/ft?T,

where for any process 7, we define F; := o(n, —ns; s < r < t) VN, and we set
Fi = ]'—(7)7,1&-

Note that the collection (F;)scpo,7] is neither increasing nor decreasing, and thus it
does not constitute a standard filtration.

For any n € N, let M?(0,T;R") denote the set of (classes of P ® dt a.e. equal)
n-dimensional jointly measurable random stochastic processes (¢¢; t € [0,7]) which

satisfy:
() B[ | dt] < oo;
(ii) ¢ is Fi-measurable, for almost every t € [0, 7.

We similarly denote by S?(0,T;R™) the set of continuous n-dimensional random

processes satisfying:
(i) E[SUPogth ‘Qtﬂ < 00

(i) @ is Fi-measurable for any ¢ € [0, T].

19
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2.2 The BDSDE under Lipschitz Conditions

Let the coefficients be defined as:
f:Qx[0,T] x RF x R*4 5 R¥, g:Qx[0,T] x R x RF*d 5 RF*E,
which are jointly measurable such that, for any (y, z) € RF x RF*4,
fCoy,2) € MP(0,T5RY),  g(,y,2) € M*(0, T;RM).

Furthermore, we assume there exist constants ¢ > 0 and 0 < o < 1 such that for any
(w7t> € x [O7T]7 and any (yb 21)7 (y2> ZZ) S Rk X kaf:

|t yi,21) — f(ty, 2) P < ey — vol? + |21 — 227),

(H.1)
lg(t.y1,21) = gt yo, 2)II° < e(lyr — gol” + allzr — 22]?).

Given a terminal condition ¢ € L*(Fr;RY), we consider the following backward
doubly stochastic differential equation (BDSDE):

T T T
YtZS—I-/ f(s,Ys,Zs)ds%—/ g(s,Y;,Zs)dgs—/ ZgdWs, 0<t<T. (2.1)
t t t

It is observed that the integral with respect to B; is defined as a “backward It6
integral”, whereas the integral with respect to W, is a standard forward It6 integral.
These two formulations are specific instances of the It6—Skorohod integral (cf. Nualart

and Pardoux).

Theorem 2.1. Under the aforementioned conditions, specifically hypothesis (H.1),

Equation (2.1) admits a unique solution:
(Y, Z) € S*(0,T;R*) x M?(0,T; RF*%).

Proposition 2.1. There exists a unique pair (Y,Z) € S*(0,T;R*) x M?(0,T; R**%)
satisfying the simplified equation

T T T
iftzf—f_/ fsd8+/ gsdgs_/ stW& O§t§T7 (22)
t t t

where f € M?(0, T;RX), g € M?(0, T;RE*), and € are as previously defined.

Proof. Uniqueness is immediate. If (Y,Z) represents the difference between two

solutions, then:

T
Yt:/ ZodW,, 0<t<T.
t
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By orthogonality:

T —
/ ZsdWs
t

which implies Y; = 0 for all ¢t € [0, 7] a.s. and Z; = 0 for almost all ¢ under the product
measure dt ® dP.
Existence. We define the filtration (G;)o<i<r by G; := F}¥ and the square-

integrable martingale:

M, ::]E[§+/0Tfsds~l—/0Tgsd§S

By applying a direct extension of [t6’s martingale representation theorem, there exists a

E

2 T
] =0 = ’K|2+E|:/ Tr( 7STZS> d8:| IO,
t

Gt}, 0<t<T.

Gi-progressively measurable process (Z;) taking values in R¥*¢ such that E| ftT | Z:|? dt] <

oo, and M; can be represented as:

t
M, = M, +/ ZgdWs.
0

Setting Y; = Mt—f(f fs ds—fg Js d%s, one can verify that (Y, Z) satisfies (2.2). The F;-
adaptedness of (Y3, Z;) follows by observing that Y; involves only F}" v F/;-measurable

quantities, and similarly for Z;. [

2.2.1 Extension of It6’s Formula

We shall need the following extension of the well-known I1t6 formula.

Lemma 2.1. Let ¢ € S*(0,T;R*), u € M*0,T;R), v € M?*0,T;R¥), o €
M?(0,T; R*4) be such that:

t t — t
¢t=¢o+/ Msd8+/ usdBS+/ osdWs, 0<t<T.
0 0 0

Then, the squared norm |¢:|* satisfies:

t t t
t 2= 2 2 sy Hs d 2 $9 sdﬁs 2 s5 des
o =lou +2 [ (o) ds +2 [ (o dB +2 [ (po.aw)

t t
+/ ||Vs|]2ds+/ |2 ds.
0 0

Furthermore, the expectation is given by:

i) = Elion] + 28] [ (unbas| +E] [l as] +E[ [ ol ]
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Proof. The first identity is a combination of It6’s forward and backward formulae,
applied to the process ¢, and the quadratic function f(z) = |z|>. Let 0 = t; < t; <

.-+ < t, =t be a partition of [0, ¢]. Consider the increment of the squared norm:

2

?= 2(pt, Gty — 1) + Ot — O,

_ 2<¢ti, /t;m n ds> + 2<¢ti, /t;i“ v, d§s> + 2<¢ti, /t;i“ o4 dW8>
tit1 tit1
/ Vg dgs / o, dW
ti

t;
where the remainder r; — 0 in probability as sup |t;11 — ¢;| — 0. Summing over ¢ and

|¢ti+1 |2 - |¢h

2 2
+ + i,

_|_

passing to the limit yields the first identity. The second identity (expectation formula)
follows from the first, since the stochastic integrals with respect to W and % have zero
expectation, which is guaranteed by the Burkholder-Davis—Gundy inequality and the

integrability assumptions on v and o. 0

2.3 Uniqueness and Existence of Solutions: Proof
of Theorem 2.1

Proof. Uniqueness. Let (Y,',Z}!) and (Y?, Z?) be two solutions to the system. We
define the processes Y; and Z, for 0 < t < T as follows:

Y, =Y!' - Y2 Zy =27} — 72
It follows that:
B T T — T
Vim [ UYL 2~ f 2 2 sk [ lals, V2D g5 Y2, 20 dB- [ 2.
t t t

By applying Lemma 2.1 to the process Y;, we obtain:

T T
ViR + / 1Z,]2ds = 2 / (s, Y2, Z) — f(s, Y2, 22), V) ds
t t

T
[ gt 120 < gls. Y2, 2 P s
t

Utilising assumption (H.1) and Young’s inequality ab < 2(11%) a® + %bQ, we get:

S, l—a T 2 - 2
Vil + —5 1Zs[ds < c [ [Ys["ds,
t t
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where 0 < a < 1 is the constant in (H.1). Invoking Gronwall’s Lemma, it follows that
|Y;|? = 0 for all 0 < ¢t < T, which further implies that fOT | Zs||? ds = 0. This establishes
uniqueness.

Existence. We construct the solution by defining a sequence of processes {(Y, Z) }i—o.1...
as follows: let Y;* = 0 and Z? = 0. Given (Y}, Z{), (Y;™, Z/*1) is defined as the unique

solution—constructed in accordance with Proposition 2.1—to the following equation:

. T L T - T
Y, 25—1—/ f(s,Kj,Zz)ds—i—/ g(s, Y, Z)d B —/ ZH aw,.
t t t
Let Y/t = Y™ — Y} and Z/*' = Z/*' — Z!. By applying the integration by parts
formula (specifically the It6 product rule with an exponential weight) with A > 0, we

deduce that there exist constants ¢, A\ > 0 such that:

T o 1 Zit1 A 1+« T o >i A
| [+ 1z as| < LE0E| [ mp+1zipeas).
t t

By selecting A = 2¢/(1—a), since 52 < 1, the sequence {(Y}, Z})}i—o,1,2,.. constitutes a

Cauchy sequence in the space M2(0, T; R¥) x M2(0, T; R¥*?). Tt is then straightforward
to conclude that (V}');—0 1.2, is also Cauchy in S%(0,T; R*), and that the limit (Y}, Z;) =
lim; o (Y}, Z}) solves (2.1). O



Chapter 3

BDSDEs with Locally Monotone

Coeflicients

3.1 BDSDEs with Locally Monotone Coefficients

In this chapter, we investigate Backward Doubly Stochastic Differential Equations
(BDSDEs) with locally monotone coefficients, extending the results established in [15]
for a finite time horizon. Some of the proof techniques are inspired by the work of
Bahlali et al. [1, 2, 3].

We assume the following hypotheses:

(H3) There exist constants K > 0 and 0 < § < 1 such that:

F(ty, ) < K(1+ [yl” + [|211).

(H4) For every N € N, there exists a constant Ay € R such that, for any y;,ys, 2
satisfying |y1|, |2/, ||2]] < N, the following monotonicity condition holds:

(y1 —ya, f(t,y1,2) — f(t,y2,2)) < Anlyr — vol*.

(H5) For every N € N, there exists a Lipschitz constant Ly > 0 such that, for any
Y, 21, 22 satisfying |y|, [[z1]], || 2]l < NV:

’f<t7y>zl) - f(t>y7 ZZ)’ < LNHzl - ZQH
Remark 3.1. Since |x|° <1+ |z| for 8 € [0,1), hypothesis (H3) implies that:
[F(ty, 2)] < K@+ Jyl + [|z[])-

The primary result of this chapter is:

24
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Theorem 3.1. Let hypotheses (H1), (H2), and (H3)-(H5) hold. Furthermore, assume
that: .
1—L% - N?-exp(2ANT + Ly - =T)-N*>0, VN €N, (3.1)
a

where v is an arbitrarily fized constant such that 0 < o < 1—a«. Then the BDSDE (2.1)
admits a unique solution (Y, Z) € S?(0,T;R™) x M?(0, T; R™*%).

Prior to the proof of Theorem 3.1, we introduce the following lemma:

Lemma 3.1. Under hypotheses (H2) and (H3)-(H5), there exists a sequence (fn)n>1
such that:

1. For fized n,w,t, the function f,(t,-,-) is continuous;
2. For alln, | fa(t,y. 2)| < |f(t,y,2)] < K(1+[yl” +]I2]17);

3. For every N, || fn — fllv — 0 as n — oo, where the norm || - ||n is defined as:

T
1713 = / sup  |f(t,y, )| dt:
0

lyl,llzll<N

4. For each n, f, is globally monotone in y. Moreover, for any n, N :

<yl — Yo, fn(taybz) - fn(tay2>z)> S )\lel - y2|27

for all t,y1,y2, 2 satisfying [y, [y, ||2[] < N;

5. For each n, f, is globally Lipschitz in z. Furthermore, for any n, N withn > N:

|fn<t,y721) - fn(t7y722)| < LNH’Zl - Z2||7

fO'f’ all tvya 21, 22 Satzsfymg |y|’ ||zl||’ ||22|| S N.

Proof. Let (x%)n>1 : R™ — [0,1] be a sequence of smooth “cut-off” functions such
that x¥(u) = 1 for |u| < n and x¥(u) = 0 for |u] > n + 1. We define the sequence
(XZ)n>1 : R™4 — [0,1] in an analogous manner. Notably, x¥ and x> are continu-
ously differentiable with bounded derivatives for each n. We define the approximated

coefficient f,, as follows:

fu(t,y,2) = f(ty, 2) X4 (y) X5 (2).

It is evident that f, satisfies conditions (1) and (2). Assertion (3) follows directly

from the Dominated Convergence Theorem. We now prove (4). Let A = (y; —

Y2, fn(ta U, Z) - fn(t, Y2, Z))
We analyse the following cases:
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(A1) If ||z]] > n+ 1, then xZ(z) = 0, which immediately implies A = 0.

(A2) If |z <n+1, j;i] = n+1, and [yo| > n+1, then x4 (y1) = x4 (y2) = 0, yielding
A =0.

(A3) If ||z|| < n+1, |y1]) < n+1,and |yo| < n+ 1, then by hypotheses (H3) and (H4):

A= (y1 =y, f(t, 01, 2) — f(Ey2,2)) X (W)X (2) + (1 — ya, f(E, y2, 2)) (X0 (1) — X (¥2)) X (2)
< Anrilyr — 1P + K(B3+2(n+ 1)) sup [V (W)l - [y — Yol

< (A1 + K(3+2n+5) sup Vx4 (w)])[yr — va*
(A4) If ||z <n+1, |ly1] <n+1, and |ya] > n+ 1, then x¥(y2) = 0 and:
A= (g =y f(t 1, 2)) X ()XG(2) < KB+ 200+ 1) sup [Vg ()] -y — gl
(A5) If ||z]| <n+1, |y1] > n+1, and |y2] < n+ 1: analogous to (A4).
Based on the derivations (A1)—(A5), we conclude that:
A< (A + K@ +2N + 1sup [V (@) lys — el

which implies that f,, is globally monotone in y. Furthermore, if n > N and |y1], |y2], ||z]| <
N, then f,(t,v;,2) = f(t,y;,2). Consequently, assertion (4) follows directly from hy-
pothesis (H4). Similar arguments yield assertion (5), with:

[Fultiy,20) = faltsy, 22)] < (Lot + K@+ 2(n+ 1) sup [ Vg (@) 1 — 2|

]

Proposition 3.1. Assume £',6% € L*(Fr; R™) and let f1, f? and g satisfy conditions
(H1), (H2), and (H3)-(H5). Furthermore, assume that condition (3.1) holds. Let
(Y Z1) € S%(0,T;R™) x M?(0,T;R™%), fori = 1,2, be the unique solution to the
BDSDE:

T T
Y =¢ —l—/ fi(s,Yi Z?) ds+/ g(s,YZ,Z’)dB —/ ZtdW.
t t

Then, the following estimate holds:

T
E{ sup |V} — Yu2|2] +E[/ |Z! — Z§||2dt] < ¢l * Iy, (3.2)
t

0<u<lT
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where:

IT

L =E[IE =P+ o (ff - )+ N,

Iy =14 (14 pl + L) exp(2uyT + L3, 67'T),

and 0 is an arbitrarily fived constant such that 0 < 6 <1 — a.

Proof. Since |f'(t,y,2z)| < K(3+ |y| + ||z]|), applying Itd’s formula to |Y}|? yields:

el sup r] +B[ [ 1200 <o+ migm e[ [ o oora ),

0<t<T

where ¢ > 0 is a constant depending on T, K, and &. Let us define the following sets:

A= {(w,s) YV + Y2+ 1220+ 1220 < N},

By applying 1t6’s formula once more, we obtain:

T
B[l - v2p) + | [ 12} - 221P as)
t

T
—Blle - @F)+E| [ o122 - g2 2P
T
v | [0 vE P - P ) s

T T
< E[j¢' — &2 +KE[/ ¥ —Yfﬁds} +aE[/ 1z) - Z§||2ds}
t t

+ 10+ Iy + I3+ Iy,

where the terms I, s, I3, and I are defined as follows:

I, =2E

IQZZE

[3:2E

I, =2E

o _
/ (V2 Y2) - [N, YD Z1) — (5, Y2 22)| 14 ds
o :
/ (V2 ¥2)- [f{s. Y2 Z0) — M, Y2, 28|14 ds
o :
/ (V2 ¥2)- [f{s. Y2, Z0) — [L(s, Y2, Z2)| 14 ds

[0 v [P 2 P v 2 ]

A= x[0,T]\ A

Estimation of Terms. We now proceed to estimate I, I, I3, and I;. Invoking
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Holder’s inequality and Chebyshev’s inequality, we can bound [; as:
T
L < E[/ = Y82|2d5} + N2
t

where the constant C' > 0 depends on T, K, @, v, E[|¢'?], E[|£%]?], and E [fOT lg(¢,0,0)|?dt|.
The local monotonicity of f! with respect to y yields:

T
I, <2u}E U v} — Yf]QdS} :
t

In light of the local Lipschitz condition of f! in z, it is straightforward to verify that
for any 8 > 0:

T T
nspw| [ v ocE| [ 12 - z2pPas).
t t
Finally, we obtain:
T
=] [ - vapas| 4 A -
t
By choosing 8 > 0 such that 6 := BL3 < 1 — @, it follows that:

T
[ 1z z2pas)

<E[g! — €]+ ON20 4 ol (F1 = f2)

E[Y; ~ VP +(1-a—0)E

T
+ 2+ K +2uf + L307E [/ V! — Y22 ds] :
t
The conclusion is then established by applying Gronwall’s inequality and the Burkholder—
Davis—-Gundy (B-D-G) inequality. O

3.2 Proof of Theorem 3.1

Proof. By setting f! = f? = f and ¢! = £2 = ¢, and passing to the limit as N — oo in
equation (3.2), we establish uniqueness. We now proceed to prove existence.

Let (f,) be associated with f according to Lemma 3.1. By construction, f, is glob-
ally monotone in y and globally Lipschitz in z for each n. Consequently, by Theorem
2.2 in [14], the following Backward Doubly Stochastic Differential Equation (BDSDE):

T T T
=¢ -|-/ fu(s, Y, Z0) ds +/ g(s, Y, Z7) d%s - / ZrdWs, 0<t<T,
t t t
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admits a unique solution (Y™, Z") € S?(0,T,R™) x M?(0, T, R™*4) for each n € N.

| 2
T
J

Applying 1t6’s formula to |Y;*]?, we have:

T
/ g(s,Y", Z7)

2
ds] ,

T T
By | [ 1200 ds] = Ble o [ v v 2 ds]
t t

where
T T
21E[/ n"-fn@,n”,Z:)ds]szKE[/ |n"|<3+|n“|+|zs|>ds]
t t

4K? r 1— r
§9T+<2K+K2+1 )EU ]st\zds}—i- 4%«:[/ |Z§\2ds}
—¢ t t

Furthermore, we have:

T 1 T 1 T
| [ ot v zpas| < L] [ oty 2 - gt 0.0 as| + 8] [ ats.0.002 ]
t t - t

1+e)K T 1 r
gﬂEU \Y;y?ds]Jr ;E]E[/ ]Z§|2ds]
t t

2e
1 T
+ “EU |g(s,0,0)|2ds].
1—-¢ 0

Hence:

1— r 1 T
E|Y;"|* + 451@[/ |Z;‘|2ds]§9T+E|§|2+1i—iE[/ |g(s,0,0)|2ds}
t 0

1 K 4K? T
+<2K+ﬂ+K2+—>E/ Y72 ds| .
26 1_5 t

It then follows from Gronwall’s inequality and the Burkholder-Davis—-Gundy (B-D-G)
inequality that:

T T
| swp 1P| +E| [ 122 as| < (14 BiP 4 8| [ lats.0,00P s ),
0 0

0<t<T

where ¢ > 0 is a constant independent of n.
An analysis similar to the proof of Proposition 3.1 demonstrates that, for sufficiently

large m and n:

T
E[ sup [} — Ymﬂ +E[/ 120 - Z;"n?dt}
0

0<t<T

< C<an - me?\/ + ﬁ?\/ﬂl + (1 + (1 4 M; + £?V)€QH$T+£?V971T)>’

where ¢ > 0 is independent of m and n. By passing to the limit successively as
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n,m, N — oo, we conclude that (Y™, Z") is a Cauchy sequence in the space S%(0, T; R™) x
M?(0,T; R™*4). Consequently, there exists a pair of processes (Y, Z) such that:

T
E[sup |Yt"—Yt|2]+E{/ ||Zf—ZtH2dt]—>0 as n — 0.
0

0<t<T

To assert that (Y, Z) constitutes a solution to the BDSDE (2.1), it remains only to

verify that, along a subsequence:
T T
/ fu(s, Y Z0) ds — / f(s,Ys, Z,)ds in L* as n — oo. (3.3)
t t

Define the set A, = {(w,s) : |Y™| + |Ys| + |27 + || Zs]] < N} and let A, :=
Q x[0,7]\ A,,. One can readily verify that:

T
E[ | Uty 2 = s, Zs>|2ds]

T
< ON=200ML, 4 4] o — FI1% + 4LLE [ [ z-zr ds]
t
T
+2E { / (5 Y™ Z2) — (5, Yo, Z0) 2 ds} |
t

where C' > 0 is a constant independent of n. Given that supyc,<p|¥;* — Yi|* — 0
and sup,, supg<,<p |Y7"|* < 00, there exists a subsequence (still denoted by Y™) such
that Y,” — Y; almost everywhere and almost surely. Consequently, by applying the
Dominated Convergence Theorem and invoking the continuity of f with respect to y,

we obtain:
T
E[/ If(s, Y™, Z) — f(5,Ys, Z)Pds| = 0 asn — oo
t

Then, by passing to the limit successively with respect to n and N, we demonstrate
that (3.3) holds. Thus, the proof is complete. O



Conclusion

In this work, we studied the existence and uniqueness of solutions for backward doubly
stochastic differential equations (BDSDEs) within a framework of relaxed assumptions.
Unlike classical approaches that rely solely on the global Lipschitz condition, our ob-
jective was to extend the validity of these results to a broader class of equations by
considering the local monotonicity condition rather than a global one.

We first laid the necessary theoretical foundations, covering essential concepts from
stochastic analysis, including conditional expectation, martingales, and It6’s calculus,
all adapted to the specific structure of BDSDEs involving both forward and backward
integrals. We then reviewed the classical existence and uniqueness results for BDSDEs
under the standard Lipschitz hypothesis, which served as a reference point for our

extensions.
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Appendix A
Some Mathematical Tools

Theorem A.1 (Holder’s Inequality). If p,q > 1 such that ]l) + % =1, then:

19l < AFll o gl o -

Theorem A.2 (Cauchy-Schwarz Inequality). Let f,g € L*([0,T];R). Then:

/ ()] do < (/ ' P d) 1/2( / ) 9 o)

Lemma A.1 (Young’s Inequality). Let a,b be two real numbers and p,q > 1 satisfying
%—1— % =1. Then:

1/2

ab b
ab < — + —.
p q

Lemma A.2 (Gronwall’s Lemma). Let g be a positive, measurable, and bounded func-
tion on [0,T). Suppose there exist constants a > 0 and b > 0 such that for allt € [0,T):

g(t) <a+ b/0 g(s) ds.

Then, for allt € [0,T):
g(t) < ae”.

Theorem A.3 (Jensen’s Inequality). Let I C R be an interval and ¢ : I — R be a
convex function. For any n > 2, for all xy,...,x, € I, and for all \y,..., N\, € [0,1]
satisfying > ., A; = 1, we have:

® (Z )\i%‘) < Z Aio(z:).

Theorem A.4 (Dominated Convergence Theorem). Let (f,), be a sequence of mea-

surable functions on a measurable space (), F, i) with real or complex values. Suppose

32
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that the sequence (fy,)n converges pointwise to f and there ezists an integrable function
g such that | f,(z)| < |g(z)| for alln € N and all x € Q. Then f is integrable and:

i [ 1.~ 7l = 0.
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Abstract

In this work, we study the existence and uniqueness of solutions for backward dou-
bly stochastic differential equations under relaxed assumptions on the generator. We
specifically focus on the case where the generator satisfies a local monotonicity condi-
tion with respect to the variable Y, while remaining Lipschitz continuous in Z. The
doubly stochastic nature of these equations, involving both a forward integral (with re-
spect to a Brownian motion) and a backward integral (with respect to an independent
backward martingale measure), introduces additional challenges compared to classi-
cal BSDEs. By employing an approximation techniques, we demonstrate that these

equations admit a unique solution under these local hypotheses.

Keywords: Backward doubly stochastic differential equations; Local monotonicity;

FExistence and uniqueness; Backward integral.

Résumé

Dans ce mémoire, nous étudions I’existence et 'unicité des solutions pour les équations
différentielles stochastiques rétrogrades doublement stochastiques sous des hypotheses
locales sur le générateur. Nous nous concentrons principalement sur le cas ou le généra-
teur satisfait une condition de monotonicité locale par rapport a la variable Y, tout en
étant Lipschitzien par rapport a Z. La nature double de ces équations, comportant a
la fois une intégrale forward (par rapport a un mouvement brownien) et une intégrale
backward (par rapport a une mesure martingale rétrograde indépendante), introduit
des défis supplémentaires par rapport aux BSDEs classiques. En nous appuyant sur
des techniques d’approximation, nous démontrons que ces équations admettent une

solution unique sous ces hypotheses locales.

Mots-clés : Equations différentielles stochastiques rétrogrades doublement stochas-

tiques; Monotonicité locale; Existence et unicité; Intégrale rétrograde.
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